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PROVABLY CONVERGENT STOCHASTIC FIXED-POINT ALGORITHM FOR FREE-SUPPORT
WASSERSTEIN BARYCENTER OF CONTINUOUS NON-PARAMETRIC MEASURES

ZEYI CHEN, ARIEL NEUFELD, AND QIKUN XIANG

ABSTRACT. We propose a provably convergent algorithm for approximating the 2-Wasserstein barycenter of con-
tinuous non-parametric probability measures. Our algorithm is inspired by the fixed-point iterative scheme of
Alvarez-Esteban et al. (2016) whose convergence to the 2-Wasserstein barycenter relies on obtaining exact op-
timal transport (OT) maps. However, typically in practice, OT maps are only approximately computed and exact
computation of OT maps between continuous probability measures is only tractable for certain restrictive para-
metric families. To circumvent the need to compute exact OT maps between general non-parametric measures, we
develop a tailored iterative scheme that utilizes consistent estimators of the OT maps instead of the exact OT maps.
This gives rise to a computationally tractable stochastic fixed-point algorithm which is provably convergent to the
2-Wasserstein barycenter. Our algorithm remarkably does not restrict the support of the 2-Wasserstein barycenter
to be any fixed finite set and can be implemented in a distributed computing environment, which makes it suit-
able for large-scale data aggregation problems. In our numerical experiments, we propose a method of generating
non-trivial instances of 2-Wasserstein barycenter problems where the ground-truth barycenter measure is known.
Our numerical results showcase the capability of our algorithm in developing high-quality approximations of the 2-
Wasserstein barycenter, as well as its superiority over state-of-the-art methods based on generative neural networks
in terms of accuracy, stability, and efficiency.
Keywords: Wasserstein barycenter, optimal transport, information aggregation, transportation map estimation

1. INTRODUCTION

Aggregating information from multiple heterogeneous data sources is broadly encountered in many appli-
cation scenarios. Typical instances include forming group consensus from expert judgements or forecasts in
decision analysis [50, 54], combining subsample posteriors for large datasets in Bayesian inference [6, 44],
pooling dependent samples under data scarcity in data-driven optimization [33, 57], adapting informative sig-
nals across domains in transfer learning [7, 64], etc. A common technique in information aggregation is to
summarize the data characteristics by utilizing some type of barycenter (also known as the Karcher-Fréchet
mean [28, 36]) which retrieves a formal notion of “centroid” of points in certain metric space. In this paper, we
are interested in the particular case of information aggregation where data from K > 2 sources are represented
by probability measures v, ..., vx on R? with d € N, and are aggregated via their 2-Wasserstein barycenter
(Ws-barycenter) [1] defined as follows.

Definition 1.1 (JVs-distance and Ws-barycenter [1]). The 2-Wasserstein distance, or Wa-distance, between two
probability measures |1,V € Pg(Rd) with finite second moments is defined via the following optimal transport
problem (see, e.g., [69]) with squared-distance cost:
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where I1(j1, v) denotes the set of couplings between . and v (see Definition 2.2). For v1,...,vgx € Pa(R%),
weights wi > 0,...,wg > 0 satisfying Zszl wy, = 1, and for any i € P2(R?), let V(1) denote the convex
combination of the squared Ws-distances between iy and vy, . . ., vy given by

K

Vi(p) =Y wpWalp, vi)*. (12)
k=1

Then, [i € P2(R?) is called a Wh-barycenter of vy, . . ., v with weights w1, . .., wi if

@ € argmin V(u).
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In words, the Ws-distance between two probability measures is defined as the minimal transportation cost of
moving probability mass from one to the other under the squared-distance cost function. This induces a metric
on the space of probability measures with finite second moments that metrizes the weak convergence; see,
e.g., [69, Theorem 6.9]. Due to the appealing geometric intuition and statistical properties of the WW»-distance,
the Wh-barycenter has been serving as a powerful tool in widespread applications in terms of distribution
aggregation and representation tasks, including but not limited to computer graphics [53], machine learning
[23, 45], theoretical economics [48, 50], Bayesian statistics [60, 61], network analysis [59], etc. However, it is
well-known that the computation of the Wasserstein barycenter for general non-parametric continuous measures
suffers from poor scalability, which has become the major bottleneck for its practical usage. In fact, even in
the restrictive case of aggregating discrete measures, it has been proved by Altschuler and Boix-Adsera [2] that
the time complexity for computing the W,-barycenter grows exponentially with the dimension, and thus the
problem is NP-hard. A common strategy to approximate the VVs-barycenter is to parametrize it via a discrete
measure supported on fixed atoms, which transforms the problem into optimizing the histogram weights over
a finite-dimensional probability simplex; see, e.g., [S1, Chapter 6] and the references therein. Nevertheless,
all such fixed-support algorithms have poor scalability in high dimensions due to prohibitive computational
burdens, and are unsuitable for scenarios when sampling from the barycenter measure is needed.

Given the aforementioned challenges, our work contributes to the literature of “free-support” approaches
which do not prescribe any discrete support when approximating the Ws-barycenter, and our algorithm works
for general continuous non-parametric probability measures. From a high-level perspective, we propose an
implementable stochastic counterpart to the prominent theoretic fixed-point framework provided by Alvarez-
Esteban, Del Barrio, Cuesta-Albertos, and Matrén [3]. Specifically, Alvarez-Esteban et al. [3] demonstrated that

the WW,-barycenter of absolutely continuous probability measures vy, ..., Vg € 772730(Rd) can be computed via
a fixed-point of the operator G : Py ac(R?) — Paac(R?) defined through the pushforward operation:'
Gn) = | TiS wiThy |1 Y € Paac(RY, (13)

where T}, corresponds to Monge’s optimal transport (OT) map from p to v, i.e.,
T}, € argmin { / | — T(a:)H2 p(dzx) : T : R — R? is Borel measurable and Ty = l/k.}.
T Rd

In particular, they showed that the GG-operator in (1.3) is continuous with respect to the Ws-metric [3, Theo-
rem 3.1], and that the following theorem holds.

Theorem 1.2 (Properties of the G-operator [3, Corollary 3.5 & Theorem 3.6]). Let v1,. .., vk € Paac(R9).
The G-operator defined in (1.3) satisfies the following properties.

(i) The unique YWs-barycenter [i € ngaC(Rd) (see Theorem 2.3) of vy, ...,V with weights w1, ..., Wk
is a fixed-point of G, i.e., i = G(fu).
(ii) For any g € 7327ac(Rd), the sequence (jit)en, generated by the iteration

i1 = G(u) vVt € Ny (1.4)

is tight. Moreover, every accumulation point of the sequence (ji;)ien, With respect to the Wa-metric is
a fixed-point of G.

Theorem 1.2 then leads to a simple iterative scheme for Ws-barycenter where one begins with an arbitrary
fto € Pa2ac(RY) and iterates (1.4) to generate (ji)ien,, and guarantees that (u;)ien, converges in Wa to the
Ws-barycenter of vy, . .., v with weights w1, ..., wxg when G has a unique fixed-point. More recently, it has
been shown by Tanguy, Delon, and Gozlan [63] that this fixed-point method can be generalized to compute
barycenters under diverse transportation costs and generic measures.

However, when v1, . . ., v are general non-parametric probability measures, the operation (1.3) is a theoret-
ical but impractical “oracle” due to the difficulty in computing the OT map T}, exactly. Therefore, numerical
implementations of this scheme are either limited to particular parametric measures from the same elliptical
family (see, e.g., [3, Section 4]), or carried out via neural network approximations [38] at the price of analytical
difficulties. This bottleneck motivated our development of a rigorous and provably convergent estimator-based

IFor two closed subsets X , YV of Euclidean spaces and a Borel measurable function 7" : X — )/, the pushforward of a probability
measure ;1 € P(X) by T is denoted by Tty € P (), which is defined via THu(B) = o T~ *(B) for every Borel set B C V.



PROVABLY CONVERGENT ALGORITHM FOR FREE-SUPPORT WASSERSTEIN BARYCENTER 3

Conceptual Algorithm 1: Stochastic fixed-point iterative scheme.’

Input: K € N input probability measures v1, ..., Vi € 7727ac(Rd), weights wy > 0,...,wg > 0 with
Zszl wy, = 1, initial probability measure jg € Pz ac(RY).
Output: (1i;)sen,-
1 Initialize g < po.
2 fort=0,1,2,... do
3 fork=1,...,Kdo

4 Randomly generate ]\Afwf € N independent samples { Xy 41 5 };_;. 5, , from 1.
5 Randomly generate ]\Aft,k € N independent samples {Ki—l—l,k,i}i:l. o from vy,.
6 Approximate T,ﬁ‘,f with an estimator T} 1  ~ T,ﬁ‘,f using the samples {Xt+1,k,i}i:1; o and

(Yirkitioim,

7 | Choose fiz4+1 € 7327ac(Rd) such that ;41 ~ [Zszl wk-j-\‘t+17k} fiit.

8 return (fi;), eN-

stochastic extension of this deterministic fixed-point iterative scheme, which is beyond the capabilities of ex-
isting “free-support” algorithms.

The idea of our stochastic fixed-point iterative scheme is sketched in Conceptual Algorithm 1 whose con-
crete implementation details are deferred to Section 3. Intuitively, our algorithm generates a sequence (it ):en,
by approximating each true OT map 7}, with an OT map estimator ﬁH,k (Line 6), and approximating the
G-operator defined in (1.3) when updating from ji; to fiz1 (Line 7). In particular, letting ﬁH’k = T,ﬁ‘,f in
Line 6 and letting iz = [Zle wkftH,k] ffi; in Line 7 will recover the deterministic fixed-point iterative
scheme. Our objective is to develop a concrete setting as well as a computationally tractable implementation
of Conceptual Algorithm 1 such that the resultant stochastic sequence of probability measures (iit)en, Will
converge to the Wh-barycenter of vy, ..., v with weights wq, ..., wg in an almost sure sense. Specifically,
our contributions in this paper can be summarized as follows:

(i) We provide a computationally tractable stochastic fixed-point algorithm (i.e., Algorithm 2) for approx-
imately computing the WWs-barycenter of general input measures vy, . .., vi. Our iterative algorithm is
characterized by a tailored truncating operation and an “admissible” class of OT map estimators (see
Assumption 3.4). In particular, we neither restrict the support of the approximate VV»-barycenter to be
a finite collection of points nor restrict vy, ..., Vi to be discrete or to specific parametric families of
measures, with only mild regularity conditions required instead (see Assumption 3.1 and Setting 3.6).

(i1) We perform a rigorous convergence analysis of our algorithm to show that it converges to the true Ws-
barycenter of v1, ..., vx in an almost sure sense (see Setting 3.13 and Theorem 3.14). Concretely, we
adapt the computationally efficient entropic OT map estimator designed by Pooladian and Niles-Weed
[52] in our algorithm up to tailored modifications to guarantee convergence (see Corollary 4.3). To the
best of our knowledge, our algorithm is the first computationally tractable extension of the fixed-point
iterative scheme by Alvarez-Esteban et al. [3] with convergence guarantee.

(iii)) We propose a simple and efficient method for generating synthetic instances of the WW,-barycenter
problems where the input measures are continuous and non-parametric and the true W,-barycenter is
known (see Proposition 5.2). These problem instances can be used to evaluate and compare the effec-
tiveness of WWs-barycenter algorithms. We demonstrate via numerical experiments that our algorithm
is empirically accurate, efficient, and stable compared with state-of-the-art algorithms, and allows im-
plementations in a distributed and parallel computing environment, which is attractive to large-scale
application scenarios.

Our paper is organized as follows. Section 1.1 provides a literature review on free-support algorithms for

approximating the Ws-barycenter and on OT map estimators, and Section 1.2 introduces the notations used in
this paper. Section 2 mentions the key preliminary results on which our arguments are mainly based. Section 3

ZWe leave this conceptual algorithm abstract here for ease of illustration. Concrete choices of the sample size (Line 4 and 5), the
OT map estimator (Line 6), and the approximate pushforward measure (Line 7) will be specified in Section 3.
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presents our stochastic fixed-point algorithm for approximating the WW,-barycenter, where we also perform de-
tailed analysis of its convergence. In Section 4, we concretely develop a modified entropic OT map estimator
that can guarantee the convergence of our stochastic fixed-point algorithm. Section 5 presents our novel algo-
rithm for generating synthetic instances of the VWs-barycenter problems. Finally, in Section 6, we compare our
proposed algorithm with other state-of-the-art methods for JV»-barycenter approximation based on generative
models.

1.1. Literature review. In this subsection, we review in detail two streams of research that are closely related
to our study, namely free-support methods for approximating Wasserstein barycenters and statistical estimation
approaches of the optimal transport map.

Free-support methods for approximating the Wasserstein barycenter. Free-support methods do not anticipate
potential supports of the underlying Wasserstein barycenter a priori. As variants to fixed-support schemes, there
have been practices on alternating between optimizing the histogram weights and optimizing the support atoms
via stochastic optimization [16] or incrementally updating supports via the Frank—Wolfe algorithm [41]. How-
ever, these candidates are still subject to the inherent limitations in scalability arising from discrete supports.
The last few years have witnessed an extensive and rapid development of algorithms which impose no restric-
tions on the support of the underlying Wasserstein barycenter, along with the thriving of generative models.
These algorithms can be methodologically distinguished into three classes. The first class directly solve the
variational problem (1.1) over measures, which are most times bottlenecked by the computational challenge of
evaluating the Wh-distance. For instance, Cohen, Arbel, and Deisenroth [17] detoured to solving the Sinkhorn
barycenter as a proxy of the VWs-barycenter, and Fan, Taghvaei, and Chen [26] parametrized the VVs-barycenter
using generative neural networks and solved an Input Convex Neural Network (ICNN) [5] based min-max-min
problem. The second class of algorithms characterize the Brenier potentials (see Theorem 2.4) by solving the
dual of (1.1) using reproducing kernel Hilbert space or neural networks [29, 40]. To recover the barycenter
from individual potentials, Li et al. [40] considered the barycentric projection [4, Definition 5.4.2] approach
while Korotin, Li, Solomon, and Burnaev [37] considered pushforwards by gradients of the potentials. The last
class of free-support algorithms initiate from the fixed-point iterative framework derived by Alvarez-Esteban
et al. [3], which has been found generalizable to more generic transportation costs [63]. The idea has been
numerically implemented by Korotin et al. [38] via generative neural networks, and by von Lindheim [70] via
barycentric projection in settings with discrete measures.

Estimation methods of the optimal transport map. Our stochastic fixed-point algorithm consists of estimators
of the optimal transport (OT) map between measures. Besides the optimal transportation cost, the OT map
itself has been of primary interest in diverse applications including transfer learning, computational biology,
nonparametric hypothesis testing, and so on; see, e.g., [14, Chapter 3] and the references therein for a review.
However, computing the true OT map is exceptionally hard provided the difficulty of evaluating the Wasserstein
distance; see, e.g., [62, 65]. Recently, diverse types of OT map estimators with rigorous statistical guarantees
have been proposed. Under pre-specified regularity assumptions, Hiitter and Rigollet [34] and Gunsilius [32]
both established a £2(1)-convergence rate: the former proposed a near-optimal OT map estimator via truncated
wavelet approximation and the latter obtained from kernel density estimations an upper bound on the £2()-
risk. Subsequently, Pooladian and Niles-Weed [52] and Deb, Ghosal, and Sen [22] derived OT map estimators
via barycentric projection techniques in regularized and non-regularized settings. Manole, Balakrishnan, Niles-
Weed, and Wasserman [42] sharpened the upper bound risk in [32] and introduced in addition the so-called
“plug-in” estimators, which are built upon the optimal transport plan between the empirical counterparts of
measures. Moreover, Vacher, Muzellec, Rudi, Bach, and Vialard [67] and Muzellec, Vacher, Bach, Vialard,
and Rudi [46] proposed estimators with comparable convergence rates by employing kernel sum-of-squares
[8, Chapter 3] as building blocks. Another remarkable stream of works developed a class of plug-in estima-
tors via smooth and strongly convex regression and interpolation, in light of the underlying functional form
of Brenier potential. For instance, Paty, d’ Aspremont, and Cuturi [49] formulated a quadratically constrained
quadratic program (QCQP) for approximating the Brenier potential leveraging the convex interpolability frame-
work developed by Taylor [66]; Curmei and Hall [19] parametrized the underlying Brenier potentials as poly-
nomials and solved a shape-constrained polynomial regression problem to approximately recover the OT map;
Gonzélez-Sanz, De Lara, Béthune, and Loubes [31] deployed state-of-the-art Lipschitz-constrained generative
adversarial networks (GAN) for OT map estimation in regression.
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1.2. Notations. In the following, we introduce the terminologies and notations that are used throughout this
paper. All vectors are assumed to be column vectors and are denoted by boldface symbols. In particular, for
k € N, 0y denotes the vector in R* with all entries equal to zero. We also use 0 when the dimension can be
inferred from the context. We denote by ( -, - ) the Euclidean dot product, i.e., (z,y) := « "y and we denote by

Il - || the Euclidean norm, i.e., ||z|| := ({x, :L'>)% Open and closed balls centered at « with radius 7 are denoted
by B(zx,r) and B(x,r), respectively. For any set X C R”, we let int(X), relint(X), cl(X), bd(X), and
relbd(X’) denote its interior, relative interior, closure, boundary, and relative boundary, respectively. Moreover,
for k € N, let Oy, denote the k-by-k zero matrix, and let I, denote the k-by-k identity matrix. Let Sk, S’i, and
S’fr - denote the set of k-by-k matrices that are symmetric, symmetric positive semi-definite, and symmetric
positive definite, respectively. For A,B € S*, let A = B be equivalentto A — B ¢ Si. Furthermore, the
smallest and the largest eigenvalues of any A € S¥ are denoted by ein(A) and epay(A) respectively.

For a closed subset X" of a Euclidean space, let B(X') denote the Borel subsets of X, and let P(X’) denote
the set of Borel probability measures on X', while P2(X) C P(X) consists of the ones with finite second
moments. As mentioned in Section 1, the associated set Pg »c(X) contains probability measures in Py (X)

which are absolutely continuous with respect to the Lebesgue measure. For any px € P(X) and any ) € B(X)

with p(Y) > 0, let u|y denote the probability measure formed by truncating u to ), i.e., p|y(A) := £ (3](;)‘4 )

forall A € B(X). As mentioned, for closed subsets X', ) of Euclidean spaces, the pushforward of a probability
measure i € P(X') by a Borel measurable function 7" : X — ) is denoted by T € P()).

Let us also introduce the notations for the following function classes. For an open bounded set X € R? and
for g € No, o € (0, 1], let C4(cl(X)) denote the set of R-valued continuous functions on cl(X') that are g-times
continuously differentiable on X', and let C?*(cl(X’)) denote the set of R-valued continuous functions on cl(X)
that are g-times continuously differentiable on X whose ¢-th order partial derivatives are c-Holder continuous.
In particular, C»*(cl(X)) is a Banach space with respect to the following norm (see, e.g., [25, Theorem 5.1.1]):

0Pp(x) — P p(y)|
|z —y[|*

Hcp”cq,a(cl(x)) = max sgg {{8590(:1:)‘} + max sup } Vo € CT%(cl(X)),

181<q |Bl=¢ T, Yycx

where 3 = (B1,...,8q4) € N¢ is a multi-index, |3| := B1 + -+ + Bg, and Py = —9Ple _ denotes the

dz71...927d
partial derivative of ¢ with respect to the multi-index 3. We call C%%(cl(X)) the set of (g, 1Oz)-H(gSllder functions
on cl(X). Moreover, let C°®%%(R%) denote the set of R-valued functions on R? that are (¢, a)-Holder when
restricted to the closure of any bounded open set. We call C!°%%%(IR9) the set of locally (g, a)-Holder functions
on R% In addition, let C>°(IRY) denote the set of infinitely differentiable R-valued functions on R?. Lastly, we
denote by Clm(Rd , ]Rd) the set of continuous functions from R? to R? that have at most linear growth, i.e., T €

Ciin(R%, R?) if and only if 7' : RY — R? is continuous and sup,cpa {%} < oo. Note that Cji,, (R, RY) is

a Banach space with respect to the norm ||7'[|¢,  (rd gd) = SUPgcRd { ‘ﬁ(@'\‘ } VT € Cpin(R?, RY).

Furthermore, we denote by C/\X(]Rd) the collection of proper, lower semi-continuous (I.s.c.), and convex
functions on R? which are A-smooth and \-strongly convex; see Definition 2.1. In particular, 60700(Rd) con-
tains all proper l.s.c. convex functions on R?. The subdifferential of any ¢ € 0,00 (R%) at x € R is de-
noted by dp(x). In addition, we denote C;X(Rd) = C®(R%) N QLX(Rd), CiX(Rd) = CY(R%) N QﬁA’X(Rd),

COLP(RY) = Cloore(RY) N €, 5(RY) for g € No, a € (0,1].

2. PRELIMINARY RESULTS

In this section, we provide an overview of the preliminary results that are frequently used in our discussions.
Readers who are familiar with the optimal transport theory can skip this part and proceed to Section 3.
The notions of smooth and strongly convex functions are formally defined as follows.

Definition 2.1 (Smooth and strongly convex functions). For( < A< A< o0, a proper, lower semi-continuous
(Ls.c.) and convex function ¢ : R* — R U {oo} is called A\-smooth (i.e., ¢ € €,5(RY)) if

A
Ply) < p(@) + (g y — @) + 5w - y|>  Vz,y € R Vg € dp(z),
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and is called \-strongly convex (i.e., p € €y oo(RY)) if

A
p(y) > o(@) +(g,y — @) + Sl - y|?  Va,y € R Vg € dp(x).

It follows from classical results (see, e.g., [47, Lemma 1.2.3 & Theorem 2.1.5]) that for A < o0, every ¢ €
¢, x(R?) is continuously differentiable on R? and V¢ is A-Lipschitz continuous.

Many of our discussions in this paper invoke results from the optimal transport theory and properties around
the Wasserstein distance between probability measures; see, e.g., the books of Villani [68, 69] and Santambro-
gio [58]. We start by introducing the notion of couplings.

Definition 2.2 (Coupling). Given m € N probability measures v1 € P(X1),...,Um € P(Xy) on closed
subsets X1, . .., Xy of RY, the set of couplings of v1, . .. , Uy, is denoted by TI(v1, . . ., vy,), which is defined as

(v, ..., vm) = {m € P(X1 X -+ X Xp) : the marginal of won X; is v; fori =1,...,m}.

The minimization problem embedded in the formulation (1.1) is known as Kantorovich’s optimal transport
problem [35] with respect to the squared-distance cost, and the infimum is well known to be attained by an
optimal coupling; see, e.g., [69, Theorem 4.1]. In the rest of this paper, the optimality of a coupling is always
considered with respect to the squared-distance cost. The existence of a VWa-barycenter is shown by Agueh and
Carlier [1, Proposition 2.3], and there may exist more than one Ws-barycenters of v1, v, .. ., Vi in general. A
sufficient condition to guarantee the uniqueness of VWs-barycenter is given as follows.

Theorem 2.3 ([1, Proposition 3.5 & Theorem 5.1]). Among v1,...,vg € Pao(RY), if there exists at least
one index k € {1,..., K} such that vy, € Paac(R?), then the Wh-barycenter [i in Definition 1.1 is unique.
Moreover, if there exists at least one index k € {1,..., K} such that vy, has bounded density, then the unique
ﬂ € PQ,aC(Rd)-

Next, let us present Brenier’s theorem which characterizes optimal couplings with gradient of convex func-
tions when the source measure p is absolutely continuous with respect to the Lebesgue measure; see, e.g., [68,
Theorem 2.12].

Theorem 2.4 (Brenier’s theorem). Let p € PQ,ac(Rd), v € Po(RY). Then, there is a unique optimal coupling
7* € I(u, v) that minimizes (1.1). Moreover, m € 11(u, v) minimizes (1.1) if and only if there exists a proper,
Ls.c., and convex function @} : R? — R U {oo} such that m = [Id, T } tp where Iy : R4 — R? denotes the
identity map on R% and T} = V@l is the ji-a.e. everywhere unique gradient of b. In this case, it holds that

Walp,r? = [ ol = 2eb(@)n(da) + [ [yl -2 sup {{g.2) — ebl@)} vidy),
Rd Rd rcRd
and T} is the p-almost everywhere unique optimal solution of Monge’s optimal transport problem:

inf { / |z — T(:B)H2 p(de) : T : RT — R? is Borel measurable and Tty = y}.
Rd

We refer to ¢l : R? — RU {oc} and T} : R? — R? in Theorem 2.4 as the Brenier potential from y to v
and the optimal transport (OT) map from p to v, respectively. In general, the p-almost everywhere uniqueness
of T} does not necessarily imply the p-almost everywhere uniqueness of ¢}, even up to an additive constant.
However, ¢, becomes p-almost everywhere uniquely determined up to an additive constant if supp(u) is the
closure of a connected open set on which p has positive density; see, e.g., [69, Remark 10.30].

Furthermore, the convergence of our proposed algorithm requires regularity properties of the OT map T}
Regarding this matter, a series of studies by Caffarelli [9, 10, 11, 12] developed the foundations of the regularity
theory of OT maps under suitable geometric assumptions on the supports and densities of the measures. Here,
we partially report these results as phrased in [69, Theorem 12.50].

Theorem 2.5 (Caffarelli’s global regularity theory). Let X, and X,, be two connected bounded open sets in
R¢ that both have C*-boundaries and are both uniformly convex.® Let ji € Pg,ac(]Rd) be concentrated on X,
and let v € Py ac(RY) be concentrated on X, i.e, pn(RN\X,) = v(RNAX,)= 0. Suppose that for ¢ € Ny,

3A set X ¢ R s said to have C? boundary with p € [0, 00) if bd(X) is locally the graph of a C” function, and is said to be
uniformly convex if for every € > 0, there exists § > 0 such that, for any @,y € X with ||x — y|| < ¢, the distance from the mid-point
(z +y)/2to bd(X) is at least 4.
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a € (0,1], fu € CT*(cl(X,)) and f, € CT*(cl(X,)) are the density functions of yu and v with respect to
the Lebesgue measure, respectively. Moreover, suppose that there exists vy > 1 such that v~' < fulz) < v
for all x € cl(X,) and that v~1 < f,(x) < 7 for all x € cl(X,). Then, the Brenier potential @}, satisfies
b € 0T (cl(X,).

3. STOCHASTIC FIXED-POINT ALGORITHM FOR W5-BARYCENTER

In this section, we will present our computationally tractable stochastic fixed-point algorithm for W,-
barycenter and show its convergence. Section 3.1 introduces the specifications of the approximation steps in
Line 6 and Line 7 of Conceptual Algorithm 1 as well as additional assumptions. In Section 3.2, we develop
sufficient conditions for the convergence of our stochastic fixed-point algorithm.

3.1. Settings. Conceptual Algorithm 1 has illustrated the conceptual procedure of our stochastic fixed-point
iterative scheme. Before presenting its computationally tractable implementation as a concrete algorithm, let us
introduce some additional notions in Definition 3.1, Assumption 3.3, and Assumption 3.4.

Definition 3.1 (Admissible support sets and admissible probability measures). For d € N, let S(RY) denote
the collection of subsets of R? defined as follows:

S (Rd) = {cl(y) ;Y cR%is non-empty, open, bounded, uniformly convex, and has a CQ-boundary}.

We will refer to S(R?) as the admissible support sets. For ¢ € Ny, let M9I(R?) denote the collection of
probability measures on R® defined as follows:

(R .— dy . supp(p) € S(RY), 3o € (0,1], Iy > 1, 3f,, € C4*(supp(p)),
MART) = {M € Poac(R%) : v~ < fu(x) <y VYV € supp(u), [, is the density function of i [

We will refer to M4(RY) as the set of q-admissible compactly supported probability measures. Moreover, let
./\/l?uu(Rd) denote the collection of probability measures on R? defined as follows:

~ supp(p) = R?, Ja € (0,1], 3f, € Cloc’q’a(Rd), } ‘

q dy ._ d
M (RY) = {p € P2ac(RY) : fo(x) >0V € R, f, is the density function of p

We will refer to M?un(Rd) as the set of qg-admissible fully supported probability measures.

The conditions in the definitions of the admissible support sets and the g-admissible compactly supported
probability measures are motivated by the conditions in Caffarelli’s global regularity theory (Theorem 2.5). As
a result, one can derive the following curvature properties of the Brenier potential o} from . € M9(R%) to
v € MI(R%); see, e.g., [42, Lemma 2] and [30, Corollary 3.2]. We highlight that such curvature properties will
serve as crucial premises when we control the estimation errors of OT map estimators; see details in Section 4.

Lemma 3.2 (Curvature properties of ¢}; see, e.g., [42, Lemma 2] & [30, Corollary 3.2]). Let ¢ € Ny, let
W,V € Mq(Rd) be arbitrary, and let o} : R* — R be the Brenier potential from ju to v (that is unique ji-almost
everywhere up to the addition of an arbitrary constant by [69, Remark 10.30]). Then, o), € C42(supp(u))
and there exist 0 < A\ < Ayp < oo such that \gly = V2l (x) < Auply for all z € supp(u). Moreover;
there exists Bl € €y, aup (RY) that is equal to ol on supp(p), and therefore one can let o}y € €y, \y, (R?)
without loss of generality.

Proof of Lemma 3.2. Let f,, and f, denote the density functions of p and v which satisfy the conditions in
Definition 3.1. Thus, f, € C%(supp(u)) and f, € C%* (supp(v)) for some o, @’ € (0,1]. This implies
that f,, € C%*"(supp(u)) and f, € C¥*" (supp(v)) for o/’ := min{a, '}, and hence Caffarelli’s global
regularity theory (Theorem 2.5) implies that the Brenier potential ¢} satisfies o}, € C'q+27°‘"(supp(,u)). Thus,
the compactness of supp(u) implies that there exists A\yp < oo such that V2¢l(z) < Ayply for all x €
supp(u). Moreover, ¢, needs to satisfy the following Monge—Ampére type equation as implied by the change
of variable formula for pushforward (see, e.g., [4, Lemma 5.5.3]):

det (V) () = Jz(fvllizélj()ac))

Since f, is bounded from above and f,, is bounded away from 0 on supp(p), it follows that det (VZ¢l (x))
is bounded away from 0 on supp (). Combining this and V24 (x) < Aygly V& € supp(u) shows that there

Va € supp(p).



8 Z. CHEN, A. NEUFELD, AND Q. XIANG

exists AL > 0 such that V2l (x) = A gl for all € supp(u). Consequently, the convexity of supp(x) and
the mean value version of Taylor’s theorem yield

A
Py) 2 o) +(Vel(x).y — 2) + =7 |~y Va,y € supp(n),

A
Py) < el@) + (Vel(@).y — x) + =7 |~y Va,y € supp(y).

We can then apply [66, Theorem 2.57 & Remark 2.59] to extend ¢4 to @ € €, , Ay (RY) such that ol (x) =
o (x), Vi (x) = V@i (x) for all € supp(u). The proof is now complete. 0

Additionally, our algorithm requires a family of sets on R for truncating probability measures in ./\/l‘fzuH(Rd)
to probability measures in M9(R?). The adopted family of sets needs to satisfy the assumption below.

Assumption 3.3 (Family of increasing sets). ( r)reN is an infinite collection of subsets of R that satisfies:
X, € SR, X1 2 X, Vr €N, and |, o X, = R

A concrete example of such a family of increasing sets is (B(0q4,7)),, - Similarly, a family of increasing
ellipsoids in R? also satisfies Assumption 3.3.

Furthermore, with respect to any pair of g-admissible compactly supported probability measures p,v €
M(R?), we consider estimators of the true OT map 7} from 1 to v which satisfy the conditions below.

Assumption 3.4 (Admissible OT map estimator). Let (2, F,IP) be a probability space. For ¢ € Ny, let
W,V € ./\/lq(Rd) and let m,n € N be constants that do not depend on | or v. For m > m and n > n,
let X1,..., X, Y1,...,Y, : Q — R? be independent random variables such that law(X;) = p for
i = 1,....,m and law(Y;) = v for j = 1,...,n. Let © be a metric space, where each § € © de-
notes the parameter(s) that may, for example, represent the extent of smoothing/regularization (see Sec-
tion 4 for details about the parameter in a concrete OT map estimator). Subsequently, for any 0 € O, let
f,ﬁf;fn[Xl, oo X, Y1, Y, 0] € Cin (R, RY) estimate the OT map T} from p to v based on the sam-
ples X1, ..., X, from p and the samples Y1, ..., Y, from v, where T\,ﬁf;r[Xl, oy X, Y1, 0) has a
Borel dependence on (X1,...,Xm,Y1,...,Y,,0) € R™ x R™ x ©.* For notational simplicity, we often
make the dependence of this estimated OT map on the samples implicit and use T\,ﬁf '0)(xz) € R? to denote
f,ﬁf’nm[Xl, oy X, Y1,..., Y, 0] evaluated at = € R%.
We assume that f# w'|0] satisfies the following conditions.

(i) Shape condition: there exist a(p,v,m,n, X1,..., X, Y1,...,Y,,0) € (0,1] and A\(p,v,m,n,
X1, X, Y1,...,Y,,0) € Ry, abbreviated to o and ), both having a Borel dependence on
(wyv,myn, Xq,..., X, Y1,...,Y,,0), such that « € (0,1], A\ > 0 hold P-almost surely, and it
holds P-almost surely that T/ [0] = VL' (0] for a function P’ (0] € (’:loc o Rd),

(ii) Growth condition: there exist ug(v),u1(v) € Ry that only depend on v such that, forallm > m,
n>n, 0 €O, and all x € RY, it holds thatE[HT,ﬁf,T [0](x) — T5716)(0) || } < ug(v) +uy (v )||az||2.

(iii) Consistency condition: for any ¢ > 0, there exist n(u,v,e¢) € N that has a Borel dependence on
(1, v, €) and g(u, v,m,n,€) € O that has a Borel dependence on (i1, v, m,n, €) such that i(u, v, €) >
max{m,n} and

[HT% [ [, v,m,n,€)] leﬁ‘HiQ(M)} <e Vm > n(u,v,€), ¥Yn > n(u,v,e),

where

1
|Te (0] = T | o = </ | Tem 0] 5(:.3)“2#(01@) V6 € ©.

A concrete example of OT map estimator which satisfies Assumption 3.4 will be introduced later in Section 4.
Note that the consistency condition in Assumption 3.4(iii) is possible due to the curvature properties of T}’ =
Vb in Lemma 3.2. A crucial consequence of the shape condition and the growth condition of the OT map

4We say that j“\l‘,f’nm[Xl, oy X, Y1, Y5, 0] € Cin(RY,R?) has a Borel dependence on (X1,..., Xm,Y1,...,Y,, 0) if
j“\l‘fnm[] t(RY™ x (RH™ x © — Ciin (R, R?) is Borel measurable. Analogous notions of Borel dependency apply to subsequent
arguments.
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estimator is that it allows us to preserve the regularity properties of the pushforward of a probability measure
p € M (RY), which is stated in the following proposition.

Proposition 3.5 (Preservation of regularity properties). Let ¢ € Ng be arbitrary. The following statements hold.
(i) Forany p € M}, (RY) and X € S(RY), it holds that p|x € MI(R?).

(ii) For A > 0 and ¢ € @2 (Rd) it holds that T := Vi : R? — R? is a homeomorphism. Moreover, if
T € Cin (R4, RY), then lep € Pa ac(Rd)fOI" any p € Paac(R 4,

(iii) Let p € (’:loc 2 (RA) for some o € (0,1), A > 0, and suppose that T := Vg € Cpn(R%, R%). Then,
it holds that T is a homeomorphism and THp € M?ull(Rd) forany p € Mfull( 4,

(iv) Let v, ... ,vg € MYR?), and let wy > 0,...,wg > 0 satisfy Zk:l wg = 1. Let ﬁ’,f’nm[H] be an
OT map estimator that satisfies Assumption 3.4. Subsequently, fork =1, ..., K, let my > m, ng > n,
01, € © be arbitrary (m,n € N are given by Assumption 3.4), and let T := Y"1, w T (0. Then,
it holds P-almost surely that T is a homeomorphism and Ttp € M$ (R?) for any p € M} (RY).

Proof of Proposition 3.5. Let us first prove statement (i). Let j := p|x. Since supp(p) = R, it holds that
supp(p) = supp(plx) = X € S(R?). Moreover, Definition 3.1 states that the density function f, of p

satisfies f,(x) > 0 Vx € R? and f, € C°%%*(R?) for some o € (0,1]. It thus holds that f, := f”(]l“g €

C?*(X) is the density function of . Subsequently, the compactness of X" implies that 0 < infyey { fulz }
supgex { fu(x)} < oo and thus p € M?(R?). This completes the proof of statement (i).

Next, let us prove statement (ii). It follows from the duality between smooth convex functions and strongly
convex functions (see, e.g., [55, Theorem 26.6]) that T" is a homeomorphism. Moreover, since ¢ is twice contin-
uously differentiable on R, it holds by the second-order characterization of strongly convex functions (see, e.g.,
[47, Theorem 2.1.6]) that V2p(x) = A, for all z € RY. Let us now assume in addition that 7' € Cj;, (R?, RY),
fix an arbitrary p € P27aC(Rd), and let f,, denote the density function of p. Subsequently, the change of variable
formula for pushforward (see, e.g., [4, Lemma 5.5.3]) yields the following expression for the density function

thip of T'tp:

fo (Til (y))
det (V2g0(T—1 (y)))

Since [ |yl|> Thp(dy) = [pa||T( Hzp(da:) < HTH%HD(Rdde) Jga (L + H:I:H)2p(da:) < 00, We can con-
clude that Ttp € P2 ac(R?). The proof of statement (ii) is complete.

To prove statement (iii), let us fix an arbitrary p € M?uH(Rd) and denote its density function by f,. It
thus holds that f,(xz) > 0 Vx € R and that f, € C'°%% (R?) for some o/ € (0,1]. By replacing o
with min{a, o'} € (0,1] if necessary, we assume without loss of generality that f, € Clowa(RY). Since
QZIOC 2R 032 o (RY) and M | (RY) C Py ac(RY), statement (ii) implies that 7" is a homeomorphism and
Tﬁp € Prac(R ), where the density function fry, of T'p is given by (3.1). Observe that (3.1) shows that
frip(y) > O0forall y € R<. It remains to show the local Hélder property of f14p- To that end, let ¢* denote
the convex conjugate of ¢. It follows from the duality between smooth convex functions and strongly convex
functions (see, e.g., the equivalence between (a) and (e) in [56, Proposition 12.60]) and the inverse function
theorem (see, e.g., [24, Theorem 1A.1]) that T-1is continuously differentiable and

frep(y) = vy € R% 3.1)

Vie'ly) = VI () = [Ve(T )] vy et (32)

On the one hand, since ¢ € Gloc 7+ A(RY) C Clocat2a(RY), it follows from (3.2), Faa di Bruno’s formula

(see, e.g., [18]), and an inductive argument that ¢* € Cl°%4+2%(R9). Consequently, since det(:) : S* — R
is a polynomial in all entries of the input matrix, we have by (3.2) that o (v2 1( =r ))) = deto V2p* €

Cloc4:*(R%). On the other hand, since f, € C1°“%*(R%), T~! = Vy*, and ¢* € C°% q+2 @ (R%), we have by a
similar derivation using Faa di Bruno’s formula and an inductive argument that f,07™" € C loc,,2(R¥), Hence,
we conclude that fry, € C loc,g,@(R®), which completes the proof of statement (iii).

Lastly, let us prove statement (iv). Since for k = 1,..., K, @ffﬁ’; [0)] satisfies the shape condition in As-
sumption 3.4(i), it holds P-almost surely that there exist o, € (0, 1], A, > 0, and @, € QIOC T2k (Rd) guch
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Algorithm 2: Computationally tractable stochastic fixed-point iterative scheme.’

Input: K € N input probability measures vy, . .., v € M9(R%), weights wy > 0,...,wx > 0 with
Zszl wy, = 1, initial probability measure py € M{ | (R), family of increasing sets (X ),cn,
OT map estimator 715" [0].
Output: (fit)sen,-
1 Initialize py < po.
2 fort=0,1,2,...do
[Iteration ¢]:
Choose ﬁt € N using all available information up to iteration ¢ — 1.
ft < ﬁt\xﬁt-
5 fork=1,...,Kdo

- W

6 Choose V; ;. € Nand @, ;. € O using all available information up to iteration ¢ — 1.
7 Randomly generate N, ;. independent samples {Xt+1,k’i}i:1. o from fiz.
8 Randomly generate N; ;, independent samples {1’}“7;671-}1.:1, o from vy,.
el Aﬁtvﬁt,k )
9 E+l,k — TVkvﬁt,k [Xt+l,k,17 s ’Xt+17k7Niyk7 Yl-f+1,k,17 et }/;+17k7Nt,k7 Qt,k] .

—~ K - —~
10 Pt+1 < [Zkzl wszt+1,k] f0¢.

11 return (fit)en, -

that T27%[0x] = V@y. Subsequently, let us denote @ := S K | wyPy. It follows that Vg = T' € i (R%, RY)
and ¢ € QIOC IT2%(RA) for o := miny<p< g {ox} € (0,1] and A := miny<p<x {A,} > 0. Thus, statement (iv)
follows from statement (iii). The proof is now complete. U

With the above notions and properties, Algorithm 2 describes a computationally tractable algorithm which
completes Conceptual Algorithm 1. The setting for Algorithm 2 is presented below.

Setting 3.6 (Inputs of Algorithm 2). In the inputs of Algorithm 2, we assume that vy, ... ,vg € MI(R?) for
q € Ny, and the weights w1 > 0,...,wg > 0 satisfy Zle wg = 1. pg is an arbitrary probability measure
in M{ (R 4). Moreover, we assume that (X,),cn is a family of increasing sets satisfying the conditions in
Assumption 3.3, and f,ﬁf w'[0] is an OT map estimator satisfying the conditions in Assumption 3.4. Furthermore,

we assume that Ny j, > max{m,n} V1 < k < K, Vt € Ny P-almost surely, where m,n € N are given by
Assumption 3.4.

Let us examine the stochastic processes generated by Algorithm 2. To begin, let us consider a probability
space (€2, F,P) on which the random samples in Line 7 and Line 8 are defined. Let Fy := {0, Q2}. Observe
that pg : Q — /\/lf (R 4 initialized in Line 1 takes a pre- speciﬁed value po and is thus JFp-measurable.
We iteratively generate a filtration (F¢)sen, as follows. Suppose that p; is Fi-measurable for some ¢ € Np.
We let the index Rt : 2 — N in Line 3 be an F;-measurable random variable. After Rt has been cho-
sen, Proposition 3.5(i) implies that fi; := py| Xﬁt in Line 4 is an Mq(Rd) valued random variable, which
is also F;-measurable. Subsequently, for & = , K, we let the sample size ]\Aft k : € — N and the pa-
rameter @t,k ) — O in Line 6 be F;- measurable random variables. After Nt & and @t . have been cho-
sen, Nt,k independent samples X1 41,...,X Lk Ny g . Q = R? from [ 1y and Nt ¢ independent sam-
ples Yir1k1,..-, Y, kN Q — R? from v}, are randomly generated in Line 7 and Line 8. We require

{Xt+17k71, cly Xt+1,kﬁt,k-’ Y1 k1,05 Yt+l,kﬁt,k }k:LK to be jointly independent conditional on F;. Let

3The input configuration of this algorithm is specified in Setting 3.6. Concrete choices of the truncation index (Line 3), the sample
size (Line 6), and the parameter of the OT map estimator (Line 6) to ensure convergence of the output sequence of probability measures
are specified in Setting 3.13.
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Fi+1 be the o-algebra generated by all the random samples up to iteration ¢, i.e.,

Fip1 = ‘7< U ({Xs+17k7i}i:1:j\78’k,kil:K U {Y—S+Lkvi}z‘1:]’\\/&k,k1:K)> vt € No.
0<s<t

For £k = 1,..., K, the OT map estimator ﬁ“’k Q- Clin(Rd,Rd) in Line 9 is thus JF;;1-measurable.
Since N¢j > max{m,n} for k = 1,..., K P-almost surely, Proposition 3.5(iv) guarantees that py; :=

[Zle wkﬁJrLk} fp; in Line 10 is an M?ull(Rd)-valued random variable. Since p;;1 depends on p; and

(ﬁJrLk) k15> 118 Fry1-measurable. Iteratively repeating the above construction for ¢ = 0,1,2,... leads
to a filtered probability space with filtration (F;)en,. The resulting sequences (p:)icn, and (ﬁt)teNO are
thus (F)en,-adapted stochastic processes. In the next subsection, we will specify the choices of (Rt)teNoy
(Nt k)k=1:K,tcN,» and (@t k)k=1:K,tcN, (Which are required to be (F;):en,-adapted stochastic processes) in
order to achieve P-almost sure convergence of the output process (fi¢):en, of Algorithm 2.

Remark 3.7. In Algorithm 2, rather than directly updating ji; to [iz+1 [Zszl 'l,Uk-jiH,Lk #11s, we first apply
the pushforward of py € M3, (R?) by [Zle wkj;t+1’k:| in Line 10 to obtain py41 € M (R?), and then

truncate pyy1to X .., [0 get [it1 1. The truncation step guarantees that fiz, 1 € M3(R?) so that the consistency
condition of the OT map estimator in Assumption 3.4(iii) can be satisfied (see our results and discussions in

Section 4). Note that the support of the pushforward [Zszl wkﬁ+17k} fii is not necessarily an admissible

support set in S (Rd); specifically, the uniform convexity condition may fail.

Remark 3.8 (Computational tractability of Algorithm 2). We assume that: (i) independent random samples
from vy, ... vk, and pg can be efficiently generated; (ii) the OT map estimator T\,ﬁf w'[0] can be tractably
computed and flﬁf 2'[0](x) can be tractably evaluated at any point & € R%; (iii) for all r € N, checking
whether a point x € R? belongs to X, is computationally tractable. Then, Algorithm 2 is computationally
tractable. Indeed, for t € N, a random sample from [i; can be generated by re]ectton samplmg Speczﬁcally,
one first generates a random sample X € R? from poy and evaluates the composmon X : [Z el wth k]

[Zk:l wkTLk] (X). This sample X is subsequently accepted le € Xﬁt' Otherwise, it is generated
repeatedly until accepted. The computational tractability of our specific choice of OT map estimator is discussed
in Remark 4.4 in Section 4.

Remark 3.9 (Distributed implementation of Algorithm 2). We would like to remark that our proposed Al-
gorithm 2 allows for implementation in a distributed and parallel computing environment, which can be ap-
pealing in terms of computational efficiency. Suppose that there are a large number K of agents each having
local access to an input measure vy, € ngac(Rd). The Wh-barycenter problem instance with input measures
Vi,...,VK and weights wi, . .., wg is to be solved by a central coordinator who can communicate with the K
agents. In each iteration t, the coordinator first generates independent samples { X1 i}, Rog, h=1iK from

i=1.§, , [0 agent k (Line 7), for k = 1,..., K. Each
agent k then generates independent samples {Y;H-Lk,i}izhﬁ, kfrom vy (Line 8) and uses { X111 i }

[iz and release the subcollection of samples {X; 1}

iillﬁt,k and

{Y;H k i}z 1N to compute an admissible OT map estimator ﬁ+1 k (Line 9). Subsequently, in order for the
coordinator to generate independent samples from [i;11 conditional on F;, a large number N of independent
samples {Xt+1 i yi=1.N from py are generated and sent to all K agents. Upon receiving {Xt+1 i Yi=1.N from the

coordinator, agent k evaluates {Tt+l,k(Xt+1,2)}i: and sends it back to the coordinator. The coordinator

1:N
can then generate independent samples from ji.1 using the weighted sums: { Zé(:l wkﬁ+17k(Xt+1,i) } .
(Line 10) followed by the rejection sampling procedure described in Remark 3.8. o

3.2. Convergence analysis. The goal of this subsection is to develop sufficient conditions for the conver-
gence of the output process (fit):cn, in Algorithm 2. Let us begin by analyzing the decrements of the process
(V(ﬁt)) teNy" This will subsequently lead to sufficient conditions on the choices of (R;)ieny, (IVik)k=1:K, tcNo»

and (O i) k=1:K, teN, to guarantee the P-almost sure convergence of (1i;)¢enN, -
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Proposition 3.10 (Decrement of the process (V(ﬁt)) . eNo)‘ Let the inputs of Algorithm 2 satisfy Setting 3.6, let

(Q, F,P, (Ft)ien,) be the filtered probability space generated by Algorithm 2, and let ([i)¢cn, be the output
of Algorithm 2. Moreover, let V (-) be the function defined in (1.2) and let G(-) be the operator defined in (1.3).

Then, the sequence (V(ﬁt)) teNy satisfies
2 K ) ~ 19
V() = V(i) < =Wa(fie, Gan))” +2 > wel T = T | oo (33)
k=1 .
+ 2W2([Z£<=1 wkftﬂ,k]ﬁﬁt, ﬁt+1)2 vVt € Ny, P-a.s.

In particular, taking conditional expectations with respect to J; on both sides of (3.3) yields

K
E[V (fit1)| Fe] = V() < =Wa(fir, G(ﬁt))z + QZwkE[HTtJrl,k - Tvﬁsz;(ﬁt) }—t} G
k=1 :
+2E [Wz([szzl wkﬁﬂ,k]ﬁﬁt, ﬁt+1)2‘ft] vVt € Ny, P-a.s.

Proof of Proposition 3.10. Throughout this proof, let us fix an arbitrary ¢ € Ny, denote Tht = > 5:1 wiTh,
Tiyq = Zle wkﬁ+17k, and denote ji; 1 := Ty, 1. Since Setting 3.6 guarantees ]/\\ftJC > min{m,n} for
k =1,..., K P-almost surely, we have by Proposition 3.5(iv) that Tt+1 € Clin(]Rd, ]Rd) is P-almost surely a
ThH
Hi4+1
R? — R¢ denotes the OT map from Ji; ;1 to ji;41 which exists and is [i;;1-almost everywhere unique due to
Brenier’s theorem (Theorem 2.4). In the remainder of this proof, all statements hold in the P-almost sure sense,
and we will omit “PP-a.s.” for ease of notation.
Our proof below uses the following identity, which can be verified directly by expanding both sides:

K ) K
S willy -zl = lly — 2P+ Y willz — 2
k=1 k=1

homeomorphism. Subsequently, Proposition 3.5(ii) implies that ;11 € P2 ac (RY) P-almost surely. Let

(3.5)
K
where z := Zwkzk VY, 2z1,...,2; € R
k=1
For any & € RY, substituting y < « and 2}, + TE; (x) in (3.5) gives us
Zwkuw T @) = [l — T () + Zwkuw - T 66
Moreover, substituting y «— Tg:;l oTyi1(x) and z, + TE,: (x) in (3.5), we obtain
= Bt+1 A Tt 2 Ht+1 Mt e e 2
> k|| TH ] 0 Tyy () — T (a:)H - HTﬁm 0Ty (z) =T H —i—ZwkHT — Tl ()] ”.
k=1
Combining this with (3.6) yields
K K - )
(e oo - 2ol ) - (Sl - )
k=1 k=1
e IR, (3.7)
_ HT;‘:: Ty () — T“t(:c)H — || = T ()|
= - 2 = =5 2 =5 2
Bl o Ty (a) — ml(a:)H +2|| Ty () — TP ()| — |J& — TP (z)|* Vo € RY.
In the following, let us examine the integral of each term in (3.7) with respect to fi;. Firstly, fork = 1,... K,

let m = [Tgt“ o Z_}H,T,ﬁzt} ti; € PR x RY). Since (Tg:jll ) Tt+1)ﬁ/~Lt = T T = e and

t+1 Hi4+1



PROVABLY CONVERGENT ALGORITHM FOR FREE-SUPPORT WASSERSTEIN BARYCENTER 13

Tl‘,A‘]j f1i = vy, it follows that 7y, € II(fiy41, V). Thus, we get

K K
~ _ _ 2
S [ |1 o Tute) - @) | o) = Swn [ s @l mu(dan, daw)
R4 R9 xRd
k=1 k=1
(3.8)
K
> wWa(fieit, vk)? = V(i)
k=1
Secondly, since 7, Ej is the OT map from fi; to v for k = 1,..., K, we have
K ~ ) K
> g /d | — Th () ||” fe(da) =) wiWa(fie, vik)* = V (Jir). (3.9)
k=1 R k=1

Thirdly, since T ﬁﬁt till is the OT map from iz 1 to fig11, it holds that

J.

Fourthly, the convexity of R? > z +— ||z € R together with Jensen’s inequality gives

-~ 2
7704 () — | s (d) = Walfin, . (3.10)

Ht+1

m — — 2
17 0 T (@) - Toa(a)| o) = [
Rd

2 K
[ Ti41(2) — Tﬁt(iﬂ)H2 = < Zwkat—&-l,k(a:) - TE,:(‘”)W vz € RY,
k=1

K
> wr(Tirap(@) — T ()
k=1

which results in

K
L st =17 @) o) < S [ [Tossale) = T )| )
k=1

X ) - (3.11)
= Z wkHTtH,k -1 Hcmjt)'
k=1
Lastly, for £ = 1,..., K, let ﬁ; denote the Brenier potential from ji; to vy, which is a proper, l.s.c., and

convex function on R%. Since TH is fi;-almost everywhere equal to the gradient of the proper, Ls.c., and
convex function Z§=1 wkgoﬁ,ﬁ, it follows from Brenier’s theorem (Theorem 2.4) that TPt is the OT map from
fis to THefiy = G(Jiy), resulting in
—70 2 ~ ~ 12
[z = T (@)|* ) = Wa 6. (3.12)
R

Now, integrating both sides of (3.7) with respect to fi; and then combining it with (3.8)—(3.12) completes the
proof of (3.3). Finally, taking conditional expectations with respect to F; on both sides of (3.3) proves (3.4).
The proof is now complete. O

Remark 3.11. In [3, Proposition 3.3], the decrement of the sequence (V(Mt)) teNo in the deterministic fixed-
point iteration 11 < G(p) Yt € Ny is controlled through the inequality:

V(o) = Vi) < ~Walp, G(u))® V€ No. (3.13)
Compared to (3.13), the stochastic decrement (3.3) in Proposition 3.10 has two additional terms on the right-
hand side:

o the term 2 Zle wszTt-H,k — T HiZ () comes from the inexactness when approximating the true

OT map Tyﬁ,: by the OT map estimator ft+1,k, i.e., from the approximation in Line 6 of Conceptual
Algorithm 1;

o the term 2V, ( [Zszl wth-H,k] f1it, ﬁtH)Z comes from the inexactness when approximating the push-

forward [S°7 wiTii 1) 80 by fiesr = ([Zszl wTiy1,k] ﬁﬁt) N

Riyq

, L.e., from the approximation

in Line 7 of Conceptual Algorithm 1.
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In order to guarantee the convergence of the output process (fi¢):en, of Algorithm 2, we aim to control

=~ fie 12 =~ ~ 2
the two error terms 2 Zszl wiE [HTHLk —Th HEQ 7) ‘ft} and 2[E [WQ ( [Zszl wth+1,k] Biit, ,utH) ‘ft} on
the right-hand side of (3.4) to be arbitrarily close to 0. Before presenting our concrete setting of Algorithm 2

that guarantees the convergence of (fit):en,, let us first establish an intermediate result about choosing the
truncation set X’ B, in Line 3 presented in the lemma below.

Lemma 3.12 (Choice of the truncation set). Let ¢ € Ny, let v1,...,vg € MI(R?), and let p € M}, (R?).

Moreover, let (X,),cn be a family of increasing sets satisfying Assumptlon 3.3 and let T,ﬁf w' 0] be an OT map
estimator satisfying Assumption 3.4. Then, the following statements hold.

(i) There existsT1(p,€) € N that depends on p, € such that for all ¢ > 0 and all v > 71 (p, €), the truncated
probability measure |1 == p|x, satisfies Wa(p, p)? < ¢

(ii) There exists To(p, V1, ..., Vi, €) € N that depends on p,v1, ... Vi, € such that for all € > 0 and all
r > Ta(p, V1, ..., VK, €), the truncated probability measure | := p|x, satisfies

Vi, Vig,Nk

B[ W (Tlamt O]t Thint 0nltp)°] <€ Vi >m, Vg > n, V0, €0, V1 <k < K,

where m,n € N are constants given by Assumption 3.4(i). Moreover, in this case, whenever my > m,
ng>n 0, cOfork=1,...,K,T:= Zszl wleﬁgﬁf [0x] satisfies E[WQ (Ttp, Tﬁp)z} <e

Proof of Lemma 3.12. Let us first prove statement (i). For every r € N, let us define fi, := p|x, and define
fir := plae, where X¢ := R?\ X,. Notice that p = p(X,)fir + (1 — p(X,))fir for all 7 € N. Let w1 :=
[I4, 148/, where I; : R? — R? denotes the identity mapping on R?, let mr2 € II(fiy, i) be arbitrary, and
let 7. := p(X)m1 + (1 — p(X:))mr2 € P(RY x RY). One may check that 7, € II(fi,, p) for all r € N.
Subsequently, it holds for all € N that

Wa(jir, p)? < / Iz — g2 7 (de, dy)
R4 xRd

o) [ o —al () + (1 =p6) [ o=yl ada.dy

R xR4

< (1 p()) / 22| + 2]y |2 mra(de, dy)
R xR4

(1= o) [ 2ol irtda) + (1= p() | 2l o ()

1 - p(Xr)
<G [ et [ 2l ) )

Since UTGNO X, = R?and p € Po(R?) by assumption, it follows from Lebesgue’s dominated convergence
theorem that

1—p(X
lim sup Wa (i, p)? < limsup 1= p(t)

r—00 r—00 P(Xr)

[ 2lal? ptda) + timsup | 2ly]1x:(w) pldy) = 0.
R4 r—00 Rd

Therefore, for any € > 0, there exists 71 (p, €) € N such that Wa(fi-, p)? < € for all 7 > 71(p, €). This proves
statement (i).

Next, let us use the growth condition in Assumption 3.4(ii) to prove statement (ii). For every » € N, let
fir, fir, Tr1, T2, and 7, be defined as in the proof of statement (i). Recall that 7, € H(,&T, p). Moreover, for
k=1,...,K,letmy > m, ng > n, 0 € O be arbitrary and denote T;M = Tlﬁ;ﬁzk O], T, := Zk 1 wkar
for notational simplicity. Furthermore, for £ = 1,..., K, we denote by Tk r® Tk , the function R? x R? >
(z,y) — Thr @ Thr(x, y) (Tk.,,( ), Trr (y )) € Rd x RY. Similarly, we denote by T, @ T} the function
R x R? 5 (x,y) — T, @ Tr(x,y) = (Tr(a:),Tr(y)) € R? x R% It holds that [T, ® T, ]tm €
H(Tkmjjﬂr,Tkmﬁp) fork=1,..., K, and [ Q1T ]jjTrT € H( T 8iir, 7njjp). Therefore, fork = 1,..., K, we
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are able to bound Wa (T s, Tkﬂﬂﬁp)Q by
. ~ . 2
Wa (Ti i, Tho e tip)
2 . .
< [, o=yl [ o T Jim (de.dy)
RI x R4
. . 2
= / HTk,r(m) - Tk,r(y)H 7rr(d:1:, dy)
R4 xR4
=0 [ @) = i @) )
(1= p(x) [
R4 x
<(-p) |

Rax

iy HT;”(ZE) - Tk,r('y)H2 Wr,Q(dwv dy) (3.14)
R 2HTk,r(w) - Tk,r(O)H2 + QHTk,r(y) - Tk,r(O)H2 7Tr,2(dw7 dy)
= (= (X)) [ 2Tirt@) = T1r 0) ()

(0= p(0) [ 2Tisty) = s O] i a9)

< 1—p(Xr)
- (&)

For k = 1,..., K, observe that the growth condition of Tk,r guarantees IE[HT;M(:I:) — Tk’T(O)Hﬂ <

/ QHTM(?B) - Tkz,r(o)H2 p(dx) +/ 2HTl~c,r(y) - Tk,r(O)H2ﬂXg (y) p(dy).
R4 Rd

uo(vi) + ui(vg)|||? for all x € RY, where ug(vy) € Ry and ui(v,) € Ry only depend on vy. Let
Up 1= MaX]<k<K {uo(uk)} and U := maxj<p<g {ul(yk)} It thus holds that

E[HTk’T(zc) — T',w(o)HQ} <u+u|zl|® VezeR! VI<k<K. (3.15)
Taking expectations on both sides of (3.14) then applying Fubini’s theorem and (3.15) yields
. ~ . 2
E [WZ (Tk,TﬂMT) Tk,rﬂp) }
1-— p(Xr) . . 2 . . 2
< —- 2E[HTI<:,T(5B) — T1.(0)]| ] p(dz) + 2E[HTk,r(y) — T1.(0)|| } Lxe(y) p(dy)
p(Xr) R4 Rd
< 1 - p(Xr)
p(Xr)

Same as in the proof of statement (i), since |J,.cy, Ar = R¢ and p € Py(R?) by assumption, it follows from

Lebesgue’s dominated convergence theorem that

[ 2@+ mlel?) ptde) + [ 200+ miyl) Les(w)pldy)  VI<E<E
R R

. . 1—p(&, _
lim sup E {WQ (T rltfir, Tk,rﬁp)2:| < limsup L plt) /Rd 2(ao + i [|z[|*) p(de)

r—00 r—00 p(Xr)

+ lim sup /RdQ(uo +ﬂ1Hy||2) ]lXﬁ(y) p(dy)

T—00

=0 V1<k<K.

Therefore, for any € > 0, there exists 72(p, v1, ..., Vi, €) € N such that for any my > m, ny > n, 0 € O,
the inequality E[Wg (Tkyrﬂﬁr,Tkmﬁp)Q} < eholds forall £k = 1,...,K and all » > Ta(p,v1,...,VK,€).

Furthermore, repeating the same derivation in (3.14) with Tk,r replaced by Tr yields

Wallsdin Trzp) < - L

+ / 2|3 (y) — T(0) "1 (1) pldly).
Rd

/d 2|73 () — 7,(0)|* plde)
R (3.16)
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Observe that, by the convexity of R? 3 z + |z[|? € R, Jensen’s inequality, and the growth condition of
(Tk.»)k=1:K it holds that

K
E([7(@) = 0] <> wilt||[ T (@) — Tn(0)*] <70 + w2l Vo eRL @317
k=1

Taking expectations on both sides of (3.16) then applying Fubini’s theorem and (3.17) then leads to

W /Rd 2(to + 7 [l]*) p(dex) + /Rd 2(70 + 1 [[y*) L (y) p(dy)-

Consequently, it follows from the same argument as above that E |:W2 (Trljﬁr, T, rﬁp) 2} < € holds whenever

E W (T, Trp)?] <

myg > m,ng > n, 0 € O,and r > Fa(p,v1,. .., VK, €). The proof is now complete. O

The results in Proposition 3.10 and Lemma 3.12 suggest the following sufficient conditions for the conver-
gence of Algorithm 2.

Setting 3.13 (Conditions for the convergence of Algorithm 2). Let us fix an arbitrary § > 0. In addition to
Setting 3.6, let the (Fy)ten,-adapted stochastic processes (Ry)ieng, (Nek)k=1:K,teNy» and (O k) k=1:K, teN, in
Algorithm 2 be specified as follows.

(a) Foreveryt € Ny, let ﬁt be set as follows:
Ro :=T2(Po, v1,- - - Vi, 1),
Ry := max {Fl (Z)}7 t_(1+6))7?2 (ﬁt, Viy.. VK, (E+ 1)_2(1+6))} vVt > 1,
whereT1(-,-)andTa(-,...,-)are given by Lemma 3.12. Note that Ry is Fy-measurable for all t € No.
(b) Foreveryt € Ngandfork =1,..., K, let us specify
ﬁt,k i= T (fg, v, (£ + 1)72(1%8))’
@t,k = g(ﬁt, Uk, Nth, Nt,ka (t+ 1)_2(1+5))7

measurable for all t € N
We are now ready to present our main convergence result.

Theorem 3.14 (Convergence of Algorithm 2). Let the inputs of Algorithm 2 satisfy Setting 3.6. Let
(Q, F,P, (ft)teNo) be the filtered probability space constructed by Algorithm 2, let the (F)ien,-adapted sto-
chastic processes (ﬁt)teNo, (Nt,k)kzlzK, teN,, and (ét7k)k:1:K7 teN, in Algorithm 2 be specified by Setting 3.13,
and let (11t)en, be the output of Algorithm 2. Then, the following statements hold.
(i) It holds P-almost surely that ([it)icN, is precompact with respect to the Wa-metric. Moreover, every
accumulation point of (jit)ien, With respect to the Wa-metric is a fixed-point of G.
(ii) In particular, if G has a unique fixed-point, then (jit)ien, converges P-almost surely in W, to the
Wasserstein barycenter of vy, . . ., Vi with weights w1, . .., Wg.

Proof of Theorem 3.14. Let us denote Ty 1 := S wyT41 4. Recall that pyy1 := Tyy14p; by Line 10 of

Algorithm 2. As implied by Setting 3.13, the properties of 71(-,-), T2(+,...,-) in Lemma 3.12, and the
properties of (-, ,-),0(-,-,-,-,-) in Assumption 3.4(iii), the following inequalities hold P-almost surely:

Wa(fits1, pre1)? < (t+ 1)~ 5 vt € Ny, (3.18)

E[Wa(Thsnatiie, T w) | 72 < (¢ 1) 72049 VI <k <K, Vt €N, (3.19)

IE[WQ (Tysa 4, ﬁtH)Q‘}}} < (t+1)"20+8) vt € N, (3.20)

E[Hﬁ+1,k ~Th 22y

where 5 > 0 is an arbitrary constant. The proof of statement (i) is divided into four steps.

ft} < (t+1)72048) V1< k<K, Vt € N, (3.21)
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Step 1: showing that limy_, oo Wh (ﬁH’kﬁﬁt, v) = 0 P-almost surely for k = 1, ..., K. Notice that, for each
t € Ngand for k =1,..., K, it holds that [ﬁ+17k7 Tlfﬁf] il € H(ﬁ+17kﬁﬁt, yk). Thus, we have

. N . 2
Wa (Tis1,180t, Vk)2 < (W2( vk To1 18pe) + Wa (Do it i Vk))
< 2Wo (Thgr i, Tt kﬁpt)Q + 2 Ty et it Vk)

Ty etfie T kﬁpt)2 / | T, () — T (2 H

= DWW (Ty1 e, Toor i) + 2| Topi e — T ”ﬁQ(ﬁt)'

Taking conditional expectations on both sides with respect to F; and then applying (3.19) and (3.21) yields

(T
Wa(

E[WQ (Trsr 4151, yk)Q‘ft} <4t + 1)) v1<k <K, VteN.
Subsequently, applying the law of total expectation and Markov’s inequality gives
B[ W (T st 1) > (¢4 1)70] < (¢ 1R (T st )] < 4t + )70+
V1 <k<K, VteNy.
Since Doy, 4(t + 1)~0+8) < oo, we conclude by the Borel-Cantelli lemma that, P-almost surely,

Ws (ﬁ+17kﬁﬁt, uk)2 < (t 4+ 1)~(+P) holds for all but finitely many ¢t € Ny, and it therefore holds that

lims o0 Wo (ft“,kﬁﬁt, I/k) = 0 P-almost surely fork =1,..., K.
Step 2: showing that (Jit)ien, is precompact with respect to the Wa-metric P-almost surely. By the property
that YW, metrizes weak convergence in PQ(Rd) (see, e.g., [69, Theorem 6.9]) and Prokhorov’s theorem, it

holds for k = 1,..., K that (ﬁ_’.l’kﬁi)\t) teNo is P-almost surely a tight sequence of probability measures.
Let 7 := [ZIA}H Tyoon ,ZIA}H K] fpr € P(Rd X e X Rd) for t € Ny. It hence holds P-almost surely that each
2 I N\ /
K copies

marginal of the sequence (7 ):cn, (on each copy of R%) belongs to a tight set of probability measures on R?, and
it then follows from a multi-marginal generalization of [69, Lemma 4.4] that (7 ).cn, is a tight set of probability
measures on (R%)X. Consequently, Prokhorov’s theorem implies that every subsequence of (1;)¢cn, admits a
further subsequence which is weakly convergent. Let (7;,);cn, be a weakly convergent subsequence of (1;)sen,
with weak limit 7, € P((R?)%). It subsequently follows from Step 1 that 7, € II(v1, ..., vk ), and hence

lim l2]* e, (d) = lim S ll@e]® e (dey, ..., dek)
1—00 (Rd)K 12— 00 (d
= Ii 2T ktpe (d
ig?okzl/ﬂw ek ||” Tt,+1, 6801, (dook) (3.22)
K
=3 [l wtae = [ fel?utdn) P
=1 Rd (Rd)K
Next, let A denote the mapping (R)X > (z1,...,zx) Zszl wrxy € R Hence, we have pyy 1 =

Ty 18pr = Aty for all t € Ny. It follows from the convexity of R? 5 z ~ ||z||?> € R and Jensen’s inequality
that

K
[A@)|* <Y willzil? < z]* Vo= (21,...,2x) € (R)K. (3.23)

Combining (3.23), (3.22), and the equivalence between (iii) and (iv) in [68, Theorem 7.12] yields

lim [ |yl r1(dy) = lim |A(@)||” 7, (dz)
11— 00 ]Rd 11— 00 (Rd)K (3 24)
2
= / |A)|" neo. (da) = / lyll? At (dy)  P-as.

(RHE Rd
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Moreover, since (7, )ien, converges weakly to 7 P-almost surely and A is continuous, it holds P-almost
surely that lim; fRd Ydpy 41 = lim; o0 f(]Rd)K o Adny, = f(Rd)K Yo Adn, = fRd Y dAgn,,, for
any continuous and bounded function ¢/ : RY — R, which shows that (Pt;+1)ien, converges weakly to
Afn: . P-almost surely. Now, (3.24) and the equivalence between (i) and (iii) in [68, Theorem 7.12] show
that lim; oo Wa(pt,+1, Atne,. ) = 0 P-almost surely. Furthermore, (3.18) implies that lim; oo Wa(jit, pr)= 0
[P-almost surely. The above analyses have established that, P-almost surely, every subsequence of (fit):en, ad-
mits a further subsequence which converges with respect to the Ws-metric, and thus (fi¢):en, is precompact
with respect to the VW,-metric P-almost surely.

Step 3: constructing an F-measurable set Q C Q with P[ﬁ] = 1 in which the convergence is analyzed.
Similar to the argument used in Step 1, applications of the law of total expectation together with Markov’s
inequality to (3.20) and (3.21) lead to

P{Wa (Tt pian)” = 6+ 1) < (4 1)70+9) vt € N,

P[Hﬁﬂk — Tht oy = (t+ 1)—<1+5>} < (t+1)~0+A) V1 <k < K, Vt € Ny

Since D o, (t + 1)~0+48) < oo, we use the Borel-Cantelli lemma again to show that, P-almost surely,
WZ(Tt—i-lﬁﬁtvﬁt+1)2 < (t+ 1)) and ||Tp — T%Hiz(m < (t+1)"0) V1 < k < K hold for
all but finitely many ¢ € Ny. In the following, for every w € €2, let us use the notations p; ), ,ugw), i(_‘:i ko J_}(ﬁ

to explicitly express the dependence of the random variables py, fi;, ﬁ+17 %> Ti+1 on w. The above analyses have
shown the existence of an F-measurable set 2 C Q with P[] = 1, which satisfies:

(ﬁﬁ“)) 1, 1S precompact with respect to the W-metric,

8, 3 Wa(ai2h, ) < (6 4+ 1)+ v 21,
Yw e Q, It € Ny, W ( t+1ﬂ#tw)’ ﬁii)l) (t+ 1)—(1+ﬁ) vt > E(W), (3.25)
HT(“) _ | <@+ i<k <K, vt>T9.
t+1,k K 2 (ﬁgw)) —= =h =0y, =

Step 4: showing that for every w € Q, every Ws-accumulation point of (ﬁﬁ“’)) is a fixed-point of G.

teNp
Let us fix an arbitrary w €  and let the subsequence (¢;);en, be such that lim;_,o, Wa (ﬂ§ ), ﬁ&j)) = 0 for
ﬁ(ooé) € Pa(RY). The continuity of V'(-) on Py(R?) then implies that lim;_, V(ﬁgw)) V(,ugg)). Removing
(w)

finitely many initial terms from (¢;);en, if necessary, we assume without loss of generahty that to >t For
each i € No, summing (3.3) over s = t;,t; + 1,...,%;41 — 1, using the inequality Wg( 5+1ﬁ/1s ,Agi)l)Q <

2Wy (T, +1ﬁM W) ﬁ(si)l) + 2W;, (ﬁgi)l, ﬁgi)l) and using the properties in (3.25) lead to

tip1—1
V(Mgﬁ)l) - Z V Ms+1 (A(w))
s=t;
tiy1—1 9 L+1 1 (@)
< - Z Wg( @ G ())) - QZwkHT+1kz_TIZ: 2 (7)
s=t;
tip1—1 tip1—1 )
ST (@@ )+ YD ()
s=t; s=t;
tip1—1 9 tiy1—1
< | X wme(@@.c@@) | + | X 10(s + )70+
s=t; s=t;
o
< W (8. a@)) + (Z 10(s + 1)*”‘”) Vi € No.
S:ti
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Rearranging the terms above leads to

Wi 6@) < |V - V)| + (Zws+ ”ﬁ) vi € No.

s=t;

Since >22° (s 4+ 1)~(F5) is a convergent series, we get

hmsupW2<M§l) G(ME ))) <hmsup)V ,utl_H) —V( (w))’ 1 lim sup <Z 10( 3+1)1+ﬁ> —0.

i—00 1—00 i—00
s=t;

This shows that lim;_,oc Wh (u,ﬁ“’) G (A(w))> = 0. Moreover, for any p € Paac(R?), the analysis in [3,
Remark 3.2] demonstrates that the density function fg(,) of G(1) € Pa,ac(R?) satisfies

sup {fe(o(®)} <wi? sup  {fi(®)} < oo,
xR xEsupp(v1)
where f,, denotes the density function of v; € M?(R?). Consequently, it holds for every open set £ C R?
that
iY)(E) < liminf G (fi; o ))(E) <w;? sup {fu. (@)} Z(E

100 xesupp(v1)

where .Z denotes the Lebesgue measure on R?. It thus follows that ﬁ&tj) € 732730(]1%‘1). Now, the continuity of
2
the mapping P ac(RY) 3 p1 — W (i, G(,u))2 € Ry [3, Theorem 3.1] implies that W, (ﬁé‘.@’), G(ﬁgg))) =

2 _
lim;_yo0 Wa (A(w), G (,é“”)) = 0, which shows that ﬁé‘.@’) is a fixed-point of G. Since P[Q)] = 1, it holds

[P-almost surely that every WWs-accumulation point of (1i;):en, is a fixed-point of G. We have thus completed
the proof of statement (i).

Finally, if G has a unique fixed-point i1 € PQ’aC(Rd), then statement (i) implies that, P-almost surely, every
Wh-accumulation point of (fi¢):en, is equal to fi. Therefore, (1i;)en, converges P-almost surely in W, to fi,
which is the unique Wasserstein barycenter of vy, . .., vx by Theorem 1.2(i). The proof is now complete. [

Remark 3.15. We would like to remark that the operator G in (1.3) does not always have a unique fixed-
point for general input probability measures vy, ..., Vg € PQ,ac(]Rd); see, e.g., Example 3.1 of [3] for a
concrete counterexample. It is known that G has a unique fixed-point when vy, . ..,vg belong to the same
parametric family of elliptical distributions [3, Section 4], e.g., Gaussian distributions. However, to the best
of our knowledge, sufficient conditions to guarantee the uniqueness of the fixed-point of G for non-parametric
Vi,...,VK is still an open problem.

Remark 3.16. Same as the deterministic fixed-point iterative scheme of Alvarez-Esteban et al. [3], our sto-
chastic extension in Algorithm 2 does not provide a rate of convergence. It will be shown in our numerical
experiments (see Section 6 for details), however, that our algorithm tends to converge right after the first few
iterations empirically, which coincides with an analogous empirical observation of von Lindheim [70] in a
setting involving only discrete measures.

4. MODIFIED ENTROPIC OT MAP ESTIMATOR

As stated in Setting 3.13, the convergence of Algorithm 2 depends crucially on the OT map estimator
ﬁ‘ﬁ” [0], specifically on its shape, growth, and consistency properties required by Assumption 3.4. In this
section, we consider two admissible compactly supported probability measures y, v € MI(R?) for ¢ > 1
and introduce a concrete example of OT map estimator that satisfies Assumption 3.4, which is a modified
version of the entropic OT map estimator of Pooladian and Niles-Weed [52]. This estimator is constructed
via solving an entropic optimal transport problem [20] followed by the operation of barycentric projection [4,
Definition 5.4.2].

For the sake of notational simplicity, we will omit y, 2, m, n in the notations and denote the entropic OT
map estimator by fentr [0]. Nonetheless, m and n will always be understood as the numbers of samples from
and v, respectively. Our modification, compared to [52], lies in the addition of a term that guarantees the strong
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convexity condition in Assumption 3.4(i). The following proposition presents the definition and properties of
Tentr [9]

Proposition 4.1 (Modified Entropic OT map estimator). Let ¢ > 1, u,v € M9(R?) (recall Definition 3.1),
m:=1n:=d+1, 0 :=(0,00), let T}, be the OT map from ji to v, and let (2, F,P) be a probability space.
Moreover, let ro(p) := inf {r € Ry : supp(n) C B(0,r)}, ro(v) := inf {r € Ry : supp(v) C B(0,r)},
and let v : Ry — R be defined as follows:

2
0 ifz < 24
v(2) = . 2 Vz e Ry,
exp (~giige) 2>
Given m > m independent random samples X1, ..., X, : Q@ — R? from p and n > n independent random
samples Y7, ..., Y, : Q — R? from v, we construct Toyi, 0] : R? — RY through two steps.

(1) Sinkhorn step: for every 6 > 0, let (ﬁe)i:l:m, (’g\?)jzlm be the optimal solution of the dual entropic
optimal transport problem:

L 1 7 1~ 0 -\ (P~ 1 2
maximize (S F )+ [ 2305 | - (23S e (7 + 35— 21X - vi12)
i=1 j=1

(7). @) P

subject to ﬁeR V1l <i<m, gieER VI<j<n.

4.1

(2) Barycentric projection step: let Poni;[0] : RY — R and Toni:[6] : RY — R? be defined as follows:

ll)|? /2
Pentr[0](x) := 0log Zexp (%(ﬁf + (Y, x) — %HY]HQ)) +/0 v(2)dz Vx € RY (4.2)

5@+ (¥5.2) = 31V 12))Y;

(
+7(Lz)?)x ve c RY. (4.3)
Sie (5@ + W m - vIP)

Then, femr[ﬁ] € Cin(RY,RY) has a Borel dependence on (X1,..., X, Y1,...,Y,,0), and the following
statements hold.

(i) Shape: for all m > m, n > n, and for all & > 0, it holds that fentr[ﬂ](x) = V@entr|0](x) for
all x € R Moreover, let Ay, v, m,n, X1,..., Xm,Y1,...,Y,,0) := min {% exp (—%(67‘0(#) +

4r0(u))ro(y))emin (@[Yl, .. .,Yn]),exp (—L)} (which is abbreviated to A in the follow-

3ro(p)?
— T
ing), where Cov[Yq,...,Y,] = (% > i1 Y]Y}T> - (% Py Y}) (% P Y}) € R4 de-
notes the (biased) sample covariance matrix of Y1,...,Y,. Then, it holds P-almost surely that

A > 0 and Penz[0] € Qﬁif’oo(Rd). In particular, Ton:[0] satisfies Assumption 3.4(i) with respect
to a(p,v,mn, Xq,..., X, Y1,...,Y,,0) < 1and AN(pp,v,m,n, X1,..., Xm, Y1,...,Y,,0) <
min {% exp (—3 (6ro(p) + 470())0(v)) €min (6()\‘/[1’1, ., Y,]) exp (—W) }

(ii) Growth: for all m > m, n > n, and all 0 > 0, it holds P-almost surely that Hﬁntr[H](:c) —
femr[ﬂ (O)H2 < 8ro(v)2 + 2||@||? for all € R In particular;, Ty, [0] satisfies Assumption 3.4(ii)
with respect to ug(v) < 8ro(v)?, up (v) « 2.

(iii) Consistency: there exist O(p,v) > 0, 3 < a(u,v) < 4, and Centr (11, v) > 0 such that

B[ Tensel6] = T[22, ] < Conte (1) [07% (log(n)n ™3 + log(mm ™) + 075 |

Y0 < 0 <0(u,v), Ym >m, ¥n > n.
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In particular, fem[e] satisfies Assumption 3.4(iii) with respect to

n > max {d +1,7,0(u, y)*(E(WHd)} }

_ o)
m 2(5(:V)+'1> (log( ) + 1) j Ym >n

n(p, v, €) < min {n eN:
- Centr(MV

1
0(p, v, m,n, €) < min{m,n} s,
Before we prove Proposition 4.1, let us first establish the following lemma.

Lemmad.2. Let0 > 0,n € N, letg; € R y; € Riforj = 1,...,n, and let n,...,n, : RT — [0,1],
0 :R? 5 R, T : R4 — R be defined as follows:

1 1 2
exp (305 + (w5 @) — Hlls11%))
nj(®) = vz eRY V1<j<n,

Soyexp (3(oy + (@) — Hlyy 1))

) i=0log Zexp( + (yj @) — Sllwsl?)) v €RY,

T) = an(fc)yj vz € RY.

Then, ¢ is convex, ¢ € C“(Rd), and Vi = T. Moreover, it holds that

n

—— 1
5 i {1;(@) femin(Covlyn. .. 9a] Jla X V(@) < max {Jly[P}la Ve € B

01

_— T
where Covlyy,...,yn| := (% > i1 yjij) - (1 > i y]) (1 > y]) € R4 denotes the (biased)
sample covariance matrix of yi, . . . , Yn-
Proof of Lemma 4.2. To begin, let A,, = {u = (ug,...,un)" €R": Z] Ju; =1, u; >0Vl <5< n}
Observe that ¢ is the composition of a log-sum-exp function and an affine function and is thus convex. More-

over, it can be directly verified from the definitions that ¢ € C>(R) and Vo = T Next, let Y denote the
matrix formed with y1, ..., ¥, as columns, that is,

v (w

|
| Yn € Rdxn.

|
Notice that

1 1 = ,
V(@) = Fn(@)y; — 515 (@) (Zm(w)yz) Ve e RY, V1< j<n.
=1

Letting n(x) := (m(x), ... ,nn(cc))T € A, we hence get

n n T
va (Zm ygy]> (Zm(@w) (Zm(@w)

= 5Y(diag<n<m>> —n(@)m()")Y" va € RY.

4.4)

On the one hand, since n(x) € A, (4.4) implies that

1 . 1
5Ydlag(n(w))YT e ax {||yy|| Ha va € R%

Vip(z) <
On the other hand, for an arbitrary € RY, let us define 8 := nmini<j<, {n;(z)} € (0,1], let 1,, denote

the vector in R™ with all entries equal to 1, let p := ﬁ(n(m) ~81,) € A,if B # 1, and letp € A,
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be arbitrary if 3 = 1. Then, it follows from the convexity of R 3 z ++ 22 € R and Jensen’s inequality that
diag(p) — pp" = O,, P-almost surely. Observe that since n(x) = gln + (1 — B)p, it holds that

diag(n(x)) — n(z)n(z)"
2 _ _
=t - paingtp) ~ 1] - - ppppT - AP ALy

—8( 21, - 51,17 ) + (1 - B)(diag(p) — pp") + B0~ B)( ~10 —p) (21, - '
n n

Subsequently, (4.4) implies that

1 1 _— _—
Vip(x) = éY -1, — —21n11 Y™ = éCov[yl, cey Yn] = éemin(Cov[yl, ... ,yn])Id.
6 n n 0 0
The proof is now complete. O

Proof of Proposition 4.1. Throughout this proof, let us denote

A, = {u:(ul,...,un)TER":Z?Zlujzl, uj20V1§j§n},

1(~0 1 2
exp (7 (97 + (Y5, z) — §[1Y5]?)
() = <9 iAg ’ 2 1J ) V1<j<mn, V>0, Vo € RS,
Siyexp (35 + (V@) HIWIP))
7% (x) := (ﬁf(a:),,%(w))T eR" Vo > 0, Vo € RY.

It holds that 7 () € A, forall # > 0 and = € R%. Next, let us define Gepi:[0] : RY — R and Tope[0] : RE —
R< as follows:

FonnlO)(@) = 0log | 3 exp (3(7] + (¥, 2) - 31¥;)2) ) VO > 0, Vo € RY,
j=1
Tews[0)(2) =Y _ 7 (2)Y; V0 > 0, Va € R%.
j=1

Observe that Gener [0](€) = Pentr[0](x) + fOHCCHQ/Q v(2) dz and Toner [0)(®) = Tentr[0] (22) + v(3||x|*) for all
6 > 0and x € RY
To begin, for any § > 0, Lemma 4.2 implies that Gey:[0] is convex, Pener[0] € C®(RY), and that
Tontr [0] = V@ent:[0]. Moreover, the fundamental theorem of calculus implies that the gradient of R? > @
0”“:“2/2 v(z)dz € RisR? 5 @ — (3| z/?) € R% Since 7(-) is non-negative, non-decreasing on R and
infinitely differentiable on (0, c0), it holds that R? > x f0||mH2/ ?~(z)dz € R is convex and infinitely differ-
entiable on RY. Therefore, we get Poni:[6] is convex and infinitely differentiable, and fentr[G] = V@entr[0]-
Since () is bounded and Lemma 4.2 shows that V7en[0] = V2@enir[d] = s maxi<j<n { [ Y5>} a,
we get imr[e] € Cin(R% R?%). Moreover, [56, Example 14.31 & Theorem 14.37] implies that (§§)j:1;n
have a Borel dependence on (X1, ..., X, Y1,..., Yy, 0). Consequently, fentr[Xl, ey X, Y1, Y, 0] €
Ciin(R?, RY) has a Borel dependence on (X7, ..., X, Y1,...,Y,,0).
Let us fix arbitrary m > 1,n > d + 1, § > 0 and prove statement (i). Since we have shown that Pept,[0] is
convex and infinitely differentiable, and Toye: [0] = V@entc[6)], it remains to show that Penec[0] € € roo(R?) and
A > 0 P-almost surely. To that end, we begin by fixing an arbitrary & € B(0, 2ro(x)) and observing from the

first-order optimality conditions of the dual entropic optimal transport problem (4.1) that % o, exp (% (]‘? +
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’g‘? — 2 X - Y]H2)> =1forj=1,...,n, and hence

-1
exp (397) = ( Zexp(% ~YIX - Y ))) V1<j<n. 4.5)

Since it holds that
1% - %31° — I1X - Yill?| = (1% — Y] + | X5 — ¥ill) 1% - Y1l — 1 % — il
< 21Xl + 151+ 1Y) (Gl + 1Y)
< (47’0(,u) + 4T0(V))7”0(I/) P-as.Vi<i<m, Vl<j<n,Vl<I[<n,

we get from (4.5) that

-1
exp (337) = ( Zexp (372 = 3% = Yal2 + 31X = 512 = |1 X, nn?\)))
-1
) (4.6)
Zexp( P LX - YilR)) ) exp (<5 (2ro() + 20() (@)
> exp (591) exp <—§(2r0(,u) + 27"0(V))T‘0(1/)) P-as.V1<j<n,Vl<I<n.
Moreover, since ||x|| < 2r¢(u), it holds that
|l = Y;|* — |l = Yi|*| = (lz — ¥;]| + | — Vi) [llz — YjI| - = — Yill]
< @l=l + 151 + 1) (151 + 1))
< (87“0(,u) + 47’0(1/))7“0(1/) P-as.V1<j<n, Vl1<I<n,
which then yields
exp (=gl = Y1) > exp (3 (e = Yill* + [l - ¥; 2 - = - Yi|?)) )
4.7

> exp (—21—9\]33 - YZHZ) exp (—%(47"0(/0 + 2r0(y))r0(y)>
P-as. V1 <j<n, V1<I<n.

Combining (4.6) and (4.7) leads to
exp (33 — slle ~5[1)) = exp (50 — bl — ¥ilP) ) exp (— (6ro(m) + 4ro(v)ro(v))

P-as.V1<j<n, V1<I<n.
Consequently, we get

exp (3@ + (Vy.2) - HI%[1)

ﬁ(x) - n 1 /\9 1
Siyexp (3@ + (V@) - 1Y)
exp (5@ - Slle - Y511%))

iy exp (3@ - Sl - ¥il1)
> %exp < %(67"0( )+ 4r0(u))r0(y)) P-as. V1 < j <n.
(6r0(p) + 4r0(u))r0(u)> < mini<j<n {77 ()}, we get from Lemma 4.2 that

%emm((ﬁvm, LY DI = A Pas.

Sl

Now, letting 3 := %exp (—

v2@entr [9] (:IZ) i
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Thus, we have shown that V2@enic[0](x) = VZ@enu:[0](z) = Ay for all z € B(0,2r¢(x)) P-almost
surely. Lastly, for any @ € R?\ B(0,2rq(y)), since VZ@eni[0](z) = Oy and v(%[|z[|?) > v(2ro(p) =

exp (‘W) it holds that
V2Bentr[0](x) = V> Bente[0] () + o' (3[|2]1*) ™ + 7 (3 ||2||*) 1
=y (3le)*)Ta = eXp( I (u) )Id = Al

Since v is absolutely continuous respect to the Lebesgue measure on R? and n > d + 1, the sample covariance
matrix C/o\v[Yl, ..., Y,] is P-almost surely non-singular. Therefore, it holds P-almost surely that \(u, v, m, n,
X1, X, Y1,...,Y,,0) > 0, and the proof of statement (i) is now complete.

To prove statement (ii), let us fix arbitrary m,n € N, § > 0, as well as an arbitrary & € R. Observe that

= = 2 ~ ~ 2
[ Tents[0)() = Tenes [0)(0) || < 2| Tener[0)() — Tenr [0](0)[|” + 2 (5 ll2]1*) |
~ ~ 2
< zHTentr[e](m) - Tentr[e](O)H + 2”"””2
Since both Ty [0](x) and T, entr[ﬂ]( ) belong to conv ({Y1,...,Y,}) by definition, it holds P-almost surely

that erntr (w) - ~entr H < 2Sllpy€supp {HyH} < 2?”0( ) This shows that erntr (w) —
Tent:r [0 H ro(v)? + 2||z||? for all x € Rd P-almost surely, which then yields E[HTentr l(x) —
Tentr [0 H } < 8ro(v)? + 2||x||? for all & € RY. This completes the proof of statement (ii).

In the following, we Wlll prove statement (iii). First, observe that (3 ||«||?) = 0 for all x € B(0,ro(u)). In
particular, (3 ||z[?) = 0 for all ¢ € supp(y), and hence

E || Tonis 6] = T |20, | = B[ | Tensl8] = T Zay|  ¥momeN, o> 0.

Next, we have by the assumption that 1, v € MI(R?) and by Caffarelli’s regularity theory (Theorem 2.5)
that the Brenier potentials i}, and ¥, satisfy ), € C4+2:(supp(u)) and o, € C9t2:%(supp(v)) for some

€ (0,1]. Let us define @(p,v) := min{q + 2 + «a,4} € [3,4]. In addition, Lemma 3.2 implies that there
exist 0 < ALg < Aup < oo such that ApgIy < V2ph(x) < Aygly for all € supp(u). Thus, one may
check the assumptions (A1)—(A3) in [52] are satisfied with respect to i and v. It subsequently follows from
[52, Theorem 4 & Theorem 5] that there exist Cy(p,v) > 0, Co(u,v) > 0, C3(p,v) > 0, Ca(u,v) > 0,
0(p, v) > 0 that only depend on y and v such that

a(p,v)

E || Tenis 0] = T2 |72, | < Cal1v)0" =% log(n)n ™3 + Ca(yu, )05
1

+ Cs(p, v)0% o (p, v) + Calps, 1/)(9_g log(m)m™2 (4.8)
Vm >2, ¥n>2, Y0 <0< 0(u,v),

where Io(p, v) is the integrated Fisher information along the Wasserstein geodesic between p and v defined in
Appendix A of [52]. Since ¢} € C92(supp(u)) where ¢ + 2 > 3, V2l is Lipschitz continuous, and we
have by [15, Proposition 1] that Ip(u, v) < oo. The above bound can thus be further bounded as follows:

C1(p,v)0' % log(n)n % + Ca(p, 1)0™ %" + Cs(p1, v)0°Io (1, v) + Ci(p1, )0~ % log(m)m™

< Cy ()01, )02 log(n)n ™2 + Ca(p, v)0™ 2 log(m)m ™

a(p,v)

_ 4—a(py,
o (Calpasv) + Cola, )8, ) =5 B (g1, )05 (49)
< Coentr (1, V) [9_% (log(min{m, n}) min{m, n}_%) + 9(1(” Uq
Ym >7,¥n>7,Y0<0<0(u,v),

D=

— - 4-a(p)
where Centr(,u, V) = maX{Cl(/_j,7V)9(M7 V) +C4(M7V)7 CQ(,U, V) +03(H’ V)e(:u7 V) QH IO(/”‘vy)} < Q.
Now, let us fix arbitrary € > 0, m > 7n(u,v,€), and n > 7, v, €). Recall that the definition of 72(u, v, €)

o(p,v)
guarantees m > 7,n > 7,n > d+ 1, and min{m, n} 2@ (log(min{m,n})+1) < We thus

- Ccntr (,u, )
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~ 1 1 —
get 0 < O(p,v,m,n,e) = min{m,n} w+d < f(p,v,e) swtd < @(u,v). Subsequently, combining
(4.8) and (4.9) yields

[HTentr[ B, v,m,n, € ] _T#HZQ(#)}

< Contrp ) (812, v,m, m, €)% log (mingm, n}) mingm, n} =% + 61, v,m,n, )57 )

: . L4 . __awy)
= entr(u,u)(log(mm{m,n}) min{m,n} 2" 2@+ 4 min{m,n} 2(”<Mv”)+d))

a(p,v)

< Cente(pt, v) (log(min{m, n}) 4+ 1) min{m, n} 2@+ <.
The proof is now complete. U

Since Proposition 4.1 has shown that fem [0] satisfies Assumption 3.4, letting f# w' 0] < fem [0] in Algo-
rithm 2 leads to the P-almost sure convergence of the output (fi¢):cn, under Setting 3.13. This is summarized
in the following corollary.

Corollary 4.3 (Convergence of Algorithm 2 with fem [0]). Let the inputs of Algorithm 2 satisfy Setting 3.6, let
the OT map estimator T} [0] be given by Tey:[0] defined in Proposition 4.1, and let ug(v), uy (v), 7(p, v, €),

9(,u, v,m,n,€) be defined as in Proposition 4.1. Moreover, let (Q, F,P, (ft)teNo) be the ﬁltered probability
space constructed by Algorithm 2, let the (Fi)ien,-adapted stochastic processes (Rt)teNoy (Nt k)k=1:K, teNo»

and (@t,k)k:LK, teN, in Algorithm 2 be specified by Setting 3.13, and let (Ji¢)icn, be the output of Algorithm 2.
Then, the following statements hold.

(i) It holds P-almost surely that ([it)tcN, is precompact with respect to the Wa-metric. Moreover, every
accumulation point of (Jit)ien, with respect to the Wy-metric is a fixed-point of G.

(ii) In particular, if G has a unique fixed-point, then (jit)icn, converges P-almost surely in W, to the
Wasserstein barycenter of v1, . . . , Vi with weights w1, . .., Wk.

Remark 4.4 (Computational tractability of fentr[G]). The computation of fentr[ﬁ] is done in two phases. In the
first phase, given t@\e m samples X1, ..., Xy, from p and the n samples Y1, ...,Y, from v, one computes an
optimal solution (f?)i—1.m, (§je) j=1:n Of the dual entropic optimal transport problem (4.1) by the well-known
Sinkhorn’s algorithm [20]. Sinkhorn’s algorithm is scalable to large sample sizes and admits highly paralleliz-
able implementations on GPUs; see, e.g., [51, Section 4.3] for the numerical aspects of Sinkhorn’s algorithm,
and [27] for a multiscale extension. In our numerical experiments, we utilize the Optimal Transport Tools (OTT)
Python toolbox developed by Cuturi, Meng- Papaxanthos Tian, Bunne, Davis, and Teboul [21] to solve (4.1). In
the second phase, one can efficiently evaluate Tonte [0)(x) at any « € RY directly through its definition in (4.3).
Consequently, using fentr[ﬁ] as the OT map estimator in Algorithm 2 results in a computationally tractable and
efficient algorithm for Wasserstein barycenter that is also provably convergent.

Remark 4.5 (An alternative choice of admissible OT map estimator). Apart from the entropic OT map esti-
mator introduced in this section, one could also adopt the convex least squares estimator of Manole et al. [42,
Proposition 16], although it needs to be appropriately modified to possess the strong-convexity and differentia-
bility properties in Assumption 3.4(i) (e.g., by imposing shape constraints). However, in this paper, we choose
to focus on the entropic OT map estimator due to its superior computational efficiency.

5. A NOVEL ALGORITHM FOR GENERATING SYNTHETIC PROBLEM INSTANCES

Empirical experiments on computing the Vs-barycenter for continuous measures in most existing studies
have been restricted to problem instances where the input measures belong to the same family of elliptical
distributions (see, e.g., [43, Definition 3.26] for the definition), of which the ground-truth Ws-barycenter can
be accurately and efficiently computed. To evaluate approximated WWs-barycenters for non-elliptical measures,
a common practice is to conduct experiments on low-dimensional imaging datasets and visually assess the
image generated from the approximated W;-barycenters. However, such approaches purely rely on human
judgement and lack explicit numerical evidence without access to the ground-truth barycenters. Therefore, it
is important to develop problem instances with non-parametric free-support input measures where the ground-
truth Wh-barycenter is a priori known, such that quantitative inspections of empirical approximation errors can
be conducted.



26 Z. CHEN, A. NEUFELD, AND Q. XIANG

Algorithm 3: Synthetic generation of Wasserstein barycenter problem instance.

Input: g € 7327ac(Rd),K eN,wi >0,...,wg > 0, K €N, ()\ 07, oz, k,(gk],ykj)] Ln- )k LR
o:{1,....,K,-1,....— K} = {1,...., K}, (A, bp)k=1.5,7 € [0, 1),
TRUNCATE € {True, False}, and (Vy)p—1.x C S(R?) satisfying Setting 5.1.
Output: (vg, Ty )p=1.x-
1fork=1,...,Kdo
exp (é (g»,;,j+<y;,j,m>—%Hy;,jw))
S exp (é (g7, +(ug @) 3 lluz ||2))
(x),. (a:))T € R" for all z € R%.
|
k
|

2 Forj =1,...,nz, define nEj(a:) = for all z € R,

3 Define nk 7775 1

)

\
4 Deﬁne Y"’ = <yk 1 Y% 2 Yz n~> RdXTLE
\
L

5 Choose A; mMax,cpd {emax (Y% (diag(m;(x)) — nfl;(az)n'];(as)T)Yk )} + 25
6 Define T ( i1 ( )yk']) + Azx and fig(m) = M\ — T- (x) forallz € R4
7 forkzl,...,Kdo
~ _ 71 -
8 Set B—E +— (1- ’7)0%(2521 w@(—E')O‘E/AEJ € (0,00), Bk ﬁﬂ_g € (0,00).

9 fork=1,...,Kdo

10 Define Ty (x) := (Zz‘equ(k) ﬁzﬁ(:ﬁ)> + v(Agx + by,) for all x € R4,
11 if TRUNCATE = True then

12 L Set vy, (Tkﬁﬂﬂyk

13 else

14 | Setwy, + Tipif.

15 return (vy, Tp ) =1k

To this end, Korotin et al. [38] proposed a method of generating input measures using an initial measure
which ends up being exactly the W,-barycenter, via exploiting the convexity and congruency properties in-
herited by the Brenier potential functions (see [38, Section 5]). Although their method serves as a reasonable
benchmark in many computer vision and imaging applications (e.g., color transfer), the conjugacy operation
therein can be computationally challenging, and the constructed congruent functions suffer from limited cur-
vatures. As a consequence, the resulting input measures exhibit little structural differences between each other
and are close to the pushforwards of the initial measure under certain close-to-affine transformations, which
hinders the generalizability of the problem instance.

In this section, we present a novel and flexible algorithm for synthetically generating problem instances
that can be used for evaluating the efficacy of Wasserstein barycenter algorithms. In particular, our method
is inspired by the method of Korotin et al. [38] to generate a problem instance out of a known measure [
as the underlying Wasserstein barycenter. However, it is computationally more efficient, allows for arbitrary
barycenter weights w1 > 0,...,wg > 0 that can be user-specified, and creates input measures vy, ..., Vg
with more non-trivial structures.

Specifically, the input measures vq, ..., Vg of our generated problem instances will be characterized via
the pushforwards of a known probability measure i &€ Pg,aC(Rd) by several tailored transportation maps
Ti,...,Tx : R — RY The generation procedure is detailed in Algorithm 3, whose inputs are specified
in the following setting.

Setting 5.1 (Inputs of Algorithm 3). Ler i € P ac( ), let K € NN [2,00), and let wy > 0,...,wg >0
satlsfyzk Jw = 1. Let K € NN [2,00) satisfy 2K > K, andfork =1, ..., K, let \z >0, 07 > 0 az >0,

ny €N, (gku’)ﬂ:l:”% C R, and (yk:,j)J:lin; C RZ Moreover, let ® : {1, .. K, ~1,...,—K} > {1,...,K}
be a surjective map. Furthermore, let (Ay)k=1.x C Sler, (br)k=1.x C ]Rd satisfy Zk:l wrpAyr = Iz and
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Zszl wiby = 04. Lastly, let v € [0,1), let TRUNCATE € {True,False} be a Boolean variable, and let
(Vi)k=1.x C S(R?) (recall Definition 3.1).

The inputs of Algorithm 3 include a Boolean variable TRUNCATE € {True,False} that indicates whether
the probability measures v1, . . ., Vi in the outputs shall be truncated to )y, . . ., Vi . The following proposition
presents the theoretical properties satisfied by v, ..., vk both in the case where TRUNCATE = False and
in the case where TRUNCATE = True. We refer the reader to the detailed discussion regarding when to use
TRUNCATE = True and TRUNCATE = False after the proof of Proposition 5.2.

Proposition 5.2 (Synthetic generation of Wasserstein barycenter problem instance via Algorithm 3). Let the
inputs of Algorithm 3 satisfy Setting 5.1, and let (vi, Ty )k=1.x be the outputs of Algorithm 3. Moreover,
let (\;)i_,.jz satisfy the condition in Line 5, let (8_, B7)7_,.;z be defined in Line 8, and let the functions

Plyee oy Py P 1,...,¢_K,<p1,...,g0K,gol,...,(pK.Rd%Rbedeﬁnedasfollows.

Ax -~
(@) —elog<2exp( (g5, + <yg,j,w>—;||y;€—,j||2>)>+;w vo e R VI <E <K,

~ A ~ -
P_plx) = e]* - Zp(@) Ve eRY, V1 <k <K,
or(T) == ( > Bigix ) + {3 Az + by, ) Ve e RY V1 <k <K,
€D (k)
oi(y) == sup {(y,x) — pp(x)} vy e RY V1 <k < K.
xcRd

Then, in the case where TRUNCATE = False, the following statement holds.
(i) v € PQ,aC(Rd) for k = 1,...,K and i is the unique Ws-barycenter of v1,...,vi with weights
wiy...,WK.
In the case where TRUNCATE = True, let us assume in addition that [i € ./\/l‘f]uH(Rd) for q € Ny. Furthermore,

for any V1, ..., Vi € S(R?), let (e,(j)(yk), 6]22) Vi) ooy © Ry and €(D1,..., Vi) € Ry be defined as
follows:

400 = [ 2l (TR + 1y;(e) Tiilda) VI<k<K,
o) ) = /R Nllel? = 264(@) | (75 + 1y (@) Tita(da) VI<k<K,
K
D3 Vie) = D w (2Va(, Tt ()2 + 6V () + e (30
k=1

where Vi 1= R4 \ Vi fork =1,..., K. Then, the following statements hold.
(ii) vy € MI(RY) fork=1,..., K and

V(g)< inf {V(u)}+eOr,..., V), 5.1
HEP2(RY)
where V (-) is defined in (1.2) with respect to the weights wy, ..., wg in the inputs of Algorithm 3. In
particular, vy, . ..,V satisfy Setting 3.6.
(iii) For k = 1,..., K, let (Vi ,)ren be a family of increasing sets satisfying the conditions in Assump-

tion 3.3. Then, it holds that lim, o €(V1,, ..., Vi) = 0.

Proof of Proposition 5.2. Fgr k= 1,... ,I? , it follows from Line 6, Lemma 4.2, and (4.4) in the proof of
Lemma 4.2 that Vop = T} and ¢ € €5 (RY) where Az — A; > A;. Moreover, it follows from
=Kk =k

Line 6 that Vg ; = T—E' Observe that A;Tq < V2@ () = (A; — A;)Lg for all € RY, which implies that

Y 7€ Q:OO < (R%). Subsequently, since (Pp)% and (¢_7)z_,.j are all infinitely differentiable, smooth,

AL AL k=1:K

and strongly convex, and since (8;)7_,.z C (0,00), (B_7)i_;.z C (0,00), 7 € [0,1), (Ag)p=1:x C ST, it
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holds by definition that, for k =1, ..., K, ¢ € COO (Rd) for some 0 < ¢, < (} < oo. Hence, since Line 10

implies T}, = V., it holds that T}, is ¢ k—LlpSChltZ contlnuous and thus belongs to Ciin (R4, R%). Furthermore,
since Line 8 implies wé@)ﬂg = wq)(ffl;)ﬁikf for k = 1,..., K and ZEK:l wq)(f%)ﬁ;l; = 1 — =, and since
Zszl wp Ay = 1y, Zszl wiby = 04 by assumption, we get

K K
> wipk() (Zwk > Bigi(= ) +9>_ (FwpArm + wiby, )
k=1

k=1 icd-1(k) k=1

|
MN%

(wq><z>5z95z($> + g 1y77 (@) + 5l
1 5.2)

K
- 1 — ol
o @(_g)ﬁ_g)@g(w)> 3 (qu)(_g)ﬁ_’,;k'g) o) + 2
k=1

1
H-’Jcll2 + 2l = 5l
2 2

Eall
Il

\
—_
w LI

Now, let us consider the case where TRUNCATE = False and prove statement (i). For k = 1,..., K, since
T = Vo € Cin(R4,RY) for ¢y, € sz_’oz (R9), and since ji € Paac(R?) by assumption, it follows from
Spo5k

Line 14 and Proposition 3.5(ii) that v, € PQ’aC(Rd). Subsequently, the uniqueness of the WWs-barycenter of
v1,..., VK with weights wy, . . . , wg follows directly from Theorem 2.3. In the following, we will prove that j
is the unique Whs-barycenter of vy, . . . , v with weights wy, . . . , wx through Brenier’s theorem (Theorem 2.4);
see also [13, Appendix C.2]. Notice that [I;, Vi i € II(f, vk) is the unique optimal coupling between fi and
vk, (where I : R¢ — R¢ denotes the identity map on R%) by Theorem 2.4, and it thus follows from (5.2) that

klekWQ o)’ Zwk( L el = 2ut@)itae) + [ w? - 20 uk<dy>)
K
= [ ol = 2(TH wnpn@) itde) + (;wk Lol =26i(w) uk<dy>>

K
= Zwk/ lylI* — 27 (y) vi(dy).
k=1 /R
(5.3)
On the other hand, since @i (x) + ¢} (y) > (z, y) forall z, y € R, it holds that

Zwkm o) >Zwk( [ lall = 260(@) ) + [ ||y||22soz<y>uk<dy>)
K
= [ oI = 2(TE wipn@) o) + (kzwk | ol ~26i(w) uk<dy>>

K
=S [ ol - 26i(0) () Vi € Po(R?),
= (5.4)

Combining (5.3) and (5.4) verifies that i1 is indeed the unique W,-barycenter of vy, ..., vg with weights
wi, . .., Wg. This completes the proof of statement (i).

Next, let us consider the case where TRUNCATE = True and prove statements (ii) and (iii). Fork =1, ..., K,
since Ty, = Vr € Ciin(R%, RY) for ¢, € g % (R%), and since i € M{ ,(R?) by assumption, it follows

from Proposition 3.5(iii) that T} fu € Mfull( ) Moreover, since V;, € S(R?), it follows from Line 12 and
Proposition 3.5(i) that vy, := (Tififi)|y, € M9(R?). To show that (5.1) holds, let us first derive an upper
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bound for Wa (T4, v )% fork = 1,..., K. Forevery k = 1,..., K, we define i, := (Tkﬁﬂﬂy,g, let 7y 1 =

[Id, Id]ﬁVka let T2 € H(l\jk, l/k> be arbitrary, and let 7y, := Tkﬁﬂ(yk)ﬂk’l + (1 - Tkﬁﬂ(yk))ﬂk,g € P(Rd X Rd).
One checks that 7, € II(Tk#f, vk ). Consequently, we get

Wl < [ eyl milda.dy)

xR

= Titin(Vk) /Rd & — z||” vi(de) + (1 — Tl V) /d ) |z — yl|? m2(dz, dy)

RexR

< (=T [ 2ol rde) + (1= Tian) | 2wl n(dy)

_ 1—Tkﬁﬂ(3}k)/ 2 _
= [ 2||x|?1yec(x) Tpta(de) + ——=22 [ 9|y|*1 Trti(d
[ 2ol (@) Tigitda) + S [ oy 21y, (4) Tesia(ay)
2 (1-T3:8a(Vk) = _ (D

< [ 2ol (A + 1yy(@) Tusitdz) = (9h) Vi<h<K.

This leads to the following inequality:
n) = ZkaQ(ﬂ, vi)?
k=1
K
<> w <Wz(u, Titin)® + 2Wa (i, T ) Wa(Tii i, vie) + Wa( Ttz uk>2> (5.5)
k=1

K K
: (Zwkm@(ﬁaTkﬁﬁ)Q) : (Zwk(m/\@(% Titi)ey (V)2 + 21)(3)'“))).

k=1 k=1
On the other hand, we have

/ (19l - 207(y) Thtp(dy) — / (lyl2 - 205 (v)) vi(dy)
R4 R4

< [ Il = 26| Tt~ vl ()
* (5.6)

= [ vl =26 w1 ~ 77y o) | Ty

2 * 1-T 80 (Vx)
< /R Nyl = 208 )| (ST + 1y (y)) Titii(dy) = (V%) VIS k< K.

Subsequently, combining (5.6) and (5.4) and then taking the infimum over all ;1 € P5(R%) leads to

it {(Viw} > (Zwk/ lyl1* = 207 (y) Trti( dy) (Zwkek yk> (5.7)

Furthermore, since [, Vi | € 11(fi, 1) is the unique optimal coupling between i and T4z by Brenier’s
theorem (Theorem 2.4), it holds that

S w( Tigi)? Zwk( [ Nl = 2u() it + | d||y||2—2soz<y>Tkm<dy>>

k=1 (5.8)

_ Zwk /R lyl1? — 205 (y) Tiba(dy).
k=1

Now, combining (5.5), (5.7), and (5.8) proves (5.1) and completes the proof of statement (ii).

Lastly, for £ = 1,..., K, observe that ¢} is C L_smooth and Z,;l—strongly convex by the duality be-
tween smooth convex functlons and strongly convex functions (see, e.g., the equivalence between (a) and
(e) in [56, Proposition 12.60]). Hence, ¢}, is bounded from below by some constant and dominated from
above by some quadratic function, e.g., by R? 5 & — inH2 + C € R for sufficiently large C' > 0.
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Consequently, for & = 1,..., K, the property |J.cy Vi, = R? and Lebesgue’s dominated convergence
theorem imply that lim, 621)(yk,r) = lim, oo ef) (Vkyr) = 0 for k = 1,...,K, and we thus get
lim, o0 €M1y - - -, Vi) = 0, which proves statement (iii). The proof is now complete. O

We provide here the motivation as well as a summary of the results in Proposition 5.2. Proposition 5.2(i)
shows that, for any ji € Paac(R?), Algorithm 3 with TRUNCATE set to False constructs vy, ...,k €
732,ac(Rd) such that p is their unique Ws-barycenter with the user-specified weights wi, ..., wx. How-
ever, v1,..., Vg constructed this way do not necessarily satisfy Setting 3.6 for Algorithm 2. In fact, the
V1, ..., vy may not belong to M?(R%) even if i € M?(R?) is imposed, since the supports of T\ #i, . . ., T i
are not necessarily convex. Proposition 5.2(ii) on the other hand, shows that for any g € M?un(Rd), Al-
gorithm 3 with TRUNCATE set to True constructs vy, ...,k satisfying Setting 3.6, and pi approximates
their unique Ws-barycenter with the user-specified weights wy, ..., wg, in the sense that ji approximately
solves the minimization problem inf, cp, ra) {V(,u)} that characterizes the Js-barycenter, where the sub-
optimality of & is bounded by €()1,...,YVx) > 0. Furthermore, Proposition 5.2(iii) shows that one may
control the sub-optimality of z by letting V), < V., for £ = 1,..., K in the inputs of Algorithm 3, where
(Viy)ren, - -+, (Vi,r)ren are families of increasing sets satisfying the conditions in Assumption 3.3. Subse-
quently, the sub-optimality of iz can be controlled to be arbitrarily small by choosing sufficiently large » € N.
Hence, when » € N is large, [z is a highly accurate approximate WWs-barycenter of the generated measures
v1,...,vi with user-specified weights w1, ..., wg. As such, V(i) can be treated as an approximate lower
bound when we quantitatively analyze the empirical approximation error of any Js-barycenter algorithm us-
ing the generated measures vy, ..., V.

Remark 5.3. Under the settings of Proposition 5.2(iii) where ()1 )renN, - - -, (Vi r)ren are families of in-
creasing sets satisfying the conditions in Assumption 3.3, the result of Le Gouic and Loubes [39, Proposi-
tion 6] about the stability of Wasserstein barycenter can be used to conclude that the unique Ws-barycenter
of v1,...,vk generated by Algorithm 3 with TRUNCATE <— True and V), < Vi, fork = 1,..., K converges
in Ws to i1 as v — oo. However, we are unable to get any quantitative bound on their Ws-distance due to the
non-compactness of the supports of T14ii, . . ., Tk .

On the practical side, assuming that independent samples from pu € Pg,ac(]Rd) in the inputs of Algo-
rithm 3 can be efficiently generated, one can efficiently generate independent samples from vq,..., vk in
the outputs of Algorithm 3 as follows. First, one generates S € N independent samples Z m ...,z
from i and then computes their images T}, (Z [1}), o Ty (Z [S]) under T}, for each k¥ = 1,..., K. Sub-
sequently, if TRUNCATE is set to False, then {Tk (Z [1]), T k(Z [S])} are S independent samples from
v, for K = 1,..., K. If TRUNCATE is set to True, then one performs an extra rejection step, where, for
k = 1,...,K, the samples in {T;(Z!Y),...,T};(Z!¥)} that do not belong to Y, are rejected and dis-
carded. In this way, {Tk (Zm)7 e ,Tk(Z[S])} N YV are independent samples from vy, for k = 1,..., K.
When one chooses the sets ), ..., Vk in the inputs of Algorithm 3 to be sufficiently “large”, e.g., by letting
Vi = - = Vi = B(04,r) for sufficiently large r, the rejection ratio will be close to 0 and the impact of the
truncation in Line 12 of Algorithm 3 will be unnoticeable in practice.

6. NUMERICAL EXPERIMENTS

In this section, we apply Algorithm 3 in Section 5 for generating non-trivial problem instances to assess
Wasserstein barycenter algorithms, and present our numerical experiments to highlight the efficacy of our
proposed stochastic fixed-point algorithm (Algorithm 2) when deployed with the modified entropic OT map
estimators in Proposition 4.1. Specifically, under identical problem instances, we compare our results with two
state-of-the-art free-support methods for approximating WWs-barycenters proposed by Korotin, Egiazarian, Li,
and Burnaev [38] and Fan, Taghvaei, and Chen [26] respectively, which employ neural networks (NNs) to
parametrize Brenier potentials and optimal transportation maps while employing generative neural networks
(GNNs) to parametrize the Wh-barycenter. In our experiments, problem instances with d = 2 and d = 10 are
considered.® The Python implementation for our proposed algorithm and all codes for our numerical experi-
ments can be accessed at https://github.com/CHENZeyi1101/WB_Algo.

We remark that the task of finding the 2-dimensional Wasserstein barycenter has been widely witnessed in the area of computer
vision and graphics, while high-dimensional barycenter approximation may be of particular interest in Bayesian inference, ensemble
learning, data-driven decision-making, and many other applications.


https://github.com/CHENZeyi1101/WB_Algo
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FIGURE 6.1. Density visualizations of the approximate ground-truth W,-barycenter i and
input measures v, ..., 5 generated by Algorithm 3 in the 2-dimensional instance of our ex-
periment.

Experimental settings. We present the inputs of Algorithm 3 in our experimental settings for generating syn-
thetic problem instances following the notions in Setting 5.1. To begln we pick an arbltrary e Mfull( d)

as the ground-truth barycenter measure, and fix K € N N [2,00), K € N N [2,00) with 2K > K, as well as
A; > 0,0; >0, a3 > 0,n; € Nfor k= 1, ..., K. Throughout the experiments, we consider barycenter prob-

lems w1th umform Welghts, 1Le, Wy =... WK = % In order to generate vy, . . ., Vi with non-trivial structures
in Algorithm 3, we consider an arbitrary set of K™ auxiliary measures denoted by s, ...,z € 73273C(Rd).
We subsequently perform entropic OT map estimation between i and s> for k = 1,..., K to gener-

ate (gE],ij) j=tnz- To do so, we randomly generate nj independent samples (7 .)j=1.n; from fi, ran-

T

domly generate n; independent samples (ykj)] Ling from s, and solve (4.1) with m < ngz, n < ng

k’ k>’
(Xz)'L:l'm < ( kz>z Ling» (Yy)] lin < (ykj)] Lings 0 « 0~ to get (gkj)j Ling < (g])j 1:n- In this
way, when (A;)r_, ~ are small, each T defined in Line 6 of Algorithm 3 approximates the OT map T,’i from

fi to s;, and we are thus able to grant (T )iy and (T 7)7—1.jz highly non-trivial structures that are suffi-
ciently distinct from affine maps. Therefore, the _maps (Tk)k=1.x defined in Line 10 of Algorithm 3 acquire
these non-affine structures from (Tk) 1.z and (T'"_7)z_,.jz- Moreover, we set TRUNCATE = True, and choose
(Vk)k=1:x to be closed balls that are centered at the origin with sufficiently large radii. The remaining input
variables @, (A, br)k=1.x, and v of Algorithm 3 are selected to satisfy Setting 5.1.

In the 2-dimensional case, we examine the performance of our algorithm in approximating the W,-
barycenter of K = 5 probability measures in M9(R?). When generating our synthetic problem instance via
Algorithm 3, we let the approximate ground-truth Ws-barycenter j: be a Gaussian mixture (GM) with 5 com-
ponents. To generate the input measures v, ..., v5 via Algorithm 3, we set n; = 1000 and employ K=5
GMs, namely s, ..., s, as the auxiliary measures. We show in Figure 6.1 the probability density function
of i1 and the approximate densities of the input measures vy, ..., Vs via kernel density estimation (KDE) re-
spectively from 2000 independent samples, where the color bars show the density scale. In the 10-dimensional
case, we similarly set the approximate ground-truth measure and the auxiliary measures to be GMs each with
5 components, and set K = K = 10. For both cases, we start Algorithm 2 by setting the initial measure
po = N(04,1;) to be the standard multivariate Gaussian distribution. Regarding other specific parameters
(e.g., the sample sizes, the truncation radii, the regularization parameters, etc.) selected in each iteration of
Algorithm 2, readers are referred to the aforementioned GitHub repository for further details.

Result analysis. Given a problem instance with a known approximate JV,-barycenter generated by Algo-
rithm 3, we are interested in two metrics to quantify the performance of each approximation algorithm, i.e.,
the accuracy of an approximately computed 77 € P2(R%) relative to the (approximate) ground-truth barycenter
fi: their difference in V-value, i.e., |V (1i) — V(f)| (see Definition 1.1) with wy = -+ = wx = +, and their
Wasserstein distance Ws([i, i1). Since fi and fi are general continuous measures, the exact computation of the
Ws-distance between them is intractable (see, e.g., [62]). Therefore, we use the empirical WW,-distance denoted
by )7\/\2,”(-, -) as a proxy which is obtained by evaluating the associated n-sample empirical measures. In anal-
ogy, we evaluate the V' -value using its discrete counterpart defined by ‘A/n() = % Z;I::l Wzn(', )2, In our
experiments, fi; denotes the approximated Ws-barycenter of v, . .., vk at iteration ¢ of our algorithm and the
algorithm of Korotin et al. [38], or the approximated WWs-barycenter at epoch ¢ of the algorithm of Fan et al.
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FIGURE 6.2. The evolution of ‘A/n(ﬁt) and Wg,n(ﬁt, ft) given by our proposed Algorithm 2 in
the 2-dimensional and 10-dimensional problem instances.

[26], in order to respect their original notions. For each evaluation at ¢t € Ny, we take n = 5000 independent
samples respectively from 7i; and ji to evaluate V,,(fi¢) ~ V (i;) and Wzyn(ﬂt, i) ~ Wa(fit, ).

For both the 2-dimensional instance and the 10-dimensional instance, we compute 20 independent empirical
approximations of V' (z) denoted by (VTSZ) (ﬂ))i:1:20’ and evaluate their 10% trimmed mean and interquartile
range (IQR). For each iteration or epoch ¢, we also compute 20 independent empirical approximations of

V(ii¢) denoted by (f/,?) (ﬁt))i:mo, and compute their 10% trimmed mean and IQR accordingly. Similarly,
we examine the 10% trimmed mean and the IQR of 20 independent empirical approximations of Wh(fi, ft)

denoted by (AQ(ZT)L(ﬁt, ﬂ))i:mo for each iteration or epoch ¢. For all three examined algorithms, the numeric

evolutions of Vn(ﬁt) and Wa . (Jit, i) across iterations/epochs are evaluated in both 2-dimensional and 10-
dimensional instances, and the results from the three examined algorithms are presented in Figures 6.2, 6.3 and
6.4 respectively. We emphasize that the algorithm-specific subplots therein cannot be combined and compared
in a single figure due to incompatible iteration/epoch indices, and we follow the scales of iterations and epochs
for the two benchmark algorithms as defined in their original settings.’

From Figure 6.2, one can empirically observe that our algorithm simultaneously reduces ‘A/n(ﬁt) and
Wg,n(ﬁt, i) to nearly optimal levels within a few iterations, after which the approximated barycenter ji; re-
mains close to the ground-truth barycenter fi. Between the two benchmark algorithms, Figure 6.3 implies that
the algorithm of Korotin et al. [38] exhibits relatively poor performances, as the approximated TA/n(ﬁt) and
Wg}n(ﬁt, i) therein tend to deviate from their optimal baselines in the 2-dimensional case, and fail to be opti-
mized in the 10-dimensional case. This is possibly attributed to a misspecification of hyperparameters in their
architecture, which may result in inferior parametrizations by the neural networks. The algorithm of Fan et al.
[26], on the other hand, achieves a rapid descent in YA/n(ﬁt) to near-optimality as witnessed in Figure 6.4, though
it consumes more epochs for ngn (Zi¢, it) to reach near-optimality. A potential explanation for this phenomenon
is that it can be more challenging for the generative neural network to learn the underlying geometric structure
of the Ws-barycenter despite its efficiency in optimizing the V -value. Moreover, it can be empirically observed
in both dimensions that our Algorithm 2 attains smaller errors in IA/n(ﬂt) and V/\727n(ﬁt, ) when compared with
the algorithm of Fan et al. [26]. To gain further insights about the superior performance of our algorithm in the
2-dimensional problem instance, we sample from the measures jig and i; in Algorithm 2 which are visualized

TSee https://github.com/iamalexkorotin/WassersteinIterativeNetworks for the open-source codes of Ko-
rotin et al. [38]. See https://github.com/sbyebss/Scalable-Wasserstein-Barycenter for the open-source codes
of Fan et al. [26].


https://github.com/iamalexkorotin/WassersteinIterativeNetworks
https://github.com/sbyebss/Scalable-Wasserstein-Barycenter
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Evaluation of V,,(fd;) from the algorithm by Korotin et al. (2022) when dim = 2

Evaluation of W;,,,(ﬂnﬂ) from algorithm by Korotin et al. (2022) when dim = 2
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FIGURE 6.3. The evolution of V,,(fi;) and W, (11, 1) given by [38] in the 2-dimensional and
10-dimensional problem instances.
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FIGURE 6.4. The evolution of Vn(ﬁt) and Wg,n(ﬁt, i) given by [26] in the 2-dimensional and

10-dimensional problem instances.
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via KDE in Figure 6.5. The KDE heatmaps generated by 2000 independent samples from i1 and f then ex-

hibit similar supports and density functions, which implies the accuracy of our algorithm in approximating the
Ws-barycenter simply within a single iteration.

Conclusion. We provide a stochastic fixed-point algorithm for approximately computing the V,-barycenter of
continuous non-parametric measures along with its theoretical convergence guarantee. Compared to the state-
of-the-art neural network based algorithms, our algorithm possesses remarkable advantages in terms of both
accuracy and computational efficiency which are detailed as follows. Firstly, when estimating the OT maps,
our algorithm is driven by the Sinkhorn’s algorithm which is known to be highly efficient, while training neural
networks amounts to propagating through involved architectures. Secondly, our method circumvents the need
to tune sophisticated hyperparameters and avoids the model over-parametrization issues that are potentially
present in neural networks, thus providing ease in parametrizing the underlying Brenier potentials and OT maps.
Thirdly, empirical observations from our numerical experiments have revealed that our algorithm requires only a
handful of iterations to achieve near-optimality. Lastly, our algorithm can be executed on standard CPUs without
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FIGURE 6.5. Left - Visualizations of jiy and j1; from our proposed Algorithm 2, where 2000
independent samples from fig and fz; are plotted on the planes Y = 0 and Y = 50 respectively,
and the KDE heatmap generated from 17 is plotted on Y = 100. Right - The KDE heatmap
generated by 2000 independent samples from f.

the need for GPUs or high-performance computing hardware, while also permitting hardware acceleration (see,
e.g., [27] and the GeomLoss library therein).
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