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Abstract

This thesis seeks to gain further insight into different classical problems
of mathematical finance under Knightian uncertainty. Random events are
called uncertain if their exact probabilities are unknown. Knightian uncer-
tainty is formalized by a set 3 of probability measures, where each proba-
bility measure P € B stands for a possible scenario of the law of the price
process. The results of the thesis are divided into four chapters.

In Chapter II, we establish the duality formula for the superreplication
price in a setting of volatility uncertainty. In contrast to previous results,
the contingent claim is not assumed to satisfy any continuity conditions (as
a functional of the stock price).

Given a cadlag process X on a filtered measurable space, we construct in
Chapter III a version of its semimartingale characteristics which is measur-
able with respect to the underlying probability law. More precisely, let Bgem
be the set of all probability measures P under which X is a semimartingale.
We construct processes (B, C,v") which are jointly measurable in time,
space, and the probability law P, and are versions of the semimartingale
characteristics of X under P for each P € Pgem. The second characteristic
C can be constructed as a single process not depending on P. A similar
result is obtained for the differential characteristics.

In Chapter IV, we develop a general construction for nonlinear Lévy
processes with given characteristics. More precisely, given a set © of Lévy
triplets, we construct a sublinear expectation on Skorohod space under which
the canonical process has stationary independent increments and a nonlinear
generator corresponding to the supremum of all generators of classical Lévy
processes with triplets in ©.

In Chapter V, we study a robust portfolio optimization problem under
model uncertainty for an investor with logarithmic or power utility. The
uncertainty is specified by a set of possible Lévy triplets; that is, possible
instantaneous drift, volatility and jump characteristics of the price process.
We show that an optimal investment strategy exists and compute it in semi-
closed form. Moreover, we provide a saddle point analysis describing a worst-
case model.
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Kurzfassung

Diese Dissertation beschaftigt sich mit klassischen Problemen aus der Fi-
nanzmathematik unter Knight’scher Unsicherheit. Zufillige Ereignisse wer-
den als unsicher bezeichnet, wenn ihre genauen Eintrittswahrscheinlichkeiten
nicht bekannt sind. Knight’sche Unsicherheit wird formal dargestellt durch
eine Menge B3 von Wahrscheinlichkeitsmassen, wobei jedes Element P € 3
ein mogliches Szenario fiir das Wahrscheinlichkeitsmass des Preisprozesses
bedeutet. Die Resultate dieser Dissertation sind in vier Kapitel aufgeteilt.

In Kapitel IT beweisen wir die Dualitétsformel fiir den Superreplikation-
spreis unter Volatilitdtsunsicherheit. Im Vergleich zu fritheren Ergebnissen
setzen wir keine Stetigkeitsannahmen an der Eventualforderung (als Funk-
tional des Preisprozesses) voraus.

Fiir einen gegebenen Prozess X mit cadlag Pfaden auf einem filtrierten
messbaren Raum konstruieren wir in Kapitel III eine Version von seinen
Semimartingal-Charakteristiken, welche messbar ist beziiglich dem zugehori-
gen Wahrscheinlichkeitsmass. Genauer gesagt, bezeichne e, die Menge
aller Wahrscheinlichkeitsmasse unter welchem X ein Semimartingal ist. Wir
konstruieren Prozesse (BY, C,v") welche Produkt-messbar sind in der Zeit,
im Raum und dem Wahrscheinlichkeitsmass P, und welche Versionen der
Semimartingal-Charakteristiken von X unter jedem Mass P € ey, sind.
Die zweite Charakteristik C' kann als einen einzigen Prozess unabhéngig von
P konstruiert werden. Wir erhalten ein dhnliches Resultat auch beziiglich
den differentiellen Charakteristiken.

In Kapitel IV entwickeln wir eine allgemeine Konstruktion von nicht-
linearen Lévy Prozessen mit gegebenen Charakteristiken. Genauer gesagt,
gegeben sei eine Menge © von Lévy Tripeln. Wir konstruieren einen sublin-
earen Erwartungswert auf dem Skorohod-Raum unter welchem der kanonis-
che Prozess stationdre und unabhéngige Zuwachse besitzt und welcher einen
nichtlinearen Generator hat, der dem Supremum aller Generatoren von klas-
sischen Lévy Prozessen mit Tripeln in © entspricht.

In Kapitel V beschéaftigen wir uns mit einem robusten Optimierungsprob-
lem unter Modellunsicherheit fiir einen Investor mit Logarithmischer- oder
Power-Nutzenfunktion. Die Unsicherheit ist spezifiziert durch eine Menge
von moglichen Lévy Tripeln; sprich méglichen instantanen Drift-, Volatilitat-
und Sprung-Charakteristiken des Preisprozesses. Wir beweisen die Existenz
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einer optimalen Handelsstrategie und berechnen diese in einer semi-expliziten
Form. Des Weiteren zeigen wir eine Sattelpunkt-Analyse welche ein Worst-
Case-Modell beschreibt.
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Chapter 1

Introduction

In classical mathematical finance, a financial market is mostly modeled in the
following way: one starts with a constant asset B = 1 which plays the role
of the bank account and d risky assets, whose evolution in units of the bank
account are described by a stochastic process S := (S}, ..., S¢), called the
price process. The d assets are called risky as they not only depend on time
but also on randomness. The unique probability law of the price process,
which characterizes its randomness, is given. This means that one assumes
that financial agents who are trading in the market have the knowledge of
the law of the price process. However, it seems to be much more realistic that
probabilities of events in a market are unknown. Already in 1921, Knight
argued in [33] the difference between risk and uncertainty. He distinguished
between random events whose randomness are precisely "measurable," call-
ing them risky, and events whose randomness are not precisely "measurable,"
calling them wuncertain. Knight argued that if uncertainty would not occur
in a financial market, then financial institutions like a bank or an insurance
should be able to price financial derivatives or insurance policies in such a
way that they are able to control their possible losses. Unfortunately, we
have seen not only in the recent years with the financial crisis that this is far
away from being true. Later in [23], the notion of uncertain and risky events
was specified by calling random events risky if their probabilities are known,
whereas random events with unknown probabilities are called uncertain. It
was shown in 23] that people prefer to take risks where the probabilities are
known, rather than on unknown ones, even when the known probabilities
of getting a profit are low whereas events with unknown probability might
lead to a gain for sure. Such an effect cannot occur on models for a financial
market where the probability measure is given. To sum up, to get a better
understanding of financial markets, it seems necessary to develop a theory
in which uncertainty occurs. There are two ways to model uncertainty. In
the model-free approach, one does not assign any probabilistic assumptions
on the behavior of the price process. Another way to model the lack of
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knowledge of probabilities of events is to consider a set of different proba-
bility measures rather than fixing a unique law for the price process. In the
so-called Knightian uncertainty approach, each probability measure of that
given set stands for a possible scenario of the law of the price process.

This thesis seeks to gain further insight into different classical problems
of mathematical finance under Knightian uncertainty. The results are di-
vided into four chapters which correspond to the articles |37, 38, 39, 40].

Superreplication under Volatility Uncertainty. In a financial market
without uncertainty, the superhedging price of a contingent claim is the fair
price for selling the claim without having any risk under the given law P.
Under a no-arbitrage condition, the superhedging price I[Ip equals to the
supremum of the evaluation of the claim under each linear pricing functional
with respect to an equivalent local martingale measure, which is known as
the duality formula.

Under Knightian uncertainty, the law of the price process is not speci-
fied, but a set B of possible scenarios for the law is given. To avoid possible
losses being caused by uncertainty, the superhedging price under Knightian
uncertainty Iy has to be the fair price for selling the claim without having
any risk under any possible law P € SB. If there exists a reference probability
measure P, with respect to which all scenarios P € 13 are absolutely continu-
ous, the resulting problem can be reduced to the classical one. In the case of
volatility uncertainty, this fails, i.e. the set of scenarios *J is nondominated.
Considering the duality formula without model uncertainty, one guesses that
the superreplication price under Knightian uncertainty must be equal to the
supremum of the superreplication prices under each possible law P € B3, i.e.

ILy = sup lp.
pPep

In Chapter II, we consider a particular set P of possible laws which
corresponds to volatility uncertainty. Under each scenario P € 93, the price
process is a continuous local martingale, but the volatility may vary in each
P. Moreover, under each P €13, the corresponding market is complete, i.e.
there is no other equivalent local martingale measure for the price process.
Therefore, we guess that in our setting, the superreplication price under
Knightian uncertainty of a claim & satisfies

Iy (€) = sup EP[€).
Pep

Indeed, we establish the duality formula for the superreplication price
in our setting of volatility uncertainty. It has been already established for
several cases and through different approaches: [16] used ideas from capacity
theory, [53, 69, 73] used an approximation by Markovian control problems,



and |72, 48| used dynamic sublinear expectations. The main difference be-
tween our results and the previous ones is that we do not require any con-
tinuity assumptions on the claim (as a functional of the stock price). Thus,
on the one hand, our result extends the duality formula to traded claims
such as digital options or options on realized variance, which are not quasi-
continuous (cf. [16]), and cases where the regularity is not known, like an
American option evaluated at an optimal exercise time (cf. [50]). On the
other hand, our result confirms the general robustness of the duality.

Measurability of Semimartingale Characteristics with Respect to
the Law. For the purpose of this introduction, consider the coordinate-
mapping process X on the Skorohod space 2 = D[0,00); that is, the set of
right-continuous paths with left limits. If P is a law on ) such that X is a
P-semimartingale, we can consider the corresponding triplet (B, C*, vF) of
predictable semimartingale characteristics. Roughly speaking, B describes
the drift, C* the continuous diffusion, and v the jumps of X. We say that
X has absolutely continuous characteristics under P if (dBY,dC?, dv?) =
(bPdt,cldt, FFdt) and call (b7, ¢, FT) differential characteristics. The semi-
martingale characteristics depend on P and are defined P-almost surely; for
instance, if P’ is equivalent to P, the characteristics under P’ are in general
different from the ones under P, whereas if P and P’ are singular, it is a
priori meaningless to compare the characteristics. In standard situations of
stochastic analysis, the characteristics are considered under a fixed proba-
bility, or one describes their transformation under an absolutely continuous
change of measure as in Girsanov’s theorem.

There are, however, numerous applications of stochastic analysis and dy-
namic programming where we work with a large set 3 of semimartingale
laws, often mutually singular. For instance, when considering a standard
stochastic control problem based on a controlled stochastic differential equa-
tion, it is useful to recast the problem on Skorohod space by taking B to
be the set of all laws of solutions of the controlled equation; see e.g. [45].
This so-called weak formulation of the control problem is advantageous be-
cause the Skorohod space has a convenient topological structure; in fact,
control problems are often stated directly in this form (cf. [20, 22| among
many others). A similar weak formulation exists in the context of stochastic
differential games; here this choice is even more important as the existence
of a value may depend on the formulation; see [56, 67] and the references
therein. Or, in the context of a nonlinear expectation £(-), the set P of all
measures P such that EX[-] < £(-) plays an important role; see [49, 53, 55|.
For instance, the set of all laws of continuous semimartingales whose drift
and diffusion coefficients satisfy given bounds is related to G-Brownian mo-
tion. Other examples where sets of semimartingale laws play a role are
path-dependent PDEs [19], robust superhedging as in [58] and Chapter II
or nonlinear optimal stopping problems as in [50], to name but a few. It is
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well known that the dynamic programming principle is delicate as soon as
the regularity of the value function is not known a priori; this is often the
case when the reward/cost function is discontinuous or in the presence of
state constraints. In this situation, the measurability of the set of controls is
crucial to establish the dynamic programming and the measurability of the
value function; see |21, 49, 79].

As a guiding example, let us consider the set P that occurs in Chapter IV
in the probabilistic construction of nonlinear Lévy processes and which was
our initial motivation. The starting point is a collection © of Lévy triplets.
In this application, the set 3 of interest consists of all laws of semimartin-
gales whose differential characteristics take values in ©. The collection ©
plays the role of a generalized Lévy triplet since the case of a singleton cor-
responds to a classical Lévy process. Since a dynamic programming principle
is crucial to the theory, we need to establish the measurability of 8. Let us
mention that the set B often fails to be closed (e.g., because pure jump pro-
cesses can converge to a continuous diffusion), so that it is indeed natural
to examine the measurability directly. After a moment’s reflection, we see
that the fundamental question underlying such issues is the measurability of
the characteristics as a function of the law P; indeed, P is essentially the
preimage of © under the mapping which associates to P the characteristics
of X under P.

In Chapter III, we show that the set Psep, of all semimartingale laws is
Borel-measurable and we construct processes (B, C,v?) which are jointly
measurable in time, space, and the probability law P, and are versions of
the semimartingale characteristics of X under P for each P € Pgep. The
second characteristic C' can be constructed as a single process not depending
on P. A similar result is obtained for the differential characteristics.

Nonlinear Lévy Processes and their Characteristics. Starting with
a set P of probability measures, representing the possible scenarios of the
law of the price process, one can define the corresponding sublinear expec-
tation £(-) := suppey EP[.], which provides a robust way e.g. to measure
the risk of possible losses or to price contingent claims under Knightian un-
certainty. Conversely, starting with a given sublinear expectation £(-), there
exists (under some weak assumptions on the sublinear expectation) a set of
probability measures B such that £(-) = suppey EF[-]. The correspond-
ing set of laws ¥ can then be interpreted as the possible laws of the price
process. Therefore, the notion of a sublinear expectation has particular in-
terest in model uncertainty. If one is interested in the time development of a
financial market under model uncertainty, described by a given sublinear ex-
pectation, one would like to construct a corresponding conditional sublinear
expectation which satisfies the time-consistency property.

One particular example of a sublinear expectation and its correspond-
ing conditional sublinear expectation is the G-expectation, introduced in



[51, 52|, which describes volatility uncertainty of the price process. The
G-expectation £9(-) is constructed directly from the solution of the non-
linear PDE related to Brownian motion with uncertain (constant) volatility
described by a given set ©, C Si. However, it is not clear what the stochastic
interpretation of the G-expectation is; though

£%(-) = sup BV[]
Pe®
for some set P follows directly from being a sublinear expectation, it is not
clear from the construction which set P corresponds to the G-expectation.
Later in [14, 17], P has been characterized as the set of continuous local
martingale laws with volatility taking values in ©..

Under a sublinear expectation, one can still define the notion of dis-
tributions and independence of random variables. A related notion to the
G-expectation is the notion of a G-Brownian motion, see |51, 52]. Given a
sublinear expectation, a stochastic process is called G-Brownian motion if it
has stationary and independent increments (with respect to the given sublin-
ear expectation) and has a nonlinear generator corresponding to the supre-
mum of all generators of classical Brownian motion with constant volatility
in a given set. Therefore, one can interpret a G-Brownian motion as a Brow-
nian motion with uncertain volatility. For example, the canonical process
on the continuous path space is a G-Brownian motion with respect to the
G-expectation.

Given a set © of Lévy triplets, a time-consistent sublinear expectation
was constructed in [25] similarly to the G-expectation, but where the solution
of the nonlinear PIDE corresponding to a Lévy process with uncertain Lévy
triplet was used. Therefore, © represents the uncertainty simultaneously
in drift, volatility and jumps. As in the case of the G-expectation, the
construction of the sublinear expectation in [25] does not provide a stochastic
interpretation and the answer is left open. Moreover, only a small class of sets
of Lévy triplets are allowed for the construction of the sublinear expectation.
For example, Lévy triplets with corresponding Lévy measures having infinite
variation jumps are excluded.

Nonlinear Lévy processes were introduced in [25|. Given a sublinear ex-
pectation £(-), a process is called a nonlinear Lévy process if it has stationary
and independent increments with respect to £(-). Therefore, we see that if
the sublinear expectation is an usual expectation, the notion of nonlinear
Lévy processes and classical Lévy processes coincide. Moreover, as in the
classical case, a G-Brownian motion is an example of a nonlinear Lévy pro-
cess. It was shown in [25] that the canonical process on the Skorohod space
is a nonlinear Lévy process with respect to the sublinear expectation which
has been introduced in that paper. Moreover, it has a nonlinear generator
corresponding to the supremum of all generators of classical Lévy processes
with Lévy triplets in the given set ©. However, this result is only valid as
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long as the construction of the corresponding sublinear expectation is valid,
which is very restrictive on the choice of the set of Lévy triplets ©.

In Chapter IV, we introduce a probabilistic construction of nonlinear
Lévy processes. Given an arbitrary set © of Lévy triplets, we let 3 = Lo be
the set of all laws (on the Skorohod space) of semimartingales whose differen-
tial characteristics take values in ©; that is, their predictable semimartingale
characteristics (B, C,v) are of the form (b; dt, ¢ dt, F; dt) and the processes
(b,c, F') evolve in ©. We consider the sublinear expectation

E() = S E"[-]

and extend it to a time-consistent (conditional) sublinear expectation. As a
consequence, the canonical process X on the Skorohod space is a nonlinear
Lévy process under that sublinear expectation. For these results, we only re-
quire the weak condition that © is measurable. If we assume some additional
conditions on O, we get that X has a nonlinear generator corresponding to
the supremum of all generators of classical Lévy processes with Lévy triplets
in the given set ©, as in [25]. We point out that our conditions on © are much
weaker than the ones in [25], for example Lévy triplets with corresponding
Lévy measures having infinite variation jumps are not excluded in our case.

Summing up, we provide an alternative way to construct nonlinear Lévy
processes, which answers the question of the stochastic interpretation of the
sublinear expectation introduced in [25]. Moreover, our construction allows
us to construct nonlinear Lévy processes for a much bigger class of sets of
Lévy triplets ©. Therefore, our construction can also be identified as an
extension of [25].

Robust Utility Maximization with Lévy Processes. The classical
utility maximization problem deals with the question of a financial agent
on finding an investment strategy 7 which maximizes expected utility from
terminal wealth, i.e. a strategy 7 which satisfies

E[U(WF)] = sup E[U(WF)],

where W7 is the wealth at time 7 resulting from investing in stocks accord-
ing to the trading strategy m and U is an utility function, an increasing and
concave function modeling the preferences of the agent. Within the rich lit-
erature on this kind of portfolio optimization problem going back to [36, 64|,
a branch focuses on obtaining explicit or semi-explicit expressions for opti-
mal portfolios. Essentially, this is possible only for isoelastic utility func-
tions, that is either the logarithmic utility U(xz) = log(z) or a power utility
U(z) = %:cp for some p € (—o0,0) U (0,1); moreover, a tractable model for
the stock prices is required. While [36] provides the closed-form solution in
the classical Black—Scholes model, a semi-explicit optimizer is still available



for exponential Lévy processes; see, e.g., [29, 42]. Semi-explicit solutions
are also available for certain stochastic volatility models such as Heston’s;
see, e.g., |30, 74|, among many others. The main merit of these solutions
is to yield insight into how the presence of a specific phenomenon, such as
stochastic volatility or jumps, may influence the choice of an investment
strategy in comparison to more classical models. Here, our purpose is to
study specifically the influence of model uncertainty.

Given a set P of probability measures describing the possible laws of the
price process, the robust utility maximization problem is of the form

: P T
Sl7lrp I:l)relme [U(WZ)]. (0.1)
Much of the literature on robust utility maximization in mathematical fi-
nance, starting with [61, 65|, assumes that the set 8 of models is dominated
by a reference measure P,. In continuous-time, this assumption leads to
a setting where volatilities and jump sizes are perfectly known, only drifts
may be uncertain. By contrast, we are interested in uncertainty about all
these three components, so that 3 is nondominated. In a general setting,
the existence of optimal portfolios is known only in discrete time [47].

For continuous-time models where prices have continuous paths, there
are several results related to the robust utility maximization problem. The
early contribution [76] studies a class of related model risk management
problems and shows that the lower value function (infsup) solves a non-
linear PDE (these problems, however, do not admit a saddle point in gen-
eral). In [15]|, a minimax result and the existence of a worst-case measure
is established in a setup where prices have continuous paths and the util-
ity function is bounded. In [35], existence of an optimizer is obtained in
a problem where U is an isoelastic utility function, volatility is uncertain
(within an interval) but the drift is known, by considering an associated
second order backward stochastic differential equation. On the other hand,
[77] studies the Hamilton—Jacobi-Bellman—Isaacs PDE related to the robust
utility maximization problem in a diffusion model with a non-tradable factor
and miss-specified drift and volatility coefficients for the traded asset; here
a saddle point can be found after a randomization. A model with several
uncorrelated stocks, where drift, interest rate and volatility are uncertain
within a specific parametrization, is considered in [34|. A saddle point is
found and analyzed, again by dynamic programming arguments. Recently,
[7] also constructs a saddle point in a setting where the uncertainty in the
drift may depend on the realization of the volatility in a specific way. Finally,
[24] considers a stochastic volatility model with uncertain correlation (but
known drift) and describes an asymptotic closed-form solution.

Continuous-time models with jumps have not been studied in the ex-
tant literature. In Chapter V, our main contribution is to exhibit the ro-
bust utility maximization problem (0.1) in a continuous-time setting that in-
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cludes uncertainty about fairly general models, including jump uncertainty,
while remaining very tractable. In (0.1) we choose U to be either the log-
arithmic utility U(z) = log(z) or a power utility U(z) = %xp for some
p € (—00,0) U (0,1), whereas the model uncertainty is parametrized by a
set © of Lévy triplets (b,c, F') and then P consists of all semimartingale
laws P such that the associated differential characteristics (b, ¢, F¥') take
values in ©, P X dt-a.e. In particular, 8 includes all Lévy processes with
triplet in ©, but unless © is a singleton, 3 will also contain many laws for
which (b, cf’, FF) are time-dependent and random. Thus, our setup de-
scribes uncertainty about drift, volatility and jumps over a class of fairly
general models.

In our setting, we show that an optimal trading strategy 7 exists for (0.1).
This strategy is of the constant-proportion type; that is, a constant fraction
of the current wealth is invested in each stock. We compute this fraction
in semi-closed form, so that the impact of model uncertainty can be read-
ily read off. Thus, our specification of model uncertainty retains much of
the tractability of the classical utility maximization problem for exponential
Lévy processes. This is noteworthy for the power utility as 3 contains mod-
els P that are not Lévy and in which the classical power utility investor is
not myopic. Moreover, while the classical log utility investor is myopic in
any given semimartingale model, this property generally fails in robust prob-
lems, due to the nonlinearity caused by the infimum—retaining the myopic
feature is specific to the setup chosen here, and in particular its nonlinear
i.i.d. property (in the sense of Chapter IV).

Moreover, under a compactness condition on O, we show the existence
of a saddle point (p,ﬁ) for the problem (0.1). Therefore, P € P can be
seen as a worst-case model. This model is a Lévy law and the corresponding
Lévy triplet (I;, e F ) is computed in semi-closed form. The strategy 7 and
the triplet (b,é, F) are characterized as a saddle point of a deterministic
function. The fact that P is a Lévy model may be compared with option
pricing in the Uncertain Volatility Model, where in general the worst-case
model is a non-Lévy law unless the option is convex or concave.



Chapter II

Superreplication under
Volatility Uncertainty for
Measurable Claims

In this chapter, which corresponds to the article [37], we establish the duality
formula for the superreplication price in a setting of volatility uncertainty.
In contrast to previous results, the contingent claim is not assumed to satisfy
any continuity conditions.

II.1 Introduction

This chapter is concerned with superreplication-pricing in a setting of volatil-
ity uncertainty. We see the canonical process B on the space €2 of continuous
paths as the stock price process and formalize this uncertainty via a set P
of (non-equivalent) martingale laws on €. Given a contingent claim & mea-
surable at time T > 0, we are interested in determining the minimal initial
capital € R for which there exists a trading strategy H whose terminal
gain x + fOT H, dB, exceeds £ P-a.s., simultaneously for all P € 3. The aim
is to show that under suitable assumptions, this minimal capital is given
by z = suppey EP[€]. We prove this duality formula for Borel-measurable
(and, more generally, upper semianalytic) claims ¢ and a model 9 where
the possible values of the volatility are determined by a set-valued process.
Such a model of a “random G-expectation” was first introduced in [46], as
an extension of the “G-expectation” of [51, 52].

The duality formula under volatility uncertainty has been established
for several cases. The main difference between our results and the previous
ones is that we do not impose continuity assumptions on the claim £ (as a
functional of the stock price), so that we retrieve the level of generality that
is standard in mathematical finance. The main difficulty in our endeavor is
to construct the superreplicating strategy H. We adopt the approach of [72]
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and [48|, which can be outlined as follows:

(i) Construct the conditional (nonlinear) expectation & () related to P
and show the tower property E(&(£)) = Es(&) for s < t.

(ii) Check that the right limit Y; := & () exists and defines a super-
martingale under each P € B (in a suitable filtration).

(iii) For every P € 9, show that the martingale part in the Doob—Meyer
decomposition of Y is of the form [ HY dB. Using that H” can be
expressed via the quadratic (co)variation processes of Y and B, deduce
that there exists a universal process H coinciding with H” under each
P, and check that H is the desired strategy.

Step (iii) can be accomplished by ensuring that each P € B has the
predictable representation property. To this end—and for some details of
Step (ii) that we shall skip for the moment—|72| introduced the set of Brow-
nian martingale laws with positive volatility, which we shall denote by Bgs:
if B is chosen as a subset of Pg, then every P € P has the representation
property (cf. Lemma I1.4.1) and Step (iii) is feasible.

Step (i) is the main reason why previous results required continuity as-
sumptions on £. Recently, it was shown in [49] that the theory of analytic
sets can be used to carry out Step (i) when £ is merely Borel-measurable
(or only upper semianalytic), provided that the set of measures satisfies a
condition of measurability and invariance, called Condition (A) below (cf.
Proposition I1.2.2). It was also shown in [49] that this condition is satisfied
for a model of random G-expectation where the measures are chosen from
the set of all (not necessarily Brownian) martingale laws. Thus, to follow
the approach outlined above, we formulate a similar model using elements
of Ps and show that Condition (A) is again satisfied. This essentially boils
down to proving that the set Pg itself satisfies Condition (A), which is our
main technical result (Theorem 11.2.4). Using this fact, we can go through
the approach outlined above and establish our duality result (Theorem I1.2.3
and Corollary 11.2.6). As an aside of independent interest, Theorem 11.2.4
yields a rigorous proof for a dynamic programming principle with a fairly
general reward functional (cf. Remark 11.2.7).

The remainder of this chapter is organized as follows. In Section II.2,
we first describe our setup and notation in detail and we recall the relevant
facts from [49]; then, we state our main results. Theorem I1.2.4 is proved in
Section I1.3, and Section I1.4 concludes with the proof of Theorem I1.2.3.
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11.2 Results

I1.2.1 Notation

We fix the dimension d € N and let Q = {w € C([0,00);R?) : wy = 0}
be the canonical space of continuous paths equipped with the topology of
locally uniform convergence. Moreover, let F = B(2) be its Borel o-algebra.
We denote by B := (By);>0 the canonical process Bi(w) = wy, by Py the
Wiener measure and by F := (F;):>0 the (raw) filtration generated by B.
Furthermore, we denote by () the set of all probability measures on €,
equipped with the topology of weak convergence.

We recall that a subset of a Polish space is called analytic if it is the image
of a Borel subset of another Polish space under a Borel map. Moreover, an R-
valued function f is called upper semianalytic if {f > ¢} is analytic for each
¢ € R; in particular, any Borel-measurable function is upper semianalytic.
(See [6, Chapter 7| for background.) Finally, the universal completion of
a o-field A is given by A* := NpAP) where A") denotes the completion
with respect to P and the intersection is taken over all probability measures
on A.

Throughout this chapter, “stopping time” will refer to a finite F-stopping
time. Let 7 be a stopping time. Then the concatenation of w,w € Q at 7 is
the path

(W @7 @) = Wulior(w)) (1) + (Wrw) + Dur(w)) Lrw)oo) (W), u>0.

For any probability measure P € B(2), there is a regular conditional prob-
ability distribution {P¥},cq given F; satisfying

Pl €eQ:w' =won [0,7(w)]} =1 forall we
cf. [75, p. 34]. We then define P™* € () by
P™(A) =P (w®,A), AecF, wherew®, A:={w®,0:wec A}
Given a function £ on 2 and w € €, we also define the function £7* on ) by
9(G) = Ew e, D), GEQ.
Then, we have EF""[¢7%] = EF[¢|F,](w) for P-a.e. w € Q.

I1.2.2 Preliminaries

We formalize volatility uncertainty via a set of local martingale laws with
different volatilities. To this end, we denote by S the set of all symmetric
d x d-matrices and by S>° its subset of strictly positive definite matrices.
The set Ps C P(2) consists of all local martingale laws of the form

. —1
P*=Pyo </ al/? dBS> , (2.1)
0
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where o ranges over all F-progressively measurable processes with values in
S>0 satisfying fOT |as| ds < oo Py-a.s. for every T € R;. (We denote by |- |
the Euclidean norm in any dimension.) In other words, these are all laws
of stochastic integrals of a Brownian motion, where the integrand is strictly
positive and adapted to the Brownian motion. The set Bg was introduced
in [72| and its elements have several nice properties; in particular, they have
the predictable representation property which plays an important role in the
proof of the duality result below (see also Section I1.4).

We intend to model “uncertainty” via a subset P C PB(Q2) (below, each
P € B will be a possible scenario for the volatility). However, for technical
reasons, we make a detour and consider an entire family of subsets of P(€2),
indexed by (s,w) € R4 x , whose elements at s = 0 coincide with . As
illustrated in Example I1.2.1 below, this family is of purely auxiliary nature.

Let {B(s,w)}(sw)er, xo be a family of subsets of B(2), adapted in the
sense that

P(s,w) =P(s,0) if wljog =00,

and define PB(7,w) := P(7(w),w) for any stopping time 7. Note that the
set P(0,w) is independent of w as all paths start at the origin. Thus, we
can define B := P(0,w). Before giving the example, let us state a condition
on {PB(s,w)} whose purpose will be to construct the conditional sublinear
expectation related to 3.

Condition (A). Let s € Ry, let 7 be a stopping time such that 7 > s, let
weQand P e P(s,w). Set §:= 759 —s.

(A1) The graph {(P',w):w € Q, P € P(1,w)} C P(Q) x Q is analytic.
(A2) We have P* € P(7,0 ®; w) for P-a.e. w € Q.

(A3) If v : Q — P(Q) is an Fp-measurable kernel and v(w) € P(1, 0 ®; w)
for P-a.e. w € €, then the measure defined by

P(A) = //(1A)9’w(w') v(dw';w) P(dw), AeF (2.2)

is an element of P(s,w).

Conditions (A1)-(A3) will ensure that the conditional expectation is
measurable and satisfies the “tower property” (see Proposition 11.2.2 below),
which is the dynamic programming principle in this context (see [6] for back-
ground). We remark that (A2) and (A3) imply that the family {P(s,w)} is
essentially determined by the set 3. As mentioned above, in applications,
B will be the primary object and we shall simply write down a correspond-
ing family {B(s,w)} such that P = P(0,w) and such that Condition (A) is
satisfied. To illustrate this, let us state a model where the possible values
of the volatility are described by a set-valued process D and which will be
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the main application of our results. This model was first introduced in [46]
and further studied in [49]; it generalizes the G-expectation of [51, 52] which
corresponds to the case where D is a (deterministic) compact convex set.

Example I1.2.1 (Random G-Expectation). We consider a set-valued pro-
cess D : Q x Ry — 25 ie., Dy(w) is a set of matrices for each (t,w). We
assume that D is progressively graph-measurable: for every t € Ry,

{(w,s,A) € 2 x[0,t] xS: A€ Dy(w)} € F x B([0,t]) x B(S),

where B([0,t]) and B(S) denote the Borel o-fields of S and [0, ¢].

We want a set P consisting of all P € 8g under which the volatility takes
values in D P-a.s. To this end, we introduce the auxiliary family {B(s,w)}:
given (s,w) € Ry x Q, we define PB(s,w) to be the collection of all P € Pg
such that

d(B)u
du
In particular, B := PB(0,w) then consists, as desired, of all P € Pg such
that d(B),/du € D,, holds P x du-a.e. We shall see in Corollary I1.2.6 that
Condition (A) is satisfied in this example.

(@) € Dyys(w®@s @) for P x du-a.e. (0,u) € Q x R;. (2.3)

The following is the main result of [49]; it is stated with the conventions
supf) = —oo and ET[¢] := —oc0 if EP[¢F] = EP[¢7] = 400, and esssup”
denotes the essential supremum under P.

Proposition I1.2.2. Suppose that {B(s,w)} satisfies Condition (A) and
that B # 0. Let o < 7 be stopping times and let £ : Q — R be an upper
semianalytic function. Then the function

E (&) (w) = P;pu(p )EP [€7%], weQ

1s Fr-measurable and upper semianalytic. Moreover,

E(&)(w) =E5(E-(8))(w)  for all we Q. (2.4)
Furthermore, with P(o; P) = {P' € P: P' = P on F,}, we have

E,(€) = esssup” EV'[E.(¢)|F,] P-a.s. forall Pep. (2.5)
P'ep(o;P)

I1.2.3 Main Results

Some more notation is needed to state our duality result. In what follows,
the set P determined by the family {(s,w)} will be a subset of Pg. We
shall use a finite time horizon 7' € Ry and the filtration G = (G¢)o<i<T,
where

gt::ft*\/w;
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here F; is the universal completion of F; and N¥ is the collection of sets
which are (Fr, P)-null for all P € .

Let H be a G-predictable process taking values in R% and such that
ST H] d(B), H, < 0o P-as. for all P € . Then H is called an admissi-
ble trading strategy if ! J HdB is a P-supermartingale for all P € ; as
usual, this is to rule out doubling strategies. We denote by H the set of all

admissible trading strategies.

Theorem I1.2.3. Suppose that {B(s,w)} satisfies Condition (A) and that
0 #£P C BVs. Moreover, let £ : Q — R be an Gr-measurable, upper semian-
alytic function such that sup peg EP[|€]] < 00. Then

sup B[¢]
Pep

T
:min{xeR: JH eH withx—i—/ H,dB, > & P-a.s. forallPe‘B}.
0

The assumption that P C Pg will be essential for our proof, which
is stated in Section II.4. In order to have nontrivial examples where the
previous theorem applies, it is essential to know that the set Pg (seen as a
constant family JP(s,w) = Pg) satisfies itself Condition (A). This fact is our
main technical result.

Theorem I1.2.4. The set Pg satisfies Condition (A).

The proof is stated Section I1.3. It is easy to see that if two families satisfy
Condition (A), then so does their intersection. In particular, we have:

Corollary I1.2.5. If {B(s,w)} satisfies Condition (A), so does {P(s,w) N
Ps}-

The following is the main application of our results.

Corollary I1.2.6. The family {B(s,w)} related to the random G-expectation
(as defined in Ezample I1.2.1) satisfies Condition (A). In particular, the
duality result of Theorem I1.2.3 applies in this case.

Proof. Let M, C P(2) be the set of all local martingale laws on € under
which the quadratic variation of B is absolutely continuous with respect to
the Lebesgue measure; then Pg C M,. Moreover, let ‘i?(s,w) be the set of
all P € M, such that (2.3) holds. Then, clearly, PB(s,w) = P(s,w)NPsg, and
since we know from [49, Theorem 4.3] that {(s,w)} satisfies Condition (A),

Corollary I1.2.5 shows that {93(s,w)} again satisfies Condition (A). O

'Here fHdB is, with some abuse of notation, the usual It6 integral under the fixed
measure P. We remark that we could also define the integral simultaneously under all
P € ‘B by the construction of [44]. This would yield a cosmetically nicer result, but we
shall avoid the additional set-theoretic subtleties as this is not central to our approach.
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Remark I1.2.7. In view of (2.4), Theorem I1.2.4 yields the dynamic pro-
gramming principle for the optimal control problem sup, Ef0[¢(X?)] with

a very general reward functional &, where X = fo ai/ 2 dBs. We remark
that the arguments in the proof of Theorem I1.2.4 could be extended to
other control problems; for instance, the situation where the state process
X is defined as the solution of a stochastic functional /differential equation
as in [45].

I1.3 Proof of Theorem 11.2.4

In this section, we prove that Bg (i.e., the constant family P(s,w) = Pg)
satisfies Condition (A). Up to some minor differences in notation, property
(A2) was already shown in |72, Lemma 4.1], so we focus on (A1) and (A3).

Let us fix some more notation. We denote by E|[-] the expectation under
the Wiener measure Py; more generally, any notion related to €2 that implic-
itly refers to a measure will be understood to refer to FPy. Unless otherwise
stated, any topological space is endowed with its Borel o-field. As usual,
LY(£;R) denotes the set of equivalence classes of random variables on €, en-
dowed with the topology of convergence in measure. Moreover, we denote by
Q0 = Q xR, the product space; here the measure is Py x dt by default, where
dt is the Lebesgue measure. The basic space in this section is L°(2;S), the
set of equivalence classes of S-valued processes that are product-measurable.
We endow L°(€;S) (and its subspaces) with the topology of local conver-
gence in measure; that is, the metric

k
o7k _F /0 wh dX,Y:E/lAXS—YSd.
(P> iy e ann =] [ v

(3.1)
As aresult, X" — X in L°();S) if and only if lim,, E[fOT INXD?—Xg|ds] =0
for all T € Ry.

I1.3.1 Proof of (A1)

The aim of this subsection is to show that Pg C P(Q2) is analytic. To this
end, we shall show that Pg C P(2) is the image of a Borel space (i.e., a
Borel subset of a Polish space) under a Borel map; this implies the claim by
[6, Proposition 7.40, p. 165]. Indeed, let meg(Q; S) € LY(£%;S) be the subset
of F-progressively measurable processes and

prog

T
LL (2:870) = {a e L0 (0;S7) / |as| ds < 00 Py-as. for all T € R+}.
0

Moreover, we denote by

. —1
:LL (S0 5 PB(Q), ar P*=Pyo </ al/? st> (3.2)
0
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the map which associates to a the corresponding law. Then B¢ is the image
ms = (I)(LZIOC(Q;S>O));

therefore, the claimed property (Al) follows from the two subsequent lem-
mas.

Lemma II.3.1. L% (Q;S) is Polish and L} (€;S>%) < LY., (S) is

prog prog
Borel.

Proof. We start by noting that L(Q);S) is Polish. Indeed, as Ry and Q are
separable metric spaces, we have that L2(Q x [0,T];S) is separable for all
T € N (e.g., [18, Section 6.15, p.92|). A density argument and the defini-
tion (3.1) then show that L°(€;S) is again separable. On the other hand,
the completeness of S is inherited by LY(;S); see, e.g., [10, Corollary 3].

. 0 N . 0 M . . . . . .
Since Ly,,,(€2;S) C L7(€2;S) is closed, it is again a Polish space.

Next, we show that L} (€%;S) is a Borel subset of Lgmg(Q; S). We first
observe that

T
L}.(;S) = ﬂ {a € Lgmg(Q;S) Py [arctan (/0 |ovs | ds) > g] = 0}.

TeN

Therefore, it suffices to show that for fixed T" € N,

T T
a— Py [arctan </ |os] ds) > 2]
0

is Borel. Indeed, this is the composition of the function
LY(%R) =R, fe Ryf >m/2],

which is upper semicontinuous by the Portmanteau theorem and thus Borel,
with the map

T
0 0. 0/0).
Lipog(4;S) = L°(2;R), o~ arctan </0 v ds) .

The latter is Borel because it is, by monotone convergence, the pointwise

limit of the maps
T
o — arctan </ n A aslds> ,
0

which are continuous for fixed n € N due to the elementary estimate

T T
arctan(/ n/\|as|ds> —arctan(/ n/\\é@ds) ]
0 0
T
SE[/ nA |as — agl ds].
0

Bl
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This completes the proof that Ll e

(€%;S) is a Borel subset of L., (£S). To
deduce the same property for L} (Q;S>?), note that

prog

Lipo(2:57%) = () {a € L,o(%S) : pr[a € S\ 570 =0},
TeN

where pp is the product measure pp(A) = E[fOT 14ds]. As S*% C S'is
open, a — urla € S\ SY] is upper semicontinuous and we conclude that
L (Q;S>9) is again Borel. O

loc

Lemma 11.3.2. The map ® : L} (€;S>%) — PB(Q) defined in (3.2) is Borel.

loc

Proof. Consider first, for fixed n € N, the mapping ®,, defined by

() = Pyo ( /0 a(al?) st>1 ,

where 7, is the projection onto the ball of radius n around the origin in S.
It follows from a direct extension of the dominated convergence theorem for
stochastic integrals |60, Theorem IV.32, p. 176] that

ou—)/ m(al/?)dB
0

is continuous for the topology of uniform convergence on compacts in prob-
ability (“ucp”), and hence that ®,, is continuous for the topology of weak
convergence. In particular, ®,, is Borel. On the other hand, a second appli-
cation of dominated convergence shows that

/ﬂn(a;/Q)st%/ al?dB, ucp asn— 0o
0 0

for all @ € L} (€2;S>?) and hence that ®(a) = lim, @, () in P(Q) for all
«. Therefore, ® is again Borel. O

I1.3.2 Proof of (A3)

Given a stopping time 7, a measure P € Pg and an F -measurable kernel
v:Q— P(Q) with v(w) € Pg for P-a.e. w € Q, our aim is to show that

//1Aww V(w,d') P(dw), A€ F

defines an element of ®Bg. That is, we need to show that P = P® for some
ae€l; OC(Q; S>Y). In the case where v has only countably many values, this
can be accomplished by explicitly writing down an appropriate process &, as
was shown already in [72]. The present setup requires general kernels and a
measurable selection proof. Roughly speaking, up to time 7, & is given by
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the integrand « determining P, whereas after 7, it is given by the integrand
of v(w), for a suitable w. In Step 1 below, we state precisely the requirement
for a; in Step 2, we construct a measurable selector for the integrand of v(w);
finally, in Step 3, we show how to construct the required process & from this
selector.

Step 1. Let a € L} (£;S>%) be such that P = PY, let X := fo a;m dBs,

loc

and let 7 := 7 0 X“. Suppose we have found & € Lgmg(Q; S) such that

&Y 1= G (W®s) € L} .(Q;87%) and P = v(X%(w)) for Py-a.c. w € Q.
Then P = P? for & defined by
s (w) = s (W) Lo, 7(w)) (8) + Gis(W) 1 (7(w),00) (5)-

Indeed, we clearly have a € L}OC(Q;S>O). Moreover, we note that 7 is
again a stopping time by Galmarino’s test [12, Theorem IV.100, p.149]. To
see that P = P9, it suffices to show that

EP[(By,...,B,)] = EP[p(X2,..., X1)]

forallm e N, 0 < t] < tg < -+ < t, < o0, and any bounded continu-
ous function ¥ : R™ — R. Recall that B has stationary and independent
increments under the Wiener measure Py. For FPy-a.e. w € () such that
t:=7(w) € [tj, tj+1), we have

EP (X2, .. X)) | Fr] (w)

=B [¢(X} (w®;B),...,X{ (w®; B))]

tj+1
— gt [@b <Xtoi(w), s X (W), X (w) + / &*(w®; B)dB,_j,. ..,
i

and thus, by the definition of a*,

B [(XE - X5 [FF] (@)

= B [B(XR ), X5 ), XE @)+ By oo X + By, )]

tjpr—tr -

:/qp(Xg(w),...,Xf;(w),Xf(w)+Btj+1_£(w’),...,

X2 (w) + B, _i(w)) v(X*(w),dw').

Integrating both sides with respect to Py(dw) and noting that ¢ € [tj tit1)
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implies t := 7(w) € [t;,t;41) P-a.s., we conclude that

EP (X, X))
:/ D(XE (W), X (W), X7 (@) + By, (@),
Xit(w) + By, _j(w")) V(X (), dw') Po(dw)
:/ (B, (W), ..., By, (w), By(w) + By, (&), ..,
By(w) + By, —4(w)) v(w, dw") P(dw)
— [ (B Br) @) vl ) Pl
— EP[¢(By,, ..., By,)].

This completes the first step of the proof.

Step 2. We show that there exists an JF--measurable function
¢:Q— L (9;8°%) such that P?“) = y(w) for P-ae. w e Q.
To this end, consider the set
A={(w,a) € Qx L(457%) : v(w) = P*}.

We have seen in Lemma I1.3.1 that L}OC(Q;S>O) is a Borel space. On the
other hand, we have from Lemma I1.3.2 that a — P is Borel, and v is Borel
by assumption. Hence, A is a Borel subset of {2 x L; OC(Q; S>Y). As a result,
we can use the Jankov—von Neumann theorem [6, Proposition 7.49, p. 182]
to obtain an analytically measurable map ¢ from the Q-projection of A to

L} (€;SY) whose graph is contained in A; that is,
¢:{weQ: v(w)ePs} = L (S0 such that P?C) = p(.).

Since ¢ is, in particular, universally measurable, and since v(-) € Pg P-a.s.,
we can alter ¢ on a P-nullset to obtain a Borel-measurable map

¢:Q— L (9;8°% such that P?0) =u(.) P-as.

Finally, we can replace ¢ by w = ¢(w.nr(.)), then we have the required
Fr-measurability as a consequence of Galmarino’s test. Moreover, since
A € Fr ® B(L},(§;S7%) due to the Fr-measurability of v, Galmarino’s
test also shows that we still have P?¢) = v(-) P-a.s., which completes the
second step of the proof.

Step 3. It remains to construct & € meg(Q; S) as postulated in Step 1.
While the map ¢ constructed in Step 2 will eventually yield the processes &%
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defined in Step 1, we note that ¢ is a map into a space of processes and so we

still have to glue its values into an actual process. This is simple when there

are only countably many values; therefore, following a construction of 68|,

we use an approximation argument.

Since L} (Q;S>?) is separable (always for the metric introduced in (3.1)),

we can construct for any n € N a countable Borel partition (A™*)g>1 of
L} (£;S>9) such that the diameter of A™* is smaller than 1/n. Moreover,

we fix % € A" for k > 1. Then,

DEED P e Y CIM)

k>1

satisfies

sup d(¢n(w), p(w)) < (3.3)

1
wel n’
that is, ¢, converges uniformly to ¢, as an L}OC(Q; S>%)-valued map.

Let ¢ and 7 = 70 X be as in Step 1. Moreover, for any stopping time o,

denote

w? = Wio(w) ~ Wow)y WE Q.

Then, for fixed n, the process

(w,8) = 67(w) = L)oo @M@AXQ()H_ﬂm@ﬁ“U
= Lo (8) 31 ) (0T L g (X))

k>1

is well defined Fp-a.s., and in fact an element of the Polish space meg(Q; S).
We show that (&™) is a Cauchy sequence and that the limit & yields the
desired process. Fix T' € R4 and m,n € N, then (3.3) implies that

T
[ ] 1A on@) - @] ds ) < er (43 ) )
QJo

for all w € ), where c¢r is an unimportant constant coming from the definition
of d in (3.1). In particular,

T
/Q /Q /0 LA |[fm (X (w))]s(@') = [dn(X¥(W))]s(w)] ds Po(dw') Po(dw)
<er (7711 + i) . (3.5)

Since Py is the Wiener measure, we have the formula

/Q (@-A7(w), 7)) Po(dw) // w') Py(dw') Py(dw)
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for any bounded, progressively measurable functional g on  x €. As ¢ is
Fr-measurable, we conclude from (3.5) that

/Q/OT 1AM (w) — &% (w)] ds Py(dw) < er <1 N 1) 36

m n

This implies that (&™) is Cauchy for the metric d. Let & € Lgmg(Q;S) be

the limit. Then, using again the same formula, we obtain that
Pn (X% (W) = &7z (W @7 1) = sy (W @7 ) =&Y

with respect to d, for Py-a.e. w € ), after passing to a subsequence. On
the other hand, by (3.3), we also have ¢, (X*(w)) = ¢(X*(w)) for Py-a.e.
w € Q. Hence,

0" = (X (w))

for Py-a.e. w € 2. In view of Step 2, we have ¢(X%(w)) € L}, (€;S>?) and
POXW) = (X *(w)) for Py-a.e. w € Q. Hence, & satisfies all requirements

from Step 1 and the proof is complete.

11.4 Proof of Theorem 11.2.3

We note that one inequality in Theorem I1.2.3 is trivial: if € R and there
exists H € H such that = + fOTH dB > &, the supermartingale property
stated in the definition of H implies that = > E[¢] for all P € 9B. Hence,
our aim in this section is to show that there exists H € H such that

T
sup EF[¢] + / H,dB, > ¢ P-as. forall P e. (4.1)
Pep 0

The line of argument (see also the Introduction) is similar as in [72] or [48];
hence, we shall be brief.

We first recall the following known result (e.g., [27, Theorem 1.5, [70,
Lemma 8.2], [48, Lemma 4.4]) about the P-augmentation F” of F; it is the
main motivation to work with g as the basic set of scenarios. We denote
by G4+ = {Gi+ }o<t<r the minimal right-continuous filtration containing G.

Lemma I11.4.1. Let P € Bg. Then F¥ is right-continuous and in partic-
ular contains G4.. Moreover, P has the predictable representation property;
i.e., for any right-continuous (FY, P)-local martingale M there exists an F¥-
predictable process H such that M = My + [ H dB, P-a.s.

We recall our assumption that suppeg EP[€]] < oo and that ¢ is Gp-
measurable. We also recall from Proposition I1.2.2 that the random variable

E(&)(w) == sup ET[EM]
PeP(t,w)
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is Gi-measurable for all t € Ry. Moreover, we note that Er(§) = £ P-a.s. for
all P € *B. Indeed, for any fixed P € B, Lemma I[.4.1 implies that we can
find an Fp-measurable function ¢ which is equal to £ outside a P-nullset
N € Fr, and now the definition of £r(§) and Galmarino’s test show that
Er(&) = Er(¢') = ¢ = ¢ outside N.

Step 1. We fix t and show that suppeg E7[|E:(€)]] < oo. Note that [¢|
need not be upper semianalytic, so that the claim does not follows directly
from (2.4). Hence, we make a small detour and first observe that 9 is stable
in the following sense: if P € B, A € F; and Pi, P, € B(¢; P) (notation from
Proposition I1.2.2), the measure P defined by

P(A) := BV [PI(A|F)1r + Py(A|F)1pe], A€ F

is again an element of 3. Indeed, this follows from (A2) and (A3) as
PA) = [ (14 i, ') Pla)

for the kernel v(w,dw') = P (dw') 15(w) + Py (dw') 15¢(w). Following a
standard argument, this stability implies that for any P € 3, there exist
P, € B(t; P) such that

EP ¢ |F] S esssup” B [|€] | F]  P-as.
PeB(t;P)

Since (2.5), applied with 7 =T, yields that

EPllE ()] = EP{

esssup? BV [gm]H <P [ sup? EP[1¢] |7
PIeR(t:P) PIeR(t:P)

monotone convergence then allows us to conclude that

ET[IE()]) < lim E™(l¢]] < sup ET[lg]] < oo.
n—oo Pep

Step 2. We show that the right limit Y; := &4 (§) defines a (G4, P)-
supermartingale for all P € B. Indeed, Step 1 and (2.5) show that &(&)
is an (F*, P)-supermartingale for all P € . The standard modification
theorem for supermartingales [13, Theorem VI.2| then yields that Y is well
defined P-a.s. and that Y is a (G, P)-supermartingale for all P € 3, where
the second conclusion uses Lemma I1.4.1. We omit the details; they are
similar as in the proof of [48, Proposition 4.5].

For later use, let us also establish the inequality

Yo < sup EF'[¢] P-as. forall P eg. (4.2)
Prep



I1.4 Proof of Theorem I11.2.3 23

Indeed, let P € B. Then [13, Theorem VI.2| shows that
EP[Yo|Fol < &(¢) P-as,,

where, of course, we have E¥[Yy|Fy] = EP[Yy] P-as. since Fy = {0, Q}.
However, as Yj is Ggy-measurable and Gy is P-a.s. trivial by Lemma 11.4.1,
we also have that Yy = EP[Yy] P-a.s. In view of the definition of £y (&), the
inequality (4.2) follows.

Step 3. Next, we construct the process H € H. In view of Step 2, we can
fix P € P and consider the Doob-Meyer decomposition Y = Yy + M* — KP
under P, in the filtration FX'. By Lemma I1.4.1, the local martingale M?*
can be represented as an integral, M* = | H P dB, for some FF-predictable
integrand H”. The crucial observation (due to [72]) is that this process
can be described via d(Y,B) = H' d(B), and that, as the quadratic co-
variation processes can be constructed pathwise by Bichteler’s integral [8,
Theorem 7.14], this relation allows to define a process H such that H = H”
P x dt-a.e. for all P € . More precisely, since (Y, B) is continuous, it is not
only adapted to G, but also to G, and hence we see by going through the
arguments in the proof of [48, Proposition 4.11] that H can be obtained as a
G-predictable process in our setting. To conclude that H € H, note that for
every P € B, the local martingale [ H dB is P-a.s. bounded from below by
the martingale E¥'[¢|G]; hence, on the compact [0, 7], it is a supermartingale
as a consequence of Fatou’s lemma. Summing up, we have found H € H
such that

T
Yo +/ H,dB, >Ypr=&r,(§) =§ P-as. forall Pep,
0

and in view of (4.2), this implies (4.1).
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Chapter III

Measurability of
Semimartingale Characteristics
with Respect to the Law

Given a cadlag process X on a filtered measurable space, we construct in this
chapter, which corresponds to the article [38], a version of its semimartingale
characteristics which is measurable with respect to the underlying probability
law. More precisely, let Psen, be the set of all probability measures P under
which X is a semimartingale. We construct processes (BP .C, P ) which are
jointly measurable in time, space, and the probability law P, and are versions
of the semimartingale characteristics of X under P for each P € Pyep,. The
second characteristic C' can be constructed as a single process not depending
on P. A similar result is obtained for the differential characteristics.

IT11.1 Introduction

We study the measurability of semimartingale characteristics with respect
to the probability law. Consider a cadlag process X on a filtered measur-
able space (2, F,F), where € is a separable metric space, F = B(Q2) the
corresponding Borel o-field and each o-field F; of the filtration F = (F3)¢>0
is separable. Our main result (Theorem II1.2.5) states that the set Psem of
all semimartingale laws is Borel-measurable and that there exists a Borel-
measurable map

Psem X Ax Ry - R xS x L, (Pyw,t) — (Bf (), Cy(w), v (w))

such that (BY,C,v") are P-semimartingale characteristics of X for each
P € PBsem, where L is the space of Lévy measures on R xR<. A similar result
is obtained for the differential characteristics. Indeed, Theorem II1.2.6 states

that the set P2 of all semimartingale laws with absolutely continuous
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characteristics (with respect to the Lebesgue measure) is Borel-measurable
and that there exists a Borel-measurable map
Wa X UxX Ry 5 RIXSE x L, (Pw,t) = (b (), ci(w), FLy)

such that (b*,c, FP ) are P-differential characteristics of X for each P €

ac where L is the space of Lévy measures on R%. The second characteris-
tic C (and hence also ¢) can be constructed as a single process not depending
on P; roughly speaking, this is possible because two measures under which
X has different diffusion are necessarily singular. By contrast, the first and
the third characteristic have to depend on P as they are predictable com-
pensators. We point out that the conditions on X and (€2, F,F) are satisfied
in particular when X is the coordinate-mapping process on Skorohod space
and F is the filtration generated by X.

Our construction of the characteristics proceeds through versions of the
classical results on the structure of semimartingales, such as the Doob—Meyer
theorem, with an additional measurable dependence on the law P. The start-
ing point is that for discrete-time processes, the Doob decomposition can be
constructed explicitly and of course all adapted processes are semimartin-
gales. Thus, the passage to the continuous-time limit is the main obstacle,
just like in the classical theory of semimartingales. We have found the recent
proofs of [4, 5] for the Doob—Meyer and the Bichteler—Dellacherie theorem
to be particularly useful as they are built around a compactness argument
for which we can provide a measurable version.

The remainder of this chapter is organized as follows. In Section III.2,
we describe the setting and terminology in some detail (mainly because we
cannot work with the “usual assumptions”) and proceed to state the main
results. Section III1.3 contains some auxiliary results, in particular a version
of Alaoglu’s theorem for L?(P) which allows to choose convergent subse-
quences that depend measurably on P. The measurability of the set of all
semimartingale laws is proved in Section III.4. In Section IIL.5, we show
that the Doob—Meyer decomposition can be chosen to be measurable with
respect to P and deduce corresponding results for the compensator of a pro-
cess with integrable variation and the canonical decomposition of a bounded
semimartingale. Using these tools, the jointly measurable version of the char-
acteristics is constructed in Section III.6, whereas the corresponding results
for the differential characteristics are obtained in the concluding Section IT1.7.

I11.2 Main Results

I11.2.1 Basic Definitions and Notation

Let (€2, F) be a measurable space and let F = (F;):>0 be a filtration of sub-o-
fields of F. A process X = (X}) is called right-continuous if all its paths are
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right-continuous. In the presence of a probability measure P, we shall say
that X is P-a.s. right-continuous if P-almost all paths are right-continuous;
the same convention is used for other path properties such as being cadlag,
of finite variation, etc.

We denote by Fy := (Fy) the right-continuous version of F, defined
by Fiy = Myus>tFy. Similarly, the left-continuous version is F_ = (F;_).
For ¢ = 0, we use the convention Fo_ = Fop)— = {0,Q2}. As a result, the
predictable o-field P of F on 2 x R, generated by the F_-adapted processes
which are left-continuous on (0, 00), coincides with the predictable o-field of
F,; this fact will be used repeatedly without further mention. Given a
probability measure P, the augmentation F¥ = (]:t]j_) of F,, also called the
usual augmentation of I, is obtained by adjoining all P-nullsets of (2, F) to
Fiy for all ¢, including ¢ = 0—. The corresponding predictable o-field will
be denoted by PF.

Finally, () is the set of all probability measures on (£2, ). In most
of this chapter, 2 will be a separable metric space and F its Borel o-field.
In this case, P(Q2) is a separable metric space for the weak convergence of
probability measures and its Borel o-field B((£2)) coincides with the one
generated by the maps P +— P(A), A € F. Unless otherwise mentioned, any
metric space is equipped with its Borel o-field. Similarly, product spaces are
always equipped with their product o-fields and measurability then refers to
joint measurability.

It will be convenient to define the integral of any (appropriately measur-
able) function f taking values in the extended real line R = [—o00, o], re-
gardless of its integrability. For instance, the expectation under a probability
measure P is defined by ET[f] := ET[f*] — ET[f]; here and everywhere
else, the convention

o0 —0K0 = —00

is used. Similarly, conditional expectations are also defined for R-valued
functions.

Definition ITI.2.1. Let (2,G,G, P) be a filtered probability space. A G-
adapted stochastic process X : Q x Ry — R? with cadlag paths is a P-G-
semimartingale if there exist right-continuous, G-adapted processes M and
A with My = Ag = 0 such that M is a P-G-local martingale, A has paths
of (locally) finite variation P-a.s., and

X=Xo+M+ A P-as.

The dimension d € N is fixed throughout. Fix also a truncation function
h : RY — RY; that is, a bounded measurable function such that h(z) =
in a neighborhood of the origin. The characteristics of a semimartingale X
on (2,G,G, P) are a triplet (B, C,v) of processes defined as follows. First,
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consider the cadlag process

X=X, —Xo— Y (AX,-h(AXy)),
0<s<t

which has bounded jumps. This process has a (P-a.s. unique) canonical
decomposition X = M’ 4+ B, where M’ and B’ have the same properties as
the processes in Definition I11.2.1, but in addition B’ is predictable. (See |78,
Theorem 7.2.6, p. 160| for the existence of the canonical decomposition in a
general filtration.) Moreover, let ¥ be the integer-valued random measure
associated with the jumps of X,

pX (w,dt,dz) = Liax, w)z0pL(s,ax. ) (dE dz).
s>0

Processes (B, C,v) with values in R?, R?*? and the set of measures on

R, xR%, respectively, will be called characteristics of X (relative to h) if B =
B’ P-a.s., C equals the predictable covariation process of the continuous local
martingale part of M’ P-a.s., and v equals the predictable compensator of
X P-a.s. All these notions are relative to the given filtration G which, in the
sequel, will be either the basic filtration F, its right-continuous version F, or
its usual augmentation Fi . Our first observation is that the characteristics
do not depend on this choice.

Proposition I11.2.2. Let X be a cadlag, R*-valued, F-adapted process on a
filtered probability space (2, F,F, P). The following are equivalent:
(i) X is an F-semimartingale,
(i) X is an Fy-semimartingale,
(iii) X is an FE-semimartingale.
Moreover, the semimartingale characteristics associated with these filtrations

are the same.

The proof is stated in Section II1.4. In order to study the measurabil-
ity of the third characteristic v, we introduce a o-field on the set of Lévy
measures; namely, we shall use the Borel o-field associated with a natural
metric that we define next. Given a metric space €', let 9(Q) denote the
set of all (nonnegative) measures on (£, B(Q2')). We introduce the set of
Lévy measures on R?,

L= {y e M(RY)

/Rd 22 A 1 v(d) < 0o and v({0}) = 0},

as well as their analogues on R, x R?,

N
c:{yem(R+de) / / 2|2 A Ly(dt, dz) < 0o VN € N,
0 R4

v({0} x RY) = »(Ry x {0}) = o}. (2.1)
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The space M/ (R?) of all finite measures on R? is a separable metric space un-
der a metric dyys(ge) which induces the weak convergence relative to Cj, (R9);
cf. [9, Theorem 8.9.4, p.213]; this topology is the natural extension of the
more customary weak convergence of probability measures. With any p € L,
we can associate a finite measure

Ar—>/|x|2/\1,u(dx), A € B(RY),
A

denoted by |z|2 A 1.p for brevity. We can then define a metric dz on £ via
d[:(l”” V) :dD)Tf(Rd)(|x’2/\1'/1’7“r|2/\1‘1/)7 [N S L.

We proceed similarly with £. First, given N > 0, let £y be the restriction
of £ to [0, N] x R For any u € Ly, let |z|?> A 1.1 be the finite measure

Ab—)/ w2 AL p(dt, dz), A € B([0, N] x R%;
A

then we can again define a metric

dz (1) = dops o, npxrey (|22 A L, [2P A1), pv € Ly,

Finally, we can metrize £ by
dg(p,v) =Y 27V (1ndg (nv), prel.
NeN

Lemma II1.2.3. The pairs (L,d), (ZN,dZN), (L,dz) are separable metric
spaces.

This is proved by reducing to the properties of M/; we omit the details.
The above metrics define the Borel structures B(L), B(Ly) and B(L). Al-
ternatively, we could have defined the o-fields through the following result,
which will be useful later on.

Lemma I11.2.4. Let (Y,Y) be a measurable space and consider a function
k:Y — L,y k(y,dt,dx). The following are equivalent:

(i) k: (Y, ) — (L,B(L)) is measurable,

(ii) for all measurable functions f : Ry x R? — R,

(v.) = @B®), y [ [ (1 A1)yt o)

s measurable.
Corresponding assertions hold for £ and Ly .

Proof. A similar result is standard, for instance, for the set of probability
measures on a Polish space; cf. [6, Proposition 7.25, p. 133]. The arguments
in this reference can be adapted to the space Ly by using the facts stated
in [9, Chapter 8]. Then, one can lift the result to the space £. We omit the
details. O
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I11.2.2 Main Results

We can now state our main result, the existence of a jointly measurable ver-
sion (P,w,t) = (B} (w), Cy(w), v (w)) of the characteristics of a process X
under a family of measures P. Here the second characteristic C' is a single
process not depending on P; roughly speaking, this is possible because two
measures under which X has different diffusion are necessarily singular. By
contrast, the first and the third characteristic have to depend on P in all
nontrivial cases: in general, two equivalent measures will lead to different
drifts and compensators, so that the families (B”)p and (v*)p are not con-
sistent with respect to P and cannot be aggregated into single processes. We
write S‘i for the set of symmetric nonnegative definite d x d-matrices.

Theorem II1.2.5. Let X be a cadlag, F-adapted, R*-valued process on a
filtered measurable space (2, F,F), where § is a separable metric space, F =
B(2) and each o-field F; of the filtration F = (F;)i>0 is separable. Then the
set

PBsem = {P € P(Q) | X is a semimartingale on (Q, F,F, P)} CP(N)
is Borel-measurable and there exists a Borel-measurable map
Psem X QxR - R xS x L, (Pyw,t) = (Bf (w), Ci(w), v (w))
such that for each P € Bsem,
(i) (BP,C,v") are P-semimartingale characteristics of X,

(ii) BY is F-adapted, Fi—predictable and has right-continuous, P-a.s. fi-
nite variation paths,

(iii) C is F-predictable and has P-a.s. continuous, increasing paths' in S‘j_,
(iv) v¥ is an FY -predictable random measure on Ry x RY.

Moreover, there exists a decomposition
vl (. dt,de) = KT (-, t,dz)dAY  P-a.s.,

where

(v) (P,w,t) — AP (w) is Borel-measurable and for all P € Beem, AL is an
F, -adapted, Fi—predictable, P-integrable process with right-continuous
and P-a.s. increasing paths,

(vi) (P,w,t) — K (w,t,dx) is a kernel on (R?, B(R?)) given (Psem x Q x
Ry, B(Psem) RFRB(RL)) and for all P € BVeem, (w,t) — K (w,t,dz)
is a kernel on (R?, B(R?)) given (2 x Ry, PP).

! Alternately, one can construct C' such that all paths are continuous and increasing,
at the expense of being predictable in a slightly larger filtration. See Proposition II1.6.6.
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The measurability of Pgen, is proved in Section I11.4, whereas the char-
acteristics are constructed in Section II1.6. We remark that the conditions
of the theorem are satisfied in particular when X is the coordinate-mapping
process on Skorohod space and F is the filtration generated by X. This is
by far the most important example—the slightly more general situation in
the theorem does not cause additional work.

Of course, we are particularly interested in measures P such that the
characteristics are absolutely continuous with respect to the Lebesgue mea-
sure dt on R ; that is, the set

40 = {P €PBeem | (BY,C,v") < dt, P-as.}.

(Absolute continuity does not depend on the choice of the truncation func-
tion h; cf. [26, Proposition 2.24, p.81].) Given a triplet of absolutely con-
tinuous characteristics, the corresponding derivatives (defined dt-a.e.) are
called the differential characteristics of X and denoted by (b”, ¢, FF).

Theorem I11.2.6. Let X and (2, F,F) be as in Theorem II1.2.5. Then the
set

ggm = {P € msem ‘ (BP, C, I/P) < dt, P-a.s.}
is Borel-measurable and there exists a Borel-measurable map

w xAxRy 5 RIxSE x £, (Pw,t) = (b (w),ce(w), EF))

sem T w,t

such that for each P € %

sem>’

(i) (bF,c, FT) are P-differential characteristics of X,
(ii) b is F-predictable,
(111) c is F-predictable,
(v) (w,t) — th(da:) is a kernel on (R, B(R?)) given ( x Ry, P).

In applications, we are interested in constraining the set P% . via the

values of the differential characteristics. Given a collection © C R? x S‘i x L
of Lévy triplets, we let

w (©)={PePw, |(" c,F')cO0,Podtae.}.

sem Sem

Corollary II1.2.7. Let X and (2, F,F) be as in Theorem III.2.5. Then

a (©) is Borel-measurable whenever © C R?xS% x L is Borel-measurable.

The proofs for Theorem II1.2.6 and Corollary II1.2.7 are stated in Sec-
tion III.7.

Remark III.2.8. The arguments in the subsequent sections yield similar
results when X is F;-adapted (instead of F-adapted), or if X is replaced by
an appropriately measurable family (X©)p as in Proposition II1.5.1 below—
we have formulated the main results in the setting which is most appropriate
for the applications we have in mind.
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III.3 Auxiliary Results

This section is a potpourri of tools that will be used repeatedly later on; they
mainly concern the possibility of choosing L!(P)-convergent subsequences
and limits in a measurable way (with respect to P). Another useful result
concerns right-continuous modifications of processes.

Throughout this section, we assume the setting of Theorem I11.2.5; that
is, © is a separable metric space, F = B(2) and F = (F;) is a filtration
such that JF; is separable for all ¢ > 0. Moreover, we fix a measurable set
P C P(Q); recall that P(2) carries the Borel structure induced be the weak
convergence. (The results of this section also hold for a general measurable
space (2, F) if P(N) is instead endowed with the o-field generated by the
maps P+— P(A), A€ F.)

As P plays the role of a measurable parameter, it is sometimes useful to
consider the filtered measurable space

(Q,F) = (BxQBP)©F), F=(F)zo, Fi=BFP)oF (3.1)

and its right-continuous filtration @r; a few facts can be obtained simply by
applying standard results in this extended space.

Lemma II1.3.1. Let t > 0 and let f : Q — R be measurable. Then the
function P — R, P+ EP[f(P,-)] is measurable. Moreover, there exist
versions of the conditional expectations ET[f(P,-) | F;] and EF[f(P,-) | Fii]
such that

Q=R (Pw) = E°[f(P) | Flw), (Pw)— EY[f(P)]Fi]w)
are measurable with respect to .7?75 and .7?t+, respectively, while for fized P € 3,
Q=R, we BYf(P)|Fw), w BY[f(P)]Fi](w)

are measurable with respect to Fy and Fiy, respectively.

Proof. It suffices to consider the case where f is bounded. We first show that
P+ EP[f(P,-)] is measurable. By a monotone class argument, it suffices
to consider a function f of the form f(P,w) = g(P)h(w), where g and h are
measurable. In this case, P — ET[f(P,-)] = g(P) EF[h], and P — EF[h] is
measurable due to |6, Proposition 7.25, p. 133].

The construction of the conditional expectation follows the usual scheme.
Fix t > 0, let (An)nen be a sequence generating F; and let (A)"),, be a
finite partition generating A, := o(A1,...,A,). Using the supermartingale
convergence theorem as in {13, V.56, p. 50| and the convention 0/0 = 0, we
can define a version of the conditional expectation given F; by

EP[f(P.) Lag)]
2 ppag e

EP[f(P,)| Fi] := limsup

n—o0
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In view of the first part, this function is ft—measurable, and Fi-measurable
for fixed P. Finally, using the backward martingale convergence theorem,

Ep[f(P’ ) |Ft+] = limsup Ep[f(P7 ) |f;t+1/n]

n—oo

is a version of the conditional expectation given F;; having the desired
properties. O

In what follows, we shall always use the measurable versions of the con-
ditional expectations as in Lemma II1.3.1.

Lemma II1.3.2. Let f™ : Q — R? be measurable functions such that (P, -)
is a convergent sequence in L'(P) for every P € 3. There exists a measur-
able function f: Q) — R such that f(P,-) =lim,, f*(P,-) in L*(P) for every
P € B. Moreover, there exists an increasing sequence (nkp)k C N such that
P nl is measurable and limy, f”f(P, ) = f(P,-) P-a.s. for all P € P.

Proof. For P € ‘3, let néj := 1 and define recursively

fiy, :=min {n € N|[[f“(P,-) = f(P, Mripy < 27 for all u,v > n},
nf ‘= max {ﬁf, nkP_l + 1}.

It follows from Lemma III1.3.1 that P — nf is measurable, and so the com-
position (P,w) f”kP(P,w) is again measurable. Moreover, we have

ST (P = (P )y < 00, P ES

k>0

by construction, which implies that ( £ (P,-))ken converges P-a.s. Thus,
we can set (componentwise)

f(P,w) := limsup f”f(P,w)

k—o0

to obtain a jointly measurable limit. ]

The next result is basically a variant of Alaoglu’s theorem in L? (or the
Dunford-Pettis theorem in L', or Komlos’ lemma) which yields measura-
bility with respect to the underlying measure. It will be crucial to obtain
measurable versions of the compactness arguments of semimartingale theory
in the later sections. We denote by conv A the convex hull of a set A C R

Proposition IT1.3.3. (i) Let f™ : B x Q — R? be a sequence of measurable
functions such that

sung"(P, M2y < oo, PeP. (3.2)
ne
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Then there exist measumble functions P+ NP € {n,n+1,...} and P

)\ € [0, 1] satisfying Zl ”n )\f)" =1 and )\Pn =0 fori¢ {n,..,NP} such
that

Ny
(P,w) — gPm(w) == Z )\f’n fi(P,w) € conv{f"(P,w), f"H(Pw),..}

is measurable and (g7™),en converges in L?(P) for all P € B,

(ii) For each m € N, let (f")nen be a sequence as in (i). Then there
exist N and )\Z’ as in (i) such that

(P,w) — gbm( Z)\P"fm W) € conv{f™(P,w), frY(Pw),...}

is measurable and (g,I:{n)neN converges in L*>(P) for all P € ¢ and m € N.

(i4i) Let f™ : B x Q — R? be measurable functions such that
{f™(P, )}nen € LY(P) is uniformly integrable, P & B.
Then the assertion of (i) holds with convergence in L'(P) instead of L*(P).

Proof. (i) For n € N, consider the sets

GP" = conv{f™(P,-), f*TY(P,"),..}, Pep.

Moreover, for k € N, let A} be the (finite) set of all A = (A1, A2,...) € [0, 1N
such that ), \; =1,

)\i:% for some a; € {0,1,...,b;}, b; €{1,2,...,k}
and \; =0 for i ¢ {n,...,n+k}. Thus,

Z)\ fl GPTL

i>1

for all A € A}. Let
ol = min {lg” Wl ary | A € A7}, aP = inf {lgl2gp) | 9 € G7)

and o = lim,, o"; note that (a™™"),, is increasing. We observe that any se-
quence g©" € GP™ such that ||gP’”||Lz(p) < aP™41/n is a Cauchy sequence
in L2(P). Indeed, if ¢ > 0is given and n is large, then H(gp’qugP’l)/QHLz(p) >
a — ¢ for all k,1 > n, which by the parallelogram identity yields that

g™k — g™t

%2(P) <4(aP™ +1/n)? — 4(aF — )2
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As o™ tends to of, this shows the Cauchy property. To select such a
. Pn

sequence in a measurable way, we first observe that (a)™"), decreases to

P due to (3.2). Thus,

Kbn .= min {k € N} |osz’n —aP" < 1/n}

is well defined and finite. By Lemma I11.3.1, P +— (akp’n, a™) is measurable,
and this implies that P — k" is measurable. Applying a selection theorem
in the Polish space [0,1]Y (e.g., [1, Theorem 18.13, p.600]), we can find for
each n a measurable minimizer P — AP™ in the (finite) set A}, such that

lg” AP | 2gpy = af it = min {lg” (Wl z2p) | A € A }.

According to the above, g© (XP ) is Cauchy and so the result follows by
setting NP =n + kPn.
(ii) This assertion follows from (i) by a standard “diagonal argument.”
(iii) For m,n € N, define the function f? : P x Q — R? by

fm(Pw) == f"(P,w) 1{ pn(pw)|<m}-

Then sup,,ey [| (P, -)|l2(py < oo for each m. Thus, for each m, (ii) yields
an L? (P)—Convergent sequence

N7
=D A (P

with suitably measurable coefficients. We use the latter to define

N
=Y NP
1=n
By the assumed uniform integrability, we have
lim sup ||f7.(P,) = f"(P,)l[Lypy =0, P €%
m—roo n>1

thus, the Cauchy property of ("), in L' (P) follows from the corresponding
property of the sequences (gf:{”)n. O

The last two lemmas in this section are observations about the measur-
ability of processes and certain right-continuous modifications.

Lemma II1.3.4. Let f : P x Q x Ry — R be such that f(-,-,t) is Fi-
measurable for all t and f(P,w,") is right-continuous for all (P,w). Then f
is measurable and flypxaxjo, Fi® B([0, t])-measurable for all t € R.

The same assertion holds if ft 1s replaced by ft+ throughout.
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Proof. This is simply the standard fact that a right-continuous, adapted
process is progressively measurable, applied on the extended space 2. O

Finally, we state a variant on a regularization for processes in right-
continuous but non-complete filtrations. As usual, the price to pay for the
lack of completion is that the resulting paths are not cadlag in general.

Lemma II1.3.5. Let f : P x Q@ x Ry — R be such that f(-,-,t) is j':t-i--

measurable for all t.  There exists a measurable function f : P x € x
R, — R such that f is Fy-optional, f(P,w,-) is right-continuous for all
(P,w), and for any P € ‘B such that f(P,-,-) is an Fi-adapted P-F -
supermartingale with right-continuous expectationt — ET[f(P,-,t)], the pro-
cess f(P,-,-) is an Fy-adapted P-modification of f(P,-,-) and in particular
a P-F, -supermartingale.

Proof. Let D be a countable dense subset of R.. For any a < b € R and
t € Ry, denote by M?(D N [0,t], P,w) the number of upcrossings of the
restricted path f(P,w,-)|pnjo,q over the interval [a,b]. Moreover, let

T2(P,w) = inf {t € Q4 | M(DN[0,8], P,w) = oo},

a

o(P,w) =inf {t € Q4 | <stupD|f(P,(,u,s)| = oo},
s<t, s&

p(P,w) =o(P,w) A inf 72(P,w)
a<beQ

and define the function f by
f(Pw,t) = <1imSUP f(P,w,S)) Lit<p(Puw)}-
seD, slt

Using the arguments in the proof of [13, Remark VL.5, p.70], we can verify
that f has the desired properties. O

II1.4 Semimartingale Property and ‘B,
In this section, we prove Proposition I11.2.2 and the measurability of Psep,.

Proof of Proposition I11.2.2. Let X be a cadlag, F-adapted process on a fil-
tered probability space (2, F,F, P). We begin with the equivalence of

(i) X is an F-semimartingale,

(ii) X is an F-semimartingale,

(iii) X is an FY-semimartingale.

To see that (i) implies (iii), let X = Xo + M + A be an F-semimartingale,
where M is a right-continuous F-local martingale and A is a right-continuous
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F-adapted process with paths of P-a.s. finite variation. The same decom-
position is admissible in IFP ; to see this, note that any right-continuous
F-martingale N is also an IFP martingale: by the backward martingale con-
vergence theorem, Ny = EP[Nt\}'S] for s <t implies

N5 = Nyt = EP[N,|Foy] = EPINFE] P-as., s<t.

Next, we show that (iii) implies (i). We observe that the process

X; = X; — X — Z AXs 1ax,>1)
0<s<t

is a semimartingale if and only if X is. Thus, we may assume that Xg = 0
and that X has jumps bounded by one. In particular, X then has a canonical
decomposition X = M + B, where M is a right-continuous Fi—local martin-
gale and B is a right-continuous Ff—predictable process of finite variation.
We can decompose the latter into a difference B = B! — B? of increasing,
right-continuous Ff—predietable processes. By [78, Lemma 6.5.10, p.143],
there exist right-continuous, P-a.s. increasing and F-predictable processes
B! and B? which are indistinguishable from B! and B2, respectively. Define
B = B! — B2; then B is F-predictable, right-continuous and P-a.s. of finite
variation, and of course 1nd15t1ngu1shable from B.

As a consequence, M:=X—Bis right-continuous, F-adapted and indis-
tinguishable from M in particular, it is still an F +—local martingale. By [11,
Theorem 3|, there exists an F{-predictable localizing sequence (7,) for M.
For any 7, there exists an F-predictable stopping time 7, such that 7, = 7,
P-a.s.; cf. [12, Theorem IV.78, p. 133]. Thus, the sequence (7,,) is a localizing
sequence of F-stopping times for the IE‘P local martingale M. Since M is F-
adapted, we deduce from the tower property of the conditional expectation
that M is an F-local martingale. As a result, X = M+Bisa decomposition
as required and we have shown that (iii) implies (i).

The equivalence between (ii) and (iii) now follows because we can apply
the equivalence of (i) and (iii) to the filtration F :=F .

It remains to show the indistinguishability of the characteristics. Let
(B, C,v) be F-characteristics of X and let (B’,C’, 1) be F{-characteristics.
The second characteristic is the continuous part of the quadratic variation
[X], which can be constructed pathwise P-a.s. (see the proof of Proposi-
tion II1.6.6) and thus is independent of the filtration. As a result, C = C’
P-a.s. To identify the first characteristic, consider the process

Xi=X;— Y (AX,—h(AX,)).

0<s<t

As X has uniformly bounded jumps, it is an F-special semimartingale. Let
X = Xo+ M + B be the canonical decomposition with respect to F (cf. [78,
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Theorem 7.2.6, p. 160]). By the arguments in the first part of the proof, this
is also the canonical decomposition with respect to Fi and thus B = B’
P-a.s. by the definition of the first characteristic.

Next, we show that v = 1/ P-a.s. To this end, we may assume that v is
already the F-predictable compensator of . (The existence of the latter
follows from [26, Theorem II.1.8, p. 66| and [13, Lemma 7, p.399|.) Let us
check that v is also a predictable random measure with respect to IFIJ: . Let
WP =WP(w,t,z) be a PP @ B(R?)-measurable function; we claim that W7
is indistinguishable from a P ® B(R?)-measurable function W, in the sense
that the set {w € Q| W(w,t,z) # WP (w,t,x) for some (¢,z)} is P-null. To
see this, consider first the case where W¥ (w,t,z) = HF (w,t)J(x) with H?
being PP-measurable and .J being B(R?)-measurable. By [13, Lemma 7,
p.399], there exists a P-measurable process H indistinguishable from H P
and thus W(w,t,z) = H(w,t)J(z) has the desired properties. The general
case follows by a monotone class argument. Since v is a predictable random
measure with respect to IF, the process defined by

(W sv) = /0 y W (s, z)v(ds,dx)

is P-measurable. As a result, the indistinguishable process (W % v) is PF-
measurable, showing that v is a predictable random measure with respect
to Ff .

To see that v is the compensator of the jump measure X of X with
respect to FY | suppose that W is nonnegative. Then by the indistinguisha-
bility of W and W and [26, Theorem II.1.8, p. 66],

EP[(WP *V)oo] = EP[(W *V)oo| = EPKW * MX)oo] = EP[(WP * IU’X)OO]'

Now the uniqueness of the Fi—compensator as stated in the cited theo-
rem shows that v = v/ P-a.s. This completes the proof that (B,C,v) =
(B',C",V') P-as.

Again, the argument for I, is contained in the above as a special case,
and so the proof of Proposition I11.2.2 is complete. O

To study the measurability of Pgem, we need to express the semimartin-
gale property in a way which is more accessible than the mere existence of
a semimartingale decomposition. To this end, it will be convenient to use
some facts which were developed in [4] to give an alternative proof of the
Bichteler—Dellacherie theorem.

We continue to consider a cadlag, R?-valued, F-adapted process X on an
arbitrary filtered space (€2, F,F), but fix a finite time horizon 7' > 0. Let
(Xt)efo,m be the process defined by

X=X — Xo - Z AXs 1yax,>1}
0<s<t
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and consider the sequence of F-stopping times
Tpn :=inf {t > 0| | X, >mor | X, | > m}.
Moreover, for any m € N, define the process ()A(/t"l)te[o’T] by
X" = (m~+1)"" Xq, n

Given P € B(Q), we can consider the Doob decomposition of X™ sampled
on the n-th dyadic partition of [0,7] under P and F,; namely, A™" := 0
and

m,P,n
AkT/2"

||M?r

XJyan = X(ayrjon | Foonayams]s 1<k <2,
M = XkT Jon — AZ‘TZZ, 0<k<2m

Furthermore, given ¢ > 0, we define the F-stopping times

Jm,n( 1nf{‘ Z‘X - (J 1)T‘ 20—4},

>c—2}.

Proposition I11.4.1. Let P € B(2). The process (Xi)iejo,r) s a P-F-semi-
martingale if and only if for all m € N and € > 0 there exists a constant
¢ =c(m,e) >0 such that

P, P,
Tmyp,n( lnf{ ‘ Z ’Am n AWJL 1)nT

Plomn(c) < o] < % and P |7y pn(c) < 0o] < % foralln > 1. (4.1)

Proof. Clearly X is a P-F-semimartingale if and only if X™ has this property
for all m. Moreover, by Proposition II11.2.2, this is equivalent to xm being a
P—Fi—semimartingale.

If X™is a P—Fi—semimartingale, [4, Theorem 1.6] implies that it sat-
isfies the property “no free lunch with vanishing risk and little investment”
introduced in [4, Definition 1.5]. As sup¢(o 1 |X"| < 1, we deduce from [4,
Proposition 3.1| that for any € > 0 there exists a constant ¢ = ¢(m,e) > 0
such that (4.1) holds. Conversely, suppose that there exist such constants;
then, as sup;cjo 71 |X™| < 1, the proof of [4, Theorem 1.6] shows that X™ is
a P—Fi—semimar‘cingale. O

Corollary I11.4.2. Under the conditions of Theorem II1.2.5, the set
PBsemr = {P € P(Q) | (Xt)o<t<r is a semimartingale on (Q, F,F, P)}

is Borel-measurable for every T' > 0, and 50 is Psem = NTeNPsem,T-
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Proof. Let T' > 0; then Proposition III1.4.1 allows us to write Bsem 7 as

ﬂ U ﬂ {P € P(NQ) ‘ Plomn(c) < 00| + Plrm,pa(c) < o0] < 1/k};
m,keEN ceNneN
hence, it suffices to argue that the right-hand side is measurable. Indeed,
W = Omn(c)(w) and (P, w) +— Ty, pr(c)(w) are measurable by Lemma I11.3.1,
so the required measurability follows by another application of the same
lemma. O

II1.5 Measurable Doob-Meyer and Canonical De-
compositions

In this section, we first obtain a version of the Doob—Meyer decomposition
which is measurable with respect to the probability measure P. Then, we
apply this result to construct the canonical decomposition of a bounded
semimartingale with the same measurability; together with a localization
argument, this will provide the first semimartingale characteristic BY in the
subsequent section. The conditions of Theorem III.2.5 are in force; moreover,
we fix a measurable set P C P(Q). As the results of this section can be
applied componentwise, we consider scalar processes without compromising
the generality.

There are various proofs of the Doob—Meyer theorem, all based on com-
pactness arguments, which use a passage to the limit from the elementary
Doob decomposition in discrete time. The latter is measurable with respect
to P by Lemma III.3.1. Thus, the main issue is to go through a compactness
argument while retaining measurability. Our Proposition I11.3.3 is tailored
to that purpose, and it combines naturally with the proof of the Doob—Meyer
decomposition given in [5].

Proposition IT1.5.1 (Doob-Meyer). Let (P,w,t) — S}’ (w) be a measurable
function such that for all P € B, S¥ is a right-continuous, F -adapted P-

Fﬁ—submartmgale of class D. There exists a measurable function (P,w,t)
AF (w) such that for all P € B,

SP—sP— AP isa P-F¥-martingale,
AP is right-continuous, F -adapted, ]Fi-predictable and P-a.s. increasing.

Proof. 1t suffices to consider a finite time horizon T > 0; moreover, we may
assume that S’ = 0. For each P € P and n € N, consider the Doob
decomposition of the process (S;,DT/Q,,L)j:O“”’Qn, defined by Ag)’” =0 and

Fii—yr/om+|, 1<k<27,

k
Pn _ P P P
Ayn =D E [Sjm” — ST/
j=1

P, _ qP P,
MkT%n = SkT/2n - Akq%n, 0<k<2m
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Note that (Af:’p%n)j:o,,_,,zn has P-a.s. increasing paths and that (P,w) +—

Akpif”/Qn (w) is measurable by Lemma III.3.1. As a consequence, (P,w)
M; "™ (w) is measurable as well. We deduce from [5, Lemma 2.2] that for each
P € P the sequence (MI{D’")%N C L'(P) is uniformly integrable. Therefore,
we can apply Proposition I11.3.3 to obtain an L!(P)-convergent sequence of
convex combinations

Ny

M?’n = Z )\ZP’” M;’i

1=n
which are measurable in (P,w). By Lemma II1.3.2, we can find a version
ME of the limit which is again jointly measurable in (P,w).

On the strength of Lemma II1.3.1 and Lemma II1.3.5, we can find a mea-
surable function (P,w,t) — M/ (w) such that for each P € ‘B, (Mtp)te[o,T]
is a right-continuous P-F -martingale and a P-modification of the process
(EP [M; | ]'—tJr])OStST- We define AP by

AP =8P - M

then A" is right-continuous and F -adapted and (P,w,t) — A} (w) is mea-
surable. Following the arguments in [5, Section 2.3|, we see that A” is P-a.s.
increasing and P-indistinguishable from a P-measurable process, hence pre-
dictable with respect to Ff . O

We can now construct the compensator of a process with integrable vari-
ation. We recall the filtration F on P x Q introduced in (3.1).

Corollary I11.5.2 (Compensator). Let (P,w,t) — Sf(w) be an F, -adapted
right-continuous process such that for all P € 83, ST is an F, -adapted process
of P-integrable variation. There exists a measurable function (P,w,t) —

AP (w) such that for all P € B,
S — S(])D — A isa P-Fi-martmgale,

AP is right-continuous, F -adapted, Fi—pr@dictable and P-a.s. of finite vari-
ation.

Proof. We may assume that S3’ = 0. By Lemma I11.3.4, (P,w,t) — SF(w) is
measurable. Thus, if S* is P-a.s. increasing for all P € B, Proposition I11.5.1
immediately yields the result. Therefore, it suffices to show that there exists
a decomposition

SP =gbP _g2F p_yg

into [F, -adapted, P-integrable processes having right-continuous and P-a.s.
increasing paths such that (P, w,t) — SZ’P(w) is measurable. Let Var(ST)



42 TII Measurability of Semimartingale Characteristics with Respect to the Law

denote the total variation process of S*. By the right-continuity of S¥, we
have

Var(S7);(w) = lim > [k o0 (@) = Sf_1y0/an ()] for all (P,w,t).

In particular, Var(S”) is Fy-adapted and (P,w,t) — Var(ST)(w) is F -
adapted. For each P € 3, we define

o :=inf {t > 0| Var(5");, = oo}.

The identity
{o" <t}= |J {Var(s"), = o0}
qeQ, q<t
shows that (P,w) — o (w) is an F-stopping time and in particular mea-
surable. As S* is of P-integrable variation, we have o = oo P-a.s. Using
Lemma I11.3.4 and the fact that Var(S* )1[0,oP[ is right-continuous, it follows
that the processes

_ Var(sF)+S”
= ———

2P _ Var(St) — sP

1,P . .
S : 1[07019[[, S R S 1[[0,UP[[

have the required properties. O

In the second part of this section, we construct the canonical decomposi-
tion of a bounded semimartingale. Ultimately, this decomposition can be ob-
tained from the discrete Doob decomposition, a compactness argument and
the existence of the compensator for bounded variation processes. Hence, we
will combine Proposition I11.3.3 and the preceding Corollary II1.5.2. The fol-
lowing lemma is an adaptation of the method developed in [4] to our needs; it
contains the mentioned compactness argument. We fix a finite time horizon
T > 0.

Lemma II1.5.3. Let S = (St)ejo,r) be a cadlag, F-adapted process with

So = 0 and sup,¢(o 1) |S¢| < 1 such that S is a P—Ff—semimartingale for all
P eB. Foralle >0 and P € B there exist

(i) a [0,T] U {oo}-valued Fy-stopping time af such that (P,w) — of (w)
1s an Fy-stopping time and

Pla” < ] <,

(ii) a constant c” and right-continuous, T -adapted processes AT, JYlP
with ALY = ME = 0 such that (P,w,t) — (AP (w), MF(w)) is F-
adapted,

MP s a P-F-martingale and Var(A") <P P-a.s.
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such that
MEP + AP =8 p,y, t€[0,T].

Proof. This lemma is basically a version of [4, Theorem 1.6] with added
measurability in P; we only give a sketch of the proof. The first step is to
obtain a version of [4, Proposition 3.1]: For P € ¢ and n € N, consider
the Doob decomposition of the discrete-time process (SjT/Qn)j:(]’”.’Qn with
respect to P and [, defined by AOP’n =0 and

Fi-yr/ons|, 1<k<27,

k
Pn L P
A =Y B [Sﬂm = Si—nyr/2n
j=1

M]Z{;Q” = SkT/2" — AP’n 0 S k S 2”.

By adapting the proof of [4, Proposition 3.1] and using Lemma III.3.1, one
shows that for all ¢ > 0 and P € P there exist a constant ¢ € N and
a sequence of {T/2",..., (2" — 1)T/2",T} U {oo}-valued F-stopping times
(pPn)nen such that (P,w) — ppy(w) is an F_-stopping time,

Plppn < 0] <€
and

n
2T(pP,n/\T)

Z |A§¥;2n - Aéﬁl)Tﬂ"' < HMII“DKZP,HH;(P) <c”

j=1
for all n € N. The second step is to establish the following assertion: for
all ¢ > 0 and P € 5P there exist a constant ¢’ € N, a [0, T] U {oo}-valued
F, -stopping time of such that (P,w) — of(w) is an IAF+—stopping time,
and a sequence of right-continuous, F,-adapted processes (A”*)pcn and
(MPF),cxy on [0, T] which are measurable in (P, w, t), such that (M} *)o<<p
is a P-F;-martingale and

(MPFY 4 (APR)e = 5p" Pl <o <

aP O¢P
Z ‘(ARk)jT/Qk - (Ap7k)(j—1)T/2k

P2
? ScP.

L2(P)

<cP P-as., H (./\/lP’k)

Here the first equality holds for all w rather than P-a.s. and the usual nota-
tion for the “stopped process” is used; for instance, StO‘P = S,pp- To derive
this assertion from the first step, we combine the arguments in the proof of |4,
Proposition 3.6] with Lemma I11.3.1, Lemma II1.3.2, Proposition I11.3.3 and
Lemma II1.3.5.

Finally, to derive Lemma II1.5.3 from the preceding step, we adapt the
proof of [4, Theorem 1.6], again making crucial use of Lemma III.3.2 and
Proposition II1.3.3. ]
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Proposition II1.5.4 (Canonical Decomposition). Let S be a cadlag, F -
adapted process with Sy = 0 and sup;>q |S;| < 1 such that S is a P-F-
semimartingale for all P € 3. There exists a measurable function (P,w,t)
BF (w) such that for all P € %8,

S—B isa P—Flj—martingale,

BY is right-continuous, F -adapted, Fi-predictable and P-a.s. of finite vari-
ation.

Proof. We first fix T' > 0 and consider the stopped process Y = ST". For each
n €N, let o™, MP™ and AP™ be the stopping times and processes provided
by Lemma II1.5.3 for the choice € = 27"; that is, Pla™" < co] < 27" and

YaP’" :Mp’n+AP’n.

By Corollary II1.5.2, we can construct the compensator of AP" with re-
spect to P-F¥ denoted by {AP"}F such that {AP"}F is right-continuous,
F,-adapted and P-a.s. of finite variation, and (P,w,t) — {AP"}F(w) is
measurable. We define the process Mp’n by

MPJZ _ MP,n +AP,n _ {AP,n}P'

By construction, ﬂp’n is a right-continuous, F,-adapted P-F ﬁ—martingale

and (P,w,t) — ﬂf "(w) is measurable. Furthermore,
o = M5 4 APy P

is the canonical decomposition of the P—Fi—semimartingale yeo",
We have Y P{a™ < oo} < oo for each P € PB. By the Borel-
Cantelli Lemma, this implies that lim, . o™ = oo P-a.s. Let

P .= inf ok
k>n

Then BP™ are IF; -stopping times increasing to infinity P-a.s. for each P and
(P,w) + BP™(w) is an F, -stopping time for each n. As P+ aafm = ghn,
we have

Yo = (yet

Pn+1

P,n)ﬂp’"+1 I ({AP,n}P)ﬁ :

BP,n+1

:(/\/l

which is the canonical decomposition of YA, Thus, by uniqueness of the
canonical decomposition,

[e.e] e}
—_ Pn+1 Pn+1
Y - Z (MP,TL),B lﬂﬁP,n—l’ﬁP,n[[ + Z ({APJL}P)/B lﬂﬁp’n_lzﬁp’n[[

n=1 n=1
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is the canonical decomposition of Y, where we have set 570 := 0. Denote
the two sums on the right-hand side by M7 and BPT | respectively, and
recall that Y = ST. The decomposition of the full process S is then given
by

o0 o
§=M"+ B =y MU A+ 3 B oy
T=1 T=1

By construction, these processes have the required properties. ]

II1.6 Measurable Semimartingale Characteristics

In this section, we construct a measurable version of the characteristics
(BY,C,vP) of X as stated in Theorem I11.2.5. The conditions of that theo-
rem are in force throughout; in particular, X is a cadlag, F-adapted process.
We recall that the set Pgep, of all P € P(Q) under which X is a semimartin-
gale is measurable (Corollary II1.4.2) and that a truncation function h has
been fixed. When we refer to the results of Section III.3, they are to be
understood with the choice P = Bsem.

As mentioned in the preceding section, the existence of the first charac-
teristic BT is a consequence of Proposition I11.5.4.

Corollary II1.6.1. There exists a measurable function Peem x QxR — RY,
(P,w,t) = BF(w) such that for all P € Bsem, BY is an Fi-adapted, FE -
predictable process with right-continuous, P-a.s. finite variation paths, and
BP is a version of the first characteristic of X with respect to P.

Proof. We may assume that Xg = 0. Let

Xi=X;— Y (AX,-h(AX,)),

0<s<t

To = 0 and T),, = inf{t > 0| |X;| > m}. As X has cadlag paths, each T}, is
an F -stopping time and 7, — oco. Define

Xm = X./\Tm;

then X™ is a cadlag, F,-adapted P—Fi semimartingale for each P € Pgep,
and | X™| < m+||h|lco. We use Proposition II1.5.4 to obtain the correspond-

ing predictable finite variation process B™T of the canonical decomposition
of X™, and then

BP = Z Bm7P 1|ITm—1,Tm[[

m>1

has the desired properties. ]
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The next goal is to construct the third characteristic of X, the com-
pensator v¥ of the jump measure of X, and its decomposition as stated in
Theorem II1.2.5. (The second characteristic is somewhat less related to the
preceding results and thus treated later on.) To this end, we first provide
a variant of the disintegration theorem for measures on product spaces. As
it will be used for the decomposition of v, we require a version where the
objects depend measurably on an additional parameter (the measure P). We
call a kernel stochastic if its values are probability measures, whereas finite
kernel refers to the values being finite measures. A Borel space is (isomorphic
to) a Borel subset of a Polish space.

Lemma II1.6.2. Let (G, G) be a measurable space, (Y,Y) a separable mea-
surable space and (Z,B(Z)) a Borel space. Moreover, let r(g,d(y,z)) be a
finite kernel on (Y x Z,Y®B(Z)) given (G, G) and let k(g, dy) be its marginal
onY,

k(g,A) :=k(g,Ax Z), Aec).

There eists a stochastic kernel o((g,y),dz) on (Z,B(Z)) given (GxY,GRY)
such that

k(g,Ax B) = /Aa((g,y),B) k(g,dy), A€)Y, BeB(Z), g€qd.
Proof. This result can be found e.g. in |6, Proposition 7.27, p.135|, in the
special case where Y is a Borel space (and ﬁ(g, d(y, z)) is a stochastic ker-
nel). In that case, one can identify Y with an interval and the proof of |6,
Proposition 7.27, p. 135] makes use of dyadic partitions generating ). In the
present case, we can give a similar proof where we use directly the separa-
bility of ); namely, we can find a refining sequence of finite partitions of
Y which generates ) and apply martingale convergence arguments to the
corresponding sequence of finite o-fields. The details are omitted. O

In order to apply the disintegration result with (Y,Y) = (2 xR, P), we
need the following observation.

Lemma I11.6.3. The predictable o-field P is separable.
Proof. The o-field P is generated by the sets
{0} x A, Ae Fo— and (s,t]x A, AeF—, 0<s<teQ;

cf. [12, Theorem IV.67, p.125|. Since Fy_ is trivial and F; is separable
for s > 0, it follows that each F,s_ is separable as well. Let (A7}),>1 be a
generator for F_; then

{0} x Ay and (s,t]x AL, 0<s<teQ, n>1

yield a countable generator for P. O
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We can now construct the third characteristic and its decomposition.
For the following statement, recall the set £ from (2.1) and that it has been
endowed with its Borel o-field.

Proposition II1.6.4. There exists a measurable function
LBoem X Q= L,  (P,w) — v (w,dt, dz)

such that for all P € Psem, the Fi—predictable random measure vF (-, dt, dx)
is the P—]Fﬁ-compensator of wX. Moreover, there exists a decomposition

vP (- dt,dr) = KP (- t,dx) dAF  P-a.s.

where
(i) (P,w,t) = AF(w) is measurable and for all P € Beem, A is an F -
adapted, Fi—pr@dictable, P-integrable process with right-continuous and
P-a.s. increasing paths,

(ii) (P,w,t) — KT (w,t,dz) is a kernel on (R%, B(R?)) given (PVsem x Q x
Ry, B(PBsem) RFRB(R,)) and for all P € BVeem, (w,t) — K (w,t,dz)
is a kernel on (R?, B(RY)) given (2 x Ry, PP).

Proof. We use the preceding results to adapt the usual construction of the
compensator, with P € P, as an additional parameter. By a standard
fact recalled in Lemma I11.6.5 below, there is a P ® B(R?%)-measurable func-
tion V > 0 such that 0 < V % X < 1; recall the notation V * p~ :=
Jo Jra V( X (ds,dz). Define A := V % u~. We observe that A is a
cadlag, IF+ adapted process, uniformly bounded and increasing; thus, it is a
P—Fi—submartingale of class D for any P € Psen,. By Proposition I11.5.1, we
can construct the predictable process of the Doob-Meyer decomposition of A
with respect to P and Fi, denoted by A such that A" is P-integrable, Fi—
predictable, F -adapted with right-continuous, P-a.s. increasing paths and
(P,w,t) — AP (w) is measurable. Define a kernel on (2 xRy xR%, P B(R?))

giVen (msemag(msem)) by
m?(C) = E[(V1gxpY)_ ], CePaBR?).
Note that each measure m?(-) is a sub-probability. Consider the set

= { ) € Psem X | t— AP( ) is increasing}
m { emsemXQ‘AP <AP( )},

s<teQ

the second equality is due to the right-continuity of A" and shows that
G € B(Psem) @ F. Moreover, the sections of G satisfy

P{weQ|(Pw)€Gt=1, P € PBaem.
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Thus, the (everywhere increasing, but not F-adapted) process
Al (W) = Af (@)16(Pw)

is P-indistinguishable from AP and in particular Fi—predictable, while the
map (P,w,t) — AP (w) is again measurable. We define another finite kernel

on (Q X R+,P) given (msem76(msem)) by

m? (D) :EP[/OOOID(t,w)dAf(w) , DeP.

As in the proof of [26, Theorem I1.1.8, p. 67|, we have m* (D) = m? (D x R%)
for any D € P; that is, m’ (dw,dt) is the marginal of m” (dw,dt,dx) on
(Q xRy, P).

Since (2 x R4, P) is separable by Lemma II1.6.3, we may apply the dis-
integration result of Lemma II1.6.2 to obtain a stochastic kernel o (w, t, dz)
on (R, B(R?)) given (Paem X 2 x Ry, B(Psem) ® P) such that

mP (dw, dt, dz) = of (w,t, dz) M (dw, dt).

Define a kernel K7 (w, t, dz) on (R, B(R?)) given (Baem X QX Ry, B(Psem) ®
P) by

KP(w,t,E) ::/ V(w,t,z) ol (w,t,dz), E € B(RY). (6.1)
E
Moreover, let 7 (w, dt, dz) := KP (w, t, dz) dAP (w) and define the set
N
G = {(P,w)EG‘/ |22 A 197 (w, dt, dz) < 0oV N € N,
0o Jrd
7 R 0) =0 = 77 (e (0), B9

We observe that G’ € B(Bsem) @ F. Moreover, by [26, Theorem 11.1.8, p. 66]
and its proof,

P{lweQ|(Pw)eG}=1, P €PBsem. (6.2)

Define the kernel K (w, t, dr) on (R%, B(R?)) given (Psem x AXR ¢, B(Psem)®
F®B(Ry)) by

KP(w,t,E) = KP(w,t,E)1e(P,w), E € BRY.

We see from (6.2) that for fixed P € Pyem, K (w,t,dz) is also a kernel on
(R, B(R%)) given (Q x Ry, PF). Finally, we set

vl (w,dt, dz) := K (w,t,dx) dAT (),
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which clearly entails that v (-, dt,dz) = K (-,t,dx)dAl P-as. By con-
struction, v (w, dt, dz) € L for each (P,w) € Psem x Q. Moreover, we deduce
from [26, Theorem I1.1.8, p. 66| that v (w,dt,dz) is the P-F{-compensator
of u* for each P € Pyern. It remains to show that (P,w) — v (w,dt, dz) is
measurable. By Lemma II1.2.4, it suffices to show that given a Borel function
f on R, x R, the map

(P,w) — f(t,z)* v (w,dt,dx)

is measurable. Suppose first that f is of the form f(¢,z) = g(t) h(x), where
g and h are measurable functions. Then

ft,z) v (w,dt,dz) = / f(t,z) K (w,t,dx) dA (w)
0 JRrd
= [ o) [ 1) KP (ot 2] @)
0 R4
is measurable in (P,w). The case of a general function f follows by a mono-
tone class argument, which completes the proof. O

The following standard fact was used in the preceding proof.

Lemma II1.6.5. Let S be a cadlag, Fy-adapted process. There exists a
strictly positive P @ B(R?)-measurable function V such that 0 <V * p® < 1.

Proof. Let H,, := {x € R?||z| > 27"} for n € N; then U, H, = R%\ {0}.
Define T, 0 = 0 and

T o= 002 T~ 81, > 2051,

As S is cadlag, each T;, p, is an F-stopping time. Set G, := Q x R4 x {0}
and

G = [0, Tpm] x Hy, € P @ B(RY);

recall that the predictable o-field associated with F coincides with P. Then,
Un,mGnm = Q x Ry x R? and

27m
V(w,t,z) := Z 9—n <1Gn’0 (w,t,x) + Z mlgn’m(w,t,x)>

n>1 m>1
has the required properties. ]

The final goal of this section is to establish an aggregated version of
the second characteristic; that is, a single process C rather than a family
(CP)pegp..,.. By its definition, C is the quadratic variation of the continuous
local martingale part of X under each P € Pgepy; however, the martingale
part depends heavily on P and thus would not lead to an aggregated process
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C. Instead, we shall obtain C as the continuous part of the (optional)
quadratic variation [X] which is essentially measure-independent. For future
applications, we establish two versions of C: one is F-predictable but its
paths are irregular on an exceptional set; the other one, denoted C, has
regular paths and is predictable for the augmentation of F by the collection
of F-measurable Pepm,-polar sets. More precisely, we let

Nsem = {A € F|P(A) =0 for all P € Pgern }

and consider the filtration F V Nser, = (F; V Ngem)t>0. Note that this is
still much smaller than the augmentation with all Pg.n,-polar sets (or even
the P-augmentation for some P € Pgem), because we are only adding sets
already included in F. In particular, all elements of F; V Nyen are Borel
sets and an F V Ngep,-progressively measurable process is automatically F ®
B(R)-measurable. For the purposes of the present chapter, both versions
are sufficient.

Proposition I11.6.6. (i) There exists an F-predictable, Si—valued process
C such that
C = <XC’P>(P) P-a.s. for all P € Psem,

where X&F denotes the continuous local martingale part of X under P and
(XC’P>(P) 1s its predictable quadratic variation under P. In particular, the
paths of C' are P-a.s. increasing and continuous for all P € Psem -

(ii) There exists an F \ Nsem-predictable, S‘i—valued process C' with con-
tinuous increasing paths such that

C = <XC’P>(P) P-a.s. for all P € Psem.-

Proof. We begin with (ii). As a first step, we show that there exists an
FV Nsem-optional process [X] with values in Si, having all paths cadlag and
of finite variation, such that

[X]=[X]®) Pas. forall Pe€Poem,

where [X]") is the usual quadratic covariation process of X under P. To
this end, we first apply Bichteler’s pathwise integration [8, Theorem 7.14],
see also [31] for the same result in modern notation, to [ X* dX7, for fixed
1 <i,j < d. This integration was also used in [48, 71, 72| in the context of
continuous martingales; however, we have to elaborate on the construction
to find a Borel-measurable version.

Define for each n > 1 the sequence 73 := 0,

741 = inf {t > ‘ |th - X;L;ln| > 27" or |Xti_ - Xj_ln’ > 2_”}, {>0.
Since X is cadlag, each 7;* is an F-stopping time and lim; 7}*(w) = oo holds
for all w € Q). In particular, the processes defined by

k-1
I = X (X = XD) + ) X (XD, —XD) for 7 <t <7l k20

Tlrjrl
=0
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are F-adapted and cadlag, thus F-optional. Finally, we define

Ii(w) := limsup [}*(w);
n—oo
then [ is again F-optional. Moreover, it is a consequence of the Burkholder-
Davis-Gundy inequalities that

(P)et '
- | xidx}
0

sup —0 P-as, N>1 (6.3)

0<t<N

for each P € Pgepm, where the integral is the usual It6 integral under P. For
two cadlag functions f,g on Ry, let

d(f,9) =Y 2 NAN|f —glln),

N>1

where || - || & is the uniform norm on [0, N|. Then d metrizes locally uniform
convergence and a sequence of cadlag functions is d-convergent if and only
if it is d-Cauchy. Let

G ={weQ|I"(w) is d-Cauchy}.

It is elementary to see that G € F. Since (6.3) implies that P(G) =1 for all
P € PBsem, we conclude that the complement of G is in Nyep,. On the other
hand, we note that the d-limit of a sequence of cadlag functions is necessarily
cadlag. Hence,

Ji .= I1¢q
defines an F V Nyem-optional process with cadlag paths. Define the R4*%
valued process Q = (Q%) by

QY = XX — Jii — Jit,

Then Q¥ = X'X7 — (P)f x? ax7 — P)f X7 dX* = ([X]"))¥ holds P-a.s.
for all P € Pgem; this is simply the integration-by-parts formula for the It6
integral. In particular, Q) has increasing paths in Si P-a.s. for all P € Peern.
Since @ is cadlag, the set G' = {w € Q|Q(w) is increasing in S} is F-
measurable and we conclude that

[X] = Q]-G’
is an F'V N em-optional process having cadlag, increasing paths and satisfying
[X] = [X]) P-as. for all P € Bsem-
The second step is to construct C' from [X]. Recall that a cadlag func-

tion f of finite variation can be (uniquely) decomposed into the sum of a
continuous part f¢ and a discontinuous part f¢; namely,

JFE N O P 0 NS /P

0<s<t
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where fo— := 0. Since all paths of [X] are cadlag and of finite variation,
we can define C' := [X]¢. Then C is F V Nyem-optional (e.g., by [26, Propo—
sition 1.16, p.69]), Co = 0 and all paths of C' are increasing in S and
continuous. Hence, C is also F V Nyep-predictable. Let P € Pem and recall
(see [26, Theorem 4.52, p.55]) that

(X)) = (xFYP) 4 3" (AX,)? P-as.
0<s<-

By the uniqueness of this decomposition, we have that C' = <XC’P>(P) P-as.,
showing that C is indeed a second characteristic of X under P.

For the F-predictable version (i), we construct [X] as above but with
G = G' = Q; then [X] is F-optional (instead of F V Nsep-optional) while
lacking the path properties. On the other hand, all paths of X are cadlag
and hence the process

C'=[X]- ) (AXy)
0<s<-

is well-defined and F-optional. Next, define C{j := 0 and (componentwise)

Cy :=limsup C|_ \n > 0;

n—oo

then C” is F-predictable. Finally, the process C' := Cl/lC”eSi has the re-

quired properties, because for given P € Py, the paths of C” are already
continuous P-a.s. and thus C' = ¢’ = C" = (X*P)(P) P-as. O

I11.7 Differential Characteristics

In this section, we prove Theorem III.2.6 and its corollary. The conditions
of Theorem III.2.6 (which are the ones of Theorem III.2.5) are in force.
We recall the set of semimartingale measures under which X has absolutely
continuous characteristics,

som = {P € s13sem‘ BP C,v ) < dt, P—a.s.}.
Lemma II1.7.1. The set P2 C P(Q) is measurable.

Proof. Let (BY,C,v") and AF be as stated in Theorem III.2.5. For all
P € Biem, let RY be the [0, co]-valued process

= Z Var(BP) + Z Var(C¥) + | AT,

1<i<d 1<4,j<d

where the indices i, j refer to the components of the R% and R¥*%valued
processes BY, C' and

Var(f); := lim Z}fkt/Qn — fi—1y/2n |
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for any real function f on Ry. (If f is right-continuous, this is indeed the
total variation up to time t, as the notation suggests.) This definition and
the properties stated in Theorem II1.2.5 imply that (P,w,t) + RF(w) is
measurable and that for each P € Pyem, RY is finite valued P-a.s. and has P-
a.s. right-continuous paths. Moreover, we have P-a.s. that (componentwise)

dAY < dRY, dBY < dRY and dC < dRY.

Let

= 2" (Rliy 1990 (@) = Rfpn(@) Likan (hrny2n) ()
k>0

for all (P,w,t) € Psem x 2 x Ry and

oF (w) == limsup o] "(w),  (P,w,t) € Peem x Q x R.
n—oo
Clearly (P,w,t) — @} (w) is measurable. Moreover, ¢ is P-a.s. the density
of the absolutely continuous part of RF with respect to the Lebesgue mea-
sure; cf. [13, Theorem V. 58 p. 52] and the subsequent remark. That is, there
is a decomposition R (w fo ol (w)ds + F (w), t € Ry for P-a.e. w € Q,
with a function ¢ + ¥} (w ( ) that is smgular with respect to the Lebesgue

measure. In particular, SB% = can be characterized as

4 =1{P € Bsem | B [1e(P,")] = 1}
with the set

t
G := {(ij)emsemXQ‘Rf(w):/o ©F (w) ds for allt€@+}.

is measurable.

O

As G is measurable, we conclude by Lemma III.3.1 that B2,

Next, we prove the remaining statements of Theorem I11.2.6.

Proof of Theorem 111.2.6. Let BY C,v", KP AP be as in Theorem II1.2.5
and let P € Let

sem

TP . P
A; = limsup A(tfl/n)vm
n—oo

then AP is F_-adapted and hence F-predictable. Moreover, since we know
a priori that A” has continuous paths P-a.s., we have A” = AP P-as.
Consider

al’ == limsupn(A” —A(t 1/n)v0)-

n—oo

If we define a” := al’1g, (@), then (P,w,t) — af (w) is measurable and a’
is an F-predictable process for every P € B2 . Moreover, since Al < dt
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P-a.s., we also have af dt = dAl’ P-a.s. We proceed similarly with BY and
C to define processes b¥” and ¢ with values in R? and Si, respectively, having
the properties stated in Theorem III.2.6.

Let KP(w,t,dz) be the B(Psem) ® P-measurable kernel from (6.1) and
let F0,(dz) be the kernel on R? given %, x Q x Ry defined by

ﬁf,t(d:r:) = KP(w,t,dz) al (w).

It follows from Fubini’s theorem that F:f' (dx) € L holds P x dt-a.e. for all
P e e . To make this hold everywhere, let

G = {(Pwt) € P, x| [ |oPALEL (o) < o0 and L ({0}) = 0},
Ra

Then G € B(P%,,) ® F ® B(Ry) and the complements of its sections,
GP = {(w,t) e Ax Ry |(P,w,t) ¢ G},

satisfy
GPeP and (P®dt)(GF)=0, Pecp«

sem:*

Thus, if we define the kernel th(da:) on R? given P x Q x Ry by

FY(B) =1a¢(P,w,t) FY(E), E € B(RY;
then F,(dz) € L for all (P,w,t) € P, x Q x Ry, while (w,t) — FL;(dx)

SeEmM

is a kernel on (R?, B(R?)) given (2 x R, P) for all P € Pae

sem

FPy(dz)dt = KP (w,t,dz) dAF (w) = KF(w,t,dz) dA} (w) = vF (w, dt, dz)

and

P-as. for all P € P, . Moreover, (P,w,t) — [z|z]* A1FL (dz) is mea-
surable for any E € B(R?). Thus, by Lemma II1.2.4, the map (P,w,t)
F£ +(dz) is measurable with respect to B(L). Finally, it is clear from the con-
struction that (b*,c, F¥) are indeed differential characteristics of X under

P for all P € P4 O

sem:*

It remains to prove the measurability of the sets P2¢ (O).

Proof of Corollary II1.2.7. Let © C R? x Si x L be a Borel set and let
(b, ¢, FT) be a measurable version of the differential characteristics for P €
ac¢ as in Theorem III.2.6; then

G = {(Pw,t) | (b, F)(w) ¢ ©} € B(Pic,) @ F @ B(Ry).

Sem

Thus, by Fubini’s theorem, G’ := {(P,w) | fooo 1¢(P,w,t)dt = 0} is again
measurable. Since G’ consists of all (P,w) such that (b, c;, Ff)(w) € ©
holds P ® dt-a.e., we have

wm(©) = {P € Bt | E" e (P, )] = 1},
and the set on the right-hand side is measurable due to Lemma I11.3.1. [J



Chapter IV

Nonlinear Lévy Processes and
their Characteristics

In this chapter, which corresponds to the article [39], we develop a general
construction for nonlinear Lévy processes with given characteristics. More
precisely, given a set © of Lévy triplets, we construct a sublinear expectation
on Skorohod space under which the canonical process has stationary indepen-
dent increments and a nonlinear generator corresponding to the supremum
of all generators of classical Lévy processes with triplets in ©.

IV.1 Introduction

The main goal of this chapter is to construct nonlinear Lévy processes with
prescribed local characteristics. This is achieved by a probabilistic construc-
tion involving an optimal control problem on Skorohod space where the con-
trols are laws of semimartingales with suitable characteristics.

Let X = (X¢)ier, be an R%-valued process with cadlag paths and Xy = 0,
defined on a measurable space (€2, F) which is equipped with a nonlinear
expectation &£(+). For our purposes, this will be a sublinear operator

& E(€) = sup EP[¢], (1.1)
Pey

where P is a set of probability measures on (2, F) and E[-] is the usual
expectation under the measure P. In this setting, if ¥ and Z are random
vectors, Y is said to be independent of Z if

E(e(Y,2)) = E(E(p(Y. 2))|:=2)

for all bounded Borel functions ¢, and if Y and Z are of the same dimension,
they are said to be identically distributed if
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for all bounded Borel functions ¢. We note that both definitions coincide
with the classical probabilistic notions if 9 is a singleton. Following [25,
Definition 19|, the process X is a nonlinear Lévy process under £(-) if it
has stationary and independent increments; that is, X; — X, and X;_g are
identically distributed for all 0 < s < ¢, and X; — X is independent of
(Xsyy.0oy Xg,) forall 0 < s; <--- <s, <s <t The particular case of a
classical Lévy process is recovered when P is a singleton.

Let © be a set of Lévy triplets (b, ¢, F'). We recall that each Lévy triplet
characterizes the distributional properties and in particular the infinitesi-
mal generator of a classical Lévy process. More precisely, the associated
Kolmogorov equation is

ve(t, x) — {bvx(t,x) + %tr[cvm(t, z))

+ /[v(t, x4+ z) —v(t,x) — v (t, z)h(z)] F(dz)} =0,

where, e.g., h(z) = 21|;<;. Our goal is to construct a nonlinear Lévy process
whose local characteristics are described by the set ©, in the sense that
the analogue of the Kolmogorov equation will be the fully nonlinear partial
integro-differential equation

1
ve(t,x) — sup {bvx(t,x) + —tr[cve, (¢, )] (1.2)
(b,e,F)€® 2

+ /[v(t, x4+ z) —v(t,x) — v (t, z)h(z)] F(dz)} =0.

In fact, our probabilistic construction of the process justifies the name char-
acteristic in a rather direct way.

In our construction, we take X to be the canonical process on Skorohod
space and hence £(+) is the main object of consideration, or more precisely,
the set B of probability measures appearing in (1.1). Given an arbitrary
set © of Lévy triplets, we let P = P (0) be the set of all laws of semi-
martingales whose differential characteristics take values in ©, as introduced
in Chapter III. Assuming merely that © is measurable, we then show that
X is a nonlinear Lévy process under £(+); this is based on the more general
fact that £(-) satisfies a certain semigroup property (Theorem IV.2.1). The
proofs require an analysis of semimartingale characteristics which will be
useful for other control problems as well. Under the conditions

sup {/\z| A |22 F(dz) + |b| + ]c|} < 00 (1.3)
(b,e,F)eO

and

lim sup / 12|> F(dz) =0 (1.4)
=0 (b,c, F)€O J|z|<e
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on O, we show that functionals of the form v(t,z) = £(¢(z + X)) can be
characterized as the unique viscosity solution of the nonlinear Kolmogorov
equation (1.2) with initial condition ¢ (Theorem IV.2.5).

The remainder of this chapter is organized as follows. Section IV.2 de-
tails the setup and contains the main results: the probabilistic construction
is summarized in Theorem IV.2.1 and the PIDE characterization in Theo-
rem IV.2.5. Moreover, we give two examples of nonlinear Lévy processes.
Sections IV.3 and IV.4 provide an analysis of semimartingale laws and the
associated characteristics under conditioning and products which forms the
main part of the proof of Theorem IV.2.1. In Section IV.5, we show the
existence and comparison results for the PIDE (1.2). Related literature is
discussed in the concluding Section IV.6.

IV.2 Main Results

Fix d € N and let Q = Do(Ry,RY) be the space of all cadlag paths w =
(wi)i>0 in RY with wp = 0. We equip © with the Skorohod topology and
the corresponding Borel o-field F. Moreover, we denote by X = (X¢)i>0
the canonical process X¢(w) = w; and by F = (F;)i>0 the (raw) filtration
generated by X.

Our starting point is a subset of (£2), the Polish space of all probability
measures on €2, determined by the semimartingale characteristics as follows.
First, let

PBsem = {P € P(Q) | X is a semimartingale on (Q, F,F, P)} CP(Q) (2.1)

be the set of all semimartingale laws. To be specific, let us agree that if G
is a given filtration, a G-adapted process Y with cadlag paths will be called
a P-G-semimartingale if there exist right-continuous, G-adapted processes
M and A with My = Ag = 0 such that M is a P-G-local martingale, A
has paths of (locally) finite variation P-a.s., and Y = Yy + M + A P-as;
cf. Definition I1I.2.1. We remark that X is a P-semimartingale for [F if and
only if it has this property for the right-continuous filtration F4 or the usual
augmentation FZ'; cf. Proposition I11.2.2. In other words, the precise choice
of the filtration in the definition (2.1) is not crucial.

Fix a truncation function h : R? — R% that is, a bounded measur-
able function such that h(z) = x in a neighborhood of the origin, and let
(BP, cr, VP) be semimartingale characteristics of X under P € Psep, and F,
relative to h. To be specific, this means that (BY,CF v") is a triplet of
processes such that P-a.s., BT is the finite variation part in the canonical
decomposition of X — g« (AX;—h(AX;)) under P, CT is the quadratic
covariation of the continuous local martingale part of X under P, and v
is the P-compensator of ;%X the integer-valued random measure associated
with the jumps of X. (Again, the precise choice of the filtration does not
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matter for the present section; see Proposition 111.2.2.) We shall mainly work
with the subset
ac {P € Psem ‘ (BY,CF vP) < dt, P—a.s.}

sem

of semimartingales with absolutely continuous characteristics (with respect
to the Lebesgue measure dt). Given P € B . we can consider the associ-
ated differential characteristics (b*, ¢, F'P), defined via (dBY,dCT, dv’) =
(bFdt,cPdt, FFdt). The differential characteristics take values in R?xS% x £,

where Si is the set of symmetric nonnegative definite d X d-matrices and

L= {F measure on R?

/ |z|2 A1 F(dz) < oo and F({0}) = O}
Rd

is the set of all Lévy measures, a separable metric space under a suitable
version of the weak convergence topology (cf. Section 2 of Chapter III). Any
element (b,c, F) € RY x Si x L is called a Lévy triplet and indeed, there
exists a Lévy process having (b, ¢, F') as its differential characteristics.

IV.2.1 Nonlinear Lévy Processes with given Characteristics

Let ) # © C R? x S x £ be any (Borel) measurable subset. Our aim is
to construct a nonlinear Lévy process corresponding to O; of course, the
case of a classical Lévy process will correspond to © being a singleton. An
important object in our construction is the set of all semimartingale laws
whose differential characteristics take values in ©,

Po =P, (0) = {P e P, |07, FF) € 0, P@ dt-ace.},

sem Sem

and a key step will be to show that g is amenable to dynamic programming,
as formalized by Condition (A) below. To state this condition, we need to
introduce some more notation. Let 7 be a finite F-stopping time. Then the
concatenation of w,w € (2 at 7 is the path

(w Xr C:j)u = wu]—[()ﬁ(w))(u) + (wr(w) + (Du—r(w))l[r(w),oo) (u)a u > 0.

For any probability measure P € B(£2), there is a regular conditional prob-
ability distribution {P¥},cq given F; satisfying

Pw € Q|w =won [0,7(w)]} =1 forall weQ.
We then define P™* € B(2) by
P™(D):=P’(w®; D), DeF, wherew®,D:={w®;0|we D}.
Given a function € on 2 and w € 2, we also define the function £™* on 2 by

@) =E¢we, ), @Ee.
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If £ is measurable, we then have EF"" [¢7%] = EP[¢|F,](w) for P-a.e. w € Q.
(The convention oo — oo = —oo is used throughout; for instance, in defining
EF[¢|F.] .= EP[¢*|F;] — EP[¢7|F;].) Finally, a subset of a Polish space is
called analytic if it is the image of a Borel subset of another Polish space
under a Borel-measurable mapping; in particular, any Borel set is analytic.
We can now state the mentioned condition for a given set P C P(12).

Condition (A). Let 7 be a finite F-stopping time and let P € ‘.
(A1) The set P C P(N) is analytic.
(A2) We have P™* € B for P-a.e. w € ).

(A3) If k : Q — P(Q) is an Fr-measurable kernel and x(w) € P for P-a.e.
w € €, then the measure defined by

P(D) = //(1D)T’w(w') k(w,dw") P(dw), D€ F

is an element of 3.

Some more notation is needed for the first main result. Given a o-
field G, the universal completion of G is the o-field G* = mpg(P), where
P ranges over all probability measures on G and G (P) is the completion of G
under P. Moreover, an R-valued function f is called upper semianalytic if
{f > a} is analytic for each a € R. Any Borel-measurable function is upper
semianalytic and any upper semianalytic function is universally measurable.

Theorem IV.2.1. Let © C R% x Si x L be a measurable set of Lévy triplets,
Po = {P epe | (b", P FP) e o, P®dt—a.e.} and consider the associated

SeEmM

sublinear ezpectation E(-) = suppeg,, EF[-] on the Skorohod space .
(i) The set Peo satisfies Condition (A)

(ii) Let o < T be finite F-stopping times and let & : Q — R be upper semi-
analytic. Then the function w — E-(§)(w) := E(E™Y) is Fr-measurable
and upper semianalytic, and

Er(§)(w) = &5 (E-(E))(w)  forall w e Q. (2.2)

(11i) The canonical process X is a nonlinear Lévy process under E(-).

Thus, this results yields the existence of nonlinear Lévy processes with
general characteristic © as well as their interpretation in terms of classical
stochastic analysis; namely, as a control problem over laws of semimartin-
gales. The semigroup property stated in (2.2) will be the starting point for
the PIDE result reported below.
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Proof. (i) The verification of (A1) was shown in Corollary I11.2.7, which was
our initial motivation for Chapter III. Properties (A2) and (A3) will be
established in Corollary IV.3.2 and Proposition 1V.4.2, respectively. They
follow from the analysis of semimartingale characteristics under conditioning
and products of semimartingale laws that will be carried out in Sections IV.3
and IV.4.

(ii) Once Condition (A) is established, the validity of (ii) is a consequence
of the dynamic programming principle in the form of [49, Theorem 2.3]|.
(That result is stated for the space of continuous paths, but carries over to
Skorohod space with the same proof.)

(iii) We first show that X has stationary increments. Let s,¢ > 0 and let
¢ : R - R be bounded and Borel. Using the identity

XY - XY =X, weQ,
the tower property (2.2) yields that
E(p(Xirs — Xp)) = E(E(p(Xigs — X)) = E(E(0(Xy))) = E(p(X5)).

Similarly, to see the independence of the increments, let 0 <t < --- <, <t
and let ¢ be defined on RtV instead of R%. Then

(X0 — X9 X000 X00) = (X Xy (W), Xe, (W), weQ
and (2.2) imply that

5(4/7(Xt+s - Xtv thv R 7th))

= E(&(p(Xigs — X4, Xpy, -, X4,))
= 5(5 (CP(X& Z1,- .- 71:”)) |$1:Xt1,...,rn:th)
= g(S(W(XtJFS — Xt, T1y. .- ,l‘n)) |$1=Xt1,...,xn:th),

where the last equality is due to the stationarity of the increments applied
to the test function (-, z1,...,2y). O

Remark I'V.2.2. The nonlinear Lévy property of X corresponds to the fact
that the set 8 = P is independent of (¢,w). More precisely, recall that [49]
considered more generally a family {B(¢,w)} indexed by t > 0 and w € Q.
In this situation, the conditional nonlinear expectation is given by

EE)w):=  sup B[], we®
PeP(r(w),w)

this coincides with the above definition when (¢, w) is independent of (¢, w).
As can be seen from the above proof, the temporal and spatial homogeneity
of B is essentially in one-to-one correspondence with the independence and
stationarity of the increments of X under £(-).
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In classical stochastic analysis, Lévy processes can be characterized as
semimartingales with constant differential characteristics. The following
shows that the nonlinear case allows for a richer structure.

Remark IV.2.3. The assertion of Theorem IV.2.1 holds more generally for
any set P C P(Q) satisfying Condition (A); this is clear from the proof.
According to Theorem IV.3.1, Proposition IV.4.1 and Theorem II1.2.5, the
collection P, of all semimartingale laws (not necessarily with absolutely
continuous characteristics) is another example of such a set. In particular, we
see that nonlinear Lévy processes are not constrained to the time scale given
by the Lebesgue measure. It is well known that classical Lévy processes have
this property and one may say that this is due to the fact that the Lebesgue
measure is, up to a normalization, the only homogeneous (shift-invariant)
measure on the line. By contrast, there are many sublinear expectations
on the line that are homogeneous—for instance, the one determined by the
supremum of all measures, which may be seen as the time scale corresponding
to Psem.-

Another property of classical Lévy processes is that they are necessar-
ily semimartingales. A trivial example satisfying Condition (A) is the set
BT = P(N) of all probability measures on 2. Thus, we also see that the
semimartingale property, considered under a given P € P, does not hold
automatically.

One may also note that such (degenerate) examples are far outside the
scope of the PIDE-based construction of [25].

Remark IV.2.4. The present setup could be extended to a case where the
set © is replaced by a set-valued process (¢,w) +— O(t,w), in the spirit of
the random G-expectations [46]. Of course, this situation is no longer homo-
geneous and so the resulting process would be a “nonlinear semimartingale”
rather than a Lévy process. We shall see in the subsequent sections that the
techniques of the present chapter still yield the desired dynamic program-
ming properties, exactly as it was done in [49]| for the case of continuous
martingales.

IV.2.2 Nonlinear Lévy Processes and PIDE

For the second main result of this chapter, consider a nonempty measurable
set © C R? x S‘i x L satisfying the following two additional assumptions.
The first one is

sup {/ 12| A |22 F(dz) + |b] + |c\} < 00, (2.3)
Rd

(b,e,F)eO©

where || is the Euclidean norm; this implies that the control problem defining
&(-) is non-singular and that the jumps are integrable. Moreover, we require
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that

lim sup / |z|*> F(dz) = 0. (2.4)
€20 (b,c,F)e0 J|z|<e

While this condition does not exclude any particular Lévy measure, it bounds
the contribution of small jumps across ©. In particular, it prevents Bg from
containing a sequence of pure-jump processes which converges weakly to,
say, a Brownian motion. Thus, both conditions are necessary to ensure that
the PIDE below is indeed the correct dynamic programming equation for
our problem.

Namely, we fix ¢ € Cy, Lip(Rd), the space of bounded Lipschitz functions
on R?, and consider the fully nonlinear PIDE

{&v(t,w) — G(Dyo(t,z), D% v(t,z),v(t,z+-)) =0 on (0,00) x RY,
v(0,-) = ¥(),

(2.5)
where G : RY x §¢ x CZ(R?) — R is defined by
G(p> q, f())
1
T Gepree {p b gulac + /Rd [£(2) — £(0) - Da:f(O)h(z)]F(dz)}.
(2.6)

We remark that this PIDE is nonstandard due to the supremum over a set
of Lévy measures; see also [25]. Specifically, since this set is typically large
(nondominated), (2.6) does not satisfy a dominated convergence theorem
with respect to f, which leads to a discontinuous operator G.

We write Cg’g((O, o0) x R?) for the set of functions on (0, 00) x R? having
bounded continuous derivatives up to the second and third order in ¢ and
x, respectively. A bounded upper semicontinuous function « on [0, 00) x R?
will be called a viscosity subsolution of (2.5) if u(0,-) < #(-) and

Orp(t,z) — G(Dyp(t,x), D2, p(t,2), p(t,x +)) <0

whenever ¢ € 05’3((0, o0) x R?) is such that ¢ > u on (0,00) x R? and
o(t,z) = u(t,z) for some (¢,z) € (0,00) x RY. The definition of a viscosity
supersolution is obtained by reversing the inequalities and the semicontinu-
ity. Finally, a bounded continuous function is a viscosity solution if it is both
sub- and supersolution. We recall that £(-) = suppeg,, EP[-] and X is the
canonical process.

Theorem IV.2.5. Let © C RY x Si x L be a measurable set satisfying (2.3)
and (2.4) and let 1 € Cp 1;p(R?). Then

o(t,x) = EW(z + X)), (t,x) € [0,00) x R (2.7)

is the unique viscosity solution of (2.5).
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The existence part will be proved in Proposition IV.5.4, whereas the
validity of a comparison principle (and thus the uniqueness) is obtained in
Proposition IV.5.5. As mentioned in the Introduction, this result allows us to
rigorously identify our construction as an extension of [25]. A quite different
application is given in Example IV.2.7 below.

IV.2.3 Examples

We conclude this section with two examples of nonlinear Lévy processes
in dimension d = 1. The first one, called Poisson process with uncertain
intensity, is the simplest example of interest and was already introduced
in |25] under slightly more restrictive assumptions.

Example IV.2.6. Fix a measurable set A C R, and consider
© := {(0,0,A01(dz)) | A € A}.

Each triplet in © corresponds to a Poisson process with some intensity A € A,
so that A can be called the set of possible intensities. To see that © is
measurable, note that © is the image of A under A — Adi(dz). This is
a measurable one-to-one mapping from R into £, and as £ is a separable
metric space according to Lemma I11.2.3, it follows by Kuratowski’s theorem
[6, Proposition 7.15, p.121| that © is indeed measurable.

As a result, Theorem IV.2.1 shows that the canonical process X is a
nonlinear Lévy process with respect to £(-) = suppeg, EP[-]. Moreover,
if A is bounded, Conditions (2.3) and (2.4) hold and Theorem IV.2.5 yields
that v(t, z) := E(Y(x+X})) is the unique viscosity solution of the PIDE (2.5)
with nonlinearity

G(p, g, f(-)) =sup A (f(1) — f(0) — D f(0)h(1)),

AEA
for all ¢ € Cy 1ip(R).

The second example represents uncertainty over a family of stable triplets,
which does not fall within the framework of 25| because of the infinite vari-
ation jumps. We shall exploit the PIDE result to infer a nontrivial distri-
butional property. In view of the central limit theorem of [54] for the non-
linear Gaussian distribution and classical results for a-stable distributions,
one may suspect that this example also yields the limiting distribution in a
nonstandard limit theorem?!.

Example IV.2.7. Let a € (0,2), fix measurable sets B C R and Kx C Ry,
and consider

0 :={(b,0,F,)|be B, ky € Ky},

!Such a result was indeed obtained in follow-up work [3].
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where F}, denotes the a-stable Lévy measure
Froy (dz) = (k= 1(_co,0) + k4 1(0,00)) () ||~ d.

If f is a bounded measurable function on R, then (ki,k_) — [ f(z) Fy, (dz)
is measurable by Fubini’s theorem. In view of Lemma II1.2.4, this means
that (ky,k_) — Fj, is a measurable one-to-one mapping into £, and thus
Kuratowski’s theorem again yields that © is measurable.

As a result, Theorem IV.2.1 once more shows that the canonical process
X is a nonlinear Lévy process with respect to £(:) = suppeyp, EF[-]. If
B, K are bounded and a € (1,2), Conditions (2.3) and (2.4) hold and
Theorem IV.2.5 yields that v(¢,x) := E(¢Y(xz + X¢)) is the unique viscosity
solution of the PIDE (2.5) with

G(p.q f(-)) = sup {pb+/ (f(2) = f(0) —sz(O)h(Z))Fki(dZ)},
beB,k+eK+ R
for all ¢ € C@Lip(R).
With these conditions still in force, we now use the PIDE to see that X
indeed satisfies a scaling property like the classical stable processes; namely,
that Xy; and A/*X, have the same distribution in the sense that

EW(Xn)) = EWN*Xy)), ¥ € Chrip(R)

for all A > 0 and ¢t > 0, provided that X; is centered. More precisely, as
a € (1,2), we may state the characteristics with respect to h(z) = . In this
parametrization, we suppose that B = {0}, since clearly no scaling property
can exist in the situation with drift uncertainty. Given ¢ € Cj 1;p(R), The-
orem IV.2.5 yields that £(¢(Xx;)) = v(At,0), where v is the unique solution
of the PIDE with initial condition 1. If we define o(t,z) := v(\t, \/%z), it
follows from

Gp.a. fOY*) = AG(p.¢. 1()), [ € CFR)
that @ is the (unique) viscosity solution to the same PIDE with initial condi-
tion (z) := (A z). In particular, #(t,0) = £(1)(X;)) by Theorem IV.2.5.
As a result, we have

E((Xn)) = v(M,0) = 8(£,0) = E(D(Xy)) = EWA/ X))

as claimed. Note that Pgo contains many semimartingale laws which do not
satisfy the scaling property, so that this identity is indeed not trivial.

IV.3 Conditioned Semimartingale Laws and (A2)

In this section, we show that given P € Pyep, the measures of the form P
are again semimartingale laws, and we establish the corresponding transfor-
mation of the semimartingale characteristics. In particular, this will yield
the property (A2) for the set Po as required by the main results.
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We remark that the use of the raw filtration F has some importance in
this section; for instance, we shall frequently apply Galmarino’s test and
related properties. The following notation will be used. Let P € Pgep and
let v(-,dt,dz) be the P-F-compensator of uX; that is, the third characteristic
under P. Then there exists a decomposition

V(- dt,dz) = F,(dz) dA(-) P-as., (3.1)

where F ;(dz) is a kernel from (Q x [0,00),P) into (RY, B(R?)) and A is an
F-predictable process with Ag = 0 and P-a.s. non-decreasing, P-a.s. right-
continuous paths; cf. [26, Theorem II1.1.8, p.66] and [13, Lemma 7, p.399].
We often write Fy(dz) instead of F.;(dz). Moreover, if Y is a stochastic
process and o, T are finite stopping times, we simply write Y;ﬁ for (Yyi)™;
that is, the process (0,t) = Yy (g, o)4t(w @7 ©).

Theorem IV.3.1. Let P € Pyern, let 7 be a finite F-stopping time, and let
(B,C, F(dz)dA) be P-F-characteristics of X. For P-a.e. w € §, we have
P € PBeerm and the processes

B:f - BT(w) (w>7 C;—f - CT(w) (w)v F:f(dz) d(A:iJ - A‘r(w) (w))

define a triplet of P™“-F-characteristics of X. Moreover, if P € LI and
(b,c, F) are differential P-F-characteristics, then for P-a.e. w € , we have
P espec  and

L . ()

define differential P -F-characteristics of X.

The proof will be given in the course of this section. Before that, let us
state a consequence which forms part of Theorem IV.2.1.

Corollary IV.3.2. Let © C R? x S‘i x L be measurable, let P € Po and
let T be a finite F-stopping time. Then P™* € Pg for P-a.e. w € S); that is,

PBo satisfies (A2).

Proof. This is a direct consequence of the formula for the differential char-
acteristics under P™* from Theorem IV.3.1 and the definition of Pe. O

As a first step towards the proof of Theorem 1V.3.1, we establish two
facts about the conditioning of (local) martingales.

Lemma IV.3.3. Let P € B(Q), let M be a P-F-uniformly integrable mar-
tingale with right-continuous paths and let T be a finite F-stopping time. Then
M’ is a P™¥-F-martingale for P-a.e. w € €.

Proof. By Galmarino’s test, M) is F-adapted. Moreover,

EP MG = BV [|Mrge| | Fr](w) < 00 for P-ae. w € Q
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and all ¢ > 0. Let 0 < u < v < oo and let f be a bounded F,-measurable
function. Define the function f by

W) = f(wrwyr —wr(w), we;

then f is Friyy-measurable and f ™= f- Applying the optional sampling
theorem to the right-continuous, P-F-uniformly integrable martingale M, we
obtain that

EPI(ME, = M) f] = B [(Mrso = Mrya) | Fr] () = 0

for P-a.e. w € Q). This implies the martingale property of M + as claimed.
O

Lemma IV.3.4. Let P € B(Q), let M be a right-continuous P-F-local mar-
tingale having P-a.s. cadlag paths and uniformly bounded jumps, and let T be
a finite F-stopping time. Then M + 1s a PTY-F-local martingale for P-a.e.
w € Q.

Proof. Again, M}’ -+ is F-adapted and has right-continuous paths for any
w € Q. Let (T},)men be a localizing sequence of the P-F-local martingale M
such that 7}, < m. Since T}, — oo P-a.s., we have that 1), — oo P™%“-a.s.
for P-a.e. w € ). Moreover, by Lemma IV.3.3, each process M;:/\(T-‘r‘)
P7¥-F-martingale for P-a.e. w € €.

Thus, there exists a subset Q' C Q of full P-measure such that for all
w € ', we have the following three properties: M)} has cadlag paths
with uniformly bounded jumps P7“-a.s., the process M To A(T+) is a PT-F-
martingale for all m € N, and Ty — oo P™*-a.s. In what follows, we fix
w € ' and show that M ” . is a PT*-F-local martingale. Define

is a

pp = inf {t >0 ‘ |Mrii] > nor [Mryi| >n} An.

Using that M}" has cadlag paths P™“-a.s., we see that pp“ is a stopping
time of FF™ | the augmentation of F under P™*, and that p;* — oo P7%-
a.s. Since M,:f has uniformly bounded jumps P7%-a.s., we have that

PTw T,W
E [sup‘M i on

< EPW[AMW }
ur n/\t)‘]_n—l- | || < oo

for all n. Therefore, given 0 < u < v < oo, the dominated convergence theo-

rem and the optional sampling theorem applied to the martingale M w/\(T )

and the stopping time p;;“ yield that

PTw W prw | PTw W pTw
B (M | FE ] = B i M| FE
- . W W PTw
= T,%E}I})OE |:MTm/\(T+(pn/\'U)) ‘ Tu }
= M My o)
=M P™%.a.s.

T+(pnAu)
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Thus, M;_-f(p A) is a PT*-FP™"_uniformly integrable martingale for each

n € N, meaning that MTTf is a P™*-FP™"_local martingale, localized by the
FP™“ _stopping times pp.

It remains to return to the original filtration F. Indeed, we first note
that by a standard backward martingale convergence argument, M:f is
also a P™%-FI"local martingale; cf. [63, Lemma 11.67.10, p.173]. It then
follows from [11, Theorem 3| that there exists an Ff’w—predictable localizing
sequence for this process, and this sequence can be further modified into an
F-localizing sequence by an application of [12, Theorem IV.78, p. 133]. Thus,
M7 is an F-adapted P™*-F{ " -local martingale with a localizing sequence
of F-stopping times. By the tower property of the conditional expectation,
this actually means that M} is a P™“-F-local martingale, with the same
localizing sequence. As w € ) was arbitrary, the proof is complete. O

For the rest of this section, we will be concerned with the process

Xp=X;— Y [AX,—h(AX,)], t>0;
0<s<t

recall that h is a fixed truncation function. The process X has uniformly
bounded jumps and differs from X by a finite variation process; in particular,
X is a P-F-semimartingale if and only if X isa P-F -semimartingale, for any
P € B(Q). In fact, if P € Psem, then as X has bounded jumps, it is a
special semimartingale with a canonical decomposition X = M + B; here M
is a right-continuous P-F-local martingale and B is an F-predictable process
with paths which are right-continuous and P-a.s. of finite variation.

Proposition 1V.3.5. Let 7 be a finite F-stopping time, let P € Pgem and
let X = M+ B be the P-F-canonical decomposition 0f)~(. For P-a.e. w € Q,
we have PT% € Pgem and the canonical decomposition of)N( under P™ is
given by N

X = (M — My (w)) + (BIY. = Brw)(w)- (3.2)

Proof. The right-continuous processes B:’f — By (w) and M:f — M-y (w)
are F-adapted by Galmarino’s test. As Xisa P-F-semimartingale with uni-
formly bounded jumps and B has P-a.s. cadlag paths, it follows that M
has P-a.s. cadlag paths with uniformly bounded jumps; cf. |26, Proposi-
tion 1.4.24, p.44]. Thus, we conclude from Lemma IV.3.4 that for P-a.e.
w e Q, M7 — M) (w) is a P7“-F-local martingale. Moreover, we see that
BlY — Br(,)(w) has PT*-a.s. finite variation paths for P-a.e. w € §; finally,
it is adapted to the left-continuous filtration F_ = (F;_);>0 and therefore
F-predictable as a consequence of [12, Theorem IV.97, p.147]. We observe
that (3.2) holds identically, due to the definition of X and the fact that X is
the canonical process. As remarked above, this decomposition also implies
that X is a semimartingale under P. O
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Next, we focus on the third characteristic. For ease of reference, we first
state two simple lemmas.

Lemma IV.3.6. Let W be a P@B(RY)-measurable function, let T be a finite
F-stopping time and w € Q. There exists a P ® B(R?)-measurable function
W such that

W(w®; 0, 7(w) +5,2) = W(@,s,2), (@,5,2)€Qx(0,00) xR (3.3)
Moreover, if W > 0, one can choose W > 0.

Proof. Consider the function

W(@,8,2) = W(@.pr(w) = Dr(w), 8 — T(W), 2) Lgsr(w);

then (3.3) holds by definition. To show that W is P @ B(R%)-measurable,
we may first use the monotone class theorem to reduce to the case where W
is a product W(w,t,z) = g(w,t)f(x). Using again the fact that a process
is F-predictable if and only if it is measurable and adapted to F_, cf. [12,
Theorem IV.97, p. 147|, we then see that the predictability of W implies the
predictability of w. O

Lemma IV.3.7. Let P € B(N), let T be a finite F-stopping time and let v be
the P-F-compensator of uX. Then, for any P @ B(RY)-measurable function
W >0, we have P-a.s. that

EP[/ W(-,s,2) w(-,ds,dz) ‘ -7:7] = EP[/ W(-,s,z)v(-,ds,dz) ‘]:T}.
Proof. By the definition of the compensator, we have

EP[/OOOW(~,5,2) ,uX(-,ds,dz)} :E’P[/OOOW(-,S,Z) V(-,ds,dz)}

for any P ® B(R?)-measurable function W > 0. Let A € F, and define the
F-stopping time 74 := T 1a+00lae; then the claim follows by applying this
equality to the function W := W 1y, . O

Proposition IV.3.8. Let P € B(Q), let v be the P-F-compensator of u™

and let T be a finite F-stopping time. Then, for P-a.e. w € €, the P™“-F-
compensator of X is given by the random measure

D~ / / 1p(s — 7(w), 2) v(w @y -,ds,dz), D e B(R4)® B(RY).
7(w) JRE
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Proof. Denote by v*(-,ds,dz) the above random measure. To see that it
is F-predictable, let W be a P ® B(RY)-measurable function. If W is as in
Lemma IV.3.6, then

t
/ W(@,s, z)v¥(w,ds,dz)
0 Jrd
TWHt o
= / W(w®;@,s,2)v(w®r0,ds,dz), (@,t) € Qx(0,00)
T(w) R4

and the latter process is F-predictable as a consequence of [12, Theorem IV.97,
p.147] and the fact that v is an F-predictable random measure. Thus,
v (-,ds,dz) is F-predictable for every w € Q.

Let W > 0 be a P ® B(R?)-measurable function and let W >0 be as in
Lemma IV.3.6. Using the identity X. = X" — X;(w) and Lemma IV.3.7,
we obtain for P-a.e. w € () that

EP™ [/ W(-,s,2) (-, ds,dz)]
0o Jrd
= g™ [/ W(w @y -, 7(w) + 5, 2) X7+ (-, ds, dz)]
0o Jrd

= EP|:/ W(',S,Z)MX(',dS,dZ)
T Rd

fT] (w)

o —
= EP[/ o W(-,s,z)v(-,ds,dz)

7|
= gPm® [/ W(w ®r+8,2), V(W -,ds,dz)]
7(w) JRY

= g [/ Wi(,s,2) V”(-,ds,dz)].
0o Jrd

As W > 0 was arbitrary, it follows that v“ (-, ds, dz) is the P™“-F-compensator
of X for P-a.e. w € Q; cf. [26, Theorem II.1.8, p. 66]. O

We can now complete the proof of the main result of this section.

Proof of Theorem IV.3.1. Let P € Psemm and let 7 be a finite F-stopping
time. The formula B — B () (w) for the first characteristic follows from
Proposition IV.3.5 and the very definition of the first characteristic, whereas
the formula for the third characteristic follows from Proposition IV.3.8 and
the decomposition (3.1). Turning to the second characteristic, we recall from
Theorem II1.2.5 that there exists an F-predictable process C with the prop-
erty that for any P’ € Psem, C coincides P'-a.s. with the quadratic variation
of the continuous local martingale part of X under P’. The process C is con-
structed by subtracting the squared jumps of X from the quadratic covaria-
tion [X] which, in turn, is constructed in a purely pathwise fashion; moreover,
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the increments of ¢ depend only on the increments of X. More precisely,
it follows from the construction of C' in the proof of Proposition II11.6.6 that
for P-a.e. w € Q,

C= C:f — CT(W) (w) P™%-a.s.

Since the above holds in particular for P’ = P and P’ = P™, and since C
is F-predictable, this already yields the formula for the second characteristic
under P™%. Finally, we observe that the assertion about P € LI is a
consequence of the general case that we have just established. O

IV.4 Products of Semimartingale Laws and (A3)

In this section, we first show that the product P of a semimartingale law
P € Piem and a Penp-valued kernel k is again a semimartingale law. Then,
we describe the associated characteristics and deduce the validity of Condi-
tion (A3) for Pe. While the naive way to proceed would be to construct
directly the semimartingale decomposition under P, some technical issues
arise as soon as k has uncountably many values. For that reason, the first
step will be achieved in a more abstract way using the Bichteler—Dellacherie
criterion. Once the semimartingale property for P is established, we know
that the associated decomposition and characteristics exist and we can study
them using the results of the previous section.

Proposition IV.4.1. Let 7 be a finite F-stopping time and let P € Psem-
Moreover, let k : Q — B(Q) be an Fr-measurable kernel with K(w) € Psem
for P-a.e. w € Q. Then, the measure P defined by

P(D) = / / 17(o) K(w, do’) P(dw), D € F

is an element of Psem -

Proof. We recall that the P—semimagtingale property in [F is equivalent to
the one in the usual augmentation F%; cf. Proposition I11.2.2. We shall use
the Bichteler—Dellacherie criterion [13, Theorem VIII.80, p. 387| to establish
the latter; namely, we show that if

kn
anzh?l(tzilyt?]’ n2 1
i=1

is a sequence of Ff—elementary processes such that H"(t,w) — 0 uniformly
n (¢t,w), then

n

lim EF U >R (Xagne = Xy n0)| A 1} —0, t>0.

n—00 '
=1
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In fact, as P = P on F,, it is clear that X 1jo,-[ is a semimartingale and so
it suffices to verify the above property for X 1j, [ instead of X. To that
end, by dominated convergence, it suffices to show that for P-a.e. w € 2,

n—oo

kn
lim E” U Z Wi (Xupne Lirzennty — Xez a 1{T§t;b_1At})‘ N1 ‘ ‘FT:| (w) =0,
i=1

where ¢t > 0 is fixed. Define the F-measurable random variable j” by
Jhi=nf{0 <j < E"[E] At > T(w)} AR

Writing the above limit as a sum of two terms, it then suffices to show that
for P-a.e. w € (),

.
lim EF U ST R (Xipne — Xt?_lm)) Al 'ﬁ} W) =0, (41

n—o0
i=jn+1
n—oo J

Indeed, as h7, — 0 uniformly, we have [h7, Xin, at] = 0 P-a.s. and hence (4.2)
follows by dominated convergence.

To show (4.1), we may choose a JFi»  i-measurable version of each hy.
Then, as P™ = k(w) € Psem for P-ae. w € Q (cf. [49, Lemma 2.7]),
the reverse implication of the Bichteler—Dellacherie theorem applied to x(w)
yields that

k,TL
nh—>rgo EF |:) Z h? (Xt?/\t — Xt?—l/\t)’ A1l ‘ ]:7—:| (w)
i=jm+1
— kn
. pPTw n\T,w T,w T,w
= nh_{TOIOE [ Z (hi') (Xt;w - thgl/\t)‘ A 1]
i=7"(w)+1
k.TL
~ Jim (@) U > (X i agy—r(w) — X(tf_l/\t)—r(w))‘ A 1] =0
=7 (w)+1

for P-a.e. w € Q, because (H™)™ defines a sequence of elementary processes
converging uniformly to zero. This completes the proof. O
As announced, we can now proceed to establish (A3) for Pe.

Proposition IV.4.2. Let © C R? x Si x L be measurable and P € Pgo.
Moreover, let T be a finite F-stopping time and let k : Q — P(Q) be an

Fr-measurable kernel with k(w) € Peo for P-a.e. w € Q. Then, the measure
P defined by

P(D) = / / 179 () (w, do') P(dw), D € F

1s an element of Po.
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Proof. As a first step, we consider the special case © = R¢ x S‘_‘I;_ x L; then
Po is the entire set PIS,,. In view of Proposition IV.4.1, we already know
that P € Psem. Thus, the characteristics (B, C, F(dz)dA) of X under P
and F are well defined; we show that they are absolutely continuous P-a.s.
As B has paths of finite variation P-a.s., we can write for P-a.e. w € Q a
decomposition

Bt(w):/o vs(w) ds + Y (w),

where ¢, 1) are measurable functions and 1 is P-a.s. singular with respect to
the Lebesgue measure. Since P = P on F; and P € B we have dB < du

sem?

on [0, 7] P-a.s. Therefore, it suffices to show that dB < du on [r, 0o P-a.s.,
or equivalently, that

T+
D = {BT+. — B, # / Ps ds}

is a P-nullset. Indeed, it follows from Theorem IV.3.1 that for P-a.e. w € €,
the first characteristic of X under P is given by
W T(@)+ W
BT&w)+- - BT(w) (W) = / gpg,w ds + 1/}7—’4- - wT(w) (w)7

(W)

and ¢:’_‘: — 7wy (w) is singular with respect to the Lebesgue measure. More-

over, for P-a.e. w € 2, we have P™ = x(w) € P, and thus

T(w)+-
{5 - Bro) £ [ e ish =0 (43)
Define the set
T,W T,w T(w)+ T,W
D™ .= {BTQ_, — B (W) # /r(w) oL ds}, w e
then (4.3) states that

k(w)(D™) =0 for P-ae. we Q.

As k is Fy-measurable and P = P on F,, this equality holds also for P-a.e.
w € Q. Using Fubini’s theorem and the fact that 13" = 1pr.«, we conclude
that

P(D) = /Q/ngw(wl) k(w, dw") P(dw) = /Q/i(w) (D™) P(dw) =0

as claimed. The proof of absolute continuity for the processes C' and A
is similar; we use the corresponding formulas from Theorem IV.3.1. This
completes the proof for the special case © = R% x Si X L.
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Next, we consider the case of a general subset @ C R? x S‘i x L. By the
above, P € ; we write ([ bsds, [ c¢sds, Fsds) for the characteristics of

sem’

X under P. Since P = P on F, and P € g, we have (b,c, F) € © on [0, 7],
du x P-a.s., and it suffices to show that (b,c, F') € © on [, co[, du x P-a.s.
That is, we need to show that

R i= {(u,0) € [r(w), ool | (bulw), cuw), o) ¢ ©}

is a du x P-nullset. By Theorem IV.3.1, P™* € B  for P-a.e. w € Q and
the differential characteristics of X under P™ are

(1, &, Pre).

Similarly as in (4.3), this formula and the fact that P™ = k(w) € Be for
P-a.e. w € Q imply that

(du x () { (1,') € [0,00 | (V7). 72, (), F5 ) ¢ © =0
for P-a.e. w € Q. If we define
B = { (o) € [r(w), ool | (67 (), (). F5) ¢ O,
then this implies that
(du x K(w))(R™) =0 for P-ae. we Q.

Again, this holds also for P-a.e. w € € and as l%’w = 1prw, Fubini’s theorem
yields that

(du x P)(R /// 17 (u, o) du o(w, de’) P(dw)

—/ (duxri( ))(R”J) P(dw) =
Q

This completes the proof. O

IV.5 Connection to PIDE

In this section, we relate the nonlinear Lévy process to a PIDE. Throughout,
we fix a measurable set © C R? x ST x L satisfying the conditions (2.3)
and (2.4) which, for convenience, we state again as

K:= sup { \z[/\]z]QF(dz)—i—]b\—i—\c]}<oo, (5.1)
(b,e,F)€O * JRI

lim . =0 for K := Sup/ |2|* F(dz), (5.2)
e—0 FeO3 J|z|<e
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where ©3 = proj; © is the canonical projection of © onto £. Our aim is to
show that for given boundary condition ¢ € Cj, Lip(Rd), the value function

v(t,z) :=E(WY(x —I—Xt)) = Psgqg) EP [¢(x —l—Xt)], (t,z) € [0,00) X R¢

is the unique viscosity solution of the PIDE (2.5).
The existence part relies on the following dynamic programming principle

for v; it is essentially a special case of the semigroup property stated in
Theorem IV.2.1(ii).

Lemma IV.5.1. Forall0<u<t< oo andx € Rd, we have
o(t,z) = E(v(t —u,z + Xu)).
Proof. Let 0 <u <t < oo. As X is the canonical process, we have that
Eu(V(@4+ X)) (w) = E(WY(a+ Xu(w)+Xi—u)) = v(t—u,z+ Xy (W), weQ.
Applying £(+) on both sides, Theorem IV.2.1(ii) yields that
v(t,z) = E(Eu(V(z + Xy))) = E(v(t — u,z 4+ Xu))
as claimed. O

During most of this section, we will be concerned with a fixed law P €
ac and we may use the usual augmentation F¥ to avoid any subtleties
related to stochastic analysis. This is possible because, as mentioned in
Section IV.2, the characteristics associated with F and Fi coincide P-a.s.
To fix some notation, recall that under P € B9 ., the process X has the
canonical representation

t
th/ b ds + X087 + X +// z—h(z)| pX(ds,dz),  (5.3)
0 R4

where X&¥ is the continuous local martingale part of X with respect to
P-F?, FP(dz)ds is the compensator of %X (ds, dz) and

XM= / /R ) X(ds,dz) — FF(dz) ds)

is a purely discontinuous P—Fi—local martingale; cf. [26, Theorem 2.34, p. 84].
In the subsequent proofs, C' is a constant whose value may change from line
to line.

The following simple estimate will be used repeatedly.

Lemma IV.5.2. There exists a constant Cx such that

EP[ sup |Xu|] < Cx (t+t72), t>0 forall P ePo. (5.4)
0<u<t
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Proof. Let P € Po; then Jensen’s inequality and (5.1) imply that

U[Xdp 1/2 <EP[/ /Rd ()% ¥ (ds dz)rﬂ

1/2
gC’EP[// ]z]QAlFS(dz)ds}
0 JRd

and so the Burkholder-Davis-Gundy (BDG) inequalities yield that

EP[ sup \X37P|] < CEP[Hde]t\W} < O tY2. (5.5)

0<u<t

Similarly, (5.1) also implies that

EP[ sup ‘ } < O t/?, EP[ sup / bsds} < Cxt (5.6)
0<u<t o<u<t | Jo
and
[ sup ‘/ / 2 — h(z)| 1 (ds, dz)” < Ck t.
0<u<t Rd
The result now follows from the decomposition (5.3). O

We deduce the following regularity properties of v.

Lemma IV.5.3. The value function v is uniformly bounded by |||~ and
jointly continuous. More precisely, v(t,-) is Lipschitz continuous with con-
stant Lip(¢)) and v(-,x) is locally 1/2-Hélder continuous with a constant
depending only on Lip(v)) and K.

Proof. The boundedness and the Lipschitz property follow directly from the
definition of v. Let 0 < u < ¢, then Lemma IV.5.1, the Lipschitz continuity
of v(t,-) and the estimate (5.4) show that

lo(t,z) —v(t —u,z)| = [E(v(t —u,z + Xu) — v(t — u, 2))]
< CE(1Xu])
< C(u+u'’?).

The Holder continuity from the right is obtained analogously. O

IV.5.1 Existence
Consider the PIDE introduced in (2.5); namely,

O(t,z) — G(Dyo(t,z), DI vt x),v(t,z ++)) =0, v(0,2) =¢(x)
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for (t,z) € (0,00) x R, where the nonlinearity G(p,q, f(+)) is given by

1
s {bt gulad + [ [£) = (0) = DofO)R] F(d) |

(b,e,F)€O 2
We recall that 1 € Cp,1;,(R?) and v(t, ) = E((z + X3)).

Proposition IV.5.4. The value function v of (2.7) is a viscosity solution
of the PIDE (2.5).

Proof. The basic line of argument is standard in stochastic control. We
detail the proof because the presence of small jumps necessitates additional
arguments; this is where the condition (5.2) comes into play.

By Lemma IV.5.3, v is continuous on [0, 00) x RY, and we have v(0, -) = 1
by the definition of v. We show that v is a viscosity subsolution of (2.5); the
supersolution property is proved similarly.

Let (t,2) € (0,00) x R? and let o € C'b2’3((0, o) x R?) be such that ¢ > v
and (t,x) = v(t,z). For 0 < u < t, Lemma IV.5.1 shows that

0= sup Ep[v(t—u,w+Xu)—v(t,x)] < sup Ep[cp(t—u,x+Xu)—g0(t,:n)].
PeBPo PeBPo
(5.7)

We fix P € Po and recall that (b, ¢’ FF) are the differential characteristics
of X under P. Applying [t6’s formula, we obtain that P-a.s.,

(p(t —u,r + X’u) - (10(757 l’)
= / Dap(t — s,z + X, ) d(XSF + X4P)
0 R4

u u
+/ —8t<p(t—3,x+XS_)ds+/ Dot — 5,24+ X5 )bl ds
0 0
L 2 P
+3 tr[ Dot — s, + Xs_) ¢, | ds
0
u
+ / [gp(t—s,x+Xs,+z)—gp(t—s,x—i—Xs,)
0 JRrd

—Dyp(t—s,z+ XS,)h(z)] 1 (ds, dz).
(5.8)

Since ¢ € 05’3, it follows from (5.5) and (5.6) that the first integral in (5.8)
is a true martingale; in particular,

u
EF [/ Dyp(t — s, + X, )d(XT + ngp)} =0, u>0. (59
0 Rd
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Using (5.1) and (5.4), we can estimate the expectations of the other terms
n (5.8). Namely, we have

EP [/ Dyt — s, @+ X, )b¥ ds]
0

IN

/ E? “ngo(t — 5,2+ Xs) — Daip(t, )| bE] + Dxcp(t,x)bsp} ds
0

IN

/0 "B [C (s + X, )| + B [Dup(t, 26T | ds
< C(u? +u3?) +/0u EF {Dwgo(t )b } ds, (5.10)
and similarly
EP[/OU —Otgo(t—s,x+XS_)ds} < /Ou —Opp(t, ) ds+C (u>+u’/?) (5.11)
as well as

EF [/Ou tr[D2, ot — s, + X_)cl ] ds]
< /u EF [tr[Dfmgo(t z)cl ]} ds + C (u? + u®2). (5.12)

0

For the last term in (5.8), we shall distinguish between jumps smaller and
larger than a given € > 0, where ¢ is such that h(z) = z on {|z| < e}
Indeed, a Taylor expansion shows that there exist ¢, € R? such that P-a.s.,
the integral can be written as the sum

/u/| [gp(t—s,erXs,sz)—@(t—s,erXs,)
0 z|>e
—Dyp(t—s,z+ Xs,)h(z)] X (ds,dz)
/ / ftr D?E ot —s,x+ X, +§Z)ZZT],LLX(ds,dz). (5.13)
| \<e

By (5.1), both of these expressions are P-integrable. Using the same argu-
ments as in (5.10), the first integral satisfies

EP[/ / ot —s, 2+ X +2) =@t —s,2+ X, )
|z|>¢€

— Dyt — 5,3 + Xs—)h(2)] Fs(dz) ds}

< EF [/Ou /Z|>E [tz + 2) — p(t,x) — Dap(t,z)h(z)] FF(d2) ds}

+CC. (u? 4 u’?), (5.14)
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where

C; := sup / 1F(dz)
2>

Feos

is finite for every fixed £ > 0 due to (5.1). For the second integral in (5.13),
we have

P 1 2 T, X
E [/ /|z|<s tr[D2,p(t — s, + X + &) 22 |p (ds,dz)]

P 1 2 TP
=F [/ /|Z|<E tr[Dz,p(t — 5,2+ Xo— + &) 22 | Fy (dz)ds]

< OKcuy; (5.15)

recall (5.2). Thus, taking expectations in (5.8) and using (5.9)-(5.15), we
obtain for small € > 0 that

EP [gp(t —u,z 4+ Xy) — o(t, w)}

IN

/ EP[ dp(t, ) + Dap(t, z)bE + tr[Dgxga(t,m) ]
0

+ /| N [p(t, =+ 2) — p(t, 2) — Dygp(t, x)h(2)] FSP(dz)] ds

+CKeu+ CC: (u? +u?)

IN

1
—udpp(t,z) +u sup {ngo(t, )b+ —tr [Dgl,go(t, x) c]
(bye,F)€O 2

+ /|Z|>a [o(t,z+ 2) — @(t,x) — Dyp(t, z)h(z)] F(dz)}

+CKeu+CC. (u? +u’?). (5.16)

Regarding the integral in this expression, we note that for each I’ € Oj,

/|> [gp(t,x +2) —p(t,x) — Dyp(t, x)h(z)] F(dz)
< / [o(t, 2 + 2) — @(t, 7) — Datp(t, 2)h(2)] F(d2)
‘/||< (t,x+2z) —p(t,x) — Dwgo(t,a:)h(z)] F(dz)

< /Rd [o(t, 2+ 2) — @(t,x) — Dyp(t, x)h(2)] F(dz) + C K. (5.17)
by a Taylor expansion as above. We deduce from (5.16), (5.17) and the
definition of G that

E? [o(t —u,z + Xy) — p(t, z)]
< —udp(t,x) + uG(Dyp(t,x), D2yp(t, x), ot 2 + )
+CKou+CCe (u?+u??).
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By (5.7), it follows that

0 < —udp(t,x) + uG(Dyp(t, x), D2 o(t,x), otz +-))
+CKeu+CC. (u? 4+ u’?).

Now divide by u and let first  and then ¢ tend to zero. As K. — 0 by (5.2),
we obtain that

0< _81590(75) l‘) + G(Dz(p(tv .%'), Dgz@(ta %’), Qp(ta T+ ))

as desired. O

IV.5.2 Uniqueness

The aim of this subsection is to show that a comparison principle holds
for the PIDE (2.5); in particular, this will establish the uniqueness of the
solution. We denote by USCy((0,00) x R?) the set of all bounded upper
semicontinuous functions on (0,00) x R Similarly, LSC;, stands for the
bounded lower semicontinuous functions, and SCy := USC, ULSCy.

Proposition IV.5.5. Let u € USCy([0,00) x R?) be a viscosity subsolu-
tion and let v € LSCy([0,00) x RY) be a wiscosity supersolution of (2.5). If
u(0,-),v(0,-) € CpLip(RY) and u(0,-) < v(0,-), then u < v.

The proof proceeds through the following general result, essentially due
to [25] (which, in turn, draws from |2, 28]).

Lemma IV.5.6. Let G : R? x S? x C2(RY) — R and suppose there exist
functions G* : R% x S x SCy(RY) x C2(R?) — R, & € (0,1) such that Condi-
tions (C1)-(C9) below are satisfied. Then the assertion of Proposition IV.5.5
holds for

Ow(t,x) — G(Dyo(t,x), D2, v(t, @), v(t,x +-)) =0, (t,x) € [0,00) x RY.

Proof. This is essentially the result of [25, Corollary 53]. The only difference
is that our Condition (C8) below is slightly weaker than its analogue [25,
Theorem 51, Condition (i)]. An inspection of the proof of [25, Theorem 51|
shows that the result remains true under the weaker condition. O

The conditions mentioned in the preceding lemma run as follows.

(C1) Let (tg, 2k, Pk, qx) — (t,2,p,q) in (0,00) x RY x R? x S, Moreover, let
fe. f € C;’Q((O, o0) x RY) be such that fi,(t, v +-) — f(t,2+-) locally
uniformly on R?, D, f, — D, f and D2?_f;, — D?_f locally uniformly
on (0,00) x R? and (fx)ren is uniformly bounded. Then
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(C2) Let (t,2,p,q1,q2) € (0,00) x R? x R? x S x S¢ be such that ¢; > g2
and let fi, fo € 02’2((0,00) x RY) be such that (fi — f2)(t,-) has a
global minimum at x. Then

G(pa q1, fl(t733 + )) > G(pa q2, .]02(25717 + ))

(C3) Let (t,2,p,q) € (0,00) x R x R? x §% and f € C}*((0,00) x RY).
Then

G(p,q, f(t,x +-) +¢)=G(p,q, f(t,x+")), ceR.

(C4) Let (t,z,p,q) € (0,00) x RY x R? x §% and let f € C}((0,00) x RY).
Then

Gﬁ(pa q, f(t,ﬂ? + ‘)7f(t’1: + )) = G(pv%f(t?x + ))7 k€ (07 1)

(C5) Let (t,2,p,q1,q2) € (0,00) x R x R? x S% x S? be such that ¢; > o,
let f1 € LSCy((0,00) x RY) and fo € USCy((0,00) x R?) be such that
(f1— f2)(t,-) has a global minimum at = and let g1, g2 € 05’2((0, 00) X
R%) be such that (g1 — ¢2)(t,-) has a global minimum at z. Then, for
all k € (0,1),

Gﬁ(pa q1, fl(t7x + ‘)7gl(t7x + )) > Gn(p7 q2, fg(t,(L’ + ')792(t7x + ))

(C6) Let (t,x,p,q) € (0,00) x RY x R? x §¢, f € SCy((0,00) x RY) and
g€ 02’2((0, o0) x RY). Then, for all x € (0,1) and ¢1, ¢ € R,

Gﬁ(pv (:Zaf(t’x+°)+cl7g(t7x+')+02) = Gﬂ(p,q,f(t,fﬂ-f-),g(t,.’ﬁ-f-))

(C7) Let (t,z,p,q) € (0,00) x R x R? x §9 let f € SCy((0,00) x RY)
and let f,,,g € C’;’Q((O, o0) x R?) be such that f,(t,-) — f(t,-) locally
uniformly on R? and (f,)nen is uniformly bounded. Then, for all
k€ (0,1),

Gﬁ(paqafn(tvx + ),g(t,l’ + )) - Gﬁ(p,q,f(t,(’ﬂ + ),g(t,x + ))
(C8) There exists a constant C' > 0 such that

G (pr, a1, f(E, ) + (), 9(t, ) +9()) = G™(p2, g2, F(E,-), 9(¢,-))]
< C(lp1 = p2l + a1 = @2l + [ Dot + 1DZ2 %]l 0))

for all x € (0,1), t € (0,00), p1,p2 € R, q1,q2 € S%, f € SCy((0, 00) x
R%), g € C12((0,00) x RY) and ¢ € CZ(R?).
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(C9) Let (t,z,p,q) € (0,00) x R x R? x S%, let f € SCy((0,00) x RY) and
let g1, 92 € CH2((0,00) x R?) satisfy Dyg1(t,x) = Dyga(t,z). Then

ili% ‘Gﬁ(pa q, f(t,$+'),g1(t, x—"_'))_GN(}% q, f(ta .f—l—-),gg(t,l‘—i-'))‘ =0.

In order to deduce Proposition IV.5.5 from Lemma IV.5.6, we define the
auxiliary functions G* : R? x §% x SC,(R?) x C?(R?) — R, k € (0,1) by

(. f(),g()) =  sup { / )= 1(0) = Dag(O)h(:)) i)

(b,e,F)e®

' /|zgn[g(z) = 9(0) = Dag(0)h(2)] F(dz) + pb + ;tr[qd}- (5.18)

In the remainder of this section, we verify that (C1)—(C9) hold for this choice
of G* and G as in (2.6), which will complete the proof of Proposition IV.5.5.
To simplify the notation, we assume that h is the canonical truncation func-
tion

h(z) = 21}, <1

This entails no loss of generality because the PIDE (2.5) does not depend
on the choice of h.

Lemma IV.5.7. The function G of (2.6) satisfies (C1)—(C3).

Proof. Conditions (C2) and (C3) follow directly from the definitions; we
focus on (C1). In view of (5.1), we may fix N > 1 and estimate

where

1
Iy= sup |bllpe—pl, Ij = 5 sup |l lgr —dl,
(b,e,F)e® (b,e,F)e©

Ii = sup {/||<1 | (fr(th, 2k + 2) — fr(tr, @) — Do fr(tr, 21)2)

(b,e,F)eO©

- (f(t,:n—{—z) — f(t, ) —sz(t,x)z” F(dz)},

Iin= sup {/ | (fxth, 2 + 2) = f(t, 2 + 2))
1<[2]<N

(b,c,F)EO

— (fiu(tr, i) — f(t, )] F(dz)}7
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I,iN: sup {/|>N‘(fk(tk,wk+z)—f(t,x—i—z))

(b,c,F)eO©

~ (Fultrzn) — F(t.2))| F(dz)}.

In view of the assumptions made in (C1) and (5.1), we see that I} + I? — 0
as k — co. By a Taylor expansion, there are & ., &, € {|z| < 1} such that

I} = sup {/|<1ltr[(Dixfk(tk,$k+§k7z)—Dixf(@fL‘Jr&z))ZZT] F(dz).

(b,e,F)e®

Using (5.1) and the locally uniform convergence of D2, fi to D2, f, it follows
that I} — 0. Similarly, there exist & ., &, € {|z| < N} such that

Ilil,N = sup {/1<| <N ‘(szk@kyxk +§k,z) - sz(tvx +€z))z} F(dz)}7

(b,e,F)€O

and the locally uniform convergence of D, fi to D, f yields that I,i N — 0
for any fixed N. Using the uniform bound on (fj)x assumed in (C1), we also
see that

IRy <C  sup {/ 1F(dz)}§c sup {/ ]z]F(dz)},
’ b,e,F)eo \Jz|>N N pereo L J)z>1

note that the right-hand side is independent of £ and finite by (5.1). Sum-
marizing the above, we have

lim sup |G(pk, @k, fe(te, zx + ) — G(p,q, f(t,x+ )| < C/N

k—o0

for every N > 1 and the result follows. O

Lemma IV.5.8. The functions G of (2.6) and (G").e(0,1) of (5.18) satisfy
(C4)-(C7).

Proof. Conditions (C4)—(C6) follow directly from the definitions of G, G*
and (5.1). The proof of (C7) is similar to the verification of (C1) and therefore
omitted. O

Lemma IV.5.9. The functions (G").c(0,1) of (5.18) satisfy (C8) and (C9).
Proof. We first show (C8). By definition, we have

G (p1, g1, F(E, ) + (), 9(t,) +9()) = G™(p2, g2, F(E,-), 9(¢,-))]

1
< sup b !p1—p2\+§ sup |c||g1 — g2 + 11 + I,
(b,e,F)€eO (b,e,F)eO®
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where

L= sup { /| Sl\wz)wmme)zw(dz)},

(b,e,F)EO

L= s /| BCE vl Fds) |

(b,e,F)EO

By a Taylor expansion, we see that there are &, € R? such that

n=y sw { /z@ D2 (e 2= ) Fla) |

(b,e,F)e®

D200 sup { / |z|2F<dz>}
(b,e,F)eO |z|<1

and the integral on the right-hand side is bounded by K due to (5.1). Simi-
larly,

IN
N = DN

= s [ ID(e)=| Fids)

(b,c,F)e©

< IDstlee sup { / |z|F<dz>}
(b,e,F)€O |z|>1

and again the integral is bounded by K. Property (C8) follows, with the
constant being IC up to a numerical factor.
The assumptions in (C9) imply that

|Gﬁ(p7 q, f(tax + ‘)7gl(t7x + )) - Gﬁ(pﬂb f(tvx + ')JQQ(tax + ))’

< sup {\ [ aitat2) - gt) ~ Dagstt, )2 P2
(b,c,F)e© |z| <k

If K ¢ R? is the closed ball of unit radius around z, a Taylor expansion
shows that the above expression is bounded by

- /| 0054 2) ~ 0a0:2) = Dugal1,)2 F(d)

1
3105 e+ D2 aaoll) sw { [ P F@n),
(bye,F)eO |z|<k

where ||-||x is the uniform norm on K. Thus, the claim follows from (5.2). O

IV.6 Related Literature

Nonlinear Lévy processes were introduced in [25]. First, the authors con-
sider a given pair (X¢ X d) of processes with stationary and independent
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increments under a given sublinear expectation £(-). The continuous pro-
cess X¢ is assumed to satisfy £(|X¢|?)/t — 0 as t — 0 which implies that
it is a G-Brownian motion, whereas the jump part X< is assumed to satisfy
E(|X?|) < Ct for some constant C. The sum X := X¢+ X9 is then called
a G-Lévy process. It is shown that Gx[f(-)] := Lm0 E(f(X¢))/t is well-
defined for a suitable class of functions f and has a representation in terms
of a set © of Lévy triplets satisfying

sup {/\Z|F(dz)+ b+ |c|} < oo, (6.1)
(b,e,F)eO

meaning that functions v(t,z) = £(¥(x + X)) solve the PIDE (1.2) with
initial condition v € Cj ip(R?Y). We note that (6.1) implies both (1.3)
and (1.4), and is in fact significantly stronger because it excludes all triplets
with infinite variation jumps—the extension of the representation result to
such jumps remains an important open problem. Second, given a set ©
satisfying (6.1), a corresponding nonlinear Lévy process X is constructed
directly from the PIDE (1.2), in the following sense?. If X is the canonical
process, expectations of the form £(1(X;)) with ¥ € Cp r;p(R?) can be
defined through the solution v by simply setting £(¢(X;)) := v(¢,0). More
general expectations of the form (¢ (Xy,, ..., Xs,)) can be defined similarly
by a recursive application of the PIDE. Thus, one can construct £(&) for all
functions £ in the completion LlG of the space of all functions of the form
V( Xy, .-, Xp,) with ¢ € Cp £ip(RP*™) for some n under the norm &(] - |).
We remark that this space is significantly smaller than the set of measurable
functions, see [62], and so it is left open in [25] how to define £(&) for general
random variables £. A second remark is that while this construction is very
direct, it leaves open how to interpret a nonlinear Lévy process from the
point of view of classical probability theory.

Summing up, our contribution is twofold. First, we construct nonlinear
Lévy processes for arbitrary (measurable) characteristics ©, possibly with
unbounded diffusion and infinite variation jumps, and the distribution is
defined for all measurable functions. Our probabilistic construction allows
us to understand the PIDE (1.2) as the Hamilton-Jacobi-Bellman equation
resulting from the nonstandard control problem

sup EF[-]

PeBPeo
over the class of all semimartingales with ©-valued differential characteris-
tics. This control representation gives a global interpretation to the distri-
bution of a nonlinear Lévy process as the worst-case expectation over Peo;
in particular, this allows for applications in robust control under model un-
certainty. Second, under Conditions (1.3) and (1.4), we provide a rigorous

2Tt seems that such a construction could also be carried out under the weaker condi-
tions (1.3) and (1.4).



IV.6 Related Literature 85

link with the PIDE (1.2). On the one hand, this implies that expectations
of Markovian functionals can be calculated by means of a differential equa-
tion, which is important for applications. On the other hand, it allows us to
identify our construction as an extension of [25].
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Chapter V

Robust Utility Maximization
with Lévy Processes

In this chapter, which corresponds to the article [40|, we study a robust
portfolio optimization problem under model uncertainty for an investor with
logarithmic or power utility. The uncertainty is specified by a set of possi-
ble Lévy triplets; that is, possible instantaneous drift, volatility and jump
characteristics of the price process. We show that an optimal investment
strategy exists and compute it in semi-closed form. Moreover, we provide a
saddle point analysis describing a worst-case model.

V.1 Introduction

We study a robust utility maximization problem of the form

sBrpirIngP[U(W%)] (1.1)

in a continuous-time financial market with jumps. Here W[ is the wealth at
time T resulting from investing in d stocks according to the trading strategy =
and U is either the logarithmic utility U(z) = log(z) or a power utility
U(z) = LazP for some p € (—00,0) U (0,1). The infimum is taken over a
class P of possible models P for the dynamics of the log-price processes of the
stocks. More precisely, the model uncertainty is parametrized by a set © of
Lévy triplets (b, ¢, F') and then P := P (O) consists of all semimartingale
laws P such that the associated differential characteristics (b, ¢/, FF) take
values in ©, P x dt-a.e., as introduced in Chapter III. Thus, our setup
describes uncertainty about drift, volatility and jumps over a class of fairly
general models.

Our first main result shows that an optimal trading strategy 7 exists
for (1.1). This strategy is of the constant-proportion type; that is, a constant
fraction of the current wealth is invested in each stock. We compute this



88 'V Robust Utility Maximization with Lévy Processes

fraction in semi-closed form, so that the impact of model uncertainty can be
readily read off; cf. Theorem V.2.4.

Under a compactness condition on ©, we also show the existence of a
worst-case model P € 3. This model is a Lévy law and the corresponding
Lévy triplet (l;, ¢, F) is computed in semi-closed form. More precisely, our
second main result yields a saddle point (P,#) for the problem (1.1) which
may be seen as a two player zero-sum game. The strategy @ and the triplet
(i), ¢, a ) are characterized as a saddle point of a deterministic function; cf.
Theorem V.2.5.

Mathematically, our method of proof follows the local-to-global paradigm.
That is, we first derive versions of our main results for a “local” optimization
problem that plays the role of a Bellman-Isaacs operator. The passage to
the global results is relatively direct in the logarithmic case, because the log
investor is myopic in every model P € . For the power utility, this fails
and thus the optimal strategy and expected utility for a fixed P cannot be
expressed in a simple way. However, we shall see that the worst case over
all Lévy laws already corresponds to the worst case over all P € . The key
tool for this is a martingale argument; cf. Lemma V.5.1.

The remainder of this chapter is organized as follows. In Section V.2,
we specify our model and the optimization problem in detail, and we state
our main results. Section V.3 contains the analysis of the local optimization
problem. In Section V.4, we give the proofs of the main results for the
logarithmic utility, whereas Section V.5 presents the proofs for power utility.

V.2 The Optimization Problem

V.2.1 Setup for Model Uncertainty

We fix the dimension d € N and let Q = Dg(R,,R?) be the space of all
cadlag paths w = (w;)i>0 starting at 0 € R%. We equip  with the Skorohod
topology and the corresponding Borel o-field F. Moreover, we denote by
X = (X¢)t>0 the canonical process X¢(w) = wy, by F = (F¢)¢>0 the (raw)
filtration generated by X, and by B(€2) the Polish space of all probability
measures on 2. We also fix the time horizon T' € (0, c0).

The uncertainty about drift, volatility and jumps is parametrized by a
nonempty set

GQRdeixL’,

where £ is the set of Lévy measures; i.e., the set of all measures F on R?
that satisfy [pq |2|* A1 F(dz) < co and F({0}) = 0. We write

Lo={FeL|(beF) el

for the projection of ® onto £. The class of models to be considered is
represented by the set 3 of semimartingale laws such that the differential
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characteristics of the canonical process X take values in O, as introduced in
Chapter III. More precisely, let

Bsem = {P € P(Q) | X is a semimartingale on (Q, F,F, P)}

be the set of all semimartingale laws, denote by (B, C*, ") the predicable
characteristics of X under P with respect to a fixed truncation function h,
and let

sem = {P c sBsem ‘ (BP70P7 VP) < dt, P—a.s.}

sem

be the set of semimartingale laws with absolutely continuous character-
istics (with respect to the Lebesgue measure dt). Given such a triplet
(BP,CP vP), the corresponding derivatives (defined dt-a.e.) are called the
differential characteristics of X and denoted by (b, cP, FF). Our set B of
possible laws is then given by

P =P (0) = {Pep, |7, " FF)e 0, Podtaec}.

The canonical process X, considered under the set ¥, can be seen as a
nonlinear Lévy process in the sense of Chapter IV. Finally, let us denote by

P = {P ey ‘ X is a Lévy process under P}

the set of all Lévy laws in 8. Thus, there is a one-to-one correspondence
between P and the set O of Lévy triplets, whereas the set P8 is in general
much larger than Pr.

V.2.2 Utility and Constraints

To model the preferences of the investor, we consider the logarithmic and
the power utility functions on (0, 00); i.e.,

Ulz) = log(x) and  U(z) = ;xp for p € (—00,0) U (0, 1).

As usual, we set U(0) := lim U(z) and U(oco) := lim U(x).
z—0 T—00

Our investor is endowed with a deterministic initial capital zg > 0 and
chooses a trading strategy 7; that is, a predictable R%-valued process which
is X-integrable under all P € 3. Here the canonical process X represents
the returns of the (discounted) stock prices and thus the ith component of =
is interpreted as the proportion of current wealth invested in the ith stock.
Under any P € ‘B, the corresponding wealth process W7 is given by the

stochastic exponential
W = x05</7rdX>.
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The portfolio is subject to a no-bankruptcy constraint that can be described
by the set of natural constraints,

€0 = ﬂ {yeRd’F[zERd|yTz< —1] = 0}.
Felo

Indeed, a strategy m with values in €0 satisfies 7' AX > —1 P-a.s. for all
P €3 and this is in turn equivalent to W™ > 0 P-a.s. for all P € . For
later use, we note that €V is a closed, convex subset of R% that contains the
origin.

In addition to the natural constraints, we may impose further constraints
such as no-shortselling on the investor. These constraints are modeled by an
arbitrary closed, convex set € C R? containing the origin.

The set A of admissible strategies is the collection of all strategies m such
that m(w) € €N LY for all (w,t) € [0,T] and U(WF) > —oo P-a.s. for all
P € *B. The second condition is for notational convenience: if U(WJ]) = —oo
with positive probability for some P € ‘B3, then 7 is not relevant for our
optimization problem. Note that nothing is being excluded for the power
utility with p € (0,1), whereas in the other cases we have U(0) = —oco and
thus m € A implies W™ > 0 P-a.s. for all P € B; cf. |26, Theorem 1.4.61,
p.59]. The value function of our robust utility maximization problem is

u(zo) = igglyelf‘ﬁEP [U(WF)]. (2.1)

Here and below, we define the expectation for any measurable function with
values in R = [—o00, o], using the convention 0o — co = —oo. We say that
the robust utility maximization problem is finite if u(xg) < oco. Under this
condition, we call m € A optimal if it attains the supremum in (2.1).

V.2.3 Main Results

We recall that U stands for either U(x) = log(x) or U(z) = %xp with
p € (—00,0) U (0,1). For convenience of notation, p = 0 will refer to the
logarithmic case in what follows. The subsequent conditions are in force for
the remainder of the chapter.

Assumption V.2.1.
(i) The set € N%° C R? is compact.
(i) The set © C R? x S¢ x £ is convex and satisfies K < oo, where
b + |c| + [ |2]? Alog(1 + |2]) F(dz) if p=0,
K:= sup 0] + c| + [ |2]? A |2[PU+9) F(dz2) if p € (0,1),
RN o] + || + [ |22 A1 F(dz) if p < 0.

In the case p € (0,1), we have fixed an arbitrarily small constant £ > 0
in the above definition of K.
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Remark V.2.2. (i) The compactness assumption on € N €° is not very
restrictive for the cases of our interest: in the presence of jumps, the set € is
typically compact, and then the assumption holds even in the unconstrained
case € = R%. Indeed, let d = 1 for simplicity of notation. As soon as the
the jumps of X are unbounded from above, for at least one P € 3, and not
bounded away from —1, for at least one P € 3, then € C [0, 1] and € N %"
is necessarily compact.

The non-compact case can also be analyzed but leads to technical com-
plications that are not of specific interest to our robust problem. These
complications are well-studied in the classical case; cf. [32, 42].

(ii) The second condition in Assumption V.2.1 will guarantee, in par-
ticular, the finiteness of the robust utility maximization problem. When
p < 0, no specific Lévy triplet is excluded as any Lévy measure satisfies
[12|> AN1F(dz) < co. When p > 0, a sufficient condition is that the Lévy
process has integrable jumps, which is equivalent to [ |22 A |z| F(dz) < occ.

Definition V.2.3. Let (b,c, F) € R? x Si x Lo. For y € €9, we define
p—1
o0 =y b+ Py T+ [ L@ P@), e2)
where

log(1+y'2) —y h(z) if p=0,

p M +yTz)P —pt—yTh(z) if p#o0.
We shall see later that ¢(®<¥) is a well-defined concave function with values
in [—o0, 00).

Our first main result states that an optimal strategy exists; moreover,
it is given by a constant proportion that can be described in terms of the
function g. We recall that Assumption V.2.1 is in force.

Theorem V.2.4 (Optimal Strategy).

(i) The robust utility maximization problem is finite and

sup inf EF[UWR)] = inf sup EF [U(WF)]. 2.3
WGEPEm [ ( T)] Pe‘ﬁwea [ ( T)] ( )

(i) There exists an optimal strategy which is constant. More precisely, the
finite-dimensional problem

arg max p inf (b.c,F)
gmaxyegngo 0 g (y)

has at least one solution. Any solution 3, seen as constant process, is
in A and defines an optimal strategy; i.e.,

. P Y\ . P s
jnf BY[UWE)] = sup inf I [UWE)],



92V Robust Utility Maximization with Lévy Processes

and this value is equal to

1 T inf g0eF)(g f p=0
og(zo) + I (¥) if p=0,

1,..p : (bye, F) (5 :
50 €Xp (pT (b’cl’gge@g (y)> if p#0.

(iii) Conversely, any constant optimal strategy ™ € A is an element of

(b,c,F)(

arg max,cgngo  inf Y).

(b,e,F)eO©

The robust utility maximization problem can be seen as a two player
zero-sum game. Indeed, the minimax identity (2.3) then states the existence
of the value. Our second main result is a saddle point analysis of the game.
For reference, let us recall that a point (#,79) € X x ) in some product set
is called a saddle point of the function f : X x Y — [—o0, 00] if

f@y) < f(2,9) < f(z,g) forall zeX, yel.

Thus, & is the optimal response when the second player chooses ¢, and vice
versa. This is equivalent to the three assertions

(1) SuPyey f(i, y) = inszX SUpyey f(‘r7 y)a
(i) infrex f(2,9) = supyey infrex f(7,y),
(iil) supyey infrex f(7,y) = infrcx supyey f(z,9);

that is, £ and ¢ solve the respective robust optimization problems, and the
minimax identity holds.

To provide a saddle point analysis of the game, we need to introduce a
topology on the set ©. Recall first that the space M7 of all finite measures on
R? is a Polish space under a metric dgys which induces the weak convergence
relative to Cy(R?); cf. [9, Theorem 8.9.4, p. 213]. This topology is the natural
extension of the more customary weak convergence of probability measures.
With any Lévy measure u € £ we can associate the finite measure

Ai—)/ |z A1 p(d), A e BRY,
A

denoted by |z|> A 1.. We can now define a metric d via
de(p,v) = dons (|2 ALps, |22 A1), pov € L,

and then (£,dr) is a separable metric space; cf. Lemma II1.2.3. Moreover,
the following version of Prohorov’s theorem holds: a set S C L is relatively
compact if and only if
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(i) suppes fga |2/ A1F(dz) < oo and

(ii) for any § > 0 there exists a compact set K5 C R? such that

Sup/ 12> A1 F(dz) < 6.
FeS JKg

This is a consequence of [59, Theorem 1.12].

Having defined a topology on £, we can equip R? x S‘i x L with the
corresponding product topology and state our second main result; recall
that B denotes the set of all Lévy laws in ‘.

Theorem V.2.5 (Saddle Point). Let © C R? x Si x L be compact.

(i) The function (P,m) — E¥[UWZT)| has a saddle point on P x A.

More precisely, the function g(bCF (y) defined in (2.2) has a saddle
point on © x € N €. If ((b ¢, F) ) is any such saddle point and
P € P, denotes the Lévy law with triplet (b ¢, F) then § € A and
(P,§) is a saddle point of (P,m) — EF [U(WT)] on P x A, and its
value s

A A log(zo) + T g®¢H)(g)  if p=0,
EP[UWE)] = o
sagexp (pT g@F)(9)) if p#0.

(ii) Conversely, if (P,7) is a saddle point of (P,m) — EF[UWE)] o
B x A, and P € P, and 7 is constant, then ( b & F), ) s a saddle
b,é

point of the function g (1) on © x €N E°, where (b, & F) is the
Lévy triplet of P.

We remark that the worst-case model P is not unique in any meaningful
way. For instance, if € = [0,1] and © C R_ x [0,00) x {0}, then (P,0) is a
saddle point for any P € Br. On the other hand, 7 is unique in the sense
that W7 is uniquely determined P-as.

Remark V.2.6. We may compare the situation of uncertainty over the set
P of semimartingale laws and the (much smaller) set By of Lévy laws. It
follows from the proofs below that the value function, the optimal strategies
and the saddle points in the main results are the same in both cases. This is
in contrast, for example, to the situation of option pricing in the Uncertain
Volatility Model, where the worst-case can be a non-Lévy law.
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V.3 The Local Analysis

In this section we analyze the function g(®“*) defined in (2.2); the results
will be fundamental for the proofs of our main theorems. We set

g(y):= inf ¢®P(y), ye@® (3.1)

(b,e,F)eO®
and recall that Assumption V.2.1 is in force.
Lemma V.3.1. Let 0 = (b,c, F) € R? x SL x Lg. The function ¢° of (2.2)
is well-defined, proper, concave and upper semicontinuous on €°, with values

in [—o0,00). The same holds for the function g of (3.1). As a consequence,
g% and g attain their mazima on € N €°.

Proof. The first assertion follows directly from Assumption V.2.1 and the
literature on classical utility maximization; cf. |32, Section 5.1, p.182] for
p = 0 and [42, Lemma 5.3] for p # 0. The remaining assertions are direct
consequences. O

It will be useful to avoid the singularity of ¢(®¢%) by considering the
closed, convex sets
€0 .= ﬂ {yERd’F[ZERd}yTz<—1+%] ZO} c¢°
FeLleo

for n € N. We have the following approximation result.

Lemma V.3.2. Let § € R%x Si x Lo and let §° be a mazimizer of y — ¢°(y)
on € NE°; then

sup ¢’(y) = lim sup ¢%(y) = lim ¢°(35) for ¢ :=(1-1)i’.
yeENEO 00y e NE0 n—00

Similarly, let § be a mazimizer of y — g(y) on € NEY; then

sup g(y) = lim sup g(y) = lim g(gn) for §n:=(1-1)3.
yEECNEO =00y ez NG n—00

Proof. Since € is convex and contains the origin, ¢ € € N €Y. Moreover,

sup ¢?(y) > lim  sup ¢°(y) > limsup ¢’ (9?)
yeELNEO N0 yexnNE? n—0c0

as €2 C €Y 1 C %°. For the converse inequality, note that ¢? is concave
and ¢?(0) = 0, so that

@) =9"(1-15") =1 - 1@
Thus, we conclude that

liminf ¢%(59) > ¢°(3°) = sup ¢’(y)
n—00 yeENEO

and the first claim follows. The proof of the second claim is analogous. [
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Lemma V.3.3. The map 0 — sup,cqengo d°(y) is real-valued and lower
semicontinuous on ©.

Proof. We note that sup,cqngo d?(y) > —o00 as 0 € €N E°. On the other
hand, the conditions in Assumption V.2.1 yield that sup,ecqgrgo d°(y) < oo.

We turn to the semicontinuity. Without loss of generality, we may assume
that the truncation function A is continuous; cf. |26, Proposition 2.24, p. 81].

Using the form of ¢? and the compactness of € N %y, it suffices to show that
for fixed (b,c) € RY x S¢, the map

Fsg(F):= sup g®"(y)
yeENEo

is lower semicontinuous on Lg. Consider the map

F s go(F) = sup g"=P(y)
yeENE

for n € N. We deduce from Lemma V.3.2 that g,(F") increases to g(F) as
n — oo. Therefore, it is sufficient to show that g, is lower semicontinuous
for fixed n, and for this, in turn, it suffices to show that F s gb:cF) (y) is
lower semicontinuous on Lg for fixed y € € N €Y.

To see this, let

log(1+y"2) —y h(z) if p=0,
Iz = 1 T 1_ T -
pi(1+y' 2P —pt—y h(z) if p#0

denote the integrand in the definition of ¢®®“)(y). Fix a continuous function
¢n + R — [0,1] which satisfies ¢, (u) = 1 for u > —1 + 1 and ¢, (u) = 0
foru < —-1+5. As Flz e R|y'z2 < -1+ 1] =0and ¢(y'2z) =1 on
{zeRyTz2> -1+ 1} we see that

Lo F@) = [ 1) o) P = [ ) P,

where we have set I, ,(2) := I, () ¥, (y" 2). Thus, it suffices to show that

F— Iy n(z) F(dz)
Rd

is lower semicontinuous on Lg. Let F*¥ — F be a convergent sequence in Lg.
As h(z) = z in a neighborhood of 0 and by the property of v,

Iyn(2)
|z]2 A1
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is continuous on R\ {0} and uniformly bounded from below by a constant K.
Define on R? the function

_ Iyn(2) if 0
Iy,n(z) — { [z[ZA1 it z 7é )

K if z=0.

By construction, z — fyn(z) is lower semicontinuous and uniformly bounded
from below on R?. Thus, there exist bounded continuous functions f;]ln(z)
which increase to I, ,(2); cf. [6, Lemma 7.14, p. 147]. For any F(dz) € L, let
F(dz) := |2|? A 1.F(d2) be the finite measure A — [, |2|> A1F(dz). By the
definition of the topology on £, we have that F¥ — F if and only if F¥ — F
in the sense of weak convergence. Using that F({0}) = F({0}) = 0 for any
F € £ and Fatou’s Lemma, we obtain that

liminf/ Iyn(2) F¥(dz) = liminf/ Iyn(2) F*(d2)
R R4

k—o0 k—o0

> lim liminf /Rd f;”n(z) F¥(d2)

m—o0  k—oo

= lim Izrfn(z) F(dz2)

m—o0 Rd

> /R ynl2) F(d2)
_ / I,n(2) Fd2).
R

This completes the proof. O

We can now show the relevant properties of the function ¢%(y) defined
in (2.2).

Proposition V.3.4. There exists § € € N€° such that

inf ¢°(§) = sup inf ¢°(y) = inf su ().
inf 9°(9) Sup anL e (v) ol s 9 (y)

If© C RYx Si x L is compact, there exists § € © such that (é, ) is a saddle
point for the function ¢°(y) on © x € N €.

Proof. Recall that ¥N%" and © are non-empty convex sets and that € N%"
is compact. For fixed # € ©, the function y — ¢?(y) is concave and upper
semicontinuous (Lemma V.3.1), whereas for fixed y € ¥ N %, the function
0 — ¢°(y) is convex. Thus, we deduce from Sion’s minimax theorem [66,
Theorem 4.2| that

inf sup ¢’(y)= sup inf ¢%(y).
€0 yegneo yeenso 0€O
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To be precise, we require an extension of that theorem to functions taking
values in [—o0,00); see, e.g., [57, Appendix E.2]. As y +— infpeg ¢°(y) is
upper semicontinuous (Lemma V.3.1), we also obtain § € € N %€ such that
inf ¢°(4) = sup inf ¢°(y).
Inf 9°(9) S ek ()
Assume that © is compact. Then, since ? > SUPyegng0 ¢°(y) is lower semi-
continuous (Lemma V.3.3), there exists 6§ € © such that

sup ¢"(y) = inf sup ¢°(y).
yeeneo €0 yegnyso

In view of the above minimax identity, (é, ) is a saddle point. O

Remark V.3.5. For later use, we note that Proposition V.3.4 also holds
true with respect to € N %Y instead of %N ¢°. Indeed, we may apply the
proposition to the modified constraint 4 = % N €2 instead of .

V.4 Proofs for Logarithmic Utility

In this section we focus on the logarithmic case p = 0 and prove Theo-
rems V.2.4 and V.2.5. By scaling, we may assume that the initial capital is
xg = 1, and we recall that Assumption V.2.1 is in force. Because the log-
arithmic utility turns out to be myopic under our specific setting of model
uncertainty, the passage from the local results in the preceding section to
the global ones is relatively direct.

Lemma V.4.1. Let P € B have differential characteristics 0¥ = (b* ¢’ FP)
and let m € A. Then

B log(Wi)] = E” | /0 L (ms) ds] € [~00,00).

Proof. Let X be the integer-valued random measure associated with the
jumps of X. Under P, the stochastic integral [7dX has the canonical
representation

/wstsch—i—Md—i—/w;rbfds—i—/wsdjs
0 0 0

where M€ and M¢ are continuous and purely discontinuous local martingales,
respectively, and

(M) = /0 TPy ds,
)= [ he)? e da),
J = /O /R (2 = h(2)) p¥(dz, ds);
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cf. [26, Theorem 2.34, p.84] and Proposition II1.2.2. We claim that M¢
and M? are true martingales. Indeed, Jensen’s inequality and Assump-
tion V.2.1 imply that

e < 57| [ [ e i)

T 1/2
<CE? [/ 1212 A1 FP(dz) ds]
0 JRrd

< CICl/QTl/Q.

for a constant C'. Thus, the Burkholder-Davis—Gundy inequalities yield
EP[ sup \M3|] < CEP[|M%|?] < Ce TV,
0<u<T
Similarly, Assumption V.2.1 also implies that
EP[ sup |M5}] < C TH?
0<u<T

and we conclude that M¢ and M? are true martingales. Recall that W™ > 0
and W7 > 0 P-a.s. since m € A; cf. |26, Theorem 1.4.61, p.59]. Thus, It6’s
formula yields that

T T
1
log(W7) = M& + M +/ m bl ds — 2/ n) Py ds
0

0
T
T2 — 7l ()] X (dz, ds).
+/O /Rd[log(l—l—ﬂ’sz) Th(2)] u¥(dz, ds)

In view of Assumption V.2.1 and [26, Theorem I1.1.8, p. 66], taking expected
values yields the result. O

The next three lemmas constitute the proof of Theorem V.2.4.

Lemma V.4.2. Let § € argmax,cqyngo infpco d°(y). Then 4, seen as a
constant process, is an element of A.

Proof. We need to show that W¥ > 0 P-a.s. for all P € 8, which by [26,
Theorem 1.4.61, p. 59| is equivalent to § € €%*, where

¢ = (] {yeR!FlzeR!|y’2< 1] =0},
FeLle

Since 0 € € N%° and ¢?(0) = 0 for all € ©, we have

inf ¢?(9) > inf ¢?(0) = 0
inf g (y)_;g®g()

and in particular ¢?(j) > —oo for all # € ©. The claim now follows from the
definition of ¢?. O
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Lemma V.4.3. We have u(1) < oo. Any § € argmax,cyngo infoco @ (y)
satisfies

inf EPNlog(W)] = sup inf EF[log(WE)] = inf sup EX [log(Wr
ot B log(W])] = sup int E”log(WF)] = inf sup B log(1W7)]

and this value is given by T infgee ¢ (7).
Proof. Let 7 € A and let 7 denote the differential characteristics of P.
Using Lemma V.4.1, we have that
T p
ot B ogW)) = jnt B[ [ " (m) as

T
< inf EP[/ oF s ds],
< Jof 9 (s)

; P ’ oF
< inf E [/0 sup g (y)ds}

PePr yeeneo
=T inf sup g¢%(y). (4.1)
0€0 yegneo

By Proposition V.3.4, we have infgpeg Sup,cqngo d?(y) = infpeo ¢°(9) and
thus

inf EX[log(W2)] < T inf ¢° (1)
Jnf, [log(Wr)] < T inf g°(9)

0cO
P r 0
- B[ 0]
P g oF
< inf E < (1) ds| .
< jnf {/0 g (y)dS}
— inf EP[log(WY
Jnf, [log(W7)],

where Lemma V.4.1 was again used. As m € A was arbitrary, we conclude
that

inf EP[log(WF)] < T inf ¢°(9) < inf ET[log(W2)].
sup ff, [log(W7)] < T inf ¢°(9) < inf B [log(Wr)]
But then these inequalities must be equalities, as claimed. In particular, we
have that u(1) = T infgeo ¢?(§) < 0o; cf. Lemma V.3.1.

It remains to prove the minimax identity. To this end, note that

T
Tinf sup ¢'(y)= inf B / sup ¢ (y) ds|
0cO yEENE PepL 0 yesns°

T
> inf su EP[/ 0" T ds}
= pewy WEE 0 g ( s)

T
> inf su EP{/ 07 T ds].
= pep WEE 0 g ( s)
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Using also Proposition V.3.4 and Lemma V.4.1, we conclude that

sup inf EF [log(W™)] = T inf su 0
sup inf, [log(W7T)] 96%6%%}09 (y)

T
> inf su EP[/ 07 T ds}
= pey WEE 0 g ( s)

= inf sup B [log(WF)].
PEP rcA
The converse inequality is trivial, so the proof is complete. O

It remains to prove the third assertion of Theorem V.2.4.

Lemma V.4.4. Any constant © € A satisfying

inf EX[log(WT)] = inf EX[log(W.F 4.2
jnf [log(W7)] sup fnf, [log(Wr)] (4.2)

is an element of arg max, cqyngo infgeo 9 (y).

Proof. We deduce from Lemma V.4.3, (4.1) and Proposition V.3.4 that
inf EF[log(WH)] < inf EF[log(Wi
Jnf BT [log(Wr)] < inf B [log(Wr)]

<T sup inf¢’(y)
= ARCAL 0cO

= inf ET[log(WT)].
jnt B” log(W7)
Thus, the above inequalities are in fact equalities; in particular,

inf EF[log(Wi) =T sup inf ¢°(y).
A [log(W7)] y%%ogeeg ()

On the other hand, using Lemma V.4.1 and the fact that © € A is constant,

T
. P N s P 0F /1~ s 0/~
Jnf EVlog(WH) = it B /0 o (7)ds| =T it (),

so it follows that 7 € arg maxy g0 infoce g°(v). O

The remaining two lemmas constitute the proof of the saddle point result,
Theorem V.2.5.

Lemma V.4.5. Assume that © is compact. Let (é,g]) €EOXENE be
a saddle point of the function ¢°(y) and let Pe Br be the Lévy law with
triplet 0. Then (P, 7)) € PBr, x A is a saddle point of (P,m) — EF [log(WZ)]
on P x A and

sup inf EPNlog(WE)] = T ¢°(4).
sup fnf, [log(W7)] g’ (1)
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Proof. We recall that § € A; cf. Lemma V.4.2. Let 7 € A; then Lemma V.4.1
yields that

. R T R
B ogWp) = B”[ [ g'(m)ds] T sup o).
0 yeLNLo

Using the same lemma again, T'sup,cqngo gé(y) = Tgé@) =pP [log(ngw)],
and as m € A was arbitrary, we deduce that

inf sup B [log(W7)] < sup Ep[log(ij)] < Ep[log(Wg)]. (4.3)
PEP reA mEA

Since (é, 7)) is a saddle point of the function ¢?(y),
B log(W})] = T¢°(9) = T jnf ¢°(9).

Moreover, using Lemma V.4.1, we have

T
T inf ¢(§) = inf EP[/ inf g% () ds}
0

0c0 PEp 0cO
T
<'fEP[/ ofAd}
< jnf Y (9)ds

iéqu [log(Wr)]
Thus, we obtain that

B [log(W)] < inf E”[log(Wp)] < sup inf B [log(WF)]. (4.4)

It follows that the inequalities in (4.3) and (4.4) are in fact equalities, and
the proof is complete. O

Lemma V.4.6. Assume that © is compact and let (15, 7) be a saddle point
of (P,m) — EF[log(W™)] on P x A with P € B and % constant. Then
(0,7) is a saddle point of the function ¢°(y) on © x € NE°, where 0 is the
Lévy triplet of P.

Proof. As P € By, we have
EPNlog(WH)] = inf EP[log(WF)] < inf EF[log(Wi)] < EF [log(WH)],
[log(WT)] Jnf, [log( T)]_Plen% [log(W7)] < E* [log(W7)]

which implies that the above inequalities are equalities. By Lemma V.4.1,
as 7 is constant, we obtain that

T4’(7) = B log(Wf)] = it B llog(WH) =T inf ¢'(7).  (45)
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Recall from the proof of Lemma V.4.2 that a constant process y is in A if
and only if y € € N€%*. As (P,7) is a saddle point, we deduce that

i ) i T
E[log(W)] = sup E” log(WF)] = sup E7 | / o () ds]
TEA TeA 0

_ T
> sup EF [ / ¢ (y) dS}
yeENEO* 0

> Eﬁ[/OTgé(fr) ds}
= EP[log(W})].

Therefore, again, the above inequalities are in fact equalities. In particular,

N i T _
14 = B logWil = swp EP[ [ gyds] =7 swp ().
yeENE0:* 0 yeENEo*

and in the last expression we may replace ¢ N €% by its closure %N &°
since ¢? is concave and proper. Together with (4.5), this shows that (6, 7) is
a saddle point of the function ¢?(y). O]

V.5 Proofs for Power Utility

In this section, we focus on the case U(z) = %xp, where p € (—00,0)U (0, 1).

We recall that Assumption V.2.1 is in force and that the initial capital is
xg = 1, without loss of generality.

The arguments for power utility are less direct than in the logarithmic
case, because the power utility investor is typically not myopic. Thus, the
optimal strategy and expected utility for a fixed P cannot be expressed by
the corresponding function g% (see [41, 43] for the structure in the general
case). However, the power utility problem remains tractable when P is a
Lévy law, and we shall see that the worst case over all Lévy laws P € P,
already corresponds to the worst case over all P € 8. The crucial tool to
prove that is a martingale argument, contained in Lemma V.5.1 below.

For some of the arguments we need to avoid the singularity of U at zero
and the corresponding singularity of ¢ at the boundary of €. To this end,
recall that

‘519: ﬂ {yERd‘F[ZERd‘yTz<—1+%] :O}Q‘KO
Felo

for n € N and define A,, as the set of all predictable processes 7 such that
m(w) € €NEY for all (w,t) € [0,T]. This implies that W™ > 0 P-a.s. for
all P € B and in particular m € A.
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Lemma V.5.1. Let P € B and let O = (b",cP’, FT) be the corresponding
differential characteristics. If m € A, for some n € N, then

(WP
exp (p [y g% () ds)

is real-valued and M = (My)i<t is a martingale with unit expectation.
IfPcSBr, and m € € NE° is constant, then

Mt =

EP[U(Wg)] = ;exp (pT”" () € [-o0,00). (5.1)

Proof. Let m € Ay; then the function ¢% (r,) and its integral are finite.
Moreover, both W™ and W7 are strictly positive; cf. |26, Theorem 1.4.61,
p.59]. Thus, the process M is a semimartingale with values in (0,00). In
particular, its drift rate

a = pM +/(z — h(z2)) FM(dz)

is well-defined with values in (—oo, 00]; cf. [43, Remark 2.3]. Moreover, M
is a o-martingale and true supermartingale as soon as ™ = 0; see, e.g., [43,
Lemma 2.4].

Set (b,e, F) = (b¥,cP,FP) and Y = (W™)P. An application of Itd’s
formula shows that the drift rate ¥ of Y satisfies

g — p,ﬂ.—l—b+ p(p2_1)7TTC7T +/ [(1 + WTz)p —1 *pﬂ'—rh(z)] F(dZ)

Y_
= py’ (m).
See, e.g., [43, Lemma 3.4] for a similar calculation. Noting that the process
G =exp (p fg g% (ms) ds) is continuous and of finite variation, we have

dM =G YdY +Y_d(G™Y) = G7HdY — Y_G pg®(n) dt

and it follows that a™ = G™'a¥ —Y_G'pg?(r) = 0. As a result, M is a o-
martingale and a supermartingale. To establish that M is a true martingale,
it remains to show that M is of class (D).

Consider first the case p € (0,1). Let € > 0 be as in Assumption V.2.1
and let 7 < T be a stopping time; we estimate

(W:)p(1+5)
exp (p(l +¢) fOT g% (ms) ds) ’

EUMT|1+6] — B

Set p := p(14¢) and let g% (p, 7) be defined like ¢?(7) but with p replaced by
p. Using the supermartingale property of M with respect to p (which holds
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by the same arguments), we obtain that
(WW)P(lJFE)
E[ o
exp (p(1+¢) [y g% (ms) ds)
_ E[ (wr)” exp (B fy 9% (b, 7s) ds)]
exXp (]5 f()T 908 (]57 7Ts) dS) €xp (ﬁ f(;r g6’s (ﬂ-s) dS)
exp (PTC1 supg, . pyee {6l + Z5lel + [ |22 A |27 F(d2)} )

exp (= BT C sup(y pyce {161+ 25l lel + [ |22 A [=p F(d2)} )

<

where C, Cs are finite constants depending only on p, p and the diameter of
¢ NE°. The last line is finite due to Assumption V.2.1 and does not depend
on 7. We have shown that

sup EUMT|1+E} < 00,

<T
so the de la Vallée-Poussin theorem implies that M is of class (D) and in
particular a true martingale.

For the case p < 0, choose an arbitrary € > 0 and recall that 7 € A,,. A
similar estimate as above holds for p = p(1+¢) < 0, except that the the signs
are reversed, the constants C, Cy now depend on the fixed n, and |z|? A |2,
|z|2 A |z|P are replaced by |z|? A 1. The conclusion remains the same.

Finally, let P € B and let 7 € € N %° be constant. We observe that
¢?(m) € [~00, 00), and the value —oo can occur only if p < 0. If ¢%(7) is finite
and W™ > 0 P-a.s., the above arguments still apply and the identity (5.1)
follows.

Let p € (0,1). We have just seen that (5.1) holds when 7 € A, and then
the general case follows by passing to the limit on both sides; cf. Lemma V.5.5
below.

Let p < 0. If P[WF = 0] > 0, then F[z € R¢|yT2z = —1] > 0 and both
sides of (5.1) equal —oco. If W™ > 0 P-a.s. but g’(7) = —oco, we need to
argue that EX[Yr] = oo for Y = (W™)P. Suppose that EX[Yr] < co. Then
as Y is the exponential of a Lévy process |29, Lemma 4.2|, Y is of class (D)
on [0,7] and a special semimartingale [29, Lemma 4.4]. In particular, its
drift rate a¥ = Y_pg?(n) has to be finite [26, Proposition 11.2.29, p.82].
This contradicts ¢?(7) = —oo and completes the proof. O

In the next two lemmas, we prove our main results for the set A, of
strategies, where n is fixed. We shall pass to the desired set A in a later
step.

Lemma V.5.2. Let § € arg max,cengo infpeco d°(y); then

inf EF[UWY)] = sup inf EF[UWS)] = inf sup EF[U(WSE
ot BPUOVE) = suwp inf EPIUGVE)] = faf, sup E"[U(VF)
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and this value is given by %Dexp (pT infgco ga(g))).

Proof. Let m € A,,. The classical result for power utility maximization in
the Lévy setting, see |42, Theorem 3.2|, yields that

1 P
inf EP[UW™)] < inf EP[UWT)] < inf sup -ex < T ° )
p BOOVE) < nt EUOVPIS jaf s e (T (1)

In view of Proposition V.3.4 and the definition of g,

1 P 1 0
inf  sup —exp (png y) = —exp (pT inf ¢ @)
PEPL yewnz) P ) p 0€o @)

Moreover, by Lemma V.5.1, we have for any P € 3 that

UW) 1 . A
- T = exp (pT inf ge(y))
sexp (p [y 9% () ds) €

p
< BPlU(W)].

1
- T inf (’A):EP
L P (p inf g (¥)

Since m € A,, and P € B were arbitrary, we conclude that

1 R
inf EP[UWF)] < - exp (pT inf o(5)) < inf BV [U(W]))
sup il EHUWE)] < exp (pT info"(9) ) < jnf EV[U(Wy)]
As § € A,, these inequalities must be equalities.

It remains to prove the minimax identity. By the definition of § and the
classical result in [42, Theorem 3.2,

1 ( . 0/~ . ]. 9P
—ex T inf ) = inf sup -—ex ( T )
Lo (pT infg (9) Pemye%f@p p(rTg" (y)
= inf sup EF[U(WTF
PE‘ﬁLﬂeEn [U(W7T)]
> inf sup EF[UWE)].
> jnt sup BYUOV)

Together with the above, we have

. x 1 . . . x
sup inf, EP[UWF)] = 5 P (pT elg(ggg(y)) 2 jof sup E"[U(WF)],

and the converse inequality is clear. O

Lemma V.5.3. Assume that © is compact. Let (é,@) be a saddle point of
the function g°(y) on © x €NEY and let P € B, be the Lévy law with triplet
0. Then (P,) € Pr, x A, is a saddle point of (P, ) — EP[U(WE)] on
B x A, and

1 ~
inf EF[U(WF)] = = T4%)).
swp int BPUOV)] = e (nT6(9))
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Proof. The line of argument is the same as in Lemma V.4.5 for the logarith-
mic case, except that the use of Lemma V.4.1 needs to be substituted by
Lemma V.5.1 and a martingale argument, much like in the preceding proof.
We omit the details. O

Remark V.5.4. For later reference, we record that Lemmas V.5.2 and V.5.3
remain true if B is replaced by R in the assertion.

Our next goal is to obtain the preceding two results for A and €° rather
than the auxiliary sets A, and €. This will be achieved by passing to the
limit as n — oo, for which some preparations are necessary.

Lemma V.5.5. Let P € B and w € A. Then m, := (1 — L) € A, and

limsup EX[U(W7m)] < EP [U(WF)).

n—oo
Moreover, if p € (0,1), then UWJ") — U(WZ) in L' (P).

Proof. Tt is clear that m, € A,. Using that W = &([ mdX)p, standard
arguments show that Wr" converges P-a.s. to W, and then U(Wr™) con-
verges P-a.s. to U(W7J). When p < 0, we have U < 0 and the result follows
from Fatou’s Lemma. For p € (0,1), let € > 0 be as in Assumption V.2.1
and set p := p(1 + ¢). An estimate as in the proof of Lemma V.5.1 yields
that

EF[lUWI)| ] < K < o0

for all n, where K is a constant depending on p := p(1 + ¢), the diameter
of €N %Y and K. Thus, (U(W7"))nen is uniformly integrable and the
convergence in L*(P) follows. O

As we will be using results from the classical utility maximization prob-
lem [42], let us comment on a subtlety regarding the class of strategies. Let
P € B and denote by AP the set of all predictable processes taking values
in € N€° such that W™ > 0 P-a.s.; this is the class of admissible strategies
in [42] if € N %Y is used as the constraint set (which is necessarily contained
in the natural constraints with respect to P). In the case p > 0, we have
A D AP as we did not enforce strict positivity in the definition of .A. On the
other hand, in the case p < 0, we have required positivity under all models
in 9, which results in an inclusion A C A, For the set ¥ N%? that has been
used above, no such subtleties exist as the wealth process is automatically
strictly positive under all models.

Lemma V.5.6. Let P € B ; then

sup EP[U(WE)] = sup EX[U(WF)).
reAP reA

Moreover, if p € (0,1), we have equality.
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Proof. If p < 0, the claim is clear as A C AP, Let p € (0,1); then A" C A,
so it suffices to show the stated inequality. Let m, = (1 — n)7r € A, for
7 € A. Lemma V.5.5 yields that

sup EV[U(WT)] = sup lim EF[UWZ")] < lim sup EF[UWE)).

TeA TEANTTO n—=0 rc A,

Let 6 be the Lévy triplet of P. We deduce from [42, Theorem 3.2| and
Lemma V.3.2 that

1
lim sup EP[U(WZT)] = lim = exp (pT sup ge(y))
n=0 rc A, n—oo p yeEECNE?

1
= —exp (pT sup 99(@/)>
p yeENEO

= sup EV[UWF)].
reAP

We can now prove the main lemma for the passage from A, to A.

Lemma V.5.7. We have

1
lim sup inf EF[U(W: —ex ( T su inf >
Jm sup Inf, UWE)] = exp (p sup inko “(y)

= sup 1nf EP[UWE)].
reAPEP

In particular, u(1) < oo.
Proof. Since A, C A,11 C A, the limit exists and

lim sup inf EX[U(WE)] < sup inf EF[UWE)].

n=00 re A, PEP neAPEP

On the other hand, for each n € N, the minimax result of Lemma V.5.2 and
Remark V.5.4 yield that

sup inf EF[UWS)] = inf sup EFL[UWT)] = inf sup EF[UWE).
sup int BIUOV)] = juf, sup BPUOVE] = nf sup EP[U(VF)

Applying the classical result of [42, Theorem 3.2| for each P € 1, we have

1
inf sup EF[UWE)] = mf — exp (pT sup gep(y))-
PEBL rec A, P p yeENE

Using the local minimax result of Proposition V.3.4 with respect to 4 N %7,
cf. Remark V.3.5,

1 1
inf —exp (pT sup gep (y)) = —exp (pT sup inf g (y))
PePL p YELCNED D yeenen 0€O
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By Lemma V.3.2 and, once again, Proposition V.3.4,

1 1
lim —exp (pT sup inf ge(y)) = —exp (pT sup inf ge(y))
n—oop ye‘fﬂ‘ﬁ? 0eo b yefgﬁgo 6cO

1
= —exp (pT inf sup ge(y)).
P 0cO ye%ﬂmcgo

We deduce from [42, Theorem 3.2] and Lemma V.5.6 that

1 1
—exp (p T inf sup ¢° (y)) = inf —exp (pT sup gep (y))
p 0€0 yernyo PePr p yEENE

= inf sup EF[UWE
A, 8 fp [U(Wr)]

> inf sup EF[U(WT)].
Z PG‘BLnea [U(W7)]

Noting also the trivial inequalities

inf sup EC[UWZE)] > inf sup EF[UWZT)] > sup inf EF[UWE)],
Jnt sup EPUOVE)] > jof sup EF[UWF)] = sup int E"(U(WF)

we have established that

sup inf EC[UWF)] > lim sup inf EX[U(WE)]

reAPEP n—00 rc A, PER

1
= —exp <pT sup inf ge(y)>
D yeene0 €0

> sup inf EX[U(WE
> sup inf B [U(W)
and hence all these expressions are equal. O

We are now ready to finish the proof of parts (i) and (ii) of Theorem V.2.4.

Lemma V.5.8. Let § € argmax,cyngo infgeo d°(y); then

inf EP[UWY)] = sup inf EF[U(WE)] = inf sup EX[U(WF)].
Jnf, [U(W7)] sup fnf, [U(W7T)] juf, sup [U(WT)]

Proof. We first note that § € A. This is obvious from the definition of A for
p > 0, whereas for p < 0 the proof is identical to Lemma V.4.2. As a result,

inf EP[U(WY)] < sup inf EF[U(WS)] < inf sup EX[U(WE)].
Jnf, [U( T)]_Wegpeq3 [U( T)]—Pemweg [U(WF)]

We first prove the converse to the first inequality. By Lemma V.5.7, it suffices
to show that

- 1
inf EP[UWY)] > = ex < T sup inf ¢’ )
Jnf, [U( T)]—p p(pT sup ol (y)
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Indeed, Lemma V.5.5 shows that ¢, := (1 — %)g) € A, satisfies
inf EF[U(WY)] > inf Ii EF[UWir
Jnf EXUWE)] 2 inf limsup EZ{U(Wz")),

while Lemma V.5.1 yields
f 1i EF[Uwir
Jof limsup B [U(Wz")]
Uwir 1 T »,.
- ( ) —exp (p / g (yn)dS)]
5 exp (p fo < () ds) p 0

lim sup mf - exp (pTg (yn)>

n—oo

— inf limsup E¥
PEP nooo

v

and finally Lemma V.3.2 shows that

1
lim sup 1nf fexp (pTg (yn)> = —exp (pT limsup sup inf g (y))
p

n—00 n—00  yeENE 0cO
1
= —exp (pT sup inf g (y))
p yeene0 0€O

which proves the desired inequality. It remains to prove that

inf sup EX[U(WZF)] < sup inf EX[U(WT)].
Pefﬁwea [U(W7)] ﬂeg pex [U(W7)]

Indeed, by Lemma V.5.7, it suffices to show that

1
inf sup EC[U(WF)] < = exp (pT sup inf g )
PeP rea [ ( T)] p yeens0 €@ ( )

We first notice that Lemma V.5.6 implies

inf sup EX[U(WZE inf sup EX[U(W. inf sup EF[UWT)].
ot sup EPUOVR)] < int sup BUOVE)) < inf sup B (V)

Using [42, Theorem 3.2|, we see that the right-hand side satisfies

1
inf sup EC[UWT)] = 1nf — exp (pT sup g% (y)),
PEPL repP Br p yEENEO

while the local minimax result of Proposition V.3.4 and the definition of B,
yield that

1 1
inf —exp (pT sup gep (y)) = —exp (pT sup inf g (y))
PePL p YELNEO p yesne0 €0

This completes the proof. ]
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The proof for part (iii) of Theorem V.2.4 is analogous to Lemma V.4.4
for the logarithmic case. We omit the details and proceed with part (i) of
Theorem V.2.5.

Lemma V.5.9. Assume that © is compact. Let (0,§) € © x € N %° be
a saddle point of the function ¢°(y) and let P e PBr be the Lévy law with
triplet 6. Then (P,7) € PBr x A is a saddle point of (P,n) — EF[UWE)]
on P x A and

1 ~
f EF[UWF)] = = Tg%(5))-
sup inf EV{U(WE)] = exp (p g(y))

Proof. By Lemma V.5.6 and [42, Theorem 3.2|, we have

~ 1 ~
inf sup EX[U(WF)] < sup EP[UWE)] = —exp (pT swp ¢’(y)).
PeEP reA reAP p yeene°

Setting ¢, = (1 — %)3} € A,, Lemma V.3.2 yields that

1 : 1
=~ exp (pT sup ge(y)) = exp (pT inf g (y))
p NS AR A p 0co

n—oo 0O

;exp (pT lim inf g (yn)>

=l ot e (o7 0

and we deduce from Lemma V.5.1 that

lim inf fexp (pTg (%))

n—00 €O P
Uwir
= lim inf ( EP (T ) inf ~ exp (pT g (yn)>
n—oo PeP %exp (p fo ge )ds) 0cO p

< lim inf EX[UWI)]

n—oo PeP

< inf limsup EX[U(W)).

€P n—oco

Since Lemma V.5.5 shows that

e P in . P 1 ™
Jof limsup B [UWy)] < jot E [U(Wp)] < :16131;25315 [U(Wr)],

all the above inequalities are equalities, and the result follows. O

Finally, the argument for part (ii) of Theorem V.2.5 is quite similar to
Lemma V.4.6 and therefore omitted. This completes the proofs of Theo-
rems V.2.4 and V.2.5 for power utility.
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