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GENERATIVE NEURAL OPERATORS OF LOG-COMPLEXITY CAN SIMULTANEOUSLY
SOLVE INFINITELY MANY CONVEX PROGRAMS

ANASTASIS KRATSIOS* ARIEL NEUFELDT, AND PHILIPP SCHMOCKER?

Abstract. Neural operators (NOs) are a class of deep learning models designed to simultaneously solve infinitely many related
problems by casting them into an infinite-dimensional space, whereon these NOs operate. A significant gap remains between theory and
practice: worst-case parameter bounds from universal approximation theorems suggest that NOs may require an unrealistically large
number of parameters to solve most operator learning problems, which stands in direct opposition to a slew of experimental evidence.
This paper closes that gap for a specific class of NOs, generative equilibrium operators (GEOs), using (realistic) finite-dimensional
deep equilibrium layers, when solving families of convex optimization problems over a separable Hilbert space X. Here, the inputs
are smooth, convex loss functions on X, and outputs are the associated (approximate) solutions to the optimization problem defined by
each input loss.

We show that when the input losses lie in suitable infinite-dimensional compact sets, our GEO can uniformly approximate the
corresponding solutions to arbitrary precision, with rank, depth, and width growing only logarithmically in the reciprocal of the ap-
proximation error. We then validate both our theoretical results and the trainability of GEOs on three applications: (1) nonlinear PDEs,
(2) stochastic optimal control problems, and (3) hedging problems in mathematical finance under liquidity constraints.

Keywords: Exponential Convergence, Proximal Splitting, Convex Optimization, Operator Learning, Sto-
chastic Optimal Control, Non-Linear PDEs, Quadratic Hedging, Mathematical Finance.

1. Introduction. Neural operators (NOs) amortize the computational cost of solving large families of
problems by learning reusable structure across infinitely many related tasks. Unfortunately, there is currently
a large gap between NO theory and practice, since the approximation guarantees for neural operators suggest
that, though NOs can approximately solve most infinite-dimensional problems [22, 30, 39, 40, 42, 58] they
may need an exorbitant number of parameters [44, 45] to do so; unless the target operators is extremely
smooth [2, 51]. This is surprising, as most operators encountered in practice are not that smooth; yet,
there is a vast and well-documented literature showing that neural operators can successfully resolve most
computational problems using a feasible number of parameters; e.g. [4, 10, 36, 41, 48, 54, 61, 70]. This large
gap between theory and practice, thus cannot be resolved using tools from classical approximation theory.

This paper focuses precisely on closing this gap. We do so by 1) exhibiting a non-smooth but iterative
structure which NOs can favourably leverage using their depth; and 2) tweaking standard NOs with deep
equilibrium layers to provably take advantage of this structure and solve broad classes of infinite families
of optimization problems with sub-linear parametric complexity. More precisely, we develop a NO solving
(infinite) families of expressible as solutions to convex optimization problems of a “splittable” form

(1.1) g +— argminf;,(z) with £;,(z) = f(x) + g(x)
zeX

where X is a separable Hilbert space, f : X — (—o0, 0] is a proper, convex, and lower semicontinuous
function, and g : X — R is convex and Géteaux differentiable with (p — 1)-Holder continuous gradient for
some p > 2. We approximate the associated loss-to-solution (¢ — minimizer of f + g, for fixed f) using
neural operator-based foundation models for problems of the form (1.1) since they are core to a variety
of scientific issues ranging from: parametric families of non-linear PDEs [8, 12, 14, 31, 35, 38, 38, 43,
46, 48, 50, 51, 52], stochastic optimal control [5, 9, 13, 19, 27, 34, 47, 67, 68], and quadratic hedging in
mathematical finance [17, 32, 49, 56, 57, 62, 65, 66]. Additionally, any foundation model for the above
can rapidly generate high-fidelity solutions that may either be used directly with minimal computational
overhead or serve as inputs to a classical, case-specific downstream solver, yielding highly accurate solutions
to a given convex optimization problem of the above form with little additional computational cost.
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Our solutions come in the form of a newly-designed variant on NOs using deep equilibrium (DE) lay-
ers, which is both non-deterministic, i.e. generative, and does not rely on infinite-dimensional DE layers
(which, in general, need not be compatible with real-world computation). Our Generative deep Equilibrium
Operator (GEO) architecture whose implicit bias encodes proximal forward-backward splitting procedures
of [21] directly into its internal logic, allowing it to simultaneously solve infinite families of the convex
optimization problems in (1.1) with minimal computational overhead. Our model leverages proximal oper-
ators as multivariate implicit nonlinear activation functions, thus extending standard deep equilrium models
(DEQ) [6] to infinite dimension, reflecting the recent developments in monotone DEQs [69], and which en-
joy the convergence benefits of models leveraging fixed point iterations; e.g. DEQs with guarantees [29] in
finite dimensions, or DEQs in infinite dimensions which either implicitly [28] or explicitly [26, 52] perform
fixed point iterations. Additionally, the generative aspect of our neural operator model builds on the genera-
tive adversarial neural operators of [63] and allows for a greater diversity in its predictions through internal
sources of randomness. Our generative DEQ lies at the intersection of deep equilibrium and generative
modelling in infinite dimensions, specialized in convex optimization problems of a “splittable” form (1.1).

1.1. Main Contributions. Our main result (Theorem 3.2) shows that GEOs can approximate the loss-
to-solution mapping of any admissible g in (1.1) for the corresponding splittable convex optimization prob-
lem over X. Critically, when the set of all admissible ¢ is sufficiently well-behaved (formalized in (3.2)),
the approximation can be achieved by GEOs whose depth grows at-most logarithmically in the reciprocal
of the approximation error € > 0, and whose width and rank do not grow exponentially therein. Moreover,
if both f and all admissible ¢ are Lipschitz with a shared worst-case Lipschitz constant, then our second
main result (Theorem 3.3) shows that the optimal value itself can be recovered to roughly the same precision
as the approximation accuracy of the loss-to-solution operator. Hence, feasibly small GEOs can approxi-
mately solve infinitely many (nonlinear) splittable convex optimization problems to high accuracy, thereby
bypassing known limitations of general neural operator solutions when approximating arbitrary continuous
or smooth solution operators [30, 45]. Our proof is based on the idea of approximately “unrolling” the
proximal forward-backward splitting iterations of [21], which have recently found quantitative foundations
in [16, 33], onto the layers of our neural operator architecture. Each of these results are predicated on
the existence of a continuous approximate (1-)selectors for the coefficient (g) to solution operator for each
splittable convex optimization problem in (1.1), with slack parameter > 0 (Proposition 3.1).

1.2. Secondary Contributions. We then apply our main results to problems in non-linear partial dif-
ferential equations (PDEs) (Section 4.1), stochastic optimal control (Section 4.2), and finally to optimal
hedging in mathematical finance (Section 4.3). Each application explains and derives the relevant family of
(non-linear) convex splittable optimization problems and is accompanied by a numerical illustration show-
ing the reproducibility of our theoretical claims in each setting. An additional finite-dimensional application
is included in our supplementary material (Section A.2).

1.3. Related Work. Our NO analysis resonates with recent efforts in scientific machine learning to
embed algorithmic priors into learned architectures. These include PDE solvers using deep operator net-
works [48, 50, 52], neural realizations of classical schemes such as multi-grid or fixed-point constructions,
e.g. Cauchy-Lipschitz, Lax-Milgram, Newton-Kantorovich theorems (see [26]), and the design of structured
nonlinear mappings with guaranteed geometric convergence via nonlinear Perron-Frobenius theory [29]. We
further highlight the connection between our neural operator architecture and the recent literature on opera-
tor learning in infinite dimensions [40, 46, 50] which typically suffers from the curse of dimensionality [45],
algorithm unrolling [53, 55] which writes various forms of algorithmic logic directly into neural network
layers and monotone operator theoretic perspectives on DEQ [7].

1.4. Organization of Paper. Section 2 compiles the preliminary background and notation required in
the formulation of our main result and it introduces our GEO model. Section 3 contains the existence of
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a continuous (approximate) loss-to-solution operator and our main approximation guarantees thereof. Sec-
tion 4 contains worked out applications of our results to PDEs, stochastic optimal control, and mathematical
finance. Section 5 contains a conclusion, whereas all proofs are relegated to Section 6. Additional back-
ground on proximal operators is included in our paper’s supplementary material (see Appendix A).

2. Preliminaries. We now cover the background and terminology required to formulate our results.

Notation. LetN = {0,1,2,...,}and N, = {n e N: n > 0}. Given a vector field V : R? — R%, we
denote its support by supp (V) = {z € R : V(z) # 0} where A denotes the closure of a subset A < R? in
the norm topology. For each N € N, we define the N-simplex Ay = {w € [0, 1]V : ij:l wy, = 1}. Let
'y (X)) denote the set of lower semi-continuous, proper, and convex (non-linear) maps from X to (—oo, o0].
We fix a probability space (€2, F,P) on which all our random variables are defined.

For any R € N, we define the finite dimensional vector subspace Ep = span({e; }f;_ol) € X and
consider the projection operator

R-1

2.1) X>azx — PR(CC) o Z<$,6j>€jEER,
j=0

the lifting operator
R—1

2.2) Rt & (20, v ZRo1)! LR Z zje; € Enp,
j=0

and the real-encoding operator

23) Xsu - 2 E ((r )i e RE

Observe that (z4:)"% = x for any x € Er and R € N, Thus, in this sense, the operators - "% and -+:¥ are
purely formal identifications of Er with R and visa-versa.

The topology on Continuously Fréchet-Differentiable Operators. We henceforth equip C(X, X) with
the topology of uniform convergence on compact subsets of X. We equip C'* (X, R) with the locally-convex
topology 7 generated by the family of semi-norms {px } sc defined for any g € C*(X,R) by

pr(9) = sup lg(x)] + |Vg(z)|x
xre

where the family {px } i is indexed over all non-empty compact subsets K of X. Note that, by construction,
the locally-convex topology 7 on C'*(X,R) is not metrizable when X is not hemicompact; e.g. when X
is a locally-compact metric space. Now, by definition of 7 on C''(X,R) and the uniform convergence on
compact sets, the topology on C'(X, X) guarantees the continuity of the following non-linear operator from
C1(X,R) to C(X, X) sending any g € C*(X,R) to

2.4) CYX,R)3g — VgeC(X,X).

Convex Analysis in Banach Spaces. The sub-differential of f € I'o(X) is defined as the set-valued
mapping 0f : X — X* given for every x € X by

(2.5 of(x) ={2" e X* : (a",y —x) < f(y) — f(=), Yy e X}.

A point & € X is a minimizer of f if and only if 0 € ¢f(&). The sub-differential mapping © — 0f(z) has
the property of monotonicity, i.e.,

(2.6) (xy — a3, x1 —xey =20, Vay,x9€ X, Vai € 0f(x1), x5 € 0f(x2).
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Letg: X — (—o0,+0) be convex and Gateaux differentiable with the gradient operator Vg being (p — 1)-
Holder-continuous on X with p > 2, i.e., there exists a constant L such that:

2.7 IVg(z) = Vg(y)ll < Lz —y[P~", Vz,ye X.

Our activation functions are defined using proximal operators, sometimes called the proximity operator,
associated to any given f € T'o(X) by

. . 1
(2.8) prox;(z) < argmin,cx f(2) + =]z — =%

2
which is a well-defined Lipschitz (non-linear) monotone operator by; see e.g. [7, Chapter 24]. In the case
where f is additionally Gateaux differentiable, then we observe that

(2.9) y=prox,(z) < y=(idx+Vf)"(2),

where X 3 y — Vf(y) € X is such that {V f(y),v)x+xx = Df(y)(v) for all v € X, and where the
notation (idx +V f )_1 is defined in terms of a von Neumann series expansion. Henceforth X will be a
separable infinite-dimensional Hilbert space with a distinguished orthonormal basis (e;) ;.

2.1. Our Generative Equilibrium Operator. We would ideally like to use deep equilibrium layers to
introduce nonlinearity into our neural operator, via the proximal operator prox; : X — X associated to f
(see (2.8)). In general, however, these operators may involve genuinely infinite-dimensional computations
and thus may not be implementable on real-world machines. Using the projection operator Pr any f €
I'o(X) defines a rank R multi-variate activation function oy : X — X sending any = € X to

R—1
(2.10) op(x) = ), (proxs(z),e;)e;.
7=0

If infinitely many parameters were processable on our idealized computer, then by setting R = oo, the
activation function oy would coincide with the proximal operator.

Importantly, unlike standard deep equilibrium layers for NOs, e.g. [52], the map o is by construction
implementable using on a finitely parameterized subspace of X; which need not be true for the proximal
operator (equilibrium layer) in (2.8). Independently of the generative aspect of our neural operator, our
model diverges from the standard NO build in a number of subtle but key ways. Most strikingly, we do not
leverage a univariate activation, acting pointwise, but rather a structurally-dependent multivariate activation
function. For every problem 1.1, the (potentially) non-differentiable component of the objective function,
namely f, includes a finite-rank operator which introduces non-linearity into our neural operator’s updates.

We additionally incorporate a gated residual connection, which allows information to be passed forward
following the non-linear processing occurring at each layer. At first glance, this is motivated by the empir-
ically [15] and theoretically observed loss-landscape regularization effects of residual connections [64].
However, as we will see in the proofs section, the connection runs deeper in our setting in connection with
Forward-backward proximal splitting algorithms [21].

DEFINITION 2.1 (Generative Equilibrium Operator). Fix a rank R € N, a sampling level M € N,

a depth L € N, a source of noise ¢ € L*(ER), and some f € Tg(X). Then, a Generative Equilibrium
Operator with activation function oy is amap G : Q0 x C(X) — Ep given for any x € X by

G(w,g) def. (A(L+1)$(L+1)l:M)TiM

)
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and iteratively for | = 0,..., L + 1 via

Gating g-Dependent weights
(I+1) &b D) (1) @) @) (1) @) @) O\ M ( nM
x = Ve +(1—7 )O'f(u_/+[3 (g +ai))) _ + Y ] )7
Skip Connection Weights Adaptive Sampling Bias

2% £(w),

where A € REXE gre weight matrices, BY) € R x M are weight matrices, and b") € R are bias vectors,

{x,(qll)}%’lio < X are sample points, and v\ € [0, 1] are gating coefficients, [ = 0, ..., L.

3. Main Guarantee. We begin by establishing the existence of a (nonlinear), continuous, approxi-
mate optimal selection operator, which we aim to approximate using our Generative Equilibrium Operator
for (1.1). Note that, in general, a continuous optimal selector (corresponding to 7 = 0) may not exist.
Moreover, even if a Borel-measurable selector does exist, it typically cannot be approximated by continuous
objects such as our Generative Equilibrium Operator.

Since we are only implementing an approximate solution operator, an approximation error is inevitable.
Consequently, there is no issue in introducing an additional—but arbitrarily small—sub-optimality error in
the solution operator in exchange for continuity, and hence, approximability. Of course, both sources of
error can be asymptotically driven to zero, as is standard in approximation theory.

Importantly, the near optimality is independent of the input in the class Xy of inputs g € C*(X) with
uniformly bounded Fréchet gradient defined by

3.1) Xy & {g e C*(X) : Vg is convex and )\—Lipschitz}.

PROPOSITION 3.1 (Existence of a randomized O(n)-optimal selector). For every approximate solution
parameter 11 > 0 and any X\ > 0 there exists an “approximation solution” operator Sy : {1 x C X)) - X
satisfying: for every w € Q, S, (w,-) : C*(X) — X is continuous and for every g € X it holds that

Ly g(Sy(w,g)) — ;g)f( Lyg(x) Swm,

where Uy 4 is defined in (1.1) and <, hides a multiplicative constant depending only on w and on \ (thus
independent of g and of n).

For any r, A\ > 0, we consider the functions in X\ (r) whose Fréchet gradient is well-explained with few
basis factors. More precisely,

0
(3.2) Xy(r) & {g eXy: Y |(dgla+ te:))i—o|” < r2 ®2forallz € X and R € N}.
i=R

The set X, (r) are a take on the exponentially ellipsoidal sets of [3, 30], which abstract the Fourier analytic
characterization of smooth and rapidly decaying functions [60] where the rapid decay conditions are on the
function’s Fréchet gradient and not on the function itself. Now that we know there exists a well-posed,
continuous O(n)-optimal solution operator for the family of convex optimization problems in (1.1), indexed
by g € X»(r) for any given > 0 and r, A > 0, we can meaningfully consider approximating them.

THEOREM 3.2. Foranyr,\ = 0, and f € T'o(X), and any approximation error € > 0 there is a Gener-
ative Equilibrium Operator of rank R € O(log(1/¢)), depth L € O(log(1/¢)), and with M € O(log(1/¢))
sample points satisfying

(3.3) sup | Sy (w, g) — Q(w7g)HX <ue€ P-a.s.
geX(r)
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where <, hides a multiplicative constant depending only on the draw of w € Q) and is independent of ), ¢,
and of any g € X\ (r).

If the function f in (1.1) is Lipschitz, then the Generative Equilibrium Operator G from Theorem 3.2 ap-
proximately solves the splitting problem in (1.1) for any suitably regular input g.

THEOREM 3.3 (Simultaneous Approximately Optimal Splitting).  Fix Ag, Ay, A = 0, consider the
setting of Theorem 3.3, and let G be a GEO satisfying (3.3). If f is additionally \-Lipschitz, then for any
g € X)\(r) with A-Lipschitz Fréchet gradient we additionally have

(34 £1.0(0(9)) = inf Lr(2) <ozt

where <, hides a constant depending only on the draw of w € Q and is independent of 1, €, and of any
geE X A (’I")

Why Approximate the n-Solution Operator Instead of the True Solution Operator?. A subtle but impor-
tant point is that the continuity of the n-approximate solution operator .S, allows it to be approximated by
continuous objects, such as our GEO models in Theorem 3.2, even when the true solution operator may not
be approximable in this way. Crucially, since S, always achieves an 7-optimal loss and is continuous, it ad-
mits such approximations with only an additional additive error of at most 7 in the final loss (Theorem 3.3).
Note that  may be chosen arbitrarily small.

4. Numerical Experiments. We illustrate in four different numerical examples how Generative Equi-
librium Operators can be implemented on a computer to learn convex splitting problems of the form (1.1)".

4.1. Learning the solution of a parametric family of non-linear PDEs. Before applying the forward-
backward proximal splitting algorithm to non-linear partial differential equations (PDEs), we first recall
that the proximal operator can be understood as implicit Euler discretization of a gradient flow differential
equation. More precisely, for a Hilbert space X and a proper, lower semicontinuous, and convex function
f: X — (—o0, 0], we consider the differential

.1 ory(t) € =0f (y(t), tel0,0).

The solution y : [0,0) — X of (4.1) is called the gradient flow of f : X — (—o0,0]. If f : X — (—00, 0]
is differentiable, then an implicit Euler discretization of (4.1) along a partition 0 < £y < t; < ... leads to

Yler) Z000) Gy n,0)), ke,
tht1 — tk

Hence, we observe that

Y(tri1) = (dx +(trgr — )V )7 (y(tr) = Prox, ., — s (W(tr), ke N.

Thus, the proximal minimization algorithm coincides with the implicit Euler method for numerically solving
the gradient flow differential equation (4.1). Now, for X = L>(U) = L*(U, L(U), du) with U < R% and a
given initial condition yo € L?(U), we consider a non-linear partial differential equation (PDE) of the form

%y
*
4.2) E(ta u) + ('A Ay(t7 ))(U) + q(y(tv U’)) =0, (ta U) € (Oa T) x U,
%
! All numerical experiments have been implemented in Python using the Tensor f1ow package and were executed on a high-
performing computing (HPC) cluster provided by the Digital Research Alliance of Canada. The code can be found under the following
link: https://github.com/psc25/GenerativeEquilibriumOperator.
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with initial condition y(0,u) = yo(u), u € U, where A : dom(A) = L?(U) — L*(U) is a (possibly
unbounded) linear operator® with adjoint .A*, and where g : R — R is a continuous non-linear function with
gox e L?(U) for all z € L?(U), whose antiderivative Q : R — R is convex and satisfies Q o x € L(U)
for all x € L?*(U). Then, by applying an explicit Euler step to A* Ay(tx, ) and an implicit Euler step to
q o y(tk, ) along a partition 0 < ty < ¢; < ..., we obtain that

Y(ter1s o) — y(te, ) ~

7A*Ay(tk7 ) - Q(y(tk-‘rla ))7
te1 — Tk

Which is known as forward-backward splitting of PDEs (see also [8, 59]). Moreover, we define the function
= {, Q(z(u))du and g(z) = } 3| A[ 72 ;) satisfying for every v € L*(U) that
d
Di@)w) = 4, (| @+ mo)@ydn) = | ata)etuan = o e vy,
dhlh=0 U U

and

d 1
Do) = 5, (G146 + 10)1?) = Ao Aoy = (A Az o,
which shows that V f(z) = q o z and Vg(x) = A* Ax. Hence, by using (2.9), we observe that

Y(trer,) = (idx + (e — ) V) 7 idx = (1 — t) A" Ay (te, )
= proxX, ., —¢ 5 Ytk ) — (terr — t) A" Ay(te, ) ,
which shows that the proximal operator can be applied to learn the solution of the PDE (4.2).
EXAMPLE 4.1. For the Hilbert space X = L*(R) = L*(R, L(R), du) and T,v > 0, we consider the

def.

PDE (4.2) of linear reaction—diffusion type with A* Az = —vz” and q(x(u)) = min(z(u), 0), ie.

oy 0%y 1 .
(4.3) E(t,u) — Vﬁ(t u) + B min(y(¢,u),0) =0, (t,u) € (0,T) x R,
with initial condition yo(y) = Sue ", u e U, where Axv = \/va' with A*x = —Ax due to integration

N

S

by parts, and where Q(s) = ]l( 2,0)(8) 5. The proximal operator of f(x) S g Q(x(u))du is given by
prox(z) = (u+— z(u) — § min(z(u),0)), whereas g, (x) =1 HAx||L2(R) 2”93/‘@2(]1{)' In this setting,
we aim to learn the operator
@4 Rov — S(g)=y(T,) = argmin(f(2) + g, ()) € L*(R),

zeX
by a Generative Equilibrium Operator G of rank R = 8, depth L = 10, and width M = 20. To
this end, we choose the Hermite-Gaussian functions (e;)jen as basis of L*(R), which are defined by

ej(u) E % 71'1/4 , for u € R, where (H;) jen are the physicist’s Hermite polynomials (see [1, Equa-
tion 22.2.14]). Moreover, we apply the Adam algorithm over 20000 epochs with learning rate 10~ to train
the Generative Equilibrium Operator on a training set consisting of 400 randomly initialized parameters
V1, .., Vago € [0.01,0.4). In addition, we evaluate its generalization performance every 250-th epoch on a
test set consisting of 100 randomly initialized parameters v4o1, ..., Vsoo € [0.01,0.4). Hereby, the reference
solution y(T,-) = S(g,) of the non-linear PDE (4.3) is approximated by using a Multilevel Picard (MLP)

algorithm (see, e.g., [24, 25]). The results are reported in Figure 4.1.

2However, this is not an issue as we can simply consider a bounded linear extension thereof by the Benyamini-Lindenstrauss
theorem; see e.g. [11, Theorem 1.12]; which we may somewhat abusively also denote by .A.
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(a) Learning performance (b) Solution of the PDE (4.3) for two vy, of the test set

Fig. 4.1: Learning the map (4.4) returning the solution of the parametric PDE (4.3) by a Generative Equilibrium Oper-
ator G. In (a), the learning performance is displayed in terms of the mean squared error (MSE) ﬁ Drer 18(gv) —

g (gl,k)H2 on the training set (label “Train”) and test set (label “Test”). In (b), the predicted solution G(g., ) (label
“Predict”) is compared to the true solution y(7T’, -) = S(gu,, ) (label “True”) for two v, of the test set.

4.2. Stochastic optimal control. In this section, we apply the proximal learning framework to solve
the stochastic optimal control problem. For T' > 0, a filtered probability space (2, A, F,P) with filtration
F = (Ft)tefo, 7] satisfying the usual conditions, and an F-adapted processes = : [0,7] x © — R™ with
E[ Sg |z [|2dt] < o0, we assume that y : [0, 7] x © — R? is a unique strong solution of the SDE

dyt = M(t7 Yt, xt)dt + U(t7 Yty xt)tha te [07 T]7

where yo € R, 11 : [0,T] x RY x R* — R% and o : [0,T] x R? x R® — R*? are sufficiently regular
functions, and where W is a d-dimensional Brownian motion. We denote by X the Hilbert space of [F-
adapted processes = : [0,T] x Q — R™ with ||z]|x = ]E[SOT |z |?dt] < co. Besides using f : X —
(—00, 0] to implement some constraints, we minimize the objective function g : X — R given by

)

T
g(x) =EU (=)t ye, we)dt + (—u)(yr) |

which is equivalent to expected utility maximization from consumption (with function ¢ : [0, T]xR?xR" —
R) and from terminal wealth (with function u : R? — R). Under regularity assumptions on i, o, ¢, and u,
the corresponding value function satisfies a Hamilton-Jacobi-Bellman equation (see [27, 67, 68] for details).

EXAMPLE 4.2. We consider Merton’s optimal investment problem over a finite time horizon T > 0.
Forr,o > 0 and pu € R, we model the stock price S and the “risk-less” bond price B by

dSt = St(,udt + O'dVVt)7 dBt = Bt’l"dt, te [O,T],

with initial values Sy > 0 and By = 1, where W is a d-dimensional Brownian motion. Moreover, we assume
that F is the P-completion of the filtration generated by W. In this case, if © = (7¢)tefo,1] denotes the value
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invested into the stock, then the wealth process y = (Yt)telo,) of the corresponding self-financing trading
strategy satisfies

¢
%tt = +J0 %Sg((,u —r)ds 4+ odWy), te (0,77,

for some initial value yo = 1 (see [37, Equation 3.1]). In addition, we define the objective functions

F(a) = {o, if 7(w) € [0, 0) for all (t,w) € [0,T] x Q @) = E[(—0) ()]

00, otherwise,

which corresponds to utility maximization from terminal wealth (with utility function u) under the constraint
that x4(w) € [0, 00) for all (t,w) € [0,T] x Q. The proximal operator of f : X — (—o0, 0] is given by

prox;(z) = projg o) (z(*)),

def. —

for all x € X. Furthermore by using the market price of risk A = e R, we define the process
Z; < exp ( AW, — ) t € [0,T] and conclude that (S;/ By )e[o,1) is by Glrsanov s theorem a martingale
under the eqmvalent measure Q ~ P with density 3 dQ = Zp. We can apply [37, Theorem 3.7.6] to obtain

that the optimal portfolio x = (xt)t€[07T] with respect to the above utility maximization problem is given by

Y A
=—+ —E|H T
Ty = O'Ht + H [ T§|]:t]7 tE[O, ]a
where H = (Ht)te[o T = (Z4t/Bt)efo,), where § = ENIRY (yo)HT) with I being a left-inverse of u' and

Y being a right-inverse of X (y) = E[HrI(yHr)], and where ¢p = (m)te [0,7] Satisfies yo + So Y dWy =
E[Hr&|Fi] for allt € [0, T). In Table 4.1, we compute the optimal portfolios for some utility functions.

u() I(y) X(y) V(%) 3

z—10) " - K
%’ n# 1, 1 L E [Hlil/n] — Lo ]E[H; l/n]l Yo—xo/Br
111(33 _ x0>7 n = 1 T Br (yo—zo/Br) ]E[H;fl/"]quﬂ/"

E[H7{|F+] Uy z
_ xo z,” " zoZy | _ ( — ﬂ) (A1mz, " w2, —r (yo—zo/Br)Z, "
(y ) xp<>‘72 %t) + Br A Yo Br Xp<>‘ 1n nt) A Br o2n H, exp(A 1T, n t)

df. (z—wg)1 "

Table 4.1: Computation of optimal portfolios for power and logarithmic utility functions given by u(x) T

if n € (0,00)\{1} and u(z) = In(z — o) if n = 1, where xo € R is the reference point.

Now, we consider the closed vector subspace X < L?([0,T] x Q,B([0,T]) ® A,dt ® dP) of W-

Markovian processes, i.e. F-predictable processes x = (%¢)tefo, 1) Such that x; is o(Wy)-measurable, for all
t € [0, T). In this setting, we learn the solution operator of the utility maximization problem
4.5)

{u: D <SR —Risconcave} 3u +— S(gu) = argminE [(—u)(yr)] = argmaxE [u(yr)] € X

zeX rzeX
z4=0 420

by a Generative Equilibrium Operator of rank R = 10, depth L. = 10, and width M = 40. To this
end, we choose the non-orthogonal basis (;, j,)j, j.en of X defined by e;, j,(t) = WP, t e [0,T),
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whence the coefficients of any x € X with respect to (ej, j,)j,.j.en can be computed with the help of the
Gram matrix (see the code). Moreover, we apply the Adam algorithm over 5000 epochs with learning rate

5 - 1075 and batchsize 100 to train the Generative Equilibrium Operator on a training set consisting of

. 1—np
400 utility functions uy(y) = %, k = 1,...,400. In addition, we evaluate its generalization
’ . 1—7
performance every 125-th epoch on a test set consisting of 100 utility functions u(y) = %,

k = 401,...,500. Hereby, the risk aversion parameters 11, ..., Ns00 € [0.25,0.75) and the reference points
0,1, -+, 0,500 € [0, 00) are randomly initialized. The results are reported in Figure 4.2.

— True
----- Predict

0 x 1.0
2
2 0.8
0.6
1 J
0.4 M
0 0.0 0.2 0.4 0.6 0.8 1.0
0 1000 2000 3000 4000 5000 ¢

Epochs
(b) Optimal portfolio = for two 7 of the test set and some fixed

(a) Learning performance wen

Fig. 4.2: Learning the solution operator S of the utility maximization problem (4.5) by a Generative Equilibrium Oper-
ator G. In (a), the learning performance is displayed in terms of the mean squared error (MSE) ‘Tl{‘ Dker 1S(Guy) —

g (gu,C)H2 on the training set (label “Train”) and test set (label “Test”). In (b), the predicted solution G(g., ) (label
“Predict”) is compared to the true solution S(g., ) (label “True”) for two 7 of the test set and some fixed w € 2.

4.3. Quadratic hedging with liquidity constraint. In an incomplete financial market model, we learn
the pricing/hedging operator that returns for a given financial derivative an approximation of the optimal
hedging strategy in the sense of quadratic hedging under an additional liquidity constraint. For 7" > 0, a
filtered probability space (€2, A, F,P) with filtration F (Ft)tefo,r] satisfying the usual conditions, and
a continuous strictly positive semimartingale S < (St)tefo,r) With decomposition S; = Sp + A; + M;,
t € [0, 77, into a process of finite variation A = (A;)e(0,7) and a local martingale M = (My)e[o,7) With
Ao = My = 0, we consider the Hilbert space R®L?(S) of tuples (z, §) € R®L?(S) equipped with the inner
product {(z,0), (y,9) rayr2(s) = 2y +{0,9)2(s), where L?(S) denotes the Hilbert space of F-predictable
processes 6 = (0;)e[o,7) such that E[ ( Sg |0;dA; \)2] 1/2 +E[ Sg O2d(M )| 2 ~ o, equipped with the inner

product {0, ¥)r2(s) = E[( SOT 10,dA]) S;)T 19 dA) | + E[ Sg 049¢d{M );]. For a given liquidity constraint
C > 0 and a financial derivative H € L?(IP), we aim to minimize the hedging error

2
T
inf E|({H-—2z-1| 6ds = inf 0 0
<zﬁ,>€l“§9é]2(s) < ‘ L ' t> (w,a>e§1®L2<S)(f<x’ )+ 9u(,6)),
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where f(z,0) = 0if z € [0,C], and f(z,0) = oo otherwise, and g (z,0) = E[(H — z — Sér thSt)Q].
Hereby, we observe that the proximal operator of f : R @ L?(S) — (—oo, 0] is given by

prox,(z,0) = argmin Fly,9) + ||(y,0) — (z,0)] %02 = ( proj x), (6 )
)= agmin (f(0:9) +1(0:9) = @ O)aras)) = (proio.ci(®): @eeto)

where projpg () = arg mingg o |8 — t| = max(min(s, C'),0).

EXAMPLE 4.3. We consider the Heston model with stock price S = (St)te[O,T] and stochastic volatility
Ve (Vi)tefo, 1 following the SDEs

dS; = A/V; S dW},
dVi = k(0 — Vi)dt + o~/ VidWE,

where k,0,0 > 0 and AW, W?), = pdt for some p € [—1,1]. Moreover, we assume that F is the P-
completion of the filtration generated by W' and W?2. Hereby, we restrict ourselves to the closed vector
subspace X < R@ L?(S) of tuples (z,0) € R @® L?(S) such that 0 is (S, V')-Markovian in the sense that
xy is 0(Sy, Vi)-measurable, for all t € [0, T]. In this setting, we learn the operator returning the price and
optimal trading strategy in the sense of quadratic hedging by a Generative Equilibrium Operator, i.e.

(x,0)eX
z€[0,C]

2
T
(4.6) L*P)sH — S(gg)=argminF (H —x— f 9tdSt> exX
0

by a Generative Equilibrium Operator G of rank R = 11, depth L = 10, and width M = 40. We thus
choose the non-orthogonal basis (€}, j, is)jr ja.jsen Of X given by ej, j, i (t) = 71 In(Sy/Sp)72 (Vi /Vpy)s,
t € [0,T]. Moreover, we apply the Adam algorithm over 5000 epochs with learning rate 5 - 1075 and
batchsize 100 to train the Generative Equilibrium Operator on a training set consisting of 200 European call
options Hj, = max (St — K},0), k = 1, ...,200, and 200 European put options H;, = max(K — St,0),
k = 201,...,400. In addition, we evaluate its generalization performance every 125-th epoch on a test
set consisting of 50 European gap call options Hj, = (St — Kk’l)]l{STszyz}, k = 401,...,450, and

def.

50 European gap put options Hy, = (Ky 2 — St)ls, <k, .}, k = 451,...,500. Hereby, the parameters
Ky, ..., K400 = 0 and K4()171, K4()112, ey K5()0’1, K5(]0’2 > 0 are randomly initialized with Kk,l < Kk’g,
whereas the optimal prices and hedging strategies (x,0r) = S(gm,) are computed with the help of the
minimal equivalent local martingale measure (see [62, 66]) and the Fourier arguments in [18]. The results
are reported in Figure 4.3.

5. Conclusion. This paper helps close the gap between neural operator theory which suggests that solv-
ing infinite-dimensional problems requires exponentially large models, whereas reasonably sized neural op-
erators have consistently succeeded in experimental practice. We address this gap by designing a generative
neural operator, the GEO model, whose internal architecture efficiently encodes proximal forward-backward
splitting algorithms at scale. Our main results (Theorems 3.2 and 3.3) demonstrate that this architecture does
not suffer from the theory—practice gap: it can uniformly approximate the (approximate) solution operator
for infinite families of convex splitting problems of the form (1.1), to arbitrary accuracy, with complexity
that scales only logarithmically in the residual approximation error.

To illustrate the broad scope of our results, we show that solution operators for a broad class of prob-
lems—including parametric nonlinear PDEs (Section 4.1), stochastic optimal control problems (Section 4.2),
and dynamic hedging problems under liquidity constraints in mathematical finance (Section 4.3), can all be
cast in the form (1.1), and are therefore tractable using small GEOs. Each of these theoretical claims is also
validated through empirical experiments.
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— True, price x=1.016 Gap Call

Train 5. Predict, price x=1.017

® Test
2.5

2.0

MSE
-
w

B(w)
o
o

1.0 -0.5 /_/\/V\ \&'\’\/\/vj\/\/\/\/\'/\\/‘

0.5
— True, price x=1.018 Gap Put
Predict, price x=1.017

0.0
0 1000 2000 3000 4000 5000 0.0 0.2 0.4 0.6 0.8 1.0
Epochs t

(a) Learning performance (b) Optimal tuple (x, 6) € X for one gap call option and one gap
put option of the test set and some fixed w € 2

Fig. 4.3: Learning the pricing/hedging operator S in (4.6) by a Generative Equilibrium Operator G. In (a), the learning
performance is displayed in terms of the mean squared error (MSE) ﬁ Srer 1S(gm,.) — G(gm, )|? on the training set
(label “Train”) and test set (label “Test”). In (b), the predicted solution G(gsr, ) (label “Predict”) is compared to the true
solution S(g#, ) (label “True”) for one k of the test set and some w € .
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6. Proof of Theorem 3.2. We now prove our main results in a sequence of steps.

6.1. Step O - Idealized Forward-Backwards Splitting Scheme. We first recall and reformat the main
results of [33] to our setting. Briefly, these produce a quadratically (or in some cases linearly) convergent
sequence in X, converging to an optimizer of ¢ 4, as defined in (1.1); for any suitable f and g.

LEMMA 6.1 (Convergence of the Proximal FB-Splitting Scheme with Identity Perturbations). Suppose
that f € To(X), g € C*(X), and Vg is A-Lipschitz for some X > 1. Fix sequences (\);>, and ;)7 in
(0,1] and in (0,1/X), respectively. For any xo € X, and each | € N define the sequence (x;)]°, in X by
the FB proximal splitting iteration

6.1) T = (1—ap)x + prox (xl — )\lVg(xl)).
Iffor alll € Ny we have \; < 1/(Aoy) and if supyey 21| < o0 then: for every time-horizon L € N

. 1
(6.2) lrg(xr) — ;g)f( lrg(x) < i3

3https://vectorinstitute.ai/partnerships/current-partners/
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where < hides an (positive) absolute constant (independent of f).
Moreover, (x1)]2, converges weakly in X to a minimizer of {s .

Before continuing with the proof of Theorem 3.2, we take a moment to establish Proposition 3.1. For
every 1) > 0 define the operator S, :  x C'(X) — X sending any w € Q and g € C'(X) to

(6.3) Sy(w, g) = x4

where 2 = ¢(w), ¢ is as in Definition 2.1, and 29 is as in (6.1) with 2 = 2 = £(w). This explicitly defines
the operator in Proposition 3.1; note that its initial condition is intentionally coupled to that of the Generative
Equilibrium Operator (meaning that their iterations always start at the same initial condition).

Proof of Proposition 3.1. Set L & [n]. Then, the conclusion follows from Lemma 6.1 as well as the

definitions of X and of .S,,.

To establish the continuity of S, (w, -), it is enough to show the continuity of one of its iterates. Indeed, since
the proximal operators prox  is 1-Lipschitz and the map C'(X) 3 g — Vg € C(X, X) is continuous with
respect to the semi-norm topology 7 on C'1(X) (see above (2.4)), we have for every g, § € C*(X,R) that

(1= @) + @i prox(z = AVg(@)) = (1 — @) + i prox,(z = AV3 ()|
= azH proxs(z — A Vg(x)) — prox;(z — Alvg(x))”x
<o Lip(proxf)Hx —AVyg(z) —z— /\lvg(l‘)Hx

= Oq/\lHVg(m) — Vg(x)HX

N

‘max  sup ozl/\lHVg(u) — Vg(u)‘ + ’g(u) — g(u)}

g=1,...,J uekK; ‘X

= max pr,(9—9)
= puJK:l K; (g - g)

Therefore, for each t € N and every x € X, the map

(6.4) CHX,R)3g— (1 —a))z+ oy prox;(z — A Vg(z))

is continuous. The continuity of S, (w, -) now follows. d

Proof. For any xg € X, define the sequence obtained by a forward-backwards (FB) proximal splitting
iteration with a convex combination of the current and previous step, iteratively for each [ € N by (6.1).

Our first objective is re-expressing the FB iteration in (6.1) as in [33]. We first consider the 2-duality
mapping Jy : X — X* = X, defined for each x € X by

(6.5) Jo(x) = {a" e X* | (2%, ) = |2 [[], =" = []}-

As shown in [20, Proposition 4.8, page 29], it holds for every z € X that Jo(x) = 0(3] - |*) (z). Moreover,
since we are in the Hilbert (not the general Banach) case when there is a single element in the sub-differential
set 03 (| - ||*) (z); namely the identity map id x; thus

(6.6) Jo(z) =
for all € X. Note that for every f € I'o(X), g€ C*(X), A > 0,and each x € X

prox, (i~ AVg(x)) = argmin,cx f() + 5y — (v~ AVg(z) |
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. 1 2
= argmingey f(y) + 5yl = 5,z — AVg(2))

_ 1
= argmin,ey £(5) + 3 lyl? ~ w.2) + (9. AVg(@)

1
(6.7) = argminyex 5y - zl? + Ay, Vg(z) + J2(0)) + f(y).

Consequently, (6.1) and (6.7) imply that for each [ € N we have
ef. . 1
68) @it ™ (1—an)ar + o avgmingex Sy — il + Ay, Vglar) + Ba(20) + (3)

where z; = 0 for all [ € N. Now, under the boundedness assumption sup;cy |2 < oo and since 0 < \; <
1/A then [33, Proposition 2 (iii)] implies that (6.2) holds and [33, Proposition 2 (iii)] guarantees that (z;)7 ,
converges weakly to a minimizer of £ , in X. a

6.2. Step 1 - Approximately Implementing the Gradient Operator. Since, in general, we cannot
assume that we can directly implement the gradient operator V, our first step is to approximate it via a finite
difference as follows. Recall that the Gateaux derivative D f of a real-valued function f on X which is
Gateaux differentiable function at some x € X is given by

(©9) Df(@)(y) % tim TEXW )
nl0 n

We denote by C'(X) the set of functions f : X — R which are Gateaux differentiable functions at all
points in X with bounded Gateaux derivative. If f is Gateaux differentiable at x, then its Fréchet gradient
V f(x), see e.g. [7, Remark 2.55], must satisfy

(6.10) Df(z)(y) =y, Vf(x))

for each y € X. Upon fixing an orthonormal basis (e;);c; of X, we may re-write the right-hand side of (6.10)
by

6.11) Df(x)(y) = O {yseves, V(@) = >y, ey {ei, V().
el el
By definition of both derivatives, we have: for each i € 1

(6.12) (ei, V(@) = Df(z)(e:) = lim flotne) = 7@) (0cf (z + tei))|e=o-

10 i

Consequently, (6.11) implies that D f(x)(y) = >.c; ¥, €i) (0 f(x + te;))|t=0; whence

(6.13) V() = (@0f (@ + te;))]e=o €.
el
Without loss of generality, we identify / with an initial segment of N. We consider the case where I is
infinite, with the case where #1 < oo being more straightforward but similar; whence, for us I = N.
This motivates our finite-rank, finite-difference operator. Fix a rank R € N, and a precision parameter
d > 0. Given any f € C'(X). We approximate the Fréchet gradient in (6.13) by the rank R-§-divided

difference operator A5R. In what follows, we consider the d-divided difference operator defined for each
feCHX)atevery x € X by

R—1
(6.14) DN (“‘Seg) ),
=0
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As one may expect, the rank R-J-divided difference operator provides a rank R approximation to the Fréchet
gradient of any C'' (X) function. Interestingly, if the target function’s gradient’s “higher frequencies” (coef-
ficients of the e; for large ¢) are exponentially small, then R need only grow logarithmically in the reciprocal
approximation error € > 0.

LEMMA 6.2 (Finite Difference Approximation of Gradient Operator). Suppose that f € C1(X) and
let IC be a non-empty compact subset of X. If § > 0 and R € N, then

6.15) sup [AR(F)(z) = VF(@)|lx SRS + | Y. |(@cf (@ + ter)) =l

zelkl i-R

For instance, if there exist constants v, C > 0 such that: for all x € K and i € N we have

|(0cf (z + tei))\t:olz < Ce 27 then there is a constant ¢ > 0 such that for every € > 0 we may pick &
small enough and R € O(c + log(1/¢)) satisfying

(6.16) sup IAR(f) = Vf(@)|x <e.

Proof of Lemma 6.2. Suppose that: there are C,r > 0 such that for all z € K and each i € N
(6.17) KV f(z), e < Ce™ .

Fix § > 0. Then, for every x € IC, we have

[AF(f) (@) = Vf(2)]x <

R—1 ) — f(x
5 (f(x+5e§) fl@) (ﬁtf(a?+t€i))|t:0>ei
1=0

X

+ Z (O f(x +te;))|t=0€i
R

i=R
< ;) 'f(:c—i—ée;) /( )_((9tf(x+tei))|t=0’“ei|‘x

| 2 (@ef (@ + te))i=0)? ek
i=R

0
= 2
(6.18) SRCO+ | Y] |(@f (@ + te:))]e=ol
i=R
where we have used Taylor’s theorem/standard 1-dimensional finite (forward) difference estimates to ob-
tain (6.18); where 0 < C' = SUP(z e x x[0,6] |(Orf (z + te;))| and C' < oo by the continuity of V f and the

compactness of K x [0,5]. Now, if there are constant C, 7 > 0 such that |(0 f (z + tei))|t:0‘2 < Ce 2t
for all 7 € N; then

0 2 s i \/5 —Rr
(6.19) ; |(@uf (x + ter))|i—o| < VC Z;%e 2= Ve’ .

Setting €’ < max{+/C/+/1 — €27, C} yields the bound
(6.20) sup |[AE(f)(z) — Vf(z)|x < C'RS + C'e™ "
reX
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Let ¢ > 0 be given. Retroactively setting R = [In((2C")"/") + 2 In(e~')] and 6 = £/(2C’ R) completes our
proof. a

6.3. Step 2 - Approximate Implementation of Proximal Forward-Backwards Splitting. We first
approximate the idealized proximal forward-backward splitting scheme considered in Lemma 6.1 by a vari-
ant where the Fréchet gradient operator is replaced by a finite-rank finite-difference variance. Thus, the next
lemma takes the “differentiation” component of our problem one step closer to an implementable object on
a computer processing finite-dimensional linear algebra.

LEMMA 6.3 (Approximate Proximal Splitting Scheme). Let R € N, and §,\ > 0, f € C*(X) and
suppose that NV g is A\-Lipschitz. Let (0q)iZ, (A\i)]2 be as in Lemma 6.1. Define the approximate proximal
splitting iteration, for each l € N by

(6.21) B = (1—a)® + oy prox (:i’l — )\ZA(I;%(g)(:ﬁl)).
Then, for every L € N we have
(6.22) |lor — @] < (RS +7(R,9)) (1 —27 D)

2 def

where (R, g) fO=R {(éﬁg(x + tei))|t:0|2.

Proof of Lemma 6.3. Recall that prox is firmly non-expansive, see e.g. [7, Proposition 12.28]; thus it
is 1-Lipschitz. Consequently, for every [ € N, we have
Jeren = 2l

<|[(1 = )z + arprox; (z — N Vg(2)) — (1 — )iy — cyproxy (2 — MAF(9)(#1))]

<(1—ay)|z — &) x + al|| prox (xl — )\lVg(xl)) — prox; (i"l — )\lA?(g)(i‘l))HX
< (1= o) — 2l x + o (20 = M Vg(a) — (80— MAF(9) (@) ] «
< (1 —a)|z — & x + aullxr — 3| x + al)\IHVg(:vl) — A(I;”( HX
< (1 —a)lz — &l x + aillzr — &) x + ahi|Vg(ar) — V(@ HX + || Vg(#) — Af(g)(d0)]
< (1 —a)|z — & x + aulxr — &) x + oq)\l)\Hacl — xl”X + oq)\lHVg(i‘l) — A?(g)(fcl)HX
= (14 g A) |z — &1 x + | Vg(dn) — AF (9)(#1)]
(6.23)
< (1 150 — e+ o] Vglin) — AF(9) )]
(6.24)

<2z — &) x + i [Vg(d) — AaR(g)(fUl)Hm

@

where (6.23) held by assumption that for each ! € N we had «; € [0, 1] and that A; € (0,1/)). Now, under

. . 2
our assumptions, term (I) can be bounded using Lemma 6.2. Let 7(R,9)* = 3.7 1 [(0:g(z + te;))|i—ol -
The right-hand side of (6.24) can further be controlled, for every [ € N, by

(6.25) |z = &1 | ¢ < 20 — &ullx + cudi (RS + 7(R, 9)).

Recursively applying the estimate in (6.25) we find that

L t
||:UL—56LHX 25z — #of x + (RS + (R, g) Z n(1+au)\u)\g)
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L
(6.26) < 2% g — ol x +(RS + 7(R,9)) D] A2,
;\/_/ 5—=0
[y
Note that 2y = Z; whence, (IT) vanishes. Next, if for each I € N, with [ < L, we constrain a; < \;/2F~2
then (6.26) can be further controlled as

< (RS+7(Rg) Y —
<2(R3+7(R,g)) (1 — 27 ), O

Unfortunately, the proximal operator prox ; need not map span({e; f;ol) into itself. Thus, we further

modify the iteration in Lemma 6.3 to incorporate a projection step following the application of prox, back

down onto the span of span({e; f;ol).
LEMMA 6.4 (Approximation by Projected (Finite-Dimensional) Proximal Splitting Scheme).

Let R € Ny, §,\ > 0, f € CY(X) and suppose that Vg is A\-Lipschitz. Let ()7, (\)i2, be as in

Lemma 6.1. Define the approximate proximal splitting iteration for each | € N by

(6.27) Zl+1 o (1 — Oll)Zl + oy (Zl — )\ZA?(Q)(ZZ))
Then, for every L € N, if the hyperparameters oy, . . . , a satisfy
—(L=l=1)+
(6.28) 0<aoy <277k <max{ sup | prox ,(u) — PR(U)“X, 1})
ueprox ; (K)

then, for eachl = 0, ... L we have
(6.29) |2 — 2| < 2075,

where C,. > 0 depends only on r.

The proof of Lemma 6.4 relies on the following two technical lemmata elucidating some elementary prop-
erties of the operator Af’.

LEMMA 6.5 (Finite Difference-Type Operator A(SR are Bounded). Letd > 0, A > 0, R € N, and
g : X — R be \-Lipschitz. Then, AE(g) is 21? -Lipschitz.

Proof. Letx,x € X. Then,

=
_

|2 9w+ be) = gla) — 9@ + de) + ()
0

7| =

|AR(9) (@) — AF(9) ()] =

-
Il

R

I
-

< % (lo(z + dei) — g(@ + dei)| + |g(x) — 9(2)|)

I
o

%
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)R-
52 ‘x+5elfx+561HX+Hx wHX)
2)\R
= — |z —2|x.
Thus, A is (2AR)/8-Lipschitz. 0

LEMMA 6.6 (Projection Operator Approximation Properties). Letr > 0, C' > 0, R € N, and let
K= {zeX: [(x,e)] < Ce"}. Then the projection operator P, : X > span{e;} ! satisfies

(i) Pr(K) < K and

(ii) sup,ex | Pr(z) — @|x < Cre™,
where C\. = C'//1 — 2 > 0.

Proof. Let x € K. Then by linearity of Pg,

0

Z<9L‘ e;y Pr(e; Z(m eiveilicp = Z (m,e;)e;.

Therefore, for each i € N, we have [(Pr(x),e;)| < Ce " I;.r < Ce™"". Thus, Pr(z) € K and (i) is
verified. Moreover,

R-1 R—1
|Prz) =z = | X KzepPle? < C | Y] e =Cre "
i=0 i=0

Thus, (ii) holds. a
Proof of Lemma 6.4. Fix R € N, and 0 > 0. Then, for every ¢t € N, we have that

630) [ — alx
<(1- Oél)”331—1 - Zl—1HX
+ oy prox (&1 — MNAR(9)(#1-1)) = Pro prox;(z-1 — )\lA?(g)(zl_l))HX
<(1—a)|zmy — 24
+ | prox (211 — MAR(9) (@1-1) — proxy (211 — NAF(g) (i-1)) |
+ o prox;(z—1 — MNAR(9)(z121)) = Pro prox;(z—1 — /\lA(;R(g)(zl_l)HX
<(1—ap)|zimy — 21
+ oy Lip(proxf)Hil_l — )\ZA?(g)(:fsl_l) — 21 — )\IA?(g)(zl_l)HX
+ oy prox;(z1-1 — MNAR(9)(z1-1)) — Pro prox;(z-1 — /\lAgz(g)(zl_l)HX
< (1 —ap)|zms — 24
+ Lip(proxf)HJ%l_l —NAR(9)(@11) — 211 — AlAg(g)(zl_l)HX

(6.31) +oy  sup | prox;(u) — Pr(u)

ueprox ¢ (K) HX
< -z — 2y
(6.32) + oy H.f?l 1— )\lAR( )(.f?l 1) —Z—1 — )\ZA?( ) 21—1 HX

+a; sup Hproxf u) — Pr(u)

Ix
ueproxf(
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< (- afeis il
+ o[ NAF(9) (Ei-1) — )\zAg(Q)(zlﬂ)Hx +ogdim — 2o

+or  sup | proxg(u) — PR(“)HX

ueprox ¢ (K)
= [z =2 1HX+OéMzHAa )(92 1) = A5 (9)(z)
(w)

+a; sup H proxf u) — HX

ueprox ¢ (K)
2R
(6.33) < Hxl_l — Zl_lHX + o\ il chl_l — Zl—lHX +a; sup ” proxf( u) — Pr(u HX
ueprox ¢ (K)
2R
(6.34) < (1 + 7) Hxl_l — Zl_lHX +aq; sup H prox,(u) — PR(u)HX,

ueprox ¢ (K)

where we used (6.32) again held by the firm non-expansiveness of prox 5 (see, e.g., [7, Proposition 12.28]),
implying that prox is 1-Lipschitz, we used Lemma 6.5 to deduce (6.33), and we used the constant o < 1
to deduce (6.34).

Moreover, by compactness of K and by continuity of prox;, we have that prox ;(K) is compact. Thus,
by the metric approximation property in separable Hilbert spaces we have that

(6.35) Cir=  sup | proxs(u) — Pr(u)| < .
ueprox ¢ (K)

Fix a time-horizon L € N . Incorporating (6.35) in the right-hand side of (6.34) and iterating we obtain the
bound

L
(6.36) |1 — z]x < H(H—) |IO*ZOHX+Z a,C

=0 =0

J

(111) (E)

Now, since xg € Er we may indeed pick x¢p = zp; implying that (II) vanishes. Likewise, if

(L—1-1 1
(6.37) a,C B < o
for each [ = , L then ZS 0 QU C’(l sTh+ < & Zi:o 7 < 27L. Now the constraint (6.37) is

equivalent to the condltlon (6.28). Consequently, (IV) is also controllable and the estimate (6.36) reduces to
!
. 1 Lo
2L — 2] x < S o0 g 2* a

6.4. Step 4 - Convergence Under Additional Regularity of f and g. Under more regularity on f and
on the input g, we may guarantee that the neural operator is minimizing the loss function.

PROPOSITION 6.7 (Convergence of Objective Function). Fixx € X. Let A\, A\, Ay,6 >0, L, R e N,
[ € I'(X) be coercive and bounded from below. Let (a;)i2, (\)[2 be sequences satisfying the conditions
of Lemma 6.1 and the decay condition

—(L-i-1),
(6.38) 0<az<2”<maX{ | prox(u) = Pr(u)| 1 })

ueproxf (K)
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def. def.

and let (x;)2 , and (2;);2,, be given by (6.21) and (6.27), respectively, with xo = zo = x € X. Then, for
any g€ C 1( ) with \-Lipschitz Fréchet gradient

(6.39) 21— z1x < 2L + (RS + (R, g)) (1 — 2~ E+D)

and < hides a constant independent of §, R, g, and L. If, additionally, f is A¢-Lipschitz and if g is Ag-
Lipschitz with A-Lipschitz Fréchet gradient then (6.39) strengthens to

. 1 . .
(6.40) Urglor) = inf Lr4(@) < 7 + (O + ) (25 + (Ro + 7(R, 9)) (1 2 +1))

where T(R, g)> < Y72 {((%g(x + tei))|t:0|2.
Proof of Proposition 6.7. We first establish (6.39); indeed

(6.41) <[z — Ly

<ler =21y + lor — 215
(6.42) <2 4oL — 21
(6.43) <2'"L 4 (RS + 7(R.g)) (1 — 27 D),
where (6.42) held by Lemma 6.4 due to our decay assumptions on «. made in (6.29), and (6.43) held by
Lemma (6.3) by our assumptions on the Lipschitzness of the gradient of g.
Next, we establish (6.40). We first show the existence of a minimizer to £ , over X, which we will routinely
use momentarily. Since f was assumed to be coercive, then for every 1 € R the level set f~[(—o0,7]] is
relatively compact in X (see e.g. [23, Definition 1.12]). Since g was assumed to take non-negative values
then, the level set (f + g)~[(—o0,n]] < f~[(—0,n]] is relatively compact; i.e. f + g is coercive. Now,

since f is also bounded below, then Tonelli’s direct method, see e.g. [23, Theorem 1.15], implies that there
exists a minimizer 2} , € X of 5 43 i.e.

(6.44) tlg)f( lyg(z) = Kf’g(x}’g).

Now, using the Lipschitzness of f + g and the minimality of z}  in (6.44) we have

lrg(zr) = inf Lrg(x) =[lrg(20) = inf Lr4(2)

(21) —

:|£f,g(ZL) _Ef,q(x ,q){

<|lpg(zn) = Crglar)| + [Crg(zr) — Lrg(2} )]

=[5 g(2L) — Ly g(zr)| + ff g(@r) = Lyg(2%,4)
(1) (

(6.45) Sllrg(zn) = Lrg(r)| + 7
1
(6.46) SO+ A) (2175 + (RO + 7(R,g)) (1 - 270HD) ) + Z
where (6.45) held by Lemma 6.1, (6.41) held by our Lipschitzness assumptions on f and on g, and (6.46)
held by (6.39). 0

We are now in place to establish Theorem 3.2. Indeed, we only need to show that z;, (as defined in
(6.27)) can be computed by a Generative Equilibrium Operator of depth L and we only need to verify that
xr, (as defined in (6.1)) is the output of S,,(w, g) (as defined in (6.3)). We prove both our main theorems
together, as this yields the most streamlined treatment thereof.
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Proofs of Theorem 3.2 and 3.3. Fixw € Q,n,> 0, and let S, £ S, (w, ") : C*(X) — X be defined as

def. def.

in (6.3). Set 29 = 29 = £(w) € X and couple
§=27"/R > 0.
Fix any R € N, set M = R, L = [1/n], and for each [ € {1,..., L} fix any a;, \; € (0,1/)) such that

(cq)E_ | satisfies the decay condition in (6.38). Foreach [ € {1, ..., L} we iteratively define the GEO layers
LW (see Definition 2.1) by

(6.47) Egl)(m) S ’y(l)x +(1-— 'y(l))af (A(Z)x + [B(Z) (g(ﬂc + xﬁ?))f:l + b(l)]T:M>
where, foreachm = 1,..., R, we set fo} = €m,» AD = IR (the R x R identity matrix) and B & %ID,

b = 0p (the zero vector in R®), and v, £ 1 — oy. Then, by definition of rank R, 6-divided difference
operator AX(-) (defined in (6.14)), the lifting/embedding operator -1*M (defined in (2.2)), and each GEO
layer LD in (6.47) we have that

(6.48) LY ()= (1- oDz + 1Yo (z + NAJ (D).
Consequently, we find that
(6.49) L o0 LD (z0) = 2y,

where zy, is defined in (6.21). Now, observe that G(w, g) = L&) o --- o L) (z) is a well-defined GEO
(with dependence on w implicitly in ¢ = £(w) and on g by the definitions of each GEO layer in (6.47)).
Consequently, Proposition 6.7 and the definition of the O(7)-approximate solution operator S,, in (6.3) imply
that

(6.50) sup |Sy(w,9) — G(w.g)| < 2%+ (275 + 7(R,g)) (1 — 27 (FFD)

geXn

with < hiding a constant independent of §, R, L (and thus of n), and of any g € X). Restricting the
supremum in (6.39) to the set X (r) (defined in (3.2)) we find that

(6.51) sup | Sy(w, 9) — G(w, 9| <21+ (277 +r27F) (1 - 27+
geX(r)

<2'7F 4 (27 F 4 r27h)

<2

(6.52) Lo R

Fix an approximation error ¢ > 0. Retroactively, setting R = L = [€]; then (6.51)-(6.52) implies that

(6.53) sup Sy (w, 9) = G(w,9)|x S €
gEX (1)

yielding (3.3). If, additionally, f is A¢-Lipschitz and if g is A,-Lipschitz with A-Lipschitz Fréchet gradient
then (6.40) in Lemma 6.7 yields (3.4). O
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Appendix A. Supplementary Material.

A.1. Examples of Proximal Operators. For some prominent Hilbert spaces X and functions f :
X — (—o0,0], we compute the corresponding activation function oy : X — X defined as o;(x) =
Pg(prox;(z)), for z € X, where R € N, . For example, on any Hilbert space X, the proximal opera-
tor of f(z) = 1|z|? is given by prox;(z) = 2. Hence, we obtain a linear R-rank operator o f(z) =

)
Pr(prox;(z)) = 1 Pr(x) as activation function.

EXAMPLE A.1. Ford e N, let X = R%, set R = d — 1, and define f : X — (—o0, 0] by f(x) =0
if v € [0,00)%, and f(x) = o otherwise. Then, for every & = (x1,...,x4)" € R% it holds that prox;(z) =
ReLUg(z) = (max(z1,0), ..., max(z4,0))". Hence, by using that Pr = idga, we obtain the multivariate
ReLU activation function

of(x) = prox;(z) = ReLUy(z).

Moreover; the linear operators AV e L(R* R?%) =~ R4 and B" € R**M in Definition 2.1 correspond to
matrices, while b") € R? are classical bias vectors.

def.

EXAMPLE A.2. For the sequence space X = 12 = {z = (2;)en : |z & Y2, 22 < o0} and some
fixed R € Ny, we define f : X — (—o0,00] by f(x) = |z|p = X2, |w4], for © € (2. Then, for every

def.

x = (2;)ien € 12, it holds that prox(z) = ((z; + 1)Ly, <1y + (z; — 1)]l{xi>1})i€N. Thus, by using the
projection Pr, we obtain a non-linear R-rank activation function

R-1
z) = ) {proxy(x), e;)e;
§=0

= ((zo + Dljgoe—1y + (o — D)Lzyo1y, or (@r—1 + Dlggp <1y + (@p—1 — Dlfe, 513,0,0,...) .

Moreover; the linear operators AV e L(l%z, Z2) ~ REXE iy Definition 2.1 are of the form l% sz &

(20, ..., 2r—1,0,0,...) — ABz = (ZJ 0 ((Jl)jasj,...,z] 0 ag) 1,25+ 0, 0,..) € % for some a) =

(aglj)z)i,jzoy___yR_l e REXE while BO € RE*M gnd bV e RE are classical matrices and vectors.

EXAMPLE A.3. For the L?-space X = L?(n) = L?(Q, A, ), a basis (e;)jen of L (1), some fixed
R € N, and some —0 < ¢; < ca < o0, we define the function f : L?(u) — (—oo,00] by f(x) = 0 if
2(Q) < [e1,c2] and f(x) = o0 otherwise. Then, the proximal operator prox ;(z) = PIOjje, c,1(x(")) is
the pointwise projection to [c1, ca| defined by projy., .,j(u) = min(max(u, ¢1), o) for u € R. Hence, we
obtain a non-linear R-rank activation function

R-1 R—1
op(x) = Y {proxs(x),ej5e; = Y {Drojie, o,1(x (), €5)e;.
§j=0 j=0

Moreover, the linear operators A e L(L*(u)gr; L*(p)g) = RE*E in Definition 2.1 are of the form
L*(p2x— AUz = ZR] 10 ”<x eive; € L*(p) g for some aV) = (a (l)) ij=0,...r—1 € REXE while
BW e REXM gnd b e RE are classical matrices and vectors.

A.2. A Finite-Dimensional Application: Learning a minimization operator. As an additional sanity
check, we first consider a splitting problem over a finite dimensional Hilbert space. For the Hilbert space
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X = R4 and a convex subset C' < R?, we aim to learn the operator

{g:R? > Risconvex} 3g + argming(z) = argmin (f(z) + g(z)) € RY,

zeC zeR4

where f : R? — (—o0, 0] is defined by f(z) = 0if x € C, and f(x) = oo otherwise. In this case, the
proximal operator of f is given as prox () = proj¢(z) = argmin,c |z — y|., for all z € R?,

200 ~eee®®ece —— Train

. o Test k True Predict
173 1.000 0.998
1.50 ° 2001 (1.000 <0.985

0.75

1.000 0.889

9002 (1.000) (0.916)
~1.000 ~0.692

9501 (—1.000) (—1.000)

~1.000 —1.000
9502 (—1.000> (—0.961)

0.50

0.25

0.00
0 2000 4000 6000 8000 10000

Epochs

(b) Solution of (A.1) for four functions gj, of the test set.
(a) Learning performance

Fig. A.1: Learning the minimization operator S in (A.1) by a Generative Equilibrium Operator G. In (a), the learning
performance is displayed in terms of the mean squared error (MSE) ﬁ Yiex |S(gr) — G(g)|? on the training set
(label “Train”) and test set (label “Test”). In (b), the predicted solution G(gx) (label “Predict”) is compared to the true
solution S(gx) (label “True”) for four k of the test set.

EXAMPLE A4. Ford = 2, we consider the Hilbert space X = R? and the convex subset C = [—1,1]%.
In this setting, we aim to learn the minimization operator

(A1) {g9: R? - Ris comvex} 3g +—  S(g) = argmin g(x) = argmin (f(z) + g(z)) € RY,

ze[—1,1]¢ zeR?

by a Generative Equilibrium Operator G of rank R = d = 2, depth L = 20, and sample points M = 20.
Hereby, the function f : R* — (—o0, 0] is defined as above.

To this end, we choose the standard orthonormal basis of R®. Moreover, we apply the Adam algorithm
over 10000 epochs with learning rate 2 - 10~ to train the Generative Equilibrium Operator on a training
set consisting of 9000 convex functions R 5 x — g;.(z) = %a:TAkx + b;—x + ¢ € (—o0,0), k =
1,...,9000, where Ay, € Si, b, € R and ¢, € R are randomly initialized. In addition, we evaluate
its generalization performance every 250-th on a test set consisting of 1000 convex functions R? 3 z —
gr(2) & In (X0 exp(byizi) + ci) € (—0,0), k = 9001, ..., 10000, where by £ (by 1, ..., bg.a)T € R?
(with either by, ; = 0 foralli = 1,....,d, orby; < 0 foralli = 1,...,d) and c;, € R are also randomly
initialized. The results are reported in Figure A.1.
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