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MULTILEVEL PICARD APPROXIMATIONS AND DEEP NEURAL NETWORKS WITH RELU,
LEAKY RELU, AND SOFTPLUS ACTIVATION OVERCOME THE CURSE OF
DIMENSIONALITY WHEN APPROXIMATING SEMILINEAR PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS IN LP-SENSE

ARIEL NEUFELD! AND TUAN ANH NGUYEN?

ABSTRACT. We prove that multilevel Picard approximations and deep neural networks with ReLU,
leaky ReLU, and softplus activation are capable of approximating solutions of semilinear Kol-
mogorov PDEs in LP-sense, p € [2,0), in the case of gradient-independent, Lipschitz-continuous
nonlinearities, while the computational effort of the multilevel Picard approximations and the re-
quired number of parameters in the neural networks grow at most polynomially in both dimension
d € N and reciprocal of the prescribed accuracy e.

1. INTRODUCTION

Partial differential equations (PDEs) are important tools to analyze many real world phe-
nomena, e.g., in financial engineering, economics, quantum mechanics, or statistical physics to
name but a few. In most of the cases such high-dimensional nonlinear PDEs cannot be solved
explicitly. It is one of the most challenging problems in applied mathematics to approximately
solve high-dimensional nonlinear PDEs. In particular, it is very difficult to find approximation
schemata for nonlinear PDEs for which one can rigorously prove that they do overcome the
so-called curse of dimensionality in the sense that the computational complexity only grows
polynomially in the space dimension d of the PDE and the reciprocal £ of the accuracy e.

In recent years, there are two types of approximation methods which are quite successful in
the numerical approximation of solutions of high-dimensional nonlinear PDEs: neural network
based approximation methods for PDEs, cf., [3,4,5,6,7,12,14,16,18,20,21,22,24,25,26, 28,
29,30, 31, 32,32,33, 34, 35,42,49, 50, 51, 53, 54, 60, 63, 64, 65, 67,68, 70, 71] and multilevel
Monte-Carlo based approximation methods for PDEs, cf., [9,10,13,27,37,38,39,40,41,43,44,
45,46,48,57,61,62].

For multilevel Monte-Carlo based algorithms it is often possible to provide a complete con-
vergence and complexity analysis. It has been proven that under some suitable assumptions,
e.g., Lipschitz continuity on the linear part, the nonlinear part, and the initial (or terminal)
condition function of the PDE under consideration, the multilevel Picard approximation algo-
rithms can overcome the curse of dimensionality in the sense that the number of computational
operations of the proposed Monte-Carlo based approximation method grows at most polyno-
mially in both the reciprocal % of the prescribed approximation accuracy ¢ € (0, 1) and the PDE
dimension d € N. More precisely, [38] considers smooth semilinear parabolic heat equations.
Later, [40] extends [38] to a more general setting, namely, semilinear heat equations which are
not necessary smooth. [10] considers semilinear heat equation with more general nonlineari-
ties, namely locally Lipschitz nonlinearities. [39,45] considers semilinear heat equations with
gradient-dependent Lipschitz nonlinearities and [57,61] extends them to semilinear PDEs with
general drift and diffusion coefficients. [44] studies Black-Scholes-types semilinear PDEs. [41]
consider semilinear parabolic PDEs with nonconstant drift and diffusion coefficients. [48] con-
siders a slightly more general setting than [41], namely semilinear PDEs with locally monotone
coefficient functions. [47] introduced a schema with applications to forward backward stochas-
tic differential equations under the assumption that both i and o are C2. [62] studies semilin-
ear partial integro-differential equations. [46] considers McKean-Vlasov stochastic differential
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equations (SDEs) with constant diffusion coefficients. [9] studies a special type of elliptic equa-
tions. Almost all the works listed above prove L*-error estimates except [43,47], which draw
their attention to LP-error estimates, p € [2, o).

Numerical experiments indicate that deep learning methods work exceptionally well when
approximating solutions of high-dimensional PDEs and that they do not suffer from the curse
of dimensionality. However, there exist only few theoretical results proving that deep learning
based approximations of solutions of PDEs indeed do not suffer from the curse of dimension-
ality. More precisely, [15] shows that empirical risk minimization over deep neural network
(DNN) hypothesis classes overcomes the curse of dimensionality for the numerical solution of
linear Kolmogorov equations with affine coefficients. Next, [23] considers the pricing problem
of a European best-of-call option on a basket of d assets within the Black—Scholes model and
proves that the solution to the d-variate option pricing problem can be approximated up to
an e-error by a deep ReLU network with depth O(In(d)In(e) + (In(d))?) and O(d**we =)
nonzero weights, where n € N is arbitrary (with the constant implied in O(-) depending on n).
Furthermore, [28] investigates the use of random neural networks for learning Kolmogorov
partial integro-differential equations (PIDEs) associated to Black-Scholes and more general
exponential Lévy models. Here, random neural networks are single-hidden-layer feedforward
neural networks in which the input weights are randomly generated and only the output
weights are trained. In addition, [56] proves that rectified deep neural networks overcome the
curse of dimensionality when approximating solutions of McKean-Vlasov stochastic differential
equations. Moreover, [29] studies the expression rates of DNNs for option prices written
on baskets of d risky assets whose log-returns are modelled by a multivariate Lévy process
with general correlation structure of jumps. Note that the PIDEs studied by [29] are also
Black-Scholes-type PIDEs (see [29, Display (2.3)]). Next, [30] proves that DNNs with RelL.U
activation function are able to express viscosity solutions of Kolmogorov linear PIDEs on state
spaces of possibly high dimension d. Furthermore, [31] proves that DNNs overcome the curse
of dimensionality when approximating the solutions to Black-Scholes PDEs and [53] proves
that DNNs overcome the curse of dimensionality in the numerical approximation of linear Kol-
mogorov PDEs with constant diffusion and nonlinear drift coefficients. In addition, [59] proves
that the solution of the linear heat equation can be approximated by a random neural network
whose amount of neurons only grow polynomially in the space dimension of the PDE and the
reciprocal of the accuracy, hence overcoming the curse of dimensionality when approximating
such an equation. Moreover, [42] proves that DNNs overcome the curse of dimensionality in
the numerical approximation of semilinear heat equations and [1] extends [42] to estimates
with respect to LP-norms, p € [2,00), when approximating the semilinear heat equation.
Furthermore, [2] demonstrates space-time LP-error estimates, p € [2,00), when approximating
the semilinear heat equation. Next, [18] extends [42] to semilinear PDEs with general drift
and diffusion coefficients and [57] extends [42] to semilinear PIDEs. Note that except [1, 2]
all the works mentioned in this paragraph establish L*-error estimates, but not LP-estimates
for general p € [2, c0).

The main novelty of our paper is the following:

(A) We extend the L2-complexity analysis in [41] to an LP-complexity analysis, p € [2, ). More
precisely, in our first main result, Lemma 1.1 below, we prove that the MLP algorithms
introduced by [41] overcome the curse of dimensionality when approximating semilinear
parabolic PDEs in LP-sense, p € [2, c0).

(B) We extend the result by [18] from L* to an LP-sense, p € [2, o), and from DNNs with ReLU
activation to DNNs with more activation functions including now DNNs with ReLU, leaky
RelL.U, or softplus activation, see Lemma 1.4 below, which is our second main result. More
precisely, we show that for every p € [2, 00) we have that solutions of semilinear PDEs with
Lipschitz continuous nonlinearities can be approximated in the LP-sense by DNNs with
ReLU, leaky ReLU, or softplus activation without the curse of dimensionality.
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1.1. Notations. Throughout this paper we use the following notations. Let R denote the set
of all real numbers. Let Z, Ny, N denote the sets which satisfy that Z = {..., —2,-1,0,1,2,.. .},
N ={1,2,...}, Ny = Nu{0}. Let V denote the gradient and Hess denote the Hessian matrix. For
every matrix A let AT denote the transpose of A and let trace(A) denote the trace of A when
A is a square matrix. For every probability space ({2, F,P), every random variable X: Q —

R, and every s € [1,o0) let | X||, € [0,00] satisfy that | X|, = (E[|X]|*])s. For every d €
N let |||, I]l: R* — [0,0) satisfy for all = (z;)icp1,9nz € R? that ||z| = A/ 2% |2 and
Izl = supicp qzl®il. For every d € Nlet (-,-): R* x R* — R satisfy for all z = (z;)ic[1,4)~z
y = (Y)iepajoz that (z,y) = Y0 a,y. For every d € N let ||-[|: R¥*? — [0, 0) satisfy for all

a = (aij)ijenqnz € R that ||a| = \/Zi:1 3% |as;|?. When applying a result we often use a
phrase like “Lemma 3.8 with d .~ (d — 1)” that should be read as “Lemma 3.8 applied with d
(in the notation of Lemma 3.8) replaced by (d — 1) (in the current notation)”.

1.2. MLP approximations overcome the curse of dimensionality when approximating
semilinear parabolic PDEs in "-sense.

Theorem 1.1. Let T,k € (0,0), p € [2,0), c € [p?,0). Let M: N — N satisfy for all n € N
that M, = max{k € N: k < exp(|ln(n)|"/?)}. For every d € N let ¢ € C(R%,R), f € C(R,R),
pd e C(RYRY), o € C(RY, RY*9). Assume for all x,y € RY, v, w € R? that

max{[T £(0)]. g (O)]. [ O)]. [ (O} < ed,  |glx)] < e(d® + al])2. )
max{vT|g"(x) — g'(u)], |1(2) — ' W) o () — o (W)} < cll —w]]. 2)
F(w) — f(0)] < clw— 1], 3

Let (Q, F,P,(F,)wo1) be a filtered probability space which satisfies the usual conditions'. Let
0 = UHGNZ" Let t9 Q — [0,1], @ € ©, be identically distributed and independent random
variables. Assume for all t € (0,1) that P(t° < t) = t. For every d € N let W*%: [0,T] x

Q) — RY 0 € O, be independent standard (F'¢)tefo,r-Brownian motions. Assume that (t "o and
(W) jen peo are independent. For every K € N let |-|x: R — R satisfy for all t € R that

|t]re = max({0, Z, ..., BZUT T} A ((—o0,t) U {0})). Foreveryd, K €N, 0 €O, t e [0,T], z € R?

) K
let YOIt = (YAOKLD) 10 [t,T] x Q — R? satisfy for all s € [t,T] that Y""™" = x and

Ygd,O,K,tx Yd@Kt:C }+,U/ (YdOKtx })(S—max{t, [SJK})+U (YdQKt:c )(Wde Wd9

max{t,|s|x max{t,|s|x max{t,| max{t,|s|x

-
4)
Let UGR[0, T] xR x Q > R, ne Z, d,K,m e N, 0 € O, satisfy forall € ©, d, K, m € N,
n € Ny, t € [0,T], z € R? that Uf’G’K(t, x) = Ué{ﬁ;K(t,x) =0 and

1 & ,(0,0,—14),K,t,x
UHOK (4 B t,
() = Sy )
_ (5)
(6,6,3) 9 E ), K 0,0,i d,(0,£,3),K,t,x
Z foUL In(O)f o ) (1 (T — e, Y.
=O =1
Let (CK)a kennmez < Ny satisfy for all d, K € N, m,n € N that
n—1
C’g”f; =0, C;f;f,j < (ed® + cd°K)m™ + Z m"* <20dC + cd°K + C’Z’n{f + C’lfl’fim) . (6)
=0

Then the following items are true.

Let T € [0,0) and let 2 = (, F, P, (IF¢)¢e[0,77) be a filtered probability space. Then we say that € satisfies
the usual conditions if and only if it holds that {A e F : P(A) = 0} c Foand Vt € [0,T): F; = Ny, Fs.
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(i) For every d € N there exists a unique at most polynomially growing viscosity solution u® of

1
a(;jf (t,x) + §trace(ad(:c)(od(x))T(Hessxud(t, x))) + <ud(x), (qud)(t, x)) + f(ud(t,x)) =0 (7)
with ud(T, z) = g%(z) for (t,z) € (0,T) x R%
(ii) There exist (Cs5)se0,1) S (0,0), (n(d,€))den,ec0,1) S N such that for all d € N, e € (0,1) it
holds that
sup US(S,SWX}Z(;)?(M (t,x) — ud(t,az)Hp <e and Cff ((d]‘fnw e)(l :) ) < pde (). (8)

te[0,7,z€[0,k]¢

The proof of Lemma 1.1 is presented directly after the proof of Lemma 2.4. Let us comment
on the mathematical objects in Lemma 1.1. Our goal here in Lemma 1.1 is to approximately
solve the family of semilinear parabolic PDEs in (7) indexed by d € N. The functions p¢ and
o? are the drift and diffusion coefficients of the linear part of the PDEs. The function f is
the nonlinear part of the PDEs. The functions ¢? is the terminal condition at time 7' of the
PDEs. Next, (1)-(3) are usual regularity properties for the coefficients of the PDEs, which
assure that the PDEs has unique viscosity solutions. Note that the existence and uniqueness of
viscosity solutions of semilinear PDEs of the form (7) are not a new result, see [11, Theorem
1.1]. We still state it in Lemma 1.1(i) and Lemma 1.4(i) so that the statements of the main
results in Lemma 1.1(ii) and Lemma 1.4(ii) are well-posed. Next, the filtered probability space
(2, F, P, (IF¢)seqo,r7) in Lemma 1.1 above is the probability space on which we introduce the
stochastic MLP approximations which we employ to approximate the solutions u¢ of the PDEs in
(7). The set © in Lemma 1.1 is used as an index set to introduce sufficiently many independent
random variables. The functions t’ are independent random variables which are uniformly
distributed on [0,1]. The functions W4? describe independent standard Brownian motions
which we use as random input sources for the MLP approximations. The functions Y %%t in
(4) above describe Euler-Mayurama approximations which we use in the MLP approximations
in (5) above as discretizations of the underlying It6 processes associated to the linear parts of
the PDEs in (7). The function U%%:X in (5) describe the MLP approximations which we employ
to approximately compute the solutions u¢ to the PDEs (7). Let us discuss the computational
effort of the MLP approximations in (5). Each Cd 5 in (6) is the computational effort to compute
a realization of UZ%X (¢, x,w). Here, we assume that the computational effort of f, g¢, (u?, o?)
plus the effort to simulate an arbitrary d-dimensional Brownian increments is bounded by cd°,
which is a polynomial of d. Due to (4) and (5) the family (C¥) satisfies the recursive inequality
(6) above. Lemma 1.1 establishes that the solutions u? of the PDEs in (7) can be approximated
by the MLP approximations U%* in (5) with the number of involved function evaluations and
the number of involved scalar random variables growing at most polynomially in the reciprocal
1/e of the prescribed approximation accuracy ¢ € (0,1) and at most polynomially in the PDE
dimension d € N. In other words, Lemma 1.1 states that MLP approximations overcome the
curse of dimensionality when approximating the semilinear parabolic PDEs in (7).

1.3. Numerical example. We present a numerical example to illustrate the result of
Lemma 1.1.

Example 1.2. Assume that T = 1, d = 100, and assume for w € R, z € R? that f(w) = sin(w),
pt(z) = cos(||z]))z, o%(x) = Idg, and g*(x) = 1/(2 + 2||||*). In this example the PDE (7) is
(7u)(t @) + 5(Au)(t, ) + cos(||a]| )z, (Vu)(t,2)) + sin(u’(t, 2)) = 0 (9)
forte[0,T], x € R%
As we do not know the exact solution, we use the MLP approximations (5) withn = m =4 on
the uniform grid of mesh 7'/10000 as reference solutions. The L*-distance between the reference

solution and the multilevel Picard approximation is approximated by taking averages over 5
runs. In this example the polyline representing the relative L*-error tends to stay between the
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FIGURE 1. Numerical result for Lemma 1.2
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reference lines y = 2~/2 and y = 2~ /. This indicates a convergence rate of order e~ “*9 with
respect to the L*-error. The code for this example is presented in Listing A.1 in the appendix.

1.4. A mathematical framework for DNNs. In order to formulate our second main result,
Lemma 1.4, we first need to introduce a mathematical frame work for DNNs.

Setting 1.3 (A mathematical framework for DNNs). Let a € C(R,R). Let A;: R — R% de N,
satisfy forall d e N, x = (11, ...,24) € R? that

Ay(z) = (a(xq),a(zr),...,a(xy)) . (10)

Let D = UHENNH+2. Let

H+1

N=J U [T ®Fknr x RF) | (11)

HeN (kok1,....kg41)eNH+2 [ n=1

Let D: N - D, P: N — N, R: N — (UpenC(RF RY)) satisfy that for all H € N,
kOakla"'ka7kH+l € N) ¢ = ((WlaBl)7'"’(WH+17BH+1)> € l_[nHerll (]R'ankWWl X]R'kn)7 Ty €

R ... xy € R* with the property that Vn e N n (1, H|: z, = Ay, (W,z,_1 + B,) we have that

H+1

P(@) = Y kn(kar +1), D(®) = (Ko, k1, .. ku, k), (12)
n=1

R(®) € C(Rko, RFr+1), and
(R(®))(20) = Wrhi1zm + Bua. (13)

Let us comment on the mathematical objects in Lemma 1.3. The function « is called the
activation function. An example of a is the ReLU function R 5 = — max{z,0} € R. How-
ever, in this paper we do not restrict ourselves to this function. For all d € N, A;: R? — R¢
refers to the componentwise activation function. By N we denote the set of all parame-
ters characterizing artificial feed-forward DNNs. For every H € N, ko, k1,..., kg, kg1 € N,
® = (Wi,B1),...,(Wai1, Bui1)) € [[71) (RF*Fn—1 x R*) < N the natural number H can
be interpreted as the depth of the parameters characterizing artificial feed-forward DNN & and
(W1, B1),...,(Wgy1, Bpy1) can be interpreted as the parameters of . By R we denote the
operator that maps each parameters characterizing a DNN to its corresponding function. By P
we denote the function that counts the number of parameters of the corresponding DNN. By
D we denote the function that maps the parameters characterizing a DNN to the vector of its
layer dimensions.
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1.5. DNNs overcome the curse of dimensionality when approximating semilinear para-
bolic PDEs in LP-sense.

Theorem 1.4. Assume Lemma 1.3. Let « € [0,0)\{1}, ag,a; € C(R, R) satisfy for all z € R that
ap = max{z,ax} and a; = In(1 + €*). Assume that a € {ay, a,}. Let j3, p € [2,:), ce[1, oo) For
every d € N, 86(0 1), ve R let @4, Ppa,, Pya € N, feO(]R]R) qe, gEeO( ) pdsuld e
C(Rd RY), 0¢,0¢ € C(R¥4, RY) satlsjﬂ/for all v e R that p¢ = R(®,9), o () R(Pya,),
g¢ = R(Dya). Assume forallde N, ¢ € (0,1), v € R? that D(®,a,) = ( i) Assume for all
deN, ee(0,1), v,we R, x,y € R? that

max{]|pl(z) — pl()|l, ol () — ol (W)} < clla —yll, (14)

d° ? 4 (d° g
o) - )] < Ly, as)
l92(@)| < e(d® + [l2]))7, max{[|uZ(0)], lo£(0)[I, T f(0)],g2(0)[} < ed", (16)
max{||ul(z) — pd(2)|, |of(x) — o(@)||, [|g2(x) — g% ()|} < eed*(d° + [|=]])°, (17)
max{P(Pya), P(P,a), P(P,a0)} < cde. (18)

Then the following items are true.
(i) For every d € N there exists a unique at most polynomially growing viscosity solution u® of

a&ut (t,z) + %trace(ad(a:)(Ud(x))T(Hessxud(t, ) + (uh(x), (Vu)(t, z)) + f(u(t,z)) =0 (19)

with u¥(T, z) = g%(x) for t € (0,T) x R<
(ii) There exists (Cs)sc0,1) S (0,2), n € (0,0), (Vge)den,cc01) & N such that for all d € N,
¢ € (0,1) we have that R(¥,.) € C(R4, R),

P(V,,.) < Condle™ 075 and <J [(R(W4,))(x) — ud(O,x)’p dx) ’ <e (20)
[0,1]¢

Let us make some comments on the mathematical objects in Lemma 1.4. First of all, in
Lemma 1.4 we consider different types of activation functions. The activation function a, for
v € {0,1} is the ReLU activation if v = a = 0, the leaky ReLU activation if v = 0 and « €
(0,1), or the softplus activation if » = 1. Next, the assumptions above (14) ensure that the
functions g2, u, o4, which approximate the terminal condition and the linear part of the PDE
are DNNs. The bound cd’c™¢ in (18), which is a polynomial of d and !, ensures that the
functions u¢,0¢, g¢ are DNNs whose corresponding numbers of parameters grow without the
curse of dimensionality. Under these assumptions Lemma 1.4 states that, roughly speaking, if
DNNs can approximate the terminal condition and the linear part of the PDE in (19) without
the curse of dimensionality, then they can also approximate its solution without the curse of
dimensionality. More precisely, we show in (20) that for every dimension d € N and for every
accuracy € € (0,1) the LP(dx)-expression error of the unique viscosity solution of the nonlinear
PDE (19) is € and the number of parameters of the DNNs is upper bounded polynominally in d
and ¢~ !. Therefore, the approximation rates are free from the curse of dimensionality. We refer
to [17,18,31,42,53,55] for similar results in L?-sense.

1.6. Sketch of the proofs. Since (ii) in Lemma 1.1 contains an LP-estimate we first need to
prove LP-estimates for MLP approximations (cf. Lemma 2.3 and Lemma 2.4), which, to the
best of our knowledge, still do not appear in the scientific literature for general p € [2,x0).
The main tool to get LP-estimates is the Marcinkiewicz-Zygmund inequality (see [69, Theo-
rem 2.1]). In addition, Lemma 2.4 is the LP-version of [41, Proposition 4.1]. Our first main
result, Lemma 1.1, is a direct consequence of Lemma 2.3 and Lemma 2.4 and its proof is pre-
sented directly after the proof of Lemma 2.4. From the technical point of view, the main novelty
of Lemma 1.1 is the sequence (M,,),cn. An analysis of the error and computational complexity
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(see the proof of Theorem 1.1) shows that, in order to make the MLP algorithm (5) converge
in L?, we can choose m = M,, such that

M. \P/2 M
liminf M; = oo, limsup l <oo, and sup AR (21)
J—=®© J—© J keN k

In the L?*-case we can simply choose M,, = n. In order to have (21) we choose M,, = max{k €
N: k < exp(|In(n)|"/?)} as done in, e.g., [43, Theorem 1.1]. This choice of (M,,),cx is convenient
for the simulation since it does not depend on the exponent p.

Lemma 1.4 follows from Lemma 4.1 and Lemmas 3.1, 3.2, 3.4, and 3.5. We present the proof
of Lemma 1.4 after the proof of Lemma 4.1. Let us sketch the proof of Lemma 4.1. Although the
result presented in Lemma 4.1 is purely deterministic, we use probabilistic arguments to prove
its statement. More precisely, we employ the theory of full history recursive MLP approxima-
tions, which are numerical approximation methods for which we know now (cf. Lemma 1.1)
that they overcome the curse of dimensionality. We refer to [62] for the convergence analysis
of MLP algorithms for semilinear PIDEs and to [9, 10, 27,37, 38,39,40,41, 44,45,48,57] for
corresponding results proving that MLP algorithms overcome the curse of dimensionality for
PDEs without any non-local/ jump term, all in L?-sense.

The main strategy of the proof of Lemma 4.1, roughly speaking, is to demonstrate that these
MLP approximations can be represented by DNNs, if the coefficients determining the linear part,
the terminal condition, and the nonlinear part are corresponding DNNs (cf. Lemma 3.15). Such
ideas have been successfully applied to prove that DNNs overcome the curse of dimensionality
in the numerical approximations of semilinear heat equations (see [1,42]) as well as semilinear
Kolmogorov PDEs (see [18]). We also refer to [31, 53] for results proving that DNNs overcome
the curse of dimensionality when approximating linear PDEs.

More precisely, we represent u¢ as solution of the stochastic fixed point equation (SFPE)
(178) where the forward processes (X%%%) are defined by (174) with drift u¢ and diffusion o*.
We define the MLP approximations in (172) involving the Euler-Maruyama approximations in
(171). Each U< can be considered as approximation of the solution u? to the PDE (19). In
order to estimate the approximation error Ug%:* — u? we decompose UH%:5 — y? = ULEKe —
ut® + ub* — u? where u?¢ is defined by SFPE (179) where the forward processes X%%<4* here
are defined by (173) with drift ;¢ and diffusion o, which are DNNs. The error U#8:%¢ — u®<
is the error bound for an MLP approximation involving Euler-Maruyama approximations and
therefore can be established in Lemma 2.4 (see (189)). The error u®¢ — u? can be estimated, as
in the L? case, by the perturbation result in [18, Lemma 2.3]. The main difficulty in the case
of leaky ReLU and softplus activation is, compared to the case with ReLU, that here we have
another definition of the operator ® than that in, e.g., [18] (see Lemmas 3.6 and 3.11) and as
a consequence we need to rebuild the whole DNN calculus.

The paper is organized as follows. In Section 2 we establish LP-estimates for MLP approxima-
tions and prove our first main result, Lemma 1.1. In Section 3 we study DNN representations for
MLP approximations for PDEs of the form (19). In Section 4 we use the main representations
in Section 3 to prove our second main result, Lemma 1.4.

1.7. Future works. In future work, we aim to extend our analysis to the gradient-dependent
case, that is, to situations in which the nonlinearity f also depends on the gradient Vu. The
main challenge in this setting lies in the fact that the gradient of the solution to the corre-
sponding PDE is represented via the Bismut-Elworthy-Li formula. Moreover, the associated
stochastic fixed-point equation, which serves as the key tool for establishing convergence of
the corresponding MLP scheme, must simultaneously capture both the solution and its gra-
dient. Consequently, since the MLP scheme can be interpreted as a multilevel Monte Carlo
approximation of the unique solution to this stochastic fixed-point equation, its structure in
the gradient-dependent case differs significantly from that in the gradient-independent setting
(see [58] and [61]). In contrast, for the special case of the semilinear heat equation with
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gradient-dependent nonlinearity, the corresponding MLP scheme becomes substantially sim-
pler. In this setting, it has been shown that the MLP approach can overcome the curse of
dimensionality also in the LP-framework for p € [2, 0) (see [66]).

2. MLP APPROXIMATIONS

2.1. Error bounds for abstract MLP approximations. In this section we establish L*-
estimates for MLP approximations. More precisely, we extend [41, Corollary 3.12] and [41,
Proposition 4.1] to LP-estimates. First of all, we work with an abstract MLP setting, Lemma 2.1,
and prove LP-error estimates, see Lemma 2.3. The main difference between the general L*-
case and the L?-case is that in the L"-case we appeal to the Marcinkiewicz-Zygmund inequality
(see [69, Theorem 2.1]). Having proven the LP-error estimate we easily prove the LP-error
estimate for MLP approximations involving Euler-Maruyama approximations, see Lemma 2.4.

Setting 2.1. Let d € N, p, € [1,w), ¢,T € (0,), f € C(R,R), g € C(RLR), V €
C([0,T] x R%[1,0)), © = |J,enZ" Let t: Q — [0,1], @ € O, be identically distributed
and independent random variables which satisfy for all t € [0,1] that P(t* < t) = t. Let
(Xf’s’x)se[o Tl Tlwerd s {(0,7) € [0,T]*: 0 < 7} x R x Q@ — RY, 0 € O, be measurable as well
as independent and identically distributed. Assume that (X!** ) se[0, ) tefs.T]werd pe0 and (£)gee are
independent. Assume for all s € [0,T], t € [s,T], x € R%, w;,w; € R that

9(x)| < V(T,z), [TfO)]<V(s, ), (22)
| f(wr) = f(wa)] < clwy — wal, (23)
[V, X)), < V(s,). (24)

Let US,.: [0.T] x R x Q > R, n,m e Z, 0 € O, satisfy foralln,me N, 0 € ©, t € [0,T], z € R?
that U, (t,x) = U, (t,x) = 0 and

e, :_Z 00 —3)
e

Lemma 2.2 (Independence and distributional properties). Assume Lemma 2.1. Then the follow-
ing items are true.

(i) We have for all n € No, me N, 6 € © that U}, and f o Uf  are measurable.
(ii) We have” for all n € Ny, m e N, 6 € © that

S ( (Ug,m (t7 x))te [0,T] ,IE]Rd) c6 ( (t(e’ﬂ) )196@’ (Xt(e’ﬂ) 7571?)1966756 [0,17,te[s,T] ,erRd) : (26)

(iii) We have for all n € Ny, m € N, 0 € © that (Uf,(t,))iejo1],cer> (Xte’s’x)se[O,T],te[s,T],xend;
and t° are independent.

(iv) We have for all n,m € No, m € N, 4,5,k l,v € Z, § € © with (i,j) # (k,l) that
(Ué?#])(tax))te[O,T],ze]Rd: (U£?£7Z)<tax))te[O,T],xe]Rd: t049), and (Xt(e’z’j)’s’w)se[o,ﬂ,te[s,T],xeRd are

(25)

O =IO f 2 ULD) (14 (T = 09, X0 )

t+(T—1)t0:61)

independent.
(v) We have for all n € Ny, m € N, ¢t € [0,T], x € R? that U, (t,x), 0 € ©, are identically
distributed.
Proof of Lemma 2.2. See [41, Lemma 3.2]. O

Theorem 2.3 (LP-error estimates, p € [2, «0), for MLP approximations). Assume Lemma 2.1. Let
€ [2,0), ¢ € [1,0) satisfy that pq; < p,. Then the following items hold.

2Let (Q, F,P) be a probability space, let n € N, and let (Sj,Sy), k € {1,2,...,n}, be measurable spaces. Note
that for all X;: Q — Sk, k € {1,2,...,n}, we have that §(X;, Xo, ..., X,,) is the smallest sigma-algebra on 2 with
respect to which X, Xs, ..., X, are measurable.
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(i) There exists a unique measurable u: [0,T] x R? — R which satisfies for all t € [0,T], z € R?
that E[[g(X3")[] + 5! EI|f(u(s, X"*)[]ds + $up,czusseorry 22 < o0 and

V(sy)
T
ult.a) = E[o(X3)] + | E[f(uls, X20)]ds. @27)
t
(ii)) We have for all m,n e N, t € [0,T], x € R?
H U’r?,m(t’ l’) - U(t, IE) Hp S 2(p - 1)%650Tn6mp/2/pm—n/2vql (ta l’) (28)

Proof of Lemma 2.3. For every random field H: [0,7] x R? x Q — R and every s € [0,T] let
|1 H]|, € [0, o0] satisfy that

|||H||| _ sup ’lH(t> 33)”10

: (29)
te[s, T],zeR* (V(t7 x))ql

Furthermore, for every random variable X: Q@ — R with E[|X|] < o let V,(X) € [0, 0] satisfy
that

V,(X) = [1% — E[X]|[;. (30)

First, measurability and [41, Proposition 2.2] (applied withd ~d, T ~ T, L ~ ¢, O ~ R4,
(Xtafs)te[O,T],se[t,T],xeRd A (X‘g’t’z)te[O,T],se[t,T],xeRd7 f A ([O7T] X Rd xR 2 (t,[E,’lU) — f(’lU) € R);
g N g, V..~ V in the notation of [41, Proposition 2.2]) show that there exists a unique
measurable u: [0,7] x R* — R which satisfies for all ¢ € [0,T], z € R? that E[|g(X>"")|] +

T z u(s,
57 L (uls, X0))[] ds + 50D, eporry fzl < o0 and

T
ult,a) = Elg(X2)] + [ Blf(u(s, X0)] ds 3D
t
and we have for all ¢ € [0, 7], z € R¢ that %—?)l < 2¢(T=% | This, the fact that ¢; > 1, and (29)
imply for all s € [0, 7] that
flull, < 2e". (32)

This proves (i).
Next, Jensen’s inequality, the fact that p < p,, (24), and the fact that VV < V% show for all
te[0,T], x € R? that

lg (X < V(T X7y < VT, X2 lp, < V(T 2) < VE(H ). (33)

Next, the disintegration theorem, the measurability and independence properties, the fact that
pq1 < p,, and Jensen’s inequality prove for all ¢t € [0,T], {,v € Ny, z € R%, H € spang({f o
Uf > f o u}) that

t+(T—t)t0

H(T CHH(E A+ (T — O, X% )

=@ =0 1H ],y

- _ )10
plr=t+(T—t)t »

<@ -\, [[ve e x| 34

— _#)¢0
r=t+(T-t)t°||,

Va(t, x).

p

< (T =) (| E 1 7—sy00

Moreover, (29) and (23) show for all ¢ € [0, 7] and all random fields H, K: [0,T] x R? x Q — R
that ||(fo H) — (f o K)||, < ¢||H — K]||,. This, (34), and the independence and distributional
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properties imply for all t € [0, T], v, £ € Ny, m,n € N, z € R? that

| =0 o Ut) = (Pt + (T =€, X215 0)||
T =010 V) = (0 )l oo
(t,z).
This and the triangle inequality show for all ¢t € [0, T], z € R%, m, { € N that
=0 [evt) - ovt e+ -0 x5 0|
<@ -n]Wevt) - oum+ @ -0 X5 ]|,

+H [ ((f o Upy,n) = (Fow)(t+ (T — ), X7 t)to)”‘p (36)

(t, ) (35)

< (T —t)c H H‘Utg,m - uH!tJr(Tft)tO

L

< 3 |0 it ~ oo

j=L

] VO (¢, 1),

This, (25), the triangle inequality, the fact that Ym e N: Ug, = 0, the independence and

distributional properties, (33), (32), (36), and induction prove for all n € Ny, m € N, z € R,
te[0,T], 0 € © that

N0l + [ = 00 0 UL+ (7 =), X0 )

t+(T—t)t?

< 0. (37)
p

Next, linearity, the independence and distributional properties, and a telescoping sum argument
prove for all n,m e N, t € [0, T], v € R? that

mn"

E[UL,.(t2)] = — 3 B[g(X00 0]

m i=1

0,4,i 0,—4,i )i 0,4,i),t,x
2 l( © Ué(,m ) - HN(g)f © Ué(—l,m )) (t + (T - t)t(og ) Xlg(+(T) i)t(oz n)]

(38)

Blg(X§")] + 3(T ~ 1) [E[<f UL+ (T =), X0 )]

~E[(fo UL 1)t + (T =08, X015 m]]

— Elg(X2")] + (T = OE|(f o U

n—1m

)+ (T =00, X050 0]

t+(T—t)t0

Moreover, the disintegration theorem and the independence and distributional properties show
for all t € [0,T], x € R? that

u(t,@) = Blg(XP")] + (T = OF| (f o u)(t + (T = ), X350 |- (39)

This, the triangle inequality, (38), Jensen’s inequality, and (35) prove for all n,m € N, ¢t € [0, T],
z € R? that

LELPGD) Sl | 1020 (40)

Vai(t,x)

= tlls e

Moreover, the Marcinkiewicz-Zygmund inequality (see [69, Theorem 2.1]), the fact that p €
[2,0), the triangle inequality, and Jensen’s inequality show for all n € N and all identically
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distributed and independent random variables Xy, k € [1,n] n Z, with E[|X,|] < oo that

N

(Z % — B[] ||)

(Vp [l > %k]) - D (- E[X])| <
"o "= p (41)
_ 2T,
<

This, (25), the triangle inequality, the independence and distributional properties, (33), and
(36) show for all n,m e N, t € [0, T], z € R¢ that

N|=

[es B[O )], (V, (U2, ()

V‘h (t,x) B Va(t, )
1
m" 0,0,—i),t,x 2
(Wp[# st g(X; ) )])
<
Va(t, x)
_ m" ¢ £,1) —L,0 b 0)t,x 2
S (Vo 22 S (£ o U = (0] 0 U0 (14 (T = )00, x G600 )|
+
(=0 Va (t,l’)
QWHQ(X%t,z)Hp . 2«/p—1H(T—t) (foU?’m—Jl]N(E)foUZlfl’m)(t+(T—t)t0,Xfr(’;_t)tO) :
- i T 2 T
b Va(t, )
Wp—1 O & 2p—1 o
30 % e [ @00 =l |
(=1 j=¢

-1
(42)

In addition, the fact that t° is uniformly distributed on [0, 1] and the substitution rule imply for
all s € [0,7], t € [0,T], and all measurable h: [0,7] — R that

1

T—1)|nlt+ (T =), = (T ' UO

e NGl dc]; < -9 [ mor dcr

(T — t)|h(t + (T — t)A)\Pd/\]p
(43)
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This, (29), the triangle inequality, (40), (42) and the fact that Vn,m € N, ag,aq,...,a,-1 €

[0,00): (02 3, =)+ ano1 < 305 \/% prove for all n,m e N, s € [0, T] that
02, ], = sup 1) =002,
m T e vw 7)

o? B(US,, ()], + [E[U2(6,2)] - ut,2)]

< sup

te[s7] Va(t, z)

S S B e |

< T—t Uim

= tes[ljl;][ Vmn ! ;1 j;—l mn—*t ( e |H um”(T_t)to p

(44)

= tfl, 7o

< sup
te[s, T

[2%+§[%< e[| 1U8 = wll

<AL S ke[ et -l |

il
A/mm =0 A /mn—é—l
Next, [41, Lemma 3.11] (applied for every s € [0,T], n,m € N with M ~ m, N ~ n, 7 " s,
aN2p— 1L, b ANAT —5) veyp—1, (fj)jeny 0 ([5,T] 3t — U2, — umt € [0, 0])jen, in the

notation of [41, Lemma 3.11]), (32), and the fact that Vm € N: U(?’m = 0 prove for all m,n € N,
s € [0,T] that

T =l < (2 p—1+A(T—s) rer/p—1-(T—s)» s |||U|||t)
els,
2 (14 AT~ ) hey/p =1 (T = 5)3)

n—1

<a/p-1 (2 + 4cT - 2eT) ™ Py /2 (W(l + 46T)>n1 e
<2(p— 1)2eT(1 + 4cT)e™ " P "2(1 + AcT)" !
<2(p-1) 5 T em”? /oy =n/2,
This and (29) imply for all m,n e N, t € [0,T], x € R? that
U (¢ @) — u(t, @ H 2p — 1)F > Tre™ b2y 0 (¢ 1), (46)
This completes the proof of Lemma 2.3. O

2.2. Error bounds for MLP approximations involving Euler-Maruyama approximations.
Lemma 2.4 below extends [41, Proposition 4.1] to an LP-estimate, p € [2,00). Its proof can be
easily adapted from that of [41, Proposition 4.1]. However, we present it here for convenience
of the reader.

Lemma 2.4. Let d, K € N, T € (0,0), p € [2,0), B,b,c € [1,0), pe [pB,n), p € C}(RY,[1,x0)),
ge C(RYLR), fe C(R,R), ue C(RYRY), 0 € C(RY, R*Y). Assume for all z,y € RY, 2 € RN\{0},
t€[0,T], v,w € R that
s { [ '<xp>5 Al (" @)2) el + 11Ol dell+ IOl } ce @
(e@)7 Izl (@) 7 1212 (p@)? (o)

B [@

max{|T'f(0)], [g(x)[} < blp(2))7, (48)
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l9(2) — gy)] < b@(m)%(y))p le— gl 1f) — fw)] < clo - wl, 49)
max{la(x) — u(@)], o () — oW} < cll — vl (50)

Let (2, F, P, (F¢)se0,r]) be a filtered probability space which satisfies the usual conditions. Let © =
U,.enZ™ Let t: Q — [0,1], 6 € O, be identically distributed and independent random variables.
Assume for all t € (0,1) that P(t° < t) = t. Let W’: [0,T] x Q — R, 0 € O, be independent
standard (IF';)e[o,r;-Brownian motions. Assume that (t")ge@ and (W?%)gco are independent. Let
||x: R — Rsatisfy for all t € R that || = max({0, Z,..., 20T T} A ((—c0,t) U {0})). For
every 0 € ©, t € [0,T], z € R* let Yo' = (Y?"") ey [2, T] x Q — R? satisfy for all s € [t,T]
that V""" = = and

Yo Sy (VR (s — max(t [s]ic}) + o (VI YV = Whge i) G

max{t, max{t,|s|k

Let U [0.T] xR xQ > R, neZ meN, 0 e, satisfy for all 6 € ©, m € N, n € Ny,
te[0,T], z e R* that U%, (t,2) = U§,.(t,x) = 0 and

(52)

(CAX 6,—0,i )i 0,0,),t,x
me Z (7 o UG = (D) 0 UL (14 (T = D, ¥ 0L )

Then the following items are true.
(i) Foreveryte [0,T], 0 € © there exists an up to indistinguishability unique continuous random
field X%t = (X') ey mywera: [t T] x R x Q — R which satisfies for all x € R that
(vat’x)se[tﬂ is (IFs)sept,r-adapted and which satisfies for all s € [t, T, x € R® that P-a.s.

X0 =+ f p(XTT) dr + J o( Xy dW). (53)
t t

(i) Forall0 e ®©, te[0,T], se[t,T], r € [s,T], x € R¢ that (X=X = x0te) = 1,

(iii) There exists a unique measurable u: [0, T] x R? — R which satisfies for all t € [0,T], x € R?

that (sup,cpo.ry emellu(s. )| ((y)#7]) + §T E[1f (u(s, X04))]] ds + E[lg(X**)[] < o and

u(t,z) = E[g(X%t’x)] + L ]E[f(u(s,Xg’t’m))] ds. (54)

(iv) Forall t € [0,T], z € R% n € Ny, m € N we have that U (t, z) is measurable.
(v) Forallt e [0,T], z € R% m,n € N we have that

1
VK]
Proof of Lemma 2.4. Observe that (50) prove (i) and (ii). For the rest of the proof let A =
{(t,s) € [0,T]?: ¢t < s} and X" = (XE")icpor)sefer)oere: A X RY x @ — R? satisfy for all

e [0,T], s € [t,T], x € R? that X%* = X%® and X!** = Y04 For every r € R? let
D” = (D )epor): [0,T] x @ — R? satisfy for all ¢ € [0,T] that 97 = z + pu(z)t + o(x)W,;. For
every z € R%, ne Nlet 77: Q — [0,T] satisfy that 77 = inf({T'} U {t € [0, T]: [supyeo 4 £(D?)] +
S0 (@' (D) (0s(x))[2ds = n}). Next, the triangle inequality, (50), and (47) prove for all
z € R that

max{{|p(2)|, [lo ()]} < max{[|p(z) = w(O) + pO)] [lo(z) = a0} + [lo (O[]}

< max{c|z|| + [|(O) ||, ellz[| + o (0)[[} < e ().

|| — u(t x)Hp < 126026963T(30(x))ﬂ+1 l2p2 5eTnem?2/p,—n/2 | (55)

56)
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This, (47), and the fact that Va,b € [0,00),A € (0,1): a*b*™ < Xa + (1 — \)b imply for all
r,y € R? that

(' () (u())] +

d
2" W) (on(x), on(2))
k=1

< elp®) ()]l + 5 (¢ ““Zwkﬂg

< clp(y) relp(@)7 + = (p(y) Tr A (p(x))? (57)

_ (3763 - 2%3) oy) + 27(5390(96)-

Combining this and, e.g., [19, Lemma 2.2] (applied for every t € [0,T), s € [t,T], z € R, 0 € ©
WithT AT —t,0 A RLV A ([0, T —t] x R 3 (s,2) — ¢(x) € [0,0)), a~ ([0,T —t] 25—
2 € [0,0)), T s—t, X A (Xf ff)re[o’T_t] in the notation of [19, Lemma 2.2]) demonstrates
forall0 e ©, x e RY, t € [0,T], s € [t,T] that

E[p(X07)] < ¢ Dp(a). (58)

It0’s formula, (57), and the fact that ¢ > 1 imply for all x € R, t € [0, 7] that

]E[Sp@jmm{rw t})
min{r? t} 13
=) + E f @) + 5 2" (W) (ox(x), o () dS]
k=1
min{7%,t} 3 3
<ww+EJ Q——%)w@@+%w@m4 (59)

3 3 t
<o) (14 20) + (3 - 2 8| [ wonmpmso as]
3 3 3 t

0
Gronwall’s inequality and the fact that for all a € R it holds that 1 + a < e¢* therefore assure for
all z € R4, t € [0, T] that

3 3 3 ;
Ble i) <00 | % =2 |0) |1+ 20 oto) < 2pt0) (60

Fatou’s lemma hence proves for all x € R¢, t € [0, 7] that

E[p( + p(2)t + o(x)W)] = E[p(D))] < o). (61)

The tower property for conditional expectations, the fact that for all¢ € [0,7], s € [¢,T], 0 € © it
holds that W? — W/ and I, are independent, and the fact that for all t € [0, T], s € [t,T], 0 € O,
B € B(R?) it holds that P((W? — W?) € B) = P(W?_, € B) hence prove for all § € O, x € RY,
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€ [0,7T], s € [t,T] that

Ee(Y)" )] = ElE [SO(erij{?t,[J y M(Yijxagt spep) (8 — max{t, |s]x})

021DV = Wit [Froe] |

max{t,|s|x

(62)

B [E[so(z s = maxtt L)) + oV mtet)] |y }]

< @ CmetlbDp[p(yots, | ]

max{t,

Induction and (51) hence show for all § € ©, z € R%, t € [0,T], s € [t,T] that E[p(Y/"*)] <

2’50 (). Jensen’s inequality and (58) therefore prove for all ¢ € [0,p], § € ©, © € RY,
te[0,T], s € [t, T] that

max{E[ (¢ Yem))%LE[(SD(XQM)) gy
<max{( [ ])% ( [ X@tx)]) }<€2qc (s— t)/P(SO($>)%,

Moreover, observe that the fact that x is continuous, the fact that ¢ is continuous, the fact that
for all 0 € ©, w €  we have that [0,T] 3t — W (w) € R? is continuous, and Fubini’s theorem
imply for all § € © and all measurable n: [0,7] x R¢ — [0, o0) that

(63)

A xRs (t,s,2) — E[n(s, Y"")] € [0, 0] (64)

is measurable. Furthermore, note that (47), (50), (57), and, e.g., [8, Lemma 3.7] (applied with
O ANRLYV A ([0,T] x R 3 (t,2) — e 2"/Pp(z) € (0,00)) in the notation of [8, Lemma 3.7])
imply that A x R* x R? 5 (¢, s, z,y) — (s, X2"*, X%) € LO( R x RY x R?) is continuous. This
and the dominated convergence theorem prove for all # € © and all bounded and continuous
n:[0,T] x R* x R* — [0,%0) that A x R? x R? 5 (¢, s,2,y) — E[n(s, X2, X%¥)] € [0, 0] is
continuous. Hence, we obtain for all € © and all bounded and continuous 7: [0, 7] xR¥xR¢ —
[0,00) that A x R x R? 5 (¢, s, 2, y) — E[n(s, X?**, X!*¥)] € [0, 0] is measurable. This implies
for all § € © and all measurable 7: [0, 7] x R¢ x R? — [0, o0) that

AxRYxRY5 (1, 5,2,y) — B[ (s, X0, X0 € [0, 0] (65)

is measurable. Combining (64), (63), (48), (49), and [41, Proposition 2.2] (applied for every

k e {071} with L ~ ¢, O Rd: (ng)(t,s,x)eAx]R’i N (%lz’t’x)(t,s,m)eAde: Voo ([07T] x R? 2

(s,x) — e2°PT=9)/p(p(2))P/? € (0,0)) in the notation of [41, Proposition 2.2]) hence establishes

that

a) there exist unique measurable u;: [0,7] x RY — R, k € {0,1}, which satisfy for all
ke {0,1}, t € [0,T], + € R? that SUD (0,77 supxe]RdUuk(s,x)|(g0(x))_ﬁ/p] + E[‘g(%?tr)‘ +
StT]f(s, Xt (s, X84))| ds] < oo and

T
oultn) = B o) + [ .28 un(o, 2800) ] (66)
t
and
b) we have for all k£ € {0, 1} that
|un(t, )] ] H l9(z)| ITf(t,:v,O)!] T] T
sup su - < sup su + e <26, (67
sun, o | s ot < g || + e ©7)
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This proves (iii). Moreover, note that [41, Lemma 3.2] establishes (iv). Next observe that (56)
and (63) demonstrate for all 0 € ©, t € [0, T], r € [t,T], z € R? that

maX{E[H“ Yrﬁ;x?tlj })}

| Eflo (]}
2 0.t,x 2 (68)
<c E[(S"(Ym;;{t,mx})) !

]<8ﬁ%“ﬂmw>

BN

Furthermore, note that (51) demonstrates for all t € [0,T], r € [t,T], z € R% 6 € O that
a({Y“I 1x1}) € Fr. Combining this and (68) with the fact that for all ¢ € [0,77], z € R¢ we

max{t,|r

have that E[||o(z)W;||?] = ||o(x)||*t shows for all § € ©, t € [0,T], r € [t,T], x € R? that

[HO_ Yrﬁatxl{,t | JK})(WTO - erlax{t,[ij})H2]

—EE [0V = Wi ] st j (69)

= B[00V ooy, |2 = max{t, [r]ic}) |

t,max{t,

T 3 2 T
0.x 2+ 2 4c3(r—t)/ .
< B[l I | < 2ol

This, (51), the triangle inequality, and (68) imply for all § € ©, t € [0,T], r € [t,T], z € R? that

(125,10~ Y20 IP])
(Umxszﬂﬂfr—mwuuw>
+( [HU et} Vo W st JK})”QD5 (70)

1
< CeQeg(r*t)/p % ( ) |,r _ t|2 + 6620 (r— t)/p(gp(x))% <%)
= c(r 1 (TN>
= cfjr 1]} + k2<“@wuwp(§).

Next, note that (50) and the fact that ¢ > 1 assure for all z,y € R¢ with z # y that

(z—y,nz) - M||(y)> +”2%||0(Z) —oWlI*, G- 1)||(0(T|) - U(ﬁi))T(z —lIF e o
2=y 2=y

This, [36, Theorem 1.2] (applied for every § € ©, t € [0,T), s € (t,T], v € R* with H ~ R4,

UANR™, DARLT A (s—t), (Fo)rejor) O Frit)reo,s—tpy Woreor) © (Wi — W) refo,5-15
0.t,x 0.t,x 0,x

(Xo)refo,r) O (XH; Jrefo,s—t1s (Yr)refor) > (Y Drefo,s—t> (ar)refo,r) O (Y, a0} ) rel0s—ts

(br)refo,r) N (0 (Ymax{t [t+rJK}))7"E[OvS_t]’ enlL,pAn2, T Q3w s—tel0,s—t]), a1,

B~ 1, ra 2, g oo in the notation of [36, Theorem 1.2]), (50), (70), the fact that for all

t € [0,00) we have that v/t(v/t + 1) < ¢!, the fact that 1 < ¢, and the fact that p > 2 imply for all
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eO,te|0,T],set,T], v € R that

(E[”Xg’t’m _ Y;@,t,zH2])§
< sup eXp(JS [<zy,u(2) — u(y)) + EVED 5(2) — o(y)|? RE ! . . %rdr)

2 yeR?, |2 =yl 1 1
ZF#Y

. [(fE[HM Yot iey) — M(Y:J,t,z)m dr) ;
+ \/w (ﬁ ]E[IIO(YH?JXZ ) — o (V) ||2] dr) é]

1
2
< ¥ <|s—t| sup B[ [V, 10 —W’\F])

re(t,s]

1
, T\ 2
< 03¢5 — t]%c[\s - t]% + 1]6203(5_”/1’(90(95))% <?)

< 3026402T6203(S_t)/p(¢(x))% (%) 3 |

(72)

Next, observe that (i), (71), and [19, Corollary 2.26] (applied for every ¢t € [0,7T), s € (¢,T]
with T~ s—t, O AR, (Fo)repor] O (Fraer)refos—ts (We)repor] © Wy = W) reqo,s—11, @0 N 0,
ar N0, B8N0, B8 A0, cn2 T A2, pA2, g 0, q o U~ (RPsz— 0eR),
UiAnRisz2-0e[0,0), T~ RIs2—0¢eR), (X)epreert © (Xii)refo.s—o]erd
in the notation of [19, Corollary 2.26]) demonstrate for all t € [0,T), s € (t,T], z,y € R4
that (E[|| X%%* — X%4¥||2])2 < €261z — y||. This and (72) imply for all ¢ € [0,T], s € [t,T],
re[s,T], x,y € R¢ that

1
ElE HXo,s,; XO s, n” 2 < |E €2c2(rfs) HXo,t,;c B YO,t,xH 2
T (XO t,x YO t, =) s s

< 6202(r—s)362€4C2T6203(5_t)/p(<p(x>)% (%) 2 < 3(2ACT (%) 2 [e4c3(T—t)/p(¢(x))%]

D=

(73)

l\.’)\»—A

Furthermore, note that (i) and Tonelli’'s theorem ensure for all ¢t € [0,7], s € [t 1],
r € [s,T], x,y € R? and all measurable h: R? x RY — [0,o0) that R¢ x R? 3 (y;,10) —
E[h(X2sv, XP42)] € [0, 0] is measurable. Moreover, observe that (i) assures for all ¢ € [0, T,
se[t,T],relsT], z,ye R that X%4* and X»*¥ are independent. This and the disintegration
theorem show that for all ¢ € [0,7], s € [t,T], r € [s,T], =,y € R? and all measurable h: R? x
R? — [0, 0) it holds that E[E[A (X%, X)%9) || ;_yote o ous] = E[A(X)H, X)*¥)] . Combin-
ing (i), (51), (63), (65), (49) (73), (66), (67), [41, Lemma 2.3] (applied with L ~ ¢, p ~ 2¢3,

n L8 A 32T (L ) p A p/B, a2 (X5 icpom) sefrwers O (XOU)icto7] selt.1],0e R
(thf)te[OT] se[t,T],weRd ¥ (Yso’t’ )te[O,T],se[t,T],meRd’ V A bp/ﬁ% (L ([O,T] x R 3 (t,z) —
el T=D/p(p(x))? € (0,90)), ur  ug, us  u; in the notation of [41, Lemma 2.3]), the fact
that 1 + ¢I" < e, the fact that ¢ > 1, the fact that ¢ > 1, the fact that p > 2, and the fact that

l\.’)
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p = 2f3 hence implies for all t € [0, T], x € R? that

|uo(t, ) — ua (t, )]
—L T+ (2638/p+e)T (1p/B B 4e3(T—t)/ 2009 geor (T2
<A4(1+ )T ze PP P p(a)) v [e Plp(x))r]?3c%e —

cl'm—= cT+c3T+cT B 3T 1 2 4c2T Z 2 (74)
<4e”T blp(z))re” (p(x))r3ce e

1
1 T\?
< 12bCQT7§€903T(QO(I>)% (—> :

K
For the rest of this proof let V e C([0,T] x R4, [1,0)) satisfy for all t € [0,T], € R? that
Vit 2) = be 5 (o). (75)
Then (63) and the fact that p > pj3 show for all t € [0,T], s € [¢,T], x € R? that
V(s v, = b5 o2 || <™ 5 pa))f = Vita).  (76)

P p

Then Lemma 2.3 (applied withd ~d, p, ~"p,c e, T AT, f AN f,g g, VA V,0n 0,
()oce N (P)gee, X A Y, (UL, )ocommez A (UL )oconmez, P P, 1 1 in the notation of

Lemma 2.3), (52), and the 1ndependence and distributional assumptions show for all m,n € N,
te[0,T], x € R? that

(b x) —uy < — 1)z 5T oy~ Vit x
H (t ‘T>Hp<2<p 1)gecTn mP/2 /p n/2 ( )

< 2p%65cTnem"/2/Pm*”/2beQC"BT (gp(x))g

This, the triangle inequality, the fact that p > 2/, and the fact that ¢ > 1 show for all ¢ € [0, T'],
e R that

(77)

H tx—uot:cH

|| o (tx) —u(t,x || + |uo(t, ) — uy(t, z)|

1
c 1 T\?2
< 2p3 ST oy 2 2 PﬂT(go(x))g n 12bCQT—§e9ci”:r’<()0($))%1 (}) (78)
1
12bC2 9c3T 5+1 [2 26E)cTn mP/2 /p fn/2 + :|
(o)) » |2p NG
This completes the proof of Lemma 2.4. O

2.3. Complexity analysis for MLP approximations involving Euler-Maruyama approxima-
tions. We are now in a position to prove Lemma 1.1.

Proof of Lemma 1.1. For every d € N let ¢, € C(R? R) satisfy for all x € R? that
pa(r) = PFAP(d + ||z]*)?. 79)
Then (156) shows for all d € N, x € R that
max{]|(0)|] + cll]l, lo?(O)[| + cll[}
< ed” + ||| = e(d® + ||z]]) < 2¢(d* + [l2]2)? < clpa(w))?.

Next, [48, Lemma 2.6] (applied for every d € N with d ~ d, m ~ d, a ~ d*, c ~ 0, p-~ p/2,
w0, 0N 0, o pg/(2°PdP) in the notation of [48, Lemma 2.6]) and (79) show for all
r,z € RY that

(@) < pleal@) w2l (@) (2 2) ]| < p2(pal@)) 75 ||2]2. (81)

(80)
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This, (80), and the fact that p? < ¢ show foralld e N, ¢ € (0,1), x, 2 € R? that

m{ U] (e@)(2) ]+ 1) cnxu+uad<o>u}<a 2
(

pa@)T 2l (pal@)T 122 (pal@)r T (pal))?
Next, (1) and (79) show for all d € N, x € R¢ that
max{|Tf(0)], |g(z)[} < (a(x))?. (83)

Furthermore, (2) show forall d € N, z,y € R? that

1 1 1
d d ¢ (pa(@))? + (wa(y))? (pa(z) + @aly))?
T)— < —||T — < T — < T —
(@) ~ o W) < lle o e = T2 e = |
This, Lemma 2.4 (applied for every d, K e NwithT A T, p A~ p, 5 1, b~ 1 ¢ g
pABo s g g faf,pnpon ol (t9)9€® 2 (fe)eee, (We)ee@ N (Wd’e)ee@,
(YO geo tefo rymerd 0 (YEPRET) oo ciomymerds (UL ) oconmez > (ULEE)peo nmez in the nota-
tion of Lemma 2.4) , (82), (83), (3), and (2) show that the following items are true.
(A) Foreveryte [0,7], 60 € ©, d € N there exists an up to indistinguishability unique continuous
random field X%t = (X0bo) 1 0 cpa [¢,T] x R x Q — R which satisfies that for all
z € R? it holds that (X&) 7 is (F,)se,r1-adapted and which satisfies that for all
e [t,T], x € RY it holds P-a.s. that

(84)

XPO0E — 4 f pt (X0 dr + J o (X0 AW, (85)
t t

(B) For every d € N there exists a unique measurable v?: [0,7] x R¢ — R which satisfies for
all t € [0, 7], x € R? that

< op Uud(&y)l(wd(y))‘w]) +£ E[If (u(s, X$)) ] ds + B[|g"(X3"")]] < o0 (86)

s€[0,T],yeR4

and
T
ul(t,r) = ]E[gd(X%’O’t’x)] + f E[f(u’(s, X>""))] ds. (87)

(C) Foralld, K,meN, te[0,T], z € R% n e Ny we have that U#%X (¢, ) is measurable.
(D) Forall t e [0,T], x € R% m,n € N we have that

VK

Next, the triangle inequality, (1), (2), and the fact that V2 € R?: (1 + z)? < 1(1 + z?) show for
all d e N, x € R? that

2 1
||UdUK t T || < 1202 9¢3 T(Spd( ))F |:2p2650Tn mp/2 /p —n/2 + _:| ) (88)

(o, @)y <l (Il () = (0) + [l (0)]])

<
< [|zf(cf|x|| + ed?) 89)
< (14 ||z|)?cd®

< 2cd(1 + ||z]|?).

Furthermore, the Cauchy-Schwarz inequality implies for all d € N, =, y € R? that

lo(z)y]l* = ZZ )Y <Z<ZI(0d)ij >(Z|yg!2> lo@)*lyl*. (90)

This and (2) show for alld e N, z,y € R? that

lo?(@)yll < llo?@)lllyll < (o’ (@) = o O + oDyl < (clall + cd)llyll < ed*(1+ ||$||)(Hgyl||)
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This, (89), [11, Theorem 1.1] (applied for every d € N with d ~ d, L ~ 2cd®, T ~ T,
ppd, ool f A (REXR 3 (z,w) — fYw) e R), g » g% W o~ W% in the notation
of [11, Theorem 1.1]), (2), the fact that for every d € N, ¢¢ is polynomially growing (cf. (1)),
and the fact that for every d € N, u? is polynomially growing (cf. (79) and (86)) show for every
d € N that u? is the unique at most polynomially growing viscosity solution of

ous
ot

with u¥(T, ) = ¢g%(z) for t € (0,T) x R?. This establishes (i).
Next, (88) shows that there exists x € (0, o0) such that for all d,m,n € N we have that

—(t,z) + %trace(od(ad(m))T(Hessxud(t, ) + (ul(z), (Vauh)(t,2)) + f(ud(t,z)) =0  (92)

sup U (8 x) — wl(t@)||) < sup (12c2 9T () 3pF 5T nem? /o —n/2>
te[0,T],€[0,k]? we[0 K]

< Hd/{p2€5cTnemp/ /p 7n/2'

15 ()
Na=inf{n€1N: (]J ‘ (i\);psl )) <€}. (94)

(93)

For every ¢ € (0, 1) let

e(d, ) e n(d, €) = Ne(g,e)- (95)
For every ¢ € (0, 1) let
Cs = sup [e*7°(3My.)*""]. (96)
£€(0,1)
Next, [43, Lemma 4.5] and the definition of (A/,),en show that liminf, ., M; = oo,
limsup,_, (ijiﬂ < o0, and supen MJ\Zl < oo. Then (96) and [2, Lemma 5.1] (applied with

LAl T~ p%eE’CT — 1, (Mg)ren ¥ (Mp)ren in the notation of [2, Lemma 5.1]) show for all
9, € (0,1) that N, < o0 and Cs < co. Next, (93) and (94) show forall d e N, € € (0, 1) that

d,0,(M, € )n(d’s) K c M p/2
sup n(dﬁ)’]\/}z(;@ (t,2) — u’(t, r) H < kd"pz TN, 9eMNo(a0) /p(MNs(d D) Ne(d,e)/2
te[0,T],xz€[0,k]¢ p
< kd"e(d,€) = e.
97)
Next, (6) show for all d, K, n, m € N that
n—1
Gl =0, i < 2caBom™ 4+ Y m"™* (3cdK + Ot + €2 (98)
=0

This and [9, Lemma 3.14] show for all d, K, m,n € N that
ChN < 3edK(3m)". (99)
This, (95), and (96) show that for all d € N, € € (0, 1) that

N
(d,e)

dy(Myy(q,0)™ %9 (MN g )" * c 2N, (4.

Cn(d,e) - C < Cd (3MNE(d,e)) ( ’ )

7Mn(d,e) Nf(dvﬁ)’MNs(d €)

< ed°C(e(d, £))" 4+ = cd°Cy (

(100)

€
Kdr

This, (97), (95), the fact that Ve € (0,1): N. < oo, and the fact that ¥§ € (0,1): Cs < o
complete the proof of Lemma 1.1. O

)_(4+5) — ed?(kd") e (49,
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3. DNNs

Our main goal in this section is to prove Lemma 3.15, which states that the MLP approxi-
mations defined by (122) can be represented by DNNs. Furthermore, in Lemma 3.15 we also
bound the length and the supremum norm of the vectors of their layer dimensions. Note that
in this paper we consider different types of activation functions than ReLU.

3.1. DNN representation of the one-dimensional identity. In Lemma 3.1 and 3.2 we prove
that the identity in R can be represented by a DNN when considering ReLU, leaky ReLU, or
softplus activation function. Later in Lemma 3.13 as well as in the setting of Lemma 4.1 we
consider an arbitrary activation function but assume that the identity can be represented by a
DNN.

Lemma 3.1. Assume Lemma 1.3. Let a € [0, ) satisfy for all x € RY that a(xr) = max{z, ax}.
Then Idgr € R({® e N: D(®) = (1,2,1)}).

Proof of Lemma 3.1. See [1, Lemma 3.5]. O

Lemma 3.2. Assume Lemma 1.3 and assume for all x € R that a(z) = In(1 + e”). Then Idg €
R({® e N: D(®) = (1,2,1)}).

Proof of Lemma 3.2. See [1, Lemma 3.8]. O

3.2. DNN representation of the d-dimensional identity. In Lemma 3.3 below we prove that
if the identity in R can be represented by a DNN then the identity in R can also be represented
by a DNN.

Lemma 3.3. Assume Lemma 1.3. Let d,d € N, ¢ € N satisfy for all z € R that D(¢) = (1,9, 1) and
(R(¢))(x) = z. Then there exists ® € N which satisfies for all z € R¢ that D(®) = (d,od,d) € R3
and (R(®))(x) = .

Proof of Lemma 3.3. Let W; € R>!', B, € R, W, € R, B, € R satisfy ¢ =
((Wy, By), (Wy, By)). Then by definition for all 2° € R, 2! € R? with 2! = A,;(Wi2® + By)
we have that (R(¢))(2°) = Waz! + By, i.e.,

(R(¢))(2") = WaAy(W12° + By) + Ba. (101)

Now, let ® € N, W, € R4, B, € R®, W, € R, B, e RY satisfy for all n ¢ [1,H] n Z that
(I) = ((Wh Bl)7 (W27 B2>>3
W1 Bl W2 B2
Wl = s Bl = , WQ = , BQ = . (102)
W1 Bl WQ B2

Then D(®) = (d,0d,d) € R3. Furthermore, (101) shows that for all 2° = (29,...,29)T € R4,
r! € R satisfying that 2! = Ayq(W,2° + B,) we have that

Wizl + By A,(W120 + By)
o' = Agg(W'2? + By) = Ay : — : (103)
Wizl + By Ay (W29 + By)
and
WoAy(Wi2? + By) + By 29
(R(®))(2°) = Waa! + By = : = |=2" (104)
WoA,(W123 + By) + B 24

This completes the proof of Lemma 3.3. O
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3.3. Approximation of one-dimensional Lipschitz functions by DNNs. In Lemmas 3.4
and 3.5 we prove that one dimensional Lipschitz functions can be well approximated by DNNs.

Lemma 3.4. Assume Lemma 1.3. Let o« € [0,00)\{1} and assume for all x € R that a(z) =
max{x,ax}. Let f € C(R,R), L € R, q € (1,0) satisfy for all x,y € R that | f(z)— f(y)| < L|z—yl.
Then there exist ¢ € (0,0), (f:)zc0,1) S C(R,R) such that for all € € (0,1), x,y € R we have that
£.(0) — £ < Llz =9l 1£.(x) = f@)] < (1 + [2]7), and f. € R({® € N: dim(D(®)) —
3, ID(®)I < ce™}).

Proof of Lemma 3.4. See [1, Corollary 4.13]. OJ

Lemma 3.5. Assume Lemma 1.3. Assume for all = € R that a(x) = In(1 + €*). Let f € C(R,R),
L e R, qe (1,) satisfy for all x,y € R that |f(z) — f(y)| < L|x — y|. Then there exist c € (0, ),
(f-)ec01y € C(R, R) such that for all € € (0,1), z,y € R we have that |f.(z) — f-(y)| < L|z — yl,
[fe(x) = f)] < (1 + |2), and f. € R({® € N: dim(D(®)) = 3, [[D(®)[| < ce™}).

Proof of Lemma 3.5. See [1, Corollary 4.14]. O
3.4. Properties of operations associated to DNNs.

Setting 3.6. Assume Lemma 1.3. Let O: D x D — D satisfy for all Hi,Hy, € N,

a = (ag,aq,...,om,am 1) € NP2 8 = (B0, B1,..., By, Bry+1) € N™2¥2 that a © f =
(o, .-y amy, By, Bryy1). Let B: DxD — D satisfy forall H e N, a = (ap, a1, ..., apy,apy1) €

NH+2) B = (BO?Bh 527 S 76H7 BH+1) € NH+2 that OZHHB = (Oé(), a1+617 S 705H+6H7 6H+1) € NH+2-
Lemma 3.7. Assume Lemma 3.6 and let o, 3,y € D. Then (¢ ® ) Oy =a® (6O 7).
Proof of Lemma 3.7. Straightforward. O

Lemma 3.8. Assume Lemma 3.6, let H,k,l € N, and let o, 3, € ({k} x N¥ x {l}). Then
(D) we have that o8 8 € ({k} x N7 x {i}),
(ii) we have that B8~ € ({k} x N7 x {i}), and
(iii)) we have that (« B ) B~y =a B (FH 7).
Proof of Lemma 3.8. Straightforward. We could use the proof of [42, Lemma 3.4]. O

Lemma 3.9 below is later important to estimate the maximum norm of the vector of layer
dimensions of DNNs.

Lemma 3.9 (Triangle inequality). Assume Lemma 3.6, let H,k,l € N, and let o, 3 € {k} x N¥ x
{1}. Then we have that [|a 8 8]| < [|a| + 5]

Proof of Lemma 3.9. We can use the proof of [42, Lemma 3.5]. O

Lemma 3.10 below shows that affine transformations of DNNs can be represented by DNNs
with the same vector of layer dimensions.

Lemma 3.10 (DNNs for affine transformations). Assume Lemma 1.3 and let d,m € N, A € IR,
beR% ae R™, VU e N satisfy that R(V) € C(R?, R™). Then we have that A (R(¥))(- +b) + a) €
R({® e N: D(®) = D(T)}).

Proof of Lemma 3.10. We can use the proof of [42, Lemma 3.7], which also works for other
activation functions than only ReLU. O
Lemma 3.11 below shows that compositions of DNN functions can be represented by DNNs.

Lemma 3.11 (Composition of functions generated by DNNs). Assume Lemma 3.6 and let
dy,do,ds € N, f e C(R%,R%), ge C(R™,R®), o, € D satisfy that f e R({® € N: D(®) = a})
and g € R({® € N: D(®) = /3}). Then we have that (f o g) € R({® € N: D(®) = a © 5}).

Proof of Lemma 3.11. See [52, Proposition 2.1.2], which especially works for general activation
functions. O
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Lemma 3.12 below shows that sums of DNNs of the same length can be represented by DNNs.
In order to represent sums of DNNs with different lengths we note that the identity function
can be represented as DNNs. We then take the composition of a DNN function with the identity
to change its length. This is one of the main techniques in the proof of Lemmas 3.14 and 3.15.

Lemma 3.12 (Sum of DNNs of the same length). Assume Lemma 3.6 and let p,q, M, H € N,
ap,qg,...,ay € R, k; € D, g € C(RP,RY), i € [1,M] n N, satisfy for all i € [1,M] n N
that dim(k;) = H + 2 and g; € R({® € N: D(®) = k;}). Then we have that ™ g €
R ({®eN: D(®) = BY k}).

Proof of Lemma 3.12. We can use the proof of [42, Lemma 3.9], which can be extended to other
activation functions than only for ReLU. See also [52, Lemma 2.4.11]. O

3.5. DNN representation of our Euler-Maruyama approximations. In Lemma 3.14 below
we prove that Euler-Maruyama approximations can be represented by DNNss if their coefficients
are represented by DNNs and if the identity in R can be represented by a DNN (see (105)).

Setting 3.13. Assume Lemma 1.3. Let 0 € N, ny, = (1,0, 1) € D satisfy that
Idg € R({® € N: D(®) = ny,}). (105)

Let T € (0,%0), K € N. Let |-|x: R — R satisfy for all t € R that |t|x = max({0, &, 2E,.... T} n
((—o0,t) U {0})). Foreveryd e N, ¢ € (0,1), v € R? let u¢ € C(R?Y RY), o¢ C(]Rd ]RdXd)
D0, Pya,, € N satisfy that pf = R(P,a), 02(-)v = R(Pya,). Assume for all d e N, ¢ € (0,1),
v € R? that D(®,a,) = D(P,up). Let (2, F,P) be a probability space. For every d € N let
Wb — (W@d’e)te[oj]: [0,T] x  — R% 0 € O, be independent standard Brownian motions. For
every de N, 0 € ©, z € RY% € (0,1), t € [0,T) let (X3OKbe) oy, gy satisfy that X050 =
and

T
'y K
€

d,0,Ketx __ d,0,Ke,t,x ’ d,0,K,et,x d9
X br _ oy L (Xmax{tl I} )du + L (Xmax{t Ll ) A (106)
Lemma 3.14. Assume Lemma 3.13. Let w € Q. Then there exists

(XEOEE) 1o e ce(0,1) 1e(0.7) set,] © N such that the following items are true.
() Foralld e N, § € ©, e € (0,1), t € [0,T), s € (t,T], x € R we have that R(X05=1) e
C(RY,RY) and (R(XHK=1)) () = XK (i),
(ii) Foralld e N, 0 € ©, e € (0,1), t; € [0,T), s; € (t1,T], ta € [0,T), sg € (t3,T], € R¢ we
have that D(X400Kei) = D(Xdb2Kat2),
(iii) For alld e N, 0 € ©, ¢ € (0,1), t € [0,T), s € (t,T] we have that dim(D(X%0Ket)) =
K (max{dim(D(®,q)), dim(D(P,a0))} — 2) + 2.
(iv) Foralld e N, § € ©, € € (0,1), t € [0,T), s € (t,T] we have that ||D(x%5=t)|| <
3max{dd, ||D(®,q)

Proof of Lemma 3.14. Throughout this proof let the notation in Lemma 3.6 be given. Moreover,
for every d,n € N let ng, = (d,0d,d) € D and n% = N4y O ... Ong, (n times). Lemmas 3.3,
3.11, and a simple induction argument show for all d,n € N that

ldra € R({® e N: D(®) = n35}), 0y = (d,0d,...,0d,d) e R (107)
This, Lemma 3.11, and the definition of ® show for all d,n € N, ¢ € (0, 1) that
ple R({® e N: D(®) = D(,4) ©nG2}) (108)
and
dim(D(®,a) ©ny) = dim(D(®,4)) + dim(ny) — 2
= dim(D(®,q)) +n +2 — 2 (109)
= dim(D(®,4)) + n.
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Similarly, for all d,n € N, ¢ € (0,1), v € R? we have that

ol(-Jve R({® € N: D(®) = D(Ppa0) O 0Ty }) (110)
and
dim(D(Pya0) O 0Gy) = dim(D(Pya)) + 1. (111)
This and (107)-(110) prove that we can assume without lost of generality that
dim(D(®,4)) = dim(D(P,a)) (112)
since otherwise we could change their lengths by taking compositions with identities. Next,

observe that forallde N, 0 € ©, 2 e R%, e € (0,1), ke [1,K]|nZ, t € [0,T), s € [AL, (k}l)T] we
have that

Xd,H,K,s,t,x(w) _ Xd,9,K,5,t,x(w) + d (Xd,O,K,E,t,x(w)> s — max{t k_T}
s max{t,k%} He max{t,k%} 'K

1ol <Xd,0,K,s,t,z (w)) <W;l,e(w) W (w)) '

€ max{t,kYT} max{t,%}

(113)

Next, foreveryde N,0 e ©,xre R%, e (0,1), ke [1,K|nZ,te[0,T),se (t,T] let Ji(s) € R,
¢ %% (x) € RY satisfy that

k—1T
Jr(s) = max{t, g}ﬂ k=177 (5)
K [0,max{t, =7 }]
T (114)
+ Sﬂ(max{t,whmax{t,%}](s) + max{t, 7}1(max{t,%},ﬂ(3)
and
. E—1)T
15 w) = o+ ) (o) - mae, BT ) o) (Wi 0 - W (@),

(115)

Next, foreveryde N, 0 e 0,c€ (0,1), ke [1,K|nZ,te[0,T), se (t,T] let
ok = B O b1 0 OB (116)

Note that foralld e N, 0 e ©,c€ (0,1), ke [1, K — 1] nZ, s € [0, max{t, %}] we have that
¢ = Idga. This ensures forallde N, 0 € ©,c€ (0,1), ke [1,K —1]nZ,ne [k+1,K]|nZ,
s € [0, max{t, 2L }] that wzﬁ’,f’s = 0" and in particular wzﬁ’kK’E = wgff’s. Observe that for all
deN,0e0,ce(0,1), ke [l,K]nZ, s e [0,max{t,EL}], z € R that ¢} (z) = X20Keba(w),
Therefore, forallde N, # € ©,c € (0,1), s € [0,T], x € R? we have that @Z)ﬁﬁf’e(x) = XKtz

ie.,
XKt () = g0 0 g oo gt (a). (117)
Next, (107), (115), (112), and Lemma 3.12 show forallde N, # € ©,c € (0,1), k € [1, K| n Z,
te[0,T), s € (t,T] that
O dim(® —2
() eR ({@ e N: D(®) =n,, )2 D(®,q) B D((bgg,o)}> . (118)

This, (117), and Lemma 3.11 show that there exists (X®%%") .on peo ce(0,1),te[0.7),se(t,1] = N such
that forallde N, 0 e ©,c € (0,1),t € [0,T), s € (t,T], z € R? we have that
. K [ odin(@,g)-2

D(oet) = & g™ B D(0,) B0,

k=1
(R(XAIIE)) () = X0 (),

(119)
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This, the definition of ®, and an induction argument show that foralld e N, # € ©, ¢ € (0, 1),
te[0,7), se (t,T], z € R we have that

dim(D(XH550)) = K(dim(D(P,q)) — 2) + 2. (120)

Next, (119), the definition of ©®, the triangle inequality (cf. Lemma 3.9), and (107) show that
forallde N,0 e ©,e€ (0,1),te[0,T),s€ (t,T], x € R? we have that

K G dim <I> -2
[D(xEE=h]| = ln“ @ug) HD(P,q) EED(CD(,dO)] H'
k 1 £ £
O dim(® —2
< ‘ . @)% g D(®a) B D(Pa ) (121)
D((I)ug) )
The proof of Lemma 3.14 is thus completed. O

Lemma 3.15. Assume Lemma 3.13. For every d e N, € € (0,1) let f. € C(R,R), g? € C(R% R),
Dy, Pya € N satisfy that R(Py.) = f. and R(Pya) = g. Let ¢ [0, ] — RY, 0 € ©, be independent
random variables which satisfy for all t € [0,1] that P(t° < t) = t. Assume that (W®%)sen gco
and (t%)gco are independent. For every d € N, € € (0,1) let UZ25<: [0,T] x R* x Q - R, 0 € 6,
n,m € 7, satisfy forall 0 € ©, n € No, me N, t € [0,T], x € le that

0Kt 7) = 10 S on-acers)

m" i=1

(6,0,),K e (0,—Li i d,(0,0,0),K.et,x
Z ( — (O f: o U ) (14 (1 = e, XHOEGET).

(122)

A

Forevery de N, € € (0,1) let
Lie = K(max{dim(D(®,q)), dim(D(Pyap))} — 2) + 2. (123)
Let (Ca)den cc(0,1) S R satisfy forall d € N, € € (0,1) that
Caz = 3max{do, || D(®}.) DL P@ ) D@0} - (124)

Let we Q. Then forallme N, de N, ne Ny, € € ( , 1) there exists ((I)‘ifnt
that the following items are true.
(i) We have for all t,t, € [0,T], 64,05 € © that D((I)Zf;“fe) = D(@ﬁfﬁlgg).
(ii) We have for all t € [0,T], 0 € © that

dim(D(®L01 ) = n (dim(D(Dy,)) + L. — 4) + dim(D(®ya)) + Lae — 2. (125)

n,m,t

)ie[o,11,0c0 S N such

(iii) We have for all t € [0,T], 6 € © that H)D @iiﬁa) ‘ < cqe(3m)™.
(iv) We have for all t € [0,T], 6 € O, x € R? that UZ%K<(t, z,w) = (R(PLL%)) ().

n,m,t

Proof of Lemma 3.15. Throughout this proof let the notation in Lemma 3.6 be given and let
d,m € N, ¢ € (0,1) be fixed. Moreover, for every n € N let nﬁ?’; =M, O... On, (n times).
Lemmas 3.3 and 3.11 and a simple induction argument show for all n € N that

Idg € R({® € N: D(®) = nf5}), nfy = (10,...,0,1) e R"". (126)

Furthermore, Lemma 3.14 shows that there exists (X%%51) o pe ce(0.1)0e(0.7).se(t.7] N such
that the following items are true.

(A) Foralld e N, 0 € ©,e € (0,1),t € [0,T), s € (t,T], € R? we have that R(X%05=t) e
C(R% R%) and

(R(ALOKE) (1) = XIOH0 ). (127)
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(B) Forallde N,0 e ©,c€(0,1),t, €[0,T), s1 € (t1,T], t2 € [0,T), s5 € (t2, T], x € R? we have

that

D(XIHEehy = D(ydoeRat), (128)

(C) Forallde N, 0€©,c€(0,1),t€[0,T), s € (t,T] we have that
dim(D(XF5Y)) = K(max{dim(D(P,a)), dim(D(P,a0))} — 2) + 2. (129)

(D) Forallde N,0€©,c€e(0,1),te[0,T), s € (t,T] we have that
D) < Bmas{as, [ D@, [P (@re0)]} (130)

By (123) and (129) foralld € ©,¢c € (0,1),t € [0,T), s € (t,T] we have that

dim(D (X)) = L. (131)

We will prove the result by induction. First, the base case is true since the zero function can be
represented by DNN with arbitrary number of hidden layer. For the induction step Ny 3 n —
n + 1 e N let n € Ny and assume that there exists (@?j&f’a)te[o”j‘]’@e@ < N, ¢ € [0,n] n 7Z, such
that the following items are true.

(A) We have for all ¢,t5 € [0,T], 61,0, € ©, £ € [0,n] n Z that

D(®y ) = D(®yrs ). (132)

(B) We have for allt € [0,7],0 € O, { € [0,n] n Z that
dim(D(® ) = £(dim(D(®y,)) + Lge — 4) + dim(D(Dya)) + Ly — 2. (133)

(C) We have forallt € [0,7],0 € ©, ¢ € [0,n] nZ that
| D@ < cact3m)” (134)

(D) We have forallt e [0,7],0 € ©, z € RY, ¢ € [0,n] n Z that
Ui (tw,w) = (R(BE0E) (@), (135)

Next, Lemma 3.11, (126), the fact that ¢¢ = R(®,4q) prove for all 0 € ©, i € [1,m" "] N Z,
t € [0,T] that

gg <X%,(0,0,—i),K7a,t,~) ~ ldg (gg (X;,(Q,O,—i),l{,at,-) >

. (136)
c R({(I) eN: D(®) = n1®7gn+l)(dlm('D(@fs))+L—4) O D(®,4) ®D<Xg,O,K,s,U)}>
In addition, the definition of ®, (126), and (131) imply that
dlm (n1®7§n+1)(dim(D(¢fs))+Ld,a_4) @ D(@gg) @ D(x;{,O,K,E,O))
— dim (ni?g’“‘“)(dim”’(q’ff”*Ld’f*‘“) + dim (D(®,4)) + dim (D(X;‘?QK@O)> 4 (137)

= (n+ 1)(dim(D(®y.)) + Lge —4) + 2 + dim (D(Pya)) + La. — 4
= (n+ 1)(dim(D(®y.)) + Lae — 4) + dim(D(Pye)) + Ly — 2.

Furthermore, Lemma 3.11, the fact that f¢ = R(®;q), (132), (135), (128), and (127) show for
allie[1,m],0e€0,te0,T] that
n,i),K,e A d,(0,0,0),K,e,t,
<f5 o Ui}(g’ ). K > <t + (T — t)f(e ¢ )(W)7 XtJr((T,z)t(e,e,i)(w) (w>> (138)
eR ({cb e N: D(®) = D(®;.) © D(S*%5) @D(X;’O’K’E’O)D .

n,m,0
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Moreover, the definition of ®, (133), and (131) show that
dim (D(®1,) © D(P4%/57) © D(A 7))
— dim(D(®}.)) + dim (D(@ﬁ‘;ﬂfge)) + dim (D(Xﬁ’O’K’g’O)) 4 (139)

= dim(D(®y.)) + n (dim(D(Py.)) + Lge — 4) + dim(D(Pya)) + Lae — 2+ Lge — 4

= (n+ 1) (dim(D(®y.)) + Lye — 4) + dim(D(Pya)) + Lae — 2.

Furthermore, Lemma 3.11, the fact that f. = R(®,.), (126), (135), (132), (127), and (128)
show forall /€ [0,n — 1] nZ,0 € O,ie[l,m" "¢ nZ,te|0,T] that

d,(0,4,i),K

(f& m E) <t + (T _ t)t(e,f,l) (w)7Xd,(0,£,i),K757t".( ) w)

t+(T—1)t(0:4:9) (w)’

(6,£,0) i d,(0,03),K et
— (e ol o UL (14 (T = 0 (w), XGOS )
eR ({(P eN:D(®) =D(P;) O n%”%)(dim(@(@fs))+Ld,€f4) O D(@05) @D(Xg,O,K,s,O)}

(140)

Next, the definition of ®, (126), (133), and (131) show for all £ € [0,n — 1] n Z that
d1m< ((pfs) @ 1®gn 6)(d1m( (q>fa))+Ld,s_4) @ D(@Z[?ﬂfé&') @ D(Xg,O,K,e’;‘,O))
— dim(D(®y,)) + dim a7y PO L) i (D@
+ dim (D(A40)) — 6
= dim(D(®y.)) + (n — ) (dim(D(Py.)) + Lae —4) + 2 (141)

+ £ (dim(D(®y,)) + Lae — 4) + dim(D(®ya)) + Lae — 2 + Ly — 6
= dim(D(®.)) + n(dim(D(®.)) + Lg. — 4)

+ dim(D(Pya)) + Lae — 2+ Lae — 4
= (n+ 1) (dim(D(®y.)) + Lae — 4) + dim(D(Pya)) + Ly — 2.

Similarly, forall £ € [1,n] N Z, 0 € ©, i € m"*'~¢, t € [0, T] we have that

J(0,—£,3),K

(10 UREE052) (14 (7 = 00009 (), XAGLIEE (), 0)

t+(T—)t0:6:9) (w

<feoIdRoUZ @ “”“) <t+(T—t)t(e’e’i)(w),Xd’(e’e’i)’K’e’t" (w),w)

t+(T—1)t0:6:9) (w)

eR ({q) e N: D(®) = D(®}) @n?gn—e+1)(dim(b(¢fg))+Ld,5—4) @D(q)zlolfjnao) oD XdOKeO }) .

(142)
and
dim (D(@fs) ® n(l?gnfﬁrl)(dim(@(@fg))+Ld’574) o D(‘I)? Ollfnao) o D(X;’O’K’€’0)>

(143)
= (n+ 1) (Aim(D(®y,)) + Lg- —4) + dim(D(®yg)) + Ly — 2.



MLP AND DNN OVERCOME THE COD WHEN APPROXIMATING PDES

28

Now, (136)—-(143) and Lemma 3.12 show that there exists ((I)fl’fﬁ;f’t)te[oﬂ,ge@ such thatt € [0, 77,

6 € ©, x € R? we have that

(R(®n 140 (@)
1y .
= 0y (X )
i=1
+ %i( foo ngg,n,i),K,s) <‘3:§9,£,i) (w), X%E’ef;zwl)(em (), w)
. (T —t) mri’f (f ) UCJ,(Q,E,i),K,&) (t + (T = @) (@) (0. K et () w)
mntl-t € Lm P (T—)t(0:4:9) (1) )
EZO m;jll—e
—‘;;leifi 2 (ﬁ;oLﬁ%%;&“K¢)<t+(IV—tﬁw”@@u%)gﬂzfgﬁfﬁﬁm(w%ua

n+1
m O(n+1)(dim(D(®y, ))+L—4) d,0,K.e,
- [ 2 [nl,a ! O D(®y) © D(A™" 0)]]

3 | [D@fe) O D(rTe) @D(X;WK@O)H

. n7m70

=1

[n—1 mn+1-* On—£)(dim(D(®,))+L—4)

a|E"g [pen) o) oDatss) 0D |

m

3| m
=1

n+1—~ .
ile [D(<I>f5) @n?gn—€+l)(d1m(p(¢fg))+L 4) QD((DZiJi{;f,o) @D<X;,O,K,E,O>]] _

This shows for all ¢4,t5 € [0, T1], 61,0, € © that
D(@d,el,K,E ) — D(@d,@Q,K,E )

n+1,m,t; n+1,m,to

Next, the definition of ®, (126), (130), and (124) prove that

‘HnG(TL-‘rl)(dim(D(q:‘fs))+L—4) @ D(q)gg) @ D(X¥707K7670> H)

1,
,

< max{d, || D(®y)

oo}

< max{dd, || D(®,q)||, 3 max{do, || D(®,4)||, || D(®se0)]|}}
< 3max{dd, [ D(@y)||, [ D(@u0)]|. |P(@020)]|}
< Cde-

Furthermore, the definition of ®, (134), (130), and (124) prove that
Ip(@) @ D@l o D<)
Pt}

|
max{ ID(@ s )|, cae(3m)",3 max{db, | D(Cbug)

D(@d,O,K,E)

n,m,0

Y

< max{||D(®y,)

)

[D(@oz0)[}}

(144)

(145)

(146)

(147)

(148)

(149)
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In addition, the definition of ®, (126), (134), (130), and (124) show for all ¢ € [0,n — 1] " Z
that

H‘D@fe) o n%gn—ﬂ)(dim(D(éfg ))+L—4) @D(@??n’éa) o D(Xg’O’K’E’O)m
< max{[D(@)[|, &, || D@fnso)|, [P =)} (150)
< maX{H’D((I)fe)H‘> da> Cd75(3m)zﬂ (I)ug) ’7 }HD((I)Ug,O)Hl}}
< cqe(3m).
Similarly, we have for all / € [1,n] n Z that
H‘D(@fs) o n(lbygnféJrl)(dim(’D(‘i’fg))+L74) o D(CDZ ollfneo) O D(X! A h0.Ke, o ‘H as1)

< Cde (3771)[71 .

This, (146), (148)—(150), and the triangle inequality (cf. Lemma 3.9) show that for all € ©,
t € [0, 7] that

H’D(q)d,e,}(,s )

n+1,m,t

=m"eg. + meg(3m)” [Z m" e ] [Z ey (3m)* 1] (152)

=0 =1 =0 -

C 3rtt —1
< emt! [1 + 2 Z 31 = em" ! [1 + 237] = cq-(3m)"t.
£=0

This, (147), (144), and (145) complete the induction step. The proof of Lemma 3.15 is thus
completed. O

4. DNN APPROXIMATIONS FOR PDES

Theorem 4.1. Assume Lemma 1.3. Let 0 € N, ny, = (1,0,1) € D satisfy that
Idr €e R({® € N: D(®) = ny,}). (153)

Let B,p € [2,0), ¢ € [max{30,3%p?}, ). For every d e N, ¢ € (0, 1) v € R? let ¥y,
D0, Ppa,, Ppa €N, f, f. € C(R,R), g% g¢ € C(R,R), p?, ud € C(RY, ]Rd), o, 0% e C(R™ RY)
satisfy for all v € R? that f. = @y, pd = R(P,a), 02(-)v = R(Pya,), g2 = R((I)Qs) Assume for
allde N, e € (0,1], v e R? that D(®,a,) = D(P,ay). Assume for all d e N, e € (0,1), v,w € R,
z,y € R? that

masx{|ld(z) — pd(w)l, lo?(z) — o2(w) I} < ez — (154

o) = 500 < o =l Igto) — gt < LALLM,y ass)
9@ < o + ol max{ladO)], %), ITLO), 2O} < e, (156)
max{(ld(z) — g ()], o2(x) — o @), loi(z) — (@)} < ced(@ + ), (157)
fo(w) — Flw)] < (1 + ), (158)

a0 )L [P0l 1D, D os I} < = (159
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max{dim(D(®.)), dim(D(Pye)), dim(D(P,,a)), dim(D(Pya)) } < cd’c ™. (160)

Then the following items are true.

(i) For every d € N there exists a unique at most polynomially growing viscosity solution u® of

ous

= L)+ %trace(ad(ﬂf)(ad(:v)f(Hessxud(t 2))) + (), (Vau®)(t,2)) + f(ul(t,2) =0
(161)
with ud(T, z) = g%(z) for (t,z) € (0,T) x R%
(ii) There exists (Cs)se0,1) S (0,2), n € (0,0), (Vgc)den,cc0) & N such that for all d € N,
¢ € (0,1) we have that R(¥,.) € C(R%, R),

P(V,.) < Condle 4075 and <J [(R(W40))(x) — ud(O,x)‘pd:L) g (162)
[0,1]¢

Proof of Lemma 4.1. Let p € [3,00) satisfy that p = Bp. For every d € N let o, € C(R%, [1,0))
satisfy for all z € R¢ that

©a(x) = 2P dP(d? + ||]|?)5. (163)
Then (156) shows forall d e N, ¢ € (0,1), x € R? that
max{|[uZ(0)|| + cl|z], [|e2(0)]| + [z}
(164)

"d\'—‘

< ed + c|lz]| = e(d + ||z])) < 2¢(d* + ]|?)? < c(palx))7.

Next, [48, Lemma 2.6] (applied for every d € N with d ~ d, m ~ d, a ~ d*, ¢ ~ 0, p-~ p/2,
w0, 0 N0, o pg/(2PcPdP) in the notation of [48, Lemma 2.6]) and (163) show for all
z,z € R? that

(@) (@)l < pleal@) “Fllzll, @)z ) < PA(p() 7|12 (165)
This, (164), and the fact that p? = 3?p? < cshow foralld e N, ¢ € (0,1), z, z € R? that

max{ (Ca)E () 2) 7c||x||+||uzl<o>||,c||x||+||a§1<0)||}ga (166)
(@a@) T |12l (pa(@)T |22 (palz))? (pa())7
This, (154), and (157) we have for all d € N, z, z € R¢ that
max{ [CACNOIINEAC >3< 2) cuxn+||udl<o>||7c||x||+r|ad1<o>||}gc 167)
(pa(@) T 12l (pal@) T [|212° (pal))? (pal))7
and
max{||u?(z) — u(y)[l, lo%(x) — W)} < ellz — yl. (168)
Furthermore, (155), (156), and (157) prove foralld e N, w,v € R, z,y € R? that
c B c B
F(w)— F) <cw ], Jg'e) - g*)] < *”‘"””)2;%‘1 DTy ae9)
max{[|14(0) ], [l (O)|[, | £ (0)], |g%(0)| } < ed. (170)

Let (Q, F, P, (IF¢)se[o,r7) be a filtered probability space which satisfies the usual conditions. Let
0 = U%NZ" Let /2 Q — [0,1], 6 € ©, be identically distributed and independent random
variables. Assume for all ¢ € (0,1) that P(t® < t) = t. For every d € N let W9 |0, T] x Q —
R¢, § € O, be independent standard (IF¢)teo,r)-Brownian motions. Assume that (t ) geo and
(W) geo qen are independent. For every K € N let |-|x: R — R satisfy for all ¢ € R that

[t = max({0, L, ..., BT T} ~ ((—o0,t) U {0})). Forevery 6 € ©, d,K € N, ¢ € (0,1),
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€ [0,T], z € R? let X40-Ketw = (XdOKetw) 1\t [8,T] x Q — R? satisfy for all s € [¢, T that
X 0Kt — 4and

gaete _ XL ORI (s~ mat L) a7y

40,K.etz
+0d(X WY - Wr?lax{t 1))

e \“max{t,|s|x}

Let UMR=: [0, T] x R* x Q - R, ne Z, K,d,m e N, § € ©, ¢ € (0,1), satisfy for all § € ©,
K,d;meN,neNy, te[0,T],zeR% e e (0,1) that Ul (t, x) = Ué{ﬁf’e(t,m) — 0 and

1 < —1 etz
U2t 0) = = 37 gl(xXg 00Dt
m" =1
C (0.6,0) d,(0,~£,0),K e i) v (0.00), Kt
Z Z o U — In(0) f. 0 UM LK) (t + (T — oD, X2 O ke, ) .
) ) (172)
Next, (168) and (154) prove for all d € N, ¢ € (0,1), t € [0,T], 0 € © that there exist up

to indistinguishability unique continuous random fields X40<t: _ (XY 1t 1) wemas, X PO =

(X8 comeera: [6,T] x RY x Q@ — R? which satisfy for all 2 € R that (X$="7) 1,
(X400 e are (F) e r-adapted and which satisfy for all s € [¢,T], € R? that P-a.s.

X0t = g 4 f pl (X020 dr + J ol (XPOE) AW, (173)
t t

Xd0be — gy J Pt (X0 dr + J o (XL AW (174)
t t

Hence, [18, Lemma 2.1] (applied for every § € ©, d e N, € € (0,1) with d ~ d, m ~ m, c N ¢,
kAL pap, o pg, o pl, o o and applied for every § € ©, d e N with d ~ d, m -~ m,
ce kAL pAaDp, o pg, o pud, o o?in the notation of [18, Lemma 2.1]), (154), and
(168) prove forall de N, € € (0,1), x € R? that

{(Va) (), p(z)) + itraee( 4(0%) THesspq(x)) < 1.5¢%pq(z), (175)
{(Va)(z), n(z)) + %trace(ad(ad)T(Hessgod)(x)) < L5 pq(x), (176)
max{]E[ XME”)] ,]E[@d(Xf’e’t’x)]} < 61'563(S’t)g0(x), (177

This, [41, Proposition 2.2] (applied for every d e Nwithd ~nd, L ~nc, T ~n T, O ~ R,
|||| N H“: f A ([O,T] xR x R 3 (t7$7w) — fd<w) € R): g gd: (th,s)te[O,T],se[t,T],ace]Rd A
(X8O efo )it racsts V) ([0,T] x RE 3 (5,2) = 5T p,(5,) € (0,0)) and applied
foreveryd e N, e e (0,1)withd ~nd, L ~ne, T ~T, O ~ R || & ||, f o ([0,T] x
R x R 3 (t,z,w) — fsd(w) € R), g » 9?: (th,s)te[o,T],se[t,T],xeRd A (Xsd’o’s’t’x)te[o,T],se[t,T],a;eRd,
V o~ ([0,T] x R? 5 (s,2) — e T9)p,(s,2) € (0,0)) in the notation of [41, Proposi-
tion 2.2]), (155), (156), (163), (169) and (170) show for all d € N, ¢ € (0,1) that there
exist unique measurable functions u?,u%<: [0,7] x R? — R such that for all ¢ € [0,T], x € R?

u®(s u‘iss dO T T
we have that Supse[O,TLye]Rdl G y;'(;g’y) Gl < o, ]E[|9 (X" ] + St [ ul(s, X0 ))Hds +

Blg"(xXp )| + § B[ (s, X20500))] ] ds < o,

T
ul(t,z) = E[gd(XélJO’t’z)] + J E[f(u®(s, X3"))] ds (178)
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and

T
uwmszb&WM”ﬂ+JHﬂﬁﬁ@X@“ﬂﬂ%. (179)
t

Next, the triangle inequality, (154), (156), and the fact that Vo € R: (1 + z)? < 2(1 + 2?) show

forallde N, x € R%, ¢ € (0, 1) that
(o, pl(2)) < el (Iug (@) = peO)] + IO

[l (cll]l + ed?)

1+ ||z]])%cd

( (180)
2cd®(1 + ||z|?).

INCININ N

Furthermore, the Cauchy-Schwarz inequality implies for all d € N, x,y € R4, ¢ € (0, 1) that

o (@)yll* = Ei 2 2(Z| )(i ) lo@)I*lyl*.  (181)

This and (154) show for alld e N, z,y € R%, € € (0,1) that

lof @)yl < llof(@)llyll < (log(@) = a2(0)]| + o) DIyl < (cllzll + ed)lyll < ed*(X + [z yll.
(182)

This, (180), and (157) prove for alld e N, z,y € R%, ¢ € (0,1) that
o, p (@) < 2cd(1+ [|2?),  [lo(@)yll < cd(1 + [lz])[ly]l- (183)

This, [11, Theorem 1.1] (applied withd ~ d, L ~ 2cd®, T ~ T, -~ pd, 0~ o, f o~ (RIxR 3
(z,w) — fYw) e R), g~ g%, W .~ W% in the notation of [11, Theorem 1.1]), (168), the fact
that ¢ is polynomially growing (cf. (155)-(156)), and the fact that u? is polynomially growing
show that u? is the unique at most polynomially growing viscosity solution of

5811; (t,x) + %traee(ad(ad(x))T(Hessmud(t,x))) + (), (Vouh)(t, 2)) + f(ul(t,z)) =0 (184)
with u¥(T, x) = g(z) for (t,x) € (0,T) x R® This establishes (i).
Next, (154)-(158) show forallde N, ¢ € (0,1), x,y € R? that

(pa(®) + aly))?

IT(0)] < (pa(@)?, |g2x) — (y)] < 7 lz—yll, 19%()] < (alx))?, (185)
TF0)] < (pul))?. |gd<x>—gd<y>|<("”d<””>j;d(y”p||x—y||, ()] < (pu(2))?, (186)
max{|f.(v) — f()], [|n4(x) — (@), llo%(@) — o4 @), ll9(x) — g @)1} < =((pal@))® + [v]).

(187)

This, (166), (167), (154), (168), and [18, Lemma 2.4] (applied for every d € N, ¢ € (0, 1) with
dd,maddneg BB, bAal,cacga Bpap o @a g gl m A pl,
01 ¥ Ug’ fl N ([OaT] xR x R 3 (tamaw) = fE(w) € ]R)’ WA WCLO) (Xffjsl)xe]Rd,te[O,T],se[t,T] A
(X;LO’EJJ)rele,te[O,T],se[t,T]’ g2 ¥ gd’ H2 ¥ ,U/d’ 02 ¥ Ud: f2 N ([07 T] X ]Rd xR >3 (t, Z, w) = f<w) €
R), (X} f)xeRd’te[O’T]’se[t’T] A (XY Ra gefo.7,5¢p,7) D the notation of [18, Lemma 2.4]) show

S

forallde N,ee (0,1),t e [0,T], x € R? that
|ud’€(t, I) B ud<t, :L‘)| < 625+26T6552c4+2f3cf@Tﬁ+4c2 ((,O(x))6+0'5. (188)

Next, Lemma 2.4 (applied for all d, K € N, ¢ € (0,1) withd ~nd, K ~ K, T ~ T, p ~ p,
BAaBbal,cacepapeaw,gangh fo fopapd,on ol, () N
()oe0s (W)geo ™ (W) geo, (Y )peo tefo,r)seltrlwerd O (XD 0ce sefo,1),selt.1].were N the
notation of Lemma 2.4), (166), (185), (155), (157), (171), (172), and the independence and
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distributional properties imply that for all d, K,m,n € N, ¢ € (0,1), t € [0,T], z € R¢ we have
that

HUdOKe d’s(t,l’)Hp < 12C26903T(<‘0d( )) |:2p265cTn mP/2/p *n/2 + (189)

1
&)
This, the triangle inequality, and (188) prove for all d, K,m,n € N, e € (0,1), t € [0,T], z € R?
that

HUdOKs H HUdoKs udvs(t,w)H + Ju®e(t, x) — u’(t, z)|

< 12ﬁ+2 2 905T+T+5,6’2c4+2ﬁcﬁTﬁ+4c (g0d<x))/5+0,5 l2p2€5cTn mp/2 /p ,n/g + +€] . (190)

Hence, (163) shows that there exists x € (0,0) such that for all d, K,n,m € N, ¢ € (0,1) we
have that

1
(J HUdOKEO:z: —u Oac”p dx)

1
1
< 126+262€9c3T+T+55204+2505T3+4c2 (J (@d(ﬂ?))p(ﬁ+o'5) d.T) |:2P2 5¢T'n mP/Q/p _n/Q + + €:|
[0,1]¢ VK

n 1
< kd® |25 5Tnem™ oy —n/2 L | 5]
[ ! VE
wze5T o mP/2y\ " 1
<ndi | [ )fp( ) +——te.
m?2 \/K

For the next step let (M, )nen: N — N satisfy that liminf; .., M; = oo, limsup,_,,

(191)

(M;)P/?
L— < o,
and supycy M’““ < o (see, e.g., [43, Lemma 4.5] for an example). For every ¢ € (0,1), d € N let

K. =inf{k e N: 1/Vk < ¢}, (192)
op s 5T (M)P2 N\ ™
Ng=inf{n€1N: ( pre exp(l ) <eyp, (193)
(Mn>2

Lge = K. (max{dim(D(®,q¢)), dim(D(Pyay))} —2) + 2, (194)
cae = 3max{dd, [|D(®. )|, || DP(P,a) ao)|l}- (195)

For every e € (0,1), d € N let

€
- 1
e(d,e) = o (196)
For every ¢ € (0, 1) let
Cs = sup [ N.(3My.)*N]. (197)
ee(0,1)

Then [2, Lemma 5.1] (applied with L ~ 1, T" 2p%e5CT — 1, (Mp)gen O (My)ren in the
notation of [2, Lemma 5 1]) implies for all § € (0, 1) that Cs < oo. Furthermore, (192) prove
for all € € (0, 1) that \/7 > ¢, l.e.,

K.=K.—1+1<e?24+1<22. (198)
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Next, Tonelli’s theorem, (191)-(193), and (196) show for all d € N, € € (0, 1) that
d,O Ka((i 6),6((1 E)

[ p
I B L e R R I
L[O,l]d Ne(@,e)MN,(g,¢) ( x) u ( x) SE}

[ 4,0,K ¢ (d.c),(dse)

p
= ]EHU (o —udt,.era:
)., BLPRGS S 0 — e

(i) ) p (199)
% 5cT Ne(d,e)
2p2e’“t exp ( Moo ) .
< | wa”® ; + +e(d, €)
(MNg(d 6))E KEM&)

< (kd" [e(d, €) + e(d, €) + &(d, €)])F = €.
Therefore, for every d € N, € € (0, 1) there exists w(d, €) € 2 such that

Jo

Furthermore, Lemma 3.15 and (194) prove that there exists (®%_)aen cc(0,1)wee & N such that
forallde N, € (0,1), w € 2 we have that

dvova(d,e) 75(d76)
Ne(d,e)MN,_ (g o

(t,x,w(d,€)) — ud(t,x)’p dr < €. (200)

dim(D(®,.)) = N. (dim(D(®)) + Lo. —4) + dim(D(®y)) + Lae —2,  (201)
D@5 < cacBMn)Ye,  URPyi(0,2,w) = (R(P4.)) (). (202)

Next, (194) and (160) show for all d € N, € € (0,1) that L, < K.cdc . This, (201), and
(160) show foralld e N, e € (0,1), w € Q that

dim(D(®g,)) < 4N: Ly max{dim(D(®y,)), dim(D(P4q))}

<AN.K.cde cd’e™ = AN K.A*d*e™* (203)
Next, (195), (159), and the fact that ¢ > 30 prove for all d € N, ¢ € (0, 1) that
s = 3mise{dd, D) [ [ D@0 | D@, )| [P0} < e, 20

This and (202) imply forallde N, e € (0,1), w € Q that
D@4 < cac(BMp )N < cde™(3Mn, ). (205)

This, the fact that Y& € N: P(®) < 2dim(D(®))||D(®)]|[*, (203), (198), (197), and the fact
that Vo € (0,1): Cs < oo prove for alld e N, €, € (0,1) that

P(O,) < 2-AN.K.Ad%e % (cde*(3My, ) ")
= 8K.c'd*e " N.(3My.)*"-
= 8K ctd e T ON_ (3 My, )2 Nee = (4F9) (206)
< 8 . 267204d4067400687(4+6)
= 16Csc*diee 6+~ « o,

Next, for every d e N, e € (0,1) let

w(d,€)
Ve =P e(de) (207)

Then (206) and (196) show for all d € N, € € (0, 1) that
P(Vae) = P(P50) < 16Csc"d™(=(d, e))(C+0)~

d,e(d,e

—(64+9)—4c

— 1605t (L> o0 (208)
3rdr

— 16C;(3k) 6T HAe A gletn((6+0)+4e) —(6+9)—4
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Furthermore, (202), (207), and (200) imply for all d € N, e¢ € (0,1) that

phOKee d“(o zw(d€)) = (R(®50) (@) = (R(¥4,))(x) and

Ne(d,e)-Mn e, d,e(d,e
J (R(Va0)) (@) — u(0,2)| dc < . (209)
[0,1]
This, (208), and the fact that Vo € (0,1): Cs < oo complete the proof of Lemma 4.1. O

Proof of Lemma 1.4. The definitions of ay, a1, the fact that a € {ag, a;}, and Lemmas 3.1 and 3.2
show that there exists 9 € N, n;, = (1,9, 1) € D such that

Idg € R({® € N: D(®) = ny,}). (210)

Next, the definitions of ay, a;, the fact that a € {ay,a,}, and Lemmas 3.4 and 3.5 prove that
there exists ¢ € (0,0), (f:)zc0,1) S C(R,R) such that for all € € (0, 1), 2,y € R we have that

|fs($)_fs<y)‘ SC’%—yL |fs($)_ (.T)l <5(1+ ‘l"ﬁ), (211)
f- € R({® e N: dim(D(®)) = 3, |D(®)]| < &=7)). (212)
Then (16) implies for all € € (0, 1) that

T <T(f0)+¢e) <c+T. (213)

Furthermore, (18) proves that there exists ¢ € (0, 0) such that for all d € N, ¢ € (0, 1) that
max{[|D(® )|, [|D(@ya)|[, |IP(®,2) ||, |D(Poao)||} < cde™* (214)
max{dim(D(®.)), dim(D(Pye)), dim(D(P,a)), dim(D(Pya))} < cd’c". (215)
Combining (210)-(215), the assumptions of Lemma 1.4, and Lemma 4.1 (applied with ¢ re-
placed by a suitable large constant) we complete the proof of Lemma 1.4. O
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APPENDIX A. CODE FOR EXAMPLE 1.2

Listing A.1. Here comes the code for Example 1.2. The code was written in Julia (see
https://julialang.org). We used a laptop with 16GB RAM, 12th Gen Intel Core i5-
1240P x 16, Operating System: Ubuntu 22.04.4 LTS 64 bit. Note that the global variable
count is introduced to count the number of real-valued random variables needed for the MLP
approximations. The following code should be saved under the name example.jl. To run
the code we type julia example. jl. The outputs will be contained in example.csv and
example.png. Note that before running the code we may need to first install the packages
used here.

using Plots,LaTeXStrings,
DataFrames, CSV, LinearAlgebra,Distributions, Random

function Y (t, s, x;d,mu, sigma, N)

global count
y=x; cur=t; h=T/N;
nex=ceil (t/h) xh
if (nex==cur)
nex= min (cur+h, s)
end
if (nex==s)
count=count+d
y= y+ mu(d,y)* (nex—cur) \
+ sigma (d,y) rrand (Normal (), d) *sgrt (nex—cur)
return y
end


https://julialang.org
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while (nex<s

)

count=count+d

y= y+ mu

(d,y) * (nex—cur)

+ sigma (d, y) *rand (Normal (), d) xsqgrt (nex—-cur)

cur=nex
nex= min
end
return y
end

(cur+h, s)

function Uref (t,x;d,mu,sigma, £f,g,N,n,m)

if (n==0)
return O

end

s=0.0;

.0

for i in 1:m"n
s=s+ g(d,Y(t, T, x;d=d, mu=mu, sigma=sigma, N=N) )/ (m"n)

end

for 1 in 0: (n-1)

for i in
r=t+

l1:m™(n-1)
(T-t) *rand (Uniform(0,1))

y=Y (t, r,x,d=d, mu=mu, sigma=sigma, N=N)

if |

else

end
end
end
return s;
end

1>=1)
s=s+ (f(Uref(r,y,d=d,mu=mu,
sigma=sigma, f=f, g=g,N=N, n=1,m=m) )

-f (Uref (r,y,d=d, mu=mu,

sigma=sigma, f=f,g=g,N=N,n=1-1,m=m)))/m” (n-1)

s=s+ f (Uref (r,y,d=d, mu=mu,
sigma=sigma, f=f,g=g,N=N,n=1,m=m) ) /m” (n-1)

function U(t, x;d,mu,sigma, £f,g,n,m)

if (n==0)
return O

end

s=0.0;

.0

for 1 in 0: (n-1)

for i in
if |

else

end

l:m"n
1>=1)
s=s+ (g(d,Y¥(t,T,x,d=d, mu=mu, sigma=sigma,N=m"1))
-g(d,Y(t, T, x,d=d, mu=mu, sigma=sigma,N=m" (1-1))) )
/(m”"n);

~

s=s+ g(d,Y(t,T,x,d=d,mu=mu, sigma=sigma,N=m"1))/(m"n);
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67 end

68 end

69 for 1 in 0: (n-1)

70 for i in 1:(m” (n-1))

71 r=t+ (T-t) *rrand (Uniform(0, 1))

72 y=Y (t, r,x,d=d, mu=mu, sigma=sigma, N=m~"m)
73 if (1>=1)

74 s=s+ (£ (U(r,y,d=d,mu=mu,

75 sigma=sigma, f=f, g=g,n=1,m=m) )
76 -f(U(r,y,d=d, mu=mu,

77 sigma=sigma, f=f,g=g,n=1-1,m=m)))/m” (n-1)
78 else

79 s=s+ £ (U(r,y,d=d, mu=mu, sigma=sigma, f=£f, g=g,n=1,m=m) )
80 /m” (n—-1)

81 end

82 end

83 end

84 return s;

85 end

86

87 function M(n)

88 return floor (exp(sqrt(log(n))))

89 end

90

91 function mu (d, x)

92 global count

93 count=count+1

94 return cos (norm(d, x)) *x

95 end

96 function norm(d, x)

97 s=0.0; for i in 1:d s=s+x[1]"2 end; return sqgrt (s)
98 end

99 function sigma (d, x)

100 global count

101 count=count+1

102 return Matrix(1.0I, d, d)

103 end

104 function f (y)

105 global count;

106 count=count+1;

107 return sin(y);

108 end

109 function g (d, x)

110 global count;

111 count=count+1;

112 return (2+2/5xnorm(d,x) "2) " (-1);

113 end

114

115

116 T=1.0;
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d=100;
count=0;
n_max=4;
diff=zeros (n_max);
effort=zeros (n_max) ;
runtime=zeros (n_max) ;
ul=Uref (0.0, zeros (d) ; d=d, mu=mu, sigma=sigma, f=f, g=g,N=10000, n=4,m=4)
U(0.0, zeros (d) ,d=d, mu=mu, sigma=sigma, f=f, g=g, n=0, m=0)

for n in 1:n_max
m=Int (M(n));
global count;count=0
ti=time ()
s=0.0
for i in 1:5
u2= U(0.0, zeros (d),d=d, mu=mu, sigma=sigma, f=f, g=g, n=n, m=m) ;
s=s+abs (ul-u2) " 4;
end
runtime[n]=time () -ti
diff[n]l=s"(1/4);
effort[n]=count
end

df=DataFrame ( error=diff, runtime=runtime,effort=effort)

CSV.write ("example.csv", df)

println (df)

plot (effort, [diff effort.” (-1/2) effort.” (-1/4)],

xaxis=:10gl10, yaxis=:1o0glQ0,
label=["error" "line "xL"y=x"{-1/2}" "line "+L"y=x"{-1/4}"1,
ls=[:s0lid :dash :dot],
xlabel="computational effort", vylabel="error",
title=L"d=%5d")

savefig ("example.png")
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