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Abstract—A  Tucker  decomposition-singular ~ value  decompositions have proven their effectiveness in

decomposition (SVD)-fast Fourier transform (FFT)-based
acceleration scheme, called Tucker-SVD-FFT, is proposed for
rapidly solving volume integral equation (VIE) for magneto-
quasi-static (MQS) analysis of voxelized geometries. The
proposed acceleration scheme uses Tucker, SVD, and FFT
acceleration techniques to perform matrix-vector
multiplications related to far, nearby, and self interactions of the
voxel groups, respectively. The resulting Tucker-SVD-FFT-
accelerated VIE solver is applicable to multiscale and non-
uniformly discretized voxelized geometries, unlike its pure FFT-
accelerated counterpart. Preliminary results demonstrate that
the Tucker compression yields at least one order of magnitude
better compression compared to SVD compression, while the
proposed acceleration scheme outperforms the FFT and SVD
acceleration schemes for MQS analysis of a uniformly voxelized
and well-seperated structure. While the scheme’s application to
the MQS analysis is demonstrated here, its adoption to the full-
wave analysis is underway.
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I. INTRODUCTION

Volume integral equation (VIE) solvers have been widely
used for magneto-quasi-static (MQS) analysis for applications
in low-frequency bioelectromagnetic analysis, chip design,
and geophysical exploration. To accelerate these solvers,
matrix-vector multiplications (MVMs) arising during the
iterative solution of the VIEs are often accelerated by fast
Fourier transforms (FFTs) for voxelized geometries [1-4].
Nonetheless, the computational time and memory
requirements of FFT-accelerated solvers scale with the total
number of voxels in the computational domain. To this end,
these solvers lose their efficiency when applied to scenarios
with well-separated structures. Furthermore, the FFT
method’s uniform grid requirement restricts its application to
uniform voxel-based discretization and makes its application
infeasible to multiscale voxelized structures (i.e., structures
discretized by voxels with different sizes). For performing fast
analysis of multiscale and/or well-separated voxelized
structures, matrix decomposition technique [5-7] can be used
to accelerate MVMs. However, these techniques fail to
effectively exploit the low-rank nature of tensors naturally
arising due to the voxelized setting. Recently, tensor
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compressing low-rank tensors used in various integral
equation solvers. Especially, Tucker decomposition
significantly reduced the memory requirement and setup time
of static and quasi-static solvers [2-4] and alleviated
computational time and/or memory requirements of stages in
fast multipole method-FFT (FMM-FFT) accelerated full-
wave solvers [8, 9]. However, to date, no study has been
performed to use the Tucker decompositions for compressing
the low-rank blocks in the system matrices and performing
fast MVMs in Tucker-compressed format.

This study proposes a Tucker-SVD-FFT accelerated VIE
solver for fast MQS analysis of the voxelized structures. In the
proposed scheme, the computational domain bounding the
structure is divided into the boxes/groups, enclosing the
voxels. During the iterative solution of VIE, FFT and SVD are
used to accelerate the MVMs involving the self-interactions
of voxel groups and nearby interactions between
(neighbouring) groups, respectively. Furthermore, Tucker
decomposition is used to accelerate the MVMs involving the
interactions between far groups. To do that, Tucker
decomposition compresses low-rank six-dimensional (6-D)
tensors. Compressed tensors are then used to perform fast
tensor-vector multiplications. Numerical results show that
Tucker decomposition introduces at least one order of
magnitude reduction in the memory required to store the far
interactions between voxel groups. Moreover, the Tucker-
SVD-FFT-accelerated VIE solver requires 2.13x less memory
and 3.38x less computational time compared to the FFT
acceleration technique for MQS analysis of a well-separated
voxelized structure. These savings, compared to FFT
technique, increase linearly with increasing separation
between structures.

II. FORMULATION

This section briefly explains the Tucker-SVD-FFT
acceleration scheme. Let conductor(s) with conductivity &
reside in free space and the structure be discretized by voxels
with edge length Ax . Furthermore, let the computational
domain split into small boxes/groups enclosing voxels. During
the iterative solution of the VIE, MVMs involving the groups’
self-interactions are expedited by FFT [1]. The blocks storing
the interactions between basis functions in adjacent groups are
compressed via SVD and their corresponding MVMs are



Fig. 1. Two parallel identical square coils with R, =R =R, =30 xm.

performed in SVD-compressed format [5]. For well-separated
far groups, the interactions of all basis functions are computed
and stored in 6-D tensors. Given a pair of far groups, the
number of voxels along x-, y-, and z-directions are N,, N,
and N, for the source group, and N,, N, and N, for the
observation group. The interactions between these groups are
stored in a tensor & with dimensions N, X...x N, and
compressed by Tucker decomposition as

_ 17! 172 173 774 175 176
S=Cx Upx, Upx, Upx, Upx, Up x, U (1)
Here, C; is the 6-D core tensor with dimensions # X...x7,
U’ denotes a factor matrix with dimensions N, X7, and X, ,

represents the mode-i product, i=1,...,6 . As N, is much

larger than the multilinear rank #; , the Tucker-compressed
representation of & requires much less memory than & .
While iteratively solving the VIE, the product between &
and current coefficient vector is performed in Tucker-
compressed format. Procedures outlining the fast tensor-
vector multiplication and efficient computation of Tucker
decomposition will be explained during the presentation.

III. NUMERICAL RESULTS

The efficiency of Tucker-SVD-FFT-accelerated VIE
solver is examined for inductance extraction of two parallel
identical square coils with o =5.8x10" S/m at 300 MHz
[Fig. 1]. The structure is discretized by voxels with
Ax =1 um , grouped into boxes with size of 15x15x15. The
tolerance for Tucker decomposition and SVD is set to 10™°.
The distances between the centers of two coils along the x-, y-
, and z-directions are identical, ie., R =R, =R, , and
increased from 30 zm to 240 um . For inductance extraction
of this scenario with increasing R_, the proposed Tucker-

SVD-FFT scheme is compared with FFT and SVD schemes.
FFT-acceleration is the original routine in VoxHenry [1],
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Fig. 2. (a) CPU time and (b) memory requirements of FFT, SVD, and
Tucker-SVD-FFT schemes w.r.t. the distance between coil centers.
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Fig. 3. Compression ratio obtained via SVD and Tucker decomposition for
far interactions when the group sizes are 15x15x15 and 20x20x20.
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while SVD scheme leverages the conventional MVM and
SVD-accelerated MVM schemes for self-interactions of
groups and nearby/far interactions of groups, respectively.
Extracted parameters using all acceleration schemes agree
well with each other and will be shared during the presentation.
Fig. 2 illustrates that the Tucker-SVD-FFT scheme yields
significant CPU time and memory savings. For the analysis at
R, =240 ym, CPU time/memory requirements of FFT,

SVD, and Tucker-SVD-FFT schemes for iterative solutions
are 842.2 s/14.0 GB, 1064.2 s/11.7 GB, and 249.2 s/6.59 GB,
respectively. To this end, the proposed scheme requires 3.38x
and 4.27x less CPU time during iterative solution and 2.13x
and 1.78x less memory compared to FFT and SVD. The
memory savings mainly result from the high compression
ratio achieved by Tucker decomposition for far interactions,
which reaches over one order of magnitude larger than that
obtained by SVD, as shown in Fig. 3.

IV. CONCLUSION

A Tucker-SVD-FFT-based acceleration scheme is
proposed for efficient MQS analysis of voxelized structures.
Numerical results show that the proposed scheme outperforms
well-established and widely-used FFT and SVD acceleration
schemes for analyzing well-separated voxelized structures.
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