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MULTILEVEL PICARD APPROXIMATIONS AND DEEP NEURAL NETWORKS WITH RELU,
LEAKY RELU, AND SOFTPLUS ACTIVATION OVERCOME THE CURSE OF

DIMENSIONALITY WHEN APPROXIMATING SEMILINEAR PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS IN Lp-SENSE

ARIEL NEUFELD1 AND TUAN ANH NGUYEN2

ABSTRACT. We prove that multilevel Picard approximations and deep neural networks with ReLU,
leaky ReLU, and softplus activation are capable of approximating solutions of semilinear Kol-

mogorov PDEs in Lp-sense, p P r2,8q, in the case of gradient-independent, Lipschitz-continuous

nonlinearities, while the computational effort of the multilevel Picard approximations and the re-
quired number of parameters in the neural networks grow at most polynomially in both dimension

d P N and reciprocal of the prescribed accuracy ǫ.

1. INTRODUCTION

Partial differential equations (PDEs) are important tools to analyze many real world phe-
nomena, e.g., in financial engineering, economics, quantum mechanics, or statistical physics to
name but a few. In most of the cases such high-dimensional nonlinear PDEs cannot be solved
explicitly. It is one of the most challenging problems in applied mathematics to approximately
solve high-dimensional nonlinear PDEs. In particular, it is very difficult to find approximation
schemata for nonlinear PDEs for which one can rigorously prove that they do overcome the
so-called curse of dimensionality in the sense that the computational complexity only grows
polynomially in the space dimension d of the PDE and the reciprocal 1

ε
of the accuracy ε.

In recent years, there are two types of approximation methods which are quite successful in
the numerical approximation of solutions of high-dimensional nonlinear PDEs: neural network
based approximation methods for PDEs, cf., [3, 4, 5, 6, 11, 13, 15, 17, 19, 20, 21, 23, 24, 25, 27,
28,29,30,31,32,32,33,34,35,42,48,49,50,52,53,59,62,63,64,65,66,68,69] and multilevel
Monte-Carlo based approximation methods for PDEs, cf., [8, 9, 12, 26, 37, 38, 39, 40, 41, 43, 44,
45,46,47,57,60,61].

For multilevel Monte-Carlo based algorithms it is often possible to provide a complete con-
vergence and complexity analysis. It has been proven that under some suitable assumptions,
e.g., Lipschitz continuity on the linear part, the nonlinear part, and the initial (or terminal)
condition function of the PDE under consideration, the multilevel Picard approximation algo-
rithms can overcome the curse of dimensionality in the sense that the number of computational
operations of the proposed Monte-Carlo based approximation method grows at most polyno-
mially in both the reciprocal 1

ε
of the prescribed approximation accuracy ε P p0, 1q and the PDE

dimension d P N. More precisely, [38] considers smooth semilinear parabolic heat equations.
Later, [40] extends [38] to a more general setting, namely, semilinear heat equations which
are not necessary smooth. [9] considers semilinear heat equation with more general nonlinear-
ities, namely locally Lipschitz nonlinearities. [39, 45] considers semilinear heat equations with
gradient-dependent Lipschitz nonlinearities and [57,61] extends them to semilinear PDEs with
general drift and diffusion coefficients. [44] studies Black-Scholes-types semilinear PDEs. [41]
consider semilinear parabolic PDEs with nonconstant drift and diffusion coefficients. [47] con-
siders a slightly more general setting than [41], namely semilinear PDEs with locally mono-
tone coefficient functions. [60] studies semilinear partial integro-differential equations. [46]
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considers McKean-Vlasov stochastic differential equations (SDEs) with constant diffusion coef-
ficients. [8] studies a special type of elliptic equations. Almost all the works listed above prove
L2-error estimates except [43], which draws its attention to Lp-error estimates, p P r2,8q.

Numerical experiments indicate that deep learning methods work exceptionally well when
approximating solutions of high-dimensional PDEs and that they do not suffer from the curse
of dimensionality. However, there exist only few theoretical results proving that deep learn-
ing based approximations of solutions of PDEs do not suffer from the curse of dimensionality.
More precisely, [14] shows that empirical risk minimization over deep neural network (DNN)
hypothesis classes overcomes the curse of dimensionality for the numerical solution of linear
Kolmogorov equations with affine coefficients. Next, [22] considers the pricing problem of
a European best-of-call option on a basket of d assets within the Black–Scholes model and
proves that the solution to the d-variate option pricing problem can be approximated up to an

ǫ-error by a deep ReLU network with depth Oplnpdq lnpǫ´1q ` plnpdqq2q and Opd2` 1

n ǫ´ 1

n q nonzero
weights, where n P N is arbitrary (with the constant implied in Op¨q depending on n). Fur-
thermore, [28] investigates the use of random neural networks for learning Kolmogorov partial
integro-differential equations (PIDEs) associated to Black-Scholes and more general exponen-
tial Lévy models. Here, random neural networks are single-hidden-layer feedforward neural
networks in which the input weights are randomly generated and only the output weights are
trained. In addition, [55] proves that rectified deep neural networks overcome the curse of
dimensionality when approximating solutions of McKean–Vlasov stochastic differential equa-
tions. Moreover, [29] studies the expression rates of DNNs for option prices written on baskets
of d risky assets whose log-returns are modelled by a multivariate Lévy process with general
correlation structure of jumps. Note that the PIDEs studied by [29] are also Black-Scholes-type
PIDEs (see [29, Display (2.3)]). Next, [30] proves that DNNs with ReLU activation function
are able to express viscosity solutions of Kolmogorov linear PIDEs on state spaces of possibly
high dimension d. Furthermore, [31] proves that DNNs overcome the curse of dimensionality
when approximating the solutions to Black-Scholes PDEs and [52] proves that DNNs over-
come the curse of dimensionality in the numerical approximation of linear Kolmogorov PDEs
with constant diffusion and nonlinear drift coefficients. In addition, [58] proves that the so-
lution of the linear heat equation can be approximated by a random neural network whose
amount of neurons only grow polynomially in the space dimension of the PDE and the re-
ciprocal of the accuracy, hence overcoming the curse of dimensionality when approximating
such an equation. Moreover, [42] proves that DNNs overcome the curse of dimensionality in
the numerical approximation of semilinear heat equations and [1] extends [42] to estimates
with respect to Lp-norms, p P r2,8q, when approximating the semilinear heat equation. Fur-
thermore, [2] demonstrates space-time Lp-error estimates, p P r2,8q, when approximating the
semilinear heat equation. Next, [17] extends [42] to semilinear PDEs with general drift and
diffusion coefficients and [56] extends [42] to semilinear PIDEs. Note that except [1, 2] all
the works mentioned in this paragraph establish L2-error estimates, but not Lp-estimates for
general p P r2,8q.

The main novelty of our paper is the following:

(A) We extend the L2-complexity analysis in [41] to an Lp-complexity analysis, p P r2,8q. More
precisely, in our first main result, Theorem 1.1 below, we prove that the MLP algorithms
introduced by [41] overcome the curse of dimensionality when approximating semilinear
parabolic PDEs in Lp-sense, p P r2,8q.

(B) We extend the result by [17] to an Lp-sense, p P r2,8q, and to DNNs with ReLU, leaky
ReLU, or softplus activation, see Theorem 1.3 below, which is our second main result.
More precisely, we show that for every p P r2,8q we have that solutions of semilinear PDEs
with Lipschitz continuous nonlinearities can be approximated in the Lp-sense by DNNs with
ReLU, leaky ReLU, or softplus activation without the curse of dimensionality.

1.1. Notations. Throughout this paper we use the following notations. Let R denote the set
of all real numbers. Let Z,N0,N denote the sets which satisfy that Z “ t. . . ,´2,´1, 0, 1, 2, . . .u,
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N “ t1, 2, . . .u,N0 “ NYt0u. Let ∇ denote the gradient and Hess denote the Hessian matrix. For
every matrix A let AJ denote the transpose of A and let tracepAq denote the trace of A when
A is a square matrix. For every probability space pΩ,F ,Pq, every random variable X : Ω Ñ
R, and every s P r1,8q let ‖X‖s P r0,8s satisfy that ‖X‖s “ pEr|X|ssq 1

s . For every d P
N let ‖¨‖, |||¨||| : Rd Ñ r0,8q satisfy for all x “ pxiqiPr1,dsXZ P Rd that ‖x‖ “

břd

i“1
|xi|2 and

|||x||| “ supiPr1,dsXZ|xi|. For every d P N let x¨, ¨y : Rd ˆ R

d Ñ R satisfy for all x “ pxiqiPr1,dsXZ,

y “ pyiqiPr1,dsXZ that xx, yy “ řd
i“1

xiyi. For every d P N let ‖¨‖ : Rdˆd Ñ r0,8q satisfy for all

a “ paijqi,jPr1,dsXZ P Rdˆd that ‖a‖ “
břd

i“1

řd
i“1

|aij|2. When applying a result we often use a

phrase like “Lemma 3.8 with d x pd ´ 1q” that should be read as “Lemma 3.8 applied with d

(in the notation of Lemma 3.8) replaced by pd´ 1q (in the current notation)”.

1.2. MLP approximations overcome the curse of dimensionality when approximating
semilinear parabolic PDEs in Lp-sense.

Theorem 1.1. Let T,k P p0,8q, p P r2,8q, c P rp2,8q. Let M : N Ñ N satisfy for all n P N
that Mn “ maxtk P N : k ď expp|lnpnq|1{2qu. For every d P N let gd P CpRd,Rq, f P CpR,Rq,
µd P CpRd,Rdq, σd P CpRd,Rdˆdq. Assume for all x, y P Rd, v, w P Rd that

maxt|Tfp0q|, |gdp0q|, ‖µdp0q‖, ‖σdp0q‖u ď cdc, |gpxq| ď cpdc ` ‖x‖2q 1

2 , (1)

maxt
?
T |gdpxq ´ gdpyq|, ‖µdpxq ´ µdpyq‖, ‖σdpxq ´ σdpyq‖u ď c‖x ´ y‖, (2)

|fpwq ´ fpvq| ď c|w ´ v|. (3)

Let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space which satisfies the usual conditions. Let

Θ “ Ť
nPNZ

n. Let tθ : Ω Ñ r0, 1s, θ P Θ, be identically distributed and independent random

variables. Assume for all t P p0, 1q that Ppt0 ď tq “ t. For every d P N let W d,θ : r0, T s ˆ
Ω Ñ R

d, θ P Θ, be independent standard pFtqtPr0,T s-Brownian motions. Assume that ptθqθPΘ and

pW d,θqdPN,θPΘ are independent. For every K P N let t¨uK : R Ñ R satisfy for all t P R that

ttuK “ maxpt0, T
K
, . . . ,

pK´1qT
T

, T u X pp´8, tq Y t0uqq. For every d,K P N, θ P Θ, t P r0, T s, x P Rd

let Y d,θ,K,t,x “ pY d,θ,K,t,x
s qsPrt,T s : rt, T s ˆ Ω Ñ R

d satisfy for all s P rt, T s that Y d,θ,K,t,x
t “ x and

Y d,θ,K,t,x
s “ Y

d,θ,K,t,x

maxtt,tsuKu ` µdpY d,θ,K,t,x

maxtt,tsuKuqps ´ maxtt, tsuKuq ` σdpY d,θ,K,t,x

maxtt,tsuKuqpW d,θ
s ´ W

d,θ

maxtt,tsuKuq.
(4)

Let Ud,θ,K
n,m : r0, T s ˆ R

d ˆ Ω Ñ R, n P Z, d,K,m P N, θ P Θ, satisfy for all θ P Θ, d,K,m P N,

n P N0, t P r0, T s, x P Rd that U
d,θ,K
´1,m pt, xq “ U

d,θ,K
0,m pt, xq “ 0 and

Ud,θ,K
n,m pt, xq “ 1

mn

mnÿ

i“1

gdpY d,pθ,0,´iq,K,t,x

T q

`
n´1ÿ

ℓ“0

T ´ t

mn´ℓ

mn´ℓÿ

i“1

`
f ˝ Ud,pθ,ℓ,iq,K

ℓ,m ´ 1
N

pℓqf ˝ Ud,pθ,´ℓ,iq,K
ℓ´1,m

˘´
t ` pT ´ tqtpθ,ℓ,iq, Y d,pθ,ℓ,iq,K,t,x

t`pT´tqtpθ,ℓ,iq

¯
.

(5)

Let pCd,K
n,mqd,KPN,n,mPZ Ď N0 satisfy for all d,K P N, m,n P N that

C
d,K
0,m “ 0, Cd,K

n,m ď pcdc ` cdcKqmn `
n´1ÿ

ℓ“0

mn´ℓ
´
2cdc ` cdcK ` C

d,K
ℓ,m ` C

d,K
ℓ´1,m

¯
. (6)

Then the following items are true.

(i) For every d P N there exists a unique at most polynomially growing viscosity solution ud of

Bud
Bt pt, xq ` 1

2
tracepσdpxqpσdpxqqJpHessxudpt, xqqq ` xµdpxq, p∇xu

dqpt, xqy ` fpudpt, xqq “ 0 (7)

with udpT, xq “ gdpxq for t P p0, T q ˆRd.
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(ii) There exist pCδqδPp0,1q Ď p0,8q, pnpd, ǫqqdPN,ǫPp0,1q Ď N such that for all d P N, ǫ P p0, 1q it
holds that

sup
tPr0,T s,xPr0,ksd

∥

∥

∥
U

d,0,pMnpd,εqqnpd,εq

npd,εq,Mnpd,εq
pt, xq ´ udpt, xq

∥

∥

∥

p
ď ǫ and C

d,pMnpd,ǫqqnpd,ǫq

npd,ǫq,Mnpd,ǫq
ď ηdηǫ´p4`δq. (8)

The proof of Theorem 1.1 is presented directly after the proof of Lemma 2.4. Let us comment
on the mathematical objects in Theorem 1.1. Our goal here in Theorem 1.1 is to approximately
solve the family of semilinear parabolic PDEs in (7) indexed by d P N. The functions µd and
σd are the drift and diffusion coefficients of the linear part of the PDEs. The function f is the
nonlinear part of the PDEs. The functions gd is the terminal condition at time T of the PDEs.
Next, (1)–(3) are usual regularity properties for the coefficients of the PDEs, which assure that
the PDEs has unique viscosity solutions. The filtered probability space pΩ,F ,P, pFtqtPr0,T sq in
Theorem 1.1 above is the probability space on which we introduce the stochastic MLP approx-
imations which we employ to approximate the solutions ud of the PDEs in (7). The set Θ in
Theorem 1.1 is used as an index set to introduce sufficiently many independent random vari-
ables. The functions tθ are independent random variables which are uniformly distributed on
r0, 1s. The functions W d,θ describe independent standard Brownian motions which we use as
random input sources for the MLP approximations. The functions Y d,θ,K,t,x in (4) above de-
scribe Euler-Mayurama approximations which we use in the MLP approximations in (5) above
as discretizations of the underlying Itô processes associated to the linear parts of the PDEs in
(7). The function Ud,θ,K

n,m in (5) describe the MLP approximations which we employ to approxi-

mately compute the solutions ud to the PDEs (7). Let us discuss the computational effort of the
MLP approximations in (5). We assume that the computational effort of f , gd, pµd, σdq plus the
effort to simulate an arbitrary d-dimensional Brownian increments is bounded by cdc, which
is a polynomial of d. Each Cd,K

n,m in (6) is the computational effort to compute a realization

of Ud,θ,K
n,m pt, x, ωq. Due to (49) and (5) the family pCd,K

n,mq satisfies the recursive inequality (6)

above. Theorem 1.1 establishes that the solutions ud of the PDEs in (7) can be approximated
by the MLP approximations Ud,θ,K

n,m in (5) with the number of involved function evaluations and

the number of involved scalar random variables growing at most polynomially in the reciprocal
1{ǫ of the prescribed approximation accuracy ǫ P p0, 1q and at most polynomially in the PDE
dimension d P N. In other words, Theorem 1.1 states that MLP approximations overcome the
curse of dimensionality when approximating the semilinear parabolic PDEs in (7).

1.3. A mathematical framework for DNNs. In order to formulate our second main result,
Theorem 1.3, we first need to introduce a mathematical frame work for DNNs.

Setting 1.2 (A mathematical framework for DNNs). Let a P CpR,Rq. Let Ad : R
d Ñ R

d, d P N,
satisfy for all d P N, x “ px1, . . . , xdq P Rd that

Adpxq “ papx1q, apx2q, . . . , apxdqq . (9)

Let D “ YHPNN
H`2. Let

N “
ď

HPN

ď

pk0,k1,...,kH`1qPNH`2

«
H`1ź

n“1

`
R

knˆkn´1 ˆRkn
˘
ff
. (10)

Let D : N Ñ D, P : N Ñ N, R : N Ñ pYk,lPNCpRk,Rlqq satisfy that for all H P N,

k0, k1, . . . , kH , kH`1 P N, Φ “ ppW1, B1q, . . . , pWH`1, BH`1qq P śH`1

n“1

`
R

knˆkn´1 ˆRkn
˘
, x0 P

R

k0 , . . . , xH P RkH with the property that @n P NX r1, Hs : xn “ AknpWnxn´1 `Bnq we have that

PpΦq “
H`1ÿ

n“1

knpkn´1 ` 1q, DpΦq “ pk0, k1, . . . , kH , kH`1q, (11)

RpΦq P CpRk0,RkH`1q, and

pRpΦqqpx0q “ WH`1xH ` BH`1. (12)
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Let us comment on the mathematical objects in Setting 1.2. The function a is called the
activation function. An example of a is the ReLU function R Q x ÞÑ maxtx, 0u P R. How-
ever, in this paper we do not restrict ourselves in this function. For all d P N, Ad : R

d Ñ R

d

refers to the componentwise activation function. By N we denote the set of all parame-
ters characterizing artificial feed-forward DNNs. For every H P N, k0, k1, . . . , kH, kH`1 P N,

Φ “ ppW1, B1q, . . . , pWH`1, BH`1qq P śH`1

n“1

`
R

knˆkn´1 ˆRkn
˘

Ď N the natural number H can
be interpreted as the depth of the parameters characterizing artificial feed-forward DNN Φ and
pW1, B1q, . . . , pWH`1, BH`1q can be interpreted as the parameters of Φ. By R we denote the
operator that maps each parameters characterizing a DNN to its corresponding function. By P
we denote the function that counts the number of parameters of the corresponding DNN. By
D we denote the function that maps the parameters characterizing a DNN to the vector of its
layer dimensions.

1.4. DNNs overcome the curse of dimensionality when approximating semilinear para-
bolic PDEs in Lp-sense.

Theorem 1.3. Assume Setting 1.2. Let α P r0,8qzt1u, a0, a1 P CpR,Rq satisfy for all x P R that
a0 “ maxtx, αxu and a1 “ lnp1 ` exq. Assume that a P ta0, a1u. Let β, p P r2,8q, c P r1,8q. For
every d P N, ε P p0, 1q, v P Rd let Φµd

ε
,Φσd

ε ,v
,Φgdε

P N, f P CpR,Rq, gd, gdε P CpRd,Rq, µd, µd
ε P

CpRd,Rdq, σd, σd
ε P CpRdˆd,Rdq satisfy for all v P Rd that µd

ε “ RpΦµd
ε
q, σd

ε p¨qv “ RpΦσd
ε ,v

q,
gdε “ RpΦgdε

q. Assume for all d P N, ε P p0, 1q, v P Rd that DpΦσd
ε ,v

q “ DpΦσd
ε ,0

q. Assume for all

d P N, ε P p0, 1q, v, w P R, x, y P Rd that

maxt‖µd
εpxq ´ µd

εpyq‖, ‖σd
εpxq ´ σd

ε pyq‖u ď c‖x´ y‖, (13)

|gdεpxq ´ gdεpyq| ď c
pdc ` ‖x‖qβ ` pdc ` ‖y‖qβ

2
?
T

‖x ´ y‖, (14)

|gdε pxq| ď cpdc ` ‖x‖qβ, max
 
‖µd

εp0q‖, ‖σd
εp0q‖, |Tfp0q|, |gdεp0q|

(
ď cdc, (15)

maxt‖µd
εpxq ´ µdpxq‖, ‖σd

ε pxq ´ σdpxq‖, ‖gdεpxq ´ gdpxq‖u ď εcdcpdc ` ‖x‖qβ, (16)

max
 
PpΦgdε

q,PpΦµd
ε
q,PpΦσd

ε ,0
q
(

ď cdcε´c. (17)

Then the following items are true.

(i) For every d P N there exists a unique at most polynomially growing viscosity solution ud of

Bud
Bt pt, xq ` 1

2
tracepσdpxqpσdpxqqJpHessxudpt, xqqq ` xµdpxq, p∇xu

dqpt, xqy ` fpudpt, xqq “ 0 (18)

with udpT, xq “ gdpxq for t P p0, T q ˆRd.
(ii) There exists pCδqδPp0,1q Ď p0,8q, η P p0,8q, pΨd,ǫqdPN,ǫPp0,1q Ď N such that for all d P N,

ǫ P p0, 1q we have that RpΨd,ǫq P CpRd,Rq,

PpΨd,ǫq ď Cδηd
ηǫ´p4`δq´6c, and

ˆż

r0,1sd

∣

∣pRpΨd,ǫqqpxq ´ udp0, xq
∣

∣

p
dx

˙ 1

p

ă ǫ. (19)

Let us make some comments on the mathematical objects in Theorem 1.3. First of all, in
Theorem 1.3 we consider different types of activation functions. The function aν is the ReLU
activation if ν “ α “ 0, the leaky ReLU activation if ν “ 0 and α P p0, 1q, or the softplus ac-
tivation if ν “ 1. Next, the assumptions above (13) ensure that the functions gdε , µ

d
ε, σ

d
ε , which

approximate the terminal condition and the linear part of the PDE are DNNs. The bound cdcε´c

in (17), which is a polynomial of d and ε´1, ensures that the functions µd
ε, σ

d
ε , g

d
ε are DNNs whose

corresponding numbers of parameters grow without the curse of dimensionality. Under these
assumptions Theorem 1.3 states that, roughly speaking, if DNNs can approximate the terminal
condition and the linear part of the PDE in (18) without the curse of dimensionality, then they
can also approximate its solution without the curse of dimensionality. More precisely, we show
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in (19) that for every dimension d P N and for every accuracy ǫ P p0, 1q the Lppdxq-expression
error of the unique viscosity solution of the nonlinear PDE (18) is ǫ and the number of param-
eters of the DNNs is upper bounded polynominally in d and ǫ´1. Therefore, the approximation
rates are free from the curse of dimensionality. We refer to [1, 16, 17, 31, 42, 52, 54] for similar
results obtained for PDEs without any non-local/ jump term.

1.5. Sketch of the proofs. Since (ii) in Theorem 1.1 contains an Lp-estimate we first need to
prove Lp-estimates for MLP approximations (cf. Theorem 2.3 and Lemma 2.4), which, to the
best of our knowledge, still do not appear in the scientific literature for general p P r2,8q.
The main tool to get Lp-estimates is the Marcinkiewicz-Zygmund inequality (see [67, Theo-
rem 2.1]). In addition, Lemma 2.4 is the Lp-version of [41, Proposition 4.1]. Our first main
result, Theorem 1.1, is a direct consequence of Theorem 2.3 and Lemma 2.4 and its proof is
presented directly after the proof of Lemma 2.4. From the technical point of view, the main
novelty of Theorem 1.1 is the sequence pMnqnPN. In the L2-case we can simply choose Mn “ n.

Theorem 1.3 follows from Theorem 4.1 and Lemmas 3.1, 3.2, 3.4, and 3.5. We present
the proof of Theorem 1.3 after the proof of Theorem 4.1. Let us sketch the proof of The-
orem 4.1. Although the result presented in Theorem 4.1 is purely deterministic, we use
probabilistic arguments to prove its statement. More precisely, we employ the theory of
full history recursive MLP approximations, which are numerical approximation methods for
which it is now (cf. Theorem 1.1) known that they overcome the curse of dimensionality.
We refer to [60] for the convergence analysis of MLP algorithms for semilinear PIDEs and
to [8, 9, 26, 37, 38, 39, 40, 41, 44, 45, 47, 57] for corresponding results proving that MLP algo-
rithms overcome the curse of dimensionality for PDEs without any non-local/ jump term in
L2-sense.

The main strategy of the proof of Theorem 4.1, roughly speaking, is to demonstrate that these
MLP approximations can be represented by DNNs, if the coefficients determining the linear part,
the terminal condition, and the nonlinear part are corresponding DNNs (cf. Lemma 3.15). Such
ideas have been successfully applied to prove that DNNs overcome the curse of dimensionality
in the numerical approximations of semilinear heat equations (see [1,42]) as well as semilinear
Kolmogorov PDEs (see [17]). We also refer to [31,52] for results proving that DNNs overcome
the curse of dimensionality when approximating linear PDEs.

More precisely, we represent ud as solution of the stochastic fixed point equation (SFPE)
(176) where the forward processes pXd,θ,t,x

s q are defined by (172) with drift µd and diffusion σd.
We define the MLP approximations in (170) involving the Euler-Maruyama approximations in
(169). Each Ud,θ,K,ε

n,m can be considered as approximation of the solution ud to the PDE (18). In

order to estimate the approximation error Ud,θ,K,ε
n,m ´ ud we decompose Ud,θ,K,ε

n,m ´ ud “ Ud,θ,K,ε
n,m ´

ud,ε`ud,ε´ud where ud,ε is defined by SFPE (177) where the forward processesXd,θ,ε,t,x here are
defined by (171) with drift µd

ε and diffusion σd
ε , which are DNN functions. The error Ud,θ,K,ε

n,m ´ud,ε
is the error bound for an MLP approximation involving Euler-Maruyama approximations and
therefore can be established in Lemma 2.4 (see (187)). The error ud,ε ´ ud can be estimated, as
in the L2 case, by the perturbation result in [17, Lemma 2.3]. The main difficulty in the case
of leaky ReLU and softplus activation is, compared to the case with ReLU, that here we have
another definition of the operator d than that in, e.g., [17] (see Setting 3.6 and Lemma 3.11)
and as a consequence we need to rebuild the whole DNN calculus.

The paper is organized as follows. In Section 2 we establish Lp-estimates for MLP approxima-
tions and prove our first main result, Theorem 1.1. In Section 3 we study DNN representations
for MLP approximations for PDEs of the form (18). In Section 4 we use the main representa-
tions in Section 3 to prove our second main result, Theorem 1.3.

2. MLP APPROXIMATIONS

2.1. Error bounds for abstract MLP approximations. In this section we establish Lp-estimate
for MLP approximations. More precisely, we extend [41, Corollary 3.12] and [41, Proposi-
tion 4.1] to Lp-estimates. First of all, we work with an abstract MLP setting, Setting 2.1, and
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prove Lp-error estimates, see Theorem 2.3. The main difference between the general Lp-case
and the L2-case is that in the Lp-case we appeal to the Marcinkiewicz-Zygmund inequality
(see [67, Theorem 2.1]). Having proven the Lp-error estimate we easily prove the Lp-error
estimate for MLP approximations involving Euler-Maruyama approximations, see Lemma 2.4.

Setting 2.1. Let d P N, pv P r1,8q, c, T P p0,8q, f P CpR,Rq, g P CpRd,Rq, V P
Cpr0, T s ˆ R

d, r1,8qq, Θ “ Ť
nPNZ

n. Let tθ : Ω Ñ r0, 1s, θ P Θ, be identically distributed
and independent random variables which satisfy for all t P r0, 1s that Ppt0 ď tq “ t. Let

pXθ,s,x
t qsPr0,T s,tPrs,T s,xPRd : tpσ, τq P r0, T s2 : σ ď τu ˆ R

d ˆ Ω Ñ R

d, θ P Θ, be measurable and

identically distributed and independent. Assume that pXθ,s,x
t qsPr0,T s,tPrs,T s,xPRd,θPΘ and ptθqθPΘ are

independent. Assume for all s P r0, T s, t P rs, T s, x P Rd, w1, w2 P R that

|gpxq| ď V pT, xq, |Tfp0q| ď V ps, xq, (20)

|fpw1q ´ fpw2q| ď c|w1 ´ w2|, (21)
∥

∥V pt, X0,s,x
t q

∥

∥

pv
ď V ps, xq. (22)

Let Uθ
n,m : r0, T s ˆRd ˆ Ω Ñ R, n,m P Z, θ P Θ, satisfy for all n,m P N, θ P Θ, t P r0, T s, x P Rd

that Uθ
´1,mpt, xq “ Uθ

0,mpt, xq “ 0 and

Uθ
n,mpt, xq “ 1

mn

mnÿ

i“1

gpXpθ,0,´iq,t,x
T q

`
n´1ÿ

ℓ“0

T ´ t

mn´ℓ

mn´ℓÿ

i“1

`
f ˝ U pθ,ℓ,iq

ℓ,m ´ 1
N

pℓqf ˝ U pθ,´ℓ,iq
ℓ´1,m

˘´
t` pT ´ tqtpθ,ℓ,iq, Xpθ,ℓ,iq,t,x

t`pT´tqtpθ,ℓ,iq

¯
.

(23)

Lemma 2.2 (Independence and distributional properties). Assume Setting 2.1. Then

(i) it holds for all n P N0, m P N, θ P Θ that Uθ
n,m and f ˝ Uθ

n,m are measurable,

(ii) it holds1 for all n P N0, m P N, θ P Θ that

SppUθ
n,mpt, xqqtPr0,T s,xPRdq Ď Spptpθ,ϑqqϑPΘ, pXpθ,ϑq,s,x

t qϑPΘ,sPr0,T s,tPrs,T s,xPRdq, (24)

(iii) it holds for all n P N0, m P N, θ P Θ that pUθ
n,mpt, xqqtPr0,T s,xPRd, pXθ,s,x

t qsPr0,T s,tPrs,T s,xPRd, and

tθ are independent,
(iv) it holds for all n,m P N0, m P N, i, j, k, ℓ, ν P Z, θ P Θ with pi, jq ‰ pk, lq that

pU pθ,i,jq
n,m pt, xqqtPr0,T s,xPRd, pU pθ,k,ℓq

n,m pt, xqqtPr0,T s,xPRd , tpθ,i,jq, and pXpθ,i,jq,s,x
t qsPr0,T s,tPrs,T s,xPRd are

independent, and
(v) it holds for all n P N0, m P N, t P r0, T s, x P Rd that Uθ

n,mpt, xq, θ P Θ, are identically

distributed.

Proof of Lemma 2.2. See [41, Lemma 3.2]. �

Theorem 2.3 (Lp-error estimates, p P r2,8q, for MLP approximations). Assume Setting 2.1. Let
p P r2,8q, q1 P r1,8q satisfy that pq1 ď pv. Then

(i) there exists a unique measurable u : r0, T s ˆRd Ñ R which satisfies for all t P r0, T s, x P Rd

that that Er|gpX0,t,x
T q|s `

şT
t
Er|fpups,X0,t,x

s qq|s ds` supyPRd,sPr0,T s
|ups,yq|
V ps,yq ă 8 and

upt, xq “ ErgpX0,t,x
T qs `

ż T

t

Erfpups,X0,t,x
s qqs ds (25)

and
(ii) we have for all m,n P N, t P r0, T s, x P Rd

∥

∥U0

n,mpt, xq ´ upt, xq
∥

∥

p
ď 2pp ´ 1qn

2 e5cTnem
p{2{pm´n{2V q1pt, xq. (26)

1Let pΩ,F ,Pq be a probability space, let n P N, and let pSk,Skq, k P t1, 2, ..., nu, be measurable spaces. Note

that for all Xk : Ω Ñ Sk, k P t1, 2, ..., nu, it holds that SpX1, X2, ..., Xnq is the smallest sigma-algebra on Ω with
respect to which X1, X2, ..., Xn are measurable.
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Proof of Theorem 2.3. For every random field H : r0, T s ˆ R

d ˆ Ω Ñ R and every s P r0, T s let
|||H |||s P r0,8s satisfy that

|||H |||s “ sup
tPrs,T s,xPRd

‖Hpt, xq‖p
pV pt, xqqq1 . (27)

Furthermore, for every random variable X : Ω Ñ R with Er|X|s ă 8 let VppXq P r0,8s satisfy
that VppXq “ ‖X ´ErXs‖2p.

First, measurability and [41, Proposition 2.2] (applied with d x d, T x T , L x c, O x R

d,
pXx

t,sqtPr0,T s,sPrt,T s,xPRd x pX0,t,x
s qtPr0,T s,sPrt,T s,xPRd , f x pr0, T s ˆR

d ˆ R Q pt, x, wq ÞÑ fpwq P Rq,
g x g, V x V in the notation of [41, Proposition 2.2]) show that there exists a unique

measurable u : r0, T s ˆ R

d Ñ R which satisfies for all t P r0, T s, x P Rd that Er|gpX0,t,x
T q|s `şT

t
Er|fpups,X0,t,x

s qq|s ds` supyPRd,sPr0,T s
|ups,yq|
V ps,yq ă 8 and

upt, xq “ ErgpX0,t,x
T qs `

ż T

t

Erfpups,X0,t,x
s qqs ds (28)

and we have for all t P r0, T s, x P Rd that
|upt,xq|
V pt,xq ď 2ecpT´tq. This, the fact that q1 ě 1, and (27)

imply for all s P r0, T s that

|||u|||s ď 2ecT . (29)

This proves (i).
Next, Jensen’s inequality, the fact that p ď pv, (22), and the fact that V ď V q1 show for all

t P r0, T s, x P Rd that

‖gpX0,t,x
T q‖p ď ‖V pT,X0,t,x

T q‖p ď ‖V pT,X0,t,x
T q‖pv ď V pt, xq ď V q1pt, xq. (30)

Next, the disintegration theorem, the measurability and independence properties, the fact that
pq1 ď pv, and Jensen’s inequality prove for all t P r0, T s, ℓ, ν P N0, x P Rd, H P span

R

ptf ˝
Uν
ℓ,m, f ˝ uuq that

∥

∥

∥
pT ´ tqHpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
∥

∥

∥

p
“ pT ´ tq

∥

∥

∥

∥

∥

∥

∥
‖Hpr, yq‖p

ˇ̌
y“X

0,t,x
r

∥

∥

∥

p

ˇ̌
ˇ
r“t`pT´tqt0

∥

∥

∥

∥

p

ď pT ´ tq
∥

∥

∥

∥

”
|||H |||r

∥

∥V q1pr,X0,t,x
r q

∥

∥

p

ıˇ̌
ˇ
r“t`pT´tqt0

∥

∥

∥

∥

p

ď pT ´ tq
∥

∥

∥
|||H |||t`pT´tqt0

∥

∥

∥

p
V q1pt, xq

(31)

Moreover, (27) and (21) show for all t P r0, T s and all random fields H,K : r0, T s ˆRd ˆΩ Ñ R

that |||pf ˝ Hq ´ pf ˝ Kq|||t ď c|||H ´ K|||t. This, (31), and the independence and distributional
properties imply for all t P r0, T s, ν, ℓ P N0, m,n P N, x P Rd that

∥

∥

∥
pT ´ tqppf ˝ Uν

ℓ,mq ´ pf ˝ uqqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
∥

∥

∥

p

ď pT ´ tq
∥

∥

∥

ˇ̌̌̌ ˇ̌
pf ˝ Uν

ℓ,mq ´ pf ˝ uq
ˇ̌̌̌ ˇ̌
t`pT´tqt0

∥

∥

∥

p
V q1pt, xq

ď pT ´ tqc
∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

ℓ,m ´ u
ˇ̌̌̌ ˇ̌
t`pT´tqt0

∥

∥

∥

p
V q1pt, xq.

(32)
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This and the triangle inequality show for all t P r0, T s, x P Rd, m, ℓ P N that
∥

∥

∥
pT ´ tq

”
ppf ˝ U0

ℓ,mq ´ pf ˝ U1

ℓ´1,mqqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ı∥
∥

∥

p

ď
∥

∥

∥
pT ´ tq

”
ppf ˝ U0

ℓ,mq ´ pf ˝ uqqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ı∥
∥

∥

p

`
∥

∥

∥
pT ´ tq

”
ppf ˝ U1

ℓ´1,mq ´ pf ˝ uqqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ı∥
∥

∥

p

ď
ℓÿ

j“ℓ´1

„
pT ´ tqc

∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

j,m ´ u
ˇ̌̌̌ˇ̌
t`pT´tqt0

∥

∥

∥

p


V q1pt, xq.

(33)

This, (23), the triangle inequality, the fact that @m P N : U0
0,m “ 0, the independence and

distributional properties, (30), (29), (33), and induction prove for all n P N0, m P N, x P Rd,
t P r0, T s, θ P Θ that

ˇ̌̌̌ ˇ̌
Uθ
n,m

ˇ̌̌̌ ˇ̌
t

`
∥

∥

∥
pT ´ tqpf ˝ Uθ

n,mqpt` pT ´ tqtθ, Xθ,t,x

t`pT´tqtθq
∥

∥

∥

p
ă 8. (34)

Next, linearity, the independence and distributional properties, and a telescoping sum argument
prove for all n,m P N, t P r0, T s, x P Rd that

ErU0

n,mpt, xqs “ 1

mn

mnÿ

i“1

ErgpXp0,0,´iq,t,x
T qs

`
n´1ÿ

ℓ“0

T ´ t

mn´ℓ

mn´ℓÿ

i“1

E

„`
f ˝ U p0,ℓ,iq

ℓ,m ´ 1
N

pℓqf ˝ U p0,´ℓ,iq
ℓ´1,m

˘´
t ` pT ´ tqtp0,ℓ,iq, Xp0,ℓ,iq,t,x

t`pT´tqtp0,ℓ,iq

¯

“ ErgpX0,t,x
T qs `

n´1ÿ

ℓ“0

pT ´ tq
«
E

”
pf ˝ U0

ℓ,mqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ı

´E
”
pf ˝ U0

ℓ´1,mqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ıff

“ ErgpX0,t,x
T qs ` pT ´ tqE

”
pf ˝ U0

n´1,mqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ı
.

(35)

Moreover, the disintegration theorem and the independence and distributional properties show
for all t P r0, T s, x P Rd that

upt, xq “ E

“
gpX0,t,x

T q
‰

` pT ´ tqE
”
pf ˝ uqpt` pT ´ tqt0, X0,t,x

t`pT´tqt0q
ı

(36)

This, the triangle inequality, (35), Jensen’s inequality, and (32) prove for all n,m P N, t P r0, T s,
x P Rd that

∣

∣

ErU0
n,mpt, xqs ´ upt, xq

∣

∣

V q1pt, xq ď pT ´ tqc
∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

n´1,m ´ u
ˇ̌̌̌ ˇ̌
t`pT´tqt0

∥

∥

∥

p
. (37)

Moreover, the Marcinkiewicz-Zygmund inequality (see [67, Theorem 2.1]), the fact that p P
r2,8q, the triangle inequality, and Jensen’s inequality show that for all n P N and all identically
distributed and independent random variables Xk, k P r1, ns XZ, with Er|X1|s ă 8 it holds that

˜
Vp

«
1

n

nÿ

k“1

Xk

ff¸1{2

“ 1

n

∥

∥

∥

∥

∥

nÿ

k“1

pXk ´ErXksq
∥

∥

∥

∥

∥

p

ď
?
p ´ 1

n

˜
nÿ

k“1

‖Xk ´ErXks‖2p

¸ 1

2

ď 2
?
p ´ 1‖X1‖p?

n
.

(38)
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This, (23), the triangle inequality, the independence and distributional properties, (30), and
(33) show for all n,m P N, t P r0, T s, x P Rd that

∥

∥U0
n,mpt, xq ´ErU0

n,mpt, xqs
∥

∥

p

V q1pt, xq “
`
VppU0

n,mpt, xqq
˘ 1

2

V q1pt, xq

ď

´
Vp

”
1

mn

řmn

i“1
gpXp0,0,´iq,t,x

T q
ı¯ 1

2

V q1pt, xq

`
n´1ÿ

ℓ“0

´
Vp

”
T´t
mn´ℓ

řmn´ℓ

i“1

`
f ˝ U p0,ℓ,iq

ℓ,m ´ 1
N

pℓqf ˝ U p0,´ℓ,iq
ℓ´1,m

˘´
t` pT ´ tqtp0,ℓ,iq, Xp0,ℓ,iq,t,x

t`pT´tqtp0,ℓ,iq

¯ı¯ 1

2

V q1pt, xq

ď
2

?
p´1‖gpX0,t,x

T
q‖

p?
mn ` řn´1

ℓ“1

2
?
p´1

∥

∥

∥

∥

pT´tq
`
f˝U0

ℓ,m
´1
N

pℓqf˝U1

ℓ´1,m

˘́
t`pT´tqt0 ,X0,t,x

t`pT´tqt0

¯∥
∥

∥

∥

p?
mn´ℓ

V q1pt, xq

ď 2
?
p ´ 1?
mn

`
n´1ÿ

ℓ“1

ℓÿ

j“ℓ´1

2
?
p ´ 1?
mn´ℓ

„
pT ´ tqc

∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

j,m ´ u
ˇ̌̌̌ ˇ̌
t`pT´tqt0

∥

∥

∥

p


.

(39)

In addition, the fact that t0 is uniformly distributed on r0, 1s and the substitution rule imply for
all s P r0, T s, t P r0, T s, and all measurable h : r0, T s Ñ R that

pT ´ tq
∥

∥hpt` pT ´ tqt0q
∥

∥

p
“ pT ´ tq1´ 1

p

„ż
1

0

pT ´ tq|hpt` pT ´ tqλq|p dλ
 1

p

(40)

“ pT ´ tq1´ 1

p

„ż T

t

|hpζq|p dζ
1

p

ď pT ´ sq1´ 1

p

„ż T

s

|hpζq|p dζ
 1

p

. (41)

This, (27), the triangle inequality, (37), (39), and the fact that @n,m P N, a0, a1, . . . , an´1 P
r0,8q : přn´1

ℓ“1

řℓ

j“ℓ´1

aj?
mn´ℓ

q ` an´1 ď řn´1

ℓ“0

2aℓ?
mn´ℓ´1

prove for all n,m P N, s P r0, T s that

ˇ̌̌̌ ˇ̌
U0

n,m ´ u
ˇ̌̌̌ ˇ̌
s

“ sup
tPrs,T s

∥

∥U0
n,mpt, xq ´ upt, xq

∥

∥

p

V q1pt, xq

ď sup
tPrs,T s

∥

∥U0
n,mpt, xq ´ErU0

n,mpt, xqs
∥

∥

p
`
∣

∣

E

“
U0
n,mpt, xq

‰
´ upt, xq

∣

∣

V q1pt, xq

ď sup
tPrs,T s

«
2
?
p ´ 1?
mn

`
n´1ÿ

ℓ“1

ℓÿ

j“ℓ´1

„
2
?
p ´ 1?
mn´ℓ

pT ´ tqc
∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

j,m ´ u
ˇ̌̌̌ ˇ̌
t`pT´tqt0

∥

∥

∥

p



` pT ´ tqc
∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

n´1,m ´ u
ˇ̌̌̌ˇ̌
t`pT´tqt0

∥

∥

∥

p

ff

ď sup
tPrs,T s

«
2
?
p ´ 1?
mn

`
n´1ÿ

ℓ“0

„
4
?
p ´ 1?

mn´ℓ´1
pT ´ tqc

∥

∥

∥

ˇ̌̌̌ ˇ̌
U0

ℓ,m ´ u
ˇ̌̌̌ ˇ̌
t`pT´tqt0

∥

∥

∥

p

ff

ď 2
?
p ´ 1?
mn

`
n´1ÿ

ℓ“0

«
4
?
p ´ 1?

mn´ℓ´1
pT ´ sq1´ 1

p c

„ż T

s

ˇ̌̌̌ ˇ̌
U0

ℓ,m ´ u
ˇ̌̌̌ ˇ̌p
ζ
dζ

 1

p

ff
.

(42)

Next, [41, Lemma 3.11] (applied for every s P r0, T s, n,m P N with M x m, N x n, τ x s,

a x 2
?
p ´ 1, b x 4pT ´ sq1´ 1

p c
?
p ´ 1, pfjqjPN0

x prs, T s Q t ÞÑ
ˇ̌̌̌ ˇ̌
U0
j,m ´ u

ˇ̌̌̌ ˇ̌
t

P r0,8sqjPN0
in the

notation of [41, Lemma 3.11]), (29), and the fact that @m P N : U0
0,m “ 0 prove for all m,n P N,
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s P r0, T s that

ˇ̌̌̌ ˇ̌
U0

n,m ´ u
ˇ̌̌̌ ˇ̌
s

ď
˜
2
a
p ´ 1 ` 4pT ´ sq1´ 1

p c
a
p ´ 1 ¨ pT ´ sq 1

p ¨ sup
tPrs,T s

|||u|||t

¸

¨ emp{2{pm´n{2
´
1 ` 4pT ´ sq1´ 1

p c
a
p ´ 1 ¨ pT ´ sq 1

p

¯n´1

ď
a
p ´ 1

`
2 ` 4cT ¨ 2ecT

˘
em

p{2{pm´n{2
´a

p ´ 1p1 ` 4cT q
¯n´1

ď 2pp ´ 1qn
2 ecT p1 ` 4cT qemp{2{pm´n{2p1 ` 4cT qn´1

ď 2pp ´ 1qn
2 e5cTnem

p{2{pm´n{2.

(43)

This and (27) imply for all m,n P N, t P r0, T s, x P Rd that

∥

∥U0

n,mpt, xq ´ upt, xq
∥

∥

p
ď 2pp ´ 1qn

2 e5cTnem
p{2{pm´n{2V q1pt, xq. (44)

This completes the proof of Theorem 2.3. �

2.2. Error bounds for MLP approximations involving Euler-Maruyama approximations.
Lemma 2.4 below extends [41, Proposition 4.1] to an Lp-estimate, p P r2,8q. Its proof can be
easily adapted from that of [41, Proposition 4.1]. However, we present it here for convenience
of the reader.

Lemma 2.4. Let d,K P N, T P p0,8q, p P r2,8q, β, b, c P r1,8q, p P rpβ,8q, ϕ P C2pRd, r1,8qq,
g P CpRd,Rq, f P CpR,Rq, µ P CpRd,Rdq, σ P CpRd,Rdˆdq. Assume for all x, y P Rd, z P Rdzt0u,
t P r0, T s, v, w P R that

max

#
|pϕ1pxqqpzq|

pϕpxqq
p´1

p ‖z‖
,

pϕ2pxqqpz, zq
pϕpxqq

p´2

p ‖z‖2
,
c‖x‖ ` ‖µp0q‖

pϕpxqq 1

p

,
c‖x‖ ` ‖σp0q‖

pϕpxqq 1

p

+
ď c, (45)

maxt|Tfp0q|, |gpxq|u ď bpϕpxqq
β
p , (46)

|gpxq ´ gpyq| ď b
pϕpxq ` ϕpyqq

β
p

?
T

‖x ´ y‖, |fpvq ´ fpwq| ď c|v ´ w|, (47)

maxt‖µpxq ´ µpyq‖, ‖σpxq ´ σpyq‖u ď c‖x´ y‖. (48)

Let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space which satisfies the usual conditions2. Let Θ “Ť
nPNZ

n. Let tθ : Ω Ñ r0, 1s, θ P Θ, be identically distributed and independent random variables.

Assume for all t P p0, 1q that Ppt0 ď tq “ t. Let W θ : r0, T s ˆ Ω Ñ R

d, θ P Θ, be independent
standard pFtqtPr0,T s-Brownian motions. Assume that ptθqθPΘ and pW θqθPΘ are independent. Let

t¨uK : R Ñ R satisfy for all t P R that ttuK “ maxpt0, T
K
, . . . ,

pK´1qT
T

, T u X pp´8, tq Y t0uqq. For

every θ P Θ, t P r0, T s, x P Rd let Y θ,t,x “ pY θ,t,x
s qsPrt,T s : rt, T s ˆ Ω Ñ R

d satisfy for all s P rt, T s
that Y θ,t,x

t “ x and

Y θ,t,x
s “ Y

θ,t,x

maxtt,tsuKu ` µpY θ,t,x

maxtt,tsuKuqps ´ maxtt, tsuKuq ` σpY θ,t,x

maxtt,tsuKuqpW θ
s ´ W θ

maxtt,tsuKuq. (49)

2Let T P r0,8q and let Ω “ pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space. Then we say that Ω satisfies

the usual conditions if and only if it holds that tA P F : PpAq “ 0u Ď F0 and @ t P r0, T q : Ft “ XsPpt,T sFs.
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Let Uθ
n,m : r0, T s ˆ R

d ˆ Ω Ñ R, n P Z, m P N, θ P Θ, satisfy for all θ P Θ, m P N, n P N0,

t P r0, T s, x P Rd that Uθ
´1,mpt, xq “ Uθ

0,mpt, xq “ 0 and

Uθ
n,mpt, xq “ 1

mn

mnÿ

i“1

gpY pθ,0,´iq,t,x
T q

`
n´1ÿ

ℓ“0

T ´ t

mn´ℓ

mn´ℓÿ

i“1

`
f ˝ U pθ,ℓ,iq

ℓ,m ´ 1
N

pℓqf ˝ U pθ,´ℓ,iq
ℓ´1,m

˘´
t` pT ´ tqtpθ,ℓ,iq, Y pθ,ℓ,iq,t,x

t`pT´tqtpθ,ℓ,iq

¯
.

(50)

Then the following items are true.

(i) For every t P r0, T s, θ P Θ there exists an up to indistinguishability unique continuous random
field Xθ,t,¨ “ pXθ,t,x

s qsPrt,T s,xPRd : rt, T s ˆ R

d ˆ Ω Ñ R

d which satisfies that for all x P Rd it

holds that pXθ,t,x
s qsPrt,T s is pFsqsPrt,T s-adapted and which satisfies that for all s P rt, T s, x P Rd

it holds P-a.s. that

Xθ,t,x
s “ x`

ż s

t

µpXθ,t,x
r q dr `

ż s

t

σpXθ,t,x
r q dW θ

r . (51)

(ii) For all θ P Θ, t P r0, T s, s P rt, T s, r P rs, T s, x P Rd that PpXθ,s,X
θ,t,x
s

r “ Xθ,t,x
r q “ 1.

(iii) There exists a unique measurable u : r0, T s ˆRd Ñ R which satisfies for all t P r0, T s, x P Rd

that
`
supsPr0,T s,yPRdr|ups, yq|pϕpyqq´β{ps

˘
`
şT
t
E

“
|fpups,X0,t,x

s qq|
‰
ds`E

“
|gpX0,t,x

T q|
‰

ă 8 and

upt, xq “ E

“
gpX0,t,x

T q
‰

`
ż T

t

E

“
fpups,X0,t,x

s qq
‰
ds. (52)

(iv) For all t P r0, T s, x P Rd, n P N0, m P N we have that Uθ
n,mpt, xq is measurable.

(v) For all t P r0, T s, x P Rd, m,n P N we have that

∥

∥U0

n,mpt, xq ´ upt, xq
∥

∥

p
ď 12bc2e9c

3T pϕpxqq
β`1

p

„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K


. (53)

Proof of Lemma 2.4. Observe that (48) prove (i) and (ii). For the rest of the proof let ∆ “
tpt, sq P r0, T s2 : t ď su and Xk “ pXk,t,x

s qtPr0,T s,sPrt,T s,xPRd : ∆ ˆ R

d ˆ Ω Ñ R

d satisfy for all

t P r0, T s, s P rt, T s, x P R

d that X0,t,x
s “ X0,t,x

s and X1,t,x
s “ Y 0,t,x

s . For every x P R

d let
Yx “ pYx

t qtPr0,T s : r0, T s ˆ Ω Ñ R

d satisfy for all t P r0, T s that Yx
t “ x ` µpxqt ` σpxqWt. For

every x P Rd, n P N let τxn : Ω Ñ r0, T s satisfy that τxn “ infptT u Y tt P r0, T s : rsupsPr0,ts ϕpYx
sqs `şt

0

řd
i“1

|pϕ1pYx
s qqpσipxqq|2 ds ě nuq. Next, the triangle inequality, (48), and (45) prove for all

x P Rd that

maxt‖µpxq‖, ‖σpxq‖u ď maxt‖µpxq ´ µp0q‖ ` ‖µp0q‖, ‖σpxq ´ σp0q‖ ` ‖σp0q‖u
ď maxtc‖x‖ ` ‖µp0q‖, c‖x‖ ` ‖σp0q‖u ď cpϕpxqq 1

p

(54)
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This, (45), and the fact that @ a, b P r0,8q, λ P p0, 1q : aλb1´λ ď λa ` p1 ´ λqb imply that for all
x, y P Rd it holds that

|pϕ1pyqqpµpxqq| ` 1

2

∣

∣

∣

∣

∣

dÿ

k“1

pϕ2pyqqpσkpxq, σkpxqq
∣

∣

∣

∣

∣

ď cpϕpyqq1´ 1

p‖µpxq‖ ` c

2
pϕpyqq1´ 2

p

dÿ

k“1

‖σkpxq‖2

“ cpϕpyqq1´ 1

p‖µpxq‖ ` c

2
pϕpyqq1´ 2

p‖σpxq‖2

ď cpϕpyqq1´ 1

p cpϕpxqq 1

p ` c

2
pϕpyqq1´ 2

p c2pϕpxqq 2

p

ď c2
„ˆ

1 ´ 1

p

˙
ϕpyq ` 1

p
ϕpxq


` c3

2

„ˆ
1 ´ 2

p

˙
ϕpyq ` 2

p
ϕpxq



ď
„
c3
ˆ
1 ´ 1

p

˙
` c3

2

ˆ
1 ´ 2

p

˙
ϕpyq `

„
c3

p
` 2c3

2p


ϕpxq

“
ˆ
3c3

2
´ 2c3

p

˙
ϕpyq ` 2c3

p
ϕpxq.

(55)

Combining this and, e.g., [18, Lemma 2.2] (applied for every t P r0, T q, s P rt, T s, x P Rd, θ P Θ

with T x T ´ t, O x R

d, V x pr0, T ´ ts ˆRd Q ps, xq ÞÑ ϕpxq P r0,8qq, α x pr0, T ´ ts Q s ÞÑ
2c3 P r0,8qq, τ x s ´ t, X x pXθ,t,x

t`r qrPr0,T´ts in the notation of [18, Lemma 2.2]) demonstrates

that for all θ P Θ, x P Rd, t P r0, T s, s P rt, T s it holds that

E

“
ϕpXθ,t,x

s q
‰

ď e2c
3ps´tqϕpxq. (56)

Itô’s formula, (55), and the fact that ϕ ě 1 imply that for all x P Rd, t P r0, T s it holds that

ErϕpYx
mintτxn ,tuqs

“ ϕpxq `E
«ż

mintτxn ,tu

0

pϕ1pYx
s qqpµpxqq ` 1

2

mÿ

k“1

pϕ2pYx
s qqpσkpxq, σkpxqq ds

ff

ď ϕpxq `E
«ż

mintτxn ,tu

0

ˆ
3c3

2
´ 2c3

p

˙
ϕpYx

sq ` 2c3

p
ϕpxq ds

ff

ď ϕpxq
ˆ
1 ` 2c3t

p

˙
`
ˆ
3c3

2
´ 2c3

p

˙
E

„ż t

0

ϕpYx
s q1r0,τxn spsq ds



ď ϕpxq
ˆ
1 ` 2c3t

p

˙
`
ˆ
3c3

2
´ 2c3

p

˙ż t

0

ErϕpYx
mintτxn ,suqs ds.

(57)

Gronwall’s inequality and the fact that for all a P R it holds that 1`a ď ea therefore assure that
for all x P Rd, t P r0, T s it holds that

ErϕpYx
mintτxn ,tuqs ď exp

ˆ„
3c3

2
´ 2c3

p


t

˙„
1 ` 2c3t

p


ϕpxq ď e2c

3tϕpxq. (58)

Fatou’s lemma hence proves that for all x P Rd, t P r0, T s it holds that

E

“
ϕpx` µpxqt ` σpxqWtq

‰
“ ErϕpYx

t qs ď e2c
3tϕpxq. (59)

The tower property for conditional expectations, the fact that for all t P r0, T s, s P rt, T s, θ P Θ

it holds that W θ
s ´ W θ

t and Ft are independent, and the fact that for all t P r0, T s, s P rt, T s,
θ P Θ, B P BpRdq it holds that PppW θ

s ´W θ
t q P Bq “ PpW θ

s´t P Bq hence prove that for all θ P Θ,
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x P Rd, t P r0, T s, s P rt, T s it holds that

E

“
ϕpY θ,t,x

s q
‰

“ E

„
E

”
ϕ
`
Y

θ,t,x

maxtt,tsuKu ` µpY θ,t,x

maxtt,tsuKuqps ´ maxtt, tsuKuq

` σpY θ,t,x

maxtt,tsuKuqpW θ
s ´ W θ

maxtt,tsuKuq
˘ˇ̌
ˇFtsuK

ı

“ E

«
E

”
ϕ
`
z ` µpzqps ´ maxtt, tsuKuq ` σpzqpW θ

s´maxtt,tsuKuq
˘ıˇ̌
ˇ
z“Y

θ,x

t,maxtt,tsuK u

ff

ď e2c
3ps´maxtt,tsuKuq

E

”
ϕ
`
Y

θ,t,x

maxtt,tsuKu
˘ı
.

(60)

Induction and (49) hence show that for all θ P Θ, x P Rd, t P r0, T s, s P rt, T s it holds that

E

“
ϕpY θ,t,x

s q
‰

ď e2c
3ps´tqϕpxq. Jensen’s inequality and (56) therefore prove that for all q P r0, ps,

θ P Θ, x P Rd, t P r0, T s, s P rt, T s it holds that

max
 
E

“
pϕpY θ,t,x

s qq
q
p

‰
,E

“
pϕpXθ,t,x

s qq
q
p

‰(

ď max
!`
E

“
ϕpY θ,t,x

s q
‰˘ q

p ,
`
E

“
ϕpXθ,t,x

s q
‰˘ q

p

)
ď e2qc

3ps´tq{ppϕpxqq
q
p .

(61)

Moreover, observe that the fact that µ is continuous, the fact that σ is continuous, the fact that
for all θ P Θ, ω P Ω it holds that r0, T s Q t ÞÑ W θ

t pωq P Rd is continuous, and Fubini’s theorem
imply that for all θ P Θ and all measurable η : r0, T s ˆRd Ñ r0,8q it holds that

∆ ˆRd Q pt, s, xq ÞÑ E

“
η
`
s, Y θ,t,x

s

˘‰
P r0,8s (62)

is measurable. Furthermore, note that (45), (48), (55), and, e.g., [7, Lemma 3.7] (applied with

O x R

d, V x pr0, T s ˆRd Q pt, xq ÞÑ e´2c3t{pϕpxq P p0,8qq in the notation of [7, Lemma 3.7])
imply that ∆ˆRd ˆRd Q pt, s, x, yq ÞÑ

`
s,Xθ,t,x

s , Xθ,t,y
s

˘
P L0pΩ;RˆRd ˆRdq is continuous. This

and the dominated convergence theorem prove that for all θ P Θ and all bounded and continu-
ous η : r0, T s ˆRd ˆRd Ñ r0,8q it holds that ∆ˆRd ˆRd Q pt, s, x, yq ÞÑ E

“
η
`
s,Xθ,t,x

s , Xθ,t,y
s

˘‰
P

r0,8s is continuous. Hence, we obtain that for all θ P Θ and all bounded and continuous
η : r0, T sˆRdˆRd Ñ r0,8q it holds that ∆ˆRdˆRd Q pt, s, x, yq ÞÑ E

“
η
`
s,Xθ,t,x

s , Xθ,t,y
s

˘‰
P r0,8s

is measurable. This implies that for all θ P Θ and all measurable η : r0, T s ˆRd ˆRd Ñ r0,8q it
holds that

∆ ˆRd ˆRd Q pt, s, x, yq ÞÑ E

“
η
`
s,Xθ,t,x

s , Xθ,t,y
s

˘‰
P r0,8s (63)

is measurable. Combining (62), (61), (46), (47), and [41, Proposition 2.2] (applied for every
k P t0, 1u with L x c, O x R

d, pXx
t,sqpt,s,xqP∆ˆRd x pXk,t,x

s qpt,s,xqP∆ˆRd, V x pr0, T s ˆ R

d Q
ps, xq ÞÑ e2c

3βpT´sq{ppϕpxqqβ{p P p0,8qq in the notation of [41, Proposition 2.2]) hence establishes
that

a) there exist unique measurable uk : r0, T s ˆ R

d Ñ R, k P t0, 1u, which satisfy for all

k P t0, 1u, t P r0, T s, x P R

d that supsPr0,T s supxPRd

“
|ukps, xq|pϕpxqq´β{p‰ ` E

“∣
∣g
`
X

k,t,x
T

˘∣
∣ `şT

t

∣

∣f
`
s,Xk,t,x

s , uk
`
s,Xk,t,x

s

˘˘∣
∣ ds

‰
ă 8 and

ukpt, xq “ E

„
g
`
X

k,t,x
T

˘
`
ż T

t

f
`
s,Xk,t,x

s , ukps,Xk,t,x
s q

˘
ds


(64)

and
b) it holds for all k P t0, 1u that

sup
tPr0,T s

sup
xPRd

„ |ukpt, xq|
e2c

3βpT´tq{ppϕpxqqβ{p


ď sup

tPr0,T s
sup
xPRd

„„ |gpxq|
pϕpxqqβ{p ` |Tfpt, x, 0q|

pϕpxqqβ{p


ecT


ď 2becT . (65)
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This proves (iii). Moreover, note that [41, Lemma 3.2] establishes (iv). Next observe that (54)
and (61) demonstrate that for all θ P Θ, t P r0, T s, r P rt, T s, x P Rd it holds that

max
!
E

”
∥

∥µpY θ,t,x

maxtt,truKuq
∥

∥

2
ı
,E

”
‖σpY θ,t,x

maxtt,truKuq‖
ı)

ď c2E
”`
ϕ
`
Y

θ,t,x

maxtt,truKu
˘˘ 2

p

ı
ď c2e4c

3pr´tq{ppϕpxqq 2

p .
(66)

Furthermore, note that (49) demonstrates that for all t P r0, T s, r P rt, T s, x P Rd, θ P Θ it holds

that σptY θ,t,x

maxtt,truKuuq Ď Fr. Combining this and (66) with the fact that for all t P r0, T s, x P Rd

it holds that Er‖σpxqWt‖
2s “ ‖σpxq‖2t shows that for all θ P Θ, t P r0, T s, r P rt, T s, x P Rd it

holds that

E

”
∥

∥σpY θ,t,x

maxtt,truKuqpW θ
r ´ W θ

maxtt,truKuq
∥

∥

2
ı

“ E

«
E

”››σpyqpW θ
r ´ W θ

maxtt,truKuq
››2
ıˇ̌
ˇ
y“Y

θ,x

t,maxtt,truKu

ff

“ E

”
‖σpY θ,x

t,maxtt,truKuq‖2pr ´ maxtt, truKuq
ı

ď E

„
‖σpY θ,x

t,maxtt,truKuq‖2 T
K


ď c2e4c

3pr´tq{ppϕpxqq 2

p
T

K
.

(67)

This, (49), the triangle inequality, and (66) imply that for all θ P Θ, t P r0, T s, r P rt, T s, x P Rd

it holds that

´
E

”
∥

∥Y
θ,t,x

maxtt,truKu ´ Y θ,t,x
r

∥

∥

2
ı¯ 1

2

ď
´
E

”
∥

∥µpY θ,t,x

maxtt,truKuq
∥

∥

2
ı¯ 1

2 pr ´ maxtt, truKuq

`
´
E

”
∥

∥σpY θ,x

t,maxtt,truKuqpW θ
r ´ W θ

maxtt,truKuq
∥

∥

2
ı¯ 1

2

ď ce2c
3pr´tq{ppϕpxqq 1

p

ˆ
T

K

˙ 1

2

|r ´ t|
1

2 ` ce2c
3pr´tq{ppϕpxqq 1

p

ˆ
T

K

˙ 1

2

“ c
“
|r ´ t|

1

2 ` 1
‰
e2c

3pr´tq{ppϕpxqq 1

p

ˆ
T

K

˙ 1

2

.

(68)

Next, note that (48) and the fact that c ě 1 assure that for all z, y P Rd with z ‰ y it holds that

xz ´ y, µpzq ´ µpyqy ` 1

2
‖σpzq ´ σpyq‖2

}z ´ y}2 ` p2

2
´ 1q‖pσpzq ´ σpyqqTpz ´ yq‖2

‖z ´ y‖4
ď 2c2. (69)

This, [36, Theorem 1.2] (applied for every θ P Θ, t P r0, T q, s P pt, T s, x P Rd with H x R

d,
U x R

m, D x R

d, T x ps ´ tq, pFrqrPr0,T s x pFr`tqrPr0,s´ts, pWrqrPr0,T s x pW θ
t`r ´ W θ

t qrPr0,s´ts,

pXrqrPr0,T s x pXθ,t,x
t`r qrPr0,s´ts, pYrqrPr0,T s x pY θ,t,x

t`r qrPr0,s´ts, parqrPr0,T s x pµpY θ,x

t,maxtt,tt`ruKuqqrPr0,s´ts,

pbrqrPr0,T s x pσpY θ,t,x

maxtt,tt`ruKuqqrPr0,s´ts, ǫ x 1, p x 2, τ x pΩ Q ω ÞÑ s ´ t P r0, s ´ tsq, α x 1,

β x 1, r x 2, q x 8 in the notation of [36, Theorem 1.2]), (48), (68), the fact that for all
t P r0,8q it holds that

?
tp

?
t` 1q ď et, the fact that 1 ď c, and the fact that p ě 2 imply that for
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all θ P Θ, t P r0, T s, s P rt, T s, x P Rd it holds that

´
E

”
∥

∥Xθ,t,x
s ´ Y θ,t,x

s

∥

∥

2
ı¯ 1

2

ď sup
z,yPRd,
z‰y

exp

˜ż s

t

«
xz ´ y, µpzq ´ µpyqy ` p2´1qp1`1q

2
‖σpzq ´ σpyq‖2

}z ´ y}2 ` 1 ´ 1

2

1
`

1

2
´ 1

2

1

ff`

dr

¸

¨
«ˆż s

t

E

”
∥

∥µ
`
Y

θ,t,x

maxtt,truKu
˘

´ µ
`
Y θ,t,x
r

˘∥
∥

2
ı
dr

˙1

2

`
c

p2 ´ 1qp1 ` 1q
1

ˆż s

t

E

”
‖σ

`
Y

θ,t,x

maxttruKu
˘

´ σ
`
Y θ,t,x
r

˘
‖2
ı
dr

˙ 1

2

ff

ď e3c
2ps´tq3c

˜
|s ´ t| sup

rPrt,ss
E

”
∥

∥Y
θ,t,x

maxtt,truKu ´ Y θ,t,x
r

∥

∥

2
ı¸ 1

2

ď e3c
2ps´tq3c|s´ t|

1

2 c
“
|s´ t|

1

2 ` 1
‰
e2c

3ps´tq{ppϕpxqq 1

p

ˆ
T

K

˙ 1

2

ď 3c2e4c
2T e2c

3ps´tq{ppϕpxqq 1

p

ˆ
T

K

˙ 1

2

.

(70)

Next, observe that (i), (69), and [18, Corollary 2.26] (applied for every t P r0, T q, s P pt, T s
with T x s´ t, O x R

d, pFrqrPr0,T s x pFt,t`rqrPr0,s´ts, pWrqrPr0,T s x pW 0
t`r ´W 0

t qrPr0,s´ts, α0 x 0,

α1 x 0, β0 x 0, β1 x 0, c x 2c2, r x 2, p x 2, q0 x 8, q1 x 8, U0 x pRd Q x ÞÑ 0 P Rq,
U1 x pRd Q x ÞÑ 0 P r0,8qq, U x pRd Q x ÞÑ 0 P Rq, pXx

r qrPr0,T s,xPRd x pX0,t,x
t`r qrPr0,s´ts,xPRd in

the notation of [18, Corollary 2.26]) demonstrate that for all t P r0, T q, s P pt, T s, x, y P Rd it

holds that pEr‖X0,t,x
s ´ X0,t,y

s ‖2sq
1

2 ď e2c
2ps´tq‖x ´ y‖. This and (70) imply that for all t P r0, T s,

s P rt, T s, r P rs, T s, x, y P Rd it holds that

ˆ
E

„
E

”
∥

∥X0,s,x
r ´ X0,s,y

r

∥

∥

2
ıˇ̌
ˇ
px,yq“pX0,t,x

s ,Y
0,t,x
s q

˙ 1

2

ď
ˆ
E

„”
e2c

2pr´sq ∥
∥X0,t,x

s ´ Y 0,t,x
s

∥

∥

ı2˙ 1

2

ď e2c
2pr´sq3c2e4c

2T e2c
3ps´tq{ppϕpxqq 1

p

ˆ
T

K

˙ 1

2

ď 3c2e4c
2T

ˆ
T

K

˙ 1

2 “
e4c

3pT´tq{ppϕpxqq 2

p

‰ 1

2 .

(71)

Furthermore, note that (i) and Tonelli’s theorem ensure that for all t P r0, T s, s P rt, T s,
r P rs, T s, x, y P Rd and all measurable h : Rd ˆRd Ñ r0,8q it holds that Rd ˆRd Q py1, y2q ÞÑ
E

“
h
`
X0,s,y1

r , X0,s,y2
r

˘‰
P r0,8s is measurable. Moreover, observe that (i) assures that for all

t P r0, T s, s P rt, T s, r P rs, T s, x, y P Rd it holds that X0,t,x
s and X0,s,y

r are independent. This
and the disintegration theorem show that for all t P r0, T s, s P rt, T s, r P rs, T s, x, y P R

d

and all measurable h : Rd ˆ R

d Ñ r0,8q it holds that E
“
E

“
h
`
X0,s,x̃

r , X0,s,ỹ
r

˘‰
|
x̃“X

0,t,x
s ,ỹ“X

0,t,y
s

‰
“

E

“
h
`
X0,t,x

r , X0,t,y
r

˘‰
. Combining (i), (49), (61), (63), (47), (71), (64), (65), [41, Lemma 2.3]

(applied with L x c, ρ x 2c3, η x 1, δ x 3c2e4c
2T

`
T
K

˘ 1

2 , p x p{β, q x 2,

pXx,1
t,s qtPr0,T s,sPrt,T s,xPRd x pX0,t,x

s qtPr0,T s,sPrt,T s,xPRd, pXx,2
t,s qtPr0,T s,sPrt,T s,xPRd x pY 0,t,x

s qtPr0,T s,sPrt,T s,xPRd ,

V x bp{βϕ, ψ x
`
r0, T s ˆ R

d Q pt, xq ÞÑ e4c
3pT´tq{ppϕpxqq 2

p P p0,8q
˘
, u1 x u0, u2 x u1 in the

notation of [41, Lemma 2.3]), the fact that 1` cT ď ecT , the fact that c ě 1, the fact that ϕ ě 1,
the fact that p ě 2, and the fact that p ě 2β hence implies that for all t P r0, T s, x P Rd it holds
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that

|u0pt, xq ´ u1pt, xq|

ď 4p1 ` cT qT´ 1

2 ecT`p2c3β{p`cqT pbp{βϕpxqq
β
p

“
e4c

3pT´tq{ppϕpxqq 2

p

‰ 1

23c2e4c
2T

ˆ
T

K

˙ 1

2

ď 4ecTT´ 1

2 ecT`c3T`cT bpϕpxqq
β
p ec

3T pϕpxqq 1

p3c2e4c
2T

ˆ
T

K

˙ 1

2

ď 12bc2T´ 1

2 e9c
3T pϕpxqq

β`1

p

ˆ
T

K

˙ 1

2

.

(72)

For the rest of this proof let V P Cpr0, T s ˆRd, r1,8qq satisfy for all t P r0, T s, x P Rd that

V pt, xq “ be
2c3βpT´tq

p pϕpxqq
β
p . (73)

Then (61) and the fact that p ě pβ show for all t P r0, T s, s P rt, T s, x P Rd that

∥

∥V ps, Y 0,t,x
s q

∥

∥

p
“ be

2c3βpT´sq
p

∥

∥

∥
ϕpY 0,t,x

s q
β
p

∥

∥

∥

p
ď be

2c3βpT´sq
p e

2c3βps´tq
p pϕpxqq

β
p “ V pt, xq. (74)

Then Theorem 2.3 (applied with d x d, pv x p, c x c, T x T , f x f , g x g, V x V ,
Θ x Θ, ptθqθPΘ x ptθqθPΘ, X x Y , pUθ

n,mqθPΘ,n,mPZ x pUθ
n,mqθPΘ,n,mPZ, p x p, q1 x 1 in the

notation of Theorem 2.3), (50), and the independence and distributional assumptions show for
all m,n P N, t P r0, T s, x P Rd that

∥

∥U0

n,mpt, xq ´ u1pt, xq
∥

∥

p
ď 2pp ´ 1qn

2 e5cTnem
p{2{pm´n{2V pt, xq

ď 2p
n
2 e5cTnem

p{2{pm´n{2be
2c2βT

p pϕpxqq
β
p .

(75)

This, the triangle inequality, the fact that p ě 2β, and the fact that ϕ ě 1 show for all t P r0, T s,
x P Rd that

∥

∥U0

n,mpt, xq ´ u0pt, xq
∥

∥

p

ď
∥

∥U0

n,mpt, xq ´ u1pt, xq
∥

∥

p
` |u0pt, xq ´ u1pt, xq|

ď 2p
n
2 e5cTnem

p{2{pm´n{2be
2c2βT

p pϕpxqq
β
p ` 12bc2T´ 1

2 e9c
3T pϕpxqq

β`1

p

ˆ
T

K

˙ 1

2

ď 12bc2e9c
3T pϕpxqq

β`1

p

„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K


(76)

This completes the proof of Lemma 2.4. �

2.3. Complexity analysis for MLP approximations involving Euler-Maruyama approxima-
tions. We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. For every d P N let ϕd P CpRd,Rq satisfy for all x P Rd that

ϕdpxq “ 2pcpdcppd2c ` ‖x‖2q p

2 . (77)

Then (154) shows for all d P N, x P Rd that

maxt‖µdp0q‖ ` c‖x‖, ‖σdp0q‖ ` c‖x‖u
ď cdc ` c‖x‖ “ cpdc ` ‖x‖q ď 2cpd2c ` ‖x‖2q 1

2 ď cpϕdpxqq 1

p .
(78)

Next, [47, Lemma 2.6] (applied for every d P N with d x d, m x d, a x d2c, c x 0, p x p{2,
µ x 0, σ x 0, ϕ x ϕd{p2pcpdpcq in the notation of [47, Lemma 2.6]) and (77) show for all
x, z P Rd that

‖pϕ1
dpxqqpzq‖ ď ppϕdpxqq1´ 1

p ‖z‖, ‖pϕ2
dpxqqpz, zq‖ ď p2pϕdpxqq1´ 2

p‖z‖2. (79)
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This, (78), and the fact that p2 ď c show for all d P N, ε P p0, 1q, x, z P Rd that

max

#
|pϕ1

dpxqqpzq|
pϕdpxqq

p´1

p ‖z‖
,

pϕ2
dpxqqpz, zq

pϕdpxqq
p´2

p ‖z‖2
,
c‖x‖ ` ‖µdp0q‖

pϕdpxqq 1

p

,
c‖x‖ ` ‖σdp0q‖

pϕdpxqq 1

p

+
ď c. (80)

Next, (1) and (77) show for all d P N, x P Rd that

maxt|Tfp0q|, |gdpxq|u ď pϕdpxqq 1

p . (81)

Furthermore, (2) show for all d P N, x, y P Rd that

|gdpxq ´ gdpyq| ď c?
T
‖x´ y‖ ď pϕdpxqq 1

p ` pϕdpyqq 1

p

2
?
T

‖x´ y‖ ď pϕdpxq ` ϕdpyqq 1

p

?
T

‖x´ y‖. (82)

This, Lemma 2.4 (applied for every d,K P N with T x T , p x p, β x 1, b x 1, c x c,
p x β, ϕ x ϕd, g x gd, f x f , µ x µd, σ x σd, ptθqθPΘ x ptθqθPΘ, pW θqθPΘ x pW d,θqθPΘ,
pY θ,t,xqθPΘ,tPr0,T s,xPRd x pY d,θ,K,t,xqθPΘ,tPr0,T s,xPRd, pUθ

n,mqθPΘ,n,mPZ x pUd,θ,K
n,m qθPΘ,n,mPZ in the nota-

tion of Lemma 2.4) , (80), (81), (3), and (2) show that the following items are true.

(A) For every t P r0, T s, θ P Θ, d P N there exists an up to indistinguishability unique continuous
random field Xd,θ,t,¨ “ pXd,θ,t,x

s qsPrt,T s,xPRd : rt, T s ˆRd ˆ Ω Ñ R

d which satisfies that for all

x P R

d it holds that pXd,θ,t,x
s qsPrt,T s is pFsqsPrt,T s-adapted and which satisfies that for all

s P rt, T s, x P Rd it holds P-a.s. that

Xd,θ,t,x
s “ x `

ż s

t

µdpXd,θ,t,x
r q dr `

ż s

t

σdpXd,θ,t,x
r q dW d,θ

r . (83)

(B) For every d P N there exists a unique measurable ud : r0, T s ˆ R

d Ñ R which satisfies for
all t P r0, T s, x P Rd that

˜
sup

sPr0,T s,yPRd

r|udps, yq|pϕdpyqq´1{ps
¸

`
ż T

t

E

“
|fpudps,Xd,0,t,x

s qq|
‰
ds`E

“
|gdpXd,0,t,x

T q|
‰

ă 8 (84)

and

udpt, xq “ E

”
gdpXd,0,t,x

T q
ı

`
ż T

t

E

“
fpudps,X0,t,x

s qq
‰
ds. (85)

(C) For all d,K,m P N, t P r0, T s, x P Rd, n P N0 we have that Ud,θ,K
n,m pt, xq is measurable.

(D) For all t P r0, T s, x P Rd, m,n P N we have that

∥

∥Ud,0,K
n,m pt, xq ´ udpt, xq

∥

∥

p
ď 12c2e9c

3T pϕdpxqq 2

p

„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K


. (86)

Next, the triangle inequality, (1), (2), and the fact that @ x P Rd : p1 ` xq2 ď 1p1 ` x2q show for
all d P N, x P Rd that

xx, µdpxqy ď ‖x‖
`
‖µdpxq ´ µdp0q‖ ` ‖µdp0q‖

˘

ď ‖x‖pc‖x‖ ` cdcq
ď p1 ` ‖x‖q2cdc

ď 2cdcp1 ` ‖x‖2q.

(87)

Furthermore, the Cauchy-Schwarz inequality implies for all d P N, x, y P Rd that

‖σdpxqy‖2 “
dÿ

i“1

∣

∣

∣

∣

∣

dÿ

j“1

pσdqijpxqyj

∣

∣

∣

∣

∣

2

ď
dÿ

i“1

˜
dÿ

j“1

|pσdqijpxq|2
¸˜

dÿ

j“1

|yj|
2

¸
ď ‖σpxq‖2‖y‖2. (88)

This and (2) show for all d P N, x, y P Rd that

‖σdpxqy‖ ď ‖σdpxq‖‖y‖ ď p‖σdpxq ´ σdp0q‖ ` ‖σdp0q‖q‖y‖ ď pc‖x‖ ` cdcq‖y‖ ď cdcp1 ` ‖x‖q‖y‖.
(89)
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This, (87), [10, Theorem 1.1] (applied for every d P N with d x d, L x 2cdc, T x T ,
µ x µd, σ x σd, f x pRd ˆ R Q px, wq ÞÑ f dpwq P Rq, g x gd, W x W d,θ in the notation
of [10, Theorem 1.1]), (2), the fact that for every d P N, gd is polynomially growing (cf. (1)),
and the fact that for every d P N, ud is polynomially growing (cf. (77) and (84)) show for every
d P N that ud is the unique at most polynomially growing viscosity solution of

Bud
Bt pt, xq ` 1

2
tracepσdpσdpxqqJpHessxudpt, xqqq ` xµdpxq, p∇xu

dqpt, xqy ` fpudpt, xqq “ 0 (90)

with udpT, xq “ gdpxq for t P p0, T q ˆRd. This establishes (i).
Next, (86) show that there exists κ P p0,8q such that for all d,m, n P N we have that

sup
tPr0,T s,xPr0,ksd

∥

∥Ud,0,mn

n,m pt, xq ´ udpt, xq
∥

∥

p
ď sup

xPr0,ksd

´
12c2e9c

3T pϕdpxqq 2

p 3p
n
2 e5cTnem

p{2{pm´n{2
¯

ď κdκp
n
2 e5cTnem

p{2{pm´n{2.

(91)

For every ε P p0, 1q let

Nε “ inf

#
n P N :

˜
p

1

2 e5cT expp pMnqp{2

n
q

pMnq 1

2

¸n

ď ε

+
. (92)

For every ǫ P p0, 1q, d P N let

εpd, ǫq “ ǫ

κdκ
, npd, ǫq “ Nεpd,ǫq. (93)

For every δ P p0, 1q let

Cδ “ sup
εPp0,1q

“
ε4`δp3MNε

q2Nε
‰
. (94)

Next, [43, Lemma 4.5] and the definition of pMnqnPN show that lim infjÑ8 Mj “ 8,

lim supjÑ8
pMjqp{2

j
ă 8, and supkPN

Mk`1

Mk
ă 8. Then (94) and [2, Lemma 5.1] (applied with

L x 1, T x p
1

2 e5cT ´ 1, pmkqkPN x pMkqkPN in the notation of [2, Lemma 5.1]) show for all
δ, ε P p0, 1q that Nε ă 8 and Cδ ă 8. Next, (91) and (92) show for all d P N, ǫ P p0, 1q that

sup
tPr0,T s,xPr0,ksd

∥

∥

∥
U

d,0,pMnpd,εqqnpd,εq

npd,εq,Mnpd,εq
pt, xq ´ udpt, xq

∥

∥

∥

p
ď κdκp

n
2 e5cTNεpd,ǫqe

pMNεpd,ǫq
qp{2{ppMNεpd,ǫq

q´Nεpd,ǫq{2

ď κdκεpd, ǫq “ ǫ.

(95)

Next, (6) show for all d,K, n,m P N that

C
d,K
0,m “ 0, Cd,K

n,m ď 2cdcKmn `
n´1ÿ

ℓ“0

mn´ℓ
´
3cdcK ` C

d,K
ℓ,m ` C

d,K
ℓ´1,m

¯
. (96)

This and [8, Lemma 3.14] show for all d,K,m, n P N that

Cd,K
n,m ď 3cdcKp3mqn. (97)

This, (93), and (94) show that for all d P N, ǫ P p0, 1q that

C
d,pMnpd,ǫqqnpd,ǫq

npd,ǫq,Mnpd,ǫq
“ C

d,pMNεpd,ǫq
qNεpd,ǫq

Nεpd,ǫq,MNεpd,ǫq
ď cdcp3MNεpd,ǫq

q2Nεpd,ǫq

ď cdcCδpεpd, εqq´p4`δq “ cdcCδ

´ ǫ

κdκ

¯´p4`δq
“ cdcpκdκq4`δǫ´p4`δq.

(98)

This, (95), (93), the fact that @ ε P p0, 1q : Nε ă 8, and the fact that @ δ P p0, 1q : Cδ ă 8
complete the proof of Theorem 1.1. �
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3. DNNS

Our main goal in this section is to prove Lemma 3.15, which states that the MLP approxi-
mations defined by (120) can be represented by DNNs. Furthermore, in Lemma 3.15 we also
bound the length and the supremum norm of the vectors of their layer dimensions. Note that
in this paper we consider different types of activation functions than ReLU.

3.1. DNN representation of the one-dimensional identity. In Lemma 3.1 and 3.2 we prove
that the identity in R can be represented by a DNN. Here, we consider ReLU, leaky ReLU, and
softplus activation function. Later in Setting 3.13 as well as in the setting of Theorem 4.1 we
consider this as an assumption (see (103) and (151)).

Lemma 3.1. Assume Setting 1.2. Let α P r0,8q satisfy for all x P Rd that apxq “ maxtx, αxu.
Then Id

R

P RptΦ P N : DpΦq “ p1, 2, 1quq.

Proof of Lemma 3.1. See [1, Lemma 3.5]. �

Lemma 3.2. Assume Setting 1.2 and assume for all x P R that apxq “ lnp1 ` exq. Then Id
R

P
RptΦ P N : DpΦq “ p1, 2, 1quq.

Proof of Lemma 3.2. See [1, Lemma 3.8]. �

3.2. DNN representation of the d-dimensional identity. In Lemma 3.3 below we prove that
if the identity in R can be represented by a DNN then the identity in Rd can also be represented
by a DNN.

Lemma 3.3. Assume Setting 1.2. Let d, d P N, φ P N satisfy for all x P R that Dpφq “ p1, d, 1q and
pRpφqqpxq “ x. Then there exists Φ P N which satisfies for all x P Rd that DpΦq “ pd, dd, dq P R3

and pRpΦqqpxq “ x.

Proof of Lemma 3.3. Let W1 P R

dˆ1, B1 P R

d, W2 P R

1ˆd, B2 P R satisfy φ “
ppW1, B1q, pW2, B2qq. Then by definition for all x0 P R, x1 P R

d with x1 “ AdpW1x
0 ` B1q

we have that pRpφqqpx0q “ W2x
1 ` B2, i.e.,

pRpφqqpx0q “ W2AdpW1x
0 ` B1q ` B2. (99)

Now, let Φ P N, xW1 P Rddˆd, pB1 P Rdd, xW2 P Rdˆdd, pB2 P Rd satisfy for all n P r1, Hs X Z that

Φ “ ppxW1, pB1q, pxW2, pB2qq,

xW1 “

¨
˝
W1

. . .

W1

˛
‚, pB1 “

¨
˝
B1

...
B1

˛
‚, xW2 “

¨
˝
W2

. . .

W2

˛
‚, pB2 “

¨
˝
B2

...
B2

˛
‚. (100)

Then DpΦq “ pd, dd, dq P R3. Furthermore, (99) shows that for all x0 “ px0
1
, . . . , x0dqJ P Rd,

x1 P Rdd satisfying that x1 “ AddpxWnx
0 ` pBnq we have that

x1 “ AddpxW 1x0 ` pB1q “ Add

¨
˝
W1x

0
1

` B1

...
W1x

0

d ` B1

˛
‚“

¨
˝
AdpW1x

0
1

` B1q
...

AdpW1x
0

d ` B1q

˛
‚ (101)

and

pRpΦqqpx0q “ W2x
1 ` B2 “

¨
˝
W2AdpW1x

0
1

` B1q ` B2

...
W2AdpW1x

0

d ` B1q ` B2

˛
‚“

¨
˝
x0
1

...
x0d

˛
‚“ x0. (102)

This completes the proof of Lemma 3.3. �
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3.3. Approximation of one-dimensional Lipschitz functions by DNNs. In Lemmas 3.4
and 3.5 we prove that one dimensional Lipschitz functions can be well approximated by DNNs.
Later in Theorem 4.1 we consider this fact as an assumption.

Lemma 3.4. Assume Setting 1.2. Let α P r0,8qzt1u and assume for all x P R that apxq “
maxtx, αxu. Let f P CpR,Rq, L P R, q P p1,8q satisfy for all x, y P R that |fpxq´fpyq| ď L|x´y|.
Then there exist c P p0,8q, pfεqεPp0,1q Ď CpR,Rq such that for all ε P p0, 1q, x, y P R we have that
|fεpxq ´ fεpyq| ď L|x ´ y|, |fεpxq ´ fpxq| ď εp1 ` |x|qq, and fε P RptΦ P N : dimpDpΦqq “
3, |||DpΦq||| ď cε´cuq.
Proof of Lemma 3.4. See [1, Corollary 4.13]. �

Lemma 3.5. Assume Setting 1.2. Assume for all x P R that apxq “ lnp1 ` exq. Let f P CpR,Rq,
L P R, q P p1,8q satisfy for all x, y P R that |fpxq ´ fpyq| ď L|x ´ y|. Then there exist c P p0,8q,
pfεqεPp0,1q Ď CpR,Rq such that for all ε P p0, 1q, x, y P R we have that |fεpxq ´ fεpyq| ď L|x ´ y|,
|fεpxq ´ fpxq| ď εp1 ` |x|qq, and fε P RptΦ P N : dimpDpΦqq “ 3, |||DpΦq||| ď cε´cuq.
Proof of Lemma 3.5. See [1, Corollary 4.14]. �

3.4. Properties of operations associated to DNNs.

Setting 3.6. Assume Setting 1.2. Let d : D ˆ D Ñ D satisfy for all H1, H2 P N, α “
pα0, α1, . . . , αH1

, αH1`1q P N

H1`2, β “ pβ0, β1, . . . , βH2
, βH2`1q P N

H2`2 that α d β “
pα0, . . . , αH1

, β1, . . . , βH2`1q. Let ⊞ : DˆD Ñ D satisfy for allH P N, α “ pα0, α1, . . . , αH , αH`1q P
N

H`2, β “ pβ0, β1, β2, . . . , βH , βH`1q P NH`2 that α⊞β “ pα0, α1`β1, . . . , αH`βH , βH`1q P NH`2.

Lemma 3.7. Assume Setting 3.6 and let α, β, γ P D. Then pα d βq d γ “ α d pβ d γq.
Proof of Lemma 3.7. Straightforward. �

Lemma 3.8. Assume Setting 3.6, let H, k, l P N, and let α, β, γ P
`
tku ˆNH ˆ tlu

˘
. Then

(i) we have that α⊞ β P
`
tku ˆNH ˆ tlu

˘
,

(ii) we have that β ⊞ γ P
`
tku ˆNH ˆ tlu

˘
, and

(iii) we have that pα⊞ βq ⊞ γ “ α⊞ pβ ⊞ γq.
Proof of Lemma 3.8. Straightforward. We could use the proof of [42, Lemma 3.4]. �

Lemma 3.9 below is later important to estimate the maximum norm of the vector of layer
dimensions of DNNs.

Lemma 3.9 (Triangle inequality). Assume Setting 3.6, let H, k, l P N, and let α, β P tkuˆNHˆtlu.
Then we have that |||α⊞ β||| ď |||α||| ` |||β|||.
Proof of Lemma 3.9. We can use the proof of [42, Lemma 3.5]. �

Lemma 3.10 below show that affine transformations of DNNs can be represented by DNNs
with the same vector of layer dimensions.

Lemma 3.10 (DNNs for affine transformations). Assume Setting 1.2 and let d,m P N, λ P R,
b P Rd, a P Rm, Ψ P N satisfy that RpΨq P CpRd,Rmq. Then we have that λ ppRpΨqqp¨ ` bq ` aq P
RptΦ P N : DpΦq “ DpΨquq.
Proof of Lemma 3.10. We can use the proof of [42, Lemma 3.7], which also works for other
activation functions than ReLU. �

Lemma 3.11 below shows that compositions of DNN functions can be represented by DNNs.

Lemma 3.11 (Composition of functions generated by DNNs). Assume Setting 3.6 and let
d1, d2, d3 P N, f P CpRd2 ,Rd3q, g P CpRd1 ,Rd2q, α, β P D satisfy that f P RptΦ P N : DpΦq “ αuq
and g P RptΦ P N : DpΦq “ βuq. Then we have that pf ˝ gq P RptΦ P N : DpΦq “ α d βuq.
Proof of Lemma 3.11. See [51, Proposition 2.1.2], which especially works for general activation
functions. �
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Lemma 3.12 below shows that sums of DNNs of the same length can be represented by DNNs.
In order to represent sums of DNNs with different lengths we note that the identity function can
be represented as DNNs. We then take the composition of a DNN function with the identity to
change the its length. This is one of the main techniques in the proof of Lemmas 3.14 and 3.15.

Lemma 3.12 (Sum of DNNs of the same length). Assume Setting 3.6 and let p, q,M,H P N,
α1, α2, . . . , αM P R, ki P D, gi P CpRp,Rqq, i P r1,Ms X N, satisfy for all i P r1,Ms X N

that dimpkiq “ H ` 2 and gi P RptΦ P N : DpΦq “ kiuq. Then we have that
řM

i“1
αigi P

R
` 
Φ P N : DpΦq “ ⊞

M
i“1ki

(˘
.

Proof of Lemma 3.12. We can use the proof of [42, Lemma 3.9], which can be extended to other
activation functions than ReLU. See also [51, Lemma 2.4.11]. �

3.5. DNN representation of our Euler-Maruyama approximations. In Lemma 3.14 below
we prove that Euler-Maruyama approximations can be represented by DNNs if their coefficients
are represented by DNNs and if the identity in R can be represented by a DNN (see (103)).

Setting 3.13. Assume Setting 1.2. Let d P N, n1,d “ p1, d, 1q P D satisfy that

Id
R

P RptΦ P N : DpΦq “ n1,duq. (103)

Let T P p0,8q, K P N. Let t¨uK : R Ñ R satisfy for all t P R that ttuK “ maxpt0, T
K
, 2T
K
, . . . , T u X

pp´8, tq Y t0uqq. For every d P N, ε P p0, 1q, v P Rd let µd
ε P CpRd,Rdq, σd

ε P CpRd,Rdˆdq,
Φµd

ε
,Φσd

ε ,v
P N satisfy that µd

ε “ RpΦµd
ε
q, σd

ε p¨qv “ RpΦσd
ε ,v

q. Assume for all d P N, ε P p0, 1q,
v P R

d that DpΦσd
ε ,v

q “ DpΦσd
ε ,0

q. Let pΩ,F ,Pq be a probability space. For every d P N let

W d,θ “ pW d,θ
t qtPr0,T s : r0, T s ˆ Ω Ñ R

d, θ P Θ, be independent standard Brownian motions. For

every d P N, θ P Θ, x P Rd, ε P p0, 1q, t P r0, T q let pXd,θ,K,ε,t,x
s qsPrt,T s satisfy that Xd,θ,K,ε,t,x

t “ x

and

Xd,θ,K,ε,t,x
s “ x`

ż s

t

µd
εpXd,θ,K,ε,t,x

maxtt,tuuKu qdu `
ż s

t

σd
ε pXd,θ,K,ε,t,x

maxtt,tuuKu qdW d,θ
u . (104)

Lemma 3.14. Assume Setting 3.13. Let ω P Ω. Then there exists
pX d,θ,K,ε,t

s qdPN,θPΘ,εPp0,1q,tPr0,T q,sPpt,T s Ď N such that the following items are true.

(i) For all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s, x P Rd we have that RpX d,θ,K,ε,t
s q P

CpRd,Rdq and pRpX d,θ,K,ε,t
s qqpxq “ Xd,θ,K,ε,t,x

s pωq.
(ii) For all d P N, θ P Θ, ε P p0, 1q, t1 P r0, T q, s1 P pt1, T s, t2 P r0, T q, s2 P pt2, T s, x P Rd we

have that DpX d,θ1,K,ε,t1
s1

q “ DpX d,θ2,K,ε,t2
s2

q.
(iii) For all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s we have that dimpDpX d,θ,K,ε,t

s qq “
KpmaxtdimpDpΦµd

ε
qq, dimpDpΦσd

ε ,0
qqu ´ 2q ` 2.

(iv) For all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s we have that
ˇ̌̌̌ ˇ̌
DpX d,θ,K,ε,t

s q
ˇ̌̌̌ ˇ̌

ď
3maxtdd,

ˇ̌̌̌ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌

u.
Proof of Lemma 3.14. Throughout this proof let the notation in Setting 3.6 be given. Moreover,
for every d, n P N let nd,d “ pd, dd, dq P D and ndn

d,d “ nd,d d . . . d nd,d (n times). Lemmas 3.3,

3.11, and a simple induction argument show for all d, n P N that

Id
R

d P RptΦ P N : DpΦq “ ndn
d,duq, ndn

d,d “ pd, dd, . . . , dd, dq P Rn`2. (105)

This, Lemma 3.11, and the definition of d show for all d, n P N, ε P p0, 1q that

µd
ε P RptΦ P N : DpΦq “ DpΦµd

ε
q d ndn

d,duq (106)

and

dimpDpΦµd
ε
q d ndn

d,d q “ dimpDpΦµd
ε
qq ` dimpndn

d,d q ´ 2

“ dimpDpΦµd
ε
qq ` n ` 2 ´ 2

“ dimpDpΦµd
ε
qq ` n.

(107)
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Similarly, for all d, n P N, ε P p0, 1q, v P Rd we have that

σd
ε p¨qv P RptΦ P N : DpΦq “ DpΦσd

ε ,0
q d ndn

d,duq (108)

and

dimpDpΦσd
ε ,0

q d ndn
d,d q “ dimpDpΦσd

ε ,0
qq ` n. (109)

This and (105)–(108) prove that we can assume without lost of generality that

dimpDpΦµd
ε
qq “ dimpDpΦσd

ε ,0
qq. (110)

Next, observe that for all d P N, θ P Θ, x P Rd, ε P p0, 1q, k P r1, KsXZ, t P r0, T q, s P rkT
K
,

pk`1qT
K

s
we have that

Xd,θ,K,ε,t,x
s pωq “ X

d,θ,K,ε,t,x

maxtt, kT
K

upωq ` µd
ε

´
X

d,θ,K,ε,t,x

maxtt, kT
K

upωq
¯ˆ

s ´ maxtt, kT
K

u
˙

` σd
ε

´
X

d,θ,K,ε,t,x

maxtt, kT
K

upωq
¯´

W d,θ
s pωq ´ W

d,θ

maxtt, kT
K

upωq
¯
.

(111)

Next, for every d P N, θ P Θ, x P Rd, ε P p0, 1q, k P r1, Ks X Z, t P r0, T q, s P pt, T s let Jkpsq P R,

φ
d,θ,K,ε
t,s,k pxq P Rd satisfy that

Jkpsq “ maxtt, pk ´ 1qT
K

u1r0,maxtt, pk´1qT
K

uspsq

` s1pmaxtt, pk´1qT
K

u,maxtt, kT
K

uspsq ` maxtt, kT
K

u1pmaxtt, kT
K

u,T spsq
(112)

and

φ
d,θ,K,ε
t,s,k pxq “ x ` µd

εpxq
ˆ
Jkpsq ´ maxtt, pk ´ 1qT

K
u
˙

` σd
ε pxq

ˆ
W

d,θ

Jkpsqpωq ´ W
d,θ

maxtt, pk´1qT
K

u
pωq

˙
.

(113)

Next, for every d P N, θ P Θ, ε P p0, 1q, k P r1, Ks X Z, t P r0, T q, s P pt, T s let

ψ
d,θ,K,ε
t,s,k “ φ

d,θ,K,ε
t,s,k ˝ φd,θ,K,ε

t,s,k´1
˝ . . . ˝ φd,θ,K,ε

t,s,1 . (114)

Note that for all d P N, θ P Θ, ε P p0, 1q, k P r1, K ´ 1s X Z, s P r0,maxtt, pk´1qT
K

us we have that

φ
d,θ,K,ε
t,s,k “ Id

R

d. This ensures for all d P N, θ P Θ, ε P p0, 1q, k P r1, K ´ 1s XZ, n P rk` 1, Ks XZ,

s P r0,maxtt, kT
K

us that ψ
d,θ,K,ε
t,s,k “ ψ

d,θ,K,ε
t,s,n and in particular ψ

d,θ,K,ε
t,s,k “ ψ

d,θ,K,ε
t,s,K . Observe that for all

d P N, θ P Θ, ε P p0, 1q, k P r1, Ks XZ, s P r0,maxtt, kT
K

us, x P Rd that ψd,θ,K,ε
t,s,k pxq “ Xd,θ,K,ε,t,x

s pωq.
Therefore, for all d P N, θ P Θ, ε P p0, 1q, s P r0, T s, x P Rd we have that ψd,θ,K,ε

t,s,K pxq “ Xd,θ,K,ε,t,x
s ,

i.e.,

Xd,θ,K,ε,t,x
s pωq “ φ

d,θ,K,ε
t,s,K ˝ φd,θ,K,ε

t,s,K´1
˝ . . . ˝ φd,θ,K,ε

t,s,1 pxq. (115)

Next, (105), (113), (110), and Lemma 3.12 show for all d P N, θ P Θ, ε P p0, 1q, k P r1, Ks X Z,
t P r0, T q, s P pt, T s that

φ
d,θ,K,ε
t,s,k p¨q P R

ˆ"
Φ P N : DpΦq “ n

d dimpΦ
µdε

q´2

d,d ⊞DpΦµd
ε
q ⊞DpΦσd

ε ,0
q
*˙

. (116)

This, (115), and Lemma 3.11 show that there exists pX d,θ,K,ε,t
s qdPN,θPΘ,εPp0,1q,tPr0,T q,sPpt,T s Ď N such

that for all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s, x P Rd we have that

DpX d,θ,K,ε,t
s q “

K
d
k“1

„
n

d dimpΦ
µdε

q´2

d,d ⊞DpΦµd
ε
q ⊞DpΦσd

ε ,0
q

,

pRpX d,θ,K,ε,t
s qqpxq “ Xd,θ,K,ε,t,x

s pωq.
(117)

This, the definition of d, and an induction argument show that for all d P N, θ P Θ, ε P p0, 1q,
t P r0, T q, s P pt, T s, x P Rd we have that

dimpDpX d,θ,K,ε,t
s qq “ KpdimpDpΦµd

ε
qq ´ 2q ` 2. (118)
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Next, (117), the definition of d, the triangle inequality (cf. Lemma 3.9), and (105) show that
for all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s, x P Rd we have that

ˇ̌̌̌ ˇ̌
DpX d,θ,K,ε,t

s q
ˇ̌̌̌ ˇ̌

“
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌ K

d
k“1

„
n

d dimpΦ
µdε

q´2

d,d ⊞DpΦµd
ε
q ⊞DpΦσd

ε ,0
q
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

ď
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌nd dimpΦ

µdε
q´2

d,d ⊞DpΦµd
ε
q ⊞DpΦσd

ε ,0
q
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌

ď 3max
 
dd,

ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

.

(119)

The proof of Lemma 3.14 is thus completed. �

Lemma 3.15. Assume Setting 3.13. For every d P N, ε P p0, 1q let fε P CpR,Rq, gdε P CpRd,Rq,
Φfε ,Φgdε

P N satisfy that RpΦfεq “ fε and RpΦgdε
q “ gdε . Let tθ : r0, 1s Ñ R

d, θ P Θ, be independent

random variables which satisfy for all t P r0, 1s that Ppt0 ď tq “ t. Assume that pW d,θqdPN,θPΘ
and ptθqθPΘ are independent. For every d P N, ε P p0, 1q let Ud,θ,K,ε

n,m : r0, T s ˆRd ˆ Ω Ñ R, θ P Θ,

n,m P Z, satisfy for all θ P Θ, n P N0, m P N, t P r0, T s, x P Rd that

Ud,θ,K,ε
n,m pt, xq “ 1

N

pnq
mn

mnÿ

i“1

gdε

´
X

d,pθ,0,´iq,K,ε,t,x

T

¯

`
n´1ÿ

ℓ“0

pT ´ tq
mn´ℓ

mn´ℓÿ

i“1

´
fε ˝ Ud,pθ,ℓ,iq,K,ε

ℓ,m ´ 1
N

pℓqfε ˝ Ud,pθ,´ℓ,iq,K,ε

ℓ´1,m

¯´
t` pT ´ tqtpθ,ℓ,iq, Xd,pθ,ℓ,iq,K,ε,t,x

t`pT´tqtpθ,ℓ,iq

¯
.

(120)

For every d P N, ε P p0, 1q let

Ld,ε “ KpmaxtdimpDpΦµd
ε
qq, dimpDpΦσd

ε ,0
qqu ´ 2q ` 2. (121)

Let pcd,εqdPN,εPp0,1q Ď R satisfy for all d P N, ε P p0, 1q that

cd,ε ě 3max
 
dd, |||DpΦfεq|||,

ˇ̌̌̌ ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

. (122)

Let ω P Ω. Then for all m P N, d P N, n P N0, ε P p0, 1q there exists pΦd,θ,K,ε
n,m,t qtPr0,T s,θPΘ Ď N such

that the following items are true.

(i) We have for all t1, t2 P r0, T s, θ1, θ2 P Θ that DpΦd,θ1,K,ε
n,m,t1

q “ DpΦd,θ2,K,ε
n,m,t2

q.
(ii) We have for all t P r0, T s, θ P Θ that

dimpDpΦd,θ,K,ε
n,m,t qq “ n pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim

`
DpΦgdε

q
˘

` Ld,ε ´ 2. (123)

(iii) We have for all t P r0, T s, θ P Θ that
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦd,θ,K,ε

n,m,t q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ ď cd,εp3mqn.

(iv) We have for all t P r0, T s, θ P Θ, x P Rd that Ud,θ,K,ε
n,m pt, x, ωq “ pRpΦd,θ,K,ε

n,m,t qqpxq.
Proof of Lemma 3.15. Throughout this proof let the notation in Setting 3.6 be given and let
d,m P N, ε P p0, 1q be fixed. Moreover, for every n P N let ndn

1,d “ n1,d d . . . d n1,d (n times).
Lemmas 3.3 and 3.11 and a simple induction argument show for all d, n P N that

Id
R

P RptΦ P N : DpΦq “ ndn
1,d uq, ndn

1,d “ p1, d, . . . , d, 1q P Rn`2. (124)

Furthermore, Lemma 3.14 shows that there exists pX d,θ,K,ε,t
s qdPN,θPΘ,εPp0,1q,tPr0,T q,sPpt,T s Ď N such

that the following items are true.

(A) For all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s, x P Rd we have that RpX d,θ,K,ε,t
s q P

CpRd,Rdq and

pRpX d,θ,K,ε,t
s qqpxq “ Xd,θ,K,ε,t,x

s pωq. (125)

(B) For all d P N, θ P Θ, ε P p0, 1q, t1 P r0, T q, s1 P pt1, T s, t2 P r0, T q, s2 P pt2, T s, x P Rd we have
that

DpX d,θ1,K,ε,t1
s1

q “ DpX d,θ2,K,ε,t2
s2

q. (126)



MLP AND DNN OVERCOME THE COD WHEN APPROXIMATING PDES 25

(C) For all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s we have that

dimpDpX d,θ,K,ε,t
s qq “ KpmaxtdimpDpΦµd

ε
qq, dimpDpΦσd

ε ,0
qqu ´ 2q ` 2. (127)

(D) For all d P N, θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s we have that
ˇ̌̌̌ ˇ̌
DpX d,θ,K,ε,t

s q
ˇ̌̌̌ ˇ̌

ď 3max
 
dd,

ˇ̌̌̌ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

. (128)

By (121) and (127) for all θ P Θ, ε P p0, 1q, t P r0, T q, s P pt, T s we have that

dimpDpX d,θ,K,ε,t
s qq “ Ld,ε. (129)

We will prove the result by induction. First, the base case is true since the zero function can be
represented by DNN with arbitrary number of hidden layer. For the induction step N0 Q n ÞÑ
n ` 1 P N let n P N0 and assume that there exists pΦd,θ,K,ε

ℓ,m,t qtPr0,T s,θPΘ Ď N, ℓ P r0, ns X Z, such

that the following items are true.

(A) We have for all t1, t2 P r0, T s, θ1, θ2 P Θ, ℓ P r0, ns X Z that

DpΦd,θ1,K,ε
ℓ,m,t1

q “ DpΦd,θ2,K,ε
ℓ,m,t2

q. (130)

(B) We have for all t P r0, T s, θ P Θ, ℓ P r0, ns X Z that

dimpDpΦd,θ,K,ε
ℓ,m,t qq “ ℓ pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim

`
DpΦgdε

q
˘

` Ld,ε ´ 2. (131)

(C) We have for all t P r0, T s, θ P Θ, ℓ P r0, ns X Z that
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦd,θ,K,ε

ℓ,m,t q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ ď cd,εp3mqℓ. (132)

(D) We have for all t P r0, T s, θ P Θ, x P Rd, ℓ P r0, ns X Z that

U
d,θ,K,ε
ℓ,m pt, x, ωq “ pRpΦd,θ,K,ε

ℓ,m,t qqpxq. (133)

Next, Lemma 3.11, (124), the fact that gdε “ RpΦgdε
q prove for all θ P Θ, i P r1, mn`1s X Z,

t P r0, T s that

gdε

´
X

d,pθ,0,´iq,K,ε,t,¨
T

¯
“ Id

R

´
gdε

´
X

d,pθ,0,´iq,K,ε,t,¨
T

¯¯

P R
´!

Φ P N : DpΦq “ n
dpn`1qpdimpDpΦfεqq`L´4q
1,d d DpΦgdε

q d DpX d,0,K,ε,0
T q

)¯ (134)

In addition, the definition of d, (124), and (129) imply that

dim
´
n

dpn`1qpdimpDpΦfε qq`Ld,ε´4q
1,d d DpΦgdε

q d DpX d,0,K,ε,0
T q

¯

“ dim
´
n

dpn`1qpdimpDpΦfε qq`Ld,ε´4q
1,d

¯
` dim

`
DpΦgdε

q
˘

` dim
´
DpX d,0,K,ε,0

T q
¯

´ 4

“ pn ` 1qpdimpDpΦfεqq ` Ld,ε ´ 4q ` 2 ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 4

“ pn ` 1qpdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2.

(135)

Furthermore, Lemma 3.11, the fact that f d
ε “ RpΦfd

ε
q, (130), (133), (126), and (125) show for

all i P r1, ms, θ P Θ, t P r0, T s that
´
fε ˝ Ud,pθ,n,iq,K,ε

n,m

¯´
t ` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,¨

t`pT´tqtpθ,ℓ,iqpωqpωq
¯

P R
´!

Φ P N : DpΦq “ DpΦfεq d DpΦd,0,K,ε
n,m,0 q d DpX d,0,K,ε,0

T q
)¯

.
(136)

Moreover, the definition of d, (131), and (129) show that

dim
´
DpΦfεq d DpΦd,0,K,ε

n,m,0 q d DpX d,0,K,ε,0
T q

¯

“ dimpDpΦfεqq ` dim
´
DpΦd,0,K,ε

n,m,0 q
¯

` dim
´
DpX d,0,K,ε,0

T q
¯

´ 4

“ dimpDpΦfεqq ` n pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2 ` Ld,ε ´ 4

“ pn` 1q pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2.

(137)
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Furthermore, Lemma 3.11, the fact that fε “ RpΦfεq, (124), (133), (130), (125), and (126)
show for all ℓ P r0, n´ 1s X Z, θ P Θ, i P r1, mn`1´ℓs X Z, t P r0, T s that

´
fε ˝ Ud,pθ,ℓ,iq,K,ε

ℓ,m

¯´
t ` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,¨

t`pT´tqtpθ,ℓ,iqpωq, ω
¯

“
´
fε ˝ Id

R

˝ Ud,pθ,ℓ,iq,K,ε

ℓ,m

¯´
t` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,¨

t`pT´tqtpθ,ℓ,iqpωq, ω
¯

P R
´!

Φ P N : DpΦq “ DpΦfεq d n
dpn´ℓqpdimpDpΦfε qq`Ld,ε´4q
1,d d DpΦd,0,K,ε

ℓ,m,0 q d DpX d,0,K,ε,0
T q

)¯
.

(138)

Next, the definition of d, (124), (131), and (129) show for all ℓ P r0, n´ 1s X Z that

dim
´
DpΦfεq d n

dpn´ℓqpdimpDpΦfε qq`Ld,ε´4q
1,d d DpΦd,0,K,ε

ℓ,m,0 q d DpX d,0,K,ε,0
T q

¯

“ dimpDpΦfεqq ` dim
´
n

dpn´ℓqpdimpDpΦfε qq`Ld,ε´4q
1,d

¯
` dim

´
DpΦd,0,K,ε

ℓ,m,0 q
¯

` dim
´
DpX d,0,K,ε,0

T q
¯

´ 6

“ dimpDpΦfεqq ` pn ´ ℓqpdimpDpΦfεqq ` Ld,ε ´ 4q ` 2

` ℓ pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2 ` Ld,ε ´ 6

“ dimpDpΦfεqq ` npdimpDpΦfεqq ` Ld,ε ´ 4q
` dim

`
DpΦgdε

q
˘

` Ld,ε ´ 2 ` Ld,ε ´ 4

“ pn ` 1q pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2.

(139)

Similarly, for all ℓ P r1, ns X Z, θ P Θ, i P mn`1´ℓ, t P r0, T s we have that
´
fε ˝ Ud,pθ,´ℓ,iq,K,ε

ℓ´1,m

¯´
t` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,¨

t`pT´tqtpθ,ℓ,iqpωqpωq, ω
¯

“
´
fε ˝ Id

R

˝ Ud,pθ,´ℓ,iq,K,ε

ℓ´1,m

¯´
t ` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,¨

t`pT´tqtpθ,ℓ,iqpωqpωq, ω
¯

P R
´!

Φ P N : DpΦq “ DpΦfεq d n
dpn´ℓ`1qpdimpDpΦfε qq`Ld,ε´4q
1,d d DpΦd,0,K,ε

ℓ´1,m,0q d DpX d,0,K,ε,0
T q

)¯
.

(140)

and

dim
´
DpΦfεq d n

dpn´ℓ`1qpdimpDpΦfε qq`Ld,ε´4q
1,d d DpΦd,0,K,ε

ℓ´1,m,0q d DpX d,0,K,ε,0
T q

¯

“ pn` 1q pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2.
(141)

Now, (134)–(141) and Lemma 3.12 show that there exists pΦd,θ,K,ε
n`1,m,tqtPr0,T s,θPΘ such that t P r0, T s,

θ P Θ, x P Rd we have that

pRpΦd,θ,K,ε
n`1,m,tqqpxq

“ 1

mn`1

mn`1ÿ

i“1

gdε

´
X

d,pθ,0,´iq,K,ε,t,x

T pωq
¯

` 1

m

mÿ

i“1

´
fε ˝ Ud,pθ,n,iq,K,ε

n,m

¯´
T

pθ,ℓ,iq
t pωq, Xd,pθ,ℓ,iq,K,ε,t,x

T
pθ,ℓ,iq
t pωq

pωq, ω
¯

`
n´1ÿ

ℓ“0

pT ´ tq
mn`1´ℓ

mn`1´ℓÿ

i“1

´
fε ˝ Ud,pθ,ℓ,iq,K,ε

ℓ,m

¯´
t` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,x

t`pT´tqtpθ,ℓ,iqpωqpωq, ω
¯

´
nÿ

ℓ“1

pT ´ tq
mn`1´ℓ

mn`1´ℓÿ

i“1

´
fε ˝ Ud,pθ,´ℓ,iq,K,ε

ℓ´1,m

¯´
t` pT ´ tqtpθ,ℓ,iqpωq, Xd,pθ,ℓ,iq,K,ε,t,x

t`pT´tqtpθ,ℓ,iqpωqpωq, ω
¯

“ U
d,θ,K,ε
n`1,m pt, xq,

(142)
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dim
´
DpΦd,θ,K,ε

n`1,m,tq
¯

pn` 1q pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2, (143)

and

DpΦd,θ,K,ε
n`1,m,tq

“
„
mn`1

⊞
i“1

”
n

dpn`1qpdimpDpΦfεqq`L´4q
1,d d DpΦgdε

q d DpX d,0,K,ε,0
T q

ı

⊞

„
m

⊞
i“1

”
DpΦfεq d DpΦd,0,K,ε

n,m,0 q d DpX d,0,K,ε,0
T q

ı

⊞

„
n´1

⊞
ℓ“0

mn`1´ℓ

⊞
i“1

”
DpΦfεq d n

dpn´ℓqpdimpDpΦfε qq`L´4q
1,d d DpΦd,0,K,ε

ℓ,m,0 q d DpX d,0,K,ε,0
T q

ı

⊞

„
n

⊞
ℓ“1

mn`1´ℓ

⊞
i“1

”
DpΦfεq d n

dpn´ℓ`1qpdimpDpΦfε qq`L´4q
1,d d DpΦd,0,K,ε

ℓ´1,m,0q d DpX d,0,K,ε,0
T q

ı
.

(144)

This shows for all t1, t2 P r0, T s, θ1, θ2 P Θ that

DpΦd,θ1,K,ε
n`1,m,t1

q “ DpΦd,θ2,K,ε
n`1,m,t2

q. (145)

Next, the definition of d, (124), (128), and (122) prove that

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇndpn`1qpdimpDpΦfε qq`L´4q

1,d d DpΦgdε
q d DpX d,0,K,ε,0

T q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

ď max
!
dd,

ˇ̌̌̌ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpX d,0,K,ε,0

T q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
)

ď max
 
dd,

ˇ̌̌̌ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
, 3max

 
dd,

ˇ̌̌̌ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌((

ď 3max
 
dd,

ˇ̌̌̌ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

ď cd,ε.

(146)

Furthermore, the definition of d, (132), (128), and (122) prove that

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦfεq d DpΦd,0,K,ε

n,m,0 q d DpX d,0,K,ε,0
T q

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

ď max
!

|||DpΦfεq|||,
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦd,0,K,ε

n,m,0 q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ,
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpX d,0,K,ε,0

T q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
)

ď max
 

|||DpΦfεq|||, cd,εp3mqn, 3max
 
dd,

ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌((

ď cd,εp3mqn.

(147)

In addition, the definition of d, (124), (132), (128), and (122) show for all ℓ P r0, n ´ 1s X Z

that
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦfεq d n

dpn´ℓqpdimpDpΦfε qq`L´4q
1,d d DpΦd,0,K,ε

ℓ,m,0 q d DpX d,0,K,ε,0
T q

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

ď max
!

|||DpΦfεq|||, dd,
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦd,0,K,ε

ℓ,m,0 q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ,
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpX d,0,K,ε,0

T q
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
)

ď max
 

|||DpΦfεq|||, dd, cd,εp3mqℓ, 3max
 
dd,

ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌((

ď cd,εp3mqℓ.

(148)

Similarly, we have for all ℓ P r1, ns X Z that

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦfεq d n

dpn´ℓ`1qpdimpDpΦfεqq`L´4q
1,d d DpΦd,0,K,ε

ℓ´1,m,0q d DpX d,0,K,ε,0
T q

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

ď cd,εp3mqℓ´1.
(149)
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This, (144), (146)–(148), the triangle inequality (cf. Lemma 3.9) show that for all θ P Θ,
t P r0, T s that

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇDpΦd,θ,K,ε

n`1,m,tq
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

ď
«
mn`1ÿ

i“1

cd,ε

ff
`
«

mÿ

i“1

cd,εp3mqn
ff

`
«
n´1ÿ

ℓ“0

mn`1´ℓÿ

i“1

cd,εp3mqℓ
ff

`
«

nÿ

ℓ“1

mn`1´ℓÿ

i“1

cd,εp3mqℓ´1

ff

“ mn`1cd,ε ` mcd,εp3mqn `
«
n´1ÿ

ℓ“0

mn`1´ℓcd,εp3mqℓ
ff

`
«

nÿ

ℓ“1

mn`1´ℓcd,εp3mqℓ´1

ff

“ mn`1cd,ε

«
1 ` 3n `

n´1ÿ

ℓ“0

3ℓ `
nÿ

ℓ“1

3ℓ´1

ff
“ mn`1cd,ε

«
1 `

nÿ

ℓ“0

3ℓ `
nÿ

ℓ“1

3ℓ´1

ff

ď cmn`1

«
1 ` 2

nÿ

ℓ“0

3ℓ

ff
“ cmn`1

„
1 ` 2

3n`1 ´ 1

3 ´ 1


“ cd,εp3mqn`1.

(150)

This, (145), (142), and (143) complete the induction step. The proof of Lemma 3.15 is thus
completed. �

4. DNN APPROXIMATIONS FOR PDES

Theorem 4.1. Assume Setting 1.2. Let d P N, n1,d “ p1, d, 1q P D satisfy that

Id
R

P RptΦ P N : DpΦq “ n1,duq. (151)

Let β, p P r2,8q, c P rmaxt3d, β2p2u,8q. For every d P N, ε P p0, 1q, v P R

d let Φfε ,
Φµd

ε
,Φσd

ε ,v
,Φgdε

P N, f, fε P CpR,Rq, gd, gdε P CpRd,Rq, µd, µd
ε P CpRd,Rdq, σd, σd

ε P CpRdˆd,Rdq
satisfy for all v P Rd that fε “ Φfε, µ

d
ε “ RpΦµd

ε
q, σd

ε p¨qv “ RpΦσd
ε ,v

q, gdε “ RpΦgdε
q. Assume for

all d P N, ε P p0, 1s, v P Rd that DpΦσd
ε ,v

q “ DpΦσd
ε ,0

q. Assume for all d P N, ε P p0, 1q, v, w P R,

x, y P Rd that

maxt‖µd
εpxq ´ µd

εpyq‖, ‖σd
εpxq ´ σd

ε pyq‖u ď c‖x´ y‖, (152)

|fεpwq ´ fεpvq| ď c|w ´ v|, |gdεpxq ´ gdεpyq| ď c
pdc ` ‖x‖qβ ` pdc ` ‖y‖qβ

2
?
T

‖x ´ y‖, (153)

|gdε pxq| ď cpdc ` ‖x‖qβ, max
 
‖µd

εp0q‖, ‖σd
εp0q‖, |Tfεp0q|, |gdεp0q|

(
ď cdc, (154)

maxt‖µd
εpxq ´ µdpxq‖, ‖σd

ε pxq ´ σdpxq‖, ‖gdεpxq ´ gdpxq‖u ď εcdcpdc ` ‖x‖qβ, (155)

|fεpwq ´ fpwq| ď εp1 ` |w|βq, (156)

max
 

|||DpΦfεq|||,
ˇ̌̌̌ ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

ď cdcε´c, (157)

max
 
dimpDpΦfεqq, dimpDpΦgdε

qq, dimpDpΦµd
ε
qq, dimpDpΦσd

ε ,0
qq
(

ď cdcε´c. (158)

Then the following items are true.

(i) For every d P N there exists a unique at most polynomially growing viscosity solution ud of

Bud
Bt pt, xq ` 1

2
tracepσdpxqpσdpxqqJpHessxudpt, xqqq ` xµdpxq, p∇xu

dqpt, xqy ` fpudpt, xqq “ 0

(159)

with udpT, xq “ gdpxq for t P p0, T q ˆRd.
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(ii) There exists pCδqδPp0,1q Ď p0,8q, η P p0,8q, pΨd,ǫqdPN,ǫPp0,1q Ď N such that for all d P N,

ǫ P p0, 1q we have that RpΨd,ǫq P CpRd,Rq, PpΨd,ǫq ď Cδηd
ηǫ´p4`δq´6c, and

ˆż

r0,1sd

∣

∣pRpΨd,ǫqqpxq ´ udp0, xq
∣

∣

p
dx

˙ 1

p

ă ǫ. (160)

Proof of Theorem 4.1. Let p P r3,8q satisfy that p “ βp. For every d P N let ϕd P CpRd, r1,8qq
satisfy for all x P Rd that

ϕdpxq “ 2pcpdpcpd2c ` ‖x‖2q p
2 . (161)

Then (154) shows for all d P N, ε P p0, 1q, x P Rd that

maxt‖µd
εp0q‖ ` c‖x‖, ‖σd

ε p0q‖ ` c‖x‖u
ď cdc ` c‖x‖ “ cpdc ` ‖x‖q ď 2cpd2c ` ‖x‖2q 1

2 ď cpϕdpxqq 1

p .
(162)

Next, [47, Lemma 2.6] (applied for every d P N with d x d, m x d, a x d2c, c x 0, p x p{2,
µ x 0, σ x 0, ϕ x ϕd{p2pcpdpcq in the notation of [47, Lemma 2.6]) and (161) show for all
x, z P Rd that

‖pϕ1
dpxqqpzq‖ ď ppϕdpxqq1´ 1

p‖z‖, ‖pϕ2
dpxqqpz, zq‖ ď p2pϕpxqq1´ 2

p ‖z‖2. (163)

This, (162), and the fact that p2 “ β2p2 ď c show for all d P N, ε P p0, 1q, x, z P Rd that

max

#
|pϕ1

dpxqqpzq|
pϕdpxqq

p´1

p ‖z‖
,

pϕ2
dpxqqpz, zq

pϕdpxqq
p´2

p ‖z‖2
,
c‖x‖ ` ‖µd

εp0q‖
pϕdpxqq 1

p

,
c‖x‖ ` ‖σd

ε p0q‖
pϕdpxqq 1

p

+
ď c, (164)

This, (152), and (155) we have for all d P N, x, z P Rd that

max

#
|pϕ1

dpxqqpzq|
pϕdpxqq

p´1

p ‖z‖
,

pϕ2
dpxqqpz, zq

pϕdpxqq
p´2

p ‖z‖2
,
c‖x‖ ` ‖µdp0q‖

pϕdpxqq 1

p

,
c‖x‖ ` ‖σdp0q‖

pϕdpxqq 1

p

+
ď c. (165)

and

maxt‖µdpxq ´ µdpyq‖, ‖σdpxq ´ σdpyq‖u ď c‖x´ y‖. (166)

Furthermore, (153), (154), and (155) prove for all d P N, w, v P R, x, y P Rd that

|fpwq ´ fpvq| ď c|w ´ v|, |gdpxq ´ gdpyq| ď c
pdc ` ‖x‖qβ ` pdc ` ‖y‖qβ

2
?
T

‖x ´ y‖, (167)

max
 
‖µdp0q‖, ‖σdp0q‖, |fp0q|, |gdp0q|

(
ď cdc. (168)

Let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space which satisfies the usual conditions. Let

Θ “ Ť
nPNZ

n. Let tθ : Ω Ñ r0, 1s, θ P Θ, be identically distributed and independent random

variables. Assume for all t P p0, 1q that Ppt0 ď tq “ t. For every d P N let W d,θ : r0, T s ˆ Ω Ñ
R

d, θ P Θ, be independent standard pFtqtPr0,T s-Brownian motions. Assume that ptθqθPΘ and

pW d,θqθPΘ,dPN are independent. For every K P N let t¨uK : R Ñ R satisfy for all t P R that

ttuK “ maxpt0, T
K
, . . . ,

pK´1qT
T

, T u X pp´8, tq Y t0uqq. For every θ P Θ, d,K P N, ε P p0, 1q,
t P r0, T s, x P Rd let Xd,θ,K,ε,t,x “ pXd,θ,K,ε,t,x

s qsPrt,T s : rt, T s ˆ Ω Ñ R

d satisfy for all s P rt, T s that

X
d,θ,K,ε,t,x
t “ x and

Xd,θ,K,ε,t,x
s “ X

d,θ,K,ε,t,x

maxtt,tsuKu ` µd
εpXd,θ,K,ε,t,x

maxtt,tsuKuqps ´ maxtt, tsuKuq
` σd

ε pXd,θ,K,ε,t,x

maxtt,tsuKuqpW θ
s ´ W θ

maxtt,tsuKuq.
(169)
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Let Ud,θ,K,ε
n,m : r0, T s ˆ R

d ˆ Ω Ñ R, n P Z, K, d,m P N, θ P Θ, ε P p0, 1q, satisfy for all θ P Θ,

K, d,m P N, n P N0, t P r0, T s, x P Rd, ε P p0, 1q that U
d,θ,K,ε
´1,m pt, xq “ U

d,θ,K,ε
0,m pt, xq “ 0 and

Ud,θ,K,ε
n,m pt, xq “ 1

mn

mnÿ

i“1

gdε pXd,pθ,0,´iq,K,ε,t,x

T q

`
n´1ÿ

ℓ“0

T ´ t

mn´ℓ

mn´ℓÿ

i“1

`
fε ˝ Ud,pθ,ℓ,iq,K,ε

ℓ,m ´ 1
N

pℓqfε ˝ Ud,pθ,´ℓ,iq,K,ε

ℓ´1,m

˘´
t` pT ´ tqtpθ,ℓ,iq, Xd,pθ,ℓ,iq,K,ε,t,x

t`pT´tqtpθ,ℓ,iq

¯
.

(170)

Next, (166) and (152) prove for all d P N, ε P p0, 1q, t P r0, T s, θ P Θ that there exist up to
indistinguishability unique continuous random fields Xd,θ,ε,t,¨ “ pXd,θ,t,x

s qsPrt,T s,xPRd, Xd,θ,t,¨ “
pXd,θ,t,x

s qsPrt,T s,xPRd : rt, T s ˆ R

d ˆ Ω Ñ R

d which satisfy that for all x P R

d it holds that

pXd,θ,ε,t,x
s qsPrt,T s, pXd,θ,t,x

s qsPrt,T s are pFsqsPrt,T s-adapted and which satisfy that for all s P rt, T s,
x P Rd it holds P-a.s. that

Xd,θ,ε,t,x
s “ x `

ż s

t

µd
εpXd,θ,ε,t,x

r q dr `
ż s

t

σd
ε pXd,θ,ε,t,x

r q dW d,θ
r , (171)

Xd,θ,t,x
s “ x `

ż s

t

µdpXd,θ,t,x
r q dr `

ż s

t

σdpXd,θ,t,x
r q dW d,θ

r . (172)

Hence, [17, Lemma 2.1] (applied for every θ P Θ, d P N, ε P p0, 1q with d x d, m x m, c x c,
κx 1, px p, ϕx ϕd, µx µd

ε, σ x σd
ε and applied for every θ P Θ, d P N with dx d, mx m,

c x c, κ x 1, px p, ϕ x ϕd, µ x µd, σ x σd in the notation of [17, Lemma 2.1]), (152), and
(166) prove for all d P N, ε P p0, 1q, x P Rd that

xp∇ϕdqpxq, µd
εpxqy ` 1

2
tracepσd

ε pσd
ε qJHessϕdpxqq ď 1.5c3ϕdpxq, (173)

xp∇ϕdqpxq, µdpxqy ` 1

2
tracepσdpσdqJpHessϕdqpxqq ď 1.5c3ϕdpxq, (174)

max
 
E

“
ϕdpXd,θ,ε,t,x

s q
‰
,E

“
ϕdpXd,θ,t,x

s q
‰(

ď e1.5c
3ps´tqϕpxq, (175)

This, [41, Proposition 2.2] (applied for every d P N with d x d, L x c, T x T , O x R

d,
‖¨‖ x ‖¨‖, f x pr0, T s ˆ R

d ˆ R Q pt, x, wq ÞÑ f dpwq P Rq, g x gd, pXx
t,sqtPr0,T s,sPrt,T s,xPRd x

pXd,0,t,x
s qtPr0,T s,sPrt,T s,xPRd, V x pr0, T s ˆ R

d Q ps, xq ÞÑ e1.5cpT´sqϕdps, xq P p0,8qq and applied

for every d P N, ε P p0, 1q with d x d, L x c, T x T , O x R

d, ‖¨‖ x ‖¨‖, f x pr0, T s ˆ
R

d ˆ R Q pt, x, wq ÞÑ f d
ε pwq P Rq, g x gdε , pXx

t,sqtPr0,T s,sPrt,T s,xPRd x pXd,0,ε,t,x
s qtPr0,T s,sPrt,T s,xPRd ,

V x pr0, T s ˆ R

d Q ps, xq ÞÑ e1.5cpT´sqϕdps, xq P p0,8qq in the notation of [41, Proposi-
tion 2.2]), (153), (154), (161), (167), and (168) show for all d P N, ε P p0, 1q that there
exist unique measurable ud, ud,ε : r0, T s ˆ R

d Ñ R such that for all t P r0, T s, x P R

d it

holds that supsPr0,T s,yPRd
|udps,yq|`|ud,εps,yq|

ϕdps,yq ă 8, E
”
|gdpXd,0,t,x

T q|
ı

`
şT
t
E

“
|fpudps,Xd,0,t,x

s qq|
‰
ds `

E

”
|gdpXd,0,ε,t,x

T q|
ı

`
şT
t
E

“
|fpudps,Xd,0,ε,t,x

s qq|
‰
ds ă 8,

udpt, xq “ E

”
gdpXd,0,t,x

T q
ı

`
ż T

t

E

“
fpudps,Xd,0,t,x

s qq
‰
ds (176)

and

ud,εpt, xq “ E

”
gdεpXd,0,ε,t,x

T q
ı

`
ż T

t

E

“
fεpudps,Xd,0,ε,t,x

s qq
‰
ds. (177)
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Next, the triangle inequality, (152), (154), and the fact that @ x P Rd : p1`xq2 ď 1p1`x2q show
for all d P N, x P Rd, ε P p0, 1q that

xx, µd
εpxqy ď ‖x‖

`
‖µd

εpxq ´ µd
εp0q‖ ` ‖µd

εp0q‖
˘

ď ‖x‖pc‖x‖ ` cdcq
ď p1 ` ‖x‖q2cdc

ď 2cdcp1 ` ‖x‖2q.

(178)

Furthermore, the Cauchy-Schwarz inequality implies for all d P N, x, y P Rd, ε P p0, 1q that

‖σd
ε pxqy‖2 “

dÿ

i“1

∣

∣

∣

∣

∣

dÿ

j“1

pσd
ε qijpxqyj

∣

∣

∣

∣

∣

2

ď
dÿ

i“1

˜
dÿ

j“1

|pσd
ε qijpxq|2

¸˜
dÿ

j“1

|yj|
2

¸
ď ‖σpxq‖2‖y‖2. (179)

This and (152) show for all d P N, x, y P Rd, ε P p0, 1q that

‖σd
ε pxqy‖ ď ‖σd

ε pxq‖‖y‖ ď p‖σd
ε pxq ´ σd

ε p0q‖ ` ‖σd
ε p0q‖q‖y‖ ď pc‖x‖ ` cdcq‖y‖ ď cdcp1 ` ‖x‖q‖y‖.

(180)

This, (178), and (155) prove for all d P N, x, y P Rd, ε P p0, 1q that

xx, µdpxqy ď 2cdcp1 ` ‖x‖2q, ‖σdpxqy‖ ď cdcp1 ` ‖x‖q‖y‖. (181)

This, [10, Theorem 1.1] (applied with d x d, Lx 2cdc, T x T , µx µd, σ x σd, f x pRdˆR Q
px, wq ÞÑ f dpwq P Rq, g x gd, W x W d,θ in the notation of [10, Theorem 1.1]), (166), the fact
that g is polynomially growing (cf. (153)–(154)), and the fact that ud is polynomially growing
show that ud is the unique at most polynomially growing viscosity solution of

Bud
Bt pt, xq ` 1

2
tracepσdpσdpxqqJpHessxudpt, xqqq ` xµpxq, p∇xu

dqpt, xqy ` fpudpt, xqq “ 0 (182)

with udpT, xq “ gpxq for t P p0, T q ˆRd. This establishes (i).
Next, (152)–(156) show for all d P N, ε P p0, 1q, x, y P Rd that

|Tfεp0q| ď pϕdpxqq
β
p , |gdεpxq ´ gdε pyq| ď pϕdpxq ` ϕdpyqq

β
p

?
T

‖x ´ y‖, |gdε pxq| ď pϕdpxqq
β
p , (183)

|Tfp0q| ď pϕdpxqq
β
p , |gdpxq ´ gdpyq| ď pϕdpxq ` ϕdpyqq

β
p

?
T

‖x ´ y‖, |gdpxq| ď pϕdpxqq
β
p , (184)

maxt|fεpvq ´ fpvq|, ‖µd
εpxq ´ µdpxq‖, ‖σd

ε pxq ´ σdpxq‖, ‖gdεpxq ´ gdpxq‖u ď εppϕdpxqqβ ` |v|βq.
(185)

This, (164), (165), (152), (166), and [17, Lemma 2.3] (applied for every d P N, ε P p0, 1q with
d x d, m x d, δ x ε, β x β, b x 1, c x c, q x β, p x p, ϕ x ϕd, g1 x gdε , µ1 x µd

ε,

σ1 x σd
ε , f1 x pr0, T s ˆ R

d ˆR Q pt, x, wq ÞÑ fεpwq P Rq, W x W d,0, pXx,1
t,s qxPRd,tPr0,T s,sPrt,T s x

pXd,0,ε,t,x
s qxPRd,tPr0,T s,sPrt,T s, g2 x gd, µ2 x µd, σ2 x σd, f2 x pr0, T s ˆRd ˆR Q pt, x, wq ÞÑ fpwq P

Rq, pXx,2
t,s qxPRd,tPr0,T s,sPrt,T s x pXd,0,t,x

s qxPRd,tPr0,T s,sPrt,T s in the notation of [17, Lemma 2.3]) show

for all d P N, ε P p0, 1q, t P r0, T s, x P Rd that

|ud,εpt, xq ´ udpt, xq| ď ε2β`2eT e5β
2c4`2βcβTβ`4c2pϕpxqqβ`0.5. (186)

Next, Lemma 2.4 (applied for all d,K P N, ε P p0, 1q with d x d, K x K, T x T , p x p,
β x β, b x 1, c x c, p x p, ϕ x ϕd, g x gdε , f x fε, µ x µd

ε, σ x σd
ε , ptθqθPΘ x

ptθqθPΘ, pW θqθPΘ x pW d,θqθPΘ, pY θ,t,x
s qθPΘ,tPr0,T s,sPrt,T s,xPRd x pXd,θ,K,ε,t,x

s qθPΘ,tPr0,T s,sPrt,T s,xPRd in the
notation of Lemma 2.4), (164), (183), (153), (155), (169), (170), and the independence and
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distributional properties imply that for all d,K,m, n P N, ε P p0, 1q, t P r0, T s, x P Rd we have
that

∥

∥Ud,0,K,ε
n,m pt, xq ´ ud,εpt, xq

∥

∥

p
ď 12c2e9c

3T pϕdpxqq
β`1

p

„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K


. (187)

This, the triangle inequality, and (186) show for all d,K,m, n P N, ε P p0, 1q, t P r0, T s, x P Rd

that
∥

∥Ud,0,K,ε
n,m pt, xq ´ udpt, xq

∥

∥

p
ď

∥

∥Ud,0,K,ε
n,m pt, xq ´ ud,εpt, xq

∥

∥

p
` |ud,εpt, xq ´ udpt, xq|

ď 12β`2c2e9c
3T`T`5β2c4`2βcβTβ`4c2pϕdpxqqβ`0.5

„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K

` ε


.

(188)

Hence, (161) shows that there exists κ P p0,8q such that for all d,K, n,m P N, ε P p0, 1q it holds
that
ˆż

r0,1sd

∥

∥Ud,0,K,ε
n,m p0, xq ´ udp0, xq

∥

∥

p

p
dx

˙ 1

p

ď 12β`2c2e9c
3T`T`5β2c4`2βcβTβ`4c2

ˆż

r0,1sd
pϕdpxqqppβ`0.5q dx

˙ 1

p
„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K

` ε



ď κdκ
„
2p

n
2 e5cTnem

p{2{pm´n{2 ` 1?
K

` ε



ď κdκ

«˜
2p

1

2 e5cT exppmp{2

n
q

m
1

2

¸n

` 1?
K

` ε

ff
.

(189)

For the next step let pMnqnPN : N Ñ N satisfy that lim infjÑ8 Mj “ 8, lim supjÑ8
pMjqp{2

j
ă 8,

and supkPN
Mk`1

Mk
ă 8 (see, e.g., [43, Lemma 4.5] for an example). For every ε P p0, 1q, d P N let

Kε “ inftk P N : 1{
?
k ď εu, (190)

Nε “ inf

#
n P N :

˜
2p

1

2 e5cT expp pMnqp{2

n
q

pMnq 1

2

¸n

ď ε

+
, (191)

Ld,ε “ KεpmaxtdimpDpΦµd
ε
qq, dimpDpΦσd

ε ,0
qqu ´ 2q ` 2, (192)

cd,ε “ 3max
 
dd, |||DpΦfεq|||,

ˇ̌̌̌ ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

. (193)

For every ǫ P p0, 1q, d P N let

εpd, ǫq “ ǫ

3κdκ
(194)

For every δ P p0, 1q let

Cδ “ sup
εPp0,1q

“
ε4`δNεp3MNε

q2Nε
‰
. (195)

Then [2, Lemma 5.1] (applied with Lx 1, T x 2p
1

2 e5cT ´1, pmkqkPN x pMkqkPN in the notation
of [2, Lemma 5.1]) show for all δ P p0, 1q that Cδ ă 8. Furthermore, (190) show for all ε P p0, 1q
that 1?

Kε´1
ą ε, i.e.,

Kε “ Kε ´ 1 ` 1 ă ε´2 ` 1 ă 2ε´2. (196)
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Next, Tonelli’s theorem, (189)–(191), and (194) show for all d P N, ǫ P p0, 1q that

E

„ż

r0,1sd

∣

∣

∣
U

d,0,Kεpd,ǫq,εpd,ǫq
Nεpd,ǫq,MNεpd,ǫq

pt, xq ´ udpt, xq
∣

∣

∣

p

dx



“
ż

r0,1sd
E

”∣
∣

∣
U

d,0,Kεpd,ǫq,εpd,ǫq
Nεpd,ǫq,MNεpd,ǫq

pt, xq ´ udpt, xq
∣

∣

∣

pı
dx

ď

¨
˚̊
˚̊
˝
κdκ

»
————–

¨
˚̊
˚̊
˝

2p
1

2 e5cT exp

˜´
MNεpd,ǫq

¯p{2

Nεpd,ǫq

¸

pMNεpd,ǫq
q 1

2

˛
‹‹‹‹‚

n

` 1a
Kεpd,ǫq

` εpd, ǫq

fi
ffiffiffiffifl

˛
‹‹‹‹‚

p

ď pκdκ rεpd, ǫq ` εpd, ǫq ` εpd, ǫqsqp “ ǫp.

(197)

Therefore, for every d P N, ǫ P p0, 1q there exists ωpd, ǫq P Ω such that
ż

r0,1sd

∣

∣

∣
U

d,0,Kεpd,ǫq,εpd,ǫq
Nεpd,ǫq,MNεpd,ǫq

pt, x, ωpd, ǫqq ´ udpt, xq
∣

∣

∣

p

dx ă ǫp. (198)

Furthermore, Lemma 3.15 and (192) show that there exist pΦω
d,εqdPN,εPp0,1q,ωPΩ Ď N such that for

all d P N, ε P p0, 1q, ω P Ω it holds that

dimpDpΦd,εqq “ Nε pdimpDpΦfεqq ` Ld,ε ´ 4q ` dim
`
DpΦgdε

q
˘

` Ld,ε ´ 2, (199)

ˇ̌̌̌ ˇ̌
DpΦω

d,εq
ˇ̌̌̌ ˇ̌

ď cd,εp3MNε
qNε, U

d,0,Kε,ε
Nε,MNε

p0, x, ωq “ pRpΦω
d,εqqpxq. (200)

Next, (192) and (158) show for all d P N, ε P p0, 1q that Ld,ε ď Kεcd
cε´c. This, (199), and

(158) show for all d P N, ε P p0, 1q, ω P Ω that

dimpDpΦω
d,εqq ď 4NεLd,ε maxtdimpDpΦfεqq, dimpDpΦgdε

qqu
ď 4NεKεcd

cε´ccdcε´c “ 4NεKεc
2d2cε´2c

(201)

Next, (193) and the fact that c ě 3d show for all d P N, ε P p0, 1q that

cd,ε “ 3max
 
dd, |||DpΦfεq|||,

ˇ̌̌̌ ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

ď cdcε´c. (202)

This and (200) show for all d P N, ε P p0, 1q, ω P Ω that
ˇ̌̌̌ ˇ̌
DpΦω

d,εq
ˇ̌̌̌ ˇ̌

ď cd,εp3MNε
qNε ď cdcε´cp3MNε

qNε . (203)

This, the fact that @Φ P N : PpΦq ď 2 dimpDpΦqq|||DpΦq|||2, (201), (196), (195), and the fact
that @ δ P p0, 1q : Cδ ă 8 show for all d P N, ε, δ P p0, 1q that

PpΦω
d,εq ď 2 ¨ 4NεKεc

2d2cε´2c
`
cdcε´cp3MNε

qNε
˘2

“ 8Kεc
4d4cε´4cNεp3MNε

q2Nε

“ 8Kεc
4d4cε´4cε4`δNεp3MNε

q2Nεε´p4`δq

ď 8 ¨ 2ε´2c4d4cε´4cCδε
´p4`δq

“ 16Cδc
4d4cε´p6`δq´4c ă 8.

(204)

Next, for every d P N, ǫ P p0, 1q let

Ψd,ǫ “ Φ
ωpd,ǫq
d,εpd,ǫq. (205)

Then (204) and (194) show for all d P N, ǫ P p0, 1q that

PpΨd,ǫq “ PpΦωpd,ǫq
d,εpd,ǫqq ď 16Cδc

4d4cpεpd, ǫqq´p6`δq´4c

“ 16Cδc
4d4c

´ ǫ

3κdκ

¯´p6`δq´4c

“ 16Cδp3κqp6`δq`4cc4d4c`κpp6`δq`4cqǫ´p6`δq´4c.

(206)
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Furthermore, (200), (205), and (198) show for all d P N, ǫ P p0, 1q that

U
d,0,Kεpd,ǫq,εpd,ǫq
Nεpd,ǫq,MNεpd,ǫq

p0, x, ωpd, ǫqq “ pRpΦωpd,ǫq
d,εpd,ǫqqqpxq “ pRpΨd,ǫqqpxq and

ż

r0,1sd

∣

∣pRpΨd,ǫqqpxq ´ udp0, xq
∣

∣

p
dx ă ǫp. (207)

This, (206), and the fact that @ δ P p0, 1q : Cδ ă 8 complete the proof of Theorem 4.1. �

Proof of Theorem 1.3. The definitions of a0, a1, the fact that a P ta0, a1u, and Lemmas 3.1 and
3.2 show that there exists d P N, n1,d “ p1, d, 1q P D such that

Id
R

P RptΦ P N : DpΦq “ n1,duq. (208)

Next, the definitions of a0, a1, the fact that a P ta0, a1u, and Lemmas 3.4 and 3.5 show that there
exists c̃ P p0,8q, pfεqεPp0,1q Ď CpR,Rq such that for all ε P p0, 1q, x, y P R we have that

|fεpxq ´ fεpyq| ď c|x´ y|, |fεpxq ´ fpxq| ď εp1 ` |x|βq, (209)

fε P RptΦ P N : dimpDpΦqq “ 3, |||DpΦq||| ď c̃ε´c̃uq. (210)

Then (15) shows for all ε P p0, 1q that

T |fεp0q| ď T p|fp0q| ` εq ď c` T. (211)

Furthermore, (17) shows that there exists c̄ P p0,8q such that for all d P N, ε P p0, 1q that

max
 

|||DpΦfεq|||,
ˇ̌̌̌ ˇ̌
DpΦgdε

q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦµd

ε
q
ˇ̌̌̌ ˇ̌
,
ˇ̌̌̌ ˇ̌
DpΦσd

ε ,0
q
ˇ̌̌̌ ˇ̌(

ď c̄dc̄ε´c̄, (212)

max
 
dimpDpΦfεqq, dimpDpΦgdε

qq, dimpDpΦµd
ε
qq, dimpDpΦσd

ε ,0
qq
(

ď c̄dc̄ε´c̄. (213)

Combining (208)–(213), the assumptions of Theorem 1.3, and Theorem 4.1 (applied with c

replaced by a suitable large constant) we complete the proof of Theorem 1.3. �
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[24] FREY, R., AND KÖCK, V. Deep neural network algorithms for parabolic PIDEs and applications in insurance

mathematics. In Methods and Applications in Fluorescence. Springer, 2022, pp. 272–277.
[25] GERMAIN, M., PHAM, H., AND WARIN, X. Approximation error analysis of some deep backward schemes for

nonlinear PDEs. SIAM Journal on Scientific Computing 44, 1 (2022), A28–A56.
[26] GILES, M. B., JENTZEN, A., AND WELTI, T. Generalised multilevel picard approximations. arXiv preprint

arXiv:1911.03188 (2019).

[27] GNOATTO, A., PATACCA, M., AND PICARELLI, A. A deep solver for BSDEs with jumps. arXiv preprint

arXiv:2211.04349 (2022).

[28] GONON, L. Random feature neural networks learn Black-Scholes type PDEs without curse of dimensionality.

Journal of Machine Learning Research 24, 189 (2023), 1–51.
[29] GONON, L., AND SCHWAB, C. Deep ReLU network expression rates for option prices in high-dimensional,
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