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MULTILEVEL PICARD APPROXIMATIONS OVERCOME THE CURSE OF DIMENSIONALITY
IN THE NUMERICAL APPROXIMATION OF GENERAL SEMILINEAR PDES

WITH GRADIENT-DEPENDENT NONLINEARITIES

ARIEL NEUFELD1, TUAN ANH NGUYEN2, AND SIZHOU WU3

ABSTRACT. Neufeld and Wu (arXiv:2310.12545) developed a multilevel Picard (MLP) algorithm
which can approximately solve general semilinear parabolic PDEs with gradient-dependent non-

linearities, allowing also for coefficient functions of the corresponding PDE to be non-constant.
By introducing a particular stochastic fixed-point equation (SFPE) motivated by the Feynman-Kac

representation and the Bismut-Elworthy-Li formula and identifying the first and second compo-

nent of the unique fixed-point of the SFPE with the unique viscosity solution of the PDE and
its gradient, they proved convergence of their algorithm. However, it remained an open ques-

tion whether the proposed MLP schema in arXiv:2310.12545 does not suffer from the curse of

dimensionality. In this paper, we prove that the MLP algorithm in arXiv:2310.12545 indeed can
overcome the curse of dimensionality, i.e. that its computational complexity only grows polynomi-

ally in the dimension d P N and the reciprocal of the accuracy ε, under some suitable assumptions
on the nonlinear part of the corresponding PDE.

1. INTRODUCTION

Partial differential equations (PDEs) are important tools to analyze many real world phe-
nomena, e.g., in financial engineering, economics, quantum mechanics, or statistical physics to
name but a few. In most of the cases such high-dimensional nonlinear PDEs cannot be solved
explicitly. It is one of the most challenging problems in applied mathematics to approximately
solve high-dimensional nonlinear PDEs. In particular, it is very difficult to find approximation
schemata for nonlinear PDEs for which one can rigorously prove that they do overcome the
so-called curse of dimensionality in the sense that the computational complexity only grows
polynomially in the space dimension d of the PDE and the reciprocal 1

ε
of the accuracy ε.

In recent years, there are two types of approximation methods which are quite successful in
the numerical approximation of solutions of high-dimensional nonlinear PDEs: neural network
based approximation methods for PDEs, cf., [1,2,3,4,7,9,10,11,13,14,17,18,19,20,22,23,24,
25,26,27,28,29,30,34,41,42,43,44,47,51,52,53,55,56,57,58] and multilevel Monte-Carlo
based approximation methods for PDEs, cf., [5,6,8,15,16,21,31,32,33,35,36,37,38,50].

Neural networks based algorithms are very efficient in practice. However, a rigorous con-
vergence analysis for them is often missing because when training neural networks the corre-
sponding optimization problems are typically non-convex. On the other hand for multilevel
Monte-Carlo based algorithms it is often possible to provide a complete convergence and com-
plexity analysis. It has been proven that under some suitable assumptions, e.g., Lipschitz con-
tinuity on the linear part, the nonlinear part, and the initial (or terminal) condition function
of the PDE under consideration, the multilevel Picard approximation algorithms can overcome
the curse of dimensionality in the sense that the number of computational operations of the
proposed Monte-Carlo based approximation method grows at most polynomially in both the
reciprocal 1

ε
of the prescribed approximation accuracy ε P p0, 1q and the PDE dimension d P N,

see [5,6,15,16,21,31,32,33,35,36,37,38,48,50].
Nevertheless, for semilinear PDEs whose nonlinear part depends also on the gradient the

development of numerical schemes as well as their complexity analysis are still at their infancy.
In [31, 36] multilevel Picard (MLP) approximation algorithms together with their convergence
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and complexity analysis have been developed for semilinear heat equations with nonlinear parts
depending on the gradients of the solutions. Recently, [49] developed an MLP algorithm for
general semilinear PDEs with gradient-dependent nonlinearities, allowing also for coefficient
functions of the corresponding PDE to be non-constant. The main idea of the algorithm in [49]
is to introduce a particular stochastic fixed-point equation (SFPE) motivated by the Feynman-
Kac representation and the Bismut-Elworthy-Li formula and to identify the first and second
component of the unique fixed-point of the SFPE with the unique viscosity solution of the PDE
and its gradient, allowing to prove convergence of their algorithm. However, it remained an
open question whether the proposed MLP schema in [49] does not suffer from the curse of
dimensionality. The main goal of this paper is to prove that the MLP schema in [49] indeed can
overcome the curse of dimensionality under some suitable assumptions on the nonlinear part,
namely, (1) and (8) in Theorem 1.1 below, which is the main result of our paper.

1.1. Notations. Throughout the paper we use the following notations. Let R denote the set of
all real numbers. Let Z,N0,N denote the sets which satisfy that Z “ t. . . ,´2,´1, 0, 1, 2, . . .u,
N “ t1, 2, . . .u, N0 “ N Y t0u. Let D denote the total derivative, ∇ denote the gradient, and
Hess denote the Hessian matrix. For every matrix A let AJ denote the transpose of A and let
tracepAq denote the trace of A when A is a square matrix. Let x¨, ¨y denote the standard scalar
product on Rd, d P N. Let Bp¨, ¨q denote the Beta function. For c P R, for a set X, and for a
real-valued function f : X Ñ R we write c ď f if c ď fpxq for all x P X. When applying a result
we often use a phrase like “Lemma 3.8 with d x pd ´ 1q” that should be read as “Lemma 3.8
applied with d (in the notation of Lemma 3.8) replaced by pd´1q (in the current notation)” and
we often omit a trivial replacement to lighten the notation, e.g., we rarely write, e.g., “Lemma
3.28 with d x d”.

1.2. Main result.

Theorem 1.1. Let Θ “ YnPNZ
n, T P p0,8q, k P r0,8q, c P r1,8q. Let ‖¨‖ : Yk,ℓPN R

kˆℓ Ñ r0,8q
satisfy for all k, ℓ P N, s “ psijqiPr1,ksXN,jPr1,ℓsXN P Rkˆℓ that ‖s‖2 “ řk

i“1

řℓ
j“1|sij|

2. For every

d P N let pLd
i qiPr0,dsXZ P Rd`1 satisfy that

d
ÿ

i“0

Ld
i ď c. (1)

For every K P N let t¨uK : R Ñ R satisfy for all t P R that ttuK “ maxpt0, T
K
, 2T
K
, . . . , T u X

pp´8, tq Y t0uqq. For every d P N let Λd “ pΛd
νqνPr0,dsXZ : r0, T s Ñ R

1`d satisfy for all t P r0, T s
that Λdptq “ p1,

?
t, . . . ,

?
tq. For every d P N let prd “ pprdνqνPr0,dsXZ : R

d`1 Ñ R satisfy for all

w “ pwνqνPr0,dsXZ, i P r0, ds X Z that prdi pwq “ wi. For every d P N, k P r1, ds X Z let edk P Rd

denote the d-dimensional vector with a 1 in the k-th coordinate and 0’s elsewhere. For every d P N
let fd P Cpr0, T q ˆRd ˆRd`1,Rq, gd P CpRd,Rq, µd P C3pRd,Rdq, σd P C3pRd,Rdˆdq. To shorten
the notation we write for all d P N, t P r0, T q, x P Rd, w : r0, T q ˆR

d Ñ R

d`1 that

pFdpwqqpt, xq “ fdpt, x, wpt, xqq. (2)

Assume for all d P N, i P r0, ds XZ, s P r0, T q, t P rs, T q, r P pt, T s, x, y, h P Rd, w1, w2 P Rd`1 that
σd is invertible,

‖µdp0q‖ ` ‖σdp0q‖ ď cdc, (3)

max t‖ppDµdqpxqqphq‖ , ‖ppDσdqpxqqphq‖u ď c‖h‖, (4)

yJσdpxqpσdpxqqJy ě 1

c
‖y‖2, (5)

max t‖ppDµdqpxq ´ pDµdqpyqqphq‖ , ‖ppDσdqpxq ´ pDσdqpyqqphq‖u ď cdc‖x ´ y‖‖h‖, (6)

|gdpxq| ` |Tfdpt, x, 0q| ď
“

pcdcq2 ` c2‖x‖2
‰ 1

2 , (7)
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|fdpt, x, w1q ´ fdpt, y, w2q| ď
d
ÿ

ν“0

“

Ld
νΛ

d
νpT q|prdνpw1 ´ w2q|

‰

` 1

T
c
‖x ´ y‖?

T
, (8)

and

|gdpxq ´ gdpyq| ď c
‖x ´ y‖?

T
. (9)

Let ̺ : tpτ, σq P r0, T q2 : τ ă σu Ñ R satisfy for all t P r0, T q, s P pt, T q that

̺pt, sq “ 1

Bp1
2
, 1
2
q

1
a

pT ´ sqps ´ tq
. (10)

Let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space which satisfies the usual conditions. For every

random variable X : Ω Ñ R let ‖X‖2 P r0,8s satisfy that ‖X‖22 “ Er‖X‖2s. Let rθ : Ω Ñ p0, 1q,
θ P Θ, be independent and identically distributed random variables and satisfy for all b P p0, 1q
that

Ppr0 ď bq “ 1

Bp1
2
, 1
2
q

ż b

0

dr
a

rp1 ´ rq
. (11)

For every d P N let W d,θ : r0, T s ˆ Ω Ñ R

d, θ P Θ, be independent pFtqtPr0,T s-Brownian

motions with continuous sample paths. Assume for every d P N that pW d,θqθPΘ and prθqθPΘ
are independent. For every θ P Θ, d,K P N, s P r0, T s, x P R

d, k P r1, ds X Z let

pX d,θ,K,s,x
t qtPrs,T s, pDd,θ,K,s,x,k

t qtPrs,T s : rs, T sˆΩ Ñ R

d be pFtqtPrs,T s-adapted stochastic processes with
continuous sample paths which satisfy for all t P rs, T s that P-a.s. we have that

X d,θ,K,s,x
t “ x `

ż t

s

µdpX d,θ,K,s,x

maxts,truKuq dr `
ż t

s

σdpX d,θ,K,s,x

maxts,truKuq dW d,θ
r (12)

and

Dd,θ,K,s,x,k
t “ edk `

ż t

s

´

pDµdqpX d,θ,K,s,x

maxts,truKuq
¯´

Dd,θ,K,s,x,k

maxts,truKu

¯

dr

`
ż t

s

´

pDσdqpX d,θ,K,s,x

maxts,truKuq
¯´

Dd,θ,K,s,x,k

maxts,truKu

¯

dW d,θ
r . (13)

For every θ P Θ, d,K P N, s P r0, T q, t P ps, T s, x P Rd let Vd,θ,K,s,x
t “ pVd,θ,K,s,x,k

t qkPr1,dsXZ : Ω Ñ
R

d, Zd,θ,K,s,x
t “ pZd,θ,K,s,x,k

t qkPr0,dsXZ : Ω Ñ R

d`1 satisfy that

Vd,θ,K,s,x
t “ 1

t ´ s

ż t

s

´

σ´1
d pX d,θ,K,s,x

maxts,truKuqDd,θ,K,s,x

maxts,truKu

¯J
dW d,θ

r (14)

and Zd,θ,K,s,x
t “ p1,Vd,θ,K,s,x

t q. Let U
d,θ
n,m,K : r0, T q ˆR

d Ñ R

d`1, d,K P N, n,m P Z, θ P Θ, satisfy

for all d, n,m,K P N, θ P Θ, t P r0, T q, x P Rd that Ud,θ
´1,m,Kpt, xq “ U

d,θ
0,m,Kpt, xq “ 0 and

U
d,θ
n,m,Kpt, xq “ pgdpxq, 0q `

mn
ÿ

i“1

gdpX d,pθ,0,´iq,K,t,x

T q ´ gdpxq
mn

Z
d,pθ,0,´iq,K,t,x

T

`
n´1
ÿ

ℓ“0

mn´ℓ
ÿ

i“1

´

FdpUd,pθ,ℓ,iq
ℓ,m,K q ´ 1

N

pℓqFdpUd,pθ,ℓ,´iq
ℓ´1,m,K q

¯´

t ` pT ´ tqrpθ,ℓ,iq,X
d,pθ,ℓ,iq,K,t,x

t`pT´tqrpθ,ℓ,iq

¯

Z
d,pθ,ℓ,iq,K,t,x

t`pT´tqrpθ,ℓ,iq

mn´ℓ̺pt, t ` pT ´ tqrpθ,ℓ,iqq .

(15)

For every d P N let ed, fd, gd P r0,8q satisfy that

ed ` fd ` gd ď cdc. (16)

Let Cd
n,m,K P r0,8q, n,m P Z, d,K P N, satisfy for all n P Z, d,m,K P N that

Cd
n,m,K ď mnpKed ` gdq1

N

pnq `
n´1
ÿ

ℓ“0

“

mn´ℓpKed ` fd ` Cd
ℓ,m,K ` Cd

ℓ´1,m,Kq
‰

. (17)
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Then the following items hold.

(i) For all d P N there exists a unique continuous function ud : r0, T q ˆ R

d Ñ R

d`1 such that
vd :“ prd0pudq is the unique viscosity solution to the following semilinear PDE of parabolic
type:

Bvd
Bt pt, xq ` xp∇xvdqpt, xq, µdpxqy ` 1

2
trace

`

σdpxqrσdpxqsJpHessx vdqpt, xq
˘

` fdpt, x, vdpt, xq, p∇xvdqpt, xqq “ 0 @ t P p0, T q, x P Rd, (18)

vdpT, xq “ gdpxq @ x P Rd (19)

and such that ∇xvd “ pprd1pudq, prd2pudq, . . . , prddpudqq.
(ii) For all d P N we have that

lim sup
nÑ8

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

„

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2



“ 0. (20)

(iii) There exist pCδqδPp0,1q Ď p0,8q, η P p0,8q, pNd,εqdPN,εPp0,1q Ď N such that for all d P N,
δ, ε P p0, 1q we have that

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

«

Λd
νpT ´ tq

∥

∥

∥

∥

∥

prdν

˜

U
d,0

Nd,ε,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

pt, xq ´ udpt, xq
¸∥

∥

∥

∥

∥

2

ff

ă ε (21)

and

Cd

Nd,ǫ,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

ď Cδε
´p4`δqηdη. (22)

Remark 1.2. The conditions µd P C3pRd,Rdq, σd P C3pRd,Rdˆdq are only needed to ensure
the existence and uniqueness of the viscosity solution of the PDE (18)-(19) satisfying a stochastic
representation of Feynman-Kac and Bismut-Elworthy-Li type , see [49, Proposition 5.1, Propo-
sition 5.2]. Later, in the recent work [40] (see also their accompanying paper [54]), the au-
thors only assume that µd P C1pRd,Rdq, σd P C1pRd,Rdˆdq in order to obtain the analog result
as [49, Proposition 5.1, Proposition 5.2], see [40, Theorem 1.1]. However it comes with the price
that in [40, Theorem 1.1] they need instead to additionally assume that the nonlinear term fd and
the terminal condition gd satisfy that fd P L2pr0, T s ˆR

2d`1,Rq and gd P L2pRd,Rq, which is not
satisfied, for example, by PDEs with (piece-wise) linear fd and/or gd.

Hence, while we have decided to impose our conditions µd P C3pRd,Rdq, σd P C3pRd,Rdˆdq
so that we can directly apply [49, Proposition 5.1, Proposition 5.2], one could instead use the
conditions µd P C1pRd,Rdq, σd P C1pRd,Rdˆdq together with additionally assuming that fd P
L2pr0, T s ˆ R

2d`1,Rq and gd P L2pRd,Rq and then use [40, Theorem 1.1] instead. Of course in
that case, all the remaining conditions imposed in our Theorem 1.1, such as, e.g., (8) combined
with (1), would need to be kept in order to guarantee that our Theorem 1.1 and its proof remain
valid.

Remark 1.3. Note that in the MLP approximation (15) we employ random variables rθ with
Beta distribution, whereas uniform random variables are usually used in the MLP approximations
for PDEs without gradient-dependent nonlinearities. (see, e.g., [32, 33, 35, 38, 50].) The MLP
approximation (15) is based on the Bismut-Elworthy-Li formula (see [49, Equation (5.3)]), and
the key point of approximating the time-dependent integral is to deal with the singular integral
arising in the second term on the right hand side of [49, Equation (5.3)]. More precisely, we
see, e.g., in (177) and (178) that we would lose integrability of the corresponding integrals if we
had chosen random variables rθ being uniformly distributed. Similarly, we see for the choice of rθ

satisfying Pprθ ď bq “
?
b for all b P p0, 1q as in [31] that we would lose the integrability, e.g., in

(178).

Theorem 1.1 follows directly from Theorem 6.1 (see the proof of Theorem 1.1 after the proof
of Theorem 6.1 in Section 6). Let us make some comments on the mathematical objects in
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Theorem 1.1. For every d P N we want to approximately solve the PDE (18) with terminal
condition (19) where pµd, σdq is the linear part, fd is the nonlinear part, and gd is the terminal
condition. To make sure that for all d P N, (18)–(19) have a unique viscosity solution we
need (3)–(9) which are Lipschitz and linear growth conditions. Here, (3) tells us that the
initial values of µd, σd grow at most polynomially in d. Next, (4) assumes that the operator
norms of pDµdqpxq and pDσdqpxq are uniformly bounded by c. Moreover, (5) gives a lower
bound condition on σd and (6) is a Lipschitz condition of Dµd and Dσd with respect to the
operator norm. In addition, (7) is a growth condition on gd and the initial values of fd and

(8) as well as (9) are Lipschitz condition of fd and gd. Note that the factors T ,
?
T , and

Λd
νpT q, ν P r0, ds X Z, d P N, in (8) as well as (9) are only constants depending on T which

are introduced to later simplify the calculations. To approximate the exact solutions and its
derivatives we introduce the MLP approximation in (15) based on Euler-Maruyama schemata
(11)–(14) that approximate the forward processes. The motivation for (15) as well as (11)–
(14) is the so-called Bismut-Elworthy-Li formula (see the discussion in the introduction of [49]).
To describe the computational complexity, for each d P N, n P N0, M P N we introduce
Cd
n,m,K P N to denote the sum of: the number of function evaluations of gd, the number of

function evaluations of pµd, pDµdqq, the number of function evaluations of pσd, pDσdq, σ´1
d q, and

the number of realizations of scalar random variables used to obtain one realization of the MLP
approximation algorithm in (15). Moreover, for each d P N we use gd to denote the number of
function evaluations of gd, we use fd to denote the number of function evaluations of fd, and we
use ed to denote the sum of: the number of realizations of scalar random variables generated,
the number of function evaluations of pµd, pDµdqq, and the number of function evaluations
of pσd, pDσdq, σ´1

d q. Here, we count the number of evaluations of pσdq´1 since in practice we
often calculate and save pσdq´1 first before we start with multilevel Picard approximations.
Assumption (16) implies that the computational effort to evaluate the input functions to (18)–
(19) grows only polynomially in the dimension d which is a reasonable assumption for MLP
approximation (15) to overcome the curse of dimensionality when approximately solving (18)–
(19). We highlight that condition (8) combined with (1) is stronger than condition (2.2) in
[49], which allows the numerical schema to overcome the curse of dimensionality.

Our paper is organized as follows. In Section 2 we study existence, uniqueness, and the
spatial and temporal regularity of solutions to SFPEs. Section 3 is a perturbation result that
estimates the difference between two fixed points. Section 4 provides an abstract framework
for the study of MLP approximations. Section 5 contains some results for solutions to stochastic
differential equations (SDEs) and their discretizations with explicit constants independent of
the dimension d. Section 6 combines the results in Sections 3–5 to prove the main result,
Theorem 1.1 above.

2. STOCHASTIC FIXED POINT EQUATIONS

Lemmata 2.1–2.3 are some simple but useful auxiliary results.

2.1. A Grönwall-type inequality.

Lemma 2.1. Let T P p0,8q. Then for all t P r0, T q we have that
şT

t
dr?

pT´rqpr´tq
“ Bp1

2
, 1
2
q ď 4.

Proof of Lemma 2.1. The substitution s “ r´t
T´t

, ds “ dr
T´t

shows for all t P r0, T q that

ż T

t

dr
a

pT ´ rqpr ´ tq
“
ż T

t

dr

pT ´ rq 1

2 pr ´ tq 1

2

“
ż 1

0

pT ´ tqds
rp1 ´ sqpT ´ tqs 1

2 rspT ´ tqs 1

2

“
ż 1

0

ds

rsp1 ´ sqs 1

2

“ Bp1
2
, 1
2
q ď 4.

(23)

This completes the proof of Lemma 2.1. �
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Lemma 2.2. Let T P p0,8q, p P p1, 2q, q P p2,8q satisfy that 1
p

` 1
q

“ 1. Let H : r0, T q Ñ r0,8q be

measurable. Then for all t P r0, T q we have that

T

ż T

t

Hprq dr
a

pT ´ rqpr ´ tq
ď T

1

p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘ 1

p

ˆ
ż T

t

|Hprq|q dr
˙

1

q

. (24)

Proof of Lemma 2.2. Hölder’s inequality and the substitution s “ r´t
T´t

, ds “ dr
T´t

imply that for

all t P r0, T q we have that

T

ż T

t

Hprq dr
a

pT ´ rqpr ´ tq
ď T

ˆ
ż T

t

dr

pT ´ rq p
2 pr ´ tq p

2

˙

1

p
ˆ
ż T

t

|Hprq|q dr
˙

1

q

“ T

ˆ
ż 1

0

pT ´ tqds
rp1 ´ sqpT ´ tqs p

2 rspT ´ tqs p
2

˙

1

p
ˆ
ż T

t

|Hprq|q dr
˙

1

q

ď T pT ´ tq 1

p
´1

ˆ
ż 1

0

ds

rsp1 ´ sqs p
2

˙

1

p
ˆ
ż T

t

|Hprq|q dr
˙

1

q

ď T
1

p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘ 1

p

ˆ
ż T

t

|Hprq|q dr
˙

1

q

. (25)

This completes the proof of Lemma 2.2. �

Lemma 2.3 (Grönwall-type inequality). Let T P p0,8q, a, b P r0,8q, p P p1, 2q, q P p2,8q
satisfy that 1

p
` 1

q
“ 1. Let H : r0, T q Ñ r0,8q be measurable. Assume for all t P r0, T q that

şT

0
|Hpsq|q ds ă 8 and

Hptq ď a ` bT

ż T

t

Hprq dr
a

pT ´ rqpr ´ tq
. (26)

Then for all t P r0, T q we have that

Hptq ď 2
q´1

q a exp

˜

2q´1|b|qT
q
p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘

q
p

q
pT ´ tq

¸

. (27)

Proof of Lemma 2.3. Lemma 2.2 and (26) prove for all t P r0, T q that

Hptq ď a ` bT
1

p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘ 1

p

ˆ
ż T

t

|Hprq|q dr
˙

1

q

. (28)

This and the fact that @ x, y P R : |x ` y|q ď 2q´1|x|q ` 2q´1|y|q show for all t P r0, T q that

|Hptq|q ď 2q´1|a|q ` 2q´1|b|qT
q
p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘

q
p

ż T

t

|Hprq|q dr. (29)

Hence, the fact that
şT

0
|Hpsq|q ds ă 8 and Grönwall’s lemma imply for all t P r0, T q that

|Hptq|q ď 2q´1|a|q exp
´

2q´1|b|qT
q
p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘

q
p pT ´ tq

¯

. (30)

This proves for all t P r0, T q that

Hptq ď 2
q´1

q a exp

˜

2q´1|b|qT
q
p

`

Bp1 ´ p

2
, 1 ´ p

2
q
˘

q
p

q
pT ´ tq

¸

. (31)

The proof of Lemma 2.3 is thus completed. �

Corollary 2.4. Let T P p0,8q, a, b P r0,8q. Let H : r0, T q Ñ r0,8q be measurable. Assume for

all t P r0, T q that supsPr0,T q|Hpsq| ă 8 and Hptq ď a ` bT
şT

t

Hprq dr?
pT´rqpr´tq

. Then we have for all

t P r0, T q that Hptq ď 2ae86b
3T 2pT´tq.
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Proof of Corollary 2.4. Lemma 2.3 (with p x
3
2
, q x 3 in the notation of Lemma 2.3) and the

fact that supsPr0,T q|Hpsq| ă 8 show for all t P r0, T q that

Hptq ď 2
3´1

3 a exp

˜

23´1|b|3T 2
`

Bp1 ´ 3
4
, 1 ´ 3

4
q
˘2

3
pT ´ tq

¸

ď 2a exp

ˆ

4|b|3T 282

3
pT ´ tq

˙

ď 2ae86b
3T 2pT´tq.

(32)

This completes the proof of Corollary 2.4. �

2.2. Existence and uniqueness of solutions to SFPEs. In Lemma 2.6 below we establish
existence, uniqueness, and a growth property of solutions to SFPEs.

Setting 2.5. Let T P p0,8q, d P N, pv, pz P p1,8q, c P r1,8q, pLiqiPr0,dsXZ P Rd`1 satisfy that
řd

i“0 Li ď c and 1
pv

` 1
pz

ď 1. Let ‖¨‖ : Rd Ñ r0,8q be a norm onRd. Let Λ “ pΛiqiPr0,dsXZ : r0, T s Ñ
R

1`d satisfy for all t P r0, T s that Λptq “ p1,
?
t, . . . ,

?
tq. Let pr “ pprνqνPr0,dsXZ : R

d`1 Ñ R

satisfy for all w “ pwνqνPr0,dsXZ, i P r0, ds X Z that pripwq “ wi. Let f P Cpr0, T s ˆ R

d ˆ
R

d`1,Rq, g P CpRd,Rq, V P Cpr0, T s ˆ R

d, r0,8qq. Let pΩ,F ,Pq be a probability space. For

every random variable X : Ω Ñ R, s P r1,8q let ‖X‖s P r0,8s satisfy that ‖X‖s “ pEr|X|ssq 1

s . Let
pXs,x

t qsPr0,T s,tPrs,T s,xPRd : tpτ, σq P r0, T s2 : τ ď σu ˆR

d ˆ Ω Ñ R

d, pZs,x
t qsPr0,T s,tPrs,T s,xPRd : tpτ, σq P

r0, T s2 : τ ă σu ˆRd ˆΩ Ñ R

d`1 be measurable. Assume for all i P r0, ds XZ, t P r0, T q, r P pt, T s,
x P Rd, w1, w2 P Rd`1 that

|gpxq| ď V pT, xq, |Tfpt, x, 0q| ď V pt, xq, (33)

|fpt, x, w1q ´ fpt, x, w2q| ď
d
ÿ

ν“0

rLνΛνpT q|prνpw1 ´ w2q|s , (34)

∥

∥V pr,X t,x
r q

∥

∥

pv
ď V pt, xq,

∥

∥pripZt,x
r q

∥

∥

pz
ď c

Λipr ´ tq . (35)

Lemma 2.6. Assume Setting 2.5. Then the following items hold.

(i) There exists a unique measurable function u : r0, T q ˆR

d Ñ R

d`1 such that for all t P r0, T q,
x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (36)

max
νPr0,dsXZ

„

E

“∣

∣gpX t,x
T qprνpZt,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpr,X t,x
r , upr,X t,x

r qqprνpZt,x
r q

∣

∣

‰

dr



ă 8, (37)

and

upt, xq “ E

“

gpX t,x
T qZt,x

T

‰

`
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqZt,x
r

‰

dr. (38)

(ii) For all t P r0, T q we have that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 6ce86c
6T 2pT´tq. (39)

Proof of Lemma 2.6. Denote by M the set of all measurable functions w : r0, T q ˆ R

d Ñ R

d`1

and by B Ď M the set which satisfies that

B “
#

w P M : sup
tPr0,T q,xPRd

max
νPr0,dsXZ

|ΛνpT ´ tqprνpwpt, xqq|
V pt, xq ă 8

+

. (40)
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For every λ P r0,8q let |||¨|||λ : M Ñ r0,8s satisfy for all w P M that

|||w|||λ “ sup
tPr0,T q,xPRd

max
νPr0,dsXZ

eλt |ΛνpT ´ tqprνpwpt, xqq|
V pt, xq . (41)

Then it is easy to show for all λ P r0,8q that pB, |||¨|||λ ↾Bq is an R-Banach space.

Next, Hölder’s inequality, (33), and (35) imply for all i P r0, ds X Z, t P r0, T q, x P Rd that

∥

∥ΛipT ´ tqgpX t,x
T qpripZt,x

T q
∥

∥

1
ď

∥

∥ΛipT ´ tqV pT,X t,x
T qpripZt,x

T q
∥

∥

1

ď ΛipT ´ tq
∥

∥V pT,X t,x
T q

∥

∥

pv

∥

∥pripZt,x
T q

∥

∥

pz

ď ΛipT ´ tqV pt, xq c

ΛipT ´ tq
ď cV pt, xq.

(42)

In addition, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (33), (35), and the fact that @ t P
r0, T q :

şT

t
dr?
r´t

“ 2
?
r ´ t|Tr“t “ 2

?
T ´ t show for all i P r0, ds X Z, t P r0, T q, x P Rd that

ż T

t

∥

∥ΛipT ´ tqfpr,X t,x
r , 0qpripZt,x

r q
∥

∥

1
dr ď

ż T

t

∥

∥

∥

∥

ΛipT ´ tq 1
T
V pr,X t,x

r qpripZt,x
r q

∥

∥

∥

∥

1

dr

ď
ż T

t

ΛipT ´ tq 1
T

∥

∥V pr,X t,x
r q

∥

∥

pv

∥

∥pripZt,x
r q

∥

∥

pz
dr

ď
ż T

t

ΛipT ´ tq 1
T
V pt, xq c

Λipr ´ tq dr

ď
ż T

t

c

T
V pt, xq

?
T ´ t?
r ´ t

dr

ď 2cV pt, xq. (43)

Next, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (35), and Lemma 2.1 imply for all i P
r0, ds X Z, t P r0, T q, x P Rd, w P B that

ż T

t

ΛipT ´ tq
d
ÿ

ν“0

“

LνΛνpT q
∥

∥prνpwpr,X t,x
r qqpripZt,x

r q
∥

∥

1

‰

dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prνpwpr,X t,x
r qqpripZt,x

r q
∥

∥

1



dr

ď
ż T

t

ΛipT ´ tq c
?
T?

T ´ r

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpwpr, yqq|
V pr, yq

ff

∥

∥V pr,X t,x
r qpripZt,x

r q
∥

∥

1
dr

ď
ż T

t

ΛipT ´ tq c
?
T?

T ´ r

«

max
νPr0,dsXZ

sup
τPr0,T q,yPRd

ΛνpT ´ τq|prνpwpτ, yqq|
V pτ, yq

ff

∥

∥V pr,X t,x
r q

∥

∥

pv

∥

∥pripZt,x
r q

∥

∥

pz
dr

ď
ż T

t

ΛipT ´ tq c
?
T?

T ´ r

«

max
νPr0,dsXZ

sup
τPr0,T q,yPRd

ΛνpT ´ τq|prνpwpτ, yqq|
V pτ, yq

ff

V pt, xq c

Λipr ´ tqdr

ď
«

max
νPr0,dsXZ

sup
τPr0,T q,yPRd

ΛνpT ´ τq|prνpwpτ, yqq|
V pτ, yq

ff

V pt, xq
ż T

t

c2
?
T?

T ´ r

ΛipT ´ tq
Λipr ´ tq dr

ď
«

max
νPr0,dsXZ

sup
τPr0,T q,yPRd

ΛνpT ´ τq|prνpwpτ, yqq|
V pτ, yq

ff

V pt, xq
ż T

t

c2
?
T?

T ´ r

?
T ´ t?
r ´ t

dr ă 8. (44)
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This, the triangle inequality, (34), and (43) prove for all i P r0, ds X Z, t P r0, T q, x P Rd, w P B

that
ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , wpr,X t,x

r qqpripZt,x
r q

∥

∥

1
dr

ď
ż T

t

∥

∥ΛipT ´ tqfpr,X t,x
r , 0qpripZt,x

r q
∥

∥

1
dr

`
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

“

LνΛνpT q
∥

∥prνpwpr,X t,x
r qqpripZt,x

r q
∥

∥

1

‰

dr ă 8. (45)

Let Φ: B Ñ pRd`1qr0,T qˆRd

satisfy for all w P B, t P r0, T q, x P Rd that

pΦpwqqpt, xq “ E

“

gpX t,x
T qZt,x

T

‰

`
ż T

t

E

“

fpr,X t,x
r , wpr,X t,x

r qqZt,x
r

‰

dr, (46)

where the expectations are well-defined due to (45) and (42). Moreover, Fubini’s theorem
implies for all w P B that Φpwq P M . Next, (46), the triangle inequality, (42), and (43) show
for all i P r0, ds X Z, t P r0, T q, x P Rd that

ΛipT ´ tq |pri ppΦp0qqpt, xqq| ď ΛipT ´ tq
∥

∥gpX t,x
T qZt,x

T

∥

∥

1
`
ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , 0qZt,x

r

∥

∥

1
dr

ď cV pt, xq ` 2cV pt, xq “ 3cV pt, xq. (47)

This implies for all λ P r0,8q that

|||Φp0q|||λ ď 3ceλT ă 8. (48)

Moreover, (46), (34), Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, and (35) prove for all

i P r0, ds X Z, w, v P B, t P r0, T q, x P Rd, λ P r0,8q that

|ΛipT ´ tqpri ppΦpwqqpt, xq ´ pΦpvqqpt, xqq|

“
∣

∣

∣

∣

ΛipT ´ tq
ż T

t

E

“`

fpr,X t,x
r , wpr,X t,x

r qq ´ fpr,X t,x
r , vpr,X t,x

r qq
˘

pripZt,x
r q

‰

dr

∣

∣

∣

∣

ď ΛipT ´ tq
ż T

t

∥

∥

∣

∣

`

fpr,X t,x
r , wpr,X t,x

r qq ´ fpr,X t,x
r , vpr,X t,x

r qq
˘∣

∣

∣

∣pripZt,x
r q

∣

∣

∥

∥

1
dr

ď ΛipT ´ tq
ż T

t

∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q
∣

∣prν
`

wpr,X t,x
r q ´ vpr,X t,x

r q
˘∣

∣

∣

∣pripZt,x
r q

∣

∣

∥

∥

∥

∥

∥

1

dr

ď
ż T

t

d
ÿ

ν“0

LνΛνpT q
∥

∥prν
`

wpr,X t,x
r q ´ vpr,X t,x

r q
˘∥

∥

pv
ΛipT ´ tq

∥

∥pripZt,x
r q

∥

∥

pz
dr

ď
ż T

t

d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prν
`

wpr,X t,x
r q ´ vpr,X t,x

r q
˘∥

∥

pv
ΛipT ´ tq

∥

∥pripZt,x
r q

∥

∥

pz
dr

ď
ż T

t

d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq

«

sup
yPRd

|prν pwpr, yq ´ vpr, yqq|
V pr, yq

ff

∥

∥V pr,X t,x
r q

∥

∥

pv

cΛipT ´ tq
Λipr ´ tq dr

ď
ż T

t

d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq

«

sup
yPRd

|prν pwpr, yq ´ vpr, yqq|
V pr, yq

ff

V pt, xqc
?
T ´ t?
r ´ t

dr

ď
ż T

t

d
ÿ

ν“0

Lν

«

sup
yPRd

eλrΛνpT ´ rq |prν pwpr, yq ´ vpr, yqq|
V pr, yq

ff

V pt, xq cTe´λr

a

pT ´ rqpr ´ tq
dr

ď c2|||w ´ v|||λV pt, xq
ż T

t

Te´λr

a

pT ´ rqpr ´ tq
dr. (49)
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Next, Lemma 2.2 (with p x
3
2
, q x 3) and the fact that @ t P r0, T q, λ P p0,8q :

şT

t
e´3λr dr “

e´3λr

´3λ

ˇ

ˇ

ˇ

T

r“t
“ e´3λt´e´3λT

3λ
ď e´3λt

3λ
establish for all t P r0, T q that

T

ż T

t

e´λr dr
a

pT ´ rqpr ´ tq
ď T

2

3

`

Bp1 ´ 3
4
, 1 ´ 3

4
q
˘ 2

3

ˆ
ż T

t

e´3λr dr

˙

1

3

ď T
2

3

`

Bp1
4
, 1
4
q
˘ 2

3
e´λt

p3λq 1

3

.

(50)

This and (49) imply for all i P r0, ds X Z, w, v P B, t P r0, T q, x P Rd, λ P p0,8q that

|ΛipT ´ tqpri ppΦpwqqpt, xq ´ pΦpvqqpt, xqq| ď c2|||w ´ v|||λV pt, xqT 2

3

`

Bp1
4
, 1
4
q
˘ 2

3
e´λt

p3λq 1

3

. (51)

Hence, (41) proves for all w, v P B, λ P p0,8q that

|||Φpwq ´ Φpvq|||λ ď c2|||w ´ v|||λ
T

2

3

`

Bp1
4
, 1
4
q
˘ 2

3

p3λq 1

3

. (52)

Therefore, there exists λ0 P p0,8q such that for all w, v P B we have that

|||Φpwq ´ Φpvq|||λ0
ď 1

2
|||w ´ v|||λ0

. (53)

This, the triangle inequality, and (48) imply for all w P B that

|||Φpwq|||λ0
ď |||Φp0q|||λ0

` |||Φpwq ´ Φp0q|||λ0
ď |||Φp0q|||λ0

` 1

2
|||w|||λ0

ă 8. (54)

Thus, Φpwq P B. This, (53), and the Banach fixed point theorem show that there exists u P B

such that Φpuq “ u. Therefore, (46) and (40) imply (i).
Next, Hölder’s inequality and (35) show for all i P r0, ds X Z, t P r0, T q, x P Rd that

ż T

t

∥

∥

∥

∥

∥

ΛipT ´ tq
d
ÿ

ν“0

LνΛνpT q|prνpupr,X t,x
r qq||pripZt,x

r q|
∥

∥

∥

∥

∥

1

dr

ď
ż T

t

d
ÿ

ν“0

”

LνΛνpT q
∥

∥prνpupr,X t,x
r qq

∥

∥

pv

ı ”

ΛipT ´ tq
∥

∥pripZt,x
r q

∥

∥

pz

ı

dr

ď
ż T

t

d
ÿ

ν“0

„

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prνpupr,X t,x
r qq

∥

∥

pv



”

ΛipT ´ tq
∥

∥pripZt,x
r q

∥

∥

pz

ı

dr

ď
ż T

t

c

?
T?

T ´ r

„

max
νPr0,dsXZ

”

ΛνpT ´ rq
∥

∥prνpupr,X t,x
r qq

∥

∥

pv

ı

 „

cΛipT ´ tq
Λipr ´ tq



dr

ď
ż T

t

c

?
T?

T ´ r

„

max
νPr0,dsXZ

”

ΛνpT ´ rq
∥

∥prνpupr,X t,x
r qq

∥

∥

pv

ı



c
?
T ´ t?
r ´ t

dr

ď
ż T

t

c

?
T?

T ´ r

«

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ rq |prνpupr, yqq|
V pr, yq



ff

∥

∥V pr,X t,x
r q

∥

∥

pv

c
?
T ´ t?
r ´ t

dr

ď
ż T

t

c2T

«

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ rq |prνpupr, yqq|
V pr, yq



ff

V pt, xq
a

pT ´ rqpr ´ tq
dr. (55)

In addition, the triangle inequality and (34) imply for all t P r0, T s, x P Rd, w : r0, T s ˆ R

d Ñ
R

d`1 that

|fpt, x, wpt, xqq| ď |fpt, x, 0q| ` |fpt, x, wpt, xqq ´ fpt, x, 0q|

ď |fpt, x, 0q| `
d
ÿ

ν“0

rLνΛνpT q|prνpwq|s .
(56)



11

This, (38), the triangle inequality, (42), (43), and (55) prove for all i P r0, ds X Z, t P r0, T s,
x P Rd that

|ΛipT ´ tqpripupt, xqq|

“
∣

∣

∣

∣

E

“

ΛipT ´ tqgpX t,x
T qpripZt,x

T q
‰

`
ż T

t

E

“

ΛipT ´ tqfpr,X t,x
r , upr,X t,x

r qqpripZt,x
r q

‰

dr

∣

∣

∣

∣

ď
∥

∥ΛipT ´ tqgpX t,x
T qpripZt,x

T q
∥

∥

1
`
ż T

t

∥

∥ΛipT ´ tqfpr,X t,x
r , upr,X t,x

r qqpripZt,x
r q

∥

∥

1
dr

ď
∥

∥ΛipT ´ tqgpX t,x
T qpripZt,x

T q
∥

∥

1
`
ż T

t

∥

∥ΛipT ´ tqfpr,X t,x
r , 0qpripZt,x

r q
∥

∥

1
dr

`
ż T

t

∥

∥

∥

∥

∥

ΛipT ´ tq
d
ÿ

ν“0

LνΛνpT q|prνpupr,X t,x
r qq||pripZt,x

r q|
∥

∥

∥

∥

∥

1

dr

ď cV pt, xq ` 2cV pt, xq `
ż T

t

c2T

«

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ rq |prνpupr, yqq|
V pr, yq



ff

V pt, xq
a

pT ´ rqpr ´ tq
dr.

(57)

Dividing by V pt, xq then proves for all t P r0, T q that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 3c `
ż T

t

c2T

«

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ rq |prνpupr, yqq|
V pr, yq



ff

dr
a

pT ´ rqpr ´ tq

(58)

Thus, (36) and Corollary 2.4 imply for all t P r0, T q that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 6ce86c
6T 2pT´tq. (59)

This completes the proof of Lemma 2.6. �

2.3. Spatial Lipschitz continuity of solutions to SFPEs. In Lemma 2.8 below we prove spatial
Lipschitz continuity of solutions to SFPEs. The key assumptions here are the Lipschitz-type
conditions (60)–(63) together with the so-called flow property (64), which is satisfied, e.g.,
when the corresponding process X is a solution to an SDE.

Setting 2.7. Assume Setting 2.5. Suppose that maxtc, 48e86c6T 3u ď V , 2
pv

` 1
px

` 1
pz

ď 1, and
1
2

` 1
pz

ď 1. Furthermore, suppose for all i P r0, ds X Z, s P r0, T q, t P rs, T q, r P pt, T s, x P Rd,

w1, w2 P Rd`1, A P pBpRdqqbRd

, B P pBpRdqqbprt,T qˆRdq that

|fpt, x, w1q ´ fpt, y, w2q| ď
d
ÿ

ν“0

rLνΛνpT q|prνpw1 ´ w2q|s ` 1

T

V pt, xq ` V pt, yq
2

‖x ´ y‖?
T

, (60)

|gpxq ´ gpyq| ď V pT, xq ` V pT, yq
2

‖x ´ y‖?
T

, (61)

∥

∥

∥

∥X t,x
r ´ X t,y

r

∥

∥

∥

∥

px
ď V pt, xq ` V pt, yq

2
‖x ´ y‖, (62)

∥

∥pri
`

Zt,x
r ´ Zt,y

r

˘∥

∥

pz
ď V pt, xq ` V pt, yq

2

‖x ´ y‖?
TΛipr ´ tq

, (63)

P

´

X t,X
s,x
t

r “ Xs,x
r

¯

“ 1, P

´

X
s,p¨q
t P A,X

t,p¨q
p¨q P B

¯

“ P

´

X
s,p¨q
t P A

¯

P

´

X
t,p¨q
p¨q P B

¯

, (64)
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and PpXs,x
s “ xq “ 1. Moreover, let u : r0, T q ˆRd Ñ R

d`1 be the unique measurable function (cf.
Lemma 2.6) such that for all t P r0, T q, x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (65)

max
νPr0,dsXZ

„

E

“∣

∣gpX t,x
T qprνpZt,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpr,X t,x
r , upr,X t,x

r qqprνpZt,x
r q

∣

∣

‰

dr



ă 8, (66)

and

upt, xq “ E

“

gpX t,x
T qZt,x

T

‰

`
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqZt,x
r

‰

dr. (67)

Lemma 2.8 (Lipschitz continuity of the fixed point). Assume Setting 2.7. Then for all x, y P Rd,
t P r0, T q we have that

max
iPr0,dsXZ

rΛipT ´ tq |pri pupt, xq ´ upt, yqq|s ď ec
2T V

6pt, xq ` V 6pt, yq
2

‖x ´ y‖?
T

. (68)

Proof of Lemma 2.8. Lemma 2.6 and the assumption of Lemma 2.8 prove that for all t P r0, T q
we have that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 6ce86c
6T 2pT´tq. (69)

Next, Hölder’s inequality, the fact that 1
pv

` 1
px

` 1
pz

ď 1, (35), (62), the fact that @ x, y, p, q P
r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
imply for all i P r0, ds X Z, x̃, ỹ P Rd, t P r0, T q, r P pt, T s that

ΛipT ´ tq
∥

∥

∥

∥

∥

V pr,X t,x̃
r q ` V pr,X t,ỹ

r q
2

∥

∥X t,x̃
r ´ X t,ỹ

r

∥

∥

?
T

pripZt,x̃
r q

∥

∥

∥

∥

∥

1

ď ΛipT ´ tq
∥

∥V pr,X t,x̃
r q

∥

∥

pv
`
∥

∥V pr,X t,ỹ
r q

∥

∥

pv

2

∥

∥

∥

∥X t,x̃
r ´ X t,ỹ

r

∥

∥

∥

∥

px?
T

∥

∥pripZt,x̃
r q

∥

∥

pz

ď ΛipT ´ tqV pt, x̃q ` V pt, ỹq
2

V pt, x̃q ` V pt, ỹq
2

‖x̃ ´ ỹ‖?
T

c

Λipr ´ tq

ď c
V 2pt, x̃q ` V 2pt, ỹq

2

‖x̃ ´ ỹ‖?
T

?
T ´ t?
r ´ t

. (70)

Hence, Hölder’s inequality, the fact that 2
pv

` 1
px

ď 1, the fact that c ď V , (35), (62), and the fact

that @ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
show for all i P r0, ds X Z, x, y P Rd, s P r0, T q,

t P rs, T q, r P p0, T s that

ΛipT ´ tq
∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

V pr,X t,x̃
r q ` V pr,X t,ỹ

r q
2

∥

∥X t,x̃
r ´ X t,ỹ

r

∥

∥

?
T

pripZt,x̃
r q

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

2

ď
∥

∥

∥

∥

c
V 2pt, x̃q ` V 2pt, ỹq

2

‖x̃ ´ ỹ‖?
T

?
T ´ t?
r ´ t

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

“
∥

∥

∥

∥

c
V 2pt, Xs,x

t q ` V 2pt, Xs,y
t q

2

‖Xs,x
t ´ X

s,y
t ‖?

T

?
T ´ t?
r ´ t

∥

∥

∥

∥

2

ď c
‖V 2pt, Xs,x

t q‖ pv
2

` ‖V 2pt, Xs,y
t q‖ pv

2

2

‖‖Xs,x
t ´ X

s,y
t ‖‖px?

T

?
T ´ t?
r ´ t

ď V ps, xq ` V ps, yq
2

V 2ps, xq ` V 2ps, yq
2

V ps, xq ` V ps, yq
2

‖x ´ y‖?
T

?
T ´ t?
r ´ t

ď V 4ps, xq ` V 4ps, yq
2

‖x ´ y‖?
T

?
T ´ t?
r ´ t

. (71)
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This and (61) imply for all i P r0, ds X Z, x, y P Rd, s P r0, T q, t P rs, T q that

ΛipT ´ tq
∥

∥

∥

∥

∥

∥

∥

´

gpX t,x̃
T q ´ gpX t,ỹ

T q
¯

pripZt,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

ď ΛipT ´ tq

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

V pT,X t,x̃
T q ` V pT,X t,ỹ

T q
2

∥

∥

∥
X

t,x̃
T ´ X

t,ỹ
T

∥

∥

∥

?
T

pripZt,x̃
T q

∥

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

∥

2

ď V 4ps, xq ` V 4ps, yq
2

‖x ´ y‖?
T

. (72)

Next, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (35), (63), and the fact that @ x, y, p, q P
r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
prove for all i P r0, ds X Z, x̃, ỹ P Rd, t P r0, T q, r P pt, T s that

ΛipT ´ tq
∥

∥V pr,X t,ỹ
r qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ď ΛipT ´ tq
∥

∥V pr,X t,ỹ
r q

∥

∥

pv

∥

∥pri
`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

pz

ď ΛipT ´ tqV pt, ỹqV pt, x̃q ` V pt, ỹq
2

‖x̃ ´ ỹ‖?
TΛipr ´ tq

ď 2
V pt, x̃q ` V pt, ỹq

2

V pt, x̃q ` V pt, ỹq
2

‖x̃ ´ ỹ‖?
T

?
T ´ t?
r ´ t

ď 2
V 2pt, x̃q ` V 2pt, ỹq

2

‖x̃ ´ ỹ‖?
T

?
T ´ t?
r ´ t

. (73)

Therefore, (71) and the fact that 1 ď c imply for all i P r0, ds XZ, x, y P Rd, s P r0, T q, t P rs, T q,
r P p0, T s that

ΛipT ´ tq
∥

∥

∥

∥

∥

∥V pr,X t,ỹ
r qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

ď
∥

∥

∥

∥

2
V 2pt, x̃q ` V 2pt, ỹq

2

‖x̃ ´ ỹ‖?
T

?
T ´ t?
r ´ t

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

ď 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

?
T ´ t?
r ´ t

. (74)

This and (33) imply for all i P r0, ds X Z, x, y P Rd, s P r0, T q, t P rs, T q that

ΛipT ´ tq
∥

∥

∥

∥

∥

∥

∥
gpX t,ỹ

T qpri
´

Z
t,x̃
T ´ Z

t,ỹ
T

¯∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

ď ΛipT ´ tq
∥

∥

∥

∥

∥

∥

∥
V pT,X t,ỹ

T qpri
´

Z
t,x̃
T ´ Z

t,ỹ
T

¯∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

ď 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

. (75)

Next, the triangle inequality, Hölder’s inequality, the fact that 1
2

` 1
pz

ď 1, and (35) establish for

all i P r0, ds X Z, x̃, ỹ P Rd, t P r0, T q, r P pt, T s that

ΛipT ´ tq
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q
∣

∣prν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘

pripZt,ỹ
r q

∣

∣

∥

∥

∥

∥

∥

1

ď ΛipT ´ tq
d
ÿ

ν“0

∥

∥LνΛνpT qprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘

pripZt,ỹ
r q

∥

∥

1

ď ΛipT ´ tq
d
ÿ

ν“0

„

Lν

?
T?

T ´ r

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘

pripZt,ỹ
r q

∥

∥

1


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ď ΛipT ´ tq
d
ÿ

ν“0

„

Lν

?
T?

T ´ r

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘∥

∥

2

∥

∥pripZt,ỹ
r q

∥

∥

pz



“
d
ÿ

ν“0

„

Lν

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘∥

∥

2

?
T?

T ´ r
ΛipT ´ tq

∥

∥pripZt,ỹ
r q

∥

∥

pz



ď
d
ÿ

ν“0

„

Lν

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘∥

∥

2

?
T?

T ´ r

cΛipT ´ tq
Λipr ´ tq



ď
d
ÿ

ν“0

„

Lν

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘∥

∥

2

?
T?

T ´ r

c
?
T ´ t?
r ´ t



. (76)

This, the triangle inequality, the disintegration theorem, (64), and the fact that
řd

ν“0 Lν ď c

prove for all i P r0, ds X Z, x, y P Rd, s P r0, T q, t P rs, T q, r P pt, T s that

ΛipT ´ tq
∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q
∣

∣prν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘

pripZt,ỹ
r q

∣

∣

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

2

ď
∥

∥

∥

∥

∥

d
ÿ

ν“0

„

Lν

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘∥

∥

2

?
T?

T ´ r

c
?
T ´ t?
r ´ t



ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

2

ď
d
ÿ

ν“0

«

Lν

∥

∥

∥

∥

∥

∥ΛνpT ´ rqprν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘∥

∥

2

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

cT
a

pT ´ rqpr ´ tq

ff

ď
„

max
νPr0,dsXZ

‖ΛνpT ´ rqprν pupr,Xs,x
r q ´ upr,Xs,y

r qq‖2


c2T
a

pT ´ rqpr ´ tq
. (77)

Hence, the triangle inequality, (60), and (71) imply for all i P r0, ds X Z, x, y P Rd, s P r0, T q,
t P rs, T q, r P pt, T s that

ΛipT ´ tq
∥

∥

∥

∥

∥

∥

`

fpr,X t,x̃
r , upr,X t,x̃

r qq ´ fpr,X t,ỹ
r , upr,X t,ỹ

r qq
˘

pripZt,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

ď ΛipT ´ tq
∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q
∣

∣prν
`

upr,X t,x̃
r q ´ upr,X t,ỹ

r q
˘

pripZt,ỹ
r q

∣

∣

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

2

` ΛipT ´ tq 1
T

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

V pr,X t,x̃
r q ` V pr,X t,ỹ

r q
2

∥

∥X t,x̃
r ´ X t,ỹ

r

∥

∥

?
T

pripZt,x̃
r q

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

2

ď max
νPr0,dsXZ

‖ΛνpT ´ rqprν pupr,Xs,x
r q ´ upr,Xs,y

r qq‖2
c2T

a

pT ´ rqpr ´ tq

` 1

T

V 4ps, xq ` V 4ps, yq
2

‖x ´ y‖?
T

?
T ´ t?
r ´ t

. (78)

This and the fact that @ t P r0, T q :
şT

t
dr?
r´t

“ 2
?
r ´ t|Tr“t “ 2

?
T ´ t prove for all i P r0, ds X Z,

x, y P Rd, s P r0, T q, t P rs, T q that

ż T

t

max
iPr0,dsXZ

„

ΛipT ´ tq
∥

∥

∥

∥

∥

∥

`

fpr,X t,x̃
r , upr,X t,x̃

r qq ´ fpr,X t,ỹ
r , upr,X t,ỹ

r qq
˘

pripZt,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

ď
ż T

t

max
νPr0,dsXZ

‖ΛνpT ´ rqprνpupr,Xs,x
r q ´ upr,Xs,y

r qq‖2
c2T

a

pT ´ rqpr ´ tq
dr

` 1

T

V 4ps, xq ` V 4ps, yq
2

‖x ´ y‖?
T

ż T

t

?
T ´ t?
r ´ t

dr
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ď
ż T

t

max
νPr0,dsXZ

‖ΛνpT ´ rqprνpupr,Xs,x
r q ´ upr,Xs,y

r qq‖2
c2T

a

pT ´ rqpr ´ tq
dr

` 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

. (79)

Next, (33), (74), and the fact that @ t P r0, T q :
şT

t
dr?
r´t

“ 2
?
r ´ t|Tr“t “ 2

?
T ´ t show for all

i P r0, ds X Z, x, y P Rd, s P r0, T q, t P rs, T q that

ż T

t

ΛipT ´ tq
∥

∥

∥

∥

∥

∥fpr,X t,ỹ
r , 0qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛipT ´ tq 1
T

∥

∥

∥

∥

∥

∥V pr,X t,ỹ
r qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

dr

ď
ż T

t

1

T
¨ 2V

4ps, xq ` V 4ps, yq
2

‖x ´ y‖?
T

?
T ´ t?
r ´ t

dr

ď 4
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

. (80)

Moreover, (69), the triangle inequality, the fact that
řd

ν“0 Lν ď c, (74), Lemma 2.1, the fact

that 48e86c
6T 3 ď V , and the fact that @ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
imply for all

i P r0, ds X Z, x, y P Rd, s P r0, T q, t P rs, T q that

ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

∥

∥

∥

∥

∥

∥ΛνpT qprνpupr,X t,ỹ
r qqpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

∥

∥

∥

∥

∥

∥

∥

∥

?
T?

T ´ r
ΛνpT ´ rqprνpupr,X t,ỹ

r qqpri
`

Zt,x̃
r ´ Zt,ỹ

r

˘

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

∥

∥

∥

∥

∥

∥

∥

∥

?
T?

T ´ r
6ce86c

6T 3

V pr,X t,ỹ
r qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

ď
ż T

t

ΛipT ´ tq
∥

∥

∥

∥

∥

∥V pr,X t,ỹ
r qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

?
T?

T ´ r
6c2e86c

6T 3

dr

ď
ż T

t

2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

?
T ´ t?
r ´ t

?
T?

T ´ r
6c2e86c

6T 3

dr

ď 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

ż T

t

6c2Te86c
6T 3

a

pT ´ rqpr ´ tq
dr

ď 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

6c2Te86c
6T 3 ¨ 4

ď V 4ps, xq ` V 4ps, yq
2

V ps, xq ` V ps, yq
2

‖x ´ y‖?
T

c2T

ď V 5ps, xq ` V 5ps, yq
2

‖x ´ y‖?
T

c2T. (81)

This, the triangle inequality, (80), and the fact that 1 ` c2T ď ec
2T prove for all i P r0, ds X Z,

x, y P Rd, s P r0, T q, t P rs, T q that

ż T

t

ΛipT ´ tq
∥

∥

∥

∥

∥

∥fpr,X t,ỹ
r , upr,X t,ỹ

r qqpri
`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛipT ´ tq
∥

∥

∥

∥

∥

∥fpr,X t,ỹ
r , 0qpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2

dr
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`
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

∥

∥

∥

∥

∥

∥ΛνpT qprνpupr,X t,ỹ
r qqpri

`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

ď 4
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

` V 5ps, xq ` V 5ps, yq
2

‖x ´ y‖?
T

c2T

ď 4
V 5ps, xq ` V 5ps, yq

2

‖x ´ y‖?
T

ec
2T . (82)

Next, (67) and the triangle inequality show for all x, y P Rd, s P r0, T q, t P rs, T q that

max
iPr0,dsXZ

“

ΛipT ´ tq ‖pri pupt,Xs,x
t q ´ upt,Xs,y

t qq‖2
‰

“ max
iPr0,dsXZ

”

ΛipT ´ tq
∥

∥

∥
pripupt, x̃q ´ upt, ỹqq|x̃“X

s,x
t ,ỹ“X

s,y
t

∥

∥

∥

2

ı

“ max
iPr0,dsXZ

«

ΛipT ´ tq

∥

∥

∥

∥

∥

„

E

”

pri

´

gpXt,x̃
T qZt,x̃

T ´ gpXt,ỹ
T qZt,ỹ

T

¯ı

`

ż T

t

E

“

pri
`

fpr,Xt,x̃
r , upr,Xt,x̃

r qqZt,x̃
r ´ fpr,Xt,ỹ

r , upr,Xt,ỹ
r qqZt,ỹ

r

˘‰

dr

ˇ

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

∥

2

ff

ď max
iPr0,dsXZ

„

ΛipT ´ tq

∥

∥

∥

∥

∥

∥

∥

pri

´

gpXt,x̃
T qZt,x̃

T ´ gpXt,ỹ
T qZt,ỹ

T

¯∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



` max
iPr0,dsXZ

ż T

t

„

ΛipT ´ tq

∥

∥

∥

∥

∥

∥pri
`

fpr,Xt,x̃
r , upr,Xt,x̃

r qqZt,x̃
r ´ fpr,Xt,ỹ

r , upr,Xt,ỹ
r qqZt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

ď max
iPr0,dsXZ

„

ΛipT ´ tq

∥

∥

∥

∥

∥

∥

∥

´

gpXt,x̃
T q ´ gpXt,ỹ

T q
¯

pripZ
t,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



` max
iPr0,dsXZ

„

ΛipT ´ tq

∥

∥

∥

∥

∥

∥

∥
gpXt,ỹ

T qpri

´

Z
t,x̃
T ´ Z

t,ỹ
T

¯∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



` max
iPr0,dsXZ

ż T

t

„

ΛipT ´ tq

∥

∥

∥

∥

∥

∥

`

fpr,Xt,x̃
r , upr,Xt,x̃

r qq ´ fpr,Xt,ỹ
r , upr,Xt,ỹ

r qq
˘

pripZ
t,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr

` max
iPr0,dsXZ

ż T

t

„

ΛipT ´ tq

∥

∥

∥

∥

∥

∥fpr,Xt,ỹ
r , upr,Xt,ỹ

r qqpri
`

Zt,x̃
r ´ Zt,ỹ

r

˘∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t ,ỹ“X

s,y
t

∥

∥

∥

∥

2



dr. (83)

This, (72), (75), (79), (82), and the fact that 1 ď V prove for all x, y P Rd, s P r0, T q, t P rs, T q
that

max
iPr0,dsXZ

rΛipT ´ tq ‖pri pupt, Xs,x
t q ´ upt, Xs,y

t qq‖2s

ď V 4ps, xq ` V 4ps, yq
2

‖x ´ y‖?
T

` 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

`
ż T

t

max
νPr0,dsXZ

‖ΛνpT ´ rqprν pupr,Xs,x
r q ´ upr,Xs,y

r qq‖2
c2T

a

pT ´ rqpr ´ tq
dr

` 2
V 4ps, xq ` V 4ps, yq

2

‖x ´ y‖?
T

` 4
V 5ps, xq ` V 5ps, yq

2

‖x ´ y‖?
T

ec
2T

ď 9ec
2T V

5ps, xq ` V 5ps, yq
2

‖x ´ y‖?
T

`
ż T

t

max
νPr0,dsXZ

‖ΛνpT ´ rqprν pupr,Xs,x
r q ´ upr,Xs,y

r qq‖2
c2T

a

pT ´ rqpr ´ tq
dr. (84)

Moreover, (69), Jensen’s inequality, the fact that 2 ď pv, and (35) imply for all x P Rd, s P r0, T q,
t P rs, T q that

max
iPr0,dsXZ

rΛipT ´ tq ‖pri pupt, Xs,x
t qq‖2s ď 6ce86c

6T 3

‖V pt, Xs,x
t q‖pv ď 6ce86c

6T 3

V ps, xq. (85)



17

Therefore, the Grönwall-type inequality (see Corollary 2.4), (84), the fact that 48e86c
6T 3 ď V ,

and the fact that @ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
show for all x, y P Rd, s P r0, T q,

t P rs, T q that

max
iPr0,dsXZ

rΛipT ´ tq ‖pri pupt, Xs,x
t q ´ upt, Xs,y

t qq‖2s

ď 18ec
2T V

5ps, xq ` V 5ps, yq
2

‖x ´ y‖?
T

e86c
6T 3

ď ec
2T V

5ps, xq ` V 5ps, yq
2

V ps, xq ` V ps, yq
2

‖x ´ y‖?
T

ď ec
2T V

6ps, xq ` V 6ps, yq
2

‖x ´ y‖?
T

. (86)

This and the fact that @ s P r0, T q, x P Rd : PpXs,x
s “ xq “ 1 imply (68). The proof of Lemma 2.8

is thus completed. �

2.4. Temporal regularity of the fixed point. After establishing the spatial Lipschitz continuity
we establish the temporal regularity for solutions to SFPEs, see Lemma 2.9 below. Together with
the spatial Lipschitz continuity the temporal regularity implies that the fixed point is continuous.
Later, continuity of the fixed point is an important property to ensure that the fixed point is the
unique viscosity solution to the corresponding semilinear parabolic PDE.

Lemma 2.9 (Temporal regularity of the fixed point). Assume Setting 2.7. Suppose that 6
pv

` 1
px

`
1
pz

ď 1 and 1
2

` 1
pz

ď 1. Assume for all i P r0, ds X Z, s P r0, T q, t P rs, T q, r P pt, T s, x P Rd,

w1, w2 P Rd`1 that
∥

∥

∥

∥X t,x
r ´ X t,y

r

∥

∥

∥

∥

px
ď c‖x ´ y‖, (87)

∥

∥pripZt,x
r ´ Zs,x

r q
∥

∥

pz
ď V pt, xq ` V ps, xq

2

?
t ´ s?

r ´ tΛipr ´ sq , (88)

‖‖Xs,x
t ´ x‖‖px ď V ps, xq

?
t ´ s. (89)

Moreover, let u : r0, T q ˆRd Ñ R

d`1 be the unique measurable function (cf. Lemma 2.6) such that
for all t P r0, T q, x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (90)

max
νPr0,dsXZ

„

E

“∣

∣gpX t,x
T qprνpZt,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpr,X t,x
r , upr,X t,x

r qqprνpZt,x
r q

∣

∣

‰

dr



ă 8, (91)

and

upt, xq “ E

“

gpX t,x
T qZt,x

T

‰

`
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqZt,x
r

‰

dr. (92)

Then u is continuous.

Proof of Lemma 2.9. First, Lemmas 2.6 and 2.8 and the assumptions of Lemma 2.9 prove that
for all t P r0, T q we have that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 6ce86c
6T 2pT´tq (93)

and that for all x, y P Rd, t P r0, T q we have that

max
iPr0,dsXZ

rΛipT ´ tq |pri pupt, xq ´ upt, yqq|s ď ec
2T V

6pt, xq ` V 6pt, yq
2

‖x ´ y‖?
T

. (94)
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Next, (64), the disintegration theorem, (87), the fact that c ď V , (89), and the fact that

@ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
prove for all t1 P r0, T q, t2 P rt1, T q, r P pt2, T s, x P Rd

that

∥

∥

∥

∥X t1,x
r ´ X t2,x

r

∥

∥

∥

∥

px
“

∥

∥

∥

∥

∥

∥

∥

∥

X
t2,X

t1,x

t2
r ´ X t2,x

r

∥

∥

∥

∥

∥

∥

∥

∥

px

“
∥

∥

∥

∥

∥

∥

∥

∥X t2,y
r ´ X t2,x

r

∥

∥

∥

∥

px

ˇ

ˇ

ˇ

y“X
t1,x
t2

∥

∥

∥

∥

px

ď
∥

∥

∥

∥

c ‖y ´ x‖
ˇ

ˇ

ˇ

y“X
t1,x

t2

∥

∥

∥

∥

px

“
∥

∥c
∥

∥X
t1,x
t2

´ x
∥

∥

∥

∥

px

ď 2
V pt1, xq ` V pt2, xq

2

V pt1, xq ` V pt2, xq
2

?
t2 ´ t1

ď 2
V 2pt1, xq ` V 2pt2, xq

2

?
t2 ´ t1. (95)

Hence, Hölder’s inequality, the fact that 1
pv

` 1
px

` 1
pz

ď 1, (35), the fact that c ď V , and the fact

that @ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
imply for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q,

r P pt2, T s, x P Rd that

ΛipT ´ t1q
∥

∥

∥

∥

V pr,X t1,x
r q ` V pr,X t2,x

r q
2

‖X t1,x
r ´ X t2,x

r ‖?
T

pripZt1,x
r q

∥

∥

∥

∥

1

ď ΛipT ´ t1q
‖V pr,X t1,x

r q‖pv ` ‖V pr,X t2,x
r q‖pv

2

‖‖X t1,x
r ´ X t2,x

r ‖‖px?
T

∥

∥pripZt1,x
r q

∥

∥

pz

ď ΛipT ´ t1qV pt1, xq ` V pt2, xq
2

2
V 2pt1, xq ` V 2pt2, xq

2

?
t2 ´ t1?

T

c

Λipr ´ t1q

ď 2
V 4pt1, xq ` V 4pt2, xq

2

?
t2 ´ t1?
T

?
T ´ t1?
r ´ t1

. (96)

This and (61) prove for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ΛipT ´ t1q
∥

∥pgpX t1,x
T q ´ gpX t2,x

T qqpripZt1,x
T q

∥

∥

1

ď ΛipT ´ t1q
∥

∥

∥

∥

∥

V pT,X t1,x
T q ` V pT,X t1,x

T q
2

∥

∥X
t1,x
T ´ X

t2,x
T

∥

∥

?
T

pripZt1,x
T q

∥

∥

∥

∥

∥

1

ď 2
V 4pt1, xq ` V 4pt2, xq

2

?
t2 ´ t1?
T

. (97)

Next, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (35), and (88) show for all i P r0, ds X Z,

t1 P r0, T q, t2 P rt1, T q, r P pt2, T s, x P Rd that

ΛipT ´ t1q
∥

∥V pr,X t2,x
r qpripZt1,x

r ´ Zt2,x
r q

∥

∥

1

ď ΛipT ´ t1q
∥

∥V pr,X t2,x
r q

∥

∥

pv

∥

∥pripZt1,x
r ´ Zt2,x

r q
∥

∥

pz

ď ΛipT ´ t1q2V pt1, xq ` V pt2, xq
2

V pt1, xq ` V pt2, xq
2

?
t2 ´ t1?

r ´ t2Λipr ´ t1q

ď 2
V 2pt1, xq ` V 2pt2, xq

2

?
t2 ´ t1?
r ´ t2

?
T ´ t1?
r ´ t1

. (98)

This and (33) prove for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ΛipT ´ t1q
∥

∥gpX t2,x
T qpripZt1,x

T ´ Z
t2,x
T q

∥

∥

1
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ď ΛipT ´ t1q
∥

∥V pT,X t2,x
T qpripZt1,x

T ´ Z
t2,x
T q

∥

∥

1
ď 2

V 2pt1, xq ` V 2pt2, xq
2

?
t2 ´ t1?
T ´ t2

. (99)

Therefore, the triangle inequality and (97) imply that for all i P r0, ds X Z, ptnqnPN Ď r0, T q,
t P r0, T q with limnÑ8 tn “ t we have that

lim sup
nÑ8

∥

∥gpX tn,x
T qpripZtn,x

T q ´ gpX t,x
T qpripZt,x

T q
∥

∥

1

ď lim sup
nÑ8

∥

∥pgpX tn,x
T q ´ gpX t,x

T qqpripZtn,x
T q

∥

∥

1
` lim sup

nÑ8

∥

∥gpX t,x
T qppripZtn,x

T q ´ pripZt,x
T qq

∥

∥

1

ď lim sup
nÑ8

«

2
V 4ptn, xq ` V 4pt, xq

2

a

|tn ´ t|?
T

1

ΛipT ´ mintt, tnuq

ff

` lim sup
nÑ8

«

2
V 2ptn, xq ` V 2pt, xq

2

a

|tn ´ t|
a

T ´ maxtt, tnu
1

ΛipT ´ mintt, tnuq

ff

“ 0. (100)

This and Jensen’s inequality prove for all i P r0, ds X Z, x P Rd that
`

r0, T q Q t ÞÑ E

“

gpX t,x
T qpripZt,x

T q
‰

P R
˘

P Cpr0, T q,Rq. (101)

Next, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (33), (35), the fact that c ď V , and the fact

that @ t1 P r0, T q, t2 P rt1, T q :
şt2

t1

dr?
r´t1

“ 2
?
r ´ t1|t2r“t1

“ 2
?
t2 ´ t1 show for all i P r0, ds X Z,

t1 P r0, T q, t2 P rt1, T q, x P Rd that
ż t2

t1

ΛipT ´ t1q
∥

∥fpr,X t1,x
r , 0qpripZt1,x

r q
∥

∥

1
dr

ď
ż t2

t1

1

T
ΛipT ´ t1q

∥

∥V pr,X t1,x
r qpripZt1,x

r q
∥

∥

1
dr

ď
ż t2

t1

1

T
ΛipT ´ t1q

∥

∥V pr,X t1,x
r q

∥

∥

pv

∥

∥pripZt1,x
r q

∥

∥

pz
dr

ď
ż t2

t1

1

T
ΛipT ´ t1qV pt1, xq c

Λipr ´ t1q
dr

ď V 2pt1, xq
T

ż t2

t1

?
T ´ t1?
r ´ t1

dr

“ V 2pt1, xq
?
T ´ t1

T
2
?
t2 ´ t1

ď 2V 2pt1, xq
?
t2 ´ t1?
T

. (102)

Furthermore, the triangle inequality, (93), Hölder’s inequality, the fact that 1
pv

` 1
px

ď 1, (35),

the fact that maxtc, 6e86c6T 3u ď V , and the fact that @ t1 P r0, T q, t2 P rt1, T q :
şt2

t1

dr
r´t1

“
2
?
r ´ t1|t2r“t1

“ 2
?
t2 ´ t1 imply for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ż t2

t1

ΛipT ´ t1q
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q|prνpupr,X t1,x
r qq||pripZt1,x

r q|
∥

∥

∥

∥

∥

1

dr

ď
ż t2

t1

ΛipT ´ t1q
d
ÿ

ν“0

“

LνΛνpT q
∥

∥prνpupr,X t1,x
r qqpripZt1,x

r q
∥

∥

1

‰

dr

ď
ż t2

t1

ΛipT ´ t1q
d
ÿ

ν“0

„

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prνpupr,X t1,x
r qqpripZt1,x

r q
∥

∥

1



dr
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ď
ż t2

t1

ΛipT ´ t1q
d
ÿ

ν“0

„

Lν

?
T?

T ´ r
6ce86c

6T 3
∥

∥V pr,X t1,x
r qpripZt1,x

r q
∥

∥

1



dr

ď
ż t2

t1

ΛipT ´ t1q c
?
T?

T ´ r
6ce86c

6T 3
∥

∥V pr,X t1,x
r q

∥

∥

pv

∥

∥pripZt1,x
r q

∥

∥

pz
dr

ď
ż t2

t1

ΛipT ´ t1q c
?
T?

T ´ r
6ce86c

6T 3

V pt1, xq c

Λipr ´ t1q

ď c2V 3pt1, xq
ż t2

t1

?
T?

T ´ r

?
T ´ t1?
r ´ t1

dr

ď c2TV 3pt1, xq 1?
T ´ t2

ż t2

t1

dr?
r ´ t1

ď 2c2TV 3pt1, xq
?
t1 ´ t2?
T ´ t2

. (103)

This, the triangle inequality, (60), (102), the fact that 1 ď V , and the fact that 1 ` c2T ď ec
2T

prove for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ΛipT ´ t1q
ż t2

t1

∥

∥fpr,X t1,x
r , upr,X t1,x

r qqpripZt1,x
r q

∥

∥

1
dr

ď
ż t2

t1

ΛipT ´ t1q
∥

∥fpr,X t1,x
r , 0qpripZt1,x

r q
∥

∥

1
dr

`
ż t2

t1

ΛipT ´ t1q
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q|prνpupr,X t1,x
r q||pripZt1,x

r q|
∥

∥

∥

∥

∥

1

dr

ď 2V 2pt1, xq
?
t2 ´ t1?
T

` 2c2TV 3pt1, xq
?
t1 ´ t2?
T ´ t2

ď 4
V 3pt1, xq ` V 3pt2, xq

2
ec

2T

?
t1 ´ t2?
T ´ t2

. (104)

Next, the triangle inequality, (94), the fact that
řd

ν“0 Li ď c, Hölder’s inequality, the fact that
6
pv

` 1
px

` 1
pz

ď 1, (35), (95), the fact that @ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2
, and

Lemma 2.1 show for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q|prνpupr,X t1,x
r q ´ upr,X t2,x

r qq||pripZt1,x
r q|

∥

∥

∥

∥

∥

1

dr

ď
ż T

t2

ΛipT ´ t1q
d
ÿ

ν“0

„

Lν

?
T?

T ´ r

∥

∥ΛνpT ´ rqprνpupr,X t1,x
r q ´ upr,X t2,x

r qqpripZt1,x
r q

∥

∥

1



dr

ď
ż T

t2

ΛipT ´ t1q c
?
T?

T ´ r

∥

∥

∥

∥

ec
2T V

6pr,X t1,x
r q ` V 6pr,X t2,x

r q
2

‖X t1,x
r ´ X t2,x

r ‖?
T

pripZt1,x
r q

∥

∥

∥

∥

1

dr

ď
ż T

t2

ΛipT ´ t1q c
?
T?

T ´ r
ec

2T

‖V 6pr,X t1,x
r q‖ pv

6

` ‖V 6pr,X t2,x
r q‖ pv

6

2

‖‖X t1,x
r ´ X t2,x

r ‖‖px?
T

∥

∥pripZt1,x
r q

∥

∥

pz
dr

ď
ż T

t2

ΛipT ´ t1q c
?
T?

T ´ r
ec

2T V pt1, xq ` V pt2, xq
2

2
V 2pt1, xq ` V 2pt2, xq

2

?
t2 ´ t1?
T

c

Λipr ´ t1q
dr

ď
ż T

t2

2c2
V 3pt1, xq ` V 3pt2, xq

2

?
t2 ´ t1?

T

?
T?

T ´ r

?
T ´ t1?
r ´ t1

dr
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ď 2c2T
V 3pt1, xq ` V 3pt2, xq

2

?
t2 ´ t1?
T

ż T

t1

dr?
T ´ r

?
r ´ t1

ď 8c2T
V 3pt1, xq ` V 3pt2, xq

2

?
t2 ´ t1?
T

. (105)

Furthermore, (96) and the fact that @ t1 P r0, T q, t2 P r0, T q :
şT

t2

dr?
r´t1

“ 2
?
r ´ t1|Tr“t2

ď
2
?
T ´ t1 imply for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

1

T

V pr,X t1,x
r q ` V pr,X t2,x

r q
2

‖X t1,x
r ´ X t2,x

r ‖?
T

pripZt1,x
r q

∥

∥

∥

∥

1

dr

ď 2

T

V 4pt1, xq ` V 4pt2, xq
2

?
t2 ´ t1?

T

ż T

t2

?
T ´ t1?
r ´ t1

dr

ď 2

T

V 4pt1, xq ` V 4pt2, xq
2

?
t2 ´ t1?

T
2pT ´ t1q

ď 4
V 4pt1, xq ` V 4pt2, xq

2

?
t2 ´ t1?

T
. (106)

This, the triangle inequality, (60), (105), the fact that 1 ď V , and the fact that 1 ` c2T ď ec
2T

prove for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ż T

t2

ΛipT ´ t1q
∥

∥

“

fpr,X t1,x
r , upr,X t1,x

r qq ´ fpr,X t2,x
r , upr,X t2,x

r qq
‰

pripZt1,x
r q

∥

∥

1
dr

ď
ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q|upr,X t1,x
r q ´ upr,X t2,x

r q||pripZt1,x
r q|

∥

∥

∥

∥

∥

1

dr

`
ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

1

T

V pr,X t1,x
r q ` V pr,X t2,x

r q
2

‖X t1,x
r ´ X t2,x

r ‖?
T

pripZt1,x
r q

∥

∥

∥

∥

1

dr

ď 8c2T
V 3pt1, xq ` V 3pt2, xq

2

?
t2 ´ t1?

T
` 4

V 4pt1, xq ` V 4pt2, xq
2

?
t2 ´ t1?
T

ď 8ec
2T V

4pt1, xq ` V 4pt2, xq
2

?
t2 ´ t1?

T
. (107)

Next, (33) and (98) imply for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ż T

t2

ΛipT ´ t1q
∥

∥fpr,X t2,x
r , 0qpripZt1,x

r ´ Zt2,x
r q

∥

∥

1
dr

ď
ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

1

T
V pr,X t2,x

r qpripZt1,x
r ´ Zt2,x

r q
∥

∥

∥

∥

1

dr

ď
ż T

t2

2

T

V 2pt1, xq ` V 2pt2, xq
2

?
t2 ´ t1?
r ´ t2

?
T ´ t1?
r ´ t1

dr. (108)

In addition, the triangle inequality, (93), Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (35), (88),

the fact that maxtc, 6e86c6T 3u ď V , and the fact that @ x, y, p, q P r0,8q : xp`yp

2

xq`yq

2
ď xp`q`yp`q

2

show for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q, x P Rd that

ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q|prνpupr,X t2,x
r qq||pripZt1,x

r ´ Zt2,x
r q|

∥

∥

∥

∥

∥

1

dr

ď
ż T

t2

ΛipT ´ t1q
d
ÿ

ν“0

“

LνΛνpT q
∥

∥prνpupr,X t2,x
r qqpripZt1,x

r ´ Zt2,x
r q

∥

∥

1

‰

dr
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ď
ż T

t2

ΛipT ´ t1q
d
ÿ

ν“0

„

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prνpupr,X t2,x
r qqpripZt1,x

r ´ Zt2,x
r q

∥

∥

1



dr

ď
ż T

t2

ΛipT ´ t1q
d
ÿ

ν“0

„

Lν

?
T?

T ´ r

∥

∥

∥
6ce86c

6T 3

V pr,X t2,x
r qpripZt1,x

r ´ Zt2,x
r q

∥

∥

∥

1



dr

ď
ż T

t2

ΛipT ´ t1qc
?
T?

T ´ r
6ce86c

6T 3
∥

∥V pr,X t2,x
r q

∥

∥

pv

∥

∥pripZt1,x
r ´ Zt2,x

r q
∥

∥

pz
dr

ď
ż T

t2

ΛipT ´ t1q
?
T?

T ´ r
V 4pt2, xqV pt1, xq ` V pt2, xq

2

?
t2 ´ t1?

r ´ t2Λipr ´ t1q dr

ď
ż T

t2

2
V 5pt1, xq ` V 5pt2, xq

2

?
T?

T ´ r

?
T ´ t1

?
t2 ´ t1?

r ´ t1
?
r ´ t2

dr. (109)

Thus, the triangle inequality, (60), and (108) prove for all i P r0, ds X Z, t1 P r0, T q, t2 P rt1, T q,
x P Rd that

ż T

t2

ΛipT ´ t1q
∥

∥fpr,X t2,x
r , upr,X t2,x

r qqpripZt1,x
r ´ Zt2,x

r q
∥

∥

1
dr

ď
ż T

t2

ΛipT ´ t1q
∥

∥fpr,X t2,x
r , 0qpripZt1,x

r ´ Zt2,x
r q

∥

∥

1
dr

`
ż T

t2

ΛipT ´ t1q
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q|prνpupr,X t2,x
r qq||pripZt1,x

r ´ Zt2,x
r q|

∥

∥

∥

∥

∥

1

dr

ď
ż T

t2

2

T

V 2pt1, xq ` V 2pt2, xq
2

?
t2 ´ t1?
r ´ t2

?
T ´ t1?
r ´ t1

dr

`
ż T

t2

2
V 5pt1, xq ` V 5pt2, xq

2

?
T?

T ´ r

?
T ´ t1

?
t2 ´ t1?

r ´ t1
?
r ´ t2

dr. (110)

Therefore, the triangle inequality, (104), and (107) imply for all i P r0, ds X Z, t1 P r0, T q,
t2 P rt1, T q, x P Rd that

∣

∣

∣

∣

ż T

t1

E

“

fpr,X t1,x
r , upr,X t1,x

r qqpripZt1,x
r q

‰

dr ´
ż T

t2

E

“

fpr,X t2,x
r , upr,X t2,x

r qqpripZt2,x
r q

‰

dr

∣

∣

∣

∣

ď
ż t2

t1

∥

∥fpr,X t1,x
r , upr,X t1,x

r qqpripZt1,x
r q

∥

∥

1
dr

`
ż T

t2

∥

∥fpr,X t1,x
r , upr,X t1,x

r qqpripZt1,x
r q ´ fpr,X t2,x

r , upr,X t2,x
r qqpripZt2,x

r q
∥

∥

1
dr

ď
ż t2

t1

∥

∥fpr,X t1,x
r , upr,X t1,x

r qqpripZt1,x
r q

∥

∥

1
dr

`
ż T

t2

∥

∥

“

fpr,X t1,x
r , upr,X t1,x

r qq ´ fpr,X t2,x
r , upr,X t2,x

r qq
‰

pripZt1,x
r q

∥

∥

1
dr

`
ż T

t2

∥

∥fpr,X t2,x
r , upr,X t2,x

r qqpripZt1,x
r ´ Zt2,x

r q
∥

∥

1
dr

ď
«

4
V 3pt1, xq ` V 3pt2, xq

2
ec

2T

?
t2 ´ t1?
T ´ t2

` 8ec
2T V

4pt1, xq ` V 4pt2, xq
2

?
t2 ´ t1?

T

`
ż T

t2

2

T

V 2pt1, xq ` V 2pt2, xq
2

?
t2 ´ t1?
r ´ t2

?
T ´ t1?
r ´ t1

dr
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`
ż T

t2

2
V 5pt1, xq ` V 5pt2, xq

2

?
T?

T ´ r

?
T ´ t1

?
t2 ´ t1?

r ´ t1
?
r ´ t2

dr

ff

1

ΛipT ´ t1q
. (111)

This shows for all i P r0, ds X Z, ptnqnPN Ď r0, T q, t P r0, T q, x P Rd that
∣

∣

∣

∣

ż T

tn

E

“

fpr,X tn,x
r , upr,X tn,x

r qqpripZtn,x
r q

‰

dr ´
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqpripZt,x
r q

‰

dr

∣

∣

∣

∣

ď
«

4
V 3ptn, xq ` V 3pt, xq

2
ec

2T

a

|tn ´ t|
a

T ´ maxtt, tnu

` 8ec
2T V

4pt1, xq ` V 4pt2, xq
2

a

|tn ´ t|?
T

`
ż T

maxtt,tnu

2

T

V 2ptn, xq ` V 2pt, xq
2

a

|tn ´ t|?
r ´ tn

a

T ´ mintt, tnu?
r ´ t

dr

`
ż T

maxtt,tnu
2
V 5pt1, xq ` V 5pt2, xq

2

?
T?

T ´ r

a

T ´ mintt, tnu
a

|tn ´ t|?
r ´ tn

?
r ´ t

dr

ff

1

ΛipT ´ mintt, tnuq .

(112)

Next, note that for all ptnqnPN Ď r0, T q, t P r0, T q with limnÑ8 tn “ t we have that

sup
nPN

ż T

0

«

a

|tn ´ t|?
r ´ tn

?
r ´ t

1pmaxtt,tnu,T qprq
ff 3

2

dr “ sup
nPN

ż T

maxtt,tnu

«

a

|tn ´ t|
a

r ´ mintt, tnu
a

r ´ maxtt, tnu

ff 3

2

dr

ď sup
nPN

ż T

maxtt,tnu

«

a

|tn ´ t|
a

|tn ´ t|
a

r ´ maxtt, tnu

ff3

2

dr

“ sup
nPN

ż T

maxtt,tnu
pr ´ maxtt, tnuq´ 3

4 dr

“ sup
nPN

4pr ´ maxtt, tnuq 1

4

ˇ

ˇ

ˇ

T

r“maxtt,tnu

ď T
1

4 . (113)

This implies that for all ptnqnPN Ď r0, T q, t P r0, T q with limnÑ8 tn “ t we have that pr0, T q Q
r ÞÑ

?
|tn´t|?

r´tn
?
r´t
1pmaxtt,tnu,T qprq P RqnPN is uniformly integrable. Hence, for all ptnqnPN Ď r0, T q,

t P r0, T q with limnÑ8 tn “ t we have that

lim
nÑ8

ż T

maxtt,tnu

a

|tn ´ t|?
r ´ tn

?
r ´ t

dr “ lim
nÑ8

ż T

0

a

|tn ´ t|?
r ´ tn

?
r ´ t

1pmaxtt,tnu,T qprq dr

“
ż T

0

lim
nÑ8

a

|tn ´ t|?
r ´ tn

?
r ´ t

1pmaxtt,tnu,T qprq dr “ 0. (114)

Next, the substitution s “ r´a
T´a

, dr “ pT ´ aqds and the definition of the Beta function prove for

all a P r0, T q that
ż T

a

dr

pT ´ rq 3

4 pr ´ aq 3

4

“
ż 1

0

pT ´ aqds
rp1 ´ sqpT ´ aqs 3

4 rspT ´ aqs 3

4

“ Bp1
4
, 1
4
qpT ´ aq´ 1

2 . (115)

This shows that for all ptnqnPN Ď r0, T q, t P r0, T q with limnÑ8 tn “ t we have that

sup
nPN

ż T

0

«

a

|tn ´ t|?
T ´ r

?
r ´ tn

?
r ´ t

1pmaxtt,tnu,T qprq
ff3

2

dr
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“ sup
nPN

ż T

maxtt,tnu

«

a

|tn ´ t|?
T ´ r

a

r ´ mintt, tnu
a

r ´ maxtt, tnu

ff 3

2

dr

ď sup
nPN

ż T

maxtt,tnu

«

a

|tn ´ t|?
T ´ r

a

|tn ´ t|
a

r ´ maxtt, tnu

ff3

2

dr

ď sup
nPN

ż T

maxtt,tnu

dr

pT ´ rq 3

4 pr ´ maxtt, tnuq 3

4

“ sup
nPN

Bp1
4
, 1
4
qpT ´ maxtt, tnuq´ 1

2 ă 8. (116)

Therefore, for all ptnqnPN Ď r0, T q, t P r0, T q with limnÑ8 tn “ t we have that pr0, T q Q r ÞÑ?
|tn´t|?

T´r
?
r´tn

?
r´t
1pmaxtt,tnu,T qprq P RqnPN is uniformly integrable. Hence, for all ptnqnPN Ď r0, T q,

t P r0, T q with limnÑ8 tn “ t we have that

lim
nÑ8

ż T

maxtt,tnu

a

|tn ´ t|?
T ´ r

?
r ´ tn

?
r ´ t

dr “ lim
nÑ8

ż T

0

a

|tn ´ t|?
T ´ r

?
r ´ tn

?
r ´ t

1pmaxtt,tnu,T qprq dr

“
ż T

0

lim
nÑ8

a

|tn ´ t|?
T ´ r

?
r ´ tn

?
r ´ t

1pmaxtt,tnu,T qprq dr

“ 0. (117)

This, (114), and (112) prove that for all i P r0, ds X Z, ptnqnPN Ď r0, T q, t P r0, T q, x P Rd with
t “ limnÑ8 tn we have that

lim
nÑ8

∣

∣

∣

∣

ż T

tn

E

“

fpr,X tn,x
r , upr,X tn,x

r qqpripZtn,x
r q

‰

dr ´
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqpripZt,x
r q

‰

dr

∣

∣

∣

∣

“ 0.

(118)

Hence, for all x P Rd, i P r0, ds X Z that r0, T q Q t ÞÑ
şT

t
Erfpr,X t,x

r , upr,X t,x
r qqpripZt,x

r qs dr P R
is continuous. This, (101), and (92) show for all x P R

d that r0, T q Q t ÞÑ upt, xq P R

d`1

is continuous. Therefore, (94) and the fact that V and Λ are continuous imply that for all
i P r0, ds X Z, ptnqnPN Ď r0, T q, t P r0, T q, pxnqnPN Ď R

d, x P Rd with limnÑ8ptn, xnq “ pt, xq we
have that

lim sup
nÑ8

|pripuptn, xnq ´ upt, xqq|

ď lim sup
nPN

|pripuptn, xnq ´ uptn, xqq| ` lim sup
nÑ8

|pripuptn, xq ´ upt, xqq|

ď lim sup
nÑ8

„

ec
2T V

6ptn, xnq ` V 6ptn, xq
2

‖xn ´ x‖?
T

1

ΛipT ´ tnq



“ 0. (119)

Hence, u is continuous. This completes the proof of Lemma 2.9. �

3. PERTURBATION LEMMA

In Lemma 3.1 below we estimate the difference between two fixed points, roughly speaking,
one generated from the solution to an SDE and one from an approximation schema (e.g. Euler-
Maruyama schema), see (126) and (127).

Lemma 3.1 (Perturbation lemma). Assume Setting 2.7. Let δ P p0, 1q. Suppose that 8
pv

` 1
px

`
1
pz

ď 1 and 1
2

` 1
pz

ď 1. Let pX s,x
t qsPr0,T s,tPrs,T s,xPRd : tpσ, τq P r0, T s2 : σ ď τu ˆ R

d ˆ Ω Ñ R

d,

pZs,x
t qsPr0,T q,tPps,T s,xPRd : tpσ, τq P r0, T s2 : σ ă τu ˆR

d ˆ Ω Ñ R

d`1 be measurable. Assume for all

t P r0, T q, r P pt, T s, x P Rd that
∥

∥V pr,X t,x
r q

∥

∥

pv
ď V pt, xq, (120)
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∥

∥

∥

∥X t,x
r ´ X t,x

r

∥

∥

∥

∥

px
ď δ

1

2V pt, xq,
∥

∥pripZt,x
r ´ Z t,x

r q
∥

∥

pz
ď δ

1

2V pt, xq?
TΛipr ´ tq

. (121)

Then the following items hold.

(i) There exist unique measurable functions u, u : r0, T q ˆRd Ñ R

d`1 such that for all t P r0, T q,
x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (122)

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (123)

max
νPr0,dsXZ

„

E

“∣

∣gpX t,x
T qprνpZt,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpr,X t,x
r , upr,X t,x

r qqprνpZt,x
r q

∣

∣

‰

dr



ă 8, (124)

max
νPr0,dsXZ

„

E

“∣

∣gpX t,x
T qprνpZ t,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpr,X t,x
r , upr,X t,x

r qqprνpZ t,x
r q

∣

∣

‰

dr



ă 8, (125)

upt, xq “ E

“

gpX t,x
T qZt,x

T

‰

`
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqZt,x
r

‰

dr, (126)

and

upt, xq “ E

“

gpX t,x
T qZ t,x

T

‰

`
ż T

t

E

“

fpr,X t,x
r , upr,X t,x

r qqZ t,x
r

‰

dr. (127)

(ii) For all ν P r0, ds X Z, t P r0, T q, y P Rd we have that

ΛνpT ´ tq|prνpupt, yq ´ upt, yqq| ď δ
1

2 ec
2T

?
T

V 9pt, yq. (128)

Proof of Lemma 3.1. First, Lemma 2.6 and the assumptions of Lemma 3.1 prove (i) and imply
that for all t P r0, T q we have that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 6ce86c
6T 2pT´tq. (129)

Furthermore, Lemma 2.8 and the assumptions of Lemma 3.1 show for all x, y P Rd, t P r0, T q
that

max
iPr0,dsXZ

rΛipT ´ tq |pri pupt, xq ´ upt, yqq|s ď ec
2T V

6pt, xq ` V 6pt, yq
2

‖x ´ y‖?
T

. (130)

Next, Hölder’s inequality, the fact that 6
pv

` 1
px

` 1
pz

ď 1, (35), (120), (121), and the fact that

c ď V imply for all i P r0, ds X Z, t P r0, T q, r P pt, T s, x P Rd that

ΛipT ´ tq
∥

∥

∥

∥

V pr,X t,x
r q ` V pr,X t,x

r q
2

‖X t,x
r ´ X t,x

r ‖?
T

pripZt,x
r q

∥

∥

∥

∥

1

ď ΛipT ´ tq
∥

∥

∥

∥

V 6pr,X t,x
r q ` V 6pr,X t,x

r q
2

‖X t,x
r ´ X t,x

r ‖?
T

pripZt,x
r q

∥

∥

∥

∥

1

ď
‖V 6pr,X t,x

r q‖ pv
6

` ‖V 6pr,X t,x
r q‖ pv

6

2

‖X t,x
r ´ X t,x

r ‖px?
T

ΛipT ´ tq
∥

∥pripZt,x
r q

∥

∥

pz

ď V 6pt, xqδ
1

2V pt, xq?
T

cΛipT ´ tq
Λipr ´ tq

ď cδ
1

2V 7pt, xq?
T

?
T ´ t?
r ´ t
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ď δ
1

2V 8pt, xq?
T

?
T ´ t?
r ´ t

. (131)

This and (61) prove for all i P r0, ds X Z, t P r0, T q, x P Rd that

ΛipT ´ tq
∥

∥

`

gpX t,x
T q ´ gpX t,x

T q
˘

pripZt,x
T q

∥

∥

1

ď ΛipT ´ tq
∥

∥

∥

∥

∥

V pT,X t,x
T q ` V pT,X t,x

T q
2

∥

∥X
t,x
T ´ X t,x

T

∥

∥

?
T

pripZt,x
T q

∥

∥

∥

∥

∥

1

ď δ
1

2V 8pt, xq?
T

.
(132)

Next, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (35), and (121) imply for all i P r0, ds X Z,

t P r0, T q, x P Rd that

ΛipT ´ tq
∥

∥gpX t,x
T qpri

`

Z
t,x
T ´ Z t,x

T

˘∥

∥

1
ď ΛipT ´ tq

∥

∥V pT,X t,y
T qpri

`

Z
t,x
T ´ Z t,x

T

˘∥

∥

1

ď ΛipT ´ tq
∥

∥V pT,X t,y
T q

∥

∥

pv

∥

∥pri
`

Z
t,x
T ´ Z t,x

T

˘∥

∥

pz

ď ΛipT ´ tqV pt, xq δ
1

2V pt, xq?
TΛipT ´ tq

ď δ
1

2V 2pt, xq?
T

. (133)

In addition, the triangle inequality, the fact that
řd

ν“0 Lν ď c, (130), (131) prove for all i P
r0, ds X Z, t P r0, T q, r P p0, T s, x P Rd that

ΛipT ´ tq
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q
∣

∣prνpupr,X t,x
r q ´ upr,X t,x

r qqpripZt,x
r q

∣

∣

∥

∥

∥

∥

∥

1

ď ΛipT ´ tq
d
ÿ

ν“0

∥

∥LνΛνpT qprνpupr,X t,x
r q ´ upr,X t,x

r qqpripZt,x
r q

∥

∥

1

ď ΛipT ´ tq
d
ÿ

ν“0

„

Lν

?
T?

T ´ r

∥

∥ΛνpT ´ rqprνpupr,X t,x
r q ´ upr,X t,x

r qqpripZt,x
r q

∥

∥

1



ď c
?
T?

T ´ r
ΛipT ´ tq

∥

∥

∥

∥

ec
2T V

6pr,X t,x
r q ` V 6pr,X t,x

r q
2

‖X t,x
r ´ X t,x

r ‖?
T

pripZt,x
r q

∥

∥

∥

∥

1

ď ec
2T c

?
T?

T ´ r

cδ
1

2V 7pt, xq?
T

?
T ´ t?
r ´ t

ď δ
1

2 ec
2T c2TV 7pt, xq?

T

1
a

pT ´ rqpr ´ tq
. (134)

This, (60), the triangle inequality, the fact that @ t P r0, T q :
şT

t
dr?
r´t

“ 2
?
r ´ t|Tr“t “ 2

?
T ´ t,

Lemma 2.1, the fact that 1 ď V , the fact that 1` c2T ď ec
2T imply for all i P r0, ds XZ, t P r0, T q,

x P Rd that
ż T

t

ΛipT ´ tq
∥

∥

`

fpr,X t,x
r , upr,X t,x

r qq ´ fpr,X t,x
r , upr,X t,x

r qq
˘

pripZt,x
r q

∥

∥

1
dr

ď
ż T

t

ΛipT ´ tq 1
T

∥

∥

∥

∥

V pr,X t,x
r q ` V pr,X t,x

r q
2

‖X t,x
r ´ X t,x

r ‖?
T

pripZt,x
r q

∥

∥

∥

∥

1

dr

`
ż T

t

ΛipT ´ tq
∥

∥

∥

∥

∥

d
ÿ

ν“0

LνΛνpT q
∣

∣prνpupr,X t,x
r q ´ upr,X t,x

r qqpripZt,x
r q

∣

∣

∥

∥

∥

∥

∥

1

dr

ď 1

T

ż T

t

δ
1

2V 8pt, xq?
T

?
T ´ t?
r ´ t

dr `
ż T

t

δ
1

2 ec
2T c2TV 7pt, xq?

T

dr
a

pT ´ rqpr ´ tq
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ď 2
δ

1

2V 8pt, xq?
T

` δ
1

2 ec
2T c2TV 7pt, xq?

T
ď 2

δ
1

2 e2c
2TV 8pt, xq?

T
. (135)

Next, (60), the triangle inequality, Hölder’s inequality, the fact that 8
pv

` 1
pz

ď 1, (120), and (35)

show for all i P r0, ds X Z, t P r0, T q, x P Rd that
ż T

t

ΛipT ´ tq
∥

∥

`

fpr,X t,x
r , upr,X t,x

r qq ´ fpr,X t,x
r , upr,X t,x

r qq
˘

pripZt,x
r q

∥

∥

1
dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

“

LνΛνpT q
∥

∥prν
`

upr,X t,x
r q ´ upr,X t,x

r q
˘

pripZt,x
r q

∥

∥

1

‰

dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prν
`

upr,X t,x
r q ´ upr,X t,x

r q
˘

pripZt,x
r q

∥

∥

1



dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

«

Lν

?
T?

T ´ r
sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

∥

∥V 8pr,X t,x
r qpripZt,x

r q
∥

∥

1

ff

dr

ď
ż T

t

ΛipT ´ tq c
?
T?

T ´ r
«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

ff

∥

∥V 8pr,X t,x
r q

∥

∥

pv
8

∥

∥pripZt,x
r q

∥

∥

pz
dr

ď
ż T

t

ΛipT ´ tq c
?
T?

T ´ r
«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

ff

V 8pt, xq c

Λipr ´ tqdr

ď
ż T

t

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

ff

V 8pt, xq c2
?
T?

T ´ r

ΛipT ´ tq
Λipr ´ tq dr

ď
ż T

t

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

ff

V 8pt, xq c2
?
T?

T ´ r

?
T ´ t?
r ´ t

dr

ď
ż T

t

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

ff

V 8pt, xq c2T
a

pT ´ rqpr ´ tq
dr. (136)

Furthermore, (33), Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1, (120), (121), and the fact that

@ t P r0, T q :
şT

t
dr?
r´t

“ 2
?
r ´ t|Tr“t “ 2

?
T ´ t imply for all i P r0, ds X Z, t P r0, T q, x P Rd that

ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , 0qpripZt,x

r ´ Z t,x
r q

∥

∥

1
dr

ď
ż T

t

ΛipT ´ tq 1
T

∥

∥V pr,X t,x
r qpripZt,x

r ´ Z t,x
r q

∥

∥

1
dr

ď 1

T

ż T

t

ΛipT ´ tq
∥

∥V pr,X t,x
r q

∥

∥

pv

∥

∥pripZt,x
r ´ Z t,x

r q
∥

∥

pz
dr

ď 1

T

ż T

t

ΛipT ´ tqV pt, xq δ
1

2V pt, xq?
TΛipr ´ tq

dr

ď δ
1

2V 2pt, xq
T

?
T

ż T

t

?
T ´ t?
r ´ t

dr

ď 2
δ

1

2V 2pt, xq?
T

. (137)
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Next, the triangle inequality, (129), the fact that
řd

ν“0 Li ď c, Hölder’s inequality, the fact that
1
pv

` 1
pz

ď 1, (120), (121), and Lemma 2.1 prove for all i P r0, ds X Z, t P r0, T q, x P Rd that

ż T

t

ΛipT ´ tq
d
ÿ

ν“0

“

Lν

∥

∥ΛνpT qprνpupr,X t,x
r qqpripZt,x

r ´ Z t,x
r q

∥

∥

1

‰

dr

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

„

Lν

?
T?

T ´ r

∥

∥ΛνpT ´ rqprνpupr,X t,x
r qqpripZt,x

r ´ Z t,x
r q

∥

∥

1



dr

ď
ż T

t

ΛipT ´ tq c
?
T?

T ´ r

∥

∥

∥
6ce86c

6T 3

V pr,X t,x
r qpripZt,x

r ´ Z t,x
r q

∥

∥

∥

1
dr

ď
ż T

t

ΛipT ´ tq6c
2e86c

6T 3
?
T?

T ´ r

∥

∥V pr,X t,x
r q

∥

∥

pv

∥

∥pripZt,x
r ´ Z t,x

r q
∥

∥

pz

ď
ż T

t

ΛipT ´ tq6c
2e86c

6T 3
?
T?

T ´ r
V pt, xq δ

1

2V pt, xq?
TΛipr ´ tq

ď
ż T

t

6δ
1

2 c2e86c
6T 3

V 2pt, xq?
T

?
TΛipT ´ tq?

T ´ rΛipr ´ tq dr

ď
ż T

t

6δ
1

2 c2e86c
6T 3

V 2pt, xq?
T

?
T

?
T ´ t?

T ´ r
?
r ´ t

dr

ď 24δ
1

2 c2Te86c
6T 3

V 2pt, xq?
T

. (138)

This, the triangle inequality, (137), and the fact that 24e86c
6T 3 ď V show for all i P r0, ds X Z,

t P r0, T q, r P p0, T s, x P Rd that

ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , upr,X t,x

r qqpripZt,x
r ´ Z t,x

r q
∥

∥

1
dr

ď
ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , 0qpripZt,x

r ´ Z t,x
r q

∥

∥

1
dr

`
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

“

LνΛνpT q
∥

∥prνpupr,X t,x
r qqpripZt,x

r ´ Z t,x
r q

∥

∥

1

‰

dr

ď 2
δ

1

2V 2pt, xq?
T

` 24δ
1

2 c2Te86c
6T 3

V 2pt, xq?
T

ď 24δ
1

2 ec
2T e86c

6T 3

V 2pt, xq?
T

ď δ
1

2 ec
2TV 3pt, xq?

T
. (139)

Next, (126), (127), and the triangle inequality prove for all i P r0, ds XZ, t P r0, T q, x P Rd that

ΛipT ´ tq |pripupt, xq ´ upt, xqq|
ď ΛipT ´ tq

∣

∣

E

“

gpX t,x
T qpripZt,x

T q ´ gpX t,x
T qpripZ t,x

T q
‰∣

∣

`
ż T

t

∣

∣ΛipT ´ tqE
“

fpr,X t,x
r , upr,X t,x

r qqpripZt,x
r q ´ fpr,X t,x

r , upr,X t,x
r qqpripZ t,x

r q
‰∣

∣ dr

ď ΛipT ´ tq
∥

∥

`

gpX t,x
T q ´ gpX t,x

T q
˘

pripZt,x
T q

∥

∥

1
` ΛipT ´ tq

∥

∥gpX t,y
T qpri

`

Z
t,x
T ´ Z t,x

T

˘∥

∥

1

`
ż T

t

ΛipT ´ tq
∥

∥

`

fpr,X t,x
r , upr,X t,x

r qq ´ fpr,X t,x
r , upr,X t,x

r qq
˘

pripZt,x
r q

∥

∥

1
dr
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`
ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , upr,X t,x

r qqpripZt,x
r ´ Z t,x

r q
∥

∥

1
dr

ď ΛipT ´ tq
∥

∥

`

gpX t,x
T q ´ gpX t,x

T q
˘

pripZt,x
T q

∥

∥

1
` ΛipT ´ tq

∥

∥gpX t,y
T qpri

`

Z
t,x
T ´ Z t,x

T

˘∥

∥

1

`
ż T

t

ΛipT ´ tq
∥

∥

`

fpr,X t,x
r , upr,X t,x

r qq ´ fpr,X t,x
r , upr,X t,x

r qq
˘

pripZt,x
r q

∥

∥

1
dr

`
ż T

t

ΛipT ´ tq
∥

∥

`

fpr,X t,x
r , upr,X t,x

r qq ´ fpr,X t,x
r , upr,X t,x

r qq
˘

pripZt,x
r q

∥

∥

1
dr

`
ż T

t

ΛipT ´ tq
∥

∥fpr,X t,x
r , upr,X t,x

r qqpripZt,x
r ´ Z t,x

r q
∥

∥

1
dr. (140)

Thus, (132), (133), (135), (136), and (139) imply for all i P r0, ds X Z, t P r0, T q, x P Rd that

ΛipT ´ tq |pripupt, xq ´ upt, xqq|

ď δ
1

2V 8pt, xq?
T

` δ
1

2V 2pt, xq?
T

` 2
δ

1

2 e2c
2TV 8pt, xq?

T

`
ż T

t

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rqprνpupr, yq ´ upr, yqq
V 8pr, yq

ff

V 8pt, xq c2T
a

pT ´ rqpr ´ tq
dr

` δ
1

2 ec
2TV 3pt, xq?

T

ď 5
δ

1

2 ec
2TV 8pt, xq?

T
`
ż T

t

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rqprνpupr, yq ´ upr, yqq
V 8pr, yq

ff

V 8pt, xq c2T
a

pT ´ rqpr ´ tq
dr.

(141)

This shows for all i P r0, ds X Z, t P r0, T q that

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ tq|prνpupt, yq ´ upt, yqq|
V 8pt, yq

ď 5
δ

1

2 ec
2T

?
T

`
ż T

t

«

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupr, yq ´ upr, yqq|
V 8pr, yq

ff

c2T
a

pT ´ rqpr ´ tq
dr.

(142)

Therefore, (122), (123), and the Grönwall-type inequality in Corollary 2.4 imply for all t P
r0, T q that

max
νPr0,dsXZ

sup
yPRd

ΛνpT ´ rq|prνpupt, yq ´ upt, yqq|
V 8pt, yq ď 10

δ
1

2 ec
2T

?
T

e86c
6T 3

. (143)

Hence, the fact that 10e86c
6T 3 ď V proves for all ν P r0, ds X Z, t P r0, T q, y P Rd that

ΛνpT ´ tq|prνpupt, yq ´ upt, yqq| ď 10
δ

1

2 ec
2T

?
T

e86c
6T 3

V 8pt, yq ď δ
1

2 ec
2T

?
T

V 9pt, yq. (144)

This shows (ii) and completes the proof of Lemma 3.1. �

4. MLP APPROXIMATIONS

In Setting 4.1 below we introduce MLP approximations for solutions to SFPEs (see (153)).

Setting 4.1. Let d P N, Θ “ YnPNZ
n, T P p0,8q, pv, pz, px P p1,8q, c P r1,8q, pLiqiPr0,dsXZ P Rd`1

satisfy that
řd

i“0 Li ď c. Let ‖¨‖ : Rd Ñ r0,8q be a norm on Rd. Let Λ “ pΛνqνPr0,dsXZ : r0, T s Ñ
R

1`d satisfy for all t P r0, T s that Λptq “ p1,
?
t, . . . ,

?
tq. Let pr “ pprνqνPr0,dsXZ : R

d`1 Ñ R satisfy

for all w “ pwνqνPr0,dsXZ, i P r0, ds X Z that pripwq “ wi. Let f P Cpr0, T q ˆ R

d ˆ R

d`1,Rq,
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g P CpRd,Rq, V P Cpr0, T q ˆ R

d, r0,8qq satisfy that maxtc, 48e86c6T 3u ď V . To shorten the
notation we write for all t P r0, T q, x P Rd, w : r0, T q ˆR

d Ñ R

d`1 that

pF pwqqpt, xq “ fpt, x, wpt, xqq. (145)

Let ̺ : tpτ, σq P r0, T q2 : τ ă σu Ñ R satisfy for all t P r0, T q, s P pt, T q that

̺pt, sq “ 1

Bp1
2
, 1
2
q

1
a

pT ´ sqps ´ tq
. (146)

Let pΩ,F ,Pq be a probability space. For every random variable X : Ω Ñ R, s P r1,8q let ‖X‖s P
r0,8s satisfy that ‖X‖s “ pEr|X|ssq 1

s . Let rθ : Ω Ñ p0, 1q, θ P Θ, be independent and identically
distributed random variables and satisfy for all b P p0, 1q that

Ppr0 ď bq “ 1

Bp1
2
, 1
2
q

ż b

0

dr
a

rp1 ´ rq
. (147)

Let X θ “ pX θ,s,x
t qsPr0,T s,tPrs,T s,xPRd : tpσ, τq P r0, T s2 : σ ď τu ˆRd ˆΩ Ñ R

d, θ P Θ, be measurable.

Let Zθ “ pZθ,s,x
t qsPr0,T q,tPps,T s,xPRd : tpσ, τq P r0, T s2 : σ ă τuˆRdˆΩ Ñ R

d`1, θ P Θ, be measurable.

Assume that pX θ,Zθq, θ P Θ, are independent and identically distributed. Assume that pX θ,ZθqθPΘ
and prθqθPΘ are independent. Assume for all i P r0, ds X Z, s P r0, T q, t P rs, T q, r P pt, T s, x P Rd,
w1, w2 P Rd`1 that

|gpxq| ď V pT, xq, |Tfpt, x, 0q| ď V pt, xq, (148)

|fpt, x, w1q ´ fpt, y, w2q| ď
d
ÿ

ν“0

rLνΛνpT q|prνpw1 ´ w2q|s ` 1

T

V pt, xq ` V pt, yq
2

‖x ´ y‖?
T

, (149)

∥

∥V pr,X 0,t,x
r q

∥

∥

pv
ď V pt, xq,

∥

∥

∥

∥X 0,s,x
t ´ x

∥

∥

∥

∥

px
ď V ps, xq

?
t ´ s,

∥

∥pripZ0,t,x
r q

∥

∥

pz
ď c

Λipr ´ tq ,
(150)

V pT, xq ď V pt, xq, |gpxq ´ gpyq| ď V pT, xq ` V pT, yq
2

‖x ´ y‖?
T

, (151)

P

`

pr0pZ0,s,x
t q “ 1

˘

“ 1, E

“

Z0,s,x
t

‰

“ p1, 0, . . . , 0q. (152)

Let Uθ
n,m : r0, T q ˆR

d Ñ R

d`1, n,m P Z, θ P Θ, satisfy for all n,m P N, θ P Θ, t P r0, T q, x P Rd

that Uθ
´1,mpt, xq “ Uθ

0,mpt, xq “ 0 and

Uθ
n,mpt, xq “ pgpxq, 0q `

mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

`
n´1
ÿ

ℓ“0

mn´ℓ
ÿ

i“1

´

F pU pθ,ℓ,iq
ℓ,m q ´ 1

N

pℓqF pU pθ,ℓ,´iq
ℓ´1,m q

¯´

t ` pT ´ tqrpθ,ℓ,iq,X
pθ,ℓ,iq,t,x
t`pT´tqrpθ,ℓ,iq

¯

Z
pθ,ℓ,iq,t,x
t`pT´tqrpθ,ℓ,iq

mn´ℓ̺pt, t ` pT ´ tqrpθ,ℓ,iqq .

(153)

In Lemma 4.2 below we first study independence and distributional properties of MLP ap-
proximations.

Lemma 4.2 (Independence and distributional properties). Assume Setting 4.1. Then the follow-
ing items hold.

(i) We have for all n P N0, m P N, θ P Θ that Uθ
n,m is measurable,

(ii) We have for all n P N0, m P N, θ P Θ that

σptUθ
n,mpt, xq : t P r0, T q, x P Rduq

Ď σptrpθ,νq,X
pθ,νq,s,x
t ,Z

pθ,νq,s,x
t : ν P Θ, s P r0, T q, t P ps, T s, x P Rduq (154)



31

(iii) We have for all θ P Θ, m P N that pUθ,ℓ,i
ℓ,m qtPr0,T q,xPRd , pUθ,ℓ,´i

ℓ´1,mqtPr0,T q,xPRd ,

ppX pθ,ℓ,iq,s,x
t qsPr0,T s,tPrs,T s,xPRd, pZpθ,ℓ,iq,s,x

t qsPr0,T q,tPps,T s,xPRdq, rpθ,ℓ,iq, i P N, ℓ P N0, are in-
dependent,

(iv) We have for all n P N0, m P N that pUθ
n,mpt, xqqtPr0,T q,xPRd, θ P Θ, are identically distributed.

(v) We have for all θ P Θ, ℓ P N0, m P N, t P r0, T q, x P Rd that
´

F pU pθ,ℓ,iq
ℓ,m q ´ 1

N

pℓqF pU pθ,ℓ,´iq
ℓ´1,m q

¯´

t ` pT ´ tqrpθ,ℓ,iq,X
pθ,ℓ,iq,t,x
t`pT´tqrpθ,ℓ,iq

¯

Z
pθ,ℓ,iq,t,x
t`pT´tqrpθ,ℓ,iq

̺pt, t ` pT ´ tqrpθ,ℓ,iqq , i P N, (155)

are independent and identically distributed and have the same distribution as
`

F pU0
ℓ,mq ´ 1

N

pℓqF pU1
ℓ´1,mq

˘

´

t ` pT ´ tqr0,X 0,t,x

t`pT´tqr0

¯

Z0,t,x

t`pT´tqr0

̺pt, t ` pT ´ tqr0q , i P N. (156)

Proof of Lemma 4.2. The assumptions on measurability and distributions, basic properties of
measurable functions, and induction prove (i) and (ii). In addition, (ii) and the assumptions
on independence prove (iii). Furthermore, (iii), the fact that @θ P Θ, m P N : Uθ

0,m “ 0, (153),
the disintegration theorem, the assumptions on distributions, and induction establish (iv) and
(v). �

In Proposition 4.3 below we establish an upper bounds for the L2-distances between the
exact solutions of the considered stochastic fixed point equations and the proposed MLP ap-
proximations. Our main idea here is the use of a family of semi-norms which allows us to get
the recursive inequality (161).

Proposition 4.3 (Error analysis by semi-norms). Assume Setting 4.1. Let q1 P r3,8q. Assume
that 1

pv
` 1

px
` 1

pz
ď 1

2
. For every random field H : r0, T q ˆ R

d ˆ Ω Ñ R

d`1 let |||H |||s, s P r0, T q,
satisfy for all s P r0, T q that

|||H |||s “ max
νPr0,dsXZ

sup
rPrs,T q,xPRd

ΛνpT ´ rq ‖prνpHpr, xqq‖2
V q1pr, xq . (157)

Then the following items hold.

(i) There exists a unique measurable function u : r0, T q ˆR

d Ñ R

d`1 such that for all t P r0, T q,
x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (158)

max
νPr0,dsXZ

„

E

“∣

∣gpX 0,t,x
T qprνpZ0,t,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpr,X 0,t,x
r , upr,X 0,t,x

r qqprνpZ0,t,x
r q

∣

∣

‰

dr



ă 8, (159)

and

upt, xq “ E

“

gpX 0,t,x
T qZ0,t,x

T

‰

`
ż T

t

E

“

fpr,X 0,t,x
r , upr,X 0,t,x

r qqZ0,t,x
r

‰

dr. (160)

(ii) For all n,m P N, t P r0, T q we have that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
n,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

t
ď 4?

mn
`

n´1
ÿ

ℓ“0

«

8c2T
5

6?
mn´ℓ´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
ℓ,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ff

. (161)

(iii) For all n,m P N, t P r0, T q we have that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
n,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

t
ď e

m3

6 m´n
2 8nenc

2T . (162)

(iv) For all n,m P N, t P r0, T q, ν P r0, ds X Z we have that

ΛνpT ´ tq
∥

∥prν
`

U0
n,mpt, xq ´ upt, xq

˘∥

∥

2
ď e

m3

6 m´n
2 8nenc

2TV q1pt, xq. (163)
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Proof of Proposition 4.3. First, Lemma 2.6 and the assumption of Proposition 4.3 show (i) and
imply that for all t P r0, T q we have that

max
νPr0,dsXZ

sup
yPRd

„

ΛνpT ´ tq |prνpupt, yqq|
V pt, yq



ď 6ce86c
6T 2pT´tq. (164)

Thus, the fact that maxtc, 6e86c6T 3u ď V implies for all ν P r0, ds X Z, t P r0, T q, y P Rd that
ΛνpT ´ tq|prνpupt, yqq| ď V 3pt, yq. This, (157), and the fact that q1 ě 3 prove for all t P r0, T q
that

|||u|||t ď 1. (165)

Next, (148), the fact that pv ě 2, Jensen’s inequality, and (150) show for all t P r0, T q, x P Rd

that
∥

∥gpX 0,t,x
T q

∥

∥

2
ď

∥

∥V pT,X 0,t,x
T q

∥

∥

2
ď

∥

∥V pT,X 0,t,x
T q

∥

∥

pv
ď V pt, xq. (166)

Furthermore, the definition of Λ, (151), Hölder’s inequality, the fact that 1
pv

` 1
px

` 1
pz

ď 1
2
, and

(150) prove for all ν P r1, ds X Z, t P r0, T q, x P Rd that
∥

∥ΛνpT ´ tqpgpX 0,t,x
T q ´ gpxqqprνpZ0,t,x

T q
∥

∥

2

ď
∥

∥

∥

∥

∥

?
T ´ t

V pT,X 0,t,x
T q ` V pT, xq

2

∥

∥X 0,t,x
T ´ x

∥

∥

?
T

prνpZ0,t,x
T q

∥

∥

∥

∥

∥

2

ď
?
T ´ t

∥

∥V pT,X 0,t,x
T q

∥

∥

pv
` V pt, xq

2

∥

∥

∥

∥X 0,t,x
T ´ x

∥

∥

∥

∥

px?
T

∥

∥prνpZ0,t,x
T q

∥

∥

pz

ď
?
T ´ tV pt, xqV pt, xq

?
T ´ t?

T

c?
T ´ t

ď V 3pt, xq. (167)

In addition, (152), the triangle inequality, (166), the independence and distributional proper-
ties (cf. Lemma 4.2), and a standard property of the variance imply for all m,n P N, θ P Θ,
t P r0, T q, x P Rd that

∥

∥

∥

∥

∥

Λ0pT ´ tqpr0

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

¸∥

∥

∥

∥

∥

2

“
∥

∥

∥

∥

∥

mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q
mn

∥

∥

∥

∥

∥

2

ď
∥

∥gpX 0,t,x
T q

∥

∥

2
ď V pt, xq (168)

and
˜

var

«

Λ0pT ´ tqpr0

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

¸ff¸ 1

2

“
˜

var

«

mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q
mn

ff¸ 1

2

“
`

var
“

gpX 0,t,x
T q

‰˘
1

2

?
mn

ď
∥

∥gpX 0,t,x
T q

∥

∥

2?
mn

ď V pt, xq?
mn

. (169)

Next, (152), the triangle inequality, (167), the independence and distributional properties (cf.
Lemma 4.2), and a standard property of the variance show for all m,n P N, θ P Θ, t P r0, T q,
x P Rd, ν P r1, ds X Z that

∥

∥

∥

∥

∥

ΛνpT ´ tqprν

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

¸∥

∥

∥

∥

∥

2

“
∥

∥

∥

∥

∥

ΛνpT ´ tq
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
prνpZpθ,0,´iq,t,x

T q
∥

∥

∥

∥

∥

2
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ď
∥

∥ΛνpT ´ tqpgpX 0,t,x
T q ´ gpxqqprνpZ0,t,x

T q
∥

∥

2
ď V 3pt, xq (170)

and
˜

var

«

ΛνpT ´ tqprν

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

¸ff¸ 1

2

“
˜

var

«

ΛνpT ´ tq
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
prνpZpθ,0,´iq,t,x

T q
ff¸ 1

2

“
˜

var
“

ΛνpT ´ tqpgpX 0,t,x
T q ´ gpxqqprνpZ0,t,x

T q
‰

mn

¸ 1

2

ď
∥

∥ΛνpT ´ tqpgpX 0,t,x
T q ´ gpxqqprνpZ0,t,x

T q
∥

∥

2?
mn

ď V 3pt, xq?
mn

. (171)

This, (168), (169), and the fact that 1 ď V imply for all m,n P N, θ P Θ, t P r0, T q, x P Rd,
ν P r0, ds X Z that

∥

∥

∥

∥

∥

ΛνpT ´ tqprν

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

¸∥

∥

∥

∥

∥

2

ď V 3pt, xq (172)

and
˜

var

«

ΛνpT ´ tqprν

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX pθ,0,´iq,t,x
T q ´ gpxq

mn
Z

pθ,0,´iq,t,x
T

¸ff¸ 1

2

ď V 3pt, xq?
mn

. (173)

Furthermore, Hölder’s inequality, the fact that 1
pv

` 1
pz

ď 1
2
, (150), and the fact that c ď V show

for all t P r0, T q, s P pt, T s, x P Rd, ν P r0, ds X Z that
∥

∥V ps,X 0,t,x
s qprνpZ0,t,x

s q
∥

∥

2
ď

∥

∥V ps,X 0,t,x
s q

∥

∥

pv

∥

∥prνpZ0,t,x
s q

∥

∥

pz

ď V pt, xq c

Λνps ´ tq ď V 2pt, xq
Λνps ´ tq . (174)

Next, the substitution s “ t` pT ´ tqr, ds “ pT ´ tqdr, r “ 0 ñ s “ t, r “ b´t
T´t

ñ s “ b, r “ s´t
T´t

,

1 ´ r “ 1 ´ s´t
T´t

“ T´s
T´t

and (146) prove for all t P r0, T q, b P pt, T q that

Ppt ` pT ´ tqr0 ď bq “ Ppr0 ď b´t
T´t

q “ 1

Bp1
2
, 1
2
q

ż

b´t
T´t

0

dr
a

rp1 ´ rq

“ 1

Bp1
2
, 1
2
q

ż b

t

ds
T´t

b

s´t
T´t

T´s
T´t

“ 1

Bp1
2
, 1
2
q

ż b

t

ds
a

pT ´ sqps ´ tq
“
ż b

t

̺pt, sq ds. (175)

This shows for all t P r0, T q and all measurable functions h : pt, T q Ñ r0,8q that

E

“

hpt ` pT ´ tqr0q
‰

“
ż T

t

hpsq̺pt, sq ds. (176)

Hence, the independence and distributional properties (cf. Lemma 4.2), the disintegration

theorem, (148), (174), (146), the fact that @ t P r0, T q :
şT

t
dr?
r´t

“ 2
?
r ´ t|Tr“t “ 2

?
T ´ t, the

fact that
b

2Bp1
2
, 1
2
q ď 3 imply for all t P r0, T q, x P Rd, ν P r0, ds X Z that

∥

∥

∥

∥

∥

∥

ΛνpT ´ tq pF p0qq
´

t ` pT ´ tqr0,X 0,t,x

t`pT´tqr0
¯

prν

´

Z0,t,x

t`pT´tqr0
¯

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

∥

2
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“
«

ż T

t

∥

∥

∥

∥

ΛνpT ´ tq pF p0qqps,X 0,t,x
s qprνpZ0,t,x

s q
̺pt, sq

∥

∥

∥

∥

2

2

̺pt, sq ds
ff1

2

“
«

ż T

t

‖ΛνpT ´ tq pF p0qqps,X 0,t,x
s q prνpZ0,t,x

s q‖22
̺pt, sq ds

ff1

2

ď
«

ż T

t

∥

∥ΛνpT ´ tq 1
T
V ps,X 0,t,x

s q prνpZ0,t,x
s q

∥

∥

2

2

̺pt, sq ds

ff
1

2

ď

»

–

ż T

t

Λ2
νpT ´ tq 1

T 2

V 4pt,xq
Λ2
νps´tq

̺pt, sq ds

fi

fl

1

2

ď

»

–

ż T

t

1
T 2V

4pt, xqT´t
s´t

1

Bp1
2
,
1
2

q
1?

pT´sqps´tq
ds

fi

fl

1

2

“ V 2pt, xq
T

b

Bp1
2
, 1
2
q
„

pT ´ tq 3

2

ż T

t

ds?
s ´ t



1

2

“ V 2pt, xq
T

b

Bp1
2
, 1
2
q
”

pT ´ tq 3

22
?
T ´ t

ı 1

2

ď 3V 2pt, xq. (177)

Next, (176), the independence and distributional properties (cf. Lemma 4.2), the disintegration
theorem, (149), the triangle inequality, (157), (174), (146) prove for all ν P r0, ds X Z, j P N0,
m P N, t P r0, T q, x P Rd that

∥

∥

∥

∥

∥

∥

ΛνpT ´ tq
`

F pU0
j,mq ´ F puq

˘

´

t ` pT ´ tqr0,X 0,t,x

t`pT´tqr0
¯

prν

´

Z0,t,x

t`pT´tqr0
¯

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

∥

2

“

»

–

ż T

t

∥

∥

∥

∥

∥

ΛνpT ´ tq
`

F pU0
j,mq ´ F puq

˘

ps,X 0,t,x
s qprνpZ0,t,x

s q
̺pt, sq

∥

∥

∥

∥

∥

2

2

̺pt, sq ds

fi

fl

1

2

“
«

ż T

t

∥

∥ΛνpT ´ tq
`

F pU0
j,mq ´ F puq

˘

ps,X 0,t,x
s qprνpZ0,t,x

s q
∥

∥

2

2

̺pt, sq ds

ff

1

2

ď

»

–

ż T

t

∥

∥

∥
ΛνpT ´ tqřd

i“0 LiΛipT q
∣

∣pU0
j,m ´ uqps,X 0,t,x

s qprνpZ0,t,x
s q

∣

∣

∥

∥

∥

2

̺pt, sq ds

fi

fl

1

2

ď

»

—

–

ż T

t

”

ΛνpT ´ tqřd
i“0LiΛipT q

∥

∥pU0
j,m ´ uqps,X 0,t,x

s qprνpZ0,t,x
s q

∥

∥

2

ı2

̺pt, sq ds

fi

ffi

fl

1

2

ď

»

—

–

ż T

t

”

ΛνpT ´ tqřd

i“0Li

?
T?

T´s

∥

∥ΛipT ´ sqpU0
j,m ´ uqps,X 0,t,x

s qprνpZ0,t,x
s q

∥

∥

2

ı2

̺pt, sq ds

fi

ffi

fl

1

2
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ď

»

—

—

—

–

ż T

t

„

ΛνpT ´ tqřd
i“0 Li

?
T?

T´s

∥

∥

∥

∥

∥

∥ΛipT ´ sqpU0
j,m ´ uqps, x̃qprνpz̃q

∥

∥

2

ˇ

ˇ

ˇ

x̃“X 0,t,x
s ,z̃“Z0,t,x

s

∥

∥

∥

∥

2

2

̺pt, sq ds

fi

ffi

ffi

ffi

fl

1

2

ď

»

—

–

ż T

t

”

ΛνpT ´ tqc
?
T?

T´s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

s
‖V q1ps,X 0,t,x

s qprνpZ0,t,x
s q‖2

ı2

̺pt, sq ds

fi

ffi

fl

1

2

ď

»

—

–

ż T

t

”

ΛνpT ´ tqc
?
T?

T´s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

s
V q1pt, xq c

Λνps´tq

ı2

̺pt, sq ds

fi

ffi

fl

1

2

ď

»

—

–

ż T

t

”

c2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

s
V q1pt, xq

?
T?

T´s

?
T´t?
s´t

ı2

1

Bp1
2
,
1
2

q
1?

pT´sqps´tq
ds

fi

ffi

fl

1

2

ď

»

—

–

ż T

t

c4Bp1
2
, 1
2
q
”

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

s
V q1pt, xq

?
T

?
T ´ t

ı2

a

pT ´ sqps ´ tq
ds

fi

ffi

fl

1

2

“ c2
?
T

?
T ´ t

b

Bp1
2
, 1
2
qV q1pt, xq

«

ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

s
a

pT ´ sqps ´ tq
ds

ff

1

2

. (178)

Furthermore, the substitution s “ t ` pT ´ tqr, ds “ pT ´ tqdr, s “ t ñ r “ 0, s “ T ñ r “ 1,
T ´ s “ T ´ t´ pT ´ tqr “ pT ´ tqp1´ rq, s´ t “ pT ´ tqr and the definition of the beta functions
imply for all t P r0, T q that

ż T

t

ds

pT ´ sq 3

4 ps ´ tq 3

4

“
ż 1

0

pT ´ tqdr
rpT ´ tqp1 ´ rqs 3

4 rpT ´ tqrqs 3

4

“ pT ´ tq´ 1

2Bp1
4
, 1
4
q. (179)

Therefore, (178), Hölder’s inequality, the fact that 2
3

` 1
3

“ 1, and the fact that pBp1
4
, 1
4
qq 1

3 ď 2

show for all ν P r0, ds X Z, j P N0, m P N, t P r0, T q, x P Rd that

∥

∥

∥

∥

∥

∥

ΛνpT ´ tq
`

F pU0
j,mq ´ F puq

˘

´

t ` pT ´ tqr0,X 0,t,x

t`pT´tqr0
¯

prν

´

Z0,t,x

t`pT´tqr0
¯

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

∥

2

ď c2
?
T

?
T ´ t

b

Bp1
2
, 1
2
qV q1pt, xq

«

ż T

t

ds

pT ´ sq 1

2

3

2 ps ´ tq 1

2

3

2

ff 2

3

1

2
„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2¨3
s



1

3

1

2

ď c2
?
T

?
T ´ t

b

Bp1
2
, 1
2
qV q1pt, xq

«

ż T

t

ds

pT ´ sq 3

4 ps ´ tq 3

4

ff1

3
„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ď 2c2
?
T

?
T ´ tV q1pt, xq

”

pT ´ tq´ 1

2Bp1
4
, 1
4
q
ı 1

3

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ď 4c2T
5

6V q1pt, xq
„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

. (180)
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This, the triangle inequality, and the distributional and independence properties (cf.
Lemma 4.2) prove for all ν P r0, ds X Z, ℓ,m P N, t P r0, T q, x P Rd that

∥

∥

∥

∥

∥

∥

ΛνpT ´ tq
`

F pU0
ℓ,mq ´ F pU1

ℓ´1,mq
˘

´

t ` pT ´ tqr0,X 0,t,x

t`pT´tqr0

¯

prν

´

Z0,t,x

t`pT´tqr0

¯

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

∥

2

ď
ℓ
ÿ

j“ℓ´1

∥

∥

∥

∥

∥

∥

ΛνpT ´ tq
`

F pU0
j,mq ´ F puq

˘

´

t ` pT ´ tqr0,X 0,t,x

t`pT´tqr0
¯

prν

´

Z0,t,x

t`pT´tqr0
¯

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

∥

2

ď 4c2T
5

6V q1pt, xq
ℓ
ÿ

j“ℓ´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

. (181)

Hence, (153), the fact that @ θ P Θ, m P N : Uθ
0,m “ 0, (172), (177), (165), the independence

and distributional properties (cf. Lemma 4.2), and an induction argument prove for all n,m P
N, ℓ P r0, n ´ 1s X Z, ν P r0, ds X Z, t P r0, T q, x P Rd that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
n,m

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

t
`

∥

∥

∥

∥

∥

∥

ΛνpT ´ tqpF pU0
ℓ,mqq

´

t ` pT ´ tqr0, X0,t,x

t`pT´tqr0
¯

prν

´

Z
0,t,x

t`pT´tqr0
¯

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

∥

2

ă 8. (182)

This, linearity of the expectation, and the independence and distributional properties (cf.
Lemma 4.2) imply for all n,m P N, t P r0, T q, x P Rd that

E

“

U0
n,mpt, xq

‰

“ pgpxq, 0q `
mn
ÿ

i“1

E

«

gpX p0,0,´iq,t,x
T q ´ gpxq

mn
Z

p0,0,´iq,t,x
T

ff

`
n´1
ÿ

ℓ“0

E

»

–

mn´ℓ
ÿ

i“1

´

F pU p0,ℓ,iq
ℓ,m q ´ 1

N

pℓqF pU p0,ℓ,´iq
ℓ´1,m q

¯´

t ` pT ´ tqrp0,ℓ,iq,X
p0,ℓ,iq,t,x
t`pT´tqrp0,ℓ,iq

¯

Z
p0,ℓ,iq,t,x
t`pT´tqrp0,ℓ,iq

mn´ℓ̺pt, t ` pT ´ tqrp0,ℓ,iqq

fi

fl

“ pgpxq, 0q `E

“

pgpX 0,t,x
T q ´ gpxqqZ0,t,x

T

‰

`
n´1
ÿ

ℓ“0

˜

E

«

F pU0
ℓ,mqpt ` pT ´ tqr0,X 0,t,x

t`pT´tqr0qZ0,t,x

t`pT´tqr0

̺pt, t ` pT ´ tqr0q

ff

´ 1

N

pℓqE
«

F pU0
ℓ´1,mqpt ` pT ´ tqr0,X 0,t,x

t`pT´tqr0qZ0,t,x

t`pT´tqr0

̺pt, t ` pT ´ tqr0q

ff¸

“ E

“

pgpX 0,t,x
T qZ0,t,x

T

‰

`E

«

F pU0
n´1,mqpt ` pT ´ tqr0,X 0,t,x

t`pT´tqr0qZ0,t,x

t`pT´tqr0

̺pt, t ` pT ´ tqr0q

ff

. (183)

Next, (160), (176), the disintegration theorem, the independence and distributional properties
(cf. Lemma 4.2) prove for all t P r0, T q, x P Rd that

upt, xq “ E

“

gpX 0,t,x
T qZ0,t,x

T

‰

`
ż T

t

E

„

fpr,X 0,t,x
r , upr,X 0,t,x

r qqZ0,t,x
r

̺pt, rq



̺pt, rq dr

“ E

“

pgpX 0,t,x
T qZ0,t,x

T

‰

`E

«

F puqpt ` pT ´ tqr0,X 0,t,x

t`pT´tqr0qZ0,t,x

t`pT´tqr0

̺pt, t ` pT ´ tqr0q

ff

. (184)

This, (183), Jensen’s inequality, and (180) imply for all t P r0, T q, x P Rd, ν P r0, ds X Z that

ΛνpT ´ tq
∣

∣prν
`

E

“

U0
n,mpt, xq

‰

´ upt, xq
˘∣

∣

ď
∥

∥

∥

∥

∥

ΛνpT ´ tq
pF pU0

n´1,mq ´ F puqqpt ` pT ´ tqr0,X 0,t,x

t`pT´tqr0qZ0,t,x

t`pT´tqr0

̺pt, t ` pT ´ tqr0q

∥

∥

∥

∥

∥

2
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ď 4c2T
5

6V q1pt, xq
„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
n´1,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

. (185)

Furthermore, (153), the triangle inequality, the independence and distributional properties (cf.
Lemma 4.2), (171), (177), (178), and the fact that 1 ď V prove for all t P r0, T q, x P R

d,
ν P r0, ds X Z that

ΛνpT ´ tq
`

var
“

prνpU0
n,mpt, xqq

‰˘ 1

2

“ ΛνpT ´ tq
˜

var

«

prν

˜

pgpxq, 0q `
mn
ÿ

i“1

gpX p0,0,´iq,t,x
T

q´gpxq
mn Z

p0,0,´iq,t,x
T

¸ff¸ 1

2

`
n´1
ÿ

ℓ“0

˜

var

«

mn´ℓ
ÿ

i“1

ΛνpT´tqpF pU p0,ℓ,iq
ℓ,m

q´1
N

pℓqF pU p0,ℓ,´iq
ℓ´1,m

qq
ˆ

t`pT´tqrp0,ℓ,iq ,X
p0,ℓ,iq,t,x

t`pT´tqrp0,ℓ,iq

˙

prν

ˆ

Z
p0,ℓ,iq,t,x

t`pT´tqrp0,ℓ,iq

˙

mn´ℓ̺pt,t`pT´tqrp0,ℓ,iqq

ff¸

1

2

ď V 3pt,xq?
mn `

n´1
ÿ

ℓ“0

1?
mn´ℓ

ˆ

var

„

ΛνpT´tqpF pU0

ℓ,m
q´1

N

pℓqF pU1

ℓ´1,m
qq
´

t`pT´tqr0,X 0,t,x

t`pT´tqr0

¯

prν

´

Z0,t,x

t`pT´tqr0

¯

̺pt,t`pT´tqr0q

˙

1

2

ď V 3pt,xq?
mn `

n´1
ÿ

ℓ“0

„

1?
mn´ℓ

∥

∥

∥

∥

ΛνpT´tqpF pU0

ℓ,m
q´1

N

pℓqF pU1

ℓ´1,m
qq
´

t`pT´tqr0,X 0,t,x

t`pT´tqr0

¯

prν

´

Z0,t,x

t`pT´tqr0

¯

̺pt,t`pT´tqr0q

∥

∥

∥

∥

2



ď V 3pt,xq?
mn ` 1?

mn

∥

∥

∥

∥

ΛνpT´tqpF p0qq
´

t`pT´tqr0,X 0,t,x

t`pT´tqr0

¯

prν

´

Z0,t,x

t`pT´tqr0

¯

̺pt,t`pT´tqr0q

∥

∥

∥

∥

2

`
n´1
ÿ

ℓ“1

„

1?
mn´ℓ

∥

∥

∥

∥

ΛνpT´tqpF pU0

ℓ,m
q´F pU1

ℓ´1,m
qq
´

t`pT´tqr0,X 0,t,x

t`pT´tqr0

¯

prν

´

Z0,t,x

t`pT´tqr0

¯

̺pt,t`pT´tqr0q

∥

∥

∥

∥

2



ď V 3pt,xq?
mn ` 3V 2pt,xq?

mn `
n´1
ÿ

ℓ“1

«

1?
mn´ℓ

«

4c2T
5

6V q1pt, xq
ℓ
ÿ

j“ℓ´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ffff

ď 4V 3pt,xq?
mn `

n´1
ÿ

ℓ“1

«

ℓ
ÿ

j“ℓ´1

4c2T
5
6 V q1 pt,xq?
mn´j´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ff

“ 4V 3pt,xq?
mn `

n´1
ÿ

j“0

»

–

ÿ

ℓPr1,n´1sXtj,j`1u

4c2T
5
6 V q1 pt,xq?
mn´j´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

fi

fl

“ 4V 3pt,xq?
mn `

n´1
ÿ

j“0

«

p2 ´ 1n´1pjqq4c2T
5
6 V q1 pt,xq?
mn´j´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ff

. (186)

Thus, the triangle inequality, (185), and the fact that V 3 ď V q1 prove for all ν P r0, ds X Z,
n,m P N, t P r0, T q, x P Rd that

∥

∥ΛνpT ´ tqprν
`

U0
n,mpt, xq ´ upt, xq

˘∥

∥

2

ď ΛνpT ´ tq
`

var
“

prνpU0
n,mpt, xqq

‰˘ 1

2 ` ΛνpT ´ tq
∣

∣prν
`

E

“

U0
n,mpt, xq

‰

´ upt, xq
˘∣

∣

ď 4V q1pt, xq?
mn

`
n´1
ÿ

j“0

«

8c2T
5

6V q1pt, xq?
mn´j´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
j,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ff

. (187)

Therefore, (157) implies for all n,m P N, t P r0, T q that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
n,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

t
ď 4?

mn
`

n´1
ÿ

ℓ“0

«

8c2T
5

6?
mn´ℓ´1

„
ż T

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
ℓ,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

6

s



1

6

ff

. (188)

This shows (ii).
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Next, (188), [33, Lemma 3.11], (165), and the fact that 1` c2T ď ec
2T prove for all n,m P N,

t P r0, T q that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇU0
n,m ´ u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

t
ď p4 ` 8c2T

5

6 ¨ T 1

6 ¨ 1qem3

6 m´n
2

”

1 ` 8c2T
5

6T
1

6

ın´1

ď e
m3

6 m´n
2 p4 ` 8c2T qn

ď e
m3

6 m´n
2 8np1 ` c2T qn

ď e
m3

6 m´n
2 8nenc

2T . (189)

This shows (iii).
Next, (189) and (157) prove for all n,m P N, t P r0, T q, ν P r0, ds X Z that

ΛνpT ´ tq
∥

∥prν
`

U0
n,mpt, xq ´ upt, xq

˘∥

∥

2
ď e

m3

6 m´n
2 8nenc

2TV q1pt, xq. (190)

This implies (iv) and completes the proof of Proposition 4.3. �

5. EULER-MARUYAMA APPROXIMATIONS REVISITED

In this section we provide some results of moment estimates, stability, continuity, and dis-
cretization errors for solutions to SDEs with explicit constants independent of the dimension
d P N.

Setting 5.1. Let ‖¨‖ : Yk,ℓPNR
kˆℓ Ñ r0,8q satisfy for all k, ℓ P N, s “ psijqiPr1,ksXN,jPr1,ℓsXN P Rkˆℓ

that ‖s‖2 “ řk

i“1

řℓ

j“1|sij|
2. Let d P N, T P p0,8q, c, c̄, b P r1,8q, p P r8,8q, µ P C2pRd,Rdq,

σ P C2pRd,Rdˆdq, ϕ P C2pRd, r1,8qq satisfy for all x, y, h P Rd that σpxq is invertible,

‖µp0q‖ ` ‖σp0q‖ ` c‖x‖ ď pϕpxqq 1

p , (191)

∣

∣ppDϕqpxqqpyq
∣

∣ ď c̄pϕpxqq
p´1

p ‖y‖,
∣

∣ppD2ϕqpxqqpy, yq
∣

∣ ď c̄pϕpxqq
p´2

p ‖y‖2, (192)

max
 

‖ppDµqpxqqphq‖ , ‖ppDσqpxqqphq‖ ,
∥

∥σ´1pxqh
∥

∥

(

ď c‖h‖, (193)

and

max
 

‖ppDµqpxq ´ pDµqpyqqphq‖ , ‖ppDσqpxq ´ pDσqpyqqphq‖ ,
∥

∥

“

pσpxqq´1 ´ pσpyqq´1
‰

h
∥

∥

(

ď b‖x ´ y‖‖h‖. (194)

Let ι : r0, T s Ñ r0, T s satisfy for all t P r0, T s that ιptq “ t. Let S satisfy that

S “
"

δ : r0, T s Ñ r0, T s :
Dn P N, t0, t1, . . . , tn P r0, T s : 0 “ t0 ă t1 ă . . . ă tn “ T,

δprt0, t1sq “ tt0u, δppt1, t2sq “ tt1u, . . . , δpptn´1, tnsq “ ttn´1u

*

. (195)

Let S̃ “ SY tιu. Let |¨| : S̃ Ñ r0, T s satisfy for all δ P S that |ι| “ 0 and

|δ| “ max
!

|s ´ t| : s, t P δpr0, T sq, s ă t, ps, tq X δpr0, T sq “ H
)

. (196)

For every k P r1, ds X Z let ek P Rd denote the d-dimensional vector with a 1 in the k-th coordi-
nate and 0’s elsewhere. Let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space which satisfies the

usual conditions. For every s P r1,8q, k, ℓ P N and every random variable X : Ω Ñ R

kˆℓ let
‖X‖s P r0,8s satisfy that ‖X‖ss “ Er‖X‖ss. Let W “ pWtqtPr0,T s : r0, T s ˆ Ω Ñ R

d be a standard

pFtqtPr0,T s-Brownian motion with continuous sample paths. For every δ P S̃, s P r0, T s, x P Rd let

pX δ,s,x
t qtPrs,T s : rs, T s ˆ Ω Ñ R

d be an pFtqtPrs,T s-adapted stochastic process with continuous sample
paths such that for all t P rs, T s we have P-a.s. that

X δ,s,x
t “ x `

ż t

s

µpX δ,s,x

maxts,δprquq dr `
ż t

s

σpX δ,s,x

maxts,δprquq dWr. (197)
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For every k P r1, ds X Z, δ P S̃, s P r0, T s, x P R

d let pDδ,s,x,k
t qtPrs,T s : rs, T s ˆ Ω Ñ R

d be an
pFtqtPrs,T s-adapted stochastic process with continuous sample paths such that for all t P rs, T s we
have P-a.s. that

Dδ,s,x,k
t “ ek `

ż t

s

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dr

`
ż t

s

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dWr. (198)

For every δ P S̃, s P r0, T s, t P rs, T s, x P R

d let Dδ,s,x
t “ pDδ,s,x,k

t qkPr1,dsXZ. For every δ P S̃,

s P r0, T q, t P ps, T s, x P Rd let Vδ,s,x
t “ pVδ,s,x,k

t qkPr1,dsXZ : Ω Ñ R

d satisfy that

Vδ,s,x
t “ 1

t ´ s

ż t

s

´

σ´1pX δ,s,x

maxts,δprquqDδ,s,x

maxts,δprqu

¯J
dWr. (199)

Remark 5.2. If δ “ ι in (197) and (198) we have for all k P r0, dsXZ, x P Rd, s P r0, T s, t P rs, T s
that P-a.s.

X ι,s,x
t “ x `

ż t

s

µpX ι,s,x
r q dr `

ż t

s

σpX ι,s,x
r q dWr (200)

and

Dι,s,x,k
t “ ek `

ż t

s

ppDµqpX ι,s,x
r qq

`

Dι,s,x,k
r

˘

dr `
ż t

s

ppDσqpX ι,s,x
r qq

`

Dι,s,x,k
r

˘

dWr. (201)

In this case Dι,s,x,k
t “ B

Bxk
X ι,s,x

t where B
Bxk

X ι,s,x
t is the derivative process (cf. [46, Theorem 3.4])

defined through the following SDE:

B
Bxk

X ι,s,x
t “ ek `

ż t

s

ppDµqpX ι,s,x
r qq

ˆ B
Bxk

X ι,s,x
r

˙

dr `
ż t

s

ppDσqpX ι,s,x
r qq

ˆ B
Bxk

X ι,s,x
r

˙

dWr. (202)

Lemma 5.3. Assume Setting 5.1. Then the following items hold.

(i) For all δ P S̃, s P r0, T s, t P rs, T s, x P Rd we have that E
”

ϕpX δ,s,x
t q

ı

ď e1.5c̄|t´s|ϕpxq.
(ii) For all δ P S̃, s P r0, T s, t P rs, T s, x P Rd we have that

∥

∥

∥
X δ,s,x

t ´ X ι,s,x
t

∥

∥

∥

p
ď

?
2c

”?
T ` p

ı2

ec
2r?

T`ps2T `e1.5c̄Tϕpxq
˘

1

p |t ´ s|
1

2 |δ|
1

2 . (203)

(iii) For all δ P S̃, s, s̃ P r0, T s, t P rs, T s, t̃ P rs̃, T s, x, x̃ P Rd we have that
∥

∥

∥
X δ,s,x

t ´ X δ,s̃,x̃

t̃

∥

∥

∥

p

ď
?
2‖x ´ x̃‖ec

2r?
T`ps2T ` 5ec

2r?
T`ps2T

”?
T ` p

ı

e
1.5c̄T

p
ϕ

1

p pxq ` ϕ
1

p px̃q
2

”

|s ´ s̃|
1

2 ` |t ´ t̃|
1

2

ı

.

(204)

(iv) For all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd we have that

∥

∥

∥
Vδ,s,x,k
t

∥

∥

∥

p
ď

?
2pcec

2rp`
?
Ts2T

?
t ´ s

. (205)

(v) For all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x, y P Rd we have that

∥

∥

∥
Vδ,s,x,k
t ´ Vδ,s,y,k

t

∥

∥

∥

p
4

ď 2bc
“?

T ` p
‰3
e3c

2r?
T`ps2T‖x ´ y‖?

t ´ s
. (206)

(vi) For all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd we have that

∥

∥

∥
Vδ,s,x,k
t ´ V ι,s,x,k

t

∥

∥

∥

p
2

ď 15cpbc ` c2q
“?

T ` p
‰6
e3c

2r?
T`ps2T `e1.5c̄Tϕpxq

˘ 1

p |δ|
1

2

?
t ´ s

. (207)
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(vii) For all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, t P rs̃, T s, x P Rd we have that

∥

∥

∥
V ι,s̃,x,k
t ´ V ι,s,x,k

t

∥

∥

∥

p
2

ď 13pb ` cqce3c2r
?
T`ps2T “?T ` p

‰4
e

1.5c̄T
p ϕ

1

p pxq|s ´ s̃|
1

2

?
t ´ s

?
t ´ s̃

. (208)

Proof of Lemma 5.3. First, [39, Theorem 3.2] (with b x 8, V x ϕ in the notation of [39,
Theorem 3.2]) shows (i)–(iii).

Next, Hölder’s inequality and (193) prove for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s,
x P Rd and all stopping times τ : Ω Ñ r0, T s that

∥

∥

∥

∥

∥

ż maxts,δpmintt,τuqu

s

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dr

∥

∥

∥

∥

∥

p

“
∥

∥

∥

∥

ż t

s

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

1rďmaxts,δpmintt,τuqudr

∥

∥

∥

∥

p

“
∥

∥

∥

∥

ż t

s

´

pDµqpX δ,s,x

maxts,δpmintr,τuquq
¯´

Dδ,s,x,k

maxts,δpmintr,τuqu

¯

1rďmaxts,δpmintt,τuqudr

∥

∥

∥

∥

p

ď
ż t

s

∥

∥

∥

´

pDµqpX δ,s,x

maxts,δpmintr,τuquq
¯´

Dδ,s,x,k

maxts,δpmintr,τuqu

¯

1rďmaxts,δpmintt,τuqu

∥

∥

∥

p
dr

ď
?
T

„
ż t

s

∥

∥

∥

´

pDµqpX δ,s,x

maxts,δpmintr,τuquq
¯´

Dδ,s,x,k

maxts,δpmintr,τuqu

¯∥

∥

∥

2

p
dr


1

2

ď c
?
T

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δpmintr,τuqu

∥

∥

∥

2

p
dr


1

2

. (209)

In addition, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) and (193) imply for

all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd and all stopping times τ : Ω Ñ r0, T s that
∥

∥

∥

∥

∥

ż maxts,δpmintt,τuqu

s

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dWr

∥

∥

∥

∥

∥

p

“
∥

∥

∥

∥

ż t

s

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

1rďmaxts,δpmintt,τuqudWr

∥

∥

∥

∥

p

“
∥

∥

∥

∥

ż t

s

´

pDσqpX δ,s,x

maxts,δpmintr,τuquq
¯´

Dδ,s,x,k

maxts,δpmintr,τuqu

¯

1rďmaxts,δpmintt,τuqudWr

∥

∥

∥

∥

p

ď p

„
ż t

s

∥

∥

∥

´

pDσqpX δ,s,x

maxts,δpmintr,τuquq
¯´

Dδ,s,x,k

maxts,δpmintr,τuqu

¯∥

∥

∥

2

p
dr


1

2

ď pc

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δpmintr,τuqu

∥

∥

∥

2

p
dr


1

2

. (210)

Thus, the triangle inequality, (198), and (209) prove for all k P r1, ds X Z, δ P S̃, s P r0, T s,
t P rs, T s, x P Rd that

∥

∥

∥
Dδ,s,x,k

maxts,δpmintt,τuqu

∥

∥

∥

p
ď 1 `

∥

∥

∥

∥

∥

ż maxts,δpmintt,τuqu

s

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dr

∥

∥

∥

∥

∥

p

`
∥

∥

∥

∥

∥

ż maxts,δpmintt,τuqu

s

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dWr

∥

∥

∥

∥

∥

p

ď 1 ` c
”?

T ` p
ı

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δpmintr,τuqu

∥

∥

∥

2

p
dr


1

2

. (211)
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This and the fact that @ x, y P R : px`yq2 ď 2x2 `2y2 show for all k P r1, ds XZ, δ P S̃, s P r0, T s,
t P rs, T s, x P Rd that

∥

∥

∥
Dδ,s,x,k

maxts,δpmintt,τuqu

∥

∥

∥

2

p
ď 2 ` 2c2

”?
T ` p

ı2
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δpmintr,τuqu

∥

∥

∥

2

p
dr. (212)

For every k P r1, ds X Z, δ P S̃, s P r0, T s, x P Rd let τ δ,s,x,kn “ min
!

inf
!

t P r0, T s : ‖Dδ,s,x,k

maxts,δptqu‖ ě
n
)

, T
)

. Then for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd, n P N we have that
∥

∥

∥
Dδ,s,x,k

maxts,δpmintt,τδ,s,x,kn uqu

∥

∥

∥
ď n. Then (212) and Grönwall’s lemma imply for all k P r1, dsXZ, δ P S̃,

s P r0, T s, t P rs, T s, x P Rd, n P N that
∥

∥

∥
Dδ,s,x,k

maxts,δpmintt,τδ,s,x,kn uqu

∥

∥

∥

2

p
ď 2e2c

2r?
T`ps2pt´sq. (213)

This and Fatou’s lemma prove for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd that
∥

∥

∥
Dδ,s,x,k

maxts,δptqu

∥

∥

∥

2

p
ď 2e2c

2r?
T`ps2pt´sq. (214)

Next, the triangle inequality, (198), Hölder’s inequality, the Burkholder-Davis-Gundy inequality

(cf. [12, Lemma 7.7]), and (193) prove for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd

that
∥

∥

∥
Dδ,s,x,k

t

∥

∥

∥

p
ď 1 `

∥

∥

∥

∥

ż t

s

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dr

∥

∥

∥

∥

p

`
∥

∥

∥

∥

ż t

s

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dWr

∥

∥

∥

∥

p

ď 1 `
?
T

„
ż t

s

∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯∥

∥

∥

2

p
dr


1

2

` p

„
ż t

s

∥

∥

∥

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯∥

∥

∥

2

p
dr


1

2

ď 1 ` c
”?

T ` p
ı

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

2

p
dr


1

2

. (215)

This and the fact that @ x, y P R : px`yq2 ď 2x2 `2y2 show for all k P r1, ds XZ, δ P S̃, s P r0, T s,
t P rs, T s, x P Rd that

∥

∥

∥
Dδ,s,x,k

t

∥

∥

∥

2

p
ď 2 ` 2c2

”?
T ` p

ı2
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

2

p
dr

ď 2 ` 2c2
”?

T ` p
ı2
ż t

s

2e2c
2r?

T`ps2pr´sq dr

“ 2 `
”

2e2c
2r?

T`ps2pr´sq|tr“s

ı

“ 2e2c
2r?

T`ps2pt´sq (216)

and hence
∥

∥

∥
Dδ,s,x,k

t

∥

∥

∥

p
ď

?
2ec

2r?
T`ps2T . (217)

Therefore, (199), the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), and (193)

imply for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd that

∥

∥

∥
Vδ,s,x,k
t

∥

∥

∥

p
“ 1

t ´ s

∥

∥

∥

∥

ż t

s

´

σ´1pX δ,s,x

maxts,δprquqDδ,s,x,k

maxts,δprqu

¯J
dWr

∥

∥

∥

∥

p
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ď 1

t ´ s
p

„
ż t

s

∥

∥

∥
σ´1pX δ,s,x

maxts,δprquqDδ,s,x,k

maxts,δprqu

∥

∥

∥

2

p
dr


1

2

ď 1

t ´ s
pc

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

2

p
dr


1

2

ď 1

t ´ s
pc

?
t ´ s

?
2ec

2rp`
?
Ts2T

“
?
2pcec

2rp`
?
Ts2T

?
t ´ s

. (218)

This shows (iv).
Next, the triangle inequality, Hölder’s inequality, (194), (193), (iii), and (217) imply for all

k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s, x, y P Rd that

∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

´
´

pDµqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,y,k

maxts,δprqu

¯∥

∥

∥

p
2

ď
∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq ´ pDµqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯∥

∥

∥

p
2

`
∥

∥

∥

´

pDµqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

¯∥

∥

∥

p
2

ď b
∥

∥

∥
X δ,s,x

maxts,δprqu ´ X δ,s,y

maxts,δprqu

∥

∥

∥

p

∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p
` c

∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

p
2

ď b
?
2‖x ´ y‖ec

2r?
T`ps2T?

2ec
2rp`

?
Ts2T ` c

∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

p
2

“ 2b‖x ´ y‖e2c
2rp`

?
Ts2T ` c

∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

p
2

. (219)

Similarly, we have for all k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s, x, y P Rd that

∥

∥

∥

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

´
´

pDσqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,y,k

maxts,δprqu

¯∥

∥

∥

p
2

ď 2b‖x ´ y‖e2c
2rp`

?
Ts2T ` c

∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

p
2

. (220)

This, (198), the triangle inequality, Hölder’s inequality, the Burkholder-Davis-Gundy inequality

(cf. [12, Lemma 7.7]), and (219) prove for all k P r1, ds XZ, δ P S̃, s P r0, T s, t P rs, T s, x, y P Rd

that
∥

∥

∥
Dδ,s,x,k

t ´ Dδ,s,y,k
t

∥

∥

∥

p
2

ď
∥

∥

∥

∥

ż t

s

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

´
´

pDµqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,y,k

maxts,δprqu

¯

dr

∥

∥

∥

∥

p
2

`
∥

∥

∥

∥

ż t

s

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

´
´

pDσqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,y,k

maxts,δprqu

¯

dWr

∥

∥

∥

∥

p
2

ď
?
T

„
ż t

s

∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

´
´

pDµqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,y,k

maxts,δprqu

¯∥

∥

∥

2

p
2

dr


1

2

` p

„
ż t

s

∥

∥

∥

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

´
´

pDσqpX δ,s,y

maxts,δprquq
¯´

Dδ,s,y,k

maxts,δprqu

¯∥

∥

∥

2

p
2

dr


1

2

ď
”?

T ` p
ı

«

?
t ´ s ¨ 2b‖x ´ y‖e2c

2rp`
?
Ts2T ` c

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

2

p
2


1

2

ff
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“ 2b
”?

T ` p
ı

e2c
2rp`

?
Ts2T?

t ´ s‖x ´ y‖ ` c
”?

T ` p
ı

„
ż t

s

∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

2

p
2


1

2

.

(221)

Therefore, (217), a Grönwall-type inequality (cf. [39, Corollary 2.2]), and the fact that 2
?
2 ď 3

imply for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x, y P Rd that
∥

∥

∥
Dδ,s,x,k

t ´ Dδ,s,y,k
t

∥

∥

∥

p
2

ď 2
?
2b

”?
T ` p

ı

e2c
2r?

T`ps2T?
t ´ s‖x ´ y‖ec

2r?
T`ps2T

ď 3b
”?

T ` p
ı2

e3c
2r?

T`ps2T‖x ´ y‖. (222)

Furthermore, Hölder’s inequality, (194), (iii), and (217) prove for all k P r1, ds X Z, δ P S̃,
s P r0, T s, r P rs, T s, x, y P Rd that

∥

∥

∥

´

σ´1pX δ,s,x

maxts,δprquq ´ σ´1pX δ,s,y

maxts,δprquq
¯

Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p
4

ď b
∥

∥

∥
X δ,s,x

maxts,δprqu ´ X δ,s,y

maxts,δprqu

∥

∥

∥

p
2

∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p
2

ď b
?
2‖x ´ y‖ec

2r?
T`ps2T?

2ec
2r?

T`ps2T

“ 2be2c
2r?

T`ps2T‖x ´ y‖. (223)

Next, (193) and (222) imply for all k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s, x, y P Rd that
∥

∥

∥
σ´1pX δ,s,y

maxts,δprquq
´

Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

¯∥

∥

∥

p
4

ď c
∥

∥

∥
Dδ,s,x,k

maxts,δprqu ´ Dδ,s,y,k

maxts,δprqu

∥

∥

∥

p
4

ď 3bc
”?

T ` p
ı2

e3c
2r?

T`ps2T‖x ´ y‖. (224)

Hence, (199), the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), the triangle in-

equality, and (223) prove for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x, y P Rd that
∥

∥

∥
Vδ,s,x,k
t ´ Vδ,s,y,k

t

∥

∥

∥

p
4

“ 1

t ´ s

∥

∥

∥

∥

ż t

s

´

σ´1pX δ,s,x

maxts,δprquqDδ,s,x,k

maxts,δprqu ´ σ´1pX δ,s,y

maxts,δprquqDδ,s,y,k

maxts,δprqu

¯J
dWr

∥

∥

∥

∥

p
4

ď
p

4

t ´ s

«
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s

∥

∥

∥

∥

´
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maxts,δprquqDδ,s,x,k

maxts,δprqu ´ σ´1pX δ,s,y

maxts,δprquqDδ,s,y,k

maxts,δprqu

¯J
∥

∥

∥

∥

2

p
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dr
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ď
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4
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«
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∥

∥

∥

∥

´´
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maxts,δprqu

¯J
∥

∥

∥

∥
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p
4
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`
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4
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«
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s

∥

∥

∥

∥

´

σ´1pX δ,s,y
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´
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maxts,δprqu ´ Dδ,s,y,k
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¯¯J
∥

∥

∥

∥

2

p
4

dr

ff 1

2

ď
p

4?
t ´ s

„

2be2c
2r?

T`ps2T‖x ´ y‖ ` 3bc
”?

T ` p
ı2

e3c
2r?

T`ps2T‖x ´ y‖



ď 5bcp
4

“?
T ` p

‰2
e3c

2r?
T`ps2T‖x ´ y‖?

t ´ s
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“?

T ` p
‰3
e3c

2r?
T`ps2T‖x ´ y‖?

t ´ s
. (225)
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This proves (v).
Next, (198), the triangle inequality, Hölder’s inequality, the Burkholder-Davis-Gundy inequal-

ity (cf. [12, Lemma 7.7]), (193), and (217) show for all k P r1, dsXZ, δ P S̃, s P r0, T s, t P rs, T s,
t̃ P rt, T s, x P Rd that

∥

∥

∥
Dδ,s,x,k

t̃
´ Dδ,s,x,k

t

∥

∥

∥

p

ď
∥

∥

∥

∥

∥

ż t̃

t

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯
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∥

∥

∥

∥

∥

p

`
∥

∥

∥

∥

∥
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t
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pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯

dWr

∥

∥

∥

∥

∥

p

ď
?
T

«
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t

∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯∥

∥

∥

2

p
dr

ff1

2

` p

«

ż t̃

t

∥

∥

∥

´

pDσqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k

maxts,δprqu

¯∥

∥

∥

2

p
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ff1
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ď
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T ` p
ı
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«
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∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

2

p
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ď
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T ` p
ı

c
a

t̃ ´ t
?
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2r?
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“
?
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”?
T ` p

ı

ec
2r?

T`ps2Tat̃ ´ t. (226)

In addition, (194), Hölder’s inequality, the triangle inequality, (iii), (ii), (217), the fact that

p5 `
?
2q

?
2 ď 10, and the fact that c ě 1 imply for all k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s,

x P Rd that
∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq ´ pDµqpX ι,s,x
r q

¯´

Dδ,s,x,k

maxts,δprqu

¯∥

∥

∥

p
2

ď b
∥

∥

∥
X δ,s,x

maxts,δprqu ´ X ι,s,x
r

∥

∥

∥

p

∥

∥

∥
Dδ,s,x,k
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∥

∥

∥

p
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„

∥

∥

∥
X δ,s,x

maxts,δprqu ´ X δ,s,x
r

∥

∥

∥

p
`
∥

∥X δ,s,x
r ´ X ι,s,x

r

∥

∥

p



∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p
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„

5ec
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T`ps2T
”?

T ` p
ı

e
1.5c̄T

p ϕ
1

p pxq|δ| 12 `
?
2c

”?
T ` p

ı3

ec
2r?

T`ps2T `e1.5c̄Tϕpxq
˘

1

p |δ|
1

2



?
2ec

2r?
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”?

T ` p
ı3

e2c
2r?

T`ps2T `e1.5c̄Tϕpxq
˘

1

p |δ|
1

2 . (227)

Furthermore, (193), the triangle inequality, and (226) imply for all k P r1, ds X Z, δ P S̃,
s P r0, T s, r P rs, T s, x P Rd that

∥

∥

∥
pDµqpX ι,s,x

r q
´

Dδ,s,x,k
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∥
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∥
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∥
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∥
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∥
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r ´ Dι,s,x,k

r

∥

∥
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ı
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∥
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∥

∥

p
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“
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ı
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∥
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r

∥

∥

p
2

. (228)
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This, the triangle inequality, and (227) prove for all k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s,
x P Rd that
∥

∥

∥

´

pDµqpX δ,s,x

maxts,δprquq
¯´

Dδ,s,x,k
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`
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∥
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∥

∥

´

pDµqpX δ,s,x

maxts,δprquq ´ pDµqpX ι,s,x
r q

¯´

Dδ,s,x,k

maxts,δprqu
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∥

∥

p
2
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∥

∥

∥
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∥
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∥
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. (229)

Similarly, we have for all k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s, x P Rd that

∥

∥

∥

´

pDσqpX δ,s,x
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∥
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Thus, (198), the triangle inequality, Hölder’s inequality, the Burkholder-Davis-Gundy inequality

(cf. [12, Lemma 7.7]), and (229) show for all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd

that
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∥
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∥
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This, a Grönwall-type inequality (cf. [39, Corollory 2.2]) and the fact that 12
?
2 ď 18 prove for

all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd that
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Next, (194), Hölder’s inequality, the triangle inequality, (ii), (iii), (217), the fact that p5 `?
2q

?
2 ď 10 imply for all k P r1, ds X Z, δ P S̃, s P r0, T s, r P rs, T s, x P Rd that

∥

∥

∥

´

σ´1pX δ,s,x

maxts,δprquq ´ σ´1pX ι,s,x
r q

¯

Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p
2

ď b
∥

∥

∥
X δ,s,x

maxts,δprqu ´ X ι,s,x
r

∥

∥

∥

p

∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p

ď b

„

∥

∥

∥
X δ,s,x

maxts,δprqu ´ X δ,s,x
r

∥

∥

∥

p
`
∥

∥X δ,s,x
r ´ X ι,s,x

r

∥

∥

p



∥

∥

∥
Dδ,s,x,k

maxts,δprqu

∥

∥

∥

p

ď b

„

5ec
2r?

T`ps2T
”?

T ` p
ı

e
1.5c̄T

p ϕ
1

p pxq|δ| 12 `
?
2c

”?
T ` p

ı3

ec
2r?

T`ps2T `e1.5c̄Tϕpxq
˘

1

p |δ|
1

2



?
2ec

2r?
T`ps2T

ď 10bc
”?

T ` p
ı3

e2c
2r?

T`ps2T `e1.5c̄Tϕpxq
˘

1

p |δ|
1

2 . (233)

Moreover, (193), the triangle inequality, (226), and (232) prove for all k P r1, ds X Z, δ P S̃,
s P r0, T s, r P rs, T s, x P Rd that
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This, the triangle inequality, (233), and the fact that b, c ě 1 show for all k P r1, ds X Z, δ P S̃,
s P r0, T s, r P rs, T s, x P Rd that
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Therefore, (199) and the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) imply for

all k P r1, ds X Z, δ P S̃, s P r0, T s, t P rs, T s, x P Rd that
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This shows (vi).
Next, Hölder’s inequality, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]),

(193), and (217) prove for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, r P rs̃, T s, x P Rd that
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Furthermore, (194), Hölder’s inequality, (iii), (217), and the fact that 5
?
2 ď 8 imply for all

k P r1, ds X Z, s P r0, T s, r P rs, T s, x P Rd that
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This, the triangle inequality, and (193) imply for all k P r1, dsXZ, s P r0, T s, s̃ P rs, T s, r P rs̃, T s,
x P Rd that
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Similarly, for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, r P rs̃, T s, x P Rd we have that
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Next, (198) shows for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, t P rs̃, T s, x P Rd that
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Thus, the triangle inequality, (237), Hölder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), (239), and (240) prove for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s,
t P rs̃, T s, x P Rd that
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This, (217), and a Grönwall-type inequality (cf. [39, Corollary 2.2]) prove for all k P r1, ds XZ,
s P r0, T s, s̃ P rs, T s, t P rs̃, T s, x P Rd that
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Next, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), (193), and (217) imply
for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, t P rs̃, T s, x P Rd that
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In addition, (194), (iii), (217), and the fact that 5
?
2 ď 8 imply for all k P r1, ds X Z, s P r0, T s,

s̃ P rs, T s, r P rs̃, T s, x P Rd that
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Next, (193) and (243) imply for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, r P rs̃, T s, x P Rd that
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Thus, the triangle inequality and (245) prove for all k P r1, dsXZ, s P r0, T s, s̃ P rs, T s, r P rs̃, T s,
x P Rd that
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This and the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) show for all k P r1, dsXZ,
s P r0, T s, s̃ P rs, T s, t P rs̃, T s, x P Rd that
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?
T`ps2T “?T ` p

‰3
e

1.5c̄T
p ϕ

1

p pxq|s ´ s̃|
1

2

?
t ´ s

ď 10pb ` cqce3c2r
?
T`ps2T “?T ` p

‰4
e

1.5c̄T
p ϕ

1

p pxq|s ´ s̃|
1

2

?
t ´ s

?
t ´ s̃

. (248)

Next, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), (193), and (217) imply
for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, t P rs̃, T s, x P Rd that

1

t ´ s

∥

∥

∥

∥

ż s̃

s

`

σ´1pX ι,s,x
r qDι,s,x,k

r

˘J
dWr

∥

∥

∥

∥

p

ď 1

t ´ s
p

„
ż s̃

s

∥

∥σ´1pX ι,s,x
r qDι,s,x,k

r

∥

∥

2

p
dr



1

2

ď 1

t ´ s
pc

„
ż s̃

s

∥

∥Dι,s,x,k
r

∥

∥

2

p
dr



1

2

ď 1

t ´ s
pc

?
s̃ ´ s

?
2ec

2r?
T`ps2T

ď
?
2pcec

2r?
T`ps2T?

s̃ ´ s?
t ´ s

?
t ´ s̃

. (249)

Moreover, (199) shows for all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, t P ps̃, T s, x P Rd that

V ι,s̃,x,k
t ´ V ι,s,x,k

t “ 1

t ´ s̃

ż t

s̃

`

σ´1pX ι,s̃,x
r qDι,s̃,x,k

r

˘J
dWr ´ 1

t ´ s

ż t

s

`

σ´1pX ι,s,x
r qDι,s,x,k

r

˘J
dWr

“
ˆ

1

t ´ s̃
´ 1

t ´ s

˙
ż t

s̃

`

σ´1pX ι,s̃,x
r qDι,s̃,x,k

r

˘J
dWr

` 1

t ´ s

ż t

s̃

`

σ´1pX ι,s̃,x
r qDι,s̃,x,k

r ´ σ´1pX ι,s,x
r qDι,s,x,k

r

˘J
dWr

´ 1

t ´ s

ż s̃

s

`

σ´1pX ι,s,x
r qDι,s,x,k

r

˘J
dWr. (250)
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Hence, the triangle inequality, (244), (248), (249), and the fact that 2
?
2 ď 3 prove for all

k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, t P ps̃, T s, x P Rd that

∥

∥

∥
V ι,s̃,x,k
t ´ V ι,s,x,k

t

∥

∥

∥

p
2

ď
?
2pcec

2r?
T`ps2T ?

s̃ ´ s?
t ´ s

?
t ´ s̃

` 10pb ` cqce3c2r
?
T`ps2T “?T ` p

‰4
e

1.5c̄T
p ϕ

1

p pxq|s ´ s̃|
1

2

?
t ´ s

?
t ´ s̃

`
?
2pcec

2r?
T`ps2T?

s̃ ´ s?
t ´ s

?
t ´ s̃

ď 13pb ` cqce3c2r
?
T`ps2T “?T ` p

‰4
e

1.5c̄T
p ϕ

1

p pxq|s ´ s̃|
1

2

?
t ´ s

?
t ´ s̃

(251)

This shows (vii). This completes the proof of Lemma 5.3. �

6. COMPLEXITY ANALYSIS

In this section we study the MLP approximations which have been introduced in (153) in
the case when pX ,Zq is replaced by the Euler-Maruyama approximations (see (261)–(264)).
We will prove that when the coefficients satisfy (253)–(255) then the corresponding processes

X
d,θ,K,p¨q,p¨q
p¨q , Z

d,θ,K,p¨q,p¨q
p¨q defined in Theorem 6.1 below fulfill (150) as well as (62)–(121). This

allows us to combine Proposition 4.3 with Lemma 3.1 and Lemma 5.3 (see the proof of Theo-
rem 6.1 below).

Theorem 6.1. Let Θ “ YnPNZ
n, T P p0,8q, k P r0,8q, β, c P r1,8q. Let ‖¨‖ : Yk,ℓPNR

kˆℓ Ñ r0,8q
satisfy for all k, ℓ P N, s “ psijqiPr1,ksXN,jPr1,ℓsXN P Rkˆℓ that ‖s‖2 “ řk

i“1

řℓ

j“1|sij|
2. For every

d P N let pLd
i qiPr0,dsXZ P R

d`1 satisfy that
řd

i“0 L
d
i ď c. For every K P N let t¨uK : R Ñ R

satisfy for all t P R that ttuK “ maxpt0, T
K
, 2T
K
, . . . , T u X pp´8, tq Y t0uqq. For every d P N let

Λd “ pΛd
νqνPr0,dsXZ : r0, T s Ñ R

1`d satisfy for all t P r0, T s that Λdptq “ p1,
?
t, . . . ,

?
tq. For every

d P N let prd “ pprdνqνPr0,dsXZ : R
d`1 Ñ R satisfy for all w “ pwνqνPr0,dsXZ, i P r0, ds X Z that

prdi pwq “ wi. For every d P N, k P r1, ds X Z let edk P Rd denote the d-dimensional vector with
a 1 in the k-th coordinate and 0’s elsewhere. For every d P N let fd P Cpr0, T q ˆ R

d ˆ R

d`1,Rq,
gd P CpRd,Rq, µd P C1pRd,Rdq, σd P C1pRd,Rdˆdq. To shorten the notation we write for all
d P N, t P r0, T q, x P Rd, w : r0, T q ˆR

d Ñ R

d`1 that

pFdpwqqpt, xq “ fdpt, x, wpt, xqq. (252)

Assume for all d P N, i P r0, ds XZ, s P r0, T q, t P rs, T q, r P pt, T s, x, y, h P Rd, w1, w2 P Rd`1 that
σd is invertible,

‖µdp0q‖ ` ‖σdp0q‖ ď cdc, (253)

max
 

‖ppDµdqpxqqphq‖ , ‖ppDσdqpxqqphq‖ ,
∥

∥σ´1
d pxqh

∥

∥

(

ď c‖h‖, (254)

max
 

‖ppDµdqpxq ´ pDµdqpyqqphq‖ , ‖ppDσdqpxq ´ pDσdqpyqqphq‖ ,
∥

∥

“

pσdpxqq´1 ´ pσdpyqq´1
‰

h
∥

∥

(

ď cdc‖x ´ y‖‖h‖, (255)

|gdpxq| ` |Tfdpt, x, 0q| ď
“

pcdcq2 ` c2‖x‖2
‰β

, (256)

|fdpt, x, w1q ´ fdpt, y, w2q|

ď
d
ÿ

ν“0

“

Ld
νΛ

d
νpT q|prdνpw1 ´ w2q|

‰

` 1

T

ppcdcq2 ` c2‖x‖2qβ ` ppcdcq2 ` c2‖y‖2qβ
2

‖x ´ y‖?
T

, (257)
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and

|gdpxq ´ gdpyq| ď ppcdcq2 ` c2‖x‖2qβ ` ppcdcq2 ` c2‖y‖2qβ
2

‖x ´ y‖?
T

. (258)

Let ̺ : tpτ, σq P r0, T q2 : τ ă σu Ñ R satisfy for all t P r0, T q, s P pt, T q that

̺pt, sq “ 1

Bp1
2
, 1
2
q

1
a

pT ´ sqps ´ tq
. (259)

Let pΩ,F ,P, pFtqtPr0,T sq be a filtered probability space which satisfies the usual conditions. Let

rθ : Ω Ñ p0, 1q, θ P Θ, be independent and identically distributed random variables and satisfy for
all b P p0, 1q that

Ppr0 ď bq “ 1

Bp1
2
, 1
2
q

ż b

0

dr
a

rp1 ´ rq
. (260)

For every d P N let W d,θ : r0, T s ˆ Ω Ñ R

d, θ P Θ, be independent pFtqtPr0,T s-Brownian

motions with continuous sample paths. Assume for every d P N that pW d,θqθPΘ and prθqθPΘ
are independent. For every θ P Θ, d,K P N, s P r0, T s, x P R

d, k P r1, ds X Z let

pX d,θ,K,s,x
t qtPrs,T s, pDd,θ,K,s,x,k

t qtPrs,T s : rs, T sˆΩ Ñ R

d be pFtqtPrs,T s-adapted stochastic processes with
continuous sample paths which satisfy for all t P rs, T s that P-a.s. we have that

X d,θ,K,s,x
t “ x `

ż t

s

µdpX d,θ,K,s,x

maxts,truKuq dr `
ż t

s

σdpX d,θ,K,s,x

maxts,truKuq dW d,θ
r (261)

and

Dd,θ,K,s,x,k
t “ edk `

ż t

s

´

pDµdqpX d,θ,K,s,x

maxts,truKuq
¯´

Dd,θ,K,s,x,k

maxts,truKu

¯

dr

`
ż t

s

´

pDσdqpX d,θ,K,s,x

maxts,truKuq
¯´

Dd,θ,K,s,x,k

maxts,truKu

¯

dW d,θ
r . (262)

For every θ P Θ, d,K P N, s P r0, T q, t P ps, T s, x P Rd let Vd,θ,K,s,x
t “ pVd,θ,K,s,x,k

t qkPr1,dsXZ : Ω Ñ
R

d, Zd,θ,K,s,x
t “ pZd,θ,K,s,x,k

t qkPr0,dsXZ : Ω Ñ R

d`1 satisfy that

Vd,θ,K,s,x
t “ 1

t ´ s

ż t

s

´

σ´1
d pX d,θ,K,s,x

maxts,truKuqDd,θ,K,s,x

maxts,truKu

¯J
dW d,θ

r (263)

and Zd,θ,K,s,x
t “ p1,Vd,θ,K,s,x

t q. Let U
d,θ
n,m,K : r0, T q ˆ R

d Ñ R

d`1, d P N, d, n,m,K P Z, θ P Θ,

satisfy for all d, n,m,K P N, θ P Θ, t P r0, T q, x P Rd that Ud,θ
´1,m,Kpt, xq “ U

d,θ
0,m,Kpt, xq “ 0 and

U
d,θ
n,m,Kpt, xq “ pgdpxq, 0q `

mn
ÿ

i“1

gdpX d,pθ,0,´iq,K,t,x

T q ´ gdpxq
mn

Z
d,pθ,0,´iq,K,t,x

T

`
n´1
ÿ

ℓ“0

mn´ℓ
ÿ

i“1

´

FdpUd,pθ,ℓ,iq
ℓ,m,K q ´ 1

N

pℓqFdpUd,pθ,ℓ,´iq
ℓ´1,m,K q

¯´

t ` pT ´ tqrpθ,ℓ,iq,X
d,pθ,ℓ,iq,K,t,x

t`pT´tqrpθ,ℓ,iq

¯

Z
d,pθ,ℓ,iq,K,t,x

t`pT´tqrpθ,ℓ,iq

mn´ℓ̺pt, t ` pT ´ tqrpθ,ℓ,iqq .

(264)

For every d P N let ed, fd, gd P r0,8q satisfy that

ed ` fd ` gd ď cdc. (265)

Let Cd
n,m,K P r0,8q, n,m P Z, d,K P N, satisfy for all n P Z, d,m,K P N that

Cd
n,m,K ď mnpKed ` gdq1

N

pnq `
n´1
ÿ

ℓ“0

“

mn´ℓpKed ` fd ` Cd
ℓ,m,K ` Cd

ℓ´1,m,Kq
‰

. (266)

Then the following items hold.
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(i) For all d P N there exists an up to indistinguishability continuous random field

pXd,s,x
t qsPr0,T s,tPrs,T s,xPRd : tpσ, τq P r0, T s : σ ď τu ˆR

d ˆ Ω Ñ R

d such that for all s P r0, T s,
x P R

d we have that pXd,s,x
t qtPrs,T s is pFtqtPrs,T s-adapted and such that for all s P r0, T s,

t P rs, T s, x P Rd we have P-a.s. that

X
d,s,x
t “ x `

ż t

s

µdpXd,s,x
r q dr `

ż t

s

σdpXd,s,x
r q dW d,0

r . (267)

(ii) For all d P N, s P r0, T s, x P R

d there exists an pFtqtPrs,T s-adapted stochastic process

pDd,s,x
t qtPrs,T s “ pDd,s,x,k

t qkPr1,dsXZ : rs, T s ˆ Ω Ñ R

dˆd which satisfies for all t P rs, T s,
k P r1, ds X Z that P-a.s. we have that

D
d,s,x,k
t “ edk `

ż t

s

`

pDµdqpXd,s,x
r q

˘

pDd,s,x,k
r q dr `

ż t

s

`

pDσdqpXd,s,x
r q

˘

pDd,s,x,k
r q dW d,0

r . (268)

(iii) For all d P N, s P r0, T q, x P R

d there exist pFtqtPps,T s-adapted stochastic processes

pV d,s,x
t qtPps,T s “ pV d,s,x,k

t qtPps,T s,kPr1,dsXZ : ps, T sˆΩ Ñ R

d and pZd,s,x
t qtPps,T s : ps, T sˆΩ Ñ R

d`1

which satisfy for all t P ps, T s that P-a.s. we have that

V
d,s,x
t “ 1

t ´ s

ż t

s

pσ´1
d pXd,s,x

r qDd,s,x
r qJ dW d,0

r (269)

and Z
d,s,x
t “ p1, V d,s,x

t q.
(iv) For all d P N there exists a unique continuous function ud : r0, T q ˆR

d Ñ R

d`1 such that for
all t P r0, T q, x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

«

Λd
νpT ´ τq |prdνpudpτ, ξqq|

rpcdcq2 ` c2‖x‖2sβ

ff

ă 8, (270)

max
νPr0,dsXZ

„

E

”∣

∣

∣
gdpXd,t,x

T qprdνpZd,t,x
T q

∣

∣

∣

ı

`
ż T

t

E

“

fdpr,Xd,t,x
r , udpr,Xd,t,x

r qqprdνpZd,t,x
r q

‰

dr



ă 8, (271)

and

udpt, xq “ E

”

gdpXd,t,x
T qZd,t,x

T

ı

`
ż T

t

E

“

fdpr,Xd,t,x
r , udpr,Xd,t,x

r qqZd,t,x
r

‰

dr. (272)

(v) For all d P N we have that

lim sup
nÑ8

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

„

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2



“ 0. (273)

(vi) There exist pCδqδPp0,1q Ď p0,8q, η P p0,8q, pNd,εqdPN,εPp0,1q Ď N such that for all d P N,
δ, ε P p0, 1q we have that

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

«

Λd
νpT ´ tq

∥

∥

∥

∥

∥

prdν

˜

U
d,0

Nd,ε,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

pt, xq ´ udpt, xq
¸∥

∥

∥

∥

∥

2

ff

ă ε (274)

and

Cd

Nd,ǫ,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

ď Cδε
´p4`δqηdη. (275)

Proof of Theorem 6.1. First, the fundamental theorem of calculus and (254) imply for all d P N,
x, y P Rd that

‖µdpxq ´ µdpyq‖ “
∥

∥

∥

∥

ż 1

0

d

ds
rµdpy ` spx ´ yqqs ds

∥

∥

∥

∥

“
∥

∥

∥

∥

ż 1

0

ppDµdqpy ` spx ´ yqqqpx ´ yq ds
∥

∥

∥

∥

ď c‖x ´ y‖ (276)
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and similarly,

‖σdpxq ´ σdpyq‖ ď c‖x ´ y‖. (277)

This and a standard result on SDEs with Lipschitz continuous coefficients (see, e.g., [45, Theo-
rem 4.5.1]) prove (i). Next, a standard result on the existence and uniqueness of the derivative
process (see, e.g., [46, Theorem 3.4]) and the regularity assumptions of µd, σd, d P N, imply
(ii)–(iii).

Throughout the rest of this proof let q, c, c̄ P R satisfy that

q “ 40β, c̄ “ 16q2c2, c “ 2
?
2qcec

2r2q`
?
Ts2T (278)

and for every d P N let ϕd : R
d Ñ r1,8q, Vd : r0, T sˆRd Ñ r1,8q satisfy for all t P r0, T s, x P Rd

that

ϕdpxq “
´

c ` 48e86c
6T 3 ` ec

2T ` 4pcdcq2 ` 4c2‖x‖2
¯q

(279)

and

Vdpt, xq “
„

15cppcdcqc ` c2q
”?

T ` 2q
ı10

e3c
2r?

T`2qs2T e 1.5c̄T
2q



e
1.5c̄pT´tq

40 ϕ
1

40

d pxq. (280)

Then (256) shows for all t P r0, T q, x P Rd that

|gdpxq| ` |Tfdpt, x, 0q| ď
`

pcdcq2 ` c2‖x‖2
˘β ď ϕ

β
q

d pxq “ ϕ
1

40

d pxq ď Vdpt, xq. (281)

Next, (258), (279), the fact that q “ 40β, and (280) prove for all d P N, x, y P Rd that

|gdpxq ´ gdpyq| ď ppcdcq2 ` c2‖x‖2qβ ` ppcdcq2 ` c2‖y‖2qβ
2

‖x ´ y‖?
T

ď ϕ
β
q

d pxq ` ϕ
β
q

d pyq
2

‖x ´ y‖?
T

“ ϕ
1

40

d pxq ` ϕ
1

40

d pyq
2

‖x ´ y‖?
T

ď VdpT, xq ` VdpT, yq
2

‖x ´ y‖?
T

. (282)

Similarly, we have for all d P N, t P r0, T q, x, y P Rd, w1, w2 P R that

|fdpt, x, w1q ´ fdpt, y, w2q|

ď
d
ÿ

ν“0

“

Ld
νΛ

d
νpT q|prdνpw1 ´ w2q|

‰

` 1

T

Vdpt, xq ` Vdpt, yq
2

‖x ´ y‖?
T

. (283)

Next, (253), the fact that @ x, y P R : x ` y ď 2
a

x2 ` y2, and (279) imply for all d P N, x P Rd

that

‖µdp0q‖ ` ‖σdp0q‖ ` c‖x‖ ď cdc ` c‖x‖ ď 2ppcdcq2 ` c2‖x‖2q 1

2 “ ϕ
1

2q pxq. (284)

Moreover, (279), [39, Lemma 3.1] (applied for every d P N with p x q, a x c ` 48e86c
6T 3 `

ec
2T ` 4pcdcq2, c x 2c, V x ϕd in the notation of [39, Lemma 3.1]), and the fact that c̄ “ 16q2c2

prove for all d P N, x, y P Rd that

|pDϕdpxqqpyq| ď 4qcϕ
2q´1

2q

d pxq‖y‖ ď c̄ϕ
2q´1

2q

d pxq‖y‖ (285)

and

|pD2ϕdpxqqpy, yq| ď 16q2c2ϕ
2q´2

2q

d pxq‖y‖2 “ c̄ϕ
2q´2

2q

d pxq‖y‖2 (286)

where D,D2 denote the first and second derivative operators. This, (284), (254), (255), and
Lemma 5.3 (applied for every d,K P N with b x cdc, p x 2q, µ x µd, σ x σd, δ x t¨uK in the
notation of Lemma 5.3) prove that the following items hold.
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‚ For all d,K P N, s P r0, T s, t P rs, T s, x P Rd we have that

E

”

ϕdpX d,0,K,s,x
t q

ı

ď e1.5c̄|t´s|ϕdpxq. (287)

‚ For all d,K P N, s P r0, T s, t P rs, T s, x P Rd we have that

∥

∥

∥

∥

∥

∥
X d,0,K,s,x

t ´ X
d,s,x
t

∥

∥

∥

∥

∥

∥

2q
ď

?
2c

”?
T ` 2q

ı2

ec
2r?

T`2qs2T `e1.5c̄Tϕdpxq
˘

1

2q |t ´ s|
1

2

?
T?
K

. (288)

‚ For all d,K P N, s, s̃ P r0, T s, t P rs, T s, t̃ P rs̃, T s, x, x̃ P Rd we have that
∥

∥

∥

∥

∥

∥
X d,0,K,s,x

t ´ X d,0,K,s̃,x̃

t̃

∥

∥

∥

∥

∥

∥

2q

ď
?
2‖x ´ x̃‖ec

2r?
T`2qs2T

` 5ec
2r?

T`2qs2T
”?

T ` 2q
ı

e
1.5c̄T
2q

ϕ
1

2q

d pxq ` ϕ
1

2q

d px̃q
2

”

|s ´ s̃|
1

2 ` |t ´ t̃|
1

2

ı

. (289)

‚ For all d,K P N, k P r1, ds X Z, s P r0, T s, t P rs, T s, x P Rd we have that

∥

∥

∥
Vd,0,K,s,x,k
t

∥

∥

∥

2q
ď 2

?
2qcec

2r2q`
?
Ts2T

?
t ´ s

. (290)

‚ For all d,K P N, k P r1, ds X Z, s P r0, T s, t P rs, T s, x, y P Rd we have that

∥

∥

∥
Vd,0,K,s,x,k
t ´ Vd,0,K,s,y,k

t

∥

∥

∥

q
2

ď 2cdcc
“?

T ` 2q
‰3
e3c

2r?
T`2qs2T‖x ´ y‖?

t ´ s
. (291)

‚ For all d,K P N, k P r1, ds X Z, s P r0, T s, t P rs, T s, x P Rd we have that

∥

∥

∥
Vd,0,K,s,x,k
t ´ V

d,s,x,k
t

∥

∥

∥

q
ď

15cpcdcc ` c2q
“?

T ` 2q
‰6
e3c

2r?
T`2qs2T `e1.5c̄Tϕdpxq

˘ 1

2q

?
T?
K?

t ´ s
. (292)

‚ For all k P r1, ds X Z, s P r0, T s, s̃ P rs, T s, r P rs̃, T s, x P Rd we have that

∥

∥

∥
V

d,s̃,x,k
t ´ V

d,s,x,k
t

∥

∥

∥

q
ď 13pcdc ` cqce3c2r

?
T`2qs2T “?T ` 2q

‰4
e

1.5c̄T
2q ϕ

1

2q

d pxq|s ´ s̃|
1

2

?
t ´ s

?
t ´ s̃

. (293)

Now, (287) proves for all d,K P N, s P r0, T s, t P rs, T s, x P Rd that

∥

∥

∥
e

1.5c̄pT´tq
20 ϕ

1

20

d pX d,0,K,s,x
t q

∥

∥

∥

20
ď
´

E

”

e1.5c̄pT´tqϕdpX d,0,K,s,x
t q

ı¯ 1

20

ď
`

e1.5c̄pT´tqe1.5c̄pt´sqϕdpxq
˘

1

20 “ e1.5c̄pT´sqϕ
1

20

d pxq. (294)

This and (280) imply for all d,K P N, s P r0, T s, t P rs, T s, x P Rd that
∥

∥

∥
Vdpt,X d,0,K,s,x

t q
∥

∥

∥

20
ď Vdps, xq. (295)

Next, (288), (280), the fact that q ě 20, and Jensen’s inequality show for all d,K P N, s P r0, T s,
t P rs, T s, x P Rd that

∥

∥

∥

∥

∥

∥
X d,0,K,s,x

t ´ X
d,s,x
t

∥

∥

∥

∥

∥

∥

20
ď

?
TVdpt, xq?

K
. (296)

This proves for all d P N, s P r0, T s, t P rs, T s, x P R

d that X
d,s,x
t “ limKÑ8 X d,0,K,s,x

t in
probability. This, (295), the fact that for all d P N, Vd is continuous, and Fatou’s lemma imply
for all d P N, s P r0, T s, t P rs, T s, x P Rd that

∥

∥

∥
Vdpt, Xd,s,x

t q
∥

∥

∥

20
ď Vdps, xq. (297)
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Next, (292), (280), Jensen’s inequality, and the fact that q ě 40 prove for all d,K P N, s P r0, T q,
t P ps, T s, x P Rd, k P r1, ds X Z that

∥

∥

∥
V

d,0,K,s,x,k
t ´ V

d,s,x,k
t

∥

∥

∥

20
ď

?
T?
K
Vdpt, xq

?
T

?
t ´ s

(298)

Therefore, the fact that @ d,K P N, s P r0, T q, x P Rd : PpZd,0,K,s,x “ p1,Vd,0,K,s,xqq “ 1, the fact
that @ d P N, s P r0, T q, x P Rd : PpZd,s,x “ p1, V d,s,xqq “ 1, and the definition of Λd, d P N, prove
for all d,K P N, s P r0, T q, t P ps, T s, x P Rd, i P r0, ds X Z that

∥

∥

∥
prdi pZd,0,K,s,x

t ´ Z
d,s,x
t q

∥

∥

∥

20
ď

?
T?
K
Vdpt, xq

?
TΛd

i pt ´ sq
. (299)

In addition, (290), (278), Jensen’s inequality, and the fact that q ě 40 show for all d,K P N,
s P r0, T q, t P ps, T s, x P Rd, k P r1, ds X Z that

∥

∥

∥
Vd,0,K,s,x,k
t

∥

∥

∥

20
ď c?

t ´ s
, (300)

Thus, the fact that @ d,K P N, s P r0, T q, x P Rd : PpZd,0,K,s,x “ p1,Vd,0,K,s,xqq “ 1, the fact that
@ s P r0, T q, x P Rd : PpZd,s,x “ p1, V d,s,xqq “ 1, and the definition of Λd, d P N, imply for all
d,K P N, s P r0, T q, t P ps, T s, x P Rd, i P r0, ds X Z that

∥

∥

∥
prdi pZd,0,K,s,x

t q
∥

∥

∥

20
ď c

Λd
i pt ´ sq . (301)

This and (299) prove for all d P N, s P r0, T q, t P ps, T s, x P Rd, i P r0, ds X Z that
∥

∥

∥
prdi pZd,s,x

t q
∥

∥

∥

20
ď c

Λd
i pt ´ sq . (302)

Next, (289), Jensen’s inequality, the fact that q ě 40, and (278) show for all d,K P N, s P r0, T s,
t P rs, T s, x, y P Rd that

∥

∥

∥

∥

∥

∥
X d,0,K,s,x

t ´ X d,0,K,s,y
t

∥

∥

∥

∥

∥

∥

20
ď c‖x ´ y‖. (303)

Moreover, (288), Jensen’s inequality, the fact that q ě 40, (279), and (280) imply for all d,K P
N, s P r0, T s, t P rs, T s, x P Rd that

∥

∥

∥

∥

∥

∥
X d,0,K,s,x

t ´ X
d,s,x
t

∥

∥

∥

∥

∥

∥

20
ď

?
T?
K
Vdpt, xq. (304)

This, (303), and the fact that @ d P N : c ď Vd (see (279)–(280)) imply for all d,K P N,
s P r0, T s, t P rs, T s, x P Rd that

∥

∥

∥

∥

∥

∥
X

d,s,x
t ´ X

d,s,y
t

∥

∥

∥

∥

∥

∥

20
ď c‖x ´ y‖ ď Vdpt, xq ` Vdpt, yq

2
‖x ´ y‖. (305)

Next, (291), Jensen’s inequality, the fact that q ě 40, (278), and (279) show for all d,K P N,
s P r0, T q, t P ps, T s, x P Rd, k P r1, ds X Z that

∥

∥

∥
Vd,0,K,s,x,k
t ´ Vd,0,K,s,y,k

t

∥

∥

∥

20
ď Vdpt, xq ` Vdpt, yq

2

‖x ´ y‖?
T

?
t ´ s

. (306)

Hence, the fact that @ d,K P N, s P r0, T q, x P Rd : PpZd,0,K,s,x “ p1,Vd,0,K,s,xqq “ 1 and the
definition of Λd, d P N, prove for all d,K P N, s P r0, T q, t P ps, T s, x P Rd, i P r0, ds X Z that

∥

∥

∥
prdi pZd,0,K,s,x

t ´ Zd,0,K,s,y
t q

∥

∥

∥

20
ď Vdpt, xq ` Vdpt, yq

2

‖x ´ y‖?
TΛd

i pt ´ sq
. (307)

This and (299) show for all d,K P N, s P r0, T q, t P ps, T s, x P Rd, i P r0, ds X Z that
∥

∥

∥
prdi pZd,s,x

t ´ Z
d,s,y
t q

∥

∥

∥

20
ď Vdpt, xq ` Vdpt, yq

2

‖x ´ y‖?
TΛd

i pt ´ sq
. (308)



56

Next, (293), Jensen’s inequality, the fact that q ě 40, (279), and (280) imply for all d,K P N,
s P r0, T q, s̃ P rs, T q, t P ps̃, T s, x P Rd, i P r0, ds X Z that

∥

∥

∥
V

d,s̃,x,k
t ´ V

d,s,x,k
t

∥

∥

∥

q
ď Vdps̃, xq ` Vdps, xq

2

?
s̃ ´ s?

t ´ s̃
?
t ´ s

. (309)

Thus, the fact that @ d P N, s P r0, T q, x P Rd : PpZd,s,x “ p1, V d,s,xqq “ 1 and the definition of
Λd, d P N, show for all d,K P N, s P r0, T q, s̃ P rs, T q, t P ps̃, T s, x P Rd, i P r0, ds X Z that

∥

∥

∥
prdi pZd,s,x

t ´ Z
d,s̃,x
t q

∥

∥

∥

pz
ď Vdps̃, xq ` Vdps, xq

2

?
s̃ ´ s?

t ´ s̃Λd
i pt ´ sq . (310)

Moreover, (289), Jensen’s inequality, the fact that q ě 40, the fact that @ d,K P N, s P r0, T s, x P
R

d : PpX d,0,K,s,x
s “ sq “ 1, (279), and (280) imply for all d,K P N, s P r0, T s, t P rs, T s, x P Rd

that
∥

∥

∥

∥

∥

∥
X d,0,K,s,x

t ´ x
∥

∥

∥

∥

∥

∥

20
ď Vdps, xq

?
t ´ s. (311)

This and (304) prove for all d P N, s P r0, T s, t P rs, T s, x P Rd that
∥

∥

∥

∥

∥

∥
X

d,s,x
t ´ x

∥

∥

∥

∥

∥

∥

20
ď Vdps, xq

?
t ´ s. (312)

Now, Lemma 3.1 (applied for every d,K P N with δ x

?
T?
K

, pv x 20, px x 20, pz x 20, c x c,

V x Vd, pLiqiPr1,dsXZ x pLd
i qiPr1,dsXZ, Λ x Λd, pr x prd, f x fd, g x gd, X x X

d,0,K,p¨q,p¨q
p¨q ,

Z x Z
d,0,K,p¨q,p¨q
p¨q , X x X

d,p¨q,p¨q
p¨q , Z x Z

d,p¨q,p¨q
p¨q in the notation of Lemma 3.1), (281)–(283),

(295), (297), (302), (305), (308), the flow property of X as solution to the SDE in (i), (304),
and (299) imply that

‚ there exist unique measurable functions ud, ud,K : r0, T q ˆ R

d Ñ R

d`1, d,K P N, such
that for all d,K P N, t P r0, T q, x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

Λd
νpT ´ τq |pr

d
νpudpτ, ξqq|
Vdpτ, ξq



ă 8, (313)

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

Λd
νpT ´ τq |pr

d
νpuKpτ, ξqq|
Vdpτ, ξq



ă 8, (314)

max
νPr0,dsXZ

„

E

”∣

∣

∣
gdpXd,t,x

T qprdνpZd,t,x
T q

∣

∣

∣

ı

`
ż T

t

E

“∣

∣fdpr,Xd,t,x
r , udpr,Xd,t,x

r qqprdνpZd,t,x
r q

∣

∣

‰

dr



ă 8,

(315)

max
νPr0,dsXZ

«

E

”∣

∣

∣
gdpX d,0,K,t,x

T qprdνpZd,0,K,t,x
T q

∣

∣

∣

ı

`
ż T

t

E

“∣

∣fdpr,X d,0,K,t,x
r , ud,Kpr,X d,0,K,t,x

r qqprdνpZd,0,K,t,x
r q

∣

∣

‰

dr

ff

ă 8, (316)

udpt, xq “ E

”

gdpXd,t,x
T qZd,t,x

T

ı

`
ż T

t

E

“

fdpr,Xd,t,x
r , udpr,Xd,t,x

r qqZd,t,x
r

‰

dr, (317)

and

ud,Kpt, xq “ E

”

gdpX d,0,K,t,x
T qZd,0,K,t,x

T

ı

`
ż T

t

E

“

fdpr,X d,0,K,t,x
r , ud,Kpr,X d,0,K,t,x

r qqZd,0,K,t,x
r

‰

dr (318)

and
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‚ for all d P N, ν P r0, ds X Z, t P r0, T q, y P Rd we have that

Λd
νpT ´ tq|prdνpudpt, yq ´ ud,Kpt, yqq| ď

?
T?
K
ec

2T

?
T

V
9
dpt, yq. (319)

This and the fact that @ d P N : ec
2T ď Vd (see (279)–(280)) imply for all d P N, ν P r0, ds X Z,

t P r0, T q, y P Rd that

Λd
νpT ´ tq|prdνpudpt, yq ´ ud,Kpt, yqq| ď V

10
d pt, yq?
K

. (320)

Furthermore, Lemma 2.9 (applied for every d P N with pv x 20, px x 20, pz x 20, c x c,

pLiqiPr0,dsXZ x pLd
i qiPr0,dsXZ, Λ x Λd, pr x prd, f x fd, g x gd, V x Vd, X x X

d,p¨q,p¨q
p¨q ,

Z x Z
d,p¨q,p¨q
p¨q in the notation of Lemma 2.9), (281)–(283), (297), (302), (305), (308), and

(312) prove for all d P N that ud is continuous. This, (313), (315), and (317) show (iv).
Next, Proposition 4.3 (applied for every d,K P N with pv x 20, px x 20, pz x 20, c x c,

pLiqiPr0,dsXZ x pLd
i qiPr0,dsXZ, Λ x Λd, pr x prd, f x fd, g x gd, V x Vd, X x X

d,p¨q,K,p¨q,p¨q
p¨q ,

Z x Z
d,p¨q,K,p¨q,p¨q
p¨q , U x U

d,p¨q
p¨q,p¨q,K , q1 x 3 in the notation of Proposition 4.3), (281)–(283), (295),

(311), (301), (280), the fact that @ d,K P N, s P r0, T q, x P Rd : PpZd,0,K,s,x “ p1,Vd,0,K,s,xqq,
(263), and (264) prove for all d,K, n,m P N, t P r0, T q, ν P r0, ds X Z, x P Rd that

Λd
νpT ´ tq

∥

∥

∥
prdν

´

U
d,0
n,m,Kpt, xq ´ ud,Kpt, xq

¯∥

∥

∥

2
ď e

m3

6 m´n
2 8nenc

2T
V

3
dpt, xq. (321)

Hence, the triangle inequality and (320) show for all d,K, n,m P N, t P r0, T q, ν P r0, ds X Z,
x P Rd that

Λd
νpT ´ tq

∥

∥

∥
prdν

´

U
d,0
n,m,Kpt, xq ´ udpt, xq

¯∥

∥

∥

2

ď Λd
νpT ´ tq

∥

∥

∥
prdν

´

U
d,0
n,m,Kpt, xq ´ ud,Kpt, xq

¯∥

∥

∥

2
` Λd

νpT ´ tq
∣

∣prdνpudpt, xq ´ ud,Kpt, xqq
∣

∣

ď e
m3

6 m´n
2 8nenc

2T
V

3
dpt, xq ` V

10
d pt, xq?
K

ď
„

e
m3

6 m´n
2 8nenc

2T ` 1?
K



V
10
d pt, xq. (322)

This implies for all d, n P N that

sup
νPr0,dsXZ,tPr0,T q,xPRd

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2

V10
d pt, xq

“
”

e
n
6 n´n

6 8nenc
2T ` n´n

6

ı

ď e
n
6 n´n

6 9nenc
2T . (323)

Therefore, (279) and (280) show for all d P N that

lim sup
nÑ8

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

„

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2



ď lim sup
nÑ8

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

”

e
n
6 n´n

6 9nenc
2T
V

10
d pt, xq

ı

“ 0. (324)

This proves (v).
For the next step let pNd,εqdPN,εPp0,1q, pCδqδPp0,1q Ď r0,8s satisfy for all d P N, ε P p0, 1q that

Nd,ε “ inf

#

n P N : sup
kPr0,8qXZ,νPr0,dsXZ,tPr0,T q,xPr´k,ksd

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

k,k
1
3 ,k

k
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2

ď ε

+

(325)
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and

Cδ “ sup
nPN

´

e
n
6 9nenc

2T
¯4`δ

6n`1n
2

3

n
δn
6

. (326)

Then (324) shows for all d P N, ε P p0, 1q that Nd,ε P N. Furthermore, for all δ P p0, 1q we have
that Cδ ă 8. Next, [5, Lemma 3.14], (266), and (265) imply for all d,K,m, n P N that

Cd
n,m,K ď Ke ` gd ` Ked ` fd

2
p3mqn ď Kped ` gd ` fdqp3mqn ď Kcdcp3mqn. (327)

This proves for all d,K,m, n P N that

Cd

n`1,pn`1q 1
3 ,pn`1q

n`1

3

ď pn ` 1qn`1

3 cdcp3pn ` 1q 1

3 qn`1

“ cdc3n`1pn ` 1q 2pn`1q
3

ď cdc3n`1p2nq 2pn`1q
3

ď cdc6n`1n
2pn`1q

3

“ cdc6n`1n
2

3n
2n
3 . (328)

Hence, (323) shows for all d, n P N, δ P p0, 1q that

»

—

—

–

sup
νPr0,dsXZ,tPr0,T q,xPRd

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2

V10
d pt, xq

fi

ffi

ffi

fl

4`δ

Cd

n`1,pn`1q 1
3 ,pn`1q

n`1

3

ď
´

e
n
6 n´n

6 9nenc
2T
¯4`δ

cdc6n`1n
2

3n
2n
3

ď

´

e
n
6 9nenc

2T
¯4`δ

6n`1n
2

3

n
δn
6

cdc

ď Cδcd
c. (329)

Next, (279) and (280) imply that there exists η P p0,8q such that for all d P N we have that
suptPr0,T q,xPr´k,ksd Vdpt, xq ď ηdη. This and (329) imply that there exists η P p0,8q such that for

all d P N, δ P p0, 1q we have that

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

„

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2

4`δ

Cd

n`1,pn`1q 1
3 ,pn`1q

n`1

3

ď Cδcd
c

«

sup
tPr0,T q,xPr´k,ksd

V
10
d pt, xq

ff4`δ

ď Cδcd
c

«

sup
tPr0,T q,xPr´k,ksd

V
10
d pt, xq

ff5

ď Cδηd
η. (330)

In addition, (327) shows for all d P N, ε P p0, 1q that if Nd,ε “ 1 then

ε4`δC
Nd,ǫ,|Nd,ε|

1
3 ,|Nd,ε|

Nd,ε
3

ď C1,1,1 ď 3cdc. (331)

Moreover, (325) and (330) implies that there exists η P p0,8q such that for all d P N, ε P p0, 1q
we have that if Nd,ε ě 2 then

ε4`δCd

Nd,ǫ,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

ď sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

«

Λd
νpT ´ tq

∥

∥

∥

∥

∥

prdν

˜

U
d,0

Nd,ε´1,pNd,ε´1q 1
3 ,pNd,ε´1q

Nd,ε´1

3

pt, xq ´ udpt, xq
¸∥

∥

∥

∥

∥

2

ff4`δ

Cd

Nd,ǫ,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3
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ď Cδηd
η (332)

This and (331) prove that there exists η P p0,8q such that for all d P N, ε P p0, 1q we have that

ε4`δCd

Nd,ε,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

ď Cδηd
η. (333)

Thus, the fact that @ d P N, ε P p0, 1q : Nd,ε ă 8, (325), and the fact that @ δ P p0, 1q : Cδ ă 8
establish (vi). The proof of Theorem 6.1 is thus completed. �

Finally, we provide the proof of Theorem 1.1.

Proof of Theorem 1.1. First, the fundamental theorem of calculus and (4) prove for all d P N,
x, y P Rd that

‖σdpxq ´ σdpyq‖ “
∥

∥

∥

∥

ż 1

0

d

ds
rσdpy ` spx ´ yqqs ds

∥

∥

∥

∥

“
∥

∥

∥

∥

ż 1

0

ppDσdqpy ` spx ´ yqqqpx ´ yq ds
∥

∥

∥

∥

ď c‖x ´ y‖ (334)

and similarly

‖µdpxq ´ µdpyq‖ ď c‖x ´ y‖. (335)

Next, (5) shows for all d P N, x, h P Rd that

‖h‖2 “ hJσ´1
d pxqσdpxqpσdpxqqJppσdpxqq´1qJh ě 1

c

∥

∥ppσdpxqq´1qJh
∥

∥

2
. (336)

This implies for all d P N, x, h P Rd that
∥

∥ppσdpxqq´1qJh
∥

∥

2 ď c‖h‖2. (337)

Therefore, the fact that for all d P N, Σ P Rdˆd we have that the operator norm of Σ is equal to
the operator norm of ΣJ proves for all d P N, x, h P Rd that

∥

∥ppσdpxqq´1qh
∥

∥

2 ď c‖h‖2. (338)

Next, the Cauchy-Schwarz inequality implies for all d P N, s “ psijqi,jPr1,dsXZ P R

dˆd, h “
phjqjPr1,dsXZ P Rd that

‖sh‖2 “
d
ÿ

i“1

∣

∣

∣

∣

∣

d
ÿ

j“1

sijhj

∣

∣

∣

∣

∣

2

ď
d
ÿ

i“1

«˜

d
ÿ

j“1

|sij|
2

¸˜

d
ÿ

j“1

|hj |
2

¸ff

“ ‖s‖2‖h‖2. (339)

This, (338), (334), and the fact that c ě 1 show for all d P N, x, y, h P Rd that
∥

∥pσ´1
d pyq ´ σ´1

d pxqqh
∥

∥ “
∥

∥σ´1
d pyqpσdpxq ´ σdpyqqσ´1

d pxqh
∥

∥

ď c
∥

∥pσdpxq ´ σdpyqqσ´1
d pxqh

∥

∥

ď c ‖σdpxq ´ σdpyq‖
∥

∥σ´1
d pxqh

∥

∥

ď c3 ‖x ´ y‖ ‖h‖. (340)

Hence, Theorem 6.1, (338), and the assumption of Theorem 1.1 prove that the following items
hold.

‚ For all d P N there exists an up to indistinguishability continuous random field

pXd,s,x
t qsPr0,T s,tPrs,T s,xPRd : tpσ, τq P r0, T s : σ ď τuˆRdˆΩ Ñ R

d such that for all s P r0, T s,
x P Rd we have that pXd,s,x

t qtPrs,T s is pFtqtPrs,T s-adapted and such that for all s P r0, T s,
t P rs, T s, x P Rd we have P-a.s. that

X
d,s,x
t “ x `

ż t

s

µdpXd,s,x
r q dr `

ż t

s

σdpXd,s,x
r q dW d,0

r . (341)



60

‚ For all d P N, s P r0, T s, x P Rd there exists an pFtqtPrs,T s-adapted stochastic process

pDd,s,x
t qtPrs,T s “ pDd,s,x,k

t qkPr1,dsXZ : rs, T s ˆ Ω Ñ R

dˆd which satisfies for all t P rs, T s,
k P r1, ds X Z that P-a.s. we have that

D
d,s,x,k
t “

ż t

s

`

pDµdqpXd,s,x
r q

˘

pDd,s,x,k
r q dr `

ż t

s

`

pDσdqpXd,s,x
r q

˘

pDd,s,x,k
r q dW d,0

r . (342)

‚ For all d P N, s P r0, T q, x P R

d there exist pFtqtPps,T s-adapted stochastic processes

pV d,s,x
t qtPps,T s “ pV d,s,x,k

t qtPps,T s,kPr1,dsXZ : ps, T s ˆ Ω Ñ R

d and pZd,s,x
t qtPps,T s : ps, T s ˆ Ω Ñ

R

d`1 which satisfy for all t P ps, T s that P-a.s. we have that

V
d,s,x
t “ 1

t ´ s

ż t

s

pσ´1
d pXd,s,x

r qDd,s,x
r qJ dW d,0

r (343)

and Z
d,s,x
t “ p1, V d,s,x

t q.
‚ For all d P N there exists a unique continuous function ud : r0, T q ˆRd Ñ R

d`1 such that
for all t P r0, T q, x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

Λd
νpT ´ τq |prdνpudpτ, ξqq|

rpcdcq2 ` c2‖x‖2s



ă 8, (344)

max
νPr0,dsXZ

„

E

”∣

∣

∣
gdpXd,t,x

T qprdνpZd,t,x
T q

∣

∣

∣

ı

`
ż T

t

E

“

fdpr,Xd,t,x
r , udpr,Xd,t,x

r qqprdνpZd,t,x
r q

‰

dr



ă 8, (345)

and

udpt, xq “ E

”

gdpXd,t,x
T qZd,t,x

T

ı

`
ż T

t

E

“

fdpr,Xd,t,x
r , udpr,Xd,t,x

r qqZd,t,x
r

‰

dr. (346)

‚ For all d P N we have that

lim sup
nÑ8

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

„

Λd
νpT ´ tq

∥

∥

∥

∥

prdν

ˆ

U
d,0

n,n
1
3 ,n

n
3

pt, xq ´ udpt, xq
˙∥

∥

∥

∥

2



“ 0. (347)

‚ There exist pCδqδPp0,1q Ď p0,8q, η P p0,8q, pNd,εqdPN,εPp0,1q Ď N such that for all d P N,
δ, ε P p0, 1q we have that

sup
νPr0,dsXZ,tPr0,T q,xPr´k,ksd

«

Λd
νpT ´ tq

∥

∥

∥

∥

∥

prdν

˜

U
d,0

Nd,ε,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

pt, xq ´ udpt, xq
¸∥

∥

∥

∥

∥

2

ff

ă ε (348)

and

Cd

Nd,ǫ,|Nd,ε|
1
3 ,|Nd,ε|

Nd,ε
3

ď Cδε
´p4`δqηdη. (349)

Next, (8), the Cauchy-Schwarz inequality, and the fact that @ d P N :
řd

ν“0 L
d
ν ď c imply for all

d P N, t P r0, T q, w1, w2 P Rd`1 that

|fdpt, x, w1q ´ fdpt, y, w2q|

ď
d
ÿ

ν“0

“

Ld
νΛ

d
νpT q|prdνpw1 ´ w2q|

‰

` 1

T
c
‖x ´ y‖?

T

ď Ld
0

∣

∣prd0pw1 ´ w2q
∣

∣ `
˜

d
ÿ

ν“1

|Ld
ν |

2

¸
1

2

˜

d
ÿ

ν“1

T |prdνpw1 ´ w2q|2
¸

1

2

` c

T
?
T
‖x ´ y‖

ď c
∣

∣prd0pw1 ´ w2q
∣

∣ ` c

˜

d
ÿ

ν“1

T |prdνpw1 ´ w2q|2
¸

1

2

` c

T
?
T
‖x ´ y‖. (350)
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In addition, (334) and (335) imply for all d P N, x P Rd that

‖µdpxq‖ ď ‖µdp0q‖ ` c‖x‖ ď cdc ` c‖x‖ “ cpdc ` ‖x‖q ď cdcp1 ` ‖x‖q (351)

and similarly

‖σdpxq‖ ď cdcp1 ` ‖x‖q. (352)

Furthermore, (6) shows for all d P N, k P r1, ds X Z, x, y P Rd that

max t‖pDkµdqpxq ´ pDkµdqpyq‖ , ‖ppDkσdqpxq ´ pDkσdqpyqqphq‖u
“ max t‖ppDµdqpxq ´ pDµdqpyqqpekq‖ , ‖ppDσdqpxq ´ pDσdqpyqqpekq‖u ď c‖x ´ y‖, (353)

where Dk, k P r1, ds X Z, denote the partial derivatives. Thus, an existence and uniqueness
result on viscosity solution (see, e.g., [49, Proposition 5.1] and [49, Proposition 5.2]), (350),
(9), (334), (335), (351), (352), (7), (5), (341)–(346), and the regularity assumptions of µd,
σd, d P N, show for all d P N that vd :“ prd0pudq is the unique viscosity solution to the following
semilinear PDE of parabolic type:

Bvd
Bt pt, xq ` xp∇xvdqpt, xq, µdpxqy ` 1

2
trace

`

σdpxqrσdpxqsJ Hessx vdpt, xq
˘

` fdpt, x, vdpt, xq, p∇xvdqpt, xqq “ 0 @ t P p0, T q, x P Rd, (354)

vdpT, xq “ gdpxq @ x P Rd (355)

and ∇xvd “ pprd1pudq, prd2pudq, . . . , prddpudqq. Combining this with (347)–(349) establishes (i)–
(iii). The proof of Theorem 1.1 is thus completed. �
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exponential Lévy models. Finance and Stochastics 25, 4 (2021), 615–657.

[25] GONON, L., AND SCHWAB, C. Deep ReLU neural networks overcome the curse of dimensionality for partial
integrodifferential equations. Analysis and Applications 21, 01 (2023), 1–47.

[26] GROHS, P., HORNUNG, F., JENTZEN, A., AND VON WURSTEMBERGER, P. A proof that artificial neural networks

overcome the curse of dimensionality in the numerical approximation of Black–Scholes partial differential
equations. Mem. Am. Math. Soc. 284 (2023).

[27] HAN, J., JENTZEN, A., AND E, W. Solving high-dimensional partial differential equations using deep learning.

Proceedings of the National Academy of Sciences 115, 34 (2018), 8505–8510.
[28] HAN, J., AND LONG, J. Convergence of the deep BSDE method for coupled FBSDEs. Probability, Uncertainty

and Quantitative Risk 5 (2020), 1–33.

[29] HAN, J., ZHANG, L., AND E, W. Solving many-electron Schrödinger equation using deep neural networks.
Journal of Computational Physics 399 (2019), 108929.
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