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UNIVERSAL APPROXIMATION RESULTS FOR NEURAL NETWORKS WITH
NON-POLYNOMIAL ACTIVATION FUNCTION OVER NON-COMPACT DOMAINS

ARIEL NEUFELD AND PHILIPP SCHMOCKER

ABSTRACT. In this paper, we generalize the universal approximation property of single-hidden-layer
feed-forward neural networks beyond the classical formulation over compact domains. More precisely,
by assuming that the activation function is non-polynomial, we derive universal approximation results for
neural networks within function spaces over non-compact subsets of a Euclidean space, e.g., weighted
spaces, LP-spaces, and (weighted) Sobolev spaces over unbounded domains, where the latter includes the
approximation of the (weak) derivatives. Furthermore, we provide some dimension-independent rates for
approximating a function with sufficiently regular and integrable Fourier transform by neural networks with
non-polynomial activation function.

1. INTRODUCTION

Inspired by the functionality of human brains, (artificial) neural networks have been discovered in
the seminal work of McCulloch and Pitts (see [32]). Fundamentally, a neural network consists of nodes
arranged in hierarchical layers, where the connections between adjacent layers transmit the data through
the network and the nodes transform this information. In mathematical terms, a neural network can
therefore be described as a concatenation of affine and non-affine functions. Nowadays, neural networks
are successfully applied in the fields of image classification (see e.g. [27]), speech recognition (see
e.g. [20]) and computer games (see e.g. [41]), and provide as a supervised machine learning technique an
algorithmic approach for the quest of artificial intelligence (see [35, 43]).

The universal approximation property of neural networks was first proven by Cybenko and Hornik et
al. in their seminal works [11, 21, 22], which establishes in universal approximation theorems (UATS)
the denseness of the set of neural networks within a given function space. For example, [11, 22] showed
an UAT for neural networks with sigmoidal activation function within the space of continuous function
over a compact subset of a Euclidean space, which was extended in [21] to bounded and non-constant
activation functions, and in [9, 31, 37] to non-polynomial activation functions. Moreover, [11] proved
an UAT for neural networks with sigmoidal activation within LP-spaces whose measure is compactly
supported, which was generalized in [21] to bounded and non-constant activation function, and in [31,
Proposition 2] to non-polynomial activation functions. In addition, [21, 23] included the approximation
of the derivatives and showed UATs within C*-spaces and Sobolev spaces over compact domains.

In this paper, we extend these universal approximation theorems (UATs) to more general activation
functions and more general function spaces over non-compact domains. More precisely, we show UAT's
for neural networks with non-polynomial activation function within function spaces that are obtained
as completions of the space of bounded and k-times differentiable functions with bounded derivatives
over a possibly non-compact domain with respect to a weighted norm. This allows us to obtain UAT's
for weighted spaces, LP-spaces, and (weighted) Sobolev spaces over unbounded domains, where the
latter includes the approximation of the (weak) derivatives. To this end, we combine the Hahn-Banach
separation argument with a Riesz representation theorem (see [11, Theorem 1] and [14, Theorem 2.4])
and follow Korevaar’s distributional extension (see [26]) of Wiener’s Tauberian theorem (see [45]). This
approach also generalizes the UATs in [10, 44] for neural networks within (weighted) function spaces
over non-compact domains by including the approximation of the derivatives.

Furthermore, we prove dimension-independent rates to approximate a given function by a single-hidden-
layer neural network in a (weighted) Sobolev space. To this end, we apply the reconstruction formula in
[42] (see also [8]) and use the concept of Rademacher averages. This extends the approximation rates
for neural networks with sigmoidal activation in LP-spaces (see [4, 5, 12, 28]), with periodic activation
function in C°-spaces and LP-spaces (see [33, 34]), and with linear combination of polynomially decaying
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activation functions in W*2-Sobolev spaces (see [40]) to more general weighted Sobolev spaces and
more general activation functions. For a more detailed review of the literature, we refer to [7, 37, 40].

1.1. Outline. In Section 2, we introduce neural networks and generalize their universal approximation
property from the classical formulation over compact domains to more general function spaces over
non-compact domains, e.g. weighted spaces, LP-spaces, and (weighted) Sobolev spaces over unbounded
domains. In Section 3, we provide some dimension-independent rates for the approximation of a function
by a neural network in a weighted Sobolev space. Finally, Section 4 contains all the proofs.

1.2. Notation. In the following, we introduce the notation of some standard function spaces and the
Fourier transform of distributions. Readers who are familiar with these concepts may skip this section.

Asusual, N := {1,2,3, ...} and Ny := NU{0} denote the sets of natural numbers, whereas Z represents
the set of integers. Moreover, R and C denote the sets of real and complex numbers, respectively,
where i := /=1 € C represents the imaginary unit. In addition, for any r € R, we define [r] :=
min {k € Z : k > r}. Furthermore, for any z € C, we denote its real and imaginary part by Re(z) and
Im(z), respectively, whereas its complex conjugate is defined as Z := Re(z) — Im(z)i. Furthermore,
for any m € N, we denote by R (and C™) the m-dimensional (complex) Euclidean space, which is
equipped with the Euclidean norm [u| = /3% ui|?.

In addition, for U < R™, we denote by B(U) the o-algebra of Borel-measurable subsets of U.
Moreover, for U € B(R™), we denote by L(U) the o-algebra of Lebesgue-measurable subsets of U,
while du : L(U) — [0, o] represents the Lebesgue measure on U. Then, a property is said to hold true
almost everywhere (shortly a.e.) if it holds everywhere true except on a set of Lebesgue measure zero.

Furthermore, for every fixed m,d € Nand U < R™, we introduce the following function spaces:

(i) C°(U;R?) denotes the vector space of continuous functions f : U — R,

(i) C* (U ;Rd), with k € N and U < R™ open, denotes the vector space of k-times continu-
ously differentiable functions f : U — R? such that for every multi-index o € Nok =
{a = (at,...,am) eNJ' ¢ |a| := a1 + ... + ay, < k} the partial derivative U 3 u — o f(u) :=
Mfﬂ%(u) e R? is continuous. If m = 1, we write () := % U —-RYL5=0,..,k

(iii) Cf(U ; Rd), with k € Ng and U < R"™ (open, if £ > 1), denotes the vector space of bounded

functions f € C*(U;RY) such that 0, f : U — R? is bounded for all o € NG~ Then, the norm

I legormey = max sup |0 f(u)|

OkueU

turns (CF(U;RY), | - ”Cf(U;Rd)) into a Banach space. Note that for K = 0 and U < R™ being

compact, we obtain the usual Banach space (C°(U;R?), | - lcou;ray) of continuous functions,
which is equipped with the supremum norm || f{| co(¢,ray := HfHCl())(U;]Rd) = sup,ep [ f(w)].
@iv) C;]foz 7(U; R?), with k € No, U < R™ (open, if k > 1), and 7y € [0, c0), denotes the vector space

of functions f € C*(U;R) of ~-polynomial growth such that

Hﬁaf( I _
f k = Imax sup
Ifllex, @wma aeNT ety (1+ [ul)?

(v) C’k(U' Rd)ﬁ/ with k € No, U € R™ (open, if k£ > 1), and v € (0, 20), is defined as the closure of
CF(U;R?) with respect to | - Hck L(URY): Then, (CF(U;R?) || - \]C&M(U;Rd)) is by definition
a Banach space. If U < R™ is bounded, then CF(U;R?)" = CF(U;R?). Otherwise, f €

Ck(U;RY) if and only if f e CH(U; Rd) and Tim,. o, MaXaery, SUDuey, ju]>r frofo = 0

(see Lemma 4.1). For example, if f € C pol (% R?) with vo € [0,7), then f € CF(U;R?) .
(vi) C%(U;R%), with U < R™ open, denotes the vector space of smooth functions f : U — R? such
that supp(f) € U, where supp(f) is defined as the closure of {u € U : f(u) # 0} in R™.
(vii) L; OC(U ;R?), with U < R™, denotes the space of Lebesgue measurable functions f : U — R?
such that for every compact subset X < R™ with K < U it holds that { . || f (u)|du < co.
(viii) S(R™; C) denotes the Schwartz space consisting of smooth functions f : R”™ — C such that
the seminorms maxaenm Sup,epm (1 + |ul?)" |0af(u)|, n € No, are finite. Then, we equip
S(R™; C) with the locaily convex topology induced by these seminorms (see [17, p. 330]).
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Moreover, its dual space S’(R"; C) consists of continuous linear functionals 7' : S(R™;C) — C
called tempered distributions (see [17, p. 332]). Hereby, we say that f € L}OC(R’”; C) induces
Ty € S (R™C) if S(R™;C) 3 g — Tf(g9) := §zm f(u)g(u)du € C is continuous. For
example, if there exists some n € N such that §p.,, (1 + [lu]?) " |f(u)|du < oo, then the function
f € Lj,.(R™; C) induces the tempered distribution Ty € S'(R™; C) (see [17, Equation 9.26]).
Conversely, for an open subset U € R™, a tempered distribution 7' € S’(R™; C) is said to
coincide on U with fr € L}, (U;C)if T(g) = T}, (g) for all g € CX(U; C). In addition, the
support of any tempered distribution 7" € S’'(R™; C) is defined as the complement of the largest
open set U < R on which T € §’(R™; C) vanishes, i.e. T'(g) = 0 for all g € C(U;C).

(ix) So(R; C) = S(RR; C) denotes the vector subspace of functions f € S(R; C) with §, v/ f(u)du =
0 for all j € Ny (see [19, Definition 1.1.1]). Using the Fourier transform (see (1) below) and [17,
Theorem 7.5 (c)], this is equivalent to 1) (0) = 0 for all j € Ny.

x) LP(U, %, u;R?), with p € [1,0), U < R™, and (possibly non-finite) measure space (U, %, ),
denotes the vector space of (equivalence classes of) ¥/B(R¢)-measurable functions f : U — RY
such that

175 ety = ( | f(u)Hpu(du)) " <o,

Then, (LP(U, 2, u; RY), || - | Lo (U5, sr4)) is @ Banach space (see [38, p. 96]).

(xi) WkP(U, L(U), du;RY), with k € N, p € [1,00), and U < R™ open, denotes the Sobolev space
of (equivalence classes of) k-times weakly differentiable functions f : U — R? such that
Ouf € LP(U, L(U), du; R?) for all a € N (see [2, Chapter 3]). Then, the norm

T L |00 f (w)Pdu

m
ozENOJC

turns WP (U, L(U), du; R?) into a Banach space (see [2, Theorem 3.2]).

(xii) WhP(U, L(U), w;RY), with k € N, p € [1,00), U < R™ open, and £L(U)/B(R)-measurable
w: U — [0, 00), denotes the weighted Sobolev space of (equivalence classes of) k-times weakly
differentiable functions f : U — R% such that 0, f € LP(U, L(U), w(u)du; R?) for all v € NG
Moreover, w : U — [0, 00) is called a weight if w is a.e. strictly positive. In this case, the norm

s e@wzn = | Y] L [0 f () [P ()

m
O‘ENO,k

turns W P (U, L(U), w; R?) into a Banach space (see [29, p. 5)).
(xiii) WOP(U, L(U), w;R?), withp € [1,0) and U € B(R™), is defined as LP(U, L(U), w(u)du; R?).

Moreover, if the functions are real-valued, we abbreviate C*(U) := C¥(U;R), LP(U,%, 1) :=
LP(U, %, u; R), etc. Moreover, we define the complex-valued function spaces C*(U; C?) =~ C*(U; R?%),
LP(U, 2, p; C%) = LP(U, 2, u; R?9), ete. as in (i)-(xii) (except (viii)+(ix)) by identifying C¢ =~ R?9,

In addition, we say that an open subset U < R"" admits the segment property if for every u € oU :=
U\U there exists an open neighborhood V' < R™ around u € 0U and a vector y € R™\{0} such that for
every z € U n'V and t € (0,1) it holds that z + ty € U (see [2, p. 54]).

Furthermore, we define the (multi-dimensional) Fourier transform of any f € L'(R™, £(R™), du; C?)
as

R"3¢ — f(g) = J e*’fT“f(u)du e C?, (1
Rm
see [17, p. 247]. Then, by using [24, Proposition 1.2.2], it follows that

sup |7 = swp || e @] < | 1#@ldn = 1l e auzs. O

£eR™ £eR™

In addition, the Fourier transform of any tempered distribution T € S'(R™; C) is defined by T'(g) :=
T(g), for g € S(R™;C) (see [17, Equation 9.28]).
Moreover, we use the Landau notation: a,, = O(by,) (as n — 00) if limsup,,_, “

“ < Q0.

an
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2. UNIVERSAL APPROXIMATION OF NEURAL NETWORKS

Inspired by the functionality of a human brain, neural networks were introduced in [32] and are
nowadays applied as machine learning technique in various research areas (see [35]). In mathematical
terms, a neural network can be described as a concatenation of affine and non-linear functions.

Definition 2.1. For p € C°(R), a function ¢ : R™ — R% is called a (single-hidden-layer feed-forward)
neural network if it is of the form

N
R"su — ou) = Z Ynp (agu —by) € RY 3)

n=1
with respect to some N € N denoting the number of neurons, where ay, ...,ay € R™, by, ...,by € R, and
Y1, ..., yn € R represent the weight vectors, biases, and linear readouts, respectively.

Definition 2.2. For U € R™ and p € C°(R), we denote by NN Z g the set of all neural networks of the
form (3) restricted to U with corresponding activation function p € C°(R).

Hidden Layer

Input Layer
Output Layer

R™su o(u) e R?

OO0O0OO0

Figure 1. A neural network ¢ : R” — Rewithm =3,d =2,and N = 5.

In this paper, we restrict ourselves to single-hidden-layer feed-forward neural networks of the form (3)
and simply refer to them as neural networks.

2.1. Universal approximation. Deterministic neural networks admit the so-called universal approxima-
tion property, which establishes the denseness of the set of neural networks in a given function space
with respect to some suitable topology. For example, every continuous function can be approximated
arbitrarily well on a compact subset of a Euclidean space (see e.g. [11, 21, 37] and the references therein).

In order to generalize the approximation property of neural networks beyond the space of continuous
functions on compacta, we now introduce the following type of function spaces. For this purpose, we fix
the input dimension m € N and the output dimension d € N throughout the rest of this paper.

Definition 2.3. For k € No, U < R™ (open, if k = 1), v € (0, 0), we call a Banach space (X, || - | x)
an (k, U, ~)-approximable function space if X consists of functions f : U — R% and the restriction map

(CE®™RY, | ler, @mpa)3f = flve X ] ]x) )
is a continuous dense embedding.

Remark 2.4. The restriction map in (4) is a continuous dense embedding if and only if it is continuous
e — o
and its image is dense in X. By definition of C’lf (R™;R4) " in Notation (v), this is equivalent to

e R —
(CER™RY) | - | on z @®mrd)) 3 [ = flu€ (X, |- |x) being a continuous dense embedding.
pol,y ’

The continuous dense embedding in (4) ensures that the set of neural networks NN pU g © Xis

well-defined in the function space (X, || - | x), for all activation functions p € C¥(R) .

Lemma 2.5. For k € No, U € R™ (open, ifk > 1), v € (0,0), let p € CF(R) and let (X, | - |x) be

an (k, U, ~)-approximable function space. Then, we have NN, , < CF(R™; Rdy and NNT, , < X.

Let us give some examples of (k, U, y)-approximable function spaces in the following, which includes
in particular some of the standard function spaces introduced in Section 1.2.
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Example 2.6. For any k € No, U < R™ (open, if k = 1), and y € (0, 00), the following Banach spaces
(X, | - |lx) are (k, U, ~)-approximable function spaces:

Function space (X, | - | x) Notation | Additional imposed assumptions
IR .
(a) (Cy (TR, |- lop wma) . (i) | U = R™ is bounded
ke Ngand U < R™ (open, ifk > 1)
E(rr-mdy |l
(b) (Cb (UvR ) v“ HC}’leW(U;Rd)) ) none
ke Ny, U < R™ (open, if k = 1), and v € (0,0)
(LP(U, %, R, |- oo (0,3 uimey) ¥ =B(),
() k=0pe[l,0), UcR™, (x) | p:B(U) — [0,00] is a Borel-measure,
and measure space (U, %, u) and §,,(1 + ||Ju])"Pp(du) < o0
d (WE2(U, L(U), du; RY), || - w20, duske)) (xi) U < R™ has the segment property
keN, pe[l,0), and U < R™ open and U < R™ js bounded
, U < R"™ has the segment property,
k,p Rd
© (WEPU, L), wsRE), || lwer £ (0) i) ity | U = 10,00) is bounded,
keN, pe[l,00), U< R™ open, inf,ep w(u) > 0 for all bounded B < U,
and weight w : U — [0, o0) and §, (1 + ||Ju])"Pw(u)du < oo

Now, we assume that the activation function p € C’“ ( ) is non-polynomial. Since p € C’k( )
induces the tempered distribution (g — T),(g) := {3 p(s )ds) e S'(R; C) (see [17, Equation 9.26]),

this is equivalent to the condition that the Fourler transform Tp € §'(R; C) is supported at a non-zero
point (see e.g. [39, Examples 7.16]). Let us give some examples of non-polynomial activation functions.
Example 2.7. For k € Ny and v € (0,0), the following functions p € Cf (R)V are non-polynomial,
where its Fourier transform T, € S'(R; C) coincides on R\{0} with the function fT e L} (R\{0};C):

peCHR) keNo 7e(0,2) | fr € L}, (R\{0};0)
(a) Sigmoid function p(s) = HTp) keNg v>0 fTAp &) = smil:rrf
(b) Tangens hyperbolicus p(s) := tanh(s) keNg v>0 f”fp &) = sm1:r72/2)
(¢c) Softplus function p(s):=In(l+exp(s)) | keNy v>1 fT; € = fsmh 7r§)
(d) ReLU function p(s) := max(s,0) k=0 ~v>1 fTAp €)=

To obtain the first main result of this paper, namely the universal approximation property of neural net-
works within (k, U, 7y)-approximable function spaces, we combine the classical Hahn-Banach separation
argument with a Riesz representation theorem (see [11, Theorem 1] and [14, Theorem 2.4]) and follow
Korevaar’s distributional extension (see [26]) of Wiener’s Tauberian theorem (see [45]) to obtain a global
universal approximation result beyond compact subsets of R™. The proof can be found in Section 4.2.2.

Theorem 2.8. For k € No, U € R™ (open, ifk = 1), and v € (0,0), let (X, | - || x) be an (k,U,~)-
approximable function space and let p € C’f(R) be non-polynomial. Then, NN pU g Is dense in X.

Remark 2.9. Theorem 2.8 extends the following universal approximation thereoms (UATs) from particular
function spaces and activation functions to more general cases:

(1) The UATs in [11, Theorem 1], [22, Theorem 2.4] (with sigmoidal activation), in [21, Theorem 2]
(with non-constant activation), and in [31, Theorem 1], [9, Theorem 3], and [37, Theorem 3.1]
(with non-polynomial activation) for the function space C°(U), where U < R™ is compact.

(ii) The UATs in [22, Corollary 2.3] (with sigmoidal activation), in [21] (with non-constant ac-
tivation), and in [31, Proposition 2] (with non-polynomial activation) for the function space
LP(U,B(U), p), where p € [1,00), U < R™, and p is finite and compactly supported.

(iii) The UATs in [23, Corollary 3.8] (with k-finite activation) and in [21, Theorem 3+4] (with
non-constant activation) for the function spaces C*(U;R?) or W*»(U, L(U), w), where k € N,

€[1,0), U € R™ is open, and w : U — [0, o0) is a compactly supported weight.

(iv) The UATs in [10, Theorem 4.13] and [44, Theorem 2.4] for the weighted space C,?(U ;RY) " but
without derivatives, where U < R"™ is arbitrary in [10], and where U = R™ in [44].

In particular, we are able to consider LP-spaces and weighted Sobolev spaces with non-compactly

supported measures/weights as well as weighted spaces C’f(U; R4) ', k € Ny, including the derivatives.



3. APPROXIMATION RATES

In this section, we provide rates to approximate a given function in the weighted Sobolev space
WP (U, L(U),w; R?) by a neural network, where k € Ng, p € [1,00), and U < R™ (open, if k > 1).

To this end, we apply the reconstruction formula in [42, Theorem 5.6] to obtain an integral repre-
sentation of the function to be approximated (see Proposition 3.4). For that, we first consider pairs

(¢, p) € So(R;C) x C;fol 7( ) consisting of a ridgelet function ¢ € Sy(R; C) (see Notation (ix)) and

an activation function p € Cp ol (R) (see Notation (iv)) satisfying the following admissibility condition,
which is a special case of [42, Definition 5.1] (see also [8, Definition 1]).

Definition 3.1. For k € Ny and v € [0, ), a pair (¢, p) € So(R; C) x CF

ot (R) is called m-admissible
ifﬁ e §'(R; C) coincides on R\{0} with a function fT c Llloc([[{\{()}7 C) such that

—~

CYP) = (%)m‘lf Mdﬁ e C\{0}. (5)
R0} ™

Remark 3.2. If (¢, p) € So(R;C) x C;I;om( ) is m-admissible, then p € C;]fol»y

polynomial. Indeed, otherwise the support of T, » € S'(R;C) is contained in {0} < R (see e.g. [39,
Examples 7.16]), which implies that (5) vanishes for any choice of 1) € Sp(R; C).

(R) has to be non-

Together with some suitable 1) € Sp(RR; C), most common activation functions satisfy Definition 3.1.

Example 3.3. For k € Ny and ~y € |0, ), let ¢ € So(R; C) be such that ) e CZF(R) is non-negative
with supp(v) = [(1, (2] for some 0 < (1 < (o < 0. Then, for every m € N and every activation
Sfunction p € C’;:Om(R) listed in the table below the pair (1, p) € So(R; C) x CF | _(R) is m-admissible.

pol,y
pe C,’;OM(R) keNy yel[0,00) | fz e Li, (R\{0};C)
(a) Sigmoid function p(s) = HTM keNg v>0 ffo (&) = sinil(?rg)
(b) Tangens hyperbolicus p(s) := tanh(s) keNyg v=0 fTAp €)= m
(c) Softplus function p(s):=In(l+exp(s)) | keNy v=>1 fﬁ € = EmT(ﬂf)
(d) ReLU function p(s) := max(s,0) k=0 ~v=>=1 fﬁ(g) = 52

Moreover, there exists Cy, , > 0 (independent of m, d € N) such that |C’,(7;p’p)| > Cyp(2m/C2)™.

Next, we follow [8, 42] and define for every ¢ € Sy(R; C) the (multi-dimensional) ridgelet transform
of any function g € L' (R™, L(R™), du; R?) as

R™ xR 3 (a,b) — (Ryg)(a,b) = J P (aTu —b) g(u)|aldu e ce (6)
Rm
Then, we can apply the reconstruction formula in [42, Theorem 5.6] componentwise to obtain an integral
representation. The proof can be found in Section 4.3.1.
Proposition 3.4. For k € Ny and ~y € [0, 00), let (¢, p) € Sp(R; C) x Cpol (R) be m-admissible and let
g e LYR™, L(R™), du; RY) with § € L*(R™, L(R™), du; C%). Then, for a.e. u € R™, it holds that
f J (Ryg)(a,b)p (aTu —b) dbda = CWP) g(u).
m JR
In addition, we introduce the following Barron spaces which are inspired by the works [5, 15, 25].

Definition 3.5. For k € Ny, v € [0,0), and ¢ € So(R;C), we define the ridgelet-Barron space
IB%QIZ"Y(U :RY) as vector space of L(U)/B(R?)-measurable functions f : U — R® such that

N

k
1755 0y = inf (f | @1 ) o) o b)?dbda) <,
where the infimum is taken over all g € L' (R™, L(R™), du; RY) with g € L'(R™, L(R™), du; C?) and
g=fae onU.

Now, we present the second main result of this paper that consits of dimension-independent approxi-
mation rates for neural networks with general activation function. The proof is given in Section 4.3.4.
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Theorem 3.6. For k € Ny, p € [1,0), U < R™ (open, ifk > 1), and v € [0,00), let w : U — [0, 0) be
a weight such that

1
C(va) = (j (1+ Hu”)ww(u)du> ! < 0. (7)
U
Moreover, let (1, p) € So(R;C) x C}I;OI ,y( ) be m-admissible. Then, there exists a constant Cp, > 0

(depending only on p € [1,0)) such that for every f € W*P(U, L(U), w; RY) n IB%:Z’A’(U; RY) and every
N € N there exists some o € NN ‘& g having N neurons satisfying'

C[(hf)mpﬂ- 2—1 Hf“IB%Z}”(U;Rd)
If - SONHka(U,z:(U),w;Rd ¢ H/’Hc BT (o) 17 4 _ 1 ®)
‘Cm P ‘ T (mTH) 2 N min(2,p)

Theorem 3.6 provides us with an upper bound on the number of neurons /N € N that are needed for a
neural network to approximate a given function. Let us compare Theorem 3.6 with the literature.

Remark 3.7. Theorem 3.6 generalizes the following approximation rates in the literature by including
the approximation of the weak derivatives and by using more general activation functions:

(i) The rate O(l/Nl/Q) in [5, Proposition 1] for approximating functions f : R™ — R with
sufficiently integrable Fourier transform by neural networks (with sigmoidal activation function)
in L?(B,(0), B(B,(0)), ), where B,(0) := {u € R™ : |[u| < 7} with r > 0, and where
w: B(Br(0)) — [0, 1] is a probability measure.

(i) The rate O(l/Nl_l/min(27p)) in [12, Table 1] for approximating functions f : R™ — R being
in the convex closure of NN ’(}71 by neural networks (with sigmoidal activation function p) in
LP(U,B(U), ), wherep € [1,00), U < R™, and (U, B(U), u) is a finite measure space.

(iii) The rate (’)(1 /N 1/ 2) in [40, Theorem 2] for approximating functions f : R™ — R with suffi-
ciently integrable Fourier transform by neural networks (with linear combination of polynomially
decaying activation functions) in W*2(U, L(U), du), where U < R™ is open and bounded.

For a detailed summary on approximation rates for neural networks, we refer to [40, Section 1].

Next, we give a sufficient condition for a function f : U — R to belong to IB%Z’Y(U; R%). The proof of
the remaining results of this section can be found in Section 4.3.5.

Proposition 3.8. Let k € Ny, U < R™ (open, if k = 1), v € [0,0), and let 1) € So(R; C) such that

(1 := inf {|C| :Ce supp(¢)} > 0. Then, there exists a constant C1 > 0 (independent of m,d € N) such

that for any f € L*(R™, L(R™), du; R?) with ([y] + 2)-times differentiable Fourier transform, we have
1

C ~
fBZW(U;RdgC; > (me s F(©)|7 (1 + lg/ca?) d§>. ©)

BENG) [+

In particular, if the right-hand side of (9) is finite, it follows that f € BZ’W(U :R%).

In addition, we analyze the situation when neural networks overcome the curse of dimensionality in the
sense that the computational costs (here measured as the number of neurons N € N) grow polynomially

in both the dimensions m, d € N and the reciprocal of a pre- speciﬁed tolerated approximation error. To

(v 7p)

this end, we estimate the constant C , while a lower bound for ‘C P )‘ is given below Example 3.3.

Lemma 3.9. Ler k € Ny, p € [1, ) U < R™ (open, if k = 1), v € [0,00), and let U > u :=
(Uy ey tt) T = w(u) = [[% wo(w) € [0,00) be a weight, where wy : R — [0,00) satisfies
§g wo(s)ds = 1 and C(%p) = ({1 + |s|)7pwo(s)ds)1/p < 0. Then, Cgf) < C'H(glfgmwrl/p.

Proposition 3.10. For k € No, p € (1,0), U < R™ (open, if k = 1), and y € [0, 0), let w : U — [0, o0)
be a weight as in Lemma 3.9. Moreover, let (¢, p) € Sp(R; C) x C’;;Ol -(R) be a pair as in Example 3.3. In
addition, let f € WFP(U, L(U), w; R?) satisfy the conditions of Proposition 3.8 such that the right-hand
side of (9) satisfies O (m*(2/¢2)™(m + 1)m/2) for some s € Ng. Then, there exist some constants

Cy, C3 > 0 such that for every m,d € N and every € > 0 there exists a neural network oy € N/\/pUd
min(2,p)
with N = [CQmC% min(2,p) ~ 1] neurons satisfying | f — onllwr.n,c),wre) < €.

1Hereby, I" denotes the Gamma function (see [1, Section 6.1]).



4. PROOFS

4.1. Proof of results in Section 1. In this section, we show an equivalent characterization for functions
in the Banach space (CF(U;R9) , | - HCkOZ (U;rd)) introduced in Notation (v), where k € No, U € R™
(open, if k = 1), and € (0, 0). This generalizes the results in [14, Theorem 2.7] and [10, Lemma 2.7]
to differentiable functions defined on an open subset of a Euclidean space R™.

In the following, we denote the factorial of a multi-index « := (v, ..., ) € N by ol := [ [}, o
Moreover, for any r > 0 and ug € R™, we define B, (up) := {u € R™ : |u — ug| < r} and B, (ug) :=
{ueR™: |lu—wug| < r} as the open and closed ball with radius » > 0 around uy € R™, respectively.

Lemma 4.1. Let k € No, U € R™ (open, if k = 1), and v € (0,0). Then, the following holds true:
() IfU < R™ is bounded, then C¥(U; R4)’ = CH(U;RY),
(i) IfU < R™ is unbounded, then f € Cf(U; R4) " ifand only if f € C*(U;R?) and

Joaf@) _

lim max  sup (10)
r=20 aeNg', wetn B, (0) (1 + Jul)?
Proof. The conclusion in (i) follows from the definition of (CF(U;R9) || - || l (U;rd))- Now, for
pol,y 2

necessity in (ii), fix some f € Cf(U;R?) . Then, by definition of C}(U;RY) , there exists a sequence
(gn)nen S CF(U;R?) with limy,—e0 | f — gnl k., (URY) = = 0, which implies for every fixed r > 0 that

Ha f( )_ agn( )H
lim max sup [0nf(u) — Oagn(u)] < (1 +7)” lim max  sup
n—0 aeNfy uel A B, (0) ¢ o n—0 aeNgY e/~ B, (0) (1 + [ul)™

< (1+7r)7 nll—r>rolo |f = gnHCZ’;OM(U;Rd) 0.

This together with the Fundamental Theorem of Calculus shows that f|;;~p, (o) : U N B-(0) — RY is k-
times differentiable since for every fixed v € Nij", the partial derivative 0o f |7~ 5, (0) : U N B-(0) — R4
is continuous as uniform limit of continuous functlons Hence, by using that U is locally compact, it
follows from [36, Lemma 46.3+46.4] that 0, f : U — R? is continuous everywhere on U. Since this
holds true for every o € Ny, we apply again the Fundamental Theorem of Calculus to conclude that
f € C*(U;RY). Moreover, in order to show (10), we fix some ¢ > 0 and choose some n € N large
enough such that || f — g,|| ck,(URY) < /2. Moreover, we choose r > 0 sufficiently large such that

(1+7r) > 2&?_1Hgn\|0k (v;rd) holds true, which implies that

Noaf@)I _ |0a.f (1) = Oagn(u)| |0agn (u)]|

max sup max sup + max  sup
ool uern\ g, (0) (1 + [ul)” S ol et (L Jul)” aeNg' uet/\B,(0) (1 + [[ul))7

€ Hgn”Cf(U;Rd) €
<-4+ —"<
2 (I4r) 2
Since € > 0 was chosen arbitrarily, we obtain (10).

For sufficiency in (ii), let f € C’k(U ; Rd) such that (10) holds true and fix some € > 0. Moreover, we
choose some h € C°(R™) such that h(u) = 1 for all u € B;(0), h(u) = 0 for all u € R™\B(0), and
that there exists a constant Cj, > 0 such that for every a € Nj’, and v € R™ it holds that |0, h(u)| < Cp,.
In addition, by using (10), there exists some r > 1 such that

e aup JE0d
OCENOkueU\BT( (1"‘HUH)’Y 1+2k0h

+ - =c.

£
2

(11

From this, we define the functions R” 3 u — h,(u) := h(u/r) e Rand U 3 u — g(u) := hy(u)f(u) €
R?, which both have bounded support. Furthermore, note that by the binomial theorem, we have for every
a € N{* that

m o
2% < 2|a| (12)
b1, ﬁz;‘N 61'62 ﬁeZN:m ﬂ Bil(eu — 51 Hﬁ;o Ail(a H

B1+Bo=c vi: Bl<al
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Then, by using the Leibniz product rule together with the triangle inequality, the inequality (12), that
|0ahr(u)| = |0ah(u/r)| =1l < O, for any o € N{% and v € R™, and again the inequality (12), it
follows for every a € Nij", and u € U that

Oa < 0 0 < 2FC 0 . 13
10ag(u)| < N ;Nm 5116 ,I 8 I (w)] [ O, f (u) hﬁgrelgz,%k 10, f ()] (13)
B1+Ba=a

Hence, by using that dog(u) = Oa(hr(u)f(u)) = Oaf(u) for any o € Ni; and u € U n B,.(0) (as
hy(u) = 1 for any u € B,(0)), and the inequalities (13) and (11), the function g € CF(U; R?) satisfies

|00 f (1) — Oag(u)|

If = g“cgom(U;Rd) = max sup

aeNgy ver (L4 [uf)?
c max sup M@ —dag()] o 0]
aeNG wel/ A B, (0) (1 + [ul)” aeNT, uet\ By (0) (1 + ul)”
[ Pag(u)|

+ max sup
aeNg'y wet/\B,(0) (1 + [[ul)?

Oa
N 1 SN [0
aeN, uet\ 5, (o) (1 + [ul)? aeNg, uer\ 5, (0) (1 + [ul)?
g k 9
< —F—+2°Clh——F— =c¢.
112G, 2 “hTiakc, ©
Since £ > 0 was chosen arbitrarily, it follows that f € Ck(U;R9) . O

4.2. Proof of results in Section 2.

4.2.1. Proof of Lemma 2.5.

Proof of Lemma 2.5. Fix some p € Cf(]R)v, y € R? ¢ € R™, and b € R, and define the constant
Cyap = 1+maxeeny, [ya®| (1+|al+[b])7 > 0, where a® := [ ;2 aj" fora := (ax, ey G) T €R™

and o := (@1, ..., oy,) € NI, Then, by using the definition of C} (R)W, there exists some p € CF(R)
such that

lp — Pl cx ‘= max sup |'0(j)(8) _ﬁ(j)(s” < < .
Cpoly’v(R) j=0,....k seR (1 + |S|)'y Cy,a,b

Hence, by using the inequality 1 + |a"u — b] < 1+ ||al||ul| + [b] < (1 + [a] + [b])(1 + [u), it follows
for the function yp (a’ - —b) := (u — yp (a'u —b)) € CF(R™;R?) that

) _ a_ ypllal) (qTy — @

T lyp!*V (aTu = b) a* — yp{*) (aTu — b) a*|
lvp (a”-=b) =yp(a" - =b)|ce (Rrit) = S P (1 + Jul)

Jyo (aTu—b) = yp (aTu—0)|
o
< <m§% Iy} (L + lal + 'bD) M uin (I FlaTu—b])
09 (5) = #9(s) e
S Cood IR T A s G

Since & > 0 was chosen arbitrarily and yp (a - —b) € CF(R™;R?), it follows that yp (a - —b) €
C’f (R™; Rd),y. Thus, by using that NN, 4 18 defined as vector space consisting of functions of the
form R™ s u — yp (aTu — b) e R%, with y € R%, a € R™, and b € R, the triangle inequality implies
that NN, 4 € CF (R™; Rd)ﬁ/ Finally, by using that (X, || - |x) is (k, U, v)-approximable function
space, i.e. that the restriction map in (4) is a continuous embedding, it follows that N N7 Ud S X. O
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4.2.2. Proof of Theorem 2.8. In this section, we provide the proof of Theorem 2.8, i.e. the univer-
sal approximation property of neural networks N N pU 4 in any (k, U,~)-approximable function space

(X, ] - |lx), where k € No, U < R™ (open, if k > 1), v € (0,0), and p € CE(R) .

The idea of the proof is the following. By contradiction, we assume that N'N? Ud S X is not dense in
X. Then, by using the Hahn-Banach theorem (as in [11, Theorem 1]), there exists a non-zero continuous
linear functional [ : X — R which vanishes on the vector subspace NN/ & 4 € X. Moreover, by using

the continuous embedding in (4), we can express [ : X — R on the dense subspace Cf(}Rm; R%) " with
finite signed Radon measures, which relies on the Riesz representation theorem in [14, Theorem 2.4].
Subsequently, we use the distributional extension of Wiener’s Tauberian theorem in [26] and that

pE Ck( )ﬂ/ is non-polynomial to conclude that [ : X — R vanishes everywhere on X. This however
contradicts the initial assumption that [ : X — R is non-zero. Hence, N N7 U,q must be dense in X.

In order to prove Theorem 2.6 as outlined above, we now first generahze the Riesz representation
theorem in [14, Theorem 2.7] to this vector-valued case with derivatives. Hereby, we define M., (R™)
as the vector space of finite signed Radon measures 7 : B(R™) — R with {p,,, (1 + |\u|\)7|n|(du) < oo,
where |n| : B(R™) — [0, c0) denotes the corresponding total variation measure. Moreover, we denote by
Z* the dual space of a Banach space (Z, | - | z) which consists of continuous linear functionals [ : Z — R
and is equipped with the norm 1] 7+ := sup,cz |.),<1 [1(2)].

Proposition 4.2 (Riesz representation). For k € Ng and v € (0,00), let | : CF(R™;R?)" — R be a
continuous linear functional. Then, there exist some signed Radon measures (na i)aeN™ = L,d S

M (R™) such that for every f = (fi,..., f2)| € CF(R™;R?) " it holds that

- 2 f O fi(1) ()

-
aeNO &L

0,k’

Proof. First, we show the conclusion for k& = 0 and d = 1. Indeed, by defining R™ 3 u +— (u) :=
(1 + |ul)” € (0,00), the tuple (R™, 1)) is a weighted space in the sense of [14, p. 5]. Hence, the
conclusion follows from [14, Theorem 2.4].
Now, for the general case of £ > 1 and d > 2, we fix a continuous linear functional [ : C’f (R™; R9)
R and define the number M := \Ng?k - d as well as the map
CRR™RY 5 f = E(f) = (Cafddeng, int,..a € CRR™RI).

0,k’

Moreover, we denote by Img(=) := {E(f) : f € CE(R™;RY) } < CY(R™; RM)” the image vector
subspace. Then, by using that 2 : CF(R™;R%) — Img(Z) is by definition bijective, there exists an
inverse map =~ ! : Img(E) — CF(R™; Rd)v. Moreover, we conclude for every f € Cf(R™;R?) " that
1oaf ()]
f m.pd) = MAX SUp
= Ml = S8 250 T Tl
[0af ()] _ [(Cafi)aenyy, i=1,...a
)

E—l((aafi)aeNgjk, izl,...,d)‘

Cloy o (RI5R)

= Sup max
ueR™M aENO & (1 + HUH) ueRm (1 + HU

= Hf”ck 1y (RTRM)>

which shows that 27! : Img(Z) — CF(R™; Rd) is continuous. Hence, the concatenation [ o =7 :

Img(Z) — R is a continuous linear functional on Img(=), which can be extended by using the Hahn-
. . . T VA

Banach theorem to a continuous linear functional [y : Cp(R™;RM)  — R such that for every f €

CE(R™; RY) it holds that
lo((Oafi)aeny, i=1,...d) = (lo27) ((Oafi)aeng, ,i=1,...d) = L(f)- (14)

Now, for every fixed a € N, and i = 1, ..., d, we define the linear map CUR™) 3 g lai(g) ==
lo(gea,i) € R, where e, ; € RM .— RNo&l ~ RINGRI « RY denotes the (v, 4)-th unit vector of
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m |, m 0 e~ . . 0 T AN
RM = RMNGuI? ~ RING! « R, Then, for every g € CO(R™), it follows with Z := CO(R™; RM)
that

llai(9)] = [lo(9eai)| < [loll 2+ geasilco,, @mmry = lollz+lglco, wm),

which shows that [, ; : C’I?(Rm) — R is a continuous linear functional. Hence, by using (14) and by
applying for every a € N, and 7 = 1, ..., d the case with k = 0 and d = 1, there exist some Radon

ey ——
measures (na,i)aeNng7i:17,,.7d e M, (R™) such that for every f € C{f (R™; R9) " it holds that

d
= Z Z la,i(aafiea,i)
aeNm i=1
= Z Z aaf i (U)a,i(du),
aeNg, i=1
which completes the proof. (]

Next, we show that every non-polynomial activation function p € C’f (R)  is discriminatory in the
sense of [11, p. 306]. To this end, we generalize the proof of [9, Theorem 1] from compactly supported
signed Radon measures to measures in M., (R™). Hereby, we follow the distributional extension of
Wiener’s Tauberian theorem in [26, Theorem A].

Proposition 4.3. For v € (0,0), let n € M. (R™) be a signed Radon measure and assume that
p € CY(R) " is non-polynomial. If for every a € R™ and b € R it holds that

f P (aTu —b) n(du) =0, (15)
then it follows that n = 0 € M~ (R™).

Proof. We follow the proof of [10, Proposition 4.4 (A3)] and assume that p € Cg (]R)’Y is non-polynomial.
Then, by using e.g. [39, Examples 7.16], there exists a non-zero point ¢y € R\{0} which belongs to the
support of f’; e §'(R; C). Moreover, let n € M. (R™) satisfy (15) and assume by contradiction that
n € M, (R™) is non-zero.

Now, for every a € R™, we define the push-forward measure 7, := n o (aT-)_l : B(R) - R by
na(B) :=n({u € R™ : a'u € B}), for B € B(R). Moreover, for every fixed A € R\{0}, we define
the function R 5 s — p)(s) := p(As) € R. Then, by applying [6, Theorem 3.6.1] (to the positive and
negative part of € M, (R™)) and by using the assumption (15) (with Aa € R™ and \b € R instead of
a € R™ and b € R, respectively), it follows for every a € R™ and b € R that

f pa(s —b)ny(ds) = J p (Aa"u — \b) n(du) = 0. (16)
R m

Since n € M, (R™) is non-zero, there exists some a € R such that na : B(R) — R is non-zero.
Hence, there exists some h € S(R; C) such that (z — f(2) := (h*1q)( =(ph(—2z—s na(ds))
L' (R, L(R), du; C) is also non-zero. Then, by using that the Fourier transforrn is injective, f R—C
is non-zero, too, i.e. there exists some ¢; € R\{0} such that J?(tl) # 0. Hence, by using [17, Table 7.2.2],
the function (z — fo(2) := f(z)e""%) € L}(R, L(R), du; C) satisfies f0(0) = f(t1) # 0. Moreover,
we choose \ := % € R\{0} and define the function R 3 z + pg(z) := pr(2)e "% € C.

Next, we use [6, Theorem 3.6.1] (applied to || : B(R™) — [0, 0)), the inequality 1 + [Aa"u — b| <
L+ |Ala]|w] + |A|]b] < max(1, |A[)(1 + [la|)(1 + |b])(1 + |u|) for any a,u € R™ and b,y € R, the
inequality (1 + [b])” < 27(1 + |b[2)7/2 <27(1+ |b|2)h/2] for any b € R, and that for every y € R the
reflected translation R 3 b — Ey (b) := h(—y — b) € R of the Schwartz function h € S(R;C) is again a
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Schwartz function (see [17, p. 331]) to conclude for every y € R that

| [ 1= 0)lor(s = Dlimaltdsidb = | Jbc=y =0}l | [o (vaTu = 20)] by
R JR Rm™ R

p(Aa"u— b
= fR =t <f€‘§£ﬂ (1| +(|AaTu - A2||)”> J (1 PaTu =28 Il

< max(0, D1+ Jal)” (s 2O ([ ey = olcs o) [ o ful) ol

SGR

e 2]+
< max(L, ) (1 + Jal) Ioles, <su§ ]hy@)\ (1+ %) )

| (JR 1+1b2db) JR(I + ul) |l (du) < o

Then, by using the substitution z — s — b and the identity (16), it follows for every y € R that

(fo % po)(y j Fly — )0 ) (et = ¢ j (h* 1) (= — y)pa(2)d=
R

= ¢ty JR JR h(z —y — 8)pa(2)na(ds)dz = €Y JR h(—y — b) jR pA(s — b)na(ds)db = 0(,18)

(7)

where (17) ensures that the convolution fo * po : R — R is well-defined.

Moreover, let ¢ € S(R; C) such that gi)(f) =1,forall ¢ € [—1,1], and gi)(f) =0, forall £ € R\[-2,2].
In addition, for every n € N, we define (s — ¢, (s) := %qﬁ(n)) e S(R;C). Then, by following the
proof of [26, Theorem A], there exists some large enough n € N and w € L'(R, £(R), du) such that
w * fo = ¢a, € S(R; C), Hence, by using (17), we conclude for every g € S(R; C) that

(Tho * d2n) (9) = Tpy (d2n(— ) * g) = (g * P2n * p0)(0) = (g * w = fo + po)(0) =0,  (19)
where ¢, (— -) denotes the functlon R 3 s — ¢a,(—s) € R. Thus, by using [17, Equation 9.32]
together With (19), i.e. that @ /p\o = m =0 e §'(R;C), and that @(f) = <$(2n§) = 1 for any
¢ €[5, 5], it follows that Tpo e S'(R; C) vanishes on (—o, o).

2n’ 2n
Finally, for any fixed g € C*((to — 2n|)\‘ Jto + 2n|)\|) C), we define (z — go(z) :== g (5 +1t0) ) €
CX((—5=, 5); C). Hence, by using the definition ofT € §'(R; C), the substitution ¢ — &/A, [17
Table 9.2.2], and that TpO € §'(R; C) vanishes on (—3-, %) we conclude that

To(g) = T,(3) = pr@)a(s)ds _ jRpuc)a(Aodc _ jR po(O)e g (- N (C)d=
(20)

_ jR P0(Q)G(C)AC = Ty (G0) = T (g0) = 0,

where m) denotes the Fourier transform of the function (s — g(s/\)) € S(R; C). Since the function
g e CP((to — #IM’ to + #I/\\)’ C) was chosen arbitrary, (20) shows that T, € S'(R; C) vanishes on
the set (to — ﬁw, to + ﬁ) This however contradicts the assumption that ¢y € R\{0} belongs to the
support of T}, € §'(R; C) and shows that n = 0 € M., (R). O

Next, we show some properties of measures 1 € M., (R™), v € (0, 0), whenever they are convoluted
with a bump function. To this end, we introduce the smooth bump function ¢ : R™ — R defined by

o C’e_m, u € B1(0),
olu): {0, u e R™ B (0),

where C' > 0 is a normalizing constant such that |¢|| L1 (Rm,L(Rm),du) = 1. From this, we define for
u

every fixed 6 > 0 the mollifier R™ 3 u — ¢5(u) := 6,” ¢ (%) € R. Moreover, for any ~y € (0, ) and
n € M, (R™), we define the function R™ 3 u — (¢ % 1)(u) := (g ¢s(u —v)n(dv) € R

Lemma 4.4. For vy € (0,0), letne M,(R™) and f € C’I?(]Rm)w. Then, the following holds true:
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(i) For every § > 0 the function ¢5 1 : R™ — R is smooth with 0 (ps * 1) (u) = (Oads * 1) (u)
forall o € NI and u € R™.
(ii) Forevery > 0 and o € Ni* it holds that

limy sup | f(u)da(és = m)(u)| = 0.
"% uerRm\ B, (0)

(iii) For every § > 0 and o € Ny it holds that 0o, (¢ps * n)(u)du|B(Rm) e M, (R™).
(iv) Forevery > 0 and o € Ni' the map

oY
(CR™) L o, @my) 3 f = . (u)0a(@s * n)(u)du € R
is a continuous linear functional.
(v) For every § > 0 it holds that

f(u)(¢s = n)(u)du = f f(u+y)n(du)gs(y)dy.
Rm m Rm
(vi) It holds that

lim | f)(0s m)(du = | fl)n(du)
—0 Jrm R™

Proof. Fix some v € (0,00),n € M,(R™), f e C’E(Rm)v, 0 > 0, and o € Ni". For (i), we first show
that 0,¢s * 1 : R™ — R is continuous. Indeed, we observe that for every u, ug, v € R™, it holds that

max (|0nds(u — v)|,|0ads(ug — v)|) < C11 := sup |Oads(u1)| < o0. (21)

u1ER™
Then, the dominated convergence theorem (with (21) and that n € M., (R™) is finite) implies that
lim (Jadps * n)(u) = lim Oats(u—v)n(dv) = | dads(uo — v)n(dv) = (Cads * n)(uo),
u—ug uU—uo Jrpm R™

which shows that 0,¢s * 7 : R — R is continuous. Moreover, for every fixed 8 € N and [ = 1,...,m
(with e; € R™ denoting the [-th unit vector of R™), we use the mean-value theorem to conclude for every
u,v € R™ and h € R that

max <‘ agqb(s(u + he; — Z) — 85¢5(u — U)

< Cia:= sup |0g4e¢s5(u1)| < .
uiER™

,|aﬁ+el¢a<u—v>|)
(22)

Then, the dominated convergence theorem (with (22) and that n € M., (R™) is finite) implies that

Ouy (Borts % m) () = lim L0898 * M+ her) = (G55 + 1) (u)

h—0 h
L 0gps(u + hep —v) — dgos(u —v)
“im . ; i
= Jon Op+e,Ps(u —v)n(dv) = (Ip1e, 05 * n)(u).

Hence, by induction on 3 € N[, it follows that J,,(¢5 * 1) (u) = (Oads * n)(u) for any u € R™. This
together with the previous step shows (i).

For (ii), we use (i), that supp(¢s) = B;(0) implies supp(dnps) < Bs(0), the inequality 1 + = + y <
(1 + x)(1 + y) for any 2,y > 0, that the constant C13 := Supyegm |Oa®s(y)| > 0 is finite, and that
n € M, (R™) to conclude that

Cra = sup ((1+ ul)"[(ds *n)(u)]) < sup Jm(l + [u])7 0ads(u — )] |nl(dv)du

ueR™ ueR™

< sup f (1 + [u = o] +[v])7 [0a¢s(u = v)[ n](dv) < Cra(1 + 5)”J (1 +[ol)7Inl(dv) < oo
<



14

Hence, by using this and that f € Cp(R™) " together with Lemma 4.1, it follows that

. . 7)) )

1 RO — 1 AL 7 05 *

rg&ueRTsnligr(O)|f(u) (o=t ’"L%ue@g,\(m((lﬂw)”( ¥ 1l 10a{ds )
=Cufiy s <o

ueR™\ B,(0)
which shows (ii).

For (iii), we first prove that 0o (¢ 1) (u)du| BRm) B(R™) — R is a signed Radon measure. For this
purpose, we denote its positive and negative part by 75 + := + (0a(ds * n)(u)) 1 du} BER™) * B(R™) —
[0, 00] satisfying 15+ — 15— = Oa (@5 * n)(u)du|B(Rm), where s; := max(s,0) and s_ := —min(s, 0),
for any s € R. Moreover, we define the finite constant C'5 := sup,cpm |0a®s(u)| > 0. Then, for every

u € R™, we choose a compact subset X — R with u € K and use that n € M, (R™) is finite to
conclude that

) =+ [ @utosemu)cdu ([ au ) supl(@us wn)w)

ue K

=i K]

< K| sup jR 2ads(u — v)| n](dv) < Cus K In|(R™) < oo.
Uue m

This shows that both measures 75 + : B(R™) — [0, o] are locally finite. In addition, it holds for every
B e B(R™) that

i (B) = % | (@ulos xn)(u), du

= inf {if (Oa(¢ps *m)(u)) . du: U < R™ open with B < U}
u +
= inf {ns; +(U) : U < R™ open with B < U},
which shows that both measures 75 1 : B(R") — [0, o0] are outer regular. Moreover, it holds for every
B e B(R™) that
ma(B) = % [ (@alos e, du

= sup {-I_—J (Oa(gs *n)(u)), du : K < B relatively compact}
X +

= sup {ns,+ (K) : K < B relatively compact},
which shows that both measures 75 1 : B(R"™) — [0, 00] are inner regular. Hence, both measures 7; + :
B(R™) — [0, o0] are Radon measures and 0, (s * n)(u)du|B(Rm) = N5+ — Ns5— : B(R™) — [0, 0]
is thus a signed Radon measure. Furthermore, by using the triangle inequality, that supp(¢s) = Bs(0)

implies supp(0a¢5) < Bs(0), the inequality 1 +z +y < (1+x)(1+y) forany =,y > 0, the substitution
y — u — v together with 0 ds || 1 (mm £(Rm) du) < O, and that n € M., (R™), we have

f (14 [ul)7 205 * ) (w)] du < j f (L + )" abs(u — v) | duln] (dv)
R™ Rm JRm

< f mfmﬂ T Ju— o] +[ol)" [Gads(u — v)] duln|(dv)

<6

<oy (sup [ oatstuolaa) ([ e ol i)

veR™
< (14 0)7[0ats]l L2 (e £ ™) du) (JR (1+ Ivl)'ylnl(dv)) < 0.

This shows that 0, (¢g * 1) (u)du e M, (R™) is a finite signed Radon measure.
B( v

R™)
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For (iv), we use (iii) to conclude that the constant Cg := §g... (1 + [u)Y [(¢s * 1) ()| du > 0 is finite.
Then, it follows for every f € CP(R™) " that
|f ()] ) J
< | sup = (14 [ul)” [0a(@s = n)(u)| du
( (1 +Jul)/ Jrm ¢

ueR™

J(w)0a(ds * n)(u)du

RmM

= Cusllflleo, wm),

which shows that C)(R™) " 3 f +— §z... f(u)da(¢s * n)(u)du € R is a continuous linear functional.
For (v), we use the substitution v — v + y to conclude that

F@)@s = mdu= [ | fudstu = vn(do)d

-
:fmlwf@+yMWW%@Wy

For (vi), we define for every d € (0, 1) the function R 3 u — (s * f)(u) := (g ds(u—v)f(v)dv €
R. Then, by using the triangle inequality, that supp(¢s) = Bs(0), the substitution y — u — v together

with §po 96 (W)Idy = sl @m cm)auy = [0l @m c@mygn) = 1, the inequality 1 + 2 + y <
(1+ z)(1 + y) forany z,y > 0, and that f € C(R™) , it follows for every u € R"™ that

02 D)1 < [ Tontu = 0l L+ ol

YL
éfmm(u )|(1—|-Hv||)'y(1+H I+ . I)d

. O Y 4 @)
< ([ st o) (smp 5 ) 0 o7

< ([ 10st0lay) 171y, o0+ 070+ Jul?
<2 fles,  @m L+ ul)”.
Moreover, by using that f € CP(R"™) ", we conclude for every u € R™ that

|f ()]

[f(w)] < (Sup 7) L+ Jul)” < 1 flleo, m) (X +Jul)”. (24)

uekm (1 + [uf))

Hence, by using (v), Fubini’s theorem, the substitution v — v + y, and the dominated convergence
theorem (with (23), (24), (1 + |u[)Y € L*(R™, B(R™), |n|) as n € M.,(R™), and [16, Theorem C.7],
i.e. that ¢5 = f : R™ — R converges a.e. to f : R™ — R, as § — 0), it follows that

fim | f(és = e =tim [ | o+ ooty

6—0 Jpr

= lim . < . flv+ y)qbs(y)dy) n(dv)

which completes the proof. (|

Finally, we provide the proof of Theorem 2.8, i.e. the universal approximation property of neural
networks NA?, , in any (k, U, v)-approximable function space (X, || - | x), where k € No, U = R™

(open, if k£ > 1), and v € (0, 0), and where p € CF (]R)7 is the activation function.
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Proof of Theorem 2.8. First, we use that (X, | - | x) is an (k, U, ~)- approximable function space together
with Lemma 2.5 to conclude that NN, ; < CF(R™;R?)" and that VA7 Ua S

Now, we assume by contradiction that N A7 17,4 is not dense in X Then, by using that (X, | - | x) is
(k, U, ~)-approximable, i.e. that the restriction map in (4) is a continuous dense embedding, it follows

e e .
from Remark 2.4 that NN%,, g4 cannot be dense in Cf (R™;R4) . Hence, by applying the Hahn-Banach

theorem, there exists a non-zero continuous linear functional [ : C’If (R™;R4)" — R such that for every

¢ € NN§,. ,itholds that () = 0
Next, we use the Riesz representation result in Proposition 4.2 to conclude that there exist some signed

A — A
Radon measures (1a,;)aenr, ,i=1,...d € M~ (R™) such that for every f € CF(R™;R?) " it holds that

0,k

Z Z Qo fi(U)Nai(du).

aeNm, i=1JR™

Since /() = 0 for any ¢ € NN g, 4, it follows for every a € R™, b€ R, and i = 1, ..., d that
l (eip ()\aT . —b)) = Z J p(‘O‘D (aTu — b) a®nq,i(du) =0, (25)
aeNT? m

where e; p()\aT . —b) denotes the function R™ 5 u — ¢; p(AaTu — b) e R? with e; € R? being the i-th
unit vector of R%, and where a® := [[}"; aj* fora := (a1, ..., am) € R™ and a := (a1, ..., ) € NG

Now, we define for every fixed 6 > 0 the linear map /5 : Ck (R™;R4)" — R by

C’é‘“(Rm;Rd)7 sf - s Z Z &Ifz o5 *n)(u)du € R.

OcENmk i=1

Then, Lemma 4.4 (iv) shows that [ : C’f (R™;R4) " — R is a continuous linear functional as it is a finite

sum of the continuous linear functionals C (R™; Rdﬂ 3 [ $om Oafi(u)(és *n)(u)du € R taken over
o€ Ngfk and¢ = 1,...,d. Moreover, for every fixed ¢ = 1, ..., d, we define

R™ 5w hsi(u) = > (=1)1*13, (¢5 % nai) (u) € R,

m
O‘ENO,k

which satisfies hs;(u)du € M, (R™) as it is a finite linear combination of finite signed Radon measures
Oa (@5 * Nayi) (u)du € M~ (R™) taken over o € N{J',. (see Lemma 4.4 (iii)). Hence, integration by parts
together with Lemma 4.4 (ii) shows that

(= 3 2 j 8nfi(0) (95 % 1) (w)du

aeNm i

= 04|J‘ fz ¢6*naz)( )du

aeNm ':

:Z w)hsi(u)du.

R'Iﬂ
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Thus, by using this, Lemma 4.4 (v), and (25) (with b — aTy € R instead of b € R), it follows for every
aeR™ beR,and: =1, ...,d that

f p(aTu—b) hai(w)du =Y, f plel (T u —b) a® (@5 * a0) (u)du

m
OCENO,IC

p(\al) (aT(u +y) — b) a®Na,i(du)ps(y)du

Il
g
—

3

To—(b—a'y))) ¢s(y)dy = 0.

Rm& ~- -/

=0

Il
—
—
D
e
—
s}

Now, for every i = 1,...,d, we apply Proposition 4.3 with h;;(u)du € M. (R™) to conclude that
hsi(u)du = 0 € M. (R™), and thus hs;(u) = O for a.e. u € R™. Hence, it follows for every

f e CFR™RY) that
d
Is(f) = Z . fi(u)hsi(u)du =0,
i=1YR™

which shows that I5 : CF(R™; R?) — R vanishes everywhere on Cff(R™; RY).
Finally, we use Lemma 4.4 (vi) to conclude for every f € C{f (R™;R%) " that

d

d
=2 2 me Oocfi(u)toi(du) = Jim > Zme fiw)(@s m)(w)du = lim 15(f) =0,

m y — m y —
O‘eNo,k i=1 O‘eNo,k =1

which shows that [ : Cé“ (R™; R?) " — R vanishes everywhere. This however contradicts the assumption
that ! : CfF(R™;R?)" — R is non-zero. Hence, NA?, , is dense in X. O

4.2.3. Proof of Example 2.6+2.7. For the proof of Example 2.6 (e), we first generalize the approximation
result for compactly supported smooth functions in unweighted Sobolev spaces (see [2, Theorem 3.18])
to weighted Sobolev spaces WP (U, L(U), w; R?) introduced in Notation (xii).

Proposition 4.5 (Approximation in Weighted Sobolev Spaces). For k € N, p € [1,0), and U < R™
open and having the segment property, let w : U — [0,0) be a bounded weight such that for every
bounded subset B = U it holds that inf,egw(u) > 0. Then, {f|y : U - R?: f e CX(R™;R?)} is
dense in WrP(U, L(U), w; RY).

Proof. First, we follow [2, Theorem 3.18] to show that every fixed function f € WP (U, L(U), w; R?)
can be approximated by elements from the set {f|y : U — R?: f e C*(R™;R?)} with respect to
| llwwru,c0)wird)- To this end, we choose some h € C°(R™) which satisfies h(u) = 1 for all
u € B1(0), h(u) = 0 for all u € R"™\By(0), and for which there exists a constant C}, > 0 such that for
every a € Ni and u € R™ it holds that [0y (u)| < Cj. In addition, we define for every fixed r > 1
the functions R™ 3 u + h,.(u) := h(u/r) e Rand U 3 u — f,(u) := f(u)h,(u) € R?, which both
have bounded support. Then, by using the Leibniz product rule together with the triangle inequality, that
|0ahr(u)| = |0ah(u/r)| 7%l < Cy, for any a € N7, and u € R™, and the inequality (12), it follows for
every a € Nii¥ and u € U that 7

p

al
Oafr(uw)|P < ——— 10, hr 0
YAM] MZ;NSH 1511 lr (W19 (W)
B1+Bo=a

< 2PCP max |0 w)|P
;o 105, 0]

<2CP N |dg, f(w)]P.

B2ENGY,
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Hence, by using this, it follows for every V' € L(U) that

TAT—— Y f 0 fy () [Proar) du

aeNm

1
1 p
< INf% [P | max Oa fr (W) |Pw(w)du
Nz (aeNg}JH () P (w) ) o6

<ro gl | Y f 10,7 ()P

B2 EN

=

<2°Cy, ‘N } |f||Wkp (V,L(V)w;Rd) < 0O

Thus, by taking V := U in (26), we conclude that f, € W*?(U, £(U), w; R?). Similarly, by using the
triangle inequality, that 0q f(u) = 0a(f(u)hr(u)) = du f(u) for any a € Ni, and u € U n B, (0) (as
h,(u) = 1 for any u € B,.(0)), and (26) with V := U\B,(0), it follows that

If - frHW’“’P(U,E(U),w;Rd) <|f- frHWk*l’(UmBT(0),L(UmBT(O)),w;Rd) +[f = frHW’“P(U\BT(0),£(U\Br(0)),w;Rd)

=0

< flwer B .c0nB @) wrs) T 1 lwrs 0B ©,.c00 @) wrd

k m 1
< (1 2O INGAI" ) 17 00\ e

Since the right-hand side tends to zero, as 7 — o, this shows that f € W*P(U, L(U), w; R?%) can be
approximated by elements of {f € W*P(U, L(U), w;R?) : supp(f) S U is bounded} with respect to
| lwr (U, c(0)w;re)- Hence, we only need to show the approximation of the latter by elements from
{flv: U >R : fe CPR™;RY)} with respect t0 [ - [y 1,217 wir) -

Therefore, we now fix some f € WP (U, L(U),w;R?) with bounded support supp(f) < U and
some £ > 0. Moreover, by recalling that w : U — [0, c0) is bounded, we can define the finite constant
Cy := sup,ey w(u) > 0. Then, by using that f(u) = 0 for any u € U\ supp(f), thus 0, f(u) = 0 for
any a € N, and u € U\ supp(f), and the assumption that Cf,,, := inf ecqupp(r) w(u) > 0, we have

5 p

s e@ s = | Y] fuaaf Wau| = 3 f 1o flPd

aeNg?, aeNgY, supp(f

RS

<ot | X[ easwreta] =i [ B[ eas@ireta
ae upp(f)

Nm aeNm

Cf_,i)”f”kaP(U,L‘(U)’w;Rd) < 0.

This shows that f € WP (U, L(U), du; R?). Hence, by applying [2, Theorem 3.18] (with U < R™
having the segment property) componentwise, there exists some g € C°(R™;R%) such that

T — fuaaf wg()|Pdu | <

aeNm

£
Cw’



19

Thus, by using that w : U — [0, 00) is bounded with C), := sup,,c;; w(u) < oo, it follows that

.
I1f = glwrr.ew g = | f 00 f (1) — Pag(w) P du
aeNm
1
P
<o ¥ f |0af () — Bag(u)|Pdu
aENm
<chiw=€.

Since f € WHkP(U, L(U),w;R?) with bounded support supp(f) < U and £ > 0 were chosen ar-
bitrarily, it follows together with the first step that {f|y : U — R?: f € CX(R™;R%)} is dense in
WP (U, L(U), w; RY). O
Proof of Example 2.6. For (a), we use that U < R™ is bounded to define the finite constant Co; :=
supyep (1 + |lu])7. Then, it follows for every f € CP(R™; R?) that

| flvllopmey = max sup [daf(u)]
OkueU

< <Sup(1+ u)7> max sup ——————— |9 ()]
uelU A€NGYy, uel (L + [ul)”

< C21Hf”cgom(ﬂw;ﬂed)-

Moreover, by using that { f|¢ : f € CF(R™;R%)} = CF(U; RY), the image {f|v : f € CF(R™;RY)} of
the continuous embedding (4) is dense in CF(U; R9).
- . . . . . CFURD is
For (b), the restriction map in (4) is by definition continuous. Moreover, by using that C;*(U; R?) " i
defined as the closure of C¥ (U; RY) with respect to | - Hck L(U3Rd); the image {g|y : g € Cf (]Rm RY)} =

CF(U;R?) of the continuous embedding (4) is dense in C’f(U, R%) .

For (c), we first recall that ¥ = 0. Then, we use that f € CP(R™; R9) is continuous to conclude
that its restriction f|;; : U — R%is B(U)/B(R?)-measurable. Moreover, we define the finite constant
Cao := §;(1+ |[ul|)"p(du) > 0, which implies that . : B(U) — [0, c0) is finite as p(U) = §; p(du) <
C32 < o0. Then, it follows for every f € CP(R™;RY) that

ol wsonase = ([ 1 du>
< (fUu Ll i)  sup O

wet (14 [ul)7

Chlflos, @nmey

which shows that the restriction map in (4) is continuous. In order to show that its image is dense, we fix
some f € LP(U, B(U), ;RY) and £ > 0. Then, we extend f : U — R to the function

f(u), wel,

Moreover, we extend p : B(U) — [0,0) to the Borel measure B(R™) 35 E — n(E) := p(U n
E) € [0, 0), which implies that f € LP(R™, B(R™), 7i; R?). Hence, by applying [6, Corollary 2.2.2]
componentwise (with 7z(B) = u(U n B) < u(U) < Cyy < oo for any bounded B € B(R™)), there
exists some g € C(R™; RY) = CP(R™; RY) with | f — g]| 1o m) zray < € Which implies

(s g’UHLP(U,B(U),u;Rd) =|f- gHLP(Rm,B(Rm),ﬁ;Rd) <ée.

Since f € C%(U;R?) and € > 0 were chosen arbitrarily, the image {f|v : f € C(R™;R?)} of the
continuous embedding (4) is dense in LP(U, B(U), u; RY).
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For (d), we first use that f Cf(}Rm; RY) is k-times differentiable to conclude for every o € Ng", that

Ouflu : U — R%is L(U)/B(R?)-measurable. Moreover, we use that U — R™ is bounded to define the
finite constant C3 := §,;(1 + |u/)?Pdu > 0. Then, it follows for every f € CF(R™;R) that

P
s e@) s = | Y fwaf ) [Pdu

aeNm

< (155 [ 1+ ) e sup LT

aeNg", uel (1 + [lul)r®
< (Cas NGy, ) \f”ck’ (Rm;R4)>

which shows that the restriction map in (4) is continuous. In addition, by applying [2, Theorem 3.18]
componentwise, {g|y : g € CX(R™;R?)} is dense in W*P(U, L(U), du; R?). Hence, by using that
CPR™;RY) < CFR™;R?), the image {g|v : g € Cf(R™;R?)} of the continuous embedding (4) is
dense in WkP(U, L(U), du; RY).

For (e), we use that f € Cé“ (R™; R?) is k-times differentiable to conclude for every o € Ng%
that 0, f|y : U — R%is £L(U)/B(RY)-measurable. Moreover, by using the finite constant Coy :=
§(1+ [u])Pw(u)du > 0, it follows for every f € Cf(R™; R?) that

P

U lwerwe@ymsn = | Y] f 100 f (w)Prw(a)du

aeNm

< (Il [ s |u|>7pw<u>du)l ma sup 12T UL

aeNg et (1 + ul)”
< (C2s |N6nk|) Hchk L (R™;RY)"
which shows that the restriction map in (4) is continuous. In addition, we apply Proposition 4.5
to conclude that {g|y : g € CX(R™;R%)} is dense in W*P(U, L(U), w;R?). Hence, by using that
CPR™;RY) < CF(R™;R?), the image {g|v : g € Cf(R™;R?)} of the continuous embedding (4) is
dense in W*P(U, L(U), w; RY). O

Proof of Example 2.7. First, we observe that p € C’k(R) is in each case (a)-(d) of polynomial growth,

which ensures that p € CF(R)  induces (g — T = {p p(s)g(s)ds) € S'(R; C) (see [17, p. 332]).
For (b), we recall that tanh’(¢) = cosh(&)™2 holds true for all § € R. Moreover, the Fourier transform
of the function (s — h(s) := W) e LY(R, L(R), du) is for every ¢ € R given by

~ 2w
h(§) = ———— = 2w tanh’(¢). 27
(5) COSh(f)2 T tan (5) ( )
Then, by using (g — (id ml)(g) = ml(id -9)) € 8'(R;C), [17, Equation 9.31] with R 3 s
id(s) := s € R, the definition of m € §'(R; C), the identity (27), and the Plancherel theorem in [17,
p. 222], it follows for every g € C°(R\{0}; C) that

T (i) = (10 T ) (9) =~ Tram (9) = (~)Tyomry (3
= (i) [ ran'(©)3(€)ds = 5 [ R(E)de 08)
R R

- () [ @t = | ) e)de

Hence, Tyann € S'(R; C) coincides on R\{0} with (¢ — fﬁ\} &) := W) e L} (R\{0};C).
For (a), we denote by (s — o(s) := 7 +exp( )) e CF(R ) the sigmoid function and observe that

o(s) = %(tanh (3) +1) forall s € R. Then, by using the linearity of the Fourier transform on &'(R; C),
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[17, Equation 9.30], that ﬁ(g) = 2md(g) := 2mg(0) for any g € S(R; C) (see [17, Equation 9.35]), the
identity (28), and the substitution £ — /2, it follows for every g € CZ°(R\{0}; C) that

—~ 1 1~ 1 —— . 2
To(9) = 5Ty (@) + 571(9) = 3Teamn (9(5) ) + 59(0)
1 —im ~ ~ —im (29)
= ——MmM— 2)dé = ——— dg§.
al (o) (82) i = | mlgutente
Hence, T, € S'(R; C) coincides on R\{0} with (¢ — J7(&) = ﬁ) e L} (R\{0}; C).

For (c), we denote by (s — o(1(s) := In(1 + exp(s))) € CF (]R)A/ the softplus function and observe
that £o(=V(s) = o(s) for all s € R. Then, by using [17, Equation 9.31] with R 5 s > id(s) := s e R
and the identity (29), it follows for every g € C°(R\{0}; C) that

—

Tonlidg) = (0 7,00) 0) = {7o(0) = § | g€ = | gpmgy (4-0)(€)ce.

Hence, T,(_1, -1 € 8'(R; C) coincides on R\{0} with (£ — fT/(—_\l) &) = Esm;hﬂ(ﬂf)) e L} (R\{0};C).

For (d), we denote by (s — ReLU(s) := max(s,0)) € CJ(R) the ReLU function and observe
that ReLU(s) = max(s,0) = %‘s‘ for all s € R. Moreover, the absolute value R 3 s — |s| € Ris
weakly differentiable with d%|s| = sgn(s) for all s € R, where sgn(s) := 1if s > 0, sgn(0) := 0,
and sgn(s) := —1if s < 0. Then, by using the linearity of the Fourier transform on &'(R; C), that
Z//’i\d(g) = 27id'(g) := 27ig’(0) for any g € S(R;C) with R 3 s — id(s) := s e R (see [17,
Equation 9.35]), [17, Equation 9.31], and [17, Example 9.4.4], i.e. that fs;l(g) = —2i SR d§ for any
g € CP(R\{0}; C), it follows for every g € C°(R\{0}; C) that

Trau(id-g) = > Ta(id-g) + 1TT| (id -g) = 2 ia-0Y(0) + 5 (14 1)) (o)

2
1 —~ —2i
- Tl = 5 [ Bae - [ ag©as
Hence, TreLu € S'(R; C) coincides on R\{0} with (5 = [ (8 ==~ ) e L}, .(R\{0}; C). O

4.3. Proof of results in Section 3.

4.3.1. Integral representation. In this section, we show the integral representation in Proposition 3.4. To
this end, we first prove that the ridgelet transform of a fixed function is continuous.

Lemma 4.6. Let ¢ € So(R; C) and g € L*(R™, L(R™), du; R?). Then, the function R™ x R 3 (a, b) —
(Ry9)(a,b) = §pm ¥ (a"u —b)g(u)|aldu € C is continuous.

Proof. Fix a sequence (ans, bar)neny © R™ x R converging to some (a,b) € R™ x R. Then, by using
the constants Cy, := sup,eg |1(s)| < o0 and Cy := supy ey [an| < o0, it holds for every M € N that

[ (agru = bar)g(u)]| < CaCyllg(w)],

where the right-hand side is Lebesgue-integrable. Moreover, by using that 1) € Sy(R; C) is continuous, it
follows that ¢ (a},u — bar) g(w)|ar| — ¥ (a’w —b)g(u)|al for any u € U, as n — oo, Hence, we can
apply the vector-valued dominated convergence theorem (see e.g. [24, Proposition 2.5]) to conclude that

hm (S)%g)(aM, byr) = hm (0 (a&u — b)) g(w)|an|du
RmMm

- [ v @) gwlaldu = o)D),
which completes the proof. U

In order to prove Proposition 3.4, we denote by S™~! := {v € R™ : |v| = 1} the unit sphere in
R™ and define the space Y™ *! := §™~1 x (0,00) x R. Then, for any ¥ € Sy(R;C), we follow [42,
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Equation 32] and define the ridgelet transform in polar coordinates of any g € L'(R™, L(R™), du; R?)
as

Y™ 5 (v,5,t)  — (S?Wg)(v,s,t) = f g(u)y (UTU — t> édu e C?. (30)

S

Moreover, we follow [42, Definition 4.4] and recall that the dual ridgelet transform 9{; of any @ :
S™=1 x (0,0) x R — C satisfying Q(v,s,vTu R ) = (z — Q(v,s,vTu — sz)) e S(R; C), for
allv e S™ 1, s e (0,00), and u € R™, is defined by

1
R"su (%TQ = hmf JQTP (@ (v,s,vTu—s-)) n}HdsdveRd.
sm—1 J§; S

61—0

Proof of Proposition 3.4. Fix a function ¢ = (g1,...,94)" € L'(R™, L(R™), du;R?) satisfying § €
LYR™, L(R™), du; C%). Then, the latter implies for every i = 1, ..., d that

s oo = | [BONE < [ 181 = 15l cmancy <2 GD

Hence, by using that (R,,g)(a, b) = 0 for any (a,b) € {0} x R, that (Ryg)(a,b) = (Ryf) (i, 2 )

lal > Tal> fal

for any (a,b) € (R™\{0}) x R, the substitution (R™\{0}) x R 5 (a,b) — (v,s,z) == (%, o a’Tu -

fal* Tal’

b) € S™ x (0,00) x R with Jacobi determinante dbda = s~ dzdsdv, and [42, Theorem 5.6] applied
to f; € LY(R™, L(R™), du) with fie LYR™, L(R™), du; C) (see (31)), it follows for a.e. u € R™ that

1 b
(Rypg)(a,b) au—b dbda = J ( ,)p a'u—b)dbda
... et o) fal Tal Tal ) # (@ # %)
o~ T
(L e s

| u (Rugi) ,,T_.) —_dsd
<61H—I>10Lm1f 1119 ('US’U'LL S) om sSav

59 —00

= (R W), = (C¥Pg(w) ], = Crgu

i=1,...,

-
Il
l—‘
a

which completes the proof. U

4.3.2. Properties of weighted Sobolev space W*» (U, L(U),w;R%). In this section, we show that the
weighted Sobolev space (WP (U, L(U), w, R?), |- lwk.p (U, £ (0 ,10,R4Y) introduced in Notation (xii)+(xiii)
is separable and has Banach space type ¢ := min(2, p).

Lemma 4.7. Let k € Ny, p € [1,0), U € R™ (open, if k = 1), and w : U — [0, 0) be a weight. Then,
the Banach space (WP (U, L(U),w,R%), | - lww (U, (0,0,ray) in Notation (xii)+(xiii) is separable.

Proof. First, we show the conclusion for k = 0, i.e. that the Banach space (WP (U, £(U), w; R?), | -
lworw,c)wrd)) == (LPU, LU), w(uw)duy; RY), | - | Lo (U, £(U),0(u)du;re)) defined in Notation (xiii) is
separable. For this purpose, we observe that B(U) is generated by sets of the form U n X2, [r1,712),
with 771,72 € Q, [ = 1,...,m. Moreover, by using that £(U) and B(U) coincide up to Lebesgue
nullsets and that w : U — [0, o) is a weight, ensuring that the measure spaces (U, £(U), w(u)du) and
(U, L(U), du) share the same null sets, we conclude that (U, L(U ), w(u)du) is countably generated up to
(w(u)du)-null sets. Hence, by using [13, p. 92] componentwise, it follows that (WP (U, L(U), w; RY), |-
lwor e wray) = (LP(U, LU), w(w)du; RY), | - | 1o, 20) a0(u)dusrety) 15 separable.

Now, for the general case of k > 1, we consider the Banach space (W*P(U, L(U), w,R%),| -
lwk.p(U,£(),,r4)) introduced in Notation (xii). Then, we define the map

WU, LU),w,RY) 5 f = E(f) = (0af)aenp, € X LP(U,LU), w(u)du,R?) =: Z,
7 O‘ENom,k
where Z is equipped with the norm |g|z := ZaeNng |gall e .2y, du,re)> Tor g = (ga)aeNgn’,k € Z.

Then, by using the previous step, we conclude that the Banach space (Z, ||| z) is separable as finite product
of separable Banach spaces. Hence, by using that W*P?(U, £(U), w,R%) is by definition isometrically
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isomorphic to the closed vector subspace Img(Z) := {E(f): f e WFP(U,L(U),w,R)} = Z, it
follows that (WP (U, L(U), w, R?), | - [y . (UL w Rd)) is separable. O

Moreover, we recall the notion of Banach space types and refer to [3, Section 6.2], [30, Chapter 9],
and [24, Section 4.3.b] for more details.

Definition 4.8 ([24, Definition 4.3.12 (1)]). A Banach space (X |- |lx) is called of type t € [1,2] if there
exists a constant C'x > 0 such that for every N € N, (f)n=1...n S X, and Rademacher sequence*
(€n)n=1,...,N on a probability space (2, F,P), it holds that

77777

N ak N t
E Z ann < Cx (Z |fng(> .
n=1 X n=1

Every Banach space (X, | - || x) is of type t = 1 with constant C'x = 1, whereas only some Banach
spaces have non-trivial type ¢ € (1, 2], e.g., every Hilbert space (X, | - |x) is of type ¢ = 2 with constant
Cx = 1 (see [3, Remark 6.2.11 (b)+(c)]). Moreover, (LP(U, %, u; R?), | - | Le (U, ;r4)) introduced in
Notation (x) is a Banach space of type ¢ = min(2, p) with constant C' Lr(U,s,uRd) > 0 depending only on
p € [1,00) (see [3, Theorem 6.2.14]). Now, we show that this still holds true for the weighted Sobolev
space (WEP(U, L(U),w;RY), | - lwk.»(U,£(U),w;rey) introduced in Notation (xii)+(xiii).

Lemma 4.9. Let k € Ny, p€ [1,0), U € R™ (open, if k = 1), and w : U — [0, 0) be a weight. Then,
the Banach space (W"P (U, L(U),w; R?), | - I kv (U,c(0),w;ra) introduced in Notation (xii)+(xiii) is
of type t = min(2, p) with constant Cyyx.p(, £(1) w;re) > 0 depending only on p € [1, ).

Proof. First, we recall that (W*?(U, L(U), w;RY), | - lwew(u,2(0),w;rey) is @ Banach space. Indeed,
this follows from [38, p. 96] (for k = 0) and [2, Theorem 3.2] (for & > 1).

Now, we fix some N € N, (f,)n=1... 8y S W*P(U, L(U), w; RY), and an i.i.d. sequence (€n)n=1,..N
defined on a probability space (€2, F, P) such that P[e, = +1] = 1/2. Then, by using Fubini’s theorem
and the classical Khintchine inequality in [30, Lemma 4.1] with constant C}, > 0 depending only on

€ [1,0), it follows that

[
Jun

N p 5 N p p
E Z €nfn =K Z €nOafn(u)| w(u)du
n=1 Wk (U,L(U),w;R?) aeNTY, n=1
N p v
= > J D €nfafn(u) ] w(u)du (32)
aeNm L In=1
N g v
<G Z f <Z [0 fr (u ) w(u)du
aeN™ YU \n=1
0,k

2A Rademacher sequence (€n)n=1,...,~ on a given probability space (ﬁ, F , Iﬁ’) is an i.i.d. sequence of random variables
(€n)n=1....n such that P[e, = +1] = 1/2.
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n=17

p/2
If p € [1,2], we use (32) and the inequality (27]1\;1 xn> < ZN p/ for any z1,...,xxy = 0 to
conclude that

1 1
N min(2,p) min(2,p) N P P
2| [$ e &[S
n=1 Wkp(U,L(U),w;RY) n=1 Wkp(U,L(U),w;RY)

(M|
3=

<a| 3 | (Zmafn ) w(u)du

aENm

Sl

A f\aafn )P w(a)d

n=1 aeNm

(Z anuwkp([]ﬁ U)wIRd)> .

This shows for p € [1, 2] that the Banach space (W*? (U, L(U),w; R?), | - lwp(,£(),w;rey) is of type
t = min(2, p), where the constant C;, > 0 depends only on p € [1, ).

Otherwise, if p € (2, 0), we consider the measure spaces ({1, ..., N}, P({1, ..., N}),n) and (N7, x
U, P(Ng}) ® L(U), p ® w), where P({1, ..., N'}) and P(Nf,) denote the power sets of {1, ..., N'} and
Ng'y respectively, and where P({1,..., N}) 3 A — n(4) := ZN La(n) € [0,00) and P(Ng},) ®
LWU) 3 (A,B) » (p®w)(A,B) = (Z%Nm 1a()) §zw(u)du € [0,00] are both measures.

Then, by using the Minkowski inequality in [24, Proposmon 1.2.22] with p = 2, it follows for every
feLl?({1,...N},P({1,...,N}),n; LP(I\%”,c x U, P(Nglk) ® L(U), p ® w;RY)) that

(33)
< HfHL?({1,...,N},P({L...,N}),n;Lp(NgfkxU,P(Ngfk)cac( U),u@uwiR4))-
Now, we define the map {1,..., N} x (Ng%, x U) 3 (n; a,u) = £(n;a,u) 1= da fn(u) € R satisfying

1
2

N ;
1€l 21, ML P N s Lo (8 < U P (N @) @i RE)) = DS fﬁ fn(u)[[Pw(u)du
= aeNm
N 2
- <Z |fn|12/Vk»P(U,L(U),w;Rd)> < X,
n=1
(34)

which shows that f € L2({1,..., N}, P({1, ..., N}),n; LP(Ng" x U, P(NI}, )QL(U), p®@w; RY)). Hence,
by using first Jensen’s inequality and then by combining (32) and (33) with (34), we conclude that

1 1
N min(2,p) min(2,p) N p 3
E 2 Enfn <E Z Enfn
n=1 Wk (U,L(U),w;R) n=1 Wk (U,L(U),w;RY)

1
P

6| % | (Eaafn ) w(u)du

aENm
= CprHLP(Ngfk ><U,P(Ngfk)®£(U),,u®w;L2({1,...,N},73({1,...7N}),77;Rd))

< Cplfll 21, Ny P N i Lo (N, U PN L) @i RY))

in min(2,p)
Z HfHWkp (U,L(U) wRd) .
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This shows for p € (2, c0) that the Banach space (WP (U, L(U),w;R?),|| - lwkp(,£(U),wrey) is Of
type t = min(2, p), where the constant C}, > 0 depends only on p € [1, c0). O
4.3.3. Randomized neurons and strong measurability. In this section, we randomly initialize the weight

vectors and biases inside the activation function to obtain the approximation rates in Theorem 3.6. To this
end, we first show that the map from the parameters to a neuron is continuous.

Lemma 4.10. For k € Ny, p € [1,0), U < R™ (open, if k = 1), v € [0, 0), andpeCzlfol (R), let

w: U — [0,00) be a weight such that the constant C . ) > 0 defined in (7) is finite. Then, the mapping
RYx R™ xR > (y,a,b) — yp (a - —b) € WkP(U, L(U), w, RY)
is continuous, where yp (aT . —b) denotes the function U 3 u — yp (aTu — b) e R4
Proof. Fix a sequence (yar, anr, bar) men S R? x R™ x R converging to (y,a,b) € R? x R™ x R.
Then, by using that yarag, (1 + [anr| + |bar|) converges uniformly in o € Niy to ya®(1 + [la| + [b]),
where a® = [, a" for a := (a1,..,a,)" € R™and a := (a1, ...,o4,,) € NI, the constant
Cy,ab += MaXaeNy, HyaaH (14 |la] + 16]) + suppsen (maxaeNm lyaea$yll (1 + Jans | + |bar])) = 0is
finite. Hence, by using that p € C’}’;Ol ,(R), i.e. that 1p9)(s)] < H,oHCkl ®)(1+[s])” forany j =0,....k
pol,y

and s € R, the inequality 1 + |aj,u — bys| < 1+ [an]||ul + [bar] < (1 + |aae] + [bar])(1 + [ul]) for
any M € Nand u € R™, it follows for every a € N, u € U, and M € N that

H?JMP o) (GMU —bm aMH lyarafy| ‘P(M (GMU - bM)‘
gl
< sl lly, ) (1+ Jadru —bur) a5)
< |lyaragy | (1 + HaMH o )Mpler, @y(L+[ul)?
< y,a, pol,'y(R)(l + HUH) N
Analogously, we conclude for every o € N, and u € U that
oD (agru = bar) | < Cuaplplien, 1+ Jul). (36)

Hence, by using the triangle inequality together with the 1nequa11ty (x +y)P < 2P~ (2P + yP) for any
x,y = 0 as well as the inequalities (35) and (36), it follows for every o € NO 4o W€ U, and M € N that

Hyp D (aTu—b) a® = ynp1*) (afpu— )
<ot (Hyp(‘o‘n aTu — b) a“ g + HyMp(lal) (a&u - bM) Q%HP> (37
<2C ol L+ e

Thus, by applying the R?%-valued dominated convergence theorem (see e.g. [24, Proposition 1.2.5], with
(37 and §; (1 + [u])"” w(u)du = (C((}w)) < oo by assumption), we have

i flyp (a® - =8) = yarp (adr - =0m0) sy, o) ey

=| > Jlim f Hyp('a') (a"u—b)a® = yarp!*V (ajyu — bar) af

M—0o0
aeNg, - U

which completes the proof. (]

Moreover, we fix throughout the rest of this paper a probability space (€2, F,P) and assume that
(@ )nen ~ tm and (by)nen ~ t1 are independent sequences of independent and identically distributed
(i.1.d.) random variables following a (multivariate) Student’s t-distribution.®> In this case, we write
(G, b )nen ~ tm ® t1. Then, we show that a randomized neuron with (ay,, by )nen ~ tm ® t1 used for

3For any m € N, a random variable a ~ t,, following a Student’s ¢-distribution has probability density function

m m —(m+1)/2
R™ 3 a > pa(a) = "L (1 4 af2) "2 € (0, 00).
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the weight vectors and biases inside the activation function, is a strongly measurable map in the sense of
[24, Definition 1.1.14], where we define the o-algebra F, ; := o({an,, b, : n € N}).

Lemma 4.11. For k € Ny, p € [1,0), U < R™ (open, ifk > 1), v € [0,00), and p € C]];ol,y( ), let
w: U — [0,00) be a weight such that the constant C’(va) > 0 defined in (7) is finite. Moreover, for

n € Nand an F, ,/B(RY)-measurable random vector y : Q — R%, we define the map
Qow — Ry(w):=yw)p (an(w)T - —bp(w)) € WhP(U, L(U), w, RY). (38)

Then, R, : Q — WHEP(U,L(U),w,R%) is a strongly (P, F,)-measurable map with values in the
separable Banach space (W*P?(U, L(U),w;RY), | - lww (U0 wiraY)-

Proof. First, we show that the map R, : Q — WFP(U, L(U),w,RY) takes values in the Banach
space (WHEP(U, L(U), w; RY), || - [y, P (U,£(U),wikd))> Which is by Lemma 4.7 separable. Indeed, since

C’;fol - (R) is k-times differentiable, it follows for every fixed w € Q2 and o € N, that U 5 u —
6aR (w) = y(w)plleDd (an(w)Tu — by (w)) an(w)® € RY is L(U)/B(RY)- measurable. Moreover, by
using that p € C;fom(R), i.e. that ‘p(j)(s)f < |\pHC§oM(R)(1 +|s|)Y forany j = 0,...,k and s € R, the
inequality 1 + |an(w) v — by (W) < 1+ [lan ()] [u] + [ba(w)] < (1 + [lan ()] + [bn(@))(1 + [ul)

for any u € R™, and that CUWUI))) = (5, (1 + [uf)Pw(u)du) Y2 < 0is finite, we conclude that

Rty = 3 |, [0 (000 = () an(e) | i)

aeNm

<[ 3 wwan@er fU(H|an<w>Tu—bn<w>l)”pw<u>du

m
C“ENO,k

< | X Iy@an@) P | (1 + lan(@)] + [ba(w)])? L(l + Jlul)Pw(u)du < oo.

m
QENo,k

This shows that R,,(w) € W*P(U, L(U), w; R?) for all w € .

Finally, in order to show that the map (38) is strongly (PP, 7, ;)-measurable, we use that >
w — (Y(w),an(w),by(w)) € RY x R™ x R is by definition F,;/B(R? x R™ x R)-measurable
and that R? x R™ x R 5 (y,a,b) — yp(a’ - —=b) € WkP(U, L(U), w;R?) is by Lemma 4.10 con-
tinuous to conclude that the concatenation (38) is F, »/B(W"*P(U, L(U), w; R?))-measurable, where
B(WHP(U, L(U),w; R%)) denotes the Borel o-algebra of (W*P (U, L(U), w; R?), |- lw e (U, 20 wiRaY)-
Since (WHP(U, L(U), w; R, | - lwkw(U,2(0),0re) is by Lemma 4.7 separable, we can apply [24, Theo-
rem 1.1.6+1.1.20] to conclude that (38) is strongly (IP, F, )-measurable. O

4.3.4. Proof of Theorem 3.6. In this section, we prove the approximation rates in Theorem 3.6. Let us first
sketch the main ideas of the proof. For some fixed f € W*P (U, L(U), w; R?) n IB%Z’V(U; R%) and N € N,
we use the randomized neuron R,, : Q — WHP(U, L(U),w, R?) in (38) with a particular linear readout.
Then, by using the integral representation in Proposition 3.4 implying that f = E[R,,], a symmetrization
argument with Rademacher averages, and the Banach space type of W*P(U, L(U), w,R?), we obtain

L N 5 3
Hf—NZ > (E[Ra] — Ru)
=1 llwrr(U,c),wRd) n=1 Wk (U,L(U),w,RY)
R, - .
- CH | 20,7 p W PULW) Rt

Nl_ min(2,p)
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where C' > 0 is a constant and where | Ry |12 7 p.wk»(U,£(1),w;r4y) €an be bounded by HfHBk,W(U.Rd).
) = ’ ) ) /d) 3

Hence, there exists some w € €2 such that the neural network ¢ := % 27]1\;1 R, (w) e NN Z} g satisfies

N|=

2

A

If— (PHW’“’P(U,ﬁ(U),w,Rd) E

1 N
f_NZRn

n=1

Wk (U,L(U),w,RY)
1Rull 20,7 2wk, c0) iR D))
<c W .
N min(2,p)

Proof of Theorem 3.6. Fix f € WEP(U, L(U),w; R%) N prﬁ (U;RY) and N € N. Then, by definition of
Bi’”(U; R?), there exists some g € L' (R™, L(R™), du; R?) with g € L' (R™, L(R™), du; C?) such that

[un

2

k4 mtL 1
([ [ 1ay ™ @ )™ ot ab)lPasda) < 20flaso g 9

From this, we define for every n = 1, ..., N the map
Qow — Ry(w):=yn(w)p (an(u})T - —by(w)) € WkP(U, L(U), w,RY) (40)

with

Qow > yu(w) = Re( Bhsg)(an (), b (1)) ) e R%, @1)

CS) pa(an (@))py(bn(w))

where p, : R™ — (0,00) and p, : R — (0, 00) denote the probability density function of the (multivariate)
Student’s ¢-distributions.® Then, by using that Ry R xR — C4 is continuous (see Lemma 4.6), we
observe that y,, : 2 — R% s Fap/B (R%)-measurable. Hence, we can apply Lemma 4.11 to conclude that
Ry, : Q — WFP(U, L(U), w; R?) is a strongly (P, F, )-measurable map with values in the separable
Banach space (WHP(U, L(U),w;RY), | - lwep (U, 20 wiR4Y)-

Now, we show R,, € L2(, Fop, P; WEP(U, L(U), w; RY)) and E[R,,] = f € WFP(U, L(U), w; R?).

To this end, we use that p € C¥, _(R), i.e. that PP (s)| < HpHCszoM(R)(l + |s|)7 forany j = 0, ..., k and

s € R, the inequality 1 + [a"u — b] < 1+ [lafu] + [b] < (1+ [a])(1+ [b])(1 + |u]) for any a,u € R™
and b € R, twice the inequality (z + y)? < 2(z? + y?) for any z,y € [0,0), and the finite constant
C[(]Wl’f) > 0 to conclude for every a € R™,be R, and j = 0, ..., k that

1 1
. P
<J ‘pm (aTu—b)‘ w(u)du)p <loler, @ (j (1+|aTu—b|)”’w(u)du)‘°
U pol,y U

< Ioleg @+ lal" @+ b ([ 0+ )P w(wae)’

X ol
<4lpllcx, @ (L+[al®)? (1+ [b%) 2 cir.

(42)



28

Hence, by using the inequality [a®| := [T, |a|* < (1 + HaH2)|aV2 <(1+ HaHz)k/2 for any o € NI,
and a € R™, the inequality (42), that !Ng‘k = Z?:o mJ < 2m*, and the inequality (40), we obtain that

| Rl L2 (0,7 piwsr (0,0 wosrdy) [Hynp (an - —bn) HW’“’P(U,L(U),w;Rd)] :

1
2

“E|[ Laa(ynp(a;ubn))pdu)

aeNgfk
C P pa anp, pb

1
( ;D) P
<Al gy 2" i
Pllck (R
P lw ’C;;L%P)’

2
p

- Z

m
O‘ENo,k

2
du)

| (Ryg)(an, bn) 2]

s lan]?) " (1 + |ba]2)”
pa(an)2pb(bn)2

VI

a “/+k bI2)?
< p|p\cWR)‘ e (Jm [ lel) () wg)(a,b>\2pa<a>pb<b>dbda)

o
<2 pHPHCk 1+ (R) ‘C(va)‘
m

1
2

( mET) fﬂf (1+ af2) 72 (1+|b\2)”+1(a%wg)(a,b)ﬁdbda)

(v:p) mil
UUJ mPT{' 4

Cr();hp)‘ T (m+1)

<2 PTI‘HPHC i )‘ 1HfH]Bkw (U;R%) < 0,
2
(43)
which shows that R,, € L?(Q, Fop, P; WFP(U, L(U), w; R?)). Moreover, by using the probability
density functions p, : R™ — (0,00) and pp, : R — (0, 00), Proposition 3.4, and that f = ga.e.on U, it
follows for a.e. u € U that

- (%4.9)(an, by) ) . ]
E[R,(u)] = E | Re a,u— by
[Rn(u)] (C(w,p)pa o) P )
m“’g (a,0) aTu—b) po(a)py(b)dbda
Jmf < oola )pb(b))p( ) Pa(a)ps(b)

= Re (C(}ZJM J - JR(%wg) (a,b)p (aTu —b) dbda)

= Re (C(}z,,p) cﬁvmg(u)) = g(u) = f(u).

Moreover, if £ > 1, we use integration by parts to conclude for every « € Ng'y, and h e CF(U) that

LaaE[Rn(u)] (u)du = ( |a|f w) 0o h(u)du = ( alf F(u)oah(u

_ J oo f (W) h(u)du
U

This shows for every o € Ny and a.e. u € U that 0o E[ R, |(u) = OuE[Ry(u)] = 0o f(u), which implies
that f = E[R,,] € WrkP(U, L(U), w;RY).
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Finally, we use that f = E[R, | € W"P(U, L(U), w; R?), the right-hand side of [30, Lemma 6.3]
for the independent mean-zero random variables (E[Rn] — Rn)n .... N (with i.i.d. (€)n= 1,..,N sat-
isfying Ple, = +1] = 1/2 being independent of (E[R, | — Rn)n=1,...,N)’ the Kahane- Khmtchine
inequality in [24, Theorem 3.2.23] with constant Ky 1in(2,5) > 0 depending only on p € [1, c0), that
(WHEP(U, L(U), w; RY), |- lwk.p(U,£(U),w;rey) is by Lemma 4.9 a Banach space of type min(2, p) € (1, 2]
(with constant C~’p i= Cyyrp(U,£(U),wird) > 0 depending only on p € (1,2]), that (Ry)n=1,..n ~ R are
identically distributed, and Jensen’s inequality, we obtain that

D=

1 & : N 2
Hf_NEl& 2, (ElRn] = o)
n=1  llwkr(U,L(U)w;RE) n=1 Whp(U,L(U),wiR)
N 2 2
n=1 Wk (U,L(U),w;R4)
1
min(2,p) min(2,p)
2K min u
< ZT@@E 2 en (E[R,] — Ry)
n=1 Wkp(U,L(U),w;RY)

=

25 ngmin 27 - min(2,p)
P<p>< IE[HIE[R |- R, Hwki’ﬁ)w)wm]

<
N n=1
20 pR2,min(2,p) e
= R | [E[R)] - Rl [
N~ wmeEn |E [R1] - wa (U.LU),wiRY)
20 P2, min(2 :
< ZP2minZp) g [HE [R1] — RlH%vW(U,L(U):w;R”] 2

N mmE
Hence, by using this, Jensen’s inequality, Minkowski’s inequality together with [24, Proposition 1.2.2],
the inequality (43), and the constant C), := 4Cpkg yin(2,)™ > 0 (depending only on p € [1,00)), it
follows that

20 p2 min(2, 3
'f -~ Z R, —p)E [HE[ 1] = RlHIQA/km(U,L(U),w;Rd)] i
Nia WEP(U,L(U),w;RY) N~
40 P2, min(2,p)
< — 7 IRl rpwrr o) wre)
N min(2,p)

k +1
(1), 5 et

4Cp52,min(2,) g+l Uw M7 1

HfHIBZ"Y(U;Rd)

< — P
N Nl_min%zp) Hp”CpOl V(R) P)‘ T (T'”H'l)%
2
C((]’Y p)mp/]r 2—1 HfH]BZ’V(U;Rd)

<C '
S pHpHC;’;DM(R) ’F LH) Nl_m
2

Thus, there exists some w € €2 such that o 1= 3; SN R,(w)e NN, satisfies

]

Cl(]{f)mpﬂ 4 Hf”]gg’“* U]Rd)

‘ o p)‘l—‘ m+1)2 N mm(2p)

If = enlwrrw oy wray = IF = @8 (W) lwrow, o) wre)

[N

<E|If - onliyrocwyun

I

< Gololr, @

which completes the proof. U
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4.3.5. Proof of Lemma 3.9+3.3 and Proposition 3.8.

Proof of Lemma 3.9. Let U 3 u — w(u) := [[;%; wo(u;) € [0,0) be a weight, where wg : R —
[0, 00) satisfies {; wo(s)ds = 1 and Cé&’fg = (g (1 + [s])Pwo(s)ds) Y2 — 5. Then, by using that

T+ Ju| <14+ X207 Jw] < X% (1 + |ul) forany w = (u1,...,um) " € R™, that (21 + ... + 2y,) 7P <
m? (] + ... + x}}) for any 1, ..., z,, = 0, and Fubini’s theorem, it follows that

coy — (L(l + ||u||>7pw<u>du);

1
m P
m'Y(Z(f 1+ Jw]) " wo(w) dul)HJ wo (u; duz>
1=1 \ZR
—_—— ———

i#1

(Cm)) -

(7.p) 'y+l
CR wo Py

which completes the proof. U

Proof of Example 3.3. First, we observe in each case (a) (d) that p € C;fol 7( ) is of polynomial growth
and thus induces the tempered distribution (g — T,(g) := SR ds) e §'(R; C) (see [17, p. 332]).
Now, we fix some m € N and ¢ € Syp(R; C) with non- negatlve w € Cgo( ) such that supp(¢)) = [¢1, Ca]
for some 0 < (7 < (2 < oo. Then, by using Example 2.7, the Fourier transform j“\p € §'(R; C) coincides

on R\{0} with the function fT e L} (R\{0};C) given in the last column of (a)-(d). Hence, in each case

loc

(a)-(d), we use that 1Z e CFL(R) is non-negative to conclude that

~ —~

clWr) — (QW)mlf de _ (2m)m- 1J 1/’(5)pr(§)

L ge 2o,
I BE

This shows that (¢, p) € Sp(R;C) x C’}’;OM

define the constant Cy, , := (27r)*1‘ S : fﬁ, (&)d¢ ‘ (independent of m € N) to conclude that

(&)
P CQ ’

which completes the proof. O

(R) is m-admissible. Moreover, in each case (a)-(d), we

—~

& (&) f7 () 2 07 (©) | ramym
(P,p)| _ m— 7119 77}) —
)| = (2mym? f e f e (@)

Proof of Proposition 3.8. Fix some f € L'(R™,L(R™),du;R?) with ([y] + 2)-times differentiable
Fourier transform. Then, for any fixed ¢ € {0, [y] + 2}, we use that (R, f)(a, b) = (Ry f)(v, s,t) for any
(a,b) € (R™\{0}) x R with (v, s,t) := (m H}TH W) where R, f is introduced in (30), the identities

[42, Equation (36)-(40)], c-times integration by parts, and the Leibniz product rule together with the
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chain rule, to conclude for every (a,b) € (R™\{0}) x R that
bRy f)(a,0) = Ry f) (v, 5,1)

- 1r f Flev)D(es)eictde

és)agc < igt) de
1 i¢ (3‘0

= ) 7 (f(fv)¢(68)> i€l dg

_ L s 8y Fren B (g 50— I8l ikt
2”%—%1m!(cwm)!fug”ﬂf@“w (Gpsm e

(44)

1 c!

=51 Vo=t D)0 18D) (¢ 5)eiét
27 2 ’5“(0—’5\)!L§(8> Opf(Ev) PN (gs)eit de.

ﬁeN(’fc

Therefore, by taking the norm in (44) and by using the substitution ( — &s as well as the inequality

(0/8)8) := | TT (on/5)Pt ] = TT0, Jur/sl® < (1 + [o/s]2)?V? < (1 4 1/52)7 for any v € S™1,
€ (0,00), and B € Nf'., we obtain for every (a, b) € (R™\{0}) x R that

‘”aﬁf o) [ gs)| de

! 07! Cv 181
o 2 e |G 17 ()| oS
5 (45)

) > CUN | [ 181
2ﬂ< ) P am’(g)H{w ()] ¢

BLED )™ Y f Jos Fica] [0+ o) ac
eNT?

1 c!
B 1(93.£) (@, b)| < %m M

N

N

B 0,[v1+

Hence, by using the inequality (z + y)* < 257!(2° + y*) forany z, y € [0,0) and s € [1,0) and the
inequality (45), it follows for every (a,b) € (R™\{0}) x R that

(4 12) 7 10N b)] < 23 (0D @B + 72581 e, 1))
P g™ 5 [ el [

ﬂeNm

M
46
<2 (40)
0,[v1+2

Moreover, by using Fubini’s theorem and that (R, f)(a, b) = 0 for any (a,b) € {0} x R, we have

1

Jo4 mtL 1 2
Wlatoen < ([ [ 00410275 04 127 080 0ot) Pt

(Hm Lo af?) T (1 )”*2<mf><a,b>u2da1+|b|2db)

+1

1
gy DIHEY T o 142 2 2 1 3
< [ sup j (Tt lal?) 7 (bR [Ref)ab)]) da j LIS
beR JRm\ {0} r 1+ (bl

(47)
Thus, by inserting the inequality (46) into the right-hand side of (47), using Minkowski’s integral inequal-
ity (with measure spaces (R"\{0}, L(R™\{0}), da) and (NG}, x R, P(Ng,) ® B(R), u ® d(), where
P(Ng) denotes the power set of Ni,, and where P(N{) 5 E'— p(E) := ZaENB"k 1g(a) € [0,00) is

the counting measure), the substitution £ — (a with Jacobi determinant d¢ = |(|"da, that (; := inf {|§ | :
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Ce supp(iz)} > 0, and the constant C; := 217127 =1/2([4] + 2)!max;_g (4142 §p |¢ (¢ ¢)|d¢ > o,
we conclude that

HfH]BZ’"’(U;Rd)

2

9 ]+k+m+5

v ! vkt T
<A ([ ()™ f |os Fca)] [B01+210 ()| dc | da

7T BeNm 1+

_ 2[;]([7]\/;2)1 Z f ‘w y+2-18]) (C)‘ <me H&gf(Ca ” (1+ Jal ) Y]+ k4 1S da)édc

/BGNTVL

1 (] + 2)! ’1/,( y +2—\BI)(C)’ < R B ) 1
S22 = 0 1+ =) d
I T e (L E A

) (me os @)1 (1 + le/cup?) dg) ,

SRS T

which completes the proof. U

Proof of Proposition 3.10. Fix some m,d € N and £ > 0. Moreover, let p € (1,00) and w : U — [0, ©0)
be a weight as in Lemma 3.9 (with constant Cu(gfg > () being independent of m,d € N and € > 0),
let (¢, p) € So(R;C) x C’I’jol ,(R) be a pair as in Example 3.3 (with 0 < (1 < (2 < o0 and constant
Cy.p > 0 being independent of m, d € N and £ > 0), and fix some f € WEP(U, L(U), w; RY) satisfying
the conditions of Proposition 3.8 such that the right-hand side of (9) satisfies O (m®(2/¢2)™(m + 1™/ ?)
for some s € Ny. Then, there exists some constant C' > 0 (being independent of m,d € N and € > 0)
such that for every m, d € N it holds that

S 3 ([ 1oa@r ety d&)l comt (2) et ay

Hence, by using Proposition 3.8 together with (48), Lemma 3.9, the inequality in Example 3.3, that I'(x

)
mAQ)C)™  (2e/m\m/2
\/M(x/e)m for any x € (0, 00) (see [18, Lemma 2.4]), and that (%/’22)7”(1/(228))”1/2 — ( 67T2 ) <
for any m € N, we conclude that there exist some constants Cy, C's > 0 (being independent of m, d €

and £ > 0) such that

A\

kE  m+1
C((}va)mp T 4 ”f”Bk,’Y(U,Rd)
Collcs , :

pol,R) ’CT(:L/J,P)’ T (mT-i-l)% lem

(49)

< (Cgmcg) l_m .

Hence, by using that f € BZ’V(U :R?%) (see Proposition 3.8), we can apply Theorem 3.6 with N =

min(2,p)
[02m03€ min(2,p)— 11 and insert the inequality (49) to obtain a neural network ¢ € NN pU g With NV

D=
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neurons satisfying

k 1
coPmen™ 1 lgtrime)

If = enllwerw.cw)wrey < Cpllpl|cr
P(ULU),wiRY) p pol,'v(R) Cgfaﬂ)lr(mTH)% Nl_m

I i

X

R <6
N ~ min(2,p)

which completes the proof. U
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