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ABSTRACT. In this paper we consider PIDEs with gradient-independent Lipschitz continuous nonlinearities and
prove that deep neural networks with ReLU activation function can approximate solutions of such semilinear PIDEs
without curse of dimensionality in the sense that the required number of parameters in the deep neural networks
increases at most polynomially in both the dimension d of the corresponding PIDE and the reciprocal of the pre-
scribed accuracy ϵ.

1. INTRODUCTION

Nonlinear partial integro-differential equations (PIDEs) have many important applications in finance,
physics, biology, economics, and engineering; we refer to [9, 10, 11, 32] and the references therein, as well as
[5] for an excellent survey on applications of nonlocal partial differential equations (PDEs) in various fields.
The development of numerical methods and their complexity analysis for PIDEs are only at their infancy and
are still emerging. [17, 18] proposed both machine learning based and Monte Carlo based methods for solv-
ing linear PIDEs and showed that their algorithms do not suffer from the curse of dimensionality. In [2] the
deep Galerkin algorithm of [33] has been extented to PIDEs. In [34] physics informed neural networks for
solving nonlinear PIDEs have been constructed. Deep neural network (DNN) based algorithms for solving
nonlinear PIDEs have been presented in [2, 6, 13, 14]. Recently, [5] introduced for non-local nonlinear PDEs
with Neumann boundary conditions both a deep splitting algorithm as well as a multilevel Picard (MLP) al-
gorithm to numerically solve the non-local PDEs under consideration. Furthermore, [16] introduced a DNN
based algorithm for backward stochastic differential equations with jumps.

The impressive computational performance of deep learning methods has raised questions concerning their
theoretical foundations. However, compared to the field of applications where these methods are successfully
applied extensively, there exists only one theoretical result proving that DNNs do overcome the curse of di-
mensionality when approximating linear PIDEs, see [18]. The main contribution of our paper is a proof that
DNNs with ReLU activation function do overcome the curse of dimensionality when approximating semilinear
PIDEs whose nonlinear part, linear part, jump term, and initial condition are Lipschitz continuous. Especially,
Theorem 1.2 below proves that the number of parameters in the approximating DNN increases at most polyno-
mially in both the reciprocal of the described approximation accuracy ϵ ∈ (0, 1) and the dimension d ∈ N of
the corresponding PIDE.

1.1. A mathematical framework for DNNs. First of all in Setting 1.1 below we introduce a mathematical
framework for DNNs with ReLU activation function.

Setting 1.1 (A mathematical framework for DNNs). Let Ad : R
d → R

d, d ∈ N, satisfy for all d ∈ N,
x = (x1, . . . , xd) ∈ Rd that

Ad(x) = (max{x1, 0},max{x2, 0}, . . . ,max{xd, 0}) , (1)

let D = ∪H∈NN
H+2, let

N =
⋃

H∈N

⋃
(k0,k1,...,kH+1)∈NH+2

[
H+1∏
n=1

(
R

kn×kn−1 ×Rkn
)]

, (2)
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and let D : N → D, P : N → N, R : N → (∪k,l∈NC(Rk,Rl)) satisfy that for all H ∈ N,
k0, k1, . . . , kH , kH+1 ∈ N, Φ = ((W1, B1), . . . , (WH+1, BH+1)) ∈

∏H+1
n=1

(
R

kn×kn−1 ×Rkn
)
, x0 ∈

R
k0 , . . . , xH ∈ RkH with the property that ∀n ∈ N ∩ [1, H] : xn = Akn(Wnxn−1 +Bn) we have that

P(Φ) =
H+1∑
n=1

kn(kn−1 + 1), D(Φ) = (k0, k1, . . . , kH , kH+1), (3)

R(Φ) ∈ C(Rk0 ,RkH+1), and

(R(Φ))(x0) =WH+1xH +BH+1. (4)

Let us comment on the mathematical objects in Setting 1.1. For all d ∈ N, Ad : R
d → R

d refers to the
componentwise rectified linear unit (ReLU) activation function. By N we denote the set of all parameters char-
acterizing artificial feed-forward DNNs, byR we denote the operator that maps each parameters characterizing
a DNN to its corresponding function, by P we denote the function that counts the number of parameters of the
corresponding DNN, and by D we denote the function that maps the parameters characterizing a DNN to the
vector of its layer dimensions.

1.2. Main result.

Theorem 1.2. Consider the notations in Subsection 1.4, assume Setting 1.1, let T, c ∈ (0,∞), for every d ∈ N,
ε ∈ (0, 1), v ∈ Rd let βdε ∈ C(Rd,Rd), σdε ∈ C(Rd,Rd×d), Φβd

ε
,Φσd

ε ,v
∈ N satisfy that βdε = R(Φβd

ε
),

σdε (·)v = R(Φσd
ε ,v

), for every d ∈ N, ε ∈ (0, 1) let γdε : R
2d → R

d, F d
ε : R

d → R
d×d, Gd : Rd → R

d be
measurable and satisfy for all y, z ∈ Rd that γdε (y, z) = F d

ε (y)G
d(z), for every d ∈ N, ε ∈ (0, 1), v ∈ Rd let

ΦF d
ε ,v
∈ N satisfy F d

ε (·)v = R(ΦF d
ε ,v

), assume for all d ∈ N, ε ∈ (0, 1], v ∈ Rd that D(Φσd
ε ,v

) = D(Φσd
ε ,0

)

and D(ΦF d
ε ,v

) = D(ΦF d
ε ,0

), for every d ∈ N, ε ∈ (0, 1) let gdε ∈ C(Rd,R), Φgdε
∈ N satisfy that R(Φgdε

) =

gdε , for every d ∈ N let βd ∈ C(Rd,Rd), σd ∈ C(Rd,Rd×d), gd ∈ C(Rd,R), let f ∈ C(R,R), for every
d ∈ N let νd : B(Rd \ {0}) → [0,∞) be a Lévy measure, assume that for all d ∈ N there exists Cd ∈ (0,∞)
such that for all x, y, z ∈ Rd, t ∈ [0, T ] we have that∥∥∥γd(x, z)∥∥∥ ≤ Cd

(
1 ∧ ∥z∥2

)
,
∥∥∥γd(x, z)− γd(y, z)∥∥∥2 ≤ Cd∥x− y∥2

(
1 ∧ ∥z∥2

)
, (5)

assume that for all d ∈ N, t ∈ [0, T ], x, z ∈ Rd the Jacobian matrix (Dxγ
d)(x, z) exists, assume that for all

d ∈ N there exists λd ∈ (0,∞) such that for all t ∈ [0, T ], x, z ∈ Rd, δ ∈ [0, 1] we have that

λd ≤
∣∣∣det(Id + δ(Dxγ

d)(x, z))
∣∣∣ , (6)

where Id denotes the d× d identity matrix, and assume for all d ∈ N, x, y ∈ Rd, w1, w2 ∈ R, ε ∈ (0, 1) that∥∥∥βdε (x)− βdε (y)∥∥∥2 + ∥∥∥σdε (x)− σdε (y)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γdε (y, z))∥∥∥2 νd(dz) ≤ c∥x− y∥2, (7)

|f(w1)− f(w2)|2 ≤ c|w1 − w2|2,
∣∣∣gdε (x)− gdε (y)∣∣∣2 ≤ cdc∥x− y∥2, (8)

∥∥∥βdε (0)∥∥∥2 + ∥∥∥σdε (0)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (0, z)∥∥∥2 νd(dz) + |f(0)|2 + |gdε (0)|2 ≤ cdc, (9)

∥∥∥βdε (x)− βd(x)∥∥∥2 + ∥∥∥σdε (x)− σd(x)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γd(x, z)∥∥∥2 νd(dz) + ∣∣∣gdε (x)− gd(x)∣∣∣2
≤ εcdc(dc + ∥x∥2),

(10)

and

P(Φβd
ε
) + P(Φσd

ε ,0
) + P(ΦF d

ε ,0
) + P(Φgdε

) ≤ dcε−c. (11)

Then
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(i) for every d ∈ N there exists a unique viscosity solution1 ud : [0, T ]×Rd → R to the PIDE

( ∂
∂tu

d)(t, x) +
〈
βd(x), (∇xu

d)(t, x)
〉

+1
2trace

(
σd(t, x)(σd(t, x))⊤Hessxu

d(t, x)
)
+ f(ud(t, x))

+

∫
Rd

(
ud(x+ γd(x, z))− ud(t, x)−

〈
(∇xu

d)(t, x), γd(x, z)
〉)

νd(dz) = 0

∀ t ∈ [0, T ), x ∈ Rd,

ud(T, x) = gd(x) ∀x ∈ Rd

(12)

satisfying that sups∈[0,T ],y∈Rd
|ud(s,y)|
1+∥y∥ <∞ and

(ii) there exist η ∈ (0,∞) and (Ψd,ϵ)d∈N,ϵ∈(0,1) ⊆ N such that for all d ∈ N, ϵ ∈ (0, 1) we have that
R(Ψd,ϵ) ∈ C(Rd,R), P(Ψd,ϵ) ≤ ηdηϵ−η, and(∫

[0,1]d

∣∣∣(R(Ψd,ϵ))(x)− ud(t, x)
∣∣∣2 dx) 1

2

≤ ϵ. (13)

Let us make some comments on the mathematical objects in Theorem 1.2. The functions µd : Rd → R
d,

d ∈ N, and σd : Rd → R
d×d, d ∈ N, describe the linear part of the family of PIDEs indexed by d ∈ N in (12).

The functions gd : Rd → R, d ∈ N, describe the initial condition, while the function f : R → R describes
the nonlinearity of the PIDEs in (12). Condition (5) and (6) are needed for the existence and uniqueness
of the solution to the PIDE (12) (see the proof of Theorem 5.1). Conditions (7)–(8) are globally Lipschitz
condition. Condition (9) states that the initial values of the input functions grow polynomially in the dimension
d ∈ N. Condition (10) ensures that the input functions βd, σd, γd, gd can be approximated by the functions
βdε , σ

d
ε , γ

d
ε , g

d
ε . The bound dcε−c, which is a polynomial of d and ε−1, in condition (11) ensures that the

functions βdε , σ
d
ε , γ

d
ε , g

d
ε can be represented by DNNs without curse of dimensionality. Under these assumptions

Theorem 1.2 states that, roughly speaking, if DNNs can approximate the initial condition, the linear part, the
nonlinearity, and the jump part of the PIDEs in (12) without the curse of dimensionality, then they can also
approximate its solution without the curse of dimensionality. We refer to [1, 7, 8, 19, 24, 30] for similar results
obtained for PDEs without any non-local/ jump term.

1.3. Outline of the proof and organization of the paper. Theorem 1.2 follows directly from Theorem 5.1,
see the proof of Theorem 1.2 which is provided right after the proof of Theorem 5.1. Although the result
presented in Theorem 1.2 is purely deterministic, we use probabilistic arguments to prove its statement. More
precisely, we employ the theory of full history recursive MLP approximations, which are numerical approxi-
mation methods for which it is known that they overcome the curse of dimensionality. We refer to [31] for the
convergence analysis of MLP algorithms for semilinear PIDEs and to [3, 4, 12, 15, 21, 22, 23, 25, 26, 27, 28]
for corresponding results proving that MLP algorithms overcome the curse of dimensionality for PDEs without
any non-local/ jump term.

The main strategy of the proof, roughly speaking, is to demonstrate that these MLP approximations can be
represented by DNNs, if the coefficients determining the linear part, the jump term, the initial condition, and the
nonlinearity are represented by DNNs (cf. Lemma 4.12). Such ideas have been successfully applied to prove
that DNNs overcome the curse of dimensionality in the numerical approximations of semilinear heat equations
(see [24]) as well as semilinear Kolmogorov PDEs (see [8]). We also refer to [19, 30] for results proving that
DNNs overcome the curse of dimensionality when approximating linear PDEs.

In order to introduce the outline of the proof we first need an MLP setting. For every K ∈ N let ⌊·⌋K : R→
R satisfy for all t ∈ R that ⌊t⌋K = max({0, T

K ,
2T
K , . . . , T} ∩ ((−∞, t) ∪ {0})), let (Ω,F ,P, (Ft)t∈[0,T ])

be a probability space satisfying the usual conditions, let Θ = ∪n∈NZn, let tθ : Ω → [0, 1], θ ∈ Θ, be
identically independently distributed random variables which satisfy for all t ∈ (0, 1) that P(t0 ≤ t) = t,
for every θ ∈ Θ, t ∈ [0, T ] let Tθ

t : Ω → R satisfy for all θ ∈ Θ that Tθ
t = t + (T − t)tθ, for every

d ∈ N let W d,θ : Ω × [0, T ] → R
d, θ ∈ Θ, be identically independently distributed standard (Ft)t∈[0,T ]-

Brownian motions, for every d ∈ N let Nd,θ, θ ∈ Θ, be independent (Ft)t∈[0,T ]-Poisson random measures on
[0,∞)× (Rd \ {0}) with intensity νd, for every d ∈ N, θ ∈ Θ let

Ñd,θ(dt, dz) = Nd,θ(dt, dz)− dt νd(dz), (14)

1For the definition of a viscosity solution see, e.g., [31, Definition 2.7].
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and assume for all d ∈ N that F0, (tθ)θ∈Θ, (Nd,θ)θ∈Θ and (W d,θ)θ∈Θ are independent. First, the viscosity
solution to (12) can be represented by the following stochastic fixed point equation (SFPE) (cf. [31, Proposition
5.16]):

ud(t, x) = E
[
gd(Xd,0,t,x

T )
]
+

∫ T

t
E

[
f(ud(Xd,0,t,x

s ))
]
ds (15)

where

Xd,θ,t,x
s = x+

∫ s

t
βd(Xd,θ,t,x

u− )du

+

∫ s

t
σd(Xd,θ,t,x

u− )dW d,θ
u +

∫ s

t

∫
Rd\{0}

γd(Xd,θ,t,x
u− , z)Ñd,θ(du, dz).

(16)

We approximate the input functions βd, σd, γd, gd, f by βdε , σ
d
ε , γ

d
ε , g

d
ε , fε where the functions with index ε are

represented by DNNs. We then get the following SFPE:

ud,ε(t, x) = E
[
gdε (X

d,0,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,ε(Xd,0,ε,t,x
s ))

]
ds (17)

where

Xd,θ,ε,t,x
s = x+

∫ s

t
βdε (X

d,θ,ε,t,x
u− )du

+

∫ s

t
σdε (X

d,θ,ε,t,x
u− )dW d,θ

u +

∫ s

t

∫
Rd\{0}

γdε (X
d,θ,ε,t,x
u− , z)Ñd,θ(du, dz).

(18)

Next, we approximate the stochastic differential equation (SDE) in (18) by the Euler-Maruyama discretization:

Xd,θ,K,ε,t,x
s = x+

∫ s

t
βdε (X

d,θ,K,ε,t,x
max{t,⌊u−⌋K} )du+

∫ s

t
σdε (X

d,θ,K,ε,t,x
max{t,⌊u−⌋K} )dW

d,θ
u

+

∫ s

t

∫
Rd\{0}

γdε (X
d,θ,K,ε,t,x
max{t,⌊u−⌋K}, z) Ñ

d,θ(du, dz).
(19)

The latter is associated to the following SFPE:

ud,K,ε(t, x) = E
[
gdε (X

d,0,K,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,K,ε(Xd,0,K,ε,t,x
s ))

]
ds. (20)

The DNNs that approximate ud, d ∈ N, will be constructed from the following MLP approximation:

Ud,θ,K,ε
n,m (t, x) =

1N(n)

mn

mn∑
i=1

gdε (X
d,(θ,0,−i),K,ε,t,x
T )

+
n−1∑
ℓ=0

T − t
mn−ℓ

mn∑
i=1

(f ◦ Ud,(θ,ℓ,i),K,ε
ℓ,m − f ◦ Ud,(θ,−ℓ,i),K,ε

ℓ−1,m )(T
(θ,ℓ,i)
t , X

d,(θ,0,i),K,ε,t,x

T
(θ,ℓ,i)
t

)

(21)

(cf. Lemma 4.12). We then decompose the error Ud,θ,K,ε
n,m (t, x)− ud(t, x) as follows:

Ud,θ,K,ε
n,m (t, x)− ud(t, x)

= Ud,θ,K,ε
n,m (t, x)− ud,K,ε(t, x)︸ ︷︷ ︸

=:E1

+ud,K,ε(t, x)− ud,ε(t, x)︸ ︷︷ ︸
=:E2

+ud,ε(t, x)− ud(t, x)︸ ︷︷ ︸
=:E3

(22)

where E1 is estimated in Lemma 3.3, E2 is estimated in Lemma 3.2, and E3 is estimated in Lemma 2.1. In
the proof of our main result, Theorem 5.1, we combine these results and construct a DNN realization on a
probability space that suffices the prescribed approximation accuracy ϵ ∈ (0, 1) between Ud,θ,K,ε

n,m (t, x) and
ud(t, x). Note that Lemmas 3.3, 3.2, and 2.1 are stability and perturbation results that can be read without
knowledge on DNNs.

The remaining part of the paper is organized as follows. In Section 2 we establish a stability result on SFPEs
that demonstrates the error E3. In Section 3 we recall basic facts on Euler-Maruyama and MLP approxima-
tions and establish the error E1 of the MLP approximation as well as the discretization error E2. Section 4
introduces a mathematical framework for DNNs and demonstrates the connection between DNNs and MLP
approximations, see Lemma 4.12. Finally, Section 5 combines the results of the previous sections to prove the
main results, Theorem 5.1 and Theorem 1.2.
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1.4. Notations. Let ∥·∥ , |||·||| : (∪d∈NRd) → [0,∞), dim: (∪d∈NRd) → N satisfy for all d ∈ N, x =

(x1, . . . , xd) ∈ Rd that ∥x∥ =
√∑d

i=1(xi)
2, |||x||| = maxi∈[1,d]∩N |xi|, and dim(x) = d and let ∥·∥F : ∪d∈N

R
d×d → [0,∞) satisfy for all d ∈ N, x = (xij)i,j∈[1,d]∩Z ∈ Rd×d that ∥x∥2F =

∑d
i,j=1|xij |2.

2. APPROXIMATION OF THE COEFFICIENTS

In Lemma 2.1 below we approximate the solution to the SFPE (30) through solution to the SFPE (31), whose
linear part, initial condition, and nonlinearity can be exactly represented through suitable DNNs.

Lemma 2.1 (A stability result). Consider the notations given in Subsection 1.4, let T ∈ (0,∞), c ∈ [1,∞),
for every d ∈ N, ε ∈ (0, 1), let βdε , β

d ∈ C(Rd,Rd), σdε , σ
d ∈ C(Rd,Rd×d), gdε , g

d ∈ C(Rd,R), fε, f ∈
C(R,R), for every d ∈ N, ε ∈ (0, 1) let γd, γdε : R

2d → R
d be measurable, let (Ω,F ,P, (Ft)t∈[0,T ]) be

a filtered probability space satisfying the usual conditions, for every d ∈ N let W d : Ω × [0, T ] → R
d, be

standard (Ft)t∈[0,T ]-Brownian motion, for every d ∈ N let Nd be an (Ft)t∈[0,T ]-Poisson random measure on
[0,∞)× (Rd \ {0}) with intensity νd, for every d ∈ N let Ñd(dt, dz) = Nd(dt, dz)− dt νd(dz), assume for
all d ∈ N that F0, Nd and W d are independent, assume for all d ∈ N, x, y ∈ Rd, w1, w2 ∈ R, ε ∈ (0, 1) that∥∥∥βdε (x)− βdε (y)∥∥∥2 + ∥∥∥σdε (x)− σdε (y)∥∥∥2

F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γdε (y, z))∥∥∥2 νd(dz) ≤ c∥x− y∥2, (23)

|fε(w1)− fε(w2)|2 ≤ c|w1 − w2|2, T
∣∣∣gdε (x)− gdε (y)∣∣∣2 ≤ cdc∥x− y∥2, (24)

∥∥∥βdε (0)∥∥∥2 + ∥∥∥σdε (0)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (0, z)∥∥∥2 νd(dz) + T 3|fε(0)|2 + T |gdε (0)|2 ≤ cdc, (25)

and ∥∥∥βdε (x)− βd(x)∥∥∥2 + ∥∥∥σdε (x)− σd(x)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γd(x, z)∥∥∥2 νd(dz)
+
∣∣∣gdε (x)− gd(x)∣∣∣2 + |fε(w1)− f(w1)|2

≤ εcdc(dc + ∥x∥2) + ε|w1|4,

(26)

for every d ∈ N, t ∈ [0, T ], x ∈ Rd, ε ∈ (0, 1) let (Xd,t,x
s )s∈[t,T ], (X

d,ε,t,x
s )s∈[t,T ] be (Ft)t∈[0,T ]-adapted

càdlàg processes which satisfy for all s ∈ [t, T ] that P-a.s.

Xd,t,x
s = x+

∫ s

t
βd(Xd,t,x

r− )dr +

∫ s

t
σd(Xd,t,x

r− )dW d
r +

∫ s

t

∫
Rd\{0}

γd(Xd,t,x
r− , z)Ñd(dr, dz) (27)

and

Xd,ε,t,x
s = x+

∫ s

t
βdε (X

d,ε,t,x
r− )dr +

∫ s

t
σdε (X

d,ε,t,x
r− )dW d

r +

∫ s

t

∫
Rd\{0}

γdε (X
d,ε,t,x
r− , z)Ñd(dr, dz), (28)

and for every d ∈ N, ε ∈ (0, 1) let ud, ud,ε : [0, T ] × Rd → R be measurable and satisfy for all
t ∈ [0, T ], x ∈ R

d that E
[∣∣∣gd(Xd,t,x

T )
∣∣∣] +

∫ T
t E

[∣∣∣f(ud(s,Xd,t,x
s ))

∣∣∣] ds < ∞, E
[∣∣∣gdε (Xd,ε,t,x

T )
∣∣∣] +∫ T

t E

[∣∣∣fε(ud,ε(s,Xd,ε,t,x
s ))

∣∣∣] ds <∞,

sup
s∈[0,T ]

sup
y∈Rd

|ud(s, y)|+ |ud,ε(s, y)|
1 + ∥y∥

<∞, (29)

ud(t, x) = E
[
gd(Xd,t,x

T )
]
+

∫ T

t
E

[
f(ud(s,Xd,t,x

s ))
]
ds, (30)

and

ud,ε(t, x) = E
[
gdε (X

d,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,ε(s,Xd,ε,t,x
s ))

]
ds. (31)

Then
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(i) for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd we have that

max

{
E

[
dc +

∥∥∥Xd,ε,t,x
s

∥∥∥2] ,E[dc + ∥∥∥Xd,t,x
s

∥∥∥2]} ≤ (dc + ∥x∥2)e7c(s−t), (32)

(ii) for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x, y ∈ Rd we have that∣∣∣ud,ε(t, x)− ud,ε(t, y)∣∣∣ ≤ 2(cdcT−1)
1
2 ∥x− y∥e5cT+2cT 2

, (33)

and
(iii) for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd we have that∣∣∣ud,ε(t, x)− ud(t, x)∣∣∣ ≤ 2cdcε

1
2 (dc + ∥x∥2)e24cT+5cT 2

. (34)

Proof of Lemma 2.1. Throughout this proof let ⟨·, ·⟩ : ∪d∈R Rd × Rd → R satisfy for every d ∈ N, x =

(x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd that ⟨x, y⟩ =
∑d

i=1 xiyi. First, the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x +

y∥2 ≤ 2∥x∥2 + 2∥y∥2, (25), and (23) show for all d ∈ N, x ∈ Rd, ε ∈ (0, 1) that

∥βdε (x)∥2 ≤ 2∥βdε (0)∥2 + 2∥βdε (x)− βdε (0)∥2 ≤ 2cdc + 2c∥x∥2 = 2c(dc + ∥x∥2). (35)

Similarly, we have for all d ∈ N, x ∈ Rd, ε ∈ (0, 1) that∥∥∥σdε (x)∥∥∥2
F
≤ 2c(dc + ∥x∥2). (36)

Next, the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x+y∥2 ≤ 2∥x∥2+2∥y∥2, (25), and (23) show for all d ∈ N, x ∈ Rd,
ε ∈ (0, 1) that∫

Rd\{0}

∥∥∥γdε (x, z)∥∥∥2 νd(dz) ≤ ∫
Rd\{0}

2
∥∥∥γdε (0, z)∥∥∥2 + 2

∥∥∥γdε (x, z)− γdε (0, z)∥∥∥2 νd(dz)
≤ 2cdc + 2c∥x2∥ = 2c(dc + ∥x∥2).

(37)

Next, Itô’s formula (see, e.g., [20, Theorem 3.1]) and (28) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd,
ε ∈ (0, 1) that P-a.s. we have that∥∥∥Xd,ε,t,x

s

∥∥∥2 = ∥x∥2 + ∫ s

t

(
2
〈
Xd,ε,t,x

r , βdε (X
d,ε,t,x
r )

〉
+
∥∥∥σdε (Xd,ε,t,x

r )
∥∥∥2
F

)
dr

+ 2

∫ s

t

d∑
i,j=1

(
Xd,ε,t,x

r−

)
i

(
σdε (X

d,ε,t,x
r− )

)
ij
d(W d

j )r

+ 2

∫ s

t

∫
Rd\{0}

〈
Xd,ε,t,x

r− , γdε (X
d,ε,t,x
r− , z)

〉
Ñd(dz, dr)

+

∫ s

t

∫
Rd\{0}

∥∥∥γdε (Xd,ε,t,x
r− , z)

∥∥∥2Nd(dz, dr).

(38)

Next, for every d, n ∈ N, x ∈ Rd, ε ∈ (0, 1) let τd,ε,xn : Ω→ R satisfy that

τd,ε,xn = inf

{
s ∈ [t, T ] :

∫ s

t

(
2
〈
Xd,ε,t,x

r , βdε (X
d,ε,t,x
r )

〉
+
∥∥∥σdε (Xd,ε,t,x

r )
∥∥∥2
F

)
dr

+

∫ s

t

d∑
i,j=1

∣∣∣∣(Xd,ε,t,x
r

)
i

(
σdε (X

d,ε,t,x
r )

)
ij

∣∣∣∣2 dr
+

∫ s

t

∫
Rd\{0}

d∑
i=1

∣∣∣(Xd,ε,t,x
r

)
i

(
γdε (X

d,ε,t,x
r , z)

)
i

∣∣∣2 νd(dz) dr
+

∫ s

t

∫
Rd\{0}

∥∥∥γdε (Xd,ε,t,x
r , z)

∥∥∥2
F
νd(dz) dr ≥ n

}
∧ T

(39)
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(with the convention that inf ∅ = ∞). Then (38), the fact that ∀ d ∈ N, x, y ∈ Rd : 2⟨x, y⟩ ≤ ∥x∥2 + ∥y∥2,
(35), (36), (37), and the fact that c ≥ 1 show for all d, n ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[
dc +

∥∥∥Xd,ε,t,x

s∧τd,ε,xn

∥∥∥2]
= dc + ∥x∥2 +E

[∫ s∧τd,ε,xn

t

(
2
〈
Xd,ε,t,x

r , βdε (X
d,ε,t,x
r )

〉
+
∥∥∥σdε (Xd,ε,t,x

r )
∥∥∥2
F

)
dr

]

+E

[∫ s∧τd,ε,xn

t

∫
Rd\{0}

∥∥∥γdε (Xd,ε,t,x
r , z)

∥∥∥2 νd(dz) dr]

≤ dc + ∥x∥2 +E

[∫ s∧τd,ε,xn

t

∥∥∥Xd,ε,t,x
r

∥∥∥2 dr]+E[∫ s∧τd,ε,xn

t

∥∥∥βdε (Xd,ε,t,x
r )

∥∥∥2 dr]

+E

[∫ s∧τd,ε,xn

t

∥∥∥σdε (Xd,ε,t,x
r )

∥∥∥2
F
dr

]
+E

[∫ s∧τd,ε,xn

t

∫
Rd\{0}

∥∥∥γdε (Xd,ε,t,x
r , z)

∥∥∥2 νd(dz) dr]

(40)

and

E

[
dc +

∥∥∥Xd,ε,t,x

s∧τd,ε,xn

∥∥∥2]
≤ dc + ∥x∥2 +E

[∫ s∧τd,ε,xn

t

(
dc +

∥∥∥Xd,ε,t,x
r

∥∥∥2) dr]+E[∫ s∧τd,ε,xn

t
2c

(
dc +

∥∥∥Xd,ε,t,x
r

∥∥∥2) dr]

+E

[∫ s∧τd,ε,xn

t
2c

(
dc +

∥∥∥Xd,ε,t,x
r

∥∥∥2
F

)
dr

]
+E

[∫ s∧τd,ε,xn

t
2c

(
dc +

∥∥∥Xd,ε,t,x
r

∥∥∥2) dr]

≤ dc + ∥x∥2 + 7c

∫ s

t
E

[
dc +

∥∥∥Xd,ε,t,x

r∧τd,ε,xn

∥∥∥2 dr] .

(41)

This, Fatou’s lemma, and Grönwall’s inequality show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1)
that

E

[
dc +

∥∥∥Xd,ε,t,x
s

∥∥∥2] ≤ lim inf
n→∞

E

[
dc +

∥∥∥Xd,ε,t,x

s∧τd,ε,xn

∥∥∥2] ≤ (dc + ∥x∥2)e7c(s−t). (42)

Next, using (26) and letting ε tend to zero in (23) and (25) we obtain that∥∥∥βd(x)− βd(y)∥∥∥2 + ∥∥∥σd(x)− σd(y)∥∥∥2 + ∫
Rd\{0}

∥∥∥γd(x, z)− γd(y, z))∥∥∥2 νd(dz) dr ≤ c∥x− y∥2 (43)

and ∥∥∥βd(0)∥∥∥2 + ∥∥∥σd(0)∥∥∥2 + ∫
Rd\{0}

∥∥∥γd(0, z)∥∥∥2 νd(dz) ≤ cdc. (44)

Using a similar argument as that for (42) we then obtain for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd that

E

[
dc +

∥∥∥Xd,t,x
s

∥∥∥2] ≤ (dc + ∥x∥2)e7c(s−t). (45)

This and (42) show (i).
Next, (26) and (45) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∫ s

t

∥∥∥βdε (Xd,t,x
r− )− βd(Xd,t,x

r− )
∥∥∥2 dr]

≤
∫ s

t
εcdc

(
dc +E

[∥∥∥Xd,t,x
r

∥∥∥2]) dr
≤
∫ s

t
εcdc(dc + ∥x∥2)e7c(r−t) dr ≤ εcdc(dc + ∥x∥2)(s− t)e7cT

(46)

and similarly ∫ s

t
E

[∥∥∥σdε (Xd,t,x
r− )− σd(Xd,t,x

r− )
∥∥∥2
F

]
dr ≤ εcdc(dc + ∥x∥2)(s− t)e7cT . (47)
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Next, (26) and (45) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that∫ s

t

∫
Rd\{0}

E

[∥∥∥γdε (Xd,t,x
r− , z)− γd(Xd,t,x

r− , z)
∥∥∥2] νd(dz) dr

≤
∫ s

t
εcdc

(
dc +E

[∥∥∥Xd,t,x
r

∥∥∥2]) dr
≤
∫ s

t
εcdc(dc + ∥x∥2)e7c(r−t) dr ≤ εcdc(dc + ∥x∥2)(s− t)e7cT .

(48)

Next, Hölder’s inequality, the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x + y∥2 ≤ 2∥x∥2 + 2∥y∥2, (23), and (46) show
for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥∥∫ s

t
(βdε (X

d,ε,t,x
r− )− βd(Xd,t,x

r− )) dr

∥∥∥∥2
]

≤ E

[(∫ s

t

∥∥∥βdε (Xd,ε,t,x
r− )− βd(Xd,t,x

r− )
∥∥∥ dr)2

]

≤ E
[(∫ s

t
dr

)(∫ s

t

∥∥∥βdε (Xd,ε,t,x
r− )− βd(Xd,t,x

r− )
∥∥∥2 dr)]

≤ TE
[∫ s

t

∥∥∥βdε (Xd,ε,t,x
r− )− βd(Xd,t,x

r− )
∥∥∥2 dr]

≤ 2TE

[∫ s

t

∥∥∥βdε (Xd,ε,t,x
r− )− βdε (X

d,t,x
r− )

∥∥∥2 dr]+ 2TE

[∫ s

t

∥∥∥βdε (Xd,t,x
r− )− βd(Xd,t,x

r− )
∥∥∥2 dr]

≤ 2Tc

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2] dr + 2T · εcdc(dc + ∥x∥2)(s− t)e7cT

= 2cT

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2] dr + 2εcdc(dc + ∥x∥2)T (s− t)e7cT .

(49)

Furthermore, Itô’s isometry, the fact that ∀ d ∈ N, x, y ∈ Rd×d : ∥x + y∥2F ≤ 2∥x∥2F + 2∥y∥2F, (23), and (47)
show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥∥∫ s

t
(σdε (X

d,ε,t,x
r− )− σd(Xd,t,x

r− )) dW d
r

∥∥∥∥2
]

= E

[∫ s

t

∥∥∥σdε (Xd,ε,t,x
r− )− σd(Xd,t,x

r− )
∥∥∥2
F
dr

]
≤ 2

∫ s

t
E

[∥∥∥σdε (Xd,ε,t,x
r− )− σdε (X

d,t,x
r− )

∥∥∥2
F

]
dr + 2

∫ s

t
E

[∥∥∥σdε (Xd,t,x
r− )− σd(Xd,t,x

r− )
∥∥∥2
F

]
dr

≤ 2c

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2
F

]
dr + 2εcdc(dc + ∥x∥2)(s− t)e7cT .

(50)

Next, Itô’s isometry (see, e.g., [9, Proposition 8.8]), the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x + y∥2 ≤ 2∥x∥2 +
2∥y∥2, (23), and (48) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

∥∥∥∥∥
∫ s

t

∫
Rd\{0}

(γdε (X
d,ε,t,x
r− , z)− γd(Xd,t,x

r− , z)) Ñd(dr, dz)

∥∥∥∥∥
2


=

∫ s

t

∫
Rd\{0}

E

[∥∥∥γdε (Xd,ε,t,x
r− , z)− γd(Xd,t,x

r− , z))
∥∥∥2] νd(dz) dr

≤ 2

∫ s

t

∫
Rd\{0}

E

[∥∥∥γdε (Xd,ε,t,x
r− , z)− γdε (X

d,t,x
r− , z))

∥∥∥2] νd(dz) dr
+ 2

∫ s

t

∫
Rd\{0}

E

[∥∥∥γdε (Xd,t,x
r− , z)− γd(Xd,t,x

r− , z)
∥∥∥2] νd(dz) dr

≤ 2c

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2] dr + 2εcdc(dc + ∥x∥2)(s− t)e7cT .

(51)
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Next, (27) and (28) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that P-a.s.

Xd,ε,t,x
s −Xd,t,x

s

=

∫ s

t
(βdε (X

d,ε,t,x
r− )− βd(Xd,t,x

r− )) dr +

∫ s

t
(σdε (X

d,ε,t,x
r− )− σd(Xd,t,x

r− )) dW d
r

+

∫ s

t

∫
Rd\{0}

(γdε (X
d,ε,t,x
r− , z)− γd(Xd,t,x

r− , z)) Ñd(dr, dz).

(52)

This, the fact that ∀ d ∈ N, x, y, z ∈ Rd : ∥x+ y + z∥2 ≤ 3∥x∥2 + 3∥y∥2 + 3∥z∥2, (49), (50), and (51) show
for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥Xd,ε,t,x
s −Xd,t,x

s

∥∥∥2]
≤ 3E

[∥∥∥∥∫ s

t
(βdε (X

d,ε,t,x
r− )− βd(Xd,t,x

r− ))dr

∥∥∥∥2
]
+ 3E

[∥∥∥∥∫ s

t
(σdε (X

d,ε,t,x
r− )− σd(Xd,t,x

r− )) dW d
r

∥∥∥∥2
]

+ 3E

∥∥∥∥∥
∫ s

t

∫
Rd\{0}

(γdε (X
d,ε,t,x
r− , z)− γd(Xd,t,x

r− , z)) Ñd(dr, dz)

∥∥∥∥∥
2


≤ 3

[
2cT

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2] dr + 2εcdc(dc + ∥x∥2)T (s− t)e7cT
]

+ 3

[
2c

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2
F

]
dr + 2εcdc(dc + ∥x∥2)(s− t)e7cT

]
+ 3

[
2c

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2] dr + 2εcdc(dc + ∥x∥2)(s− t)e7cT
]

= (12c+ 6cT )

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,t,x

r

∥∥∥2] dr + 3 (2T + 4) εcdc(dc + ∥x∥2)(s− t)e7cT .

(53)

This, Grönwall’s inequality, (42), (45), and the fact that 3 (2T + 4) ≤ 12(T + 1) ≤ 12ecT show for all d ∈ N,
t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥Xd,ε,t,x
s −Xd,t,x

s

∥∥∥2] ≤ 3 (2T + 4) εcdc(dc + ∥x∥2)(s− t)e7cT e(12c+6cT )T

≤ 12ecT εcdc(dc + ∥x∥2)e7cT e(12c+6cT )T (s− t)

= 12εcdc(dc + ∥x∥2)e20cT+6cT 2
(s− t).

(54)

Next, (28), the fact that ∀ d ∈ N, x1, x2, x3, x4 ∈ Rd : ∥
∑4

i=1 xi∥2 ≤ 4
∑4

i=1∥xi∥2, Jensen’s inequality, Itô’s
isometry, and (23) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥Xd,ε,t,x
s −Xd,ε,t,y

s

∥∥∥2] ≤ 4∥x− y∥2 + 4E

[∥∥∥∥∫ s

t
(βdε (X

d,ε,t,x
r− )− βdε (X

d,ε,t,y
r− ))dr

∥∥∥∥2
]

+ 4E

[∥∥∥∥∫ s

t
(σdε (X

d,ε,t,x
r− )− σdε (X

d,ε,t,y
r− ))dW d

r

∥∥∥∥2
]

+ 4E

∥∥∥∥∥
∫ s

t

∫
Rd\{0}

(γdε (X
d,ε,t,x
r− , z)− γdε (X

d,ε,t,y
r− , z))Ñd(dr, dz)

∥∥∥∥∥
2


(55)
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and

E

[∥∥∥Xd,ε,t,x
s −Xd,ε,t,y

s

∥∥∥2]
≤ 4∥x− y∥2 + 4TE

[∫ s

t

∥∥∥βdε (Xd,ε,t,x
r− )− βdε (X

d,ε,t,y
r− )

∥∥∥2 dr]
+ 4E

[∫ s

t

∥∥∥σdε (Xd,ε,t,x
r− )− σdε (X

d,ε,t,y
r− )

∥∥∥2
F
dr

]
+ 4E

[∫ s

t

∫
Rd\{0}

∥∥∥γdε (Xd,ε,t,x
r− , z)− γdε (X

d,ε,t,y
r− , z)

∥∥∥2 νd(dz) dr]

≤ 4∥x− y∥2 + 4TE

[∫ s

t
c
∥∥∥Xd,ε,t,x

r− −Xd,ε,t,y
r−

∥∥∥2 dr]+ 4E

[∫ s

t
c
∥∥∥Xd,ε,t,x

r− −Xd,ε,t,y
r−

∥∥∥2 dr]
+ 4E

[∫ s

t
c
∥∥∥Xd,ε,t,x

r− −Xd,ε,t,y
r−

∥∥∥2 dr]
= 4∥x− y∥2 + (4Tc+ 8c)

∫ s

t
E

[∥∥∥Xd,ε,t,x
r −Xd,ε,t,y

r

∥∥∥2] dr.

(56)

This, Grönwall’s lemma, and (42) show for all d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥Xd,ε,t,x
s −Xd,ε,t,y

s

∥∥∥2] ≤ 4∥x− y∥2e(4Tc+8c)(s−t) ≤ 4∥x− y∥2e(4Tc+8c)T = 4∥x− y∥2e8cT+4cT 2
.

(57)

Next, (24), Jensen’s inequality, and (54) show for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd that

E

[∣∣∣gdε (Xd,ε,t,x
T )− gdε (X

d,t,x
T )

∣∣∣] ≤ E[(cdc) 1
2T− 1

2

∥∥∥Xd,ε,t,x
T −Xd,t,x

T

∥∥∥]
≤ (cdc)

1
2T− 1

2

(
E

[∥∥∥Xd,ε,t,x
T −Xd,t,x

T

∥∥∥2]) 1
2

≤ (cdc)
1
2T− 1

2

(
12εdc(dc + ∥x∥2)e20cT+6cT 2

T
) 1

2

≤ 4(εcd2c)
1
2 (dc + ∥x∥2)

1
2 e10cT+3cT 2

.

(58)

Next, (26), Jensen’s inequality, and (45) show for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd that

E

[∣∣∣gdε (Xd,t,x
T )− gd(Xd,t,x

T )
∣∣∣] ≤ E[∣∣∣∣εcdc(dc + ∥∥∥Xd,t,x

T

∥∥∥2)∣∣∣∣ 12
]
≤ (εcdc)

1
2

(
E

[
dc +

∥∥∥Xd,t,x
T

∥∥∥2]) 1
2

≤ (εcdc)
1
2
(
(dc + ∥x∥2)e7cT

) 1
2

= (εcdc)
1
2 (dc + ∥x∥2)

1
2 e3.5cT .

(59)

This, the triangle inequality, and (58) show for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd that

E

[∣∣∣gdε (Xd,ε,t,x
T )− gd(Xd,t,x

T )
∣∣∣] ≤ E[∣∣∣gdε (Xd,ε,t,x

T )− gdε (X
d,t,x
T )

∣∣∣]+E[∣∣∣gdε (Xd,t,x
T )− gd(Xd,t,x

T )
∣∣∣]

≤ 4(εcd2c)
1
2 (dc + ∥x∥2)

1
2 e10cT+3cT 2

+ (εcdc)
1
2 (dc + ∥x∥2)

1
2 e3.5cT

≤ 5(εcd2c)
1
2 (dc + ∥x∥2)

1
2 e10cT+3cT 2

.

(60)
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This, Jensen’s inequality, and (45) show for all d ∈ N, ε ∈ (0, 1), s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd that

E

[
E

[∣∣∣gdε (Xd,ε,t,x̃
T )− gd(Xd,t,x̃

T )
∣∣∣]∣∣∣

x̃=Xd,s,x
t

]
≤ 5(εcd2c)

1
2E

[(
dc +

∥∥∥Xd,s,x
t

∥∥∥2) 1
2

]
e10cT+3cT 2

≤ 5(εcd2c)
1
2

(
E

[
dc +

∥∥∥Xd,s,x
t

∥∥∥2]) 1
2

e10cT+3cT 2

≤ 5(εcd2c)
1
2
(
(dc + ∥x∥2)e7cT

) 1
2 e10cT+3cT 2

≤ 5(εcd2c)
1
2 (dc + ∥x∥2)

1
2 e14cT+3cT 2

.

(61)

Next, the triangle inequality, (25), and (24) show for all d ∈ N, ε ∈ (0, 1), x ∈ Rd, w ∈ R that∣∣∣gdε (x)∣∣∣ ≤ ∣∣∣gdε (0)∣∣∣+ ∣∣∣gdε (x)− gdε (0)∣∣∣ ≤ (cdcT−1)
1
2 + (cdcT−1)

1
2 ∥x∥

≤ 2(cdcT−1)
1
2 (dc + ∥x∥2)

1
2

(62)

and

|fε(w)| ≤ |fε(0)|+ |fε(w)− fε(0)| ≤ (cdcT−3)
1
2 + c

1
2 |w|. (63)

This and (26) show for all d ∈ N, x ∈ Rd that

|gd(x)| = lim
ε→0

∣∣∣gdε (x)∣∣∣ ≤ 2(cdcT−1)
1
2 (dc + ∥x∥2)

1
2 . (64)

This and (45) show for all d ∈ N, t ∈ [0, T ], x ∈ Rd that∥∥∥gd(Xd,t,x
T )

∥∥∥
L2(P)

≤ 2(cdcT−1)
1
2

∥∥∥∥∥
(
dc +

∥∥∥Xd,t,x
T

∥∥∥2) 1
2

∥∥∥∥∥
L2(P)

≤ 2(cdcT−1)
1
2

(
E

[
dc +

∥∥∥Xd,t,x
T

∥∥∥2]) 1
2

≤ 2(cdcT−1)
1
2
(
(dc + ∥x∥2)e7cT

) 1
2

= 2(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 e3.5cT .

(65)

This, (31), the triangle inequality, the disintegration theorem, the flow property, and (63) show for all d ∈ N,
s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd that∥∥∥ud(t,Xd,s,x

t )
∥∥∥
L2(P)

=
∥∥∥ud(t, x̃)∣∣x̃=Xd,s,x

t

∥∥∥
L2(P)

≤
∥∥∥E[∣∣∣gd(Xd,t,x̃

T )
∣∣∣]∣∣x̃=Xd,s,x

t

∥∥∥
L2(P)

+

∫ T

t

∥∥∥E[∣∣∣f(ud(Xd,t,x̃
r ))

∣∣∣]∣∣x̃=Xd,s,x
t

∥∥∥
L2(P)

dr

≤
∥∥∥∥∥∥∥gd(Xd,t,x̃

T )
∥∥∥
L2(P)

∣∣
x̃=Xd,s,x

t

∥∥∥∥
L2(P)

+

∫ T

t

∥∥∥∥∥∥∥f(ud(Xd,t,x̃
r ))

∥∥∥
L2(P)

∣∣
x̃=Xd,s,x

t

∥∥∥∥
L2(P)

dr

=
∥∥∥gd(Xd,s,x

T )
∥∥∥
L2(P)

+

∫ T

t

∥∥∥f(ud(Xd,s,x
r ))

∥∥∥
L2(P)

dr

≤ 2(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 e3.5cT +

∫ T

t

(
(cdcT−3)

1
2 + c

1
2

∥∥∥ud(Xd,s,x
r )

∥∥∥
L2(P)

)
dr

≤ 3(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 e3.5cT +

∫ T

t
c
1
2

∥∥∥ud(Xd,s,x
r )

∥∥∥
L2(P)

dr.

(66)

This, Grönwall’s lemma, (29), (45), and the fact that c ∈ [1,∞) show for all d ∈ N, s ∈ [0, T ], t ∈ [s, T ],
x ∈ Rd that∥∥∥ud(t,Xd,s,x

t )
∥∥∥
L2(P)

≤ 3(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 e3.5cT ec

1/2T ≤ 3(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 e4.5cT . (67)
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Hence, for all d ∈ N, s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd we have that

|ud(t, x)| ≤ 3(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 e4.5cT . (68)

Next, (31) and the triangle inequality show for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x, y ∈ Rd that∣∣∣ud,ε(t, x)− ud,ε(t, y)∣∣∣ ≤ E[∣∣∣gdε (Xd,ε,t,x
T )− gdε (X

d,ε,t,y
T )

∣∣∣]
+

∫ T

t
E

[∣∣∣fε(ud,ε(Xd,ε,t,x
r ))− fε(ud,ε(Xd,ε,t,y

r ))
∣∣∣] dr. (69)

This, the triangle inequality, the disintegration theorem, (24), Jensen’s inequality, the fact that c ∈ [1,∞), and
(57) show for all d ∈ N, ε ∈ (0, 1), s ∈ [0, T ], t ∈ [s, T ], x, y ∈ Rd that

E

[∣∣∣ud,ε(t,Xd,ε,s,x
t )− ud,ε(t,Xd,ε,s,y

t )
∣∣∣]

= E

[∣∣∣ud,ε(t, x̃)− ud,ε(t, ỹ)∣∣∣∣∣∣
(x̃,ỹ)=(Xd,ε,s,x

t ,Xd,ε,s,y
t )

]
≤ E

[
E

[∣∣∣gdε (Xd,ε,t,x̃
T )− gdε (X

d,ε,t,ỹ
T )

∣∣∣]∣∣∣
(x̃,ỹ)=(Xd,ε,s,x

t ,Xd,ε,s,y
t )

]
+

∫ T

t
E

[
E

[∣∣∣fε(ud,ε(Xd,ε,t,x̃
r ))− fε(ud,ε(Xd,ε,t,ỹ

r ))
∣∣∣]∣∣∣

(x̃,ỹ)=(Xd,ε,s,x
t ,Xd,ε,s,y

t )

]
dr

= E
[∣∣∣gdε (Xd,ε,s,x

T )− gdε (X
d,ε,s,y
T )

∣∣∣]+ ∫ T

t
E

[∣∣∣fε(ud,ε(Xd,ε,s,x
r ))− fε(ud,ε(Xd,ε,s,y

r ))
∣∣∣] dr

≤ E
[
(cdcT−1)

1
2

∥∥∥Xd,ε,s,x
T −Xd,ε,s,y

T

∥∥∥]+ ∫ T

t
c
1
2E

[∣∣∣ud,ε(Xd,ε,s,x
r )− ud,ε(Xd,ε,s,y

r )
∣∣∣] dr

≤ (cdcT−1)
1
2

(
E

[∥∥∥Xd,ε,s,x
T −Xd,ε,s,y

T

∥∥∥2]) 1
2

+

∫ T

t
c
1
2E

[∣∣∣ud,ε(Xd,ε,s,x
r )− ud,ε(Xd,ε,s,y

r )
∣∣∣] dr

≤ (cdcT−1)
1
2

(
4∥x− y∥2e8cT+4cT 2

) 1
2
+

∫ T

t
cE
[∣∣∣ud,ε(Xd,ε,s,x

r )− ud,ε(Xd,ε,s,y
r )

∣∣∣] dr
≤ 2(cdcT−1)

1
2 ∥x− y∥e4cT+2cT 2

+

∫ T

t
cE
[∣∣∣ud,ε(Xd,ε,s,x

r )− ud,ε(Xd,ε,s,y
r )

∣∣∣] dr.

(70)

This, Grönwall’s inequality, (29), and (42) show for all d ∈ N, ε ∈ (0, 1), s ∈ [0, T ], t ∈ [s, T ], x, y ∈ Rd that

E

[∣∣∣ud,ε(t,Xd,ε,s,x
t )− ud,ε(t,Xd,ε,s,y

t )
∣∣∣] ≤ 2(cdcT−1)

1
2 ∥x− y∥e4cT+2cT 2 · ecT

= 2(cdcT−1)
1
2 ∥x− y∥e5cT+2cT 2

(71)

and hence ∣∣∣ud,ε(t, x)− ud,ε(t, y)∣∣∣ ≤ 2(cdcT−1)
1
2 ∥x− y∥e5cT+2cT 2

. (72)

This shows (ii).
Next, (24), (72), Jensen’s inequality, and (54) show for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd

that

E

[∣∣∣fε(ud,ε(s,Xd,ε,t,x
s ))− fε(ud,ε(s,Xd,t,x

s ))
∣∣∣]

≤ c
1
2E

[∣∣∣ud,ε(s,Xd,ε,t,x
s )− ud,ε(s,Xd,t,x

s )
∣∣∣]

≤ c
1
2 2(cdcT−1)

1
2E

[∥∥∥Xd,ε,t,x
s −Xd,t,x

s

∥∥∥] e5cT+2cT 2

≤ 2c
1
2 (cdcT−1)

1
2

(
E

[∥∥∥Xd,ε,t,x
s −Xd,t,x

s

∥∥∥2]) 1
2

e5cT+2cT 2

≤ 2c
1
2 (cdcT−1)

1
2

(
12εcdc(dc + ∥x∥2)e20cT+6cT 2

T
) 1

2
e5cT+2cT 2

≤ 8c
3
2dcε

1
2 (dc + ∥x∥2)

1
2 e15cT+5cT 2

.

(73)
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This, the triangle inequality, (24), (26), the fact that c ∈ [1,∞), the fact that cT ≤ ecT , and (68) show for all
d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd that

∫ T

t
E

[∣∣∣fε(ud,ε(s,Xd,ε,t,x
s ))− f(ud(s,Xd,t,x

s ))
∣∣∣] ds

≤ T sup
s∈[t,T ]

E

[∣∣∣fε(ud,ε(s,Xd,ε,t,x
s ))− fε(ud,ε(s,Xd,t,x

s ))
∣∣∣]

+

∫ T

t
E

[∣∣∣fε(ud,ε(s,Xd,t,x
s ))− fε(ud(s,Xd,t,x

s ))
∣∣∣] ds

+ T sup
s∈[t,T ]

E

[∣∣∣fε(ud(s,Xd,t,x
s ))− f(ud(s,Xd,t,x

s ))
∣∣∣]

≤ T · 8c
3
2dcε

1
2 (dc + ∥x∥2)

1
2 e15cT+5cT 2

+

∫ T

t
c
1
2E

[∣∣∣ud,ε(s,Xd,t,x
s )− ud(s,Xd,t,x

s )
∣∣∣] ds

+ T sup
s∈[t,T ]

[
ε

1
2E

[∣∣∣ud(s,Xd,t,x
s )

∣∣∣2]]

(74)

and

∫ T

t
E

[∣∣∣fε(ud,ε(s,Xd,ε,t,x
s ))− f(ud(s,Xd,t,x

s ))
∣∣∣] ds

≤ 8cdcε
1
2 (dc + ∥x∥2)

1
2 e16cT+5cT 2

+

∫ T

t
c
1
2E

[∣∣∣ud,ε(s,Xd,t,x
s )− ud(s,Xd,t,x

s )
∣∣∣] ds

+ Tε
1
2

(
3(cdcT−1)

1
2
(
dc + ∥x∥2

) 1
2 e4.5cT

)2
= 8cdcε

1
2 (dc + ∥x∥2)

1
2 e16cT+5cT 2

+

∫ T

t
c
1
2E

[∣∣∣ud,ε(s,Xd,t,x
s )− ud(s,Xd,t,x

s )
∣∣∣] ds

+ 9cdcε
1
2 e9cT (dc + ∥x∥2)

≤ 17cdcε
1
2 (dc + ∥x∥2)e16cT+5cT 2

+

∫ T

t
cE
[∣∣∣ud,ε(s,Xd,t,x

s )− ud(s,Xd,t,x
s )

∣∣∣] ds.

(75)

This, (45), the disintegration theorem, and the flow property show for all d ∈ N, ε ∈ (0, 1), s ∈ [0, T ],
t ∈ [s, T ], x ∈ Rd that

∫ T

t
E

[
E

[∣∣∣fε(ud,ε(r,Xd,ε,t,x̃
r ))− f(ud(r,Xd,t,x̃

r ))
∣∣∣]∣∣∣

x̃=Xd,s,x
t

]
dr

≤ 17cdcε
1
2E

[
dc +

∥∥∥Xd,s,x
t

∥∥∥2] e16cT+5cT 2
+

∫ T

t
cE

[
E

[∣∣∣ud,ε(r,Xd,t,x̃
r )− ud(r,Xd,t,x̃

r )
∣∣∣]∣∣∣

x̃=Xd,s,x
t

]
dr

≤ 17cdcε
1
2
(
(dc + ∥x∥2)e7cT

)
e16cT+5cT 2

+ c

∫ T

t
E

[∣∣∣ud,ε(r,Xd,s,x
r )− ud(r,Xd,s,x

r )
∣∣∣] dr.

(76)
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This, the triangle inequality, (30), (31), and (61) show for all d ∈ N, ε ∈ (0, 1), s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd

that

E

[∣∣∣ud,ε(t,Xd,s,x
t )− ud(t,Xd,s,x

t )
∣∣∣] = E[∣∣∣ud,ε(t, x̃)− ud(t, x̃)∣∣∣∣∣∣

x̃=Xd,s,x
t

]
≤ E

[
E

[∣∣∣gdε (Xd,ε,t,x̃
T )− gd(Xd,t,x̃

T )
∣∣∣]∣∣∣

x̃=Xd,s,x
t

]
+

∫ T

t
E

[
E

[∣∣∣fε(ud,ε(r,Xd,ε,t,x̃
r ))− f(ud(r,Xd,t,x̃

r ))
∣∣∣]∣∣∣

x̃=Xd,s,x
t

]
dr

≤ 5(εcd2c)
1
2 (dc + ∥x∥2)

1
2 e14cT+3cT 2

+ 17cdcε
1
2
(
dc + ∥x∥2)e7cT

)
e16cT+5cT 2

+ c

∫ T

t
E

[∣∣∣ud,ε(r,Xd,s,x
r )− ud(r,Xd,s,x

r )
∣∣∣] dr

≤ 22cdcε
1
2 (dc + ∥x∥2)e23cT+5cT 2

+ c

∫ T

t
E

[∣∣∣ud,ε(r,Xd,s,x
r )− ud(r,Xd,s,x

r )
∣∣∣] dr.

(77)

This, Grönwall’s lemma, (29), and (45) show for all d ∈ N, ε ∈ (0, 1), s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd that

E

[∣∣∣ud,ε(t,Xd,s,x
t )− ud(t,Xd,s,x

t )
∣∣∣]

≤ 22cdcε
1
2 (dc + ∥x∥2)e23cT+5cT 2 · ecT = 2cdcε

1
2 (dc + ∥x∥2)e24cT+5cT 2

(78)

and hence
∣∣ud,ε(t, x)− ud(t, x)∣∣ ≤ 2cdcε

1
2 (dc + ∥x∥2)e24cT+5cT 2

. This shows (iii).
The proof of Lemma 2.1 is thus completed. □

3. EULER-MARUYAMA AND MLP APPROXIMATIONS REVISITED

In Lemma 3.2 below we approximate the solution to the SFPE (86), associated to (83), through solution to
the SFPE (85), associated to the Euler-Maruyama approximation (82).

Setting 3.1. Consider the notations given in Subsection 1.4, let T ∈ (0,∞), c ∈ [1,∞), for every K ∈ N
let ⌊·⌋K : R → R satisfy for all t ∈ R that ⌊t⌋K = max({0, T

K ,
2T
K , . . . , T} ∩ ((−∞, t) ∪ {0})), for every

d ∈ N, ε ∈ (0, 1), let βdε ∈ C(Rd,Rd), σdε ∈ C(Rd,Rd×d), fε ∈ C(R,R), gdε ∈ C(Rd,R), for every d ∈ N,
ε ∈ (0, 1) let γdε : R

2d → R
d, be measurable, for every d ∈ N let νd : B(Rd \ {0}) → [0,∞) be a Lévy

measure, and assume for all d ∈ N, x, y ∈ Rd, w1, w2 ∈ R, ε ∈ (0, 1) that∥∥∥βdε (x)− βdε (y)∥∥∥2 + ∥∥∥σdε (x)− σdε (y)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γdε (y, z))∥∥∥2 νd(dz) ≤ c∥x− y∥2, (79)

|fε(w1)− fε(w2)|2 ≤ c|w1 − w2|2,
∣∣∣gdε (x)− gdε (y)∣∣∣2 ≤ cdcT−1∥x− y∥2, (80)

and ∥∥∥βdε (0)∥∥∥2 + ∥∥∥σdε (0)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (0, z)∥∥∥2 νd(dz) + T 3|fε(0)|2 + T |gdε (0)|2 ≤ cdc. (81)

Lemma 3.2 (Discretization error). Assume Setting 3.1, for every d,K ∈ N, θ ∈ Θ, x ∈ Rd, ε ∈ (0, 1),
t ∈ [0, T ) let (Xd,K,ε,t,x

s )s∈[t,T ], (X
d,ε,t,x
s )s∈[t,T ] be adapted càdlàg processes which satisfy for all s ∈ [t, T ]

that P-a.s.

Xd,K,ε,t,x
s = x+

∫ s

t
βdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}) dr +

∫ s

t
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}) dW

d
r

+

∫ s

t

∫
Rd\{0}

γdε (X
d,K,ε,t,x
max{t,⌊r−⌋K}, z) Ñ

d(dr, dz),
(82)

and

Xd,ε,t,x
s = x+

∫ s

t
βdε (X

d,ε,t,x
r− )dr +

∫ s

t
σdε (X

d,ε,t,x
r− )dW d

r +

∫ s

t

∫
Rd\{0}

γdε (X
d,ε,t,x
r− , z)Ñd(dr, dz), (83)



DNNS OVERCOME CURSE OF DIMENSIONALITY WHEN APPROXIMATING SEMILINEAR PIDES 15

and for every d,K ∈ N, ε ∈ (0, 1), let ud,K,ε, ud,ε : [0, T ] ×Rd → R be measurable functions satisfying for
all t ∈ [0, T ], x ∈ Rd that

sup
s∈[0,T ]

sup
y∈Rd

|ud,K,ε(s, y)|+ |ud,ε(s, y)|
1 + ∥y∥

<∞, (84)

ud,K,ε(t, x) = E
[
gdε (X

d,K,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,K,ε(r,Xd,K,ε,t,x
r ))

]
dr, (85)

and

ud,ε(t, x) = E
[
gdε (X

d,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,ε(r,Xd,ε,t,x
r ))

]
dr. (86)

Then
(i) for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) we have that

E

[
dc +

∥∥∥Xd,K,ε,t,x
s

∥∥∥2] ≤ (dc + ∥x∥2)e7c(s−t), (87)

and
(ii) for all d,K ∈ N, t ∈ [0, T ], x ∈ Rd, ε ∈ (0, 1), we have that∣∣∣ud,K,ε(t, x)− ud,ε(t, x)

∣∣∣ ≤ 12c
3
2d

c
2 (T + 2)e21cT+5cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

. (88)

Proof of Lemma 3.2. First, for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x, y ∈ Rd we have that

E

[
dc +

∥∥∥Xd,ε,t,x
s

∥∥∥2] ≤ (dc + ∥x∥2)e7c(s−t) (89)

and ∣∣∣ud,ε(t, x)− ud,ε(t, y)∣∣∣ ≤ 2(cdcT−1)
1
2 ∥x− y∥e5cT+2cT 2

(90)

(cf. Lemma 2.1). Next, the triangle inequality, the fact that ∀ a1, a2 ∈ R : (a1 + a2)
2 ≤ 2|a1|2 + 2|a2|2, (79),

and (81) show for all d ∈ N, x ∈ Rd, ε ∈ (0, 1) that

∥βdε (x)∥2 ≤ 2∥βdε (0)∥2 + 2∥βdε (x)− βdε (0)∥2 ≤ 2cdc + 2c∥x∥2 = 2c(dc + ∥x∥2). (91)

Similarly, we have for all d ∈ N, x ∈ Rd, ε ∈ (0, 1) that∥∥∥σdε (x)∥∥∥2
F
≤ 2c(dc + ∥x∥2). (92)

Next, the triangle inequality, the fact that ∀ a1, a2 ∈ R : (a1 + a2)
2 ≤ 2|a1|2 + 2|a2|2, (79), and (81) show for

all d ∈ N, x ∈ Rd, ε ∈ (0, 1) that∫
Rd\{0}

∥∥∥γdε (x, z)∥∥∥2 νd(dz) ≤ ∫
Rd\{0}

2
∥∥∥γdε (0, z)∥∥∥2 + 2

∥∥∥γdε (x, z)− γdε (0, z)∥∥∥2 νd(dz)
≤ 2cdc + 2c∥x∥2 = 2c(dc + ∥x∥2).

(93)

Next, Itô’s formula (see, e.g., [20, Theorem 3.1]) and (82) show for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd,
ε ∈ (0, 1) that P-a.s.∥∥∥Xd,K,ε,t,x

s

∥∥∥2 = ∥x∥2 + ∫ s

t

(
2
〈
Xd,K,ε,t,x

max{t,⌊r−⌋K}, β
d
ε (X

d,K,ε,t,x
max{t,⌊r−⌋K})

〉
+
∥∥∥σdε (Xd,K,ε,t,x

max{t,⌊r−⌋K})
∥∥∥2
F

)
dr

+ 2

∫ s

t

d∑
i,j=1

(
Xd,K,ε,t,x

max{t,⌊r−⌋K}

)
i

(
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K})

)
ij
d(W d

j )r

+ 2

∫ s

t

∫
Rd\{0}

〈
Xd,K,ε,t,x

max{t,⌊r−⌋K}, γ
d
ε (X

d,K,ε,t,x
max{t,⌊r−⌋K}, z)

〉
Ñd(dz, dr)

+

∫ s

t

∫
Rd\{0}

∥∥∥γdε (Xd,K,ε,t,x
max{t,⌊r−⌋K}, z)

∥∥∥2Nd(dz, dr).

(94)
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Next, for every d, n,K ∈ N, x ∈ Rd, ε ∈ (0, 1) let τd,K,ε,x
n : Ω→ R satisfy that

τd,K,ε,x
n = inf

{
s ∈ [t, T ] :

∫ s

t

(
2
〈
Xd,K,ε,t,x

max{t,⌊r−⌋K}, β
d
ε (X

d,K,ε,t,x
max{t,⌊r−⌋K})

〉
+
∥∥∥σdε (Xd,K,ε,t,x

max{t,⌊r−⌋K})
∥∥∥2
F

)
dr

+

∫ s

t

d∑
i,j=1

∣∣∣∣(Xd,K,ε,t,x
max{t,⌊r−⌋K}

)
i

(
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K})

)
ij

∣∣∣∣2 dr
+

∫ s

t

∫
Rd\{0}

d∑
i=1

∣∣∣(Xd,K,ε,t,x
max{t,⌊r−⌋K}

)
i

(
γdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}, z)

)
i

∣∣∣2 νd(dz) dr
+

∫ s

t

∫
Rd\{0}

∥∥∥γdε (Xd,K,ε,t,x
max{t,⌊r−⌋K}, z)

∥∥∥2
F
νd(dz) dr ≥ n

}
∧ T

(95)

(with the convention that inf ∅ = ∞). Then (94), the fact that ∀ d ∈ N, x, y ∈ Rd : 2⟨x, y⟩ ≤ ∥x∥2 + ∥y∥2,
(91), (92), (93) show for all d, n,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

max

{
E

[
dc +

∥∥∥Xd,K,ε,t,x

max{t,⌊s∧τd,K,ε,x
n ⌋K}

∥∥∥2] ,E[dc + ∥∥∥Xd,K,ε,t,x

max{t,s∧τd,K,ε,x
n }

∥∥∥2]}
≤ dc + ∥x∥2 +E

[∫ s∧τd,K,ε,x
n

t

(
2
〈
Xd,K,ε,t,x

max{t,⌊r⌋K}, β
d
ε (X

d,K,ε,t,x
max{t,⌊r⌋K})

〉
+
∥∥∥σdε (Xd,K,ε,t,x

max{t,⌊r⌋K})
∥∥∥2
F

)
dr

]

+E

[∫ s∧τd,K,ε,x
n

t

∫
Rd\{0}

∥∥∥γdε (Xd,K,ε,t,x
max{t,⌊r⌋K}, z)

∥∥∥2 νd(dz) dr]

≤ dc + ∥x∥2 +E

[∫ s∧τd,K,ε,x
n

t

∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K}

∥∥∥2 dr]+E[∫ s∧τd,K,ε,x
n

t

∥∥∥βdε (Xd,K,ε,t,x
max{t,⌊r⌋K})

∥∥∥2 dr]

+E

[∫ s∧τd,K,ε,x
n

t

∥∥∥σdε (Xd,K,ε,t,x
max{t,⌊r⌋K})

∥∥∥2
F
dr

]

+E

[∫ s∧τd,K,ε,x
n

t

∫
Rd\{0}

∥∥∥γdε (Xd,K,ε,t,x
max{t,⌊r⌋K}, z)

∥∥∥2 νd(dz) dr] .

(96)

This, (35)–(37), and the fact that c ≥ 1 show for all d,K, n ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

max

{
E

[
dc +

∥∥∥Xd,K,ε,t,x

max{t,⌊s∧τd,K,ε,x
n ⌋K}

∥∥∥2] ,E[dc + ∥∥∥Xd,K,ε,t,x

s∧τd,K,ε,x
n

∥∥∥2]}
≤ dc + ∥x∥2 +E

[∫ s∧τd,K,ε,x
n

t

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K}

∥∥∥2) dr]

+E

[∫ s∧τd,K,ε,x
n

t
6c

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K}

∥∥∥2) dr]

≤ dc + ∥x∥2 + 7cE

[∫ s∧τd,K,ε,x
n

t

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K}

∥∥∥2) dr]

≤ dc + ∥x∥2 + 7c

∫ s

t
E

[
dc +

∥∥∥Xd,K,ε,t,x

max{t,⌊r∧τd,K,ε,x
n ⌋K}

∥∥∥2 dr]

(97)

This, Fatou’s lemma, and Grönwall’s inequality show for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd,
ε ∈ (0, 1) that

E

[
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊s⌋K}

∥∥∥2] ≤ lim inf
n→∞

E

[
dc +

∥∥∥Xd,K,ε,t,x

max{t,⌊s∧τd,K,ε,x
n ⌋K}

∥∥∥2]
≤ (dc + ∥x∥2)e7c(s−t).

(98)
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This, Fatou’s lemma, (97), and the fact that ∀ t ∈ [0, T ], s ∈ [t, T ] : 1 + 7c
∫ s
t e

7c(r−t) dr = 1 + e7c(r−t)|tr=s =

e7c(s−t) show for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[
dc +

∥∥∥Xd,K,ε,t,x
s

∥∥∥2] ≤ lim inf
n→∞

E

[
dc +

∥∥∥Xd,K,ε,t,x

s∧τd,K,ε,x
n

∥∥∥2]
≤ dc + ∥x∥2 + 7cE

[∫ s

t

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K}

∥∥∥2) dr]
≤ dc + ∥x∥2 + 7c

∫ s

t
(dc + ∥x∥2)e7c(r−t) dr

= (dc + ∥x∥2)(1 + 7c

∫ s

t
e7c(r−t) dr)

= (dc + ∥x∥2)e7c(s−t).

(99)

This shows (i).
Next, Hölder’s inequality, (91), and (99) show for all d,K ∈ N, t ∈ [0, T ], s, s′ ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1)

that

E

∥∥∥∥∥
∫ s′

s
βdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}) dr

∥∥∥∥∥
2
 ≤ E

(∫ s′

s

∥∥∥βdε (Xd,K,ε,t,x
max{t,⌊r−⌋K})

∥∥∥ dr)2


≤ E

[
|s′ − s|

∫ s′

s

∥∥∥βdε (Xd,K,ε,t,x
max{t,⌊r−⌋K})

∥∥∥2 dr]

≤ T |s′ − s| sup
r∈[s,s′]

E

[
2c

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r−⌋K}

∥∥∥2)]
≤ T |s′ − s| · 2c(dc + ∥x∥2)e7cT .

(100)

Next, Itô’s isometry, (92), and (99) show for all d,K ∈ N, t ∈ [0, T ], s, s′ ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

∥∥∥∥∥
∫ s′

s
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}) dW

d
r

∥∥∥∥∥
2
 = E

[∫ s′

s

∥∥∥σdε (Xd,K,ε,t,x
max{t,⌊r−⌋K})

∥∥∥2
F
dr

]

≤ |s′ − s| sup
r∈[s,s′]

E

[
2c

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r−⌋K}

∥∥∥2)]
≤ |s′ − s| · 2c(dc + ∥x∥2)e7cT .

(101)

Next, Itô’s isometry, (93), and (99) show for all d,K ∈ N, t ∈ [0, T ], s, s′ ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

∥∥∥∥∥
∫ s′

s

∫
Rd\{0}

γdε (X
d,K,ε,t,x
max{t,⌊r−⌋K}, z) Ñ

d(dr, dz)

∥∥∥∥∥
2


= E

[∫ s′

s

∫
Rd\{0}

∥∥∥γdε (Xd,K,ε,t,x
max{t,⌊r−⌋K}, z)

∥∥∥2 νd(dz) dr]

≤ |s′ − s| sup
r∈[s,s′]

E

[
2c

(
dc +

∥∥∥Xd,K,ε,t,x
max{t,⌊r−⌋K}

∥∥∥2)]
≤ |s′ − s| · 2c(dc + ∥x∥2)e7cT .

(102)



DNNS OVERCOME CURSE OF DIMENSIONALITY WHEN APPROXIMATING SEMILINEAR PIDES 18

This, (82), the fact that ∀ d ∈ N, x, y, z ∈ Rd : ∥x+ y+ z∥2 ≤ 3∥x∥2+3∥y∥2+3∥z∥2, (100), and (101) show
for all d,K ∈ N, t ∈ [0, T ], s, s′ ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥Xd,K,ε,t,x
s′ −Xd,K,ε,t,x

s

∥∥∥2]

≤ 3E

∥∥∥∥∥
∫ s′

s
βdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}) dr

∥∥∥∥∥
2
+ 3E

∥∥∥∥∥
∫ s′

s
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}) dW

d
r

∥∥∥∥∥
2


+ 3E

∥∥∥∥∥
∫ s′

s

∫
Rd\{0}

γdε (X
d,K,ε,t,x
max{t,⌊r−⌋K}, z) Ñ

d(dr, dz)

∥∥∥∥∥
2


≤ 3 · T |s′ − s| · 2c(dc + ∥x∥2)e7cT + 3 · |s′ − s| · 2c(dc + ∥x∥2)e7cT

+ 3 · |s′ − s| · 2c(dc + ∥x∥2)e7cT

= 6c(T + 2)e7cT (dc + ∥x∥2)|s′ − s|.

(103)

This, Hölder’s inequality, (79), the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x+ y∥2 ≤ 2∥x∥2 + 2∥y∥2, and (103) show
for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥∥∫ s

t

(
βdε (X

d,K,ε,t,x
max{t,⌊r−⌋K})− β

d
ε (X

d,ε,t,x
r− )

)
dr

∥∥∥∥2
]

≤ E

[(∫ s

t

∥∥∥βdε (Xd,K,ε,t,x
max{t,⌊r−⌋K})− β

d
ε (X

d,ε,t,x
r− )

∥∥∥ dr)2
]

≤ TE
[∫ s

t

∥∥∥βdε (Xd,K,ε,t,x
max{t,⌊r−⌋K})− β

d
ε (X

d,ε,t,x
r− )

∥∥∥2 dr]
≤ TE

[∫ s

t
c
∥∥∥Xd,K,ε,t,x

max{t,⌊r−⌋K} −X
d,ε,t,x
r−

∥∥∥2 dr]
≤ 2cT

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K} −X

d,K,ε,t,x
r

∥∥∥2]+ 2cT

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr
≤ 2cT (s− t) · 6c(T + 2)e7cT (dc + ∥x∥2) T

K
+ 2cT

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr
≤ 12c2T 2(T + 2)e7cT (dc + ∥x∥2) T

K
+ 2cT

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr

(104)

Next, Itô’s isometry, (79), the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x + y∥2 ≤ 2∥x∥2 + 2∥y∥2, and (103) show for
all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥∥∫ s

t

(
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K})− σ

d
ε (X

d,ε,t,x
r− )

)
dW d

r

∥∥∥∥2
]

= E

[∫ s

t

∥∥∥σdε (Xd,K,ε,t,x
max{t,⌊r−⌋K})− σ

d
ε (X

d,ε,t,x
r− )

∥∥∥2 dr]
≤ E

[∫ s

t
c
∥∥∥Xd,K,ε,t,x

max{t,⌊r−⌋K} −X
d,ε,t,x
r−

∥∥∥2 dr]
≤ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K} −X

d,K,ε,t,x
r

∥∥∥2] dr + 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr
≤ 2c(s− t) · 6c(T + 2)e7cT (dc + ∥x∥2) T

K
+ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr
= 12c2T (T + 2)e7cT (dc + ∥x∥2) T

K
+ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr.

(105)
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Next, Itô’s isometry, (79), the fact that ∀ d ∈ N, x, y ∈ Rd : ∥x + y∥2 ≤ 2∥x∥2 + 2∥y∥2, and (103) show for
all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

∥∥∥∥∥
∫ s

t

∫
Rd\{0}

(
γdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}, z)− γ

d
ε (X

d,ε,t,x
r− , z)

)
Ñd(dr, dz)

∥∥∥∥∥
2


= E

[∫ s

t

∫
Rd\{0}

∥∥∥γdε (Xd,K,ε,t,x
max{t,⌊r−⌋K}, z)− γ

d
ε (X

d,ε,t,x
r− , z)

∥∥∥2 νd(dz)dr]

≤ E
[∫ s

t
c
∥∥∥Xd,K,ε,t,x

max{t,⌊r−⌋K} −X
d,ε,t,x
r−

∥∥∥2 dr]
≤ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
max{t,⌊r⌋K} −X

d,K,ε,t,x
r

∥∥∥2] dr + 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr
≤ 2c(s− t) · 6c(T + 2)e7cT (dc + ∥x∥2) T

K
+ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr
≤ 12c2T (T + 2)e7cT (dc + ∥x∥2) T

K
+ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr.

(106)

This, the fact that ∀ d ∈ N, x, y, z ∈ Rd : ∥x + y + z∥2 ≤ 3∥x∥2 + 3∥y∥2 + 3∥z∥2, (104), (105) show for all
d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∥∥∥Xd,K,ε,t,x
s −Xd,ε,t,x

s

∥∥∥2]
≤ 3E

[∥∥∥∥∫ s

t

(
βdε (X

d,K,ε,t,x
max{t,⌊r−⌋K})− β

d
ε (X

d,ε,t,x
r− )

)
dr

∥∥∥∥2
]

+ 3E

[∥∥∥∥∫ s

t

(
σdε (X

d,K,ε,t,x
max{t,⌊r−⌋K})− σ

d
ε (X

d,ε,t,x
r− )

)
dW d

r

∥∥∥∥2
]

+ 3E

∥∥∥∥∥
∫ s

t

∫
Rd\{0}

(
γdε (X

d,K,ε,t,x
max{t,⌊r−⌋K}, z)− γ

d
ε (X

d,ε,t,x
r− , z)

)
Ñd(dr, dz)

∥∥∥∥∥
2


(107)

and

E

[∥∥∥Xd,K,ε,t,x
s −Xd,ε,t,x

s

∥∥∥2]
≤ 3

[
12c2T 2(T + 2)e7cT (dc + ∥x∥2) T

K
+ 2cT

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr]
+ 3

[
12c2T (T + 2)e7cT (dc + ∥x∥2) T

K
+ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr]
+ 3

[
12c2T (T + 2)e7cT (dc + ∥x∥2) T

K
+ 2c

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr]
= 36c2T (T + 2)2e7cT (dc + ∥x∥2) T

K
+ 6c(T + 2)

∫ s

t
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2] dr.

(108)

This, (89), (99), and Grönwall’s inequality show for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1)
that

E

[∥∥∥Xd,K,ε,t,x
s −Xd,ε,t,x

s

∥∥∥2] ≤ 36c2T (T + 2)2e7cT (dc + ∥x∥2) T
K
e6c(T+2)T . (109)
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This, (80), and Jensen’s inequality show for all d,K ∈ N, t ∈ [0, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∣∣∣gdε (Xd,K,ε,t,x
T )− gdε (X

d,ε,t,x
T )

∣∣∣] ≤ (cdc)
1
2T− 1

2E

[∥∥∥Xd,K,ε,t,x
T −Xd,ε,t,x

T

∥∥∥]
≤ (cdc)

1
2T− 1

2

(
E

[∥∥∥Xd,K,ε,t,x
T −Xd,ε,t,x

T

∥∥∥2]) 1
2

≤ (cdc)
1
2T− 1

2

(
36c2T (T + 2)2e7cT (dc + ∥x∥2) T

K
e6c(T+2)T

) 1
2

≤ 6c
3
2d

c
2 (T + 2)e10cT+3cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

.

(110)

Next, (90), Jensen’s inequality, and (109) show for all d,K ∈ N, t ∈ [0, T ], r ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∣∣∣ud,ε(r,Xd,K,ε,t,x
r )− ud,ε(r,Xd,ε,t,x

r )
∣∣∣]

≤ 2(cdcT−1)
1
2E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥] e5cT+2cT 2

≤ 2(cdcT−1)
1
2

(
E

[∥∥∥Xd,K,ε,t,x
r −Xd,ε,t,x

r

∥∥∥2]) 1
2

e5cT+2cT 2

≤ 2(cdcT−1)
1
2

(
36c2T (T + 2)2e7cT (dc + ∥x∥2) T

K
e6c(T+2)T

) 1
2

e5cT+2cT 2

≤ 12c
3
2d

c
2 (T + 2)e15cT+5cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

.

(111)

Next, Jensen’s inequality and (99) show for all d,K ∈ N, t ∈ [0, T ], r ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) that

E

[∣∣∣ud,K,ε(r,Xd,K,ε,t,x
r )− ud,ε(r,Xd,K,ε,t,x

r )
∣∣∣]

≤ e3.5c(T−r)
E

[(
dc +

∥∥∥Xd,K,ε,t,x
r

∥∥∥2) 1
2

]
sup
y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

≤ e3.5c(T−r)

(
E

[
dc +

∥∥∥Xd,K,ε,t,x
r

∥∥∥2]) 1
2

sup
y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

≤ e3.5c(T−r)(dc + ∥x∥2)
1
2 e3.5c(r−t) sup

y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

= (dc + ∥x∥2)
1
2 e3.5c(T−t) sup

y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

.

(112)

This, the triangle inequality, (80), the fact that c ≥ 1, (110), (111), the fact that 1 + cT ≤ ecT show for all
d,K ∈ N, t ∈ [0, T ], x ∈ Rd, ε ∈ (0, 1) that∣∣∣ud,K,ε(t, x)− ud,ε(t, x)

∣∣∣
≤ E

[∣∣∣gdε (Xd,K,ε,t,x
T )− gdε (X

d,ε,t,x
T )

∣∣∣]+ ∫ T

t
E

[∣∣∣fε(ud,K,ε(r,Xd,K,ε,t,x
r ))− fε(ud,ε(r,Xd,ε,t,x

r ))
∣∣∣] dr

≤ E
[∣∣∣gdε (Xd,K,ε,t,x

T )− gdε (X
d,ε,t,x
T )

∣∣∣]+ ∫ T

t
cE
[∣∣∣ud,K,ε(r,Xd,K,ε,t,x

r )− ud,ε(r,Xd,K,ε,t,x
r )

∣∣∣]
+

∫ T

t
cE
[∣∣∣ud,ε(r,Xd,K,ε,t,x

r )− ud,ε(r,Xd,ε,t,x
r )

∣∣∣] dr
(113)
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and ∣∣∣ud,K,ε(t, x)− ud,ε(t, x)
∣∣∣ ≤ 6c

3
2d

c
2 (T + 2)e10cT+3cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

+

∫ T

t
c(dc + ∥x∥2)

1
2 e3.5c(T−t) sup

y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

dr

+ Tc · 12c
3
2d

c
2 (T + 2)e15cT+5cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

≤ 12c
3
2d

c
2 (T + 2)e16cT+5cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

+

∫ T

t
c(dc + ∥x∥2)

1
2 e3.5c(T−t) sup

y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

dr.

(114)

Dividing by (dc + ∥x∥2)
1
2 e3.5c(T−t) shows for all d,K ∈ N, t ∈ [0, T ], ε ∈ (0, 1) that

sup
x∈Rd

∣∣ud,K,ε(t, x)− ud,ε(t, x)
∣∣

e3.5c(T−t)(dc + ∥y∥2)
1
2

≤ 12c
3
2d

c
2 (T + 2)e16cT+5cT 2 T

1
2

K
1
2

+

∫ T

t
c sup
y∈Rd

∣∣ud,K,ε(r, y)− ud,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

dr.

(115)

This, (84), (89), (99), and Grönwall’s inequality show for all d,K ∈ N, t ∈ [0, T ], ε ∈ (0, 1) that

sup
y∈Rd

∣∣ud,K,ε(t, y)− ud,ε(t, y)
∣∣

e3.5c(T−t)(dc + ∥y∥2)
1
2

≤ 12c
3
2d

c
2 (T + 2)e16cT+5cT 2 T

1
2

K
1
2

· ecT

= 12c
3
2d

c
2 (T + 2)e17cT+5cT 2 T

1
2

K
1
2

.

(116)

Hence, for all d,K ∈ N, t ∈ [0, T ], x ∈ Rd, ε ∈ (0, 1) we have that∣∣∣ud,K,ε(t, x)− ud,ε(t, x)
∣∣∣ ≤ 12c

3
2d

c
2 (T + 2)e21cT+5cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

. (117)

This shows (ii). The proof of Lemma 3.2 is thus completed. □

In Lemma 3.3 below we approximate the solution to SFPE (120), associated to (118), by the MLP approxi-
mation (121).

Lemma 3.3. Assume Setting 3.1, let (Ω,F ,P, (Ft)t∈[0,T ]) be a probability space satisfying the usual con-
ditions, let Θ = ∪n∈NZn, for every d ∈ N let W d,θ : Ω × [0, T ] → R

d, θ ∈ Θ, be identically indepen-
dently distributed standard (Ft)t∈[0,T ]-Brownian motions, for every d ∈ N let Nd,θ, θ ∈ Θ, be independent
(Ft)t∈[0,T ]-Poisson random measures on [0,∞) × (Rd \ {0}) with intensity νd, for every d ∈ N, θ ∈ Θ

let Ñd,θ(dt, dz) = Nd,θ(dt, dz) − dt νd(dz), assume for all d ∈ N that F0, (Nd,θ)θ∈Θ and (W d,θ)θ∈Θ, are
independent, for every d,K ∈ N, θ ∈ Θ, x ∈ Rd, ε ∈ (0, 1), t ∈ [0, T ) let (Xd,θ,K,ε,t,x

s )s∈[t,T ] satisfy that
Xd,θ,K,ε,t,x

t = x and

Xd,θ,K,ε,t,x
s = x+

∫ s

t
βdε (X

d,θ,K,ε,t,x
max{t,⌊r−⌋K}) dr +

∫ s

t
σdε (X

d,θ,K,ε,t,x
max{t,⌊r−⌋K}) dW

d,θ
r

+

∫ s

t

∫
Rd\{0}

γdε (X
d,θ,K,ε,t,x
max{t,⌊r−⌋K}, z) Ñ

d,θ(dr, dz),
(118)

for every d,K ∈ N, ε ∈ (0, 1), let ud,K,ε : [0, T ] × Rd → R be measurable functions satisfying for all
t ∈ [0, T ], x ∈ Rd that E

[∣∣∣gdε (Xd,0,K,ε,x
t,T )

∣∣∣]+ ∫ T
t E

[∣∣∣fε(ud,K,ε(r,Xd,0,K,ε,x
t,r ))

∣∣∣] <∞,
sup

s∈[0,T ]
sup
y∈Rd

∣∣ud,K,ε(s, y)
∣∣

1 + ∥y∥
<∞ (119)
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and

ud,K,ε(t, x) = E
[
gdε (X

d,0,K,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,K,ε(r,Xd,0,K,ε,t,x
r ))

]
dr, (120)

let tθ : Ω→ [0, 1], θ ∈ Θ, be i.i.d random variables which satisfy for all t ∈ (0, 1) thatP(t0 ≤ t) = t, for every
θ ∈ Θ, t ∈ [0, T ] let Tθ

t : Ω→ R satisfy for all θ ∈ Θ that Tθ
t = t+(T−t)tθ, assume for all d ∈ N that (tθ)θ∈Θ,

(Nd,θ)θ∈Θ and (W d,θ)θ∈Θ, are independent, for every d ∈ N, ε ∈ (0, 1) let Ud,θ,K,ε
n,m : [0, T ]×Rd × Ω → R,

θ ∈ Θ, n,m ∈ Z, satisfy for all θ ∈ Θ, n ∈ N0, m ∈ N, t ∈ [0, T ], x ∈ Rd that

Ud,θ,K,ε
n,m (t, x) =

1N(n)

mn

mn∑
i=1

gdε

(
X

d,(θ,0,−i),K,ε,t,x
T

)

+

n−1∑
ℓ=0

(T − t)
mn−ℓ

mn−ℓ∑
i=1

(
fε ◦ Ud,(θ,ℓ,i),K,ε

ℓ,m − 1N(ℓ)fε ◦ Ud,(θ,−ℓ,i),K,ε
ℓ−1,m

)(
T
(θ,ℓ,i)
t , X

d,(θ,ℓ,i),K,ε,t,x

T
(θ,ℓ,i)
t

)
.

(121)

Then for all d,K, n,m ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd we have that Ud,θ,K,ε
n,m is measurable and

E

[(∣∣∣Ud,θ,K,ε
n,m (t, x)− ud,K,ε(t, x)

∣∣∣2]) 1
2

≤ 6e
m
2 m−n

2 e12cTn(cdcT−1)
1
2

(
dc + ∥x∥2

) 1
2 .

Proof of Lemma 3.3. For measurability see [23, Lemma 3.2]. Next, (25) and the triangle inequality show for
all d ∈ N, ε ∈ (0, 1), x ∈ Rd, w ∈ R that

∣∣∣gdε (x)∣∣∣ ≤ ∣∣∣gdε (0)∣∣∣+ (cdcT−1)
1
2 ∥x∥ ≤ (cdcT−1)

1
2 + (cdcT−1)

1
2 ∥x∥ ≤ 2(cdcT−1)

1
2 (dc + ∥x∥2)

1
2 (122)

and

|fε(w)| ≤ |fε(0)|+ c
1
2 |w| ≤ (cdcT−3)

1
2 + c

1
2 |w|. (123)

First, for all d,K ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd, ε ∈ (0, 1) we have that

E

[
dc +

∥∥∥Xd,0,K,ε,x
t,s

∥∥∥2] ≤ (dc + ∥x∥2)e7c(s−t) (124)

(cf. Lemma 3.2). This, (122), and Jensen’s inequality show for all d,K ∈ N, t ∈ [0, T ] x ∈ Rd, ε ∈ (0, 1) that

E

[
gdε (X

d,0,K,ε,t,x
T )

]
≤ 2(cdcT−1)

1
2E

[(
dc +

∥∥∥Xd,0,K,ε,t,x
T

∥∥∥2) 1
2

]

≤ 2(cdcT−1)
1
2

(
E

[
dc +

∥∥∥Xd,0,K,ε,t,x
T

∥∥∥2]) 1
2

≤ 2(cdcT−1)
1
2
(
(dc + ∥x∥2)e7cT

) 1
2

= 2(cdcT−1)
1
2 (dc + ∥x∥2)

1
2 e3.5cT .

(125)
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This, (120), (123), the fact that c ≥ 1, Jensen’s inequality, (124) show for all d,K ∈ N, t ∈ [0, T ] x ∈ Rd,
ε ∈ (0, 1) that

∣∣∣ud,K,ε(t, x)
∣∣∣

≤ E
[∣∣∣gdε (Xd,0,K,ε,t,x

T )
∣∣∣]+ ∫ T

t
E

[∣∣∣fε(ud,K,ε(r,Xd,0,K,ε,t,x
r ))

∣∣∣] dr
≤ 2(cdcT−1)

1
2 (dc + ∥x∥2)

1
2 e3.5cT +

∫ T

t

(
(cdcT−3)

1
2 + c

1
2E

[∣∣∣ud,K,ε(r,Xd,0,K,ε,t,x
r )

∣∣∣]) dr
≤ 3(cdcT−1)

1
2 (dc + ∥x∥2)

1
2 e3.5cT

+

∫ T

t
c

[
sup
y∈Rd

∣∣ud,K,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

]
e3.5c(T−r)

E

[(
dc +

∥∥∥Xd,0,K,ε,t,x
r

∥∥∥2) 1
2

]
dr

≤ 3(cdcT−1)
1
2 (dc + ∥x∥2)

1
2 e3.5cT

+

∫ T

t
c

[
sup
y∈Rd

∣∣ud,K,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

]
e3.5c(T−r)

(
E

[
dc +

∥∥∥Xd,0,K,ε,t,x
r

∥∥∥2]) 1
2

dr

≤ 3(cdcT−1)
1
2 (dc + ∥x∥2)

1
2 e3.5cT

+

∫ T

t
c

[
sup
y∈Rd

∣∣ud,K,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

]
e3.5c(T−r)

(
(dc + ∥x∥2)e7c(r−t)

) 1
2
dr

= 3(cdcT−1)
1
2 (dc + ∥x∥2)

1
2 e3.5cT

+

∫ T

t
c

[
sup
y∈Rd

∣∣ud,K,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

]
e3.5c(T−t)(dc + ∥x∥2)

1
2 dr.

(126)

Dividing by e3.5c(T−t)(dc + ∥x∥2)
1
2 we then obtain that for all d,K ∈ N, t ∈ [0, T ], ε ∈ (0, 1) we have that

sup
y∈Rd

∣∣ud,K,ε(t, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

≤ 3(cdcT−1)
1
2 e3.5cT +

∫ T

t
c sup
y∈Rd

∣∣ud,K,ε(r, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

dr (127)

This, (119), and Grönwall’s inequality show for all d,K ∈ N, t ∈ [0, T ] ε ∈ (0, 1) that

sup
y∈Rd

∣∣ud,K,ε(t, y)
∣∣

e3.5c(T−r)(dc + ∥y∥2)
1
2

≤ 3(cdcT−1)
1
2 e3.5cT · ecT . (128)

This shows for all d,K ∈ N, t ∈ [0, T ], x ∈ Rd, ε ∈ (0, 1) that

∣∣∣ud,K,ε(t, x)
∣∣∣ ≤ 3(cdcT−1)

1
2 e8cT (dc + ∥x∥2)

1
2 . (129)

Next, (81) and (122) show for all d ∈ N, x ∈ Rd, ε ∈ (0, 1) that

T |fε(0)|+ |gdε (x)|
(dc + ∥x∥2)

1
2

≤ T · T− 3
2 c

1
2d

c
2 + 2(cdcT−1)

1
2 (dc + ∥x∥2)

1
2

(dc + ∥x∥2)
1
2

≤ 3T− 1
2 (cdc)

1
2 (130)

This, [23, Corollary 3.12] (applied for all d,K ∈ N, ε ∈ (0, 1) with f ← fε, g ← gdε , φ ← (Rd ∋ x 7→
(dc + ∥x∥2)

1
2 ) ∈ (0,∞), (Y θ

·,·(·))θ∈Θ ← (Xd,θ,K,ε,·
·,· )θ∈Θ, (U θ

n,m)θ∈Θ,n,m∈Z ← (Ud,θ,K,ε
n,m )θ∈Θ,n,m∈Z in the
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notation of [23, Corollary 3.12]), (124), and (129) show for all d,K, n,m ∈ N, ε ∈ (0, 1), θ ∈ Θ that

sup
t∈[0,T ],x∈Rd

E

[(∣∣∣Ud,θ,K,ε
n,m (t, x)− ud,K,ε(t, x)

∣∣∣2]) 1
2

(dc + ∥x∥2)
1
2

≤ 2e
m
2 m−n

2 (1 + 2Tc)N−1e3.5cT

(
sup
x∈Rd

T |fε(0)|+ |gdε (x)|
(dc + ∥x∥2)

1
2

+ Tc sup
t∈[0,T ],x∈Rd

∣∣ud,K,ε(t, x)
∣∣

(dc + ∥x∥2)
1
2

)
≤ 2e

m
2 m−n

2 (e2cT )N−1e3.5cT
(
3T− 1

2 (cdc)
1
2 + Tc · 3(cdcT−1)

1
2 e8cT

)
≤ 2e

m
2 m−n

2 (e2cT )N−1e3.5cT (1 + Tc) · 3(cdcT−1)
1
2 e8cT

≤ 6e
m
2 m−n

2 (e2cT )N−1e12cT (cdcT−1)
1
2

≤ 6e
m
2 m−n

2 e12cTn(cdcT−1)
1
2 .

(131)

This shows for all θ ∈ Θ, d,K, n,m ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd that

E

[(∣∣∣Ud,θ,K,ε
n,m (t, x)− ud,K,ε(t, x)

∣∣∣2]) 1
2

≤ 6e
m
2 m−n

2 e12cTn(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2 . (132)

This completes the proof of Lemma 3.3. □

4. DNNS

4.1. Properties of operations associated to DNNs. In Setting 4.1 below we introduce operations which
are important for constructing the random DNN that represents the MLP approximations in the proof of
Lemma 4.12.

Setting 4.1. Assume Setting 1.1, let ndn ∈ D, n ∈ [3,∞) ∩ Z, d ∈ N, satisfy for all n ∈ [3,∞) ∩N, d ∈ N
that

ndn = (d, 2d, . . . , 2d︸ ︷︷ ︸
(n−2) times

, d) ∈ Nn, (133)

let nn ∈ D, n ∈ [3,∞), satisfy for all n ∈ [3,∞) that nn = n1n, let ⊞ : D × D → D satisfy
for all H ∈ N, α = (α0, α1, . . . , αH , αH+1) ∈ N

H+2, β = (β0, β1, β2, . . . , βH , βH+1) ∈ N
H+2

that α ⊞ β = (α0, α1 + β1, . . . , αH + βH , βH+1) ∈ N
H+2, and let ⊙ : D × D → D satisfy for all

H1, H2 ∈ N, α = (α0, α1, . . . , αH1 , αH1+1) ∈ N
H1+2, β = (β0, β1, . . . , βH2 , βH2+1) ∈ N

H2+2 that
α⊙ β = (β0, β1, . . . , βH2 , βH2+1 + α0, α1, α2, . . . , αH1+1) ∈ NH1+H2+3.

To prove our main result in this section presented in Lemma 4.12 we employ several results presented in
Lemmas 4.2–4.10, which are basic facts on DNNs. The proof of Lemmas 4.2–4.9 can be found in [8, 24] and
therefore omitted.

Lemma 4.2 (⊙ is associative–[24, Lemma 3.3]). Assume Setting 4.1 and let α, β, γ ∈ D. Then we have that
(α⊙ β)⊙ γ = α⊙ (β ⊙ γ).
Lemma 4.3 (⊞ and associativity–[24, Lemma 3.4]). Assume Setting 4.1, let H, k, l ∈ N, and let α, β, γ ∈(
{k} ×NH × {l}

)
. Then

(i) we have that α⊞ β ∈
(
{k} ×NH × {l}

)
,

(ii) we have that β ⊞ γ ∈
(
{k} ×NH × {l}

)
, and

(iii) we have that (α⊞ β)⊞ γ = α⊞ (β ⊞ γ).

Lemma 4.4 (Triangle inequality–[24, Lemma 3.5]). Consider the notations given in Subsection 1.4, assume
Setting 4.1, let k, l,H ∈ N, α, β ∈ {k} ×NH × {l}. Then we have that |||α⊞ β||| ≤ |||α|||+ |||β|||.
Lemma 4.5 (DNNs for affine transformations–[24, Lemma 3.7]). Assume Setting 1.1 and let d,m ∈ N, λ ∈ R,
b ∈ Rd, a ∈ Rm, Ψ ∈ N satisfy that R(Ψ) ∈ C(Rd,Rm). Then we have that λ ((R(Ψ))(·+ b) + a) ∈
R({Φ ∈ N : D(Φ) = D(Ψ)}).
Lemma 4.6 (Composition of functions generated by DNNs–[24, Lemma 3.8]). Assume Setting 4.1 and let
d1, d2, d3 ∈ N, f1 ∈ C(Rd2 ,Rd3), f2 ∈ C(Rd1 ,Rd2), α, β ∈ D satisfy both that f1 ∈ R({Φ ∈ N : D(Φ) =
α}) as well as f2 ∈ R({Φ ∈ N : D(Φ) = β}). Then we have that (f1 ◦ f2) ∈ R({Φ ∈ N : D(Φ) = α⊙ β}).
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Lemma 4.7 (Sum of DNNs of the same length–[24, Lemma 3.9]). Consider the notations given in Subsec-
tion 1.4, assume Setting 4.1 and let p, q,M,H ∈ N, α1, α2, . . . , αM ∈ R, ki ∈ D, gi ∈ C(Rp,Rq),
i ∈ [1,M ]∩N, satisfy for all i ∈ [1,M ]∩N that dim(ki) = H +2 and gi ∈ R({Φ ∈ N : D(Φ) = ki}). Then
we have that

∑M
i=1 αigi ∈ R

({
Φ ∈ N : D(Φ) = ⊞M

i=1ki
})
.

Lemma 4.8 (Existence of DNNs with H hidden layers for IdRd–[8, Lemma 3.6]). Assume Setting 4.1 and let
d,H ∈ N. Then we have that IdRd ∈ R({Φ ∈ N : D(Φ) = ndH+2}).

Lemma 4.9 ([8, Lemma 3.7]). Consider the notations given in Subsection 1.4, assume Setting 1.1, letH, p, q ∈
N, and let g ∈ C(Rp,Rq) satisfy that g ∈ R({Φ ∈ N : dim(D(Φ)) = H +2}). Then for all n ∈ N0 we have
that g ∈ R({Φ ∈ N : dim(D(Φ)) = H + 2 + n}).

Lemma 4.10. Consider the notations given in Subsection 1.4 and assume Setting 4.1. Then for all n ∈ N,
d0, d1, . . . , dn ∈ N, f1 ∈ C(Rd1 ,Rd0), f2 ∈ C(Rd2 ,Rd1), . . . , fn ∈ C(Rdn ,Rdn−1), ϕ1, ϕ2, . . . , ϕn ∈ N
with ∀i ∈ [1, n] ∩ Z : fi = R(ϕi) we have that∣∣∣∣∣∣∣∣∣∣∣∣ n

⊙
i=1
D(ϕi)

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ max {|||D(ϕ1)|||, |||D(ϕ2)|||, . . . , |||D(ϕn)|||, 2d1, 2d2, . . . , 2dn−1} (134)

Proof of Lemma 4.10. We will prove by induction on n ∈ N. The base case n = 1 is clear. For the induction
stepN ∈ n−1 7→ n ∈ N let n ∈ N∩ [2,∞) satisfy that for all d0, d1, . . . , dn−1 ∈ N, f1 ∈ C(Rd1 ,Rd0), f2 ∈
C(Rd2 ,Rd1), . . . , fn−1 ∈ C(Rdn−1 ,Rdn−2), ϕ1, ϕ2, . . . , ϕn−1 ∈ N with ∀i ∈ [1, n− 1]∩Z : fi = R(ϕi) we
have that ∣∣∣∣∣∣∣∣∣∣∣∣n−1

⊙
i=1
D(ϕi)

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ max
{
|||D(ϕ1)|||, |||D(ϕ2)|||, . . . , |||D(ϕn−1)|||, 2d1, 2d2, . . . , 2dn−2

}
. (135)

This shows that for all d0, d1, . . . , dn ∈ N, f1 ∈ C(Rd1 ,Rd0), f2 ∈ C(Rd2 ,Rd1), . . . , fn ∈ C(Rdn ,Rdn−1),
ϕ1, ϕ2, . . . , ϕn ∈ N with ∀i ∈ [1, n− 1]∩Z : fi = R(ϕi) there exist H1, H2 ∈ N, a1 ∈ RH1 , a2 ∈ RH2 such
that

C(Rdn−1 ,Rd0) ∋ f1 ◦ f2 ◦ . . . ◦ fn−1 ∈ R
({

Φ ∈ N : D(Φ) =
n−1
⊙
i=1
D(ϕi)

})
, (136)

⊙n−1
i=1 D(ϕi) = (dn−1,a1, d0), D(ϕn) = (dn,a2, dn−1), (⊙n−1

i=1 D(ϕi)) ⊙ D(ϕn) = (dn,a2, 2dn−1,a1, d0),
and ∣∣∣∣∣∣∣∣∣∣∣∣ n

⊙
i=1
D(ϕi)

∣∣∣∣∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣∣∣∣∣[n−1
⊙
i=1
D(ϕi)

]
⊙D(ϕn)

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ max

{∣∣∣∣∣∣∣∣∣∣∣∣n−1
⊙
i=1
D(ϕi)

∣∣∣∣∣∣∣∣∣∣∣∣, |||D(ϕn)|||, 2dn−1

}
≤ max

{
max

{
|||D(ϕ1)|||, |||D(ϕ2)|||, . . . , |||D(ϕn−1)|||, 2d1, 2d2, . . . , 2dn−2

}
, |||D(ϕn)|||, 2dn−1

}
≤ max {|||D(ϕ1)|||, |||D(ϕ2)|||, . . . , |||D(ϕn)|||, 2d1, 2d2, . . . , 2dn−1} .

(137)

This proves the induction step. Induction hence completes the proof of Lemma 4.10. □

4.2. DNN representation of our Euler-Maruyama approximations. In Lemma 4.11 below we prove that
Euler-Maruyama approximations can be represented by DNNs if their coefficients are represented by DNNs.

Lemma 4.11. Consider the notations given in Subsection 1.4, assume Setting 1.1, let T ∈ (0,∞), K ∈ N, let
⌊·⌋ : R → R satisfy for all t ∈ R that ⌊t⌋ = max({0, T

K ,
2T
K , . . . , T} ∩ ((−∞, t) ∪ {0})), for every d ∈ N,

ε ∈ (0, 1), v ∈ Rd let βdε ∈ C(Rd,Rd), σdε ∈ C(Rd,Rd×d), Φβd
ε
,Φσd

ε ,v
∈ N satisfy that βdε = R(Φβd

ε
),

σdε (·)v = R(Φσd
ε ,v

), for every d ∈ N, ε ∈ (0, 1) let γdε : R
2d → R

d, F d
ε : R

d → R
d×d, Gd : Rd → R

d be
measurable and satisfy for all y, z ∈ Rd that γdε (y, z) = F d

ε (y)G
d(z), for every d ∈ N, ε ∈ (0, 1), v ∈ Rd let

ΦF d
ε ,v
∈ N satisfy F d

ε (·)v = R(ΦF d
ε ,v

), assume for all d ∈ N, ε ∈ (0, 1], v ∈ Rd that D(Φσd
ε ,v

) = D(Φσd
ε ,0

)

andD(ΦF d
ε ,v

) = D(ΦF d
ε ,0

), let (Ω,F ,P, (Ft)t∈[0,T ]) be a probability space satisfying the usual conditions, let
Θ = ∪n∈NZn, for every d ∈ N let W d,θ : Ω × [0, T ] → R

d, θ ∈ Θ, be identically independently distributed
standard (Ft)t∈[0,T ]-Brownian motions, for every d ∈ N let Nd,θ, θ ∈ Θ, be independent (Ft)t∈[0,T ]-Poisson
random measures on [0,∞) × (Rd \ {0}) with intensity νd, for every d ∈ N, θ ∈ Θ let Ñd,θ(dt, dz) =
Nd,θ(dt, dz)−dt νd(dz), assume for all d ∈ N that F0, (Nd,θ)θ∈Θ and (W d,θ)θ∈Θ, are independent, for every
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d ∈ N, θ ∈ Θ, x ∈ Rd, ε ∈ (0, 1), t ∈ [0, T ) let (Xd,θ,K,ε,t,x
s )s∈[t,T ] satisfy that Xd,θ,K,ε,t,x

t = x and

Xd,θ,K,ε,t,x
s = x+

∫ s

t
βdε (X

d,θ,K,ε,t,x
max{t,⌊u−⌋} )du+

∫ s

t
σdε (X

d,θ,K,ε,t,x
max{t,⌊u−⌋} )dW

d,θ
u

+

∫ s

t

∫
Rd\{0}

γdε (X
d,θ,K,ε,t,x
max{t,⌊u−⌋}, z) Ñ

d,θ(du, dz).
(138)

and let ω ∈ Ω. Then there exists (X d,θ,K,ε
t,s )d∈N,θ∈Θ,ε∈(0,1),t∈[0,T ),s∈(t,T ] ⊆ N such that

(i) for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ], x ∈ Rd we have that R(X d,θ,K,ε
t,s ) ∈ C(Rd,Rd)

and (R(X d,θ,K,ε
t,s ))(x) = Xd,θ,K,ε,t,x

s (ω),
(ii) for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t1 ∈ [0, T ), s1 ∈ (t1, T ], t2 ∈ [0, T ), s2 ∈ (t2, T ], x ∈ Rd we have that
D(X d,θ1,K,ε

t1,s1
) = D(X d,θ2,K,ε

t2,s2
),

(iii) for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ] we have that dim(D(X d,θ,K,ε
t,s )) =

K(max{dim(D(Φβd
ε
)), dim(D(Φσd

ε ,0
)),dim(D(ΦF d

ε ,0
))} − 1) + 1, and

(iv) for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ] we have that
∣∣∣∣∣∣∣∣∣D(X d,θ,K,ε

t,s )
∣∣∣∣∣∣∣∣∣ ≤ 2d+

∣∣∣∣∣∣∣∣∣D(Φβd
ε
)
∣∣∣∣∣∣∣∣∣+∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣.

Proof of Lemma 4.11. Throughout this proof let the notation in Setting 4.1 be given. First, observe that for all
d ∈ N, θ ∈ Θ, x ∈ Rd, ε ∈ (0, 1), k ∈ [1,K] ∩ Z, t ∈ [0, T ), s ∈ [kTK , (k+1)T

K ] we have that

Xd,θ,K,ε,t,x
s (ω) = Xd,θ,K,ε,t,x

max{t, kT
K

}(ω) + βdε

(
Xd,θ,K,ε,t,x

max{t, kT
K

}(ω)

)(
s−max{t, kTK }

)
+ σdε

(
Xd,θ,K,ε,t,x

max{t, kT
K

}(ω)

)(
W d,θ

s (ω)−W d,θ

max{t, kT
K

}(ω)

)
+ F d

ε

(
Xd,θ,K,ε,t,x

max{t, kT
K

}(ω)

)∫ s

max{t, kT
K

}

∫
Rd\{0}

Gd(z)Ñd,θ(ω)(du, dz).

(139)

Next, for every d ∈ N, θ ∈ Θ, x ∈ Rd, ε ∈ (0, 1), k ∈ [1,K] ∩ Z, t ∈ [0, T ), s ∈ (t, T ] let Jk(s) ∈ R,
ϕd,θ,K,ε
t,s,k (x) ∈ Rd satisfy that

Jk(s) = max{t, (k−1)T
K }1

[0,max{t, (k−1)T
K

}](s)

+ s1
(max{t, (k−1)T

K
},max{t, kT

K
}](s) + max{t, kTK }1(max{t, kT

K
},T ](s)

(140)

and

ϕd,θ,K,ε
t,s,k (x) = x+ βdε (x)

(
Jk(s)−max{t, (k−1)T

K }
)
+ σdε (x)

(
W d,θ

Jk(s)
(ω)−W d,θ

max{t, (k−1)T
K

}
(ω)

)
+ F d

ε (x)

∫ s

max{t, (k−1)T
K

}

∫
Rd\{0}

Gd(z)Ñd,θ(ω)(du, dz)
(141)

Next, for every d ∈ N, θ ∈ Θ, ε ∈ (0, 1), k ∈ [1,K] ∩ Z, t ∈ [0, T ), s ∈ (t, T ] let

ψd,θ,K,ε
t,s,k = ϕd,θ,K,ε

t,s,k ◦ ϕd,θ,K,ε
t,s,k−1 ◦ . . . ◦ ϕ

d,θ,K,ε
t,s,1 . (142)

Note that for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), k ∈ [1,K − 1] ∩ Z, s ∈ [0,max{t, (k−1)T
K }] we have that

ϕd,θ,K,ε
t,s,k = IdRd . This ensures for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), k ∈ [1,K − 1] ∩ Z, n ∈ [k + 1,K] ∩ Z,

s ∈ [0,max{t, kTK }] that ψd,θ,K,ε
t,s,k = ψd,θ,K,ε

t,s,n and in particular ψd,θ,K,ε
t,s,k = ψd,θ,K,ε

t,s,K . Observe that for all d ∈ N,

θ ∈ Θ, ε ∈ (0, 1), k ∈ [1,K] ∩ Z, s ∈ [0,max{t, kTK }], x ∈ R
d that ψd,θ,K,ε

t,s,k (x) = Xd,θ,K,ε,t,x
s (ω). Therefore,

for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), s ∈ [0, T ], x ∈ Rd we have that ψd,θ,K,ε
t,s,K (x) = Xd,θ,K,ε,t,x

s , i.e.,

Xd,θ,K,ε,t,x
s (ω) = ϕd,θ,K,ε

t,s,K ◦ ϕd,θ,K,ε
t,s,K−1 ◦ . . . ◦ ϕ

d,θ,K,ε
t,s,1 (x). (143)

Next, assume w.l.o.g. (cf. Lemma 4.9) that

dim(D(Φβd
ε
)) = dim(D(Φσd

ε ,0
)) = dim(D(ΦF d

ε ,0
)). (144)
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Lemma 4.8 shows for all d ∈ N, ε ∈ (0,∞) that

IdRd ∈ R({Φ ∈ N : D(Φ) = nddim(Φ
βdε

)}) (145)

This, (141), (144), and Lemma 4.7 show for all d ∈ N, θ ∈ Θ, δ, ε ∈ (0, 1), k ∈ [1,K] ∩ Z, t ∈ [0, T ),
s ∈ (t, T ] that

ϕd,θ,K,ε
t,s,k (·) ∈ R

({
Φ ∈ N : D(Φ) = nddim(Φ

βdε
) ⊞D(Φβd

ε
)⊞D(Φσd

ε ,0
)⊞D(ΦF d

ε ,0
)

})
(146)

This, (143), and Lemma 4.6 show that there exists (X d,θ,K,ε
t,s )d∈N,θ∈Θ,ε∈(0,1),t∈[0,T ),s∈(t,T ] ⊆ N such that for

all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ], x ∈ Rd we have that

D(X d,θ,K,ε
t,s ) =

K
⊙
k=1

[
nddim(Φ

βdε
) ⊞D(Φβd

ε
)⊞D(Φσd

ε ,0
)⊞D(ΦF d

ε ,0
)

]
,

(R(X d,θ,K,ε
t,s ))(x) = Xd,θ,K,ε,t,x

s (ω).

(147)

This, the definition of ⊙ and an induction argument show that for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ),
s ∈ (t, T ], x ∈ Rd we have that

dim(D(X d,θ,K,ε
t,s )) = K(dim(D(Φβd

ε
))− 1) + 1. (148)

Next, (147), Lemma 4.10, the triangle inequality (cf. Lemma 4.4), and (133) show that for all d ∈ N, θ ∈ Θ,
ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ], x ∈ Rd we have that∣∣∣∣∣∣∣∣∣D(X d,θ,K,ε

t,s )
∣∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣∣∣∣∣ K

⊙
k=1

[
nddim(Φ

βdε
) ⊞D(Φβd

ε
)⊞D(Φσd

ε ,0
)⊞D(ΦF d

ε ,0
)

]∣∣∣∣∣∣∣∣∣∣∣∣
≤ max

{
2d,

∣∣∣∣∣∣∣∣∣∣∣∣nddim(Φ
βdε

) ⊞D(Φβd
ε
)⊞D(Φσd

ε ,0
)⊞D(ΦF d

ε ,0
)

∣∣∣∣∣∣∣∣∣∣∣∣}
≤ max

{
2d,

∣∣∣∣∣∣∣∣∣∣∣∣nddim(Φ
βdε

)

∣∣∣∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φβd
ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣}

= 2d+
∣∣∣∣∣∣∣∣∣D(Φβd

ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣.

(149)

The proof of Lemma 4.11 is thus completed. □

4.3. DNN representation of our MLP approximations. In Lemma 4.12 below we prove that the MLP ap-
proximations under consideration can be represented by DNNs.

Lemma 4.12. Assume the setting of Lemma 4.11, for every d ∈ N, ε ∈ (0, 1) let fε ∈ C(R,R), gdε ∈
C(Rd,R), Φfε ,Φgdε

∈ N satisfy that R(Φfε) = fε and R(Φgdε
) = gdε , let tθ : Ω → [0, 1], θ ∈ Θ, be

i.i.d random variables which satisfy for all t ∈ (0, 1) that P(t0 ≤ t) = t, for every θ ∈ Θ, t ∈ [0, T ] let
Tθ
t : Ω→ R satisfy for all θ ∈ Θ that Tθ

t = t+ (T − t)tθ, assume for all d ∈ N that (tθ)θ∈Θ, (Nd,θ)θ∈Θ and
(W d,θ)θ∈Θ, are independent, for every d ∈ N, ε ∈ (0, 1) let Ud,θ,K,ε

n,m : [0, T ]×Rd×Ω→ R, θ ∈ Θ, n,m ∈ Z,
satisfy for all θ ∈ Θ, n ∈ N0, m ∈ N, t ∈ [0, T ], x ∈ Rd that

Ud,θ,K,ε
n,m (t, x) =

1N(n)

mn

mn∑
i=1

gdε

(
X

d,(θ,0,−i),K,ε,t,x
T

)

+
n−1∑
ℓ=0

(T − t)
mn−ℓ

mn−ℓ∑
i=1

(
fε ◦ Ud,(θ,ℓ,i),K,ε

ℓ,m − 1N(ℓ)fε ◦ Ud,(θ,−ℓ,i),K,ε
ℓ−1,m

)(
T
(θ,ℓ,i)
t , X

d,(θ,ℓ,i),K,ε,t,x

T
(θ,ℓ,i)
t

)
,

(150)

and let (cd,ε)d∈N,ε∈(0,1) ⊆ R satisfy for all d ∈ N, ε ∈ (0, 1) that

cd,ε ≥ 2d+ |||D(Φfε)|||+
∣∣∣∣∣∣∣∣∣D(Φgdε

)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φβd

ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣. (151)

Then for all m ∈ N, n ∈ N0, d ∈ N, ε ∈ (0, 1) there exists (Φd,θ,K,ε
n,m,t )t∈[0,T ],θ∈Θ ⊆ N such that

(i) we have for all t1, t2 ∈ [0, T ], θ1, θ2 ∈ Θ that D(Φd,θ1,K,ε
n,m,t1

) = D(Φd,θ2,K,ε
n,m,t2

),
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(ii) we have for all t ∈ [0, T ], θ ∈ Θ that

dim(D(Φd,θ,K,ε
n,m,t )) = (n+ 1)

[
K
(
max

{
dim(D(Φβd

ε
)),dim(D(Φσd

ε
))
}
− 1
)
+ 1
]

+ n(dim(D(Φfε))− 2) + dim(D(Φgdε
))− 1,

(152)

(iii) we have for all t ∈ [0, T ], θ ∈ Θ that
∣∣∣∣∣∣∣∣∣D(Φd,θ,K,ε

n,m,t )
∣∣∣∣∣∣∣∣∣ ≤ cd,ε(3m)n, and

(iv) we have for all t ∈ [0, T ], θ ∈ Θ, x ∈ Rd that Ud,θ,K,ε
n,m (t, x, ω) = (R(Φd,θ,K,ε

n,m,t ))(x).

Proof of Lemma 4.12. Throughout this proof let the notation in Setting 4.1 be given. First, Lemma 4.11 and
(151) show that there exists (X d,θ,K,ε

t,s )d∈N,θ∈Θ,ε∈(0,1),t∈[0,T ),s∈(t,T ] ⊆ N such that

for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ], x ∈ Rd we have thatR(X d,θ,K,ε
t,s ) ∈ C(Rd,Rd) and

(R(X d,θ,K,ε
t,s ))(x) = Xd,θ,K,ε,t,x

s (ω), (153)

for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t1 ∈ [0, T ), s1 ∈ (t1, T ], t2 ∈ [0, T ), s2 ∈ (t2, T ], x ∈ Rd we have that

D(X d,θ1,K,ε
t1,s1

) = D(X d,θ2,K,ε
t2,s2

) (154)

for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ] we have that

dim(D(X d,θ,K,ε
t,s )) = K(max{dim(D(Φβd

ε
)), dim(D(Φσd

ε ,0
)), dim(D(ΦF d

ε ,0
))} − 1) + 1, (155)

and
for all d ∈ N, θ ∈ Θ, ε ∈ (0, 1), t ∈ [0, T ), s ∈ (t, T ] we have that∣∣∣∣∣∣∣∣∣D(X d,θ,K,ε

t,s )
∣∣∣∣∣∣∣∣∣ ≤ 2d+

∣∣∣∣∣∣∣∣∣D(Φβd
ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣ ≤ cd,ε. (156)

Throughout the rest of this proof let m ∈ N, d ∈ N, ε ∈ (0, 1) be fixed, let IdR be the identity on R, and let
L ∈ Z satisfy that

L = dim(D(X d,θ,K,ε
t,s )) = K

(
max

{
dim(D(Φβd

ε
)),dim(D(Φσd

ε
))
}
− 1
)
+ 1. (157)

(cf. (155)). We will prove the lemma via induction on n ∈ N0. First, the base case n = 0 is true since the 0-
function can be represented by DNN function of arbitrary length. For the induction stepN0 ∋ n 7→ n+1 ∈ N
let n ∈ N0 and assume that there exists (Φd,θ,K,ε

ℓ,m,t )t∈[0,T ],θ∈Θ ⊆ N, ℓ ∈ [0, n] ∩ Z, such that

we have for all t1, t2 ∈ [0, T ], θ1, θ2 ∈ Θ, ℓ ∈ [0, n] ∩ Z that

D(Φd,θ1,K,ε
ℓ,m,t1

) = D(Φd,θ2,K,ε
ℓ,m,t2

), (158)

we have for all t ∈ [0, T ], θ ∈ Θ, ℓ ∈ [0, n] ∩ Z that

dim(D(Φd,θ,K,ε
ℓ,m,t )) = (ℓ+ 1)L+ ℓ(dim(D(Φfε))− 2) + dim(D(Φgdε

))− 1, (159)

we have for all t ∈ [0, T ], θ ∈ Θ, ℓ ∈ [0, n] ∩ Z that∣∣∣∣∣∣∣∣∣Φd,θ,K,ε
ℓ,m,t

∣∣∣∣∣∣∣∣∣ ≤ cd,ε(3m)ℓ, (160)

and
we have for all t ∈ [0, T ], θ ∈ Θ, x ∈ Rd, ℓ ∈ [0, n] ∩ Z that

Ud,θ,K,ε
ℓ,m (t, x, ω) = (R(Φd,θ,K,ε

ℓ,m,t ))(x). (161)

Next, Lemma 4.8, the fact that gdε = R(Φgdε
), (153), (154), and Lemma 4.6 show for all θ ∈ Θ, i ∈ [1,mn+1]∩

Z, t ∈ [0, T ] that

gdε

(
X

d,(θ,0,−i),K,ε,·
t,T (ω)

)
= IdR

(
gdε

(
X

d,(θ,0,−i),K,ε,·
t,T (ω)

))
∈ R

({
Φ ∈ N : D(Φ) = n

(n+1)
(
dim(D(Φfε ))−2+L

)
+1
⊙D(Φgdε

)⊙D(X d,0,K,ε
0,T )

})
.

(162)



DNNS OVERCOME CURSE OF DIMENSIONALITY WHEN APPROXIMATING SEMILINEAR PIDES 29

In addition, the definition of ⊙, (133), and (157) show that

dim

(
n
(n+1)

(
dim(D(Φfε ))−2+L

)
+1
⊙D(Φgdε

)⊙D(X d,0,K,ε
0,T )

)
= dim

(
n
(n+1)

(
dim(D(Φfε ))−2+L

)
+1

)
+ dim

(
D(Φgdε

)
)
+ dim

(
D(X d,0,K,ε

0,T )
)
− 2

= (n+ 1)
(
dim(D(Φfε))− 2 + L

)
+ 1 + dim

(
D(Φgdε

)
)
+ L− 2

= (n+ 1)
(
dim(D(Φfε))− 2

)
+ (n+ 2)L+ dim

(
D(Φgdε

)
)
− 1.

(163)

Next, Lemma 4.8, the fact that fε = R(Φfε), (158), (161), (153), (154), and Lemma 4.6 show for all θ ∈ Θ,
i ∈ [1,mn+1] ∩ Z, t ∈ [0, T ] that(

fε ◦ Ud,(θ,n,i),K,ε
n,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,·
t,T

(θ,ℓ,i)
t (ω)

(ω)
)

∈ R
({

Φ ∈ N : D(Φ) = D(Φfε)⊙D(Φ
d,0,K,ε
n,m,0 )⊙D(X d,0,K,ε

0,T )
})

.
(164)

In addition, the definition of ⊙, (159), and (157) show that

dim
(
D(Φfε)⊙D(Φ

d,0,K,ε
n,m,0 )⊙D(X d,0,K,ε

0,T )
)

= dim (D(Φfε)) + dim
(
D(Φd,0,K,ε

n,m,0 )
)
+ dim

(
D(X d,0,K,ε

0,T )
)
− 2

= dim (D(Φfε)) +
(
(n+ 1)L+ n(dim(D(Φfε))− 2) + dim(D(Φgdε

))− 1
)
+ L− 2

= (n+ 1)
(
dim(D(Φfε))− 2

)
+ (n+ 2)L+ dim

(
D(Φgdε

)
)
− 1.

(165)

Furthermore, the fact that fε = R(Φfε), Lemma 4.8, (158), (161), (153), (154), and Lemma 4.6 show for all
θ ∈ Θ, i ∈ [1,mn+1] ∩ Z, t ∈ [0, T ], ℓ ∈ [0, n− 1] ∩ Z that(

fε ◦ Ud,(θ,ℓ,i),K,ε
ℓ,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,·
T
(θ,ℓ,i)
t (ω)

, ω
)

=
(
fε ◦ IdR ◦ Ud,(θ,ℓ,i),K,ε

ℓ,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,·
T
(θ,ℓ,i)
t (ω)

, ω
)

∈ R
({

Φ ∈ N : D(Φ) = D(Φfε)⊙ n
(n−ℓ)

(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ,m,0 )⊙D(X d,0,K,ε
0,T )

})
.

(166)

In addition, the definition of ⊙, (133), (159), and (157) show for all ℓ ∈ [0, n− 1] ∩ Z that

dim

(
D(Φfε)⊙ n

(n−ℓ)
(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ,m,0 )⊙D(X d,0,K,ε
0,T )

)
= dim (D(Φfε)) + dim

(
n
(n−ℓ)

(
D(Φfε )−2+L

)
+1

)
+ dim

(
D(Φd,0,K,ε

ℓ,m,0 )
)
+ dim

(
D(X d,0,K,ε

0,T )
)
− 3

= dim (D(Φfε)) +
(
(n− ℓ)

(
D(Φfε)− 2 + L

)
+ 1
)

+
(
(ℓ+ 1)L+ ℓ(dim(D(Φfε))− 2) + dim(D(Φgdε

))− 1
)
+ L− 3

= (n+ 1)
(
dim(D(Φfε))− 2

)
+ (n+ 2)L+ dim

(
D(Φgdε

)
)
− 1.

(167)

Furthermore, the fact that fε = R(Φfε), Lemma 4.8, (158), (161), (153), (154), and Lemma 4.6 show for all
θ ∈ Θ, i ∈ [1,mn+1] ∩ Z, t ∈ [0, T ], ℓ ∈ [1, n] ∩ Z that(

fε ◦ Ud,(θ,−ℓ,i),K,ε
ℓ−1,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,·
T
(θ,ℓ,i)
t (ω)

(ω), ω
)

=
(
fε ◦ IdR ◦ Ud,(θ,−ℓ,i),K,ε

ℓ−1,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,·
T
(θ,ℓ,i)
t (ω)

(ω), ω
)

∈ R
({

Φ ∈ N : D(Φ) = D(Φfε)⊙ n
(n−ℓ+1)

(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ−1,m,0)⊙D(X
d,0,K,ε
0,T )

})
.

(168)
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In addition, the definition of ⊙, (133), (159), and (157) show for all ℓ ∈ [1, n] ∩ Z that

dim

(
D(Φfε)⊙ n

(n−ℓ+1)
(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ−1,m,0)⊙D(X
d,0,K,ε
0,T )

)
= dim (D(Φfε)) + dim

(
n
(n−ℓ+1)

(
D(Φfε )−2+L

)
+1

)
+ dim

(
D(Φd,0,K,ε

ℓ−1,m,0)
)
+ dim

(
D(X d,0,K,ε

0,T )
)
− 3

= dim (D(Φfε)) +
(
(n− ℓ+ 1)

(
D(Φfε)− 2 + L

)
+ 1
)

+
(
ℓL+ (ℓ− 1)(dim(D(Φfε))− 2) + dim(D(Φgdε

))− 1
)
+ L− 3

= (n+ 1)
(
dim(D(Φfε))− 2

)
+ (n+ 2)L+ dim

(
D(Φgdε

)
)
− 1.

(169)

Now, (162)–(169) and Lemma 4.7 show that there exists (Φd,θ,K,ε
n+1,m,t)t∈[0,T ],θ∈Θ such that t ∈ [0, T ], θ ∈ Θ,

x ∈ Rd we have that

(R(Φd,θ,K,ε
n+1,m,t))(x) =

1

mn+1

mn+1∑
i=1

gdε

(
X

d,(θ,0,−i),K,ε,t,x
T (ω)

)
+

1

m

m∑
i=1

(
fε ◦ Ud,(θ,n,i),K,ε

n,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,x

T
(θ,ℓ,i)
t (ω)

(ω), ω
)

+

n−1∑
ℓ=0

(T − t)
mn+1−ℓ

mn+1−ℓ∑
i=1

(
fε ◦ Ud,(θ,ℓ,i),K,ε

ℓ,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,x

T
(θ,ℓ,i)
t (ω)

(ω), ω
)

−
n∑

ℓ=1

(T − t)
mn+1−ℓ

mn+1−ℓ∑
i=1

(
fε ◦ Ud,(θ,−ℓ,i),K,ε

ℓ−1,m

)(
T
(θ,ℓ,i)
t (ω), X

d,(θ,ℓ,i),K,ε,t,x

T
(θ,ℓ,i)
t (ω)

(ω), ω
)

= Ud,θ,K,ε
n+1,m (t, x),

(170)

D(Φd,θ,K,ε
n+1,m,t) = (n+ 1)

(
dim(D(Φfε))− 2

)
+ (n+ 2)L+ dim

(
D(Φgdε

)
)
− 1, (171)

and

D(Φd,θ,K,ε
n+1,m,t) =

[
mn+1

⊞
i=1

[
n
(n+1)

(
dim(D(Φfε ))−2+L

)
+1
⊙D(Φgdε

)⊙D(X d,0,K,ε
0,T )

]]

⊞

[
m
⊞
i=1

[
D(Φfε)⊙D(Φ

d,0,K,ε
n,m,0 )⊙D(X d,0,K,ε

0,T )
]]

⊞

[
n−1
⊞
ℓ=0

mn+1−ℓ

⊞
i=1

[
D(Φfε)⊙ n

(n−ℓ)
(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ,m,0 )⊙D(X d,0,K,ε
0,T )

]]

⊞

[
n
⊞
ℓ=1

mn+1−ℓ

⊞
i=1

[
D(Φfε)⊙ n

(n−ℓ+1)
(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ−1,m,0)⊙D(X
d,0,K,ε
0,T )

]]
.

(172)

This shows for all t1, t2 ∈ [0, T ], θ1, θ2 ∈ Θ that

D(Φd,θ1,K,ε
n+1,m,t1

) = D(Φd,θ2,K,ε
n+1,m,t2

). (173)

Furthermore, Lemma 4.10, (133), (151), and (156) show that∣∣∣∣∣∣∣∣∣∣∣∣n(n+1)
(
dim(D(Φfε ))−2+L

)
+1
⊙D(Φgdε

)⊙D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣∣∣∣
≤ max

{
2d,

∣∣∣∣∣∣∣∣∣∣∣∣n(n+1)
(
dim(D(Φfε ))−2+L

)
+1

∣∣∣∣∣∣∣∣∣∣∣∣, ∣∣∣∣∣∣∣∣∣D(Φgdε
)
∣∣∣∣∣∣∣∣∣, ∣∣∣∣∣∣∣∣∣D(X d,0,K,ε

0,T )
∣∣∣∣∣∣∣∣∣} ≤ cd,ε. (174)
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Next, Lemma 4.10, (151), (160), and (156) show that∣∣∣∣∣∣∣∣∣D(Φfε)⊙D(Φ
d,0,K,ε
n,m,0 )⊙D(X d,0,K,ε

0,T )
∣∣∣∣∣∣∣∣∣

≤ max
{
2d, |||D(Φfε)|||,

∣∣∣∣∣∣∣∣∣D(Φd,0,K,ε
n,m,0 )

∣∣∣∣∣∣∣∣∣, ∣∣∣∣∣∣∣∣∣D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣} ≤ cd,ε(3m)n.
(175)

Furthermore, Lemma 4.10, (151), (160), and (156) show for all ℓ ∈ [0, n− 1] ∩ Z that∣∣∣∣∣∣∣∣∣∣∣∣D(Φfε)⊙ n
(n−ℓ)

(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ,m,0 )⊙D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣∣∣∣
≤ max

{
2d, |||D(Φfε)|||,

∣∣∣∣∣∣∣∣∣∣∣∣n(n−ℓ)
(
D(Φfε )−2+L

)
+1

∣∣∣∣∣∣∣∣∣∣∣∣, ∣∣∣∣∣∣∣∣∣D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣} ≤ cd,ε(3m)ℓ,

(176)

In addition, Lemma 4.10, (151), (160), and (156) show for all ℓ ∈ [1, n] ∩ Z that∣∣∣∣∣∣∣∣∣∣∣∣D(Φfε)⊙ n
(n−ℓ+1)

(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ−1,m,0)⊙D(X
d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣∣∣∣
≤ max

{
2d, |||D(Φfε)|||,

∣∣∣∣∣∣∣∣∣D(Φd,0,K,ε
ℓ−1,m,0)

∣∣∣∣∣∣∣∣∣, ∣∣∣∣∣∣∣∣∣D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣} ≤ cd,ε(3m)ℓ−1.

(177)

Now, (172), the triangle inequality, and (174)–(177) show for all t ∈ [0, T ], θ ∈ Θ that∣∣∣∣∣∣∣∣∣D(Φd,θ,K,ε
n+1,m,t)

∣∣∣∣∣∣∣∣∣
=

mn+1∑
i=1

∣∣∣∣∣∣∣∣∣∣∣∣n(n+1)
(
dim(D(Φfε ))−2+L

)
+1
⊙D(Φgdε

)⊙D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣∣∣∣
+

m∑
i=1

∣∣∣∣∣∣∣∣∣D(Φfε)⊙D(Φ
d,0,K,ε
n,m,0 )⊙D(X d,0,K,ε

0,T )
∣∣∣∣∣∣∣∣∣

+
n−1∑
ℓ=0

mn+1−ℓ∑
i=1

∣∣∣∣∣∣∣∣∣∣∣∣D(Φfε)⊙ n
(n−ℓ)

(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ,m,0 )⊙D(X d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣∣∣∣
+

n∑
ℓ=1

mn+1−ℓ∑
i=1

∣∣∣∣∣∣∣∣∣∣∣∣D(Φfε)⊙ n
(n−ℓ+1)

(
D(Φfε )−2+L

)
+1
⊙D(Φd,0,K,ε

ℓ−1,m,0)⊙D(X
d,0,K,ε
0,T )

∣∣∣∣∣∣∣∣∣∣∣∣.

(178)

and ∣∣∣∣∣∣∣∣∣D(Φd,θ,K,ε
n+1,m,t)

∣∣∣∣∣∣∣∣∣
≤

mn+1∑
i=1

cd,ε

+

[
m∑
i=1

cd,ε(3m)n

]
+

n−1∑
ℓ=0

mn+1−ℓ∑
i=1

cd,ε(3m)ℓ

+

 n∑
ℓ=1

mn+1−ℓ∑
i=1

cd,ε(3m)ℓ−1


= mn+1cd,ε +mcd,ε(3m)n +

[
n−1∑
ℓ=0

mn+1−ℓcd,ε(3m)ℓ

]
+

[
n∑

ℓ=1

mn+1−ℓcd,ε(3m)ℓ−1

]

= mn+1cd,ε

[
1 + 3n +

n−1∑
ℓ=0

3ℓ +

n∑
ℓ=1

3ℓ−1

]
= mn+1cd,ε

[
1 +

n∑
ℓ=0

3ℓ +

n∑
ℓ=1

3ℓ−1

]

≤ cmn+1

[
1 + 2

n∑
ℓ=0

3ℓ

]
= cmn+1

[
1 + 2

3n+1 − 1

3− 1

]
= cd,ε(3m)n+1.

(179)

This, (173), (171), the definition of L (see (157)), and (170) completes the induction step. The proof of
Lemma 4.12 is thus completed. □

5. DNN APPROXIMATIONS OF PIDES

In Theorem 5.1 below we combine the result of Lemmas 3.3, 3.2, and 2.1 to prove the existence of a DNN
that approximates the solution to (190) and whose number of parameters depend only polynomially on the
dimension d and the reciprocal of the prescribed accuracy ϵ.
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Theorem 5.1. Consider the notations given in Subsection 1.4, assume Setting 1.1, let T ∈ (0,∞), b, c ∈ [2,∞)
satisfy that

16
(
1 +

∣∣∣c 1
2 (4c

1
2 + 2c

1
2T− 3

2 )
∣∣∣ 12) ≤ b

4
, (180)

for every d ∈ N, ε ∈ (0, 1), v ∈ Rd let βdε ∈ C(Rd,Rd), σdε ∈ C(Rd,Rd×d), Φβd
ε
,Φσd

ε ,v
∈ N satisfy

that βdε = R(Φβd
ε
), σdε (·)v = R(Φσd

ε ,v
), for every d ∈ N, ε ∈ (0, 1) let γdε : R

2d → R
d, F d

ε : R
d×d,

Gd : Rd → R
d be measurable and satisfy for all y, z ∈ Rd that γdε (y, z) = F d

ε (y)G
d(z), for every d ∈ N,

ε ∈ (0, 1), v ∈ Rd let ΦF d
ε ,v
∈ N satisfy F d

ε (·)v = R(ΦF d
ε ,v

), assume for all d ∈ N, ε ∈ (0, 1], v ∈ Rd that
D(Φσd

ε ,v
) = D(Φσd

ε ,0
) and D(ΦF d

ε ,v
) = D(ΦF d

ε ,0
), for every d ∈ N, ε ∈ (0, 1) let gdε ∈ C(Rd,R), Φgdε

∈ N

satisfy that R(Φgdε
) = gdε , for every d ∈ N let βd ∈ C(Rd,Rd), σd ∈ C(Rd,Rd×d), gd ∈ C(Rd,R), let

f ∈ C(R,R), for every d ∈ N let νd : B(Rd \ {0}) → [0,∞) be a Lévy measure, assume that for all d ∈ N
there exists Cd ∈ (0,∞) such that for all x, y, z ∈ Rd, t ∈ [0, T ] we have that∥∥∥γd(x, z)∥∥∥ ≤ Cd

(
1 ∧ ∥z∥2

)
,
∥∥∥γd(x, z)− γd(y, z)∥∥∥2 ≤ Cd∥x− y∥2

(
1 ∧ ∥z∥2

)
, (181)

assume that for all d ∈ N, t ∈ [0, T ], x, z ∈ Rd the Jacobian matrix (Dxγ
d)(x, z) exists, assume that for all

d ∈ N there exists λd ∈ (0,∞) such that for all t ∈ [0, T ], x, z ∈ Rd, δ ∈ [0, 1] we have that

λd ≤
∣∣∣det(Id + δ(Dxγ

d)(x, z))
∣∣∣ , (182)

where Id denotes the d× d identity matrix, assume for all d ∈ N, x, y ∈ Rd, w1, w2 ∈ R, ε ∈ (0, 1) that∥∥∥βdε (x)− βdε (y)∥∥∥2 + ∥∥∥σdε (x)− σdε (y)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γdε (y, z))∥∥∥2 νd(dz)
≤ c∥x− y∥2,

(183)

|f(w1)− f(w2)|2 ≤ c|w1 − w2|2,
∣∣∣gdε (x)− gdε (y)∣∣∣2 ≤ cdcT−1∥x− y∥2, (184)∥∥∥βdε (0)∥∥∥2 + ∥∥∥σdε (0)∥∥∥2

F
+

∫
Rd\{0}

∥∥∥γdε (0, z)∥∥∥2 νd(dz) + T 3(|f(0)|+ 1)2 + T |gdε (0)|2 ≤ cdc, (185)

∥∥∥βdε (x)− βd(x)∥∥∥2 + ∥∥∥σdε (x)− σd(x)∥∥∥2
F

+

∫
Rd\{0}

∥∥∥γdε (x, z)− γd(x, z)∥∥∥2 νd(dz) + ∣∣∣gdε (x)− gd(x)∣∣∣2
≤ εcdc(dc + ∥x∥2),

(186)

∣∣∣∣∣∣∣∣∣D(Φβd
ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φgdε

)
∣∣∣∣∣∣∣∣∣ ≤ bdcε−c

4
, (187)

dim(D(Φβd
ε
)) + dim(D(Φσd

ε ,0
)) + dim(D(ΦF d

ε ,0
)) + dim(D(Φgdε

)) ≤ bdcε−c

4
, (188)

and for every d ∈ N let Γd : B(Rd)→ [0, 1] be a probability measure satisfying(∫
Rd

∥x∥4 Γd(dx)

) 1
2

≤ cdc. (189)

Then
(i) for every d ∈ N there exists a unique viscosity solution ud : [0, T ]×Rd → R to the PIDE

( ∂
∂tu

d)(t, x) +
〈
βd(x), (∇xu

d)(t, x)
〉

+1
2trace

(
σd(t, x)(σd(t, x))⊤Hessxu

d(t, x)
)
+ f(ud(t, x))

+

∫
Rd

(
ud(x+ γd(x, z))− ud(t, x)−

〈
(∇xu

d)(t, x), γd(x, z)
〉)

νd(dz) = 0,

∀ t ∈ [0, T ), x ∈ Rd,

ud(T, x) = gd(x), ∀x ∈ Rd,

(190)
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satisfying that sups∈[0,T ],y∈Rd
|ud(s,y)|
1+∥y∥ <∞ and

(ii) there exists (Cδ)δ∈(0,1) ⊆ (0,∞), η ∈ (0,∞), (Ψd,ϵ)d∈N,ϵ∈(0,1) such that for all d ∈ N, ϵ ∈ (0, 1) we
have thatR(Ψd,ϵ) ∈ C(Rd,R), P(Ψd,ϵ) ≤ Cδηd

3c+12c2+2c(6+δ)ϵ−6c−6−δ, and(∫
Rd

∣∣∣(R(Ψd,ϵ))(x)− ud(t, x)
∣∣∣2 Γd(dx)

) 1
2

≤ ϵ. (191)

Proof of Theorem 5.1. First, (183)–(186) (with ε→ 0) show for all d ∈ N, x, y ∈ Rd that∥∥∥βd(x)− βd(y)∥∥∥2 + ∥∥∥σd(x)− σd(y)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γd(x, z)− γd(y, z))∥∥∥2 νd(dz) ≤ c∥x− y∥2, (192)

|f(w1)− f(w2)|2 ≤ c|w1 − w2|2,
∣∣∣gd(x)− gd(y)∣∣∣2 ≤ cdcT−1∥x− y∥2, (193)

∥∥∥βd(0)∥∥∥2 + ∥∥∥σd(0)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γd(0, z)∥∥∥2 νd(dz) + T 3|f(0)|2 + T |gd(0)|2 ≤ cdc, (194)

Next, [24, Corollary 3.13] (applied for all ε ∈ (0, 1) with L ← c
1
2 , q ← 2, ϵ ← (ε/2)

1
2 in the notation of [24,

Corollary 3.13]), (185), and (180) show that there exist fε ∈ C(R,R), Φfε ∈ N such that for all ε ∈ (0, 1),
w1, w2 ∈ R that

R(Φfε) = fε, |fε(w1)− fε(w1)|2 ≤ c|w1 − w2|2, dim(D(Φfε)) = 3 ≤ bdcε−c

4
, (195)

|||D(Φfε)||| ≤ 16
(
1 +

∣∣∣c 1
2 (4c

1
2 + 2|f(0)|)

∣∣∣ 12)ε−2

≤ 16
(
1 +

∣∣∣c 1
2 (4c

1
2 + 2c

1
2T− 3

2 )
∣∣∣ 12)ε−2 ≤ bε−2

4
,

(196)

and

|f(w1)− fε(w1)|2 ≤
ε2

2
(1 + |w1|2)2 ≤ ε(1 + |w1|4). (197)

This, (187), and (188) show for all d ∈ N, ε ∈ (0, 1) that

2d+
∣∣∣∣∣∣∣∣∣D(Φβd

ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φgdε

)
∣∣∣∣∣∣∣∣∣+ |||D(Φfε)||| ≤ bdcε−c (198)

and

dim(D(Φβd
ε
)) + dim(D(Φσd

ε ,0
)) + dim(D(ΦF d

ε ,0
)) + dim(D(Φgdε

)) + dim(D(Φfε)) ≤ bdcε−c. (199)

Furthermore, (197), (185), and the triangle inequality show for all d ∈ N, ε ∈ (0, 1) that |fε(0)| ≤
√
ε +

|f(0)| ≤ 1 + |f(0)| and hence∥∥∥βdε (0)∥∥∥2 + ∥∥∥σdε (0)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (0, z)∥∥∥2 νd(dz) + T 3|fε(0)|+ T |gdε (0)|2 ≤ cdc. (200)

Next, for every K ∈ N let ⌊·⌋K : R → R satisfy for all t ∈ R that ⌊t⌋K = max({0, T
K ,

2T
K , . . . , T} ∩

((−∞, t) ∪ {0})), let (Ω,F ,P, (Ft)t∈[0,T ]) be a probability space satisfying the usual conditions, let Θ =

∪n∈NZn, for every d ∈ N let W d,θ : Ω × [0, T ] → R
d, θ ∈ Θ, be identically independently distributed

standard (Ft)t∈[0,T ]-Brownian motions, for every d ∈ N let Nd,θ, θ ∈ Θ, be independent (Ft)t∈[0,T ]-Poisson
random measures on [0,∞) × (Rd \ {0}) with intensity νd, for every d ∈ N, θ ∈ Θ let Ñd,θ(dt, dz) =
Nd,θ(dt, dz)− dt νd(dz), assume for all d ∈ N that F0, (Nd,θ)θ∈Θ and (W d,θ)θ∈Θ, are independent, for every
d,K ∈ N, θ ∈ Θ, x ∈ Rd, ε ∈ (0, 1), t ∈ [0, T ) let (Xd,θ,K,ε,t,x

s )s∈[t,T ] satisfy that

Xd,θ,K,ε,t,x
s = x+

∫ s

t
βdε (X

d,θ,K,ε,t,x
max{t,⌊r−⌋K}) dr +

∫ s

t
σdε (X

d,θ,K,ε,t,x
max{t,⌊r−⌋K}) dW

d,θ
r

+

∫ s

t

∫
Rd\{0}

γdε (X
d,θ,K,ε,t,x
max{t,⌊r−⌋K}, z) Ñ

d,θ(dr, dz),
(201)

let tθ : Ω→ [0, 1], θ ∈ Θ, be i.i.d random variables which satisfy for all t ∈ (0, 1) thatP(t0 ≤ t) = t, for every
θ ∈ Θ, t ∈ [0, T ] let Tθ

t : Ω→ R satisfy for all θ ∈ Θ that Tθ
t = t+(T−t)tθ, assume for all d ∈ N that (tθ)θ∈Θ,
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(Nd,θ)θ∈Θ and (W d,θ)θ∈Θ are independent, for every d ∈ N, ε ∈ (0, 1) let Ud,θ,K,ε
n,m : [0, T ] ×Rd × Ω → R,

θ ∈ Θ, n,m ∈ Z, satisfy for all θ ∈ Θ, n ∈ N0, m ∈ N, t ∈ [0, T ], x ∈ Rd that

Ud,θ,K,ε
n,m (t, x) =

1N(n)

mn

mn∑
i=1

gdε

(
X

d,(θ,0,−i),K,ε,t,x
T

)

+

n−1∑
ℓ=0

(T − t)
mn−ℓ

mn−ℓ∑
i=1

(
fε ◦ Ud,(θ,ℓ,i),K,ε

ℓ,m − 1N(ℓ)fε ◦ Ud,(θ,−ℓ,i),K,ε
ℓ−1,m

)(
T
(θ,ℓ,i)
t , X

d,(θ,ℓ,i),K,ε,t,x

T
(θ,ℓ,i)
t

)
.

(202)

A standard result on existence and uniqueness of SDEs with jumps (cf., e.g., [29, Theorem 9.1]), (183),
and (185) show that for all d ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd there exist adapted càdlàg processes
(Xd,ε,t,x

s )s∈[t,T ], (X
d,t,x
s )s∈[t,T ] such that for all s ∈ [t, T ] we have P-a.s. that

Xd,t,x
s = x+

∫ s

t
βd(Xd,t,x

r− )dr +

∫ s

t
σd(Xd,t,x

r− )dW d,0
r +

∫ s

t

∫
Rd\{0}

γd(Xd,t,x
r− , z)Ñd,0(dr, dz) (203)

and

Xd,ε,t,x
s = x+

∫ s

t
βdε (X

d,ε,t,x
r− )dr +

∫ s

t
σdε (X

d,ε,t,x
r− )dW d,0

r +

∫ s

t

∫
Rd\{0}

γdε (X
d,ε,t,x
r− , z)Ñd,0(dr, dz).

(204)

Observe that for all d,K ∈ N, ε ∈ (0, 1), t ∈ [0, T ], x ∈ Rd we have that

max

{
E

[
dc +

∥∥∥Xd,K,ε,t,x
s

∥∥∥2] ,E[dc + ∥∥∥Xd,ε,t,x
s

∥∥∥2] ,E[dc + ∥∥∥Xd,t,x
s

∥∥∥2]} ≤ (dc + ∥x∥2)e7c(s−t) (205)

(cf. Lemmas 2.1 and 3.2). Next, (185) and (184) show for all d ∈ N, ε ∈ (0, 1), x ∈ Rd that∣∣∣gdε (x)∣∣∣ ≤ ∣∣∣gdε (0)∣∣∣+ (cdcT−1)
1
2 ∥x∥ ≤ (cdcT−1)

1
2 + (cdcT−1)

1
2 ∥x∥ ≤ 2(cdcT−1)

1
2 (dc + ∥x∥2)

1
2 . (206)

This and (186) (with ε→ 0) show for all d ∈ N, x ∈ Rd that∣∣∣gd(x)∣∣∣ ≤ 2(cdcT−1)
1
2 (dc + ∥x∥2)

1
2 . (207)

This, (206), (205), (184), (195), and [23, Proposition 2.2] (applied with V ← ([0, T ] × Rd ∋ (t, x) 7→
e4.5c(T−t)(dc + ∥x∥2)

1
2 ∈ (0,∞)) in the notation of [23, Proposition 2.2]) show that for all ε ∈ (0, 1),

d,K ∈ N there exist measurable functions ud,K,ε, ud,ε, ud : [0, T ] × Rd such that for all t ∈ [0, T ],
x ∈ R

d we have that E
[∣∣∣gdε (Xd,K,ε,t,x

T )
∣∣∣] +

∫ T
t E

[∣∣∣fε(ud,K,ε(r,Xd,K,ε,t,x
r ))

∣∣∣] dr + E

[∣∣∣gdε (Xd,ε,t,x
T )

∣∣∣] +∫ T
t E

[∣∣∣fε(ud,ε(r,Xd,ε,t,x
r ))

∣∣∣]+E[∣∣∣gd(Xd,t,x
T )

∣∣∣]+ ∫ T
t E

[∣∣∣f(ud(r,Xd,t,x
r ))

∣∣∣] <∞,

sup
s∈[0,T ]

sup
y∈Rd

|ud,K,ε(s, y)|+ |ud,ε(s, y)|+ |ud(s, y)|
1 + ∥y∥

<∞, (208)

ud,K,ε(t, x) = E
[
gdε (X

d,K,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,K,ε(r,Xd,K,ε,t,x
r ))

]
dr, (209)

ud,ε(t, x) = E
[
gdε (X

d,ε,t,x
T )

]
+

∫ T

t
E

[
fε(u

d,ε(r,Xd,ε,t,x
r ))

]
dr, (210)

and

ud(t, x) = E
[
gd(Xd,t,x

T )
]
+

∫ T

t
E

[
f(ud(r,Xd,t,x

r ))
]
dr. (211)

This, a result on existence and uniqueness of viscosity solutions to PIDEs (see [31, Propositions 5.4 and 5.16]),
and the assumptions of Theorem 5.1 show (i).

Next, let c1, c2 ∈ R, (εd,ϵ)d∈N,ϵ∈(0,1) ⊆ R, (Nd,ϵ)d∈N,ϵ∈(0,1) ⊆ N, (Cδ)δ∈(0,1) ⊆ [0,∞] satisfy for all
d ∈ N, δ, ϵ ∈ (0, 1) that

c1 = 6(cT−1)
1
2 + 12c

3
2 (T + 2)e21cT+5cT 2

T
1
2 + 2ce24cT+5cT 2

, c2 = 2cc1, (212)
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c2d
2c|εd,ϵ|

1
2 =

ϵ

2
, Nd,ϵ = min

{
n ∈ N ∩ [2,∞) : c2d

2c

(
e12cTn+n

2

n
n
2

+
1

n
n
2

)
≤ ϵ

2

}
, (213)

and

Cδ = sup
n∈[2,∞)

(e(12cT+0.5)(n−1)

(n− 1)
n−1
2

)6+δ

(3n)3n+1

 . (214)

Then the triangle inequality, Lemmas 3.3, 3.2, and 2.1 show for all d,K ∈ N, θ ∈ Θ, ε ∈ (0, 1), n,m ∈ N that(
E

[∣∣∣Ud,θ,K,ε
n,m (t, x)− ud(t, x)

∣∣∣2]) 1
2

≤
(
E

[∣∣∣Ud,θ,K,ε
n,m (t, x)− ud,K,ε(t, x)

∣∣∣2]) 1
2

+
∣∣∣ud,K,ε(t, x)− ud,ε(t, x)

∣∣∣+ ∣∣∣ud,ε(t, x)− ud(t, x)∣∣∣
≤ 6e

m
2 m−n

2 e12cTn(cdcT−1)
1
2
(
dc + ∥x∥2

) 1
2

+ 12c
3
2d

c
2 (T + 2)e21cT+5cT 2

(dc + ∥x∥2)
1
2
T

1
2

K
1
2

+ 2cdcε
1
2 (dc + ∥x∥2)e24cT+5cT 2

≤
[
6(cdcT−1)

1
2 + 12c

3
2d

c
2 (T + 2)e21cT+5cT 2

T
1
2 + 2cdce24cT+5cT 2

]
(dc + ∥x∥2)

(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)

≤
[
6(cT−1)

1
2 + 12c

3
2 (T + 2)e21cT+5cT 2

T
1
2 + 2ce24cT+5cT 2

]
dc(dc + ∥x∥2)

(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)

≤ c1dc
(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)
(dc + ∥x∥2).

(215)

This, the triangle inequality, (189), and (212) show for all d,K ∈ N, θ ∈ Θ, ε ∈ (0, 1), n,m ∈ N that(∫
Rd

E

[∣∣∣Ud,θ,K,ε
n,m (t, x)− ud(t, x)

∣∣∣2]Γd(dx)

) 1
2

≤ c1dc
(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)(∫
Rd

(dc + ∥x∥2)2 Γd(dx)

) 1
2

≤ c1dc
(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)(
dc +

(∫
Rd

∥x∥4 Γd(dx)

) 1
2

)

≤ c1dc
(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)
2cdc = c2d

2c

(
ε

1
2 +

e12cTn+m
2

m
n
2

+
1

K
1
2

)
.

(216)

This, Fubini’s theorem, and (213) show for all d ∈ N, ϵ ∈ (0, 1) that(
E

[∫
Rd

∣∣∣Ud,θ,nn,ε
n,n (t, x)− ud(t, x)

∣∣∣2 Γd(dx)

]) 1
2
∣∣∣n=Nd,ϵ
ε=εd,ϵ

=

(∫
Rd

E

[∣∣∣Ud,θ,nn,ε
n,n (t, x)− ud(t, x)

∣∣∣2]Γd(dx)

) 1
2
∣∣∣n=Nd,ϵ
ε=εd,ϵ

≤ c2d2c
(
ε

1
2 +

e12cTn+n
2

n
n
2

+
1

n
n
2

)∣∣∣n=Nd,ϵ
ε=εd,ϵ

≤ ϵ

2
+
ϵ

2
= ϵ.

(217)

Then for all d ∈ N, ϵ ∈ (0, 1) there exists ωd,ϵ ∈ Ω such that∫
Rd

∣∣∣Ud,θ,nn,ε
n,n (t, x, ωd,ϵ)− ud(t, x)

∣∣∣2 Γd(dx)
∣∣∣n=Nd,ϵ
ε=εd,ϵ

≤ ϵ2. (218)
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Next, Lemma 4.12, (199), and (198) show for all d ∈ N, ϵ ∈ (0, 1) that there exists Ψd,ϵ ∈ N such that

(A) we have for all t ∈ [0, T ], θ ∈ Θ that

dim(D(Ψd,ϵ)) = (n+ 1)
[
nn
(
max

{
dim(D(Φβd

ε
)), dim(D(Φσd

ε
))
}
− 1
)
+ 1
]

+ n(dim(D(Φfε))− 2) + dim(D(Φgdε
))− 1

∣∣∣
n=Nd,ϵ,ε=εd,ϵ

≤ 2nnnbdcε−c + nbdcε−c + bdcε−c
∣∣
n=Nd,ϵ

≤ 4nnnbdcε−c
∣∣
n=Nd,ϵ,ε=εd,ϵ

,

(219)

(B) we have for all t ∈ [0, T ], θ ∈ Θ that

|||D(Ψd,ϵ)||| ≤
(
2d+

∣∣∣∣∣∣∣∣∣D(Φβd
ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣

+
∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φgdε

)
∣∣∣∣∣∣∣∣∣+ |||D(Φfε)|||

)
(3n)n

∣∣
n=Nd,ϵ,ε=εd,ϵ

≤ bdcε−c(3n)n
∣∣
n=Nd,ϵ,ε=εd,ϵ

,

(220)

and
(C) we have for all t ∈ [0, T ], θ ∈ Θ, x ∈ Rd that Ud,θ,nn,ε

n,n (t, x, ωd,ϵ)
∣∣∣n=Nd,ϵ
ε=εd,ϵ

= (R(Ψd,ϵ))(x).

This and (218) show for all d ∈ N, ϵ ∈ (0, 1) that∫
Rd

∣∣∣(R(Ψd,ϵ))(x)− ud(t, x)
∣∣∣2 Γd(dx) ≤ ϵ2. (221)

Furthermore, the fact that ∀Φ ∈ N : P(Φ) ≤ 2 dim(D(Φ))|||D(Φ)|||2, (219), and (220) show for all d ∈ N,
ϵ ∈ (0, 1) that

P(Ψd,ϵ) ≤ 2 dim(D(Ψd,ϵ))|||D(Ψd,ϵ)|||2 ≤ 2 · 4nnnbdcε−c
(
bdcε−c(3n)n

)2∣∣
n=Nd,ϵ

= 8nnnb2d3c|εd,ϵ|−3c(3n)2n
∣∣
n=Nd,ϵ,ε=εd,ϵ

(222)

Recall that in (213) we have for all d ∈ N, ϵ ∈ (0, 1) that c2d2c|εd,ϵ|
1
2 = ϵ

2 . Hence, for all d ∈ N, ϵ ∈ (0, 1)

we have that εd,ϵ = ϵ2

4 |c2|
−2d−4c. This, (222), and (214) show for all d ∈ N, ϵ, δ ∈ (0, 1) that

P(Ψd,ϵ) ≤ 8nnnb2d3c|εd,ϵ|−3c(3n)2n
∣∣∣
n=Nd,ϵ

≤ 8b2d3c|εd,ϵ|−3c(3n)3n+1
∣∣∣
n=Nd,ϵ

≤ 8b2d3c
[
ϵ2

4
|c2|−2d−4c

]−3c

(3n)3n+1
∣∣∣
n=Nd,ϵ

≤ 43c+2b2d3c+12c2 |c2|6cϵ−6c(3Nd,ϵ)
3Nd,ϵ+1

≤ 43c+2b2d3c+12c2 |c2|6cϵ−6c−6−δϵ6+δ(3Nd,ϵ)
3Nd,ϵ+1

≤ 43c+2b2d3c+12c2 |c2|6cϵ−6c−6−δ

4c2d
2ce(12cT+0.5)(Nd,ϵ−1)

(Nd,ϵ − 1)
Nd,ϵ−1

2

6+δ

(3Nd,ϵ)
3Nd,ϵ+1

≤ 43c+8+δb2d3c+12c2+2c(6+δ)|c2|6c+2c(6+δ)ϵ−6c−6−δ

e(12cT+0.5)(Nd,ϵ−1)

(Nd,ϵ − 1)
Nd,ϵ−1

2

6+δ

(3Nd,ϵ)
3Nd,ϵ+1

≤ 43c+8+δb2d3c+12c2+2c(6+δ)|c2|6c+2c(6+δ)ϵ−6c−6−δCδ.

(223)

This, (221), the fact that c2 does not depend on d (see (212)), and the fact that ∀ δ ∈ (0, 1) : Cδ <∞ (cf. (171)
in [8]) complete the proof of Theorem 5.1. □

Proof of Theorem 1.2. Let b, c̃ ∈ [2,∞) satisfy that

c ≤ c̃, T cdc ≤ c̃dc̃, T 3(c
1
2d

c
2 + 1) ≤ c̃dc̃, (224)
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and

16
(
1 +

∣∣∣(3c̃) 1
2 (4(3c̃)

1
2 + 2(3c̃)

1
2T− 3

2 )
∣∣∣ 12) ≤ b

4
. (225)

Then Theorem 1.2 follows from Theorem 5.1 (applied with c ← 3c̃, (Γd)d∈N ← (
∫
(·)∩[0,1]d dx)d∈N in the

notation of Theorem 5.1). This can be easily checked as follows. From (183)–(188), (224), and (225) it follows
that for all d ∈ N, x, y ∈ Rd, w1, w2 ∈ R, ε ∈ (0, 1) we have that∥∥∥βdε (x)− βdε (y)∥∥∥2 + ∥∥∥σdε (x)− σdε (y)∥∥∥2

F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γdε (y, z))∥∥∥2 νd(dz) ≤ c̃∥x− y∥2, (226)

|f(w1)− f(w2)|2 ≤ c̃|w1 − w2|2,
∣∣∣gdε (x)− gdε (y)∣∣∣2 ≤ cdc∥x− y∥2 ≤ c̃dc̃T−1∥x− y∥2, (227)∥∥∥βdε (0)∥∥∥2 + ∥∥∥σdε (0)∥∥∥2

F
+

∫
Rd\{0}

∥∥∥γdε (0, z)∥∥∥2 νd(dz) ≤ c̃dc̃, (228)

T 3(|f(0)|+ 1)2 ≤ T 3(c
1
2d

c
2 + 1) ≤ c̃dc̃, (229)

T |gdε (0)|2 ≤ Tcdc ≤ c̃dc̃, (230)∥∥∥βdε (x)− βd(x)∥∥∥2 + ∥∥∥σdε (x)− σd(x)∥∥∥2
F
+

∫
Rd\{0}

∥∥∥γdε (x, z)− γd(x, z)∥∥∥2 νd(dz) + ∣∣∣gdε (x)− gd(x)∣∣∣2
≤ εc̃dc̃(dc̃ + ∥x∥2),

(231)∣∣∣∣∣∣∣∣∣D(Φβd
ε
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φσd

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(ΦF d

ε ,0
)
∣∣∣∣∣∣∣∣∣+ ∣∣∣∣∣∣∣∣∣D(Φgdε

)
∣∣∣∣∣∣∣∣∣

≤ P(Φβd
ε
) + P(Φσd

ε ,0
) + P(ΦF d

ε ,0
) + P(Φgdε

) ≤ bdcε−c

4
,

(232)

and
dim(D(Φβd

ε
)) + dim(D(Φσd

ε ,0
)) + dim(D(ΦF d

ε ,0
)) + dim(D(Φgdε

))

≤ P(Φβd
ε
) + P(Φσd

ε ,0
) + P(ΦF d

ε ,0
) + P(Φgdε

) ≤ bdcε−c

4
.

(233)

In addition, for every d ∈ N let Γd : B(Rd)→ [0, 1] be a probability measure satisfying Γd(·) =
∫
(·)∩[0,1]d dx.

Then for all d ∈ N we have that(∫
Rd

∥x∥4 Γd(dx)

) 1
2

=

(∫
[0,1]d
∥x∥4 dx

) 1
2

≤ d2 ≤ c̃dc̃. (234)

The proof of Theorem 1.2 is thus completed. □
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