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MULTILEVEL PICARD APPROXIMATIONS OVERCOME THE CURSE OF DIMENSIONALITY
IN THE NUMERICAL APPROXIMATION OF GENERAL SEMILINEAR PDES
WITH GRADIENT-DEPENDENT NONLINEARITIES

ARIEL NEUFELD!, TUAN ANH NGUYEN?, AND SIZHOU WU3

ABSTRACT. Neufeld and Wu (arXiv:2310.12545) developed a multilevel Picard (MLP) algorithm
which can approximately solve general semilinear parabolic PDEs with gradient-dependent non-
linearities, allowing also for coefficient functions of the corresponding PDE to be non-constant.
By introducing a particular stochastic fixed-point equation (SFPE) motivated by the Feynman-Kac
representation and the Bismut-Elworthy-Li formula and identifying the first and second compo-
nent of the unique fixed-point of the SFPE with the unique viscosity solution of the PDE and
its gradient, they proved convergence of their algorithm. However, it remained an open ques-
tion whether the proposed MLP schema in arXiv:2310.12545 does not suffer from the curse of
dimensionality. In this paper, we prove that the MLP algorithm in arXiv:2310.12545 indeed can
overcome the curse of dimensionality, i.e. that its computational complexity only grows polynomi-
ally in the dimension d € N and the reciprocal of the accuracy ¢, under some suitable assumptions
on the nonlinear part of the corresponding PDE.

1. INTRODUCTION

Partial differential equations (PDEs) are important tools to analyze many real world phe-
nomena, e.g., in financial engineering, economics, quantum mechanics, or statistical physics to
name but a few. In most of the cases such high-dimensional nonlinear PDEs cannot be solved
explicitly. It is one of the most challenging problems in applied mathematics to approximately
solve high-dimensional nonlinear PDEs. In particular, it is very difficult to find approximation
schemata for nonlinear PDEs for which one can rigorously prove that they do overcome the
so-called curse of dimensionality in the sense that the computational complexity only grows
polynomially in the space dimension d of the PDE and the reciprocal * of the accuracy ¢.

In recent years, there are two types of approximation methods which are quite successful in
the numerical approximation of solutions of high-dimensional nonlinear PDEs: neural network
based approximation methods for PDEs, cf., [1,2,3,4,7,9,10,11,13,14,17,18,19,20,22,23,24,
25,26,27,28,29,30,34,40,41,42,43,46,50,51,52,53,54,55,56] and multilevel Monte-Carlo
based approximation methods for PDEs, cf., [5,6,8,15,16,21,31,32,33,35,36,37,38,48].

Neural networks based algorithms are very efficient in practice. However, a rigorous con-
vergence analysis for them is often missing because when training neural networks the corre-
sponding optimization problems are typically non-convex. On the other hand for multilevel
Monte-Carlo based algorithms it is often possible to provide a complete convergence and com-
plexity analysis. It has been proven that under some suitable assumptions, e.g., Lipschitz con-
tinuity on the linear part, the nonlinear part, and the initial (or terminal) condition function
of the PDE under consideration, the multilevel Picard approximation algorithms can overcome
the curse of dimensionality in the sense that the number of computational operations of the
proposed Monte-Carlo based approximation method grows at most polynomially in both the
reciprocal 1 of the prescribed approximation accuracy ¢ € (0, 1) and the PDE dimension d € N,
see [5,6,15,16,21,31, 32,33, 35,36,37,38,47,48].
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Nevertheless, for semilinear PDEs whose nonlinear part depends also on the gradient the
development of numerical schemes as well as their complexity analysis are still at their infancy.
In [31, 36] multilevel Picard (MLP) approximation algorithms together with their convergence
and complexity analysis have been developed for semilinear heat equations with nonlinear parts
depending on the gradients of the solutions. Recently, [49] developed an MLP algorithm for
general semilinear PDEs with gradient-dependent nonlinearities, allowing also for coefficient
functions of the corresponding PDE to be non-constant. The main idea of the algorithm in [49]
is to introduce a particular stochastic fixed-point equation (SFPE) motivated by the Feynman-
Kac representation and the Bismut-Elworthy-Li formula and to identify the first and second
component of the unique fixed-point of the SFPE with the unique viscosity solution of the PDE
and its gradient, allowing to prove convergence of their algorithm. However, it remained an
open question whether the proposed MLP schema in [49] does not suffer from the curse of
dimensionality. The main goal of this paper is to prove that the MLP schema in [49] indeed can
overcome the curse of dimensionality under some suitable assumptions on the nonlinear part,
namely, (1) and (8) in Theorem 1.1 below, which is the main result of our paper.

1.1. Notations. Throughout the paper we use the following notations. Let R denote the set of
all real numbers. Let Z, Ny, N denote the sets which satisfy that Z = {...,—-2,—-1,0,1,2,.. .},
N = {1,2,...}, Ny = N u {0}. Let D denote the total derivative, V denote the gradient, and
Hess denote the Hessian matrix. For every matrix A let AT denote the transpose of A and let
trace(A) denote the trace of A when A is a square matrix. Let -, -) denote the standard scalar
product on R%, d € N. Let B(+, -) denote the Beta function. When applying a result we often use
a phrase like “Lemma 3.8 with d «\~ (d — 1)” that should be read as “Lemma 3.8 applied with
d (in the notation of Lemma 3.8) replaced by (d — 1) (in the current notation)” and we often
omit a trivial replacement to lighten the notation, e.g., we rarely write, e.g., “Lemma 3.28 with
d~d’.

1.2. Main result.

Theorem 1.1. Let © = U, 7", T € (0,0), k € [0,00), c€ [1,0). Let ||-||: Ugen R — [0,0)
satisfy for all k,¢ € N, s = (sij)ie[xloN e[y € R that ||s||> = Y7 370 |sy|* For every
d e Nlet (LY);ep0.a1~z € R satisfy that

d
ZL? <ec. (D
i=0

For every K € N let |-|x: R — R satisfy for all t € R that |t|x = max({0,%,2L,.... T}

((—o0,t) U {0})). For every d € N let AY = (A2),ei0,qj~z: [0, T] — R'* satisfy for all t € [0,T]
that A%(t) = (1,+/t,...,+/t). For every d € N let pr’ = (prl),c.a~z: R — R satisfy for all
w = (w)vefo,d)nzs ¢ € [0,d] N Z that pri(w) = w;. Foreveryd e N, k € [1,d] N Z let ¢f € R?
denote the d-dimensional vector with a 1 in the k-th coordinate and 0’s elsewhere. For every d € N
let f€ C([0,T) x RYx R R), ga € C(RE R), g € C3(RE, RY), 04 € C3*(RY, R™?). To shorten
the notation we write for all de N, t € [0,T), x € R%, w: [0,T) x R — R4*! that

(Fa(w))(t, z) = falt, z, w(t, z)). (2)

Assume forallde N, ie [0,d]| nZ, s [0,T),te[s,T), re (t,T], z,y, h € R wy, ws € R4 that
o4 1s invertible,

IaO)] + 4 )] < edt ®)
max (| ((Dpra) @) W] (Do) () ()} < el @
yoa()(oale) Ty > =yl (5)

max {[|((Dpa)(x) = (Dpa) () (W], [[(Doa) (z) = (Daa) )W} < ellz = ylllIAll, (6



9a(a) | + T fult, . 0)] < [(ed)? + ¢ *] @
‘fd(t T wl) fd t y ’UJ2 Zd] LdAd |pI' (wl w2)‘:| + chx _yH (8)
) &y ) ~ T \/T ’
and
gu(o) — guty)] < 1“2, ©
Let 0: {(7'7 O') S [0,T)2: T < O’} — RsatiSfnyT' all t [O,T), s€ (t,T) that
1 1

BELDVT -9 0
Let (Q, F, P, (IF;)ic[0,17) be afiltered probability space which satisfies the usual conditions. For every
random variable X: Q — R let | X]|o € [0, o0] satisfy that || X]|3 = E[||X||?]. Let t’: Q@ — (0,1),
0 € O, be independent and identically distributed random variables and satisfy for all b € (0, 1)
that
1 b dr
B(%,%) 0 T(l—?‘)'
For every d € N let W*%: [0,T] x Q@ — R% 6 e ©, be independent (lFt)te[OT]-Browman
motions with continuous sample paths. Assume for every d € N that (W) and (%)sco
are independent. For every § € O, d,K € N, s € [0,T], x € RY% k e [1,d] n 7Z let
(Xtd’e’K’s’m)te[svT], (Df’e’K’s’x’k)te[svT] : [5,T) x Q — R be (F)efs,71-adapted stochastic processes with
continuous sample paths which satisfy for all t € s, T| that P-a.s. we have that

(1D

max{s,| max{s,|r|

t t
OIS _ gy J pa( Xt ) dr + J 2o ) AW (12)
and

t
Dt = e [ (Do) ) (Dhat, ) do

S

t
d,0,K,s,x d,0,K,s,x,k d,0
+ f (Do) gt ) (Dimiyk, ) awi. (13)

s

Forevery 0 € ©,d,K e N, s € [0,T), t € (s,T], x € R let Yo (Vf’G’K’S’m’k)ke[lvd]mZ: Q —
Re, Zh0Kse (Zfl’e’K’s’x’k)ke[Qd]mZ: Q — R™! satisfy that

1 T
th,@,K,s,m: J<d1<Xd9K” )Dd,G,K,s,m ) dW;z,e (14)

I — s . max{s,|r|x} max{s,|r|x}

and ZF05" — (1, VPR Let Ugan [0,7) x RY - R, d, K e N, n,m € 7Z, § € ©, satisfy

foralld,n,m,KeN, 0e©,te|0,T), x € R? that Uff7m7K(t, T) = U&%K(t,x) = 0 and

d,0 m" gd<X¥,(9,0,*i),K,t,x) . gd(x> 00 Kt
Un7m K(t7 l‘) = (gd(x)a O) + 2 ZT7 il IEAELS)
- i=1 m'

s (AR RO (47— 00 ) s

t+ (T —1t)e(0:6:9) t4+(T—1)r(0:6:9)
mr=Lo(t,t + (T — t)e@:60) '

(15)
For every d € N let ¢4, {4, 9a € [0, 00) satisfy that
eq + fa + 9 < cd®. (16)



Let szK € [0,0), n,meZ, d, K € N, satisfy for all n € Z, d,m, K € N that
n—1

€ e <m"(Kea+ ga)In(n) + D [m" (Kea+fa+ € i + €y i)] (17)
=0
Then the following items hold.
(i) For all d € N there exists a unique continuous function ug: [0,T) x R — R*"! such that
vy = pri(ug) is the unique viscosity solution to the following semilinear PDE of parabolic

type:
%(t, z) + {(Vova)(t, x), pa(x)) + % trace(oq(z)[o4(2)] " (Hess, v4)(t, ))
+ fa(t,z,vq(t, x), (Voua)(t,2)) =0 Vte (0,T),2eRY, (18)
va(T,2) = ga(z) YVaeR? (19)

and such that V,vg = (pré(ug), pré(uq), . . ., pré(ug)).
(ii) For all d € N we have that

lim sup sup {Ag(T —t)
n—0  pel0,d|nZ,te[0,T),ze[—k k]¢

prg <Ud’0 Lo (x) —ug(t, x))

n,n3.,n3

} = 0. (20)
2

(iii) There exist (Cs)sc0,1) S (0,0), n € (0,00), (Nac)dence0,1) S N such that for all d € N,
d,e € (0,1) we have that

sup AYT —t) ||prd | U*° ) vy (tx) —ug(t, x) <e (2D
vel0,d]n7Z,te[0,T),xe[—k, k|4 Ny )|Nge|3,INg| 73 9
and
¢ < Cye= W+ pgn. (22)

N,
1 d.e
Nd,67|Nd,E‘37‘Nd,E‘ 3

Theorem 1.1 follows directly from Theorem 6.1 (see the proof of Theorem 1.1 after the proof
of Theorem 6.1 in Section 6). Let us make some comments on the mathematical objects in
Theorem 1.1. For every d € N we want to approximately solve the PDE (18) with terminal
condition (19) where (uq4,04) is the linear part, f; is the nonlinear part, and g, is the terminal
condition. To make sure that for all d € N, (18)-(19) have a unique viscosity solution we need
(3)-(9) which are Lipschitz and linear growth conditions. To approximate the exact solutions
and its derivatives we introduce the MLP approximation in (15) based on Euler-Maruyama
schemata (12)-(14) that approximate the forward processes. The motivation for (15) as well
as (12)—(14) is the so-called Bismut-Elworthy-Li formula (see the discussion in the introduction
of [49]). To describe the computational complexity, for each d € N, n € Ny, M € N we intro-
duce €7« € N to denote the sum of: the number of function evaluations of g,, the number
of function evaluations of (i, (D)), the number of function evaluations of (o4, (Dag),0;"),
and the number of realizations of scalar random variables used to obtain one realization of
the MLP approximation algorithm in (15). Moreover, for each d € N we use g, to denote the
number of function evaluations of g;, we use f, to denote the number of function evaluations
of f;, and we use ¢, to denote the sum of: the number of realizations of scalar random vari-
ables generated, the number of function evaluations of (y4, (Dp4)), and the number of function
evaluations of (o4, (Doy),0;"). Assumption (16) implies that the computational effort to eval-
uate the input functions to (18)—(19) grows only polynomially in the dimension d which is a
reasonable assumption for MLP approximation (15) to overcome the curse of dimensionality
when approximately solving (18)—-(19). We highlight that condition (8) combined with (1)
is stronger than condition (2.2) in [49], which allows the numerical schema to overcome the
curse of dimensionality.

Our paper is organized as follows. In Section 2 we study existence, uniqueness, and the
spatial and temporal regularity of solutions to SFPEs. Section 3 is a perturbation result that
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estimates the difference between two fixed points. Section 4 provides an abstract framework
for the study of MLP approximations. Section 5 contains some results for solutions to stochastic
differential equations (SDEs) and their discretizations with explicit constants independent of
the dimension d. Section 6 combines the results in Sections 3-5 to prove the main result,
Theorem 1.1 above.

2. STOCHASTIC FIXED POINT EQUATIONS

Lemmata 2.1-2.3 are some simple but useful auxiliary results.

2.1. A Gronwall-type inequality.

Lemma 2.1. Let T € (0, 0). Then for all t € [0, T) we have that St ﬁ =B(3,3) < 4.
Proof of Lemma 2.1. The substitution s = ;*’;, ds = = shows for all ¢ € [0, T') that
J J f (T —t)ds
m —dr T—t)% o [(1—=s)(T —t)]2[s(T —1)]2 23)
[t hgyes
o [s(1—s)]2
This completes the proof of Lemma 2.1. O

Lemma 2.2. Let T € (0, ), p € (1,2), q € (2,%0) satisfy that ; + ¢ = 1. Let H: [0,T) — [0,0) be
measurable. Then for all t € [0,T) we have that

(f_(’:)?:_t) <T» (B1-2,1-2)) ( t \H('r’)\qdr)q. (24)

Proof of Lemma 2.2. Holder’s inequality and the substitution s = %=, ds =
allt € [0,T), p,q e (1,0) with > + - = 1 we have that

tT%gT@T( —r>5<r—t%) U [H(r 'qdr)
‘TU: [(1—5)(7@_)?? ) U [H(r ‘qd’”)
=7 Uo (1- )] ) U Hr 'qdr>

<T» (B(1-2,1-1)) (J H(r \qdr) . (25)

This completes the proof of Lemma 2.2. O

= imply that for

Lemma 2.3 (Gronwall-type inequality). Let T € (0,%), a,b € [0,0), p € (1,2), ¢ € (2,0)
satisfy that - + - = 1. Let H: [0,T) — [0,0) be measurable. Assume for all t € [0,T) that

S§|H(5)\q ds < oo and
T H(r)dr

\/(T—'r’)(r—t)'

H(t)<a+0bT (26)

Then for all t € [0,T) we have that

) -1 z _ P 1_pY))»
H(t)éQ%anp <2q T (B0 - 5,1 ) (T—t)). 27

q



Proof of Lemma 2.3. Lemma 2.2 and (26) prove for all ¢ € [0, T) that

H(t) <a+bT5 (B(1—-2,1-12)) U |H (r \qdr) : (28)

This and the fact that Vz,y € R: |z + y|? < 297 |z|? + 297! |y|? show for all ¢ € [0, T') that
|H(£)]” < 297 Ya|? + 297 Y(b|T> (B (B(1—-2%2,1-2) ZJ |H (r)|?dr. (29)

Hence, the fact that S§|H (s)|9ds < oo and Gronwall’s lemma imply for all ¢ € [0, T') that
|H(#)|7 < 277 |a|7 exp <2q’1|b\qT% (B(1—2,1- 1)) (T — t)) . (30)

This proves for all ¢ € [0, 7T) that
- 9a-1|plaTs (B(1— 2,1 — 2))»
H(t) <2 4 aexp ( b (B -3 ) (T—t)) : (31
q

The proof of Lemma 2.3 is thus completed. O
Corollary 2.4. Let T' € (0,%), a,b € [0,0). Let H: [0,T) — [0, ) be measurable. Assume for
all t € [0,T) that supepo )| H(s)| < oo and H(t) < a +bT St \/ﬁ%. Then we have for all

te [07 T) that H(t) < 2e860* T (T—t).

Proof of Corollary 2.4. Lemma 2.3 (with p ~ 2, ¢~ 3 in the notation of Lemma 2.3) and the
fact that supcjo 1| H (s)| < oo show for all ¢ € [0, T') that

H(t) <2 31aexp< 2%~ 1|b|3T2( (1- % 1_%)) (T—t))

<4\b|3T282 ) (32)
< 2a exp

372
< 2qeSTA(T—t)

w

This completes the proof of Corollary 2.4. O

2.2. Existence and uniqueness of solutions to SFPEs. In Lemma 2.6 below we establish
existence, uniqueness, and a growth property of solutions to SFPEs.

Setting 2.5. Let d € N, p,.,p, € (1, ), c € [1,0), (L)ic[o.q~z € R4 satisfy that 3¢, L; < c and
-+ - < L Let |- : R — [0,0) be a norm on R”. Let A = (Ai)icjoqnz: [0, T] — R satisfy
for all t € [0,T] that A(t) = (1,v/t,...,+/t). Let pr = (pr,)iep,a~z: R — R satisfy for all
= (Wy)vefo,d1~7 © € [0,d] N Z that pr; ( ) = w;. Let f € C([0,T] x R x R, R), g e C(RY4, R),
V e C([0,T] x R4, [0, 0)). Let (2, F, P) be a probability space. For every random variable X: Q) —
1 s,
R, s [L o) let |[%]] € [0, ] satisfy that | X[l = (E[|X])%. Let (X;")scjoryictryacns: {(7. 0) €
[OaT] T < U} x Rd x ) — R B) (Z 7 )se[O,T],tE[s,T],a:e]Rd: {(7—7 U) € [07 T]2: T < U} X Rd x 1 — RdJrl
be measurable. Assume for alli € [0,d] N7, te [0,T), r € (t,T], v € R, wy, wy € RT! that

9(2)] < V(T,2), |Tf(tz,0)]<V(, ), (33)
d
(82, wi) = f(t, 2, ws)| Z T)|pr,, (wy — wy)[] (34)
xX x c
HV<T7 X;E, ) v < V(t,.ﬁl]), Hprz(Zv237 ) P < m (35)

Lemma 2.6. Assume Setting 2.5. Then the following items hold.
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(i) There exists a unique measurable function u: [0,T) x R¢ — R+ such that for all t € [0,T),
x € R? we have that

max sup [A,,(T — T)w] < o, (36)
ve[0,d]nZ e[0T ceR4 V(7€)
T
Er[glg]xz E[‘g(X%x)prV(Z;m)H + J B[ f(r, X2, ulr, X2*))pr, (Z57)]|] dr] < o, (37)
vel0,d]n t
and
T
ult, z) = B[g(X47)Z:] + f E[f(r, X', u(r, X'%)) 2] dr. (38)
t
(ii) For all t € [0,T) we have that
|pr (u(t,y))\] 86¢5T2(T—t)
max sup |A (T —t)—L—"2 | < 6ce™ ) (39)
ve[0,d]n7Z yE]P?d [ ( ) V(tv y)

Proof of Lemma 2.6. Denote by M the set of all measurable functions w: [0,7) x R¢ — R4+!
and by B € M the set which satisfies that

B = {w e M: sup max Ay (T = tpr, (w(t, )| < oo} ) (40)

te[0,T),zeRd VE[0,d]NZ V(t,x)
For every A € [0,0) let [|-[[,: M — [0, oo] satisfy for all w € M that
eAt ‘AV(T B t)pru<w(t7 .T))‘

wll|, = sup max . (41)
I |||A te[0,T),zeRd VE[0,d]N7Z V(t,x)

Then it is easy to show for all A € [0, ) that (B, ||-||, [5) is an R-Banach space.
Next, Holder’s inequality, (33), and (35) imply for alli € [0,d] n Z, t € [0,T), x € R? that

[A(T = ) g(Xgpry(Ze") ||, < || AT = )V(T, X5 )ory(Z57) |

< M(T =) |[V(T, X5, |2,
(42)
ST =0V (0 gy

< cV(t, x).
In addition, Holder’s inequality, the fact that p% + piz < 1, (33), (35), and the fact that V¢ e

[0,T): StT \/j% = 2¢/r —t|*_, = 24/T — t show for alli € [0,d] n Z, t € [0,T), x € R? that

T T
jt AT = £ f(r, XE7, 0)pr,(257) | dr < f

1
AT =) 5V (r, X" )pry(Z,7°)

T dr

1

T
1
< [ nr =0k o xe, ez, i

<JTA<T Niv C 4
<) i( _)T (J)m r
T ¢ VT —t
< 2cV (t, x). 43)

Next, Hélder’s inequality, the fact that - + _- < 1, (35), and Lemma 2.1 imply for all i €
[0,d] nZ,te[0,T), v e RY we B that

T d
f AT = 1) Y [LA(T) [[pr, (w(r, X27))pry(Z27)||,] dr

t

v=0



" d \/T t t
< | AT -t L,———A,(T —r) ||pr,(w(r, X *))pr,(Z* dr
J Asr % |1 e = oot X 2|
7 T | AT —
< [ a9 max sup 2T =L @Dy i gt | ar
J, VT =7 | velodin yega V(r,y)
7 T | AT — ]
< A(T —t) VT max sup v 7)[pr, (w(r, y))] HV(T, X7 H Hpri(Zﬁ’x) H dr
Jit VI —r _VE[O,d]mZ 7€[0,T),yeR4 V(T7 y) i by pe
7 T | AT — ]
< | M(T—-1) VT max sup 4t 7)lpr, (w(r,y))| V(t, l’)ic dr
Ji T—r _Ve[ovd]mZ 7€[0,T),yeR4 V(7 y) | Ai(r —1t)
i AV T - ] T 2 T Az T —1
ey ATl ], (VT AT
| vel0.dIN7 efo,7) yere V(r,y) | ¢ VT —7 Ni(r—1t)
[ AT — ] AVT T
< max Sup ( 7_) |prl/ (w(’T, y))| V(t .T) \/7 < 0. (44)
| vel0.dInZ 7e0,T),yeR V(r,y) VT —r AT —

This, the triangle inequality, (34), and (43) prove for alli € [0,d] nZ,t € [0,T), z € R%, w € B
that

T
f T — 1) || £(r, X5 w(r, X9))pr,(257)||, dr

JHA — ) f(r, X", 0)pr, (ZE7) ||, dr

d
f Z (T) ||pr, (w(r, X2%))pr; (Z57)]], ] dr < . (45)
Let ®: B — (R41)O)*R? satisfy for all w € B, t € [0,T), z € R that
T
((w))(t,z) = E[g(X3") Z5"] + f E[f(r, X", w(r, X)) Z57] dr, (46)
t

where the expectations are well-defined due to (45) and (42). Moreover, Fubini’s theorem
implies for all w € B that ®(w) € M. Next, (46), the triangle inequality, (42), and (43) show
forallie [0,d] n7Z,te[0,T), z € R? that

Ni(T = t) [pr; ((2(0)) (¢, 2))| < AT — 1) [|lg(Xz") 27" ||, + £ N(T =) || f(r, X727, 0) 27| dr
< cV(t,z) +2cV(tx) =3cV(t, x). 47)
This implies for all A € [0, o) that

@0l < 3ce” < 0. (48)
Moreover, (46), (34), Holder’s inequality, the fact that p% +
ie|0,d nZ,w,ve B,tel0,T),ze R \e [0,0) that
AT — t)pr; ((P(w))(t, ) — (D(v))(t, 2))]

T

AT — 1) f E[(f(r, X5 w(r, X)) — F(r, X1, o(r, X)) pr;(2%)] dr

t

< 1, and (35) prove for all

1
Pz

< N(T - t)ft ] (f(r, X0 w(r, X27)) = £, X%, 0(r, X00) | |ory(Z00) ||| dr

d
Z Ly ‘pI‘ 7, Xt:v) —’U(T’ Xtm ‘ ‘pr Ztm)‘
v=0

dr

1

< A(T — 1) f




< j 23 LA (T) [[pr, (w(r, X)) = v(r, X)) |, AT = 1) [[pr(ZE7)]],, dr

< EL%M ) for, (w0, X2) = or, X9 |, AT =) Jpr( 2], ar
<[5t o | D i, SR
[ S | g e Tt

[ 5n ’ S "ﬁifﬁ”) B M

< Pl — oll,V( Le” (49)

(T =1r)(r— t
Next, Lemma 2.2 (with p ~ 3, ¢ »~ 3) and the fact that V¢ € [0,7), X € (0,0): StT e dr =
T
establish for all ¢ € [0, T") that

o e—SAtie—SAT e—SAt
- 3\ S 3\

1
T —Ar 9 T 3
7| e <t (Ba-11- ) (f 6_3)""dr>
¢ AT —=1r)(r—1) ¢

e—3Ar
—3A

r=t

(50)
(B,
<Ts 474 : 1
( 47 4 (3>\)§
This and (49) imply for all i € [0,d] N Z, w,ve B, t€[0,T), x € R4, X\ € (0,0) that
s s oM
AT = )pr; (2(w)) (¢, 2) = (R())(t,2))| < [lw —vf|\V (£, 2)T5 (B(3, 7)) N (D
Hence, (41) proves for all w,v € B, A € (0, 0) that
T3 (B 1))%
d(w) — d(v < A|lw—wv —4’14. (52)
1©(w) = @(v)ll, < |l Il BV}
Therefore, there exists Ay € (0, ) such that for all w,v € B we have that
1
I8 (w) = 2(V)ll, < 5llw = vl (53)
This, the triangle inequality, and (48) imply for all w € B that
1
18 (w)lls, < SO, +18(w) = 2(O)]5, < (12O, + 5llwlly, < oo (54)

Thus, ®(w) € B. This, (53), and the Banach fixed point theorem show that there exists u € B
such that ®(u) = u. Therefore, (46) and (40) imply (i).
Next, Holder’s inequality and (35) show for alli € [0,d] n Z, t € [0,T), x € R? that

[N

dr

T—t ZL Ay (T)pr, (u(r, X)) pr; (Z:°))]

1

o] |2 = ) pr(22)

| LT o, (u(r, XE7)) | dr

< f 5 [LV T = 1) o, Cutr, X27) } | AT = 1) [[or(209)]), | dr
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(" NT | 17 [eAs(T —t)
< AT — X b = \|d
Jt ¢ T—r 71/6%3]?2 |: ( T) HprU(U(T r )) pV_:| |: AZ<T — t) ] "
T NT | 1] VT — ¢
< | c VT max [AV(T — ) ||pr, (u(r, X)) } < dr
o NT =7 velodinz rel | V=i
" T | Tt
< | ¢ VT max sup [A (T — )\pr (ulry ))q HV (r, Xb7) ¢ dr
Ji T —r | vel0o,d]n7 yeRd (T’ y pv r—t
rT
< AT | max sup [AV(T — |pr 1Y) } (55)
Ji ve|0,d]nZ yeRd ’r‘ — t)

In addition, the triangle inequality and (34) imply for all ¢ € [0, T], reRY w: [0,T] x R —
R+ that

[f @, w(t,2))| < |f(E 2, 0)] + [ f (8 2, w(t, x) = f(t, 2, 0)|
d
< |f(t,2,0) + Y [LoA(T)[pr, (w)]].

v=0

This, (38), the triangle inequality, (42), (43), and (55) prove for all i € [0,d] n Z, t € [0,T],
z € R? that

|Ai(T = t)pr;(u(t, )

=FMNP%MM?mm£ﬁMJ;Mm@>wﬂnﬁﬂwnﬂﬂmm2ﬂwr

(56)

< [JA(T = g (X7 ) (Z77) ||, + ﬁ [ AT = ) f(r, X% u(r, Xp))pry(Z:) ||, dr

< || AT — ) (X5 )pr, (22|, + f [ A(T = 1) f(r, X%, 0)pr; (Z7)||, dr

T
] —tZLA pr, (utr, X lpr, (72| dr
t
1
T V(t
<cV(tx) 4+ 2V (¢t x) + J AT | max sup [A,,(T —7) [pr, (ur, y>)|} t2) dr.
: vel0,d]n7 yeRd V(r,y) (T —7r)(r —1t)
(57)
Dividing by V' (¢, x) then proves for all ¢ € [0,7") that
[pr, (u(t, y))|
A (T — )22 91
e e
(58)
T
< 3c+ J AT | max sup [A,,(T —r) [pr, (ur, y>)|} dr

‘ vel0,d]n7 yeRd V(r,y) (T —7r)(r—1t)

Thus, (36) and Corollary 2.4 imply for all ¢ € [0, T') that
|pr, (u(t, y))| 86c5T2(T—
AT —t)——2 | < STHTY), 5

s 2 [T O <0 >

This completes the proof of Lemma 2.6. O

2.3. Spatial Lipschitz continuity of solutions to SFPEs. In Lemma 2.8 below we prove spatial
Lipschitz continuity of solutions to SFPEs. The key assumptions here are the Lipschitz-type
conditions (60)-(63) together with the so-called flow property (64), which is satisfied, e.g.,
when the corresponding process X is a solution to an SDE.



Setting 2.7. Assume Setting 2.5. Suppose that max{c,48¢%<’T*} <V, 2 4+ L 4
3 T o < L. Furthermore, suppose for all i € [0,d] n7Z, s € [0,T), t
wy, ws € R, A e (B(RY)®R!, B e (B(R%))®IED*RY that

: 1V (t,2) + V(t,y) llz —y]
|f(t,x,w ) t va |p1" )|] + — ’ 9 (60)
1 )< X[k L =
lg(x) — g(y)| < 5 ok (61)

_ V(t,z) + V(t,y)

17 =Xl 5

Iz =y, (62)

Pz 2 \/TAi(T — t)’ (63)

Hprz‘(Zﬁ’m — Z;")

IP(X,?X?” _ Xﬁﬂf) _1, P(Xf’(') e X e B) _ IP(Xf’(') e A) IP(X( e B) (64)

and P(X5® = z) = 1. Moreover, let u: [0,T) x RY — R**! be the unique measurable function (cf.
Lemma 2.6) such that for all t € [0,T), x € R¢ we have that

|pr, (u(7,£))|
vel0d1 o1 eere lAv(T - T)W] < o, (65)
T
iz [EUﬂX%f)pry(Zm + f E[| £(r, X%, u(r, X2))pr,(257)|] dr] <w,  (66)
vel0,d]n .
and

T

u(t,z) = Blg(X3") 27" ] + f E[f(r, X%, u(r, X5%)) Z5%] dr. 67)
t

Lemma 2.8 (Lipschitz continuity of the fixed point). Assume Setting 2.7. Then for all =,y € RY,
t € [0,T) we have that

max [A(T 1) pr; (u(t, 2) — u(t, )] < 7 VLD VY oyl

ie[0,d] 7 2 VT

Proof of Lemma 2.8. Lemma 2.6 and the assumption of Lemma 2.8 prove that for all ¢ € [0, 7))
we have that

(68)

|p1" (u(t, y))l 86c5T2(T—
AT — )22 T <GB0 T T =), 6
f“]p[ T =00 . (69)

Next, Holder’s inequality, the fact that p% + pix + piz < 1, (35), (62), the fact that Vx,vy,p,q €

[0, 00): ZHUm 2T 2T imply for all i € [0,d] N Z, 7,3 € RY, t € [0,T), r € (t,T] that

Xt,a?: Xt,gj Xtﬁc _ Xt,gj ;
AT — 1) V(r, X0%) + V(r, X9) || X} , Hpri(Zﬁ’”‘“)
2 VT )
< N(T -t HV(T’ X Py }Xﬁj_ gt
< A(T = 1) 5 Nia pr;(Z, )sz
< AZ-(T . t) V(tv :E) + V(t,y) V(t,l‘) + V(t, y) ||$ - y” c
2 2 ﬁ AZ<7’ — f;)

(70)
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Hence, Holder’s inequality, the fact that 2 + — < 1, the fact that ¢ < V, (35), (62), and the fact
that Vz,y,p, g € [0,00): ZF20 0" o f’”q;y”*q show forallie [0,d] n7Z, z,y € RY, s € [0,7),
te s, T),re(0,T] that

t,3 69 || xtE — Xty 5
Ai(T o t) V(Ta Xr ) + V(Tv Xr ) H r T Hpri<Zﬁ,x)
2 VT =X =X
N Y2@E) + VA G) (17— gl VT
h 2 VT \/7T F=XPT g=Xx7 ||,
B VQ(t X7+ V2, X0 |1 X7 - X
B 2 VT VT —
_ V2 X7 ey + V2 X7 ey (][] — XfyHpr VT =t
<c
2 VT Vr—t

V(87 SL’) + V<S7y) V2(87 SL’) + V2<S7y) V(87 SL’) + V(87 y) ”SL’ — y” VT —t
S 9 2 2 VT Vr—t

VA(s,2) + V¥(s.g) e =yl VT o
h 2 NT r—t

This and (61) imply for alli € [0,d] N Z, x,y € R¢, s € [0,T), t € [s,T) that
. t,y ) t,x
t HH 9(X7 ))pr’(ZT) HE=X"G=X;"||,
- - ) L,y
T, X45) + V(T, XL7 )X - X ;
< A(T —t) ACAE S DRRACIDS 0] pry(Z7")
2 VT =XPT =XV
- 2
< V4(8,.§L’> + V4<S7y) H.T B yH ) (72)
2 T

Next, Holder’s inequality, the fact that p%, + piz < 1, (35), (63), and the fact that Vz,y,p,q €

[0, 00): Zilaliu? U Brove for all i € [0,d] N Z, &, 5 € RY, t € [0,T), r € (t,T] that

A(T —t) HV(T7 Xﬁ’g)Pri(Zﬁ’i - Zf«g) H1
<M(T =) [V, X0 |lery (207 = Z27) ||
2 VTA(r —t)
2 2 NT Ar—t
V2t @) + V2t g) |2 — gl VT — ¢
2 VT r—t

Therefore, (71) and the fact that 1 < c imply for alli € [0,d] " Z, z,y € R%, s € [0,T), t € [s,T),
r € (0,7 that

< N(T =)V (L, g)

<2

<2 (73)

AT — 1) HHV (r, X)pr, (257 — Z17) H)

sz~ s,y
=X 1l2

H Vz(t )+ V3(t,9) ||z —
2 VT Ar—
V4(S,l‘) + V4(Svy) ||ZL‘ - y” V B
2 VT A —t'

_ sz~_ sy

2

<2 (74)
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This and (33) imply for alli € [0,d] N Z, x,y € R%, s € [0,T), t € [s,T) that

loCxi?pr, (267 = 227) |

< AT — 1)

A,(T—t)‘

F=X"g=X"Y

|vir xiper (257 - z7) |

F=XDT =X
Vi(s,2) + Vi(s,y) lz — vl

2 VT
Next, the triangle inequality, Hélder’s inequality, the fact that § + .- < 1, and (35) establish for
allie [0,d]n7Z, 7,5 R%, te|0,T),re (t,T] that

<2 (75)

d
3" AT [or, (ulr. XE7) = u(r, X19)) pr,(207)

v=0

Ni(T = 1)

Tt Z[ _HA pr, (u(r, X%) = u(r, X}7)) pr (Z“’)H
d
70 3] [ B T = s, (0 35) = st X2 o227
:Z L,,HA,,(T—r)prl, (u(r,Xﬁ’f)—u('r’,Xﬁ’g))Hz \/%Ai(T—t)Hpri(Zﬁ’g) pz}
ar s |, YT (T =)
<VZ]:0_L,,HA,,(T—T)pr (u(r, XP") —u(r, X} )”2\/—/\(7“—75)]
5 [ e, Gt 57) a0, YL VI 76)

This, the triangle inequality, the disintegration theorem, (64), and the fact that Zfzo L, <c
prove for alli e [0,d] nZ, z,y € R%, s€ [0,T),t € [s,T), r e (t,T] that

AT =) [} D LA (T) [, (ulr Xp7) = ulr X)) pri( 20| |
Z [L,, | AT = r)pr, (u(r, XEF) = u(r, Xﬁy))Hz \/%C\/%t} xR X

d t,3 £, I
Z [ T —r)pr, (u(r, X5*) — u(r, X! )) X g x T —r)(r — t)]
ST _ ulr 5Y CQT
< [ e ([ (T = pr, (u(r, X;%) = u(r, X; ))HQ] =7 77

Hence, the triangle inequality, (60), and (71) imply for all i € [0,d] N Z, x,y € R%, s € [0,T),
tes,T),re(t,T] that

7 ) X7t 209) = X XD o2
d
< AZ(T - t) Z Ll/Al/(T> ‘pru (U(T’, X?j}) - U(’T’, Xﬁ’g» _XPT G X
v=0
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L[|V, X5 + V(r, X59) || X07 - X0 ;
A‘ T —t - 9 r ) r T T ) Zt,x
Al )T 2 VT pri(Z,) JI=XT =X
< AT = P)pr, (ulr, X2%) — u(r, X2y~
< max (L —1)pr, (u(r, X)) —ul(r, X,”
vel[0,d] 7 P 2T =r)(r—1t)

L 1V0) + Vis,) eyl T o8
T 2 NT r—t

This and the fact that V¢ € [0,7): {" Cff; = 23/r —t|7_

r,yeRY, s€[0,T),te s T) that

= 24/T —t prove for all i € [0,d] n Z,

T
. _ t:v t,z t,y ty
t z’e{é}%}fﬂ [ 2 HH fin X r X)) = S X uln X H ) =X;0 =X 2] o
T AT
< max ||[A, (T —r)pr, (u(r, X*) —u(r, XY dr
J e 1T =, )t Xy
1 1 Vi(s,z) + Vi(s,y) |z —yH J VT td
T 2 T —
T AT
< max ||A, (T —r)pr, (u(r, X%) —u(r, XY dr
J, e I o (X2 X))y~
Vis,z) + Vi(s,y) |z — vl
+2 d ’ . 79
2 VT 79)
Next, (33), (74), and the fact that ¥t e [0,7): §, = = 2/r —#|7_, = 2y/T — t show for all

iel0,dnZ,z,ye R s€e0,T),te[s,T) that

T
f A(T —t) HHf('r’,Xﬁ’g,O)pri(Z — Zb) H‘ — dr
t = 2
< JTA(T — t)l HV(T X pr, (Z — dr
S . ) 9 r [3 T Xsac~ Xsy 9
- JTl Vs @) + Vs, y) lz —yll VT
ST 2 JT F

4 4 _

2 VT

Moreover, (69), the triangle inequality, the fact that Zf: L, < ¢, (74), Lemma 2.1, the fact
that 48¢%6<’”* < V, and the fact that Vz,y,p,q € [0,00): Z52 2w 2T imply for all
iel0,dnZ,z,ye R se0,T),te[s,T) that
} dr
2

T d
f AN(T 1)) [L,,
t
=X,"" g=X;"Y

v=0
]dr

b, (u(r, X)pr, (205 = 207 |

sz ~_Xsy

<£TA~(T—t l

[ a _ti[

t

—r)pr, (u(r, X37))pr; (2,7 — Z7)

}dr
2

1

6ee™ ™" TV (r, X1P)pr; (27 — Zﬁ’g)

sz~ Xsy

\/T 602686CGT3
o VI =1

dr

T
< N(T —¢
| A= s

ToVA(s ) + Vs, y) 2 =yl VT VT (28607
<) s Ca v

[V, X0T)pr, (207 - Z29)|),|
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VR Vi) eyl 7T
< 7 m
2V4($,l‘) + V4(37y) ||'I - y||602T68606T3 -4
2 VT

4 4

14 (va) +V (S7y) V(S,SL’) + V(Say) H.T - y”C2T
2 2 VT
5 5 _

This, the triangle inequality, (80), and the fact that 1 + 2T < e prove for all i € [0,d] N Z,
r,ye RY, s€[0,T),te s T) that

<

~

~

T
L AT | f(r, X5V u(r, XE9))pr, (257 — Zﬁ’y)Hlets,z -
T
t,j t,z t,y
< [ a0 lsexm oz -zl o
d
t,7 Lz _
f Vz:é l T pI'V(U(T, Xr y))pri (ZT sz i Xsy 2:| dr
4 4 o 5 5 _
_ V)t Vs y) eyl | Vi(sa) £V (s,y) y||02T
9 VT 2 VT
5 5 _
<D Vsy) eyl er (82)
2 VT

Next, (67) and the triangle inequality show for all z,y € R¢, s € [0,T), t € [s,T) that
_mase [T = ) [, (e, X0) = e, X7) )

= e [Ai(T — ) Hpri(U(t T) — ult, §)g=xse g=xsv

= Inax

N(T —t
1€[0,d| N7 ( )

T
+ f E[pr; (f(r, X5% u(r, X0 ZET — f(r, X29 u(r, X19)) Z19) ] dr ]
t

|

T ~ ~ ~ ~
v omae [ a0 HHprl-(fmXﬁvw,umxﬁvxwﬁ@ (X, X)) 28

J

F=XDP G=XY

Xsac~ Xsy

pr: (90X 25" — (X7 247) ‘

<  max [Ai(T —t) H
1€[0,d]NZ

He=Xx" =X,

]dr
2

< —9) H ty ) th
ze[%lczluiZ [ H ) Pt ( ) =X g=X"Y
+ max {A —t) Hg pr <Ztmthy>‘ ]
i€[0,d] "7 HzE=X"g=X]"||9

+i€[133f(:z [ T —1t) HH )(15m Xt;):)) —f(T,Xﬁ’g7u( Xty H ‘

sz~ Xsy

}dr
2

T ~ ~ ~ ~
+ ieﬁ%}izﬁ {Ai(T —t) H | f(r, X0¥ u(r, X2¥))pr; (207 — Z1Y) H ] dr. (83)

This, (72), (75), (79), (82), and the fact that 1 < V prove for all z,y € R¢, s € [0,T), t € [s,T)
that

=X, g=X"Y

max [Ay(T —t) [[pr; (u(t, X7") — u(t, X7"))|l,]

1€[0,d| N7
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V4(va) + V4(57y) ||'I B y” + 2V4(S,ZL‘) + V4(57y) ||ZL’ B y”

b 2 VT 2 VT
T AT
+ max ||[A, (T —r)pr, (u(r, X;>*) — u(r, XY dr
J, e I =, X2) = Xy
4 4 _ 5 5 _
+ 2V (S,.T) + V (Say) H.T y” + 4V (va) + V (S7y) H.T yHec2T
2 JT 2 T
5 5 _
_ gperV(,2) + Vi(s.) o — ]
2 VT
T AT
+ max ||A, (T —r)pr, (u(r, X>*) —u(r, XY dr. (84)
J e I =, X27) = Xl e

Moreover, (69), Jensen’s inequality, the fact that 2 < p,, and (35) imply for all x € R¢, s € [0,T),
t € [s,T) that
max [A(T =) Ipr (u(t, ;)] < 6™ [V (5, X7, < 6c™ TV (s,2). (85)
1€|0,d|n
Therefore, the Grénwall-type inequality (see Corollary 2.4), (84), the fact that 48¢86<°”° < V/,
and the fact that ¥z, y,p,q € [0,00): 220t < oUW ghow for all o,y € RY, s € [0,7),
t € [s,T) that

max _ [Ay(T —t) ||pr; (u(t, X7°) — ul(t, Xf’y»Hz]

i€[0,d]NZ
< 18602TV5(87x) + V5<S7y) H.T — yH68666T3
2 VT
< 602TV5(87 ZL’) + V5<S7y) V(87 ZL’) + V(87 y) H.T - y”
h 2 2 VT
20 VO(s,2) + VO(s,y) lv — yl|
et T —2 ’ : 86
e 5 T (86)
This and the fact that Vs € [0,T),z € R?: P(X$* = z) = 1 imply (68). The proof of Lemma 2.8
is thus completed. O

2.4. Temporal regularity of the fixed point. After establishing the spatial Lipschitz continuity
we establish the temporal regularity for solutions to SFPEs, see Lemma 2.9 below. Together with
the spatial Lipschitz continuity the temporal regularity implies that the fixed point is continuous.
Later, continuity of the fixed point is an important property to ensure that the fixed point is the
unique viscosity solution to the corresponding semilinear parabolic PDE.

Lemma 2.9 (Temporal regularity of the fixed point). Assume Setting 2.7. Suppose that p% + pix +
L <land 5+ L <1 Assume foralie [0,d]n7 s€[0,T),telsT),re(tT],zeR,
wy, wy € R that

e - x|

< cllz =yl (87)

Px
B Vi(t,x) + V(s x) Vit—s

e 2 Vr—tAi(r —s)’

X = zlll],, < V(s,z)vt—s. (89)

Moreover, let u: [0,T) x RY — R4*! be the unique measurable function (cf. Lemma 2.6) such that
forallt e [0,T), x € R? we have that

\|pri (25" = Z3) (88)

|pr, (u(T, §))\]
max su AT —7)—2L—222 | < o0, (90)
ve[0,d]nZ TE[O,T)EE]Rd [ ( ) V(r,§)
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max []E[!g(X?x)pry(Z?m)H +£ E[|f(r, X3, ulr, Xﬁ’x))pry(Zﬁ’w)HdT] < o, oD

vel0,d]|N7Z

and
T
u(t,z) = E[g(X3")Z:"] + J E[f(r, X%, u(r, X27) 257 dr. (92)
¢

Then w is continuous.

Proof of Lemma 2.9. First, Lemmas 2.6 and 2.8 and the assumptions of Lemma 2.9 prove that
for all t € [0,T) we have that

t 2
max  sup AV(T . t) ‘pI‘U(U( 7y))‘ < GCGSGCGT (T—t) (93)
ve[0,d]|NZ yeRd V(t, y)

and that for all z,y € R%, t € [0, T') we have that
2 VOt 2) + VOt y) Iz — vl

Next, (64), the disintegration theorem, (87), the fact that ¢ < V, (89), and the fact that

P e pypta

Va,y,p,q€|0,0): mp;ryp mq;yq < 5 prove for all ¢, € [0,T), to € [t1,T), r € (t2, T], x € R?
that

e = e, = % - xoe
r r Px T r
Px
- [ - xenn, .
to Px

<[ty ==,

= [leflx = =[l]],,

< 2V(t1,l’) —;— V(tg,l’) V(tl,.l’) —; V(tz,l’)m

2 2
< 2V (t1, ) ‘5 V (Qa@\/ﬂ. (95)

Hence, Holder’s inequality, the fact that piv + pix + piz < 1, (35), the fact that ¢ < V, and the fact

that ¥V z,y, p, g € [0, c0) : 422t « P imply for all i € [0,d] N Z, ¢ € [0,T), t € [t1,T),
r € (to, T], x € RY that

Xtz Xt2w) || Xtnr _ Xt
AZ<T _ tl) 'V(Ta r ) + V(T, r ) || r r Hprl(Zﬁl’x)
2 VT .

V(r, X20)|| 4 ||V (r, X" Xhw — Xt

< AT —t )|| (r, X7, + IV ), Nl 1, or (20%)
2 \/T Dz
2 2 —
< a1 — D) H Vit @) Vit 2) + VIts 2) Vi — 0 ¢
2 2 VT Ai(r —t1)

- 2V4(t1, x) + Vity, x) \/to — 11 /T — tl_ o0

2 VT &

This and (61) prove for alli € [0,d] N 7Z, t; € [0,T), ty € [t1,T), v € R? that
AT — 1) [[(9(X7 ") — g (X )pry( 27 ) |
V(T X7 + VT X5 [| X7 — X727
2 VT

< AT — 1) pr;(Z7"")
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_ 2V4(t1,:c) + V4(ty, x) \/H. 97)

< 5 T
Next, Holder’s inequality, the fact that p% + piz < 1, (35), and (88) show for all i € [0,d] n Z,
t1€[0,T),ty€[ty,T), 7€ (t2, T], x € RY that

AT =) ||V (r, Xp22)pry (2707 = Z27) |

< M(T =) [V, X2 [Jpra(Z = 229 ||

< A(T — 1) D) VIt ) Vit o) + Vit w) Vi =

2 2 AT — N (r — 1)
< 2V2(t1> x) + V3(ts,2) Vi =0 VT — 98)
2 T =ty AT — 1t
This and (33) prove for alli € [0,d] N 7Z, t, € [0,T), ty € [t1,T), v € R? that
A(T —t1) HQ(X?’m)pl"i(Zé}’m - Z?x)Hl
< (T — ) [V X (237 = )], < 2 V2] Ve 99)

2 VT —ty
Therefore, the triangle inequality and (97) imply that for all i € [0,d] N Z, (t,)nen < [0,7),
t € [0,T) with lim,,_,, ¢, = t we have that
limsup || (X7 )pry(Z5") — 9(Xz")pry(Z57) |

n—0o0

< limsup [|(g(X7") — g(Xz")pry(Z5") ||, + lim sup l9(XZ") (ory(Z5") — pri(Z5")) |

n—0o0

1

4 4 —
A 2 VT A(T — min{t, t,})
+ lim sup 2V (b, ) + V2 (L, 2) VIt — 1] 1‘
n—so0 2 /T — max{t, t,} Ai(T — min{t, t,,})
o (100)

This and Jensen’s inequality prove for all i € [0,d]| n Z, x € R that

([0,T) >t — ]E[g(X;x)pr~(Zt’$)] eR) e C([0,T),R). (101)
Next, Holder’s inequality, the fact that L -+ o < 1, (33), (35), the fact that ¢ < V, and the fact
that Vt, € [0,7),ts € [t;,T): §; —L QHT ., = 2v/t; — t; show for all i e [0,d] n Z,

t1 \r—t1 rt_

t] € [O,T), ty € [tl,T), S Rd that
1)
f AT
t1
J, 7
<
t1

T
to 1 z 1,T
< [ Tnr ) VO 3 2

T —1) Hf , X 0)pr,(Z7) Hldr

AZ(T - tl) HV(T7 Xilw)pri(Zﬁl,x) Hl dr

21 c

< J;l TAZ(T_tl)V(tl’x)m dr
VQ(tl,.T) Jt2 \/T—tl dr

T t \/T—tl

2(ty, )T —t
N L]

~
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<2V2(ty, )~ bt (102)
VT
Furthermore, the triangle inequality, (93), Holder’s inequality, the fact that p% + p%( < 1, (35),

the fact that max{c, 6e5°™*} < V, and the fact that V¢, € [0,T),t, € [t1,T): zf s

24/7 — tl re=t; — = 24/ty — t1 lmply forall: e [O,d] N Z, t, € [O,T), ty € [tl,T), T e Rd that

Ly Ay (T)pr, (u(r, X2)) [pry(Z2 )| dr

M&

f AT — 1)

1 v

1

[L AL( Hpr u(r, X7 )pr, (Z107) H ]
0

N

s ©

to
< J AT = 1)
t

1

9 d
< tA-T—t L ﬂA T — Xt zh|| | d
X z( 1)2 V\/ﬁ V( T) Hpry<u<,r7 r ))prz( r )Hl r
t1 v=0 -
to d \/T
< | M(T—t L, Gee™0 T ||V (r, X10)pr, (20 }dr
[ 0% | e v X2
t2 C\/T 6773
< Az T ¢ 6 86c°T" 14 ’th,a: ] Ztl,x d
| =t e T v x| o220
t2 C\/T 6773 C
< | AT -t 6ce® TV (ty, 2) ——
R e ey
2 T T —t
< V3 (4, J Ld
A Y ey
1 2 qr
< ETV3(ty, ) L), =%
t1
< 22TV3(t,, 1) \/—WTP? (103)
— 02

This, the triangle inequality, (60), (102), the fact that 1 < V, and the fact that 1 + 2T < =7

prove for alli e [0,d] nZ, t, € [0,T), ts € [t1,T), x € R? that
1)
A(T — 1) f [Lf (r, X5, X0))pry(Z;07) || dr
t1

to
<j AT = 1) || £, X222, 0)pry(Z27) |, dr
t

1

to
b ) ZLA o, Gulr. X2 ), (20
t1

VT VT —t
V) 4 Vi, 2) ar VB (104)
2 VT —t;

Next, the triangle inequality, (94), the fact that Zfzo L; < ¢, Holder’s inequality, the fact that
S+ L+ o < 1, (85), (95), the fact that Va,y,p,q € [0,0): iyl athyt o T and

bv

Lemma 2.1 show for alli € [0,d] n7Z, t, € [0,T), ts € [t1,T), x € R¢ that

d
S LA (D)o, (ulr, XE%) — u(r, X22%)) [pr (207)

v=0

dr

1

< 2V2(t1, ZL’)

dr

1

LT AT — 1)

2
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< LT A(T = 1) i l ﬁ [ AT = r)pr, (u(r, X;7) — u(r, XﬁQ’x))pri(Zﬁ“”‘“)Hll dr

r VO X[) 4 VO, X)X — X2
e
2 JT

prz‘<Zf~l’m) dr

1

2
T
VT 2
< AZ(T—tl) €CT
£2 VT —7r

VO X5 )l + IV X2l (10" — X
2 JT
< JTA (T C\/T €C2TV(t1,.T) + V(t27x)2v2<tlax> + V2<t271‘) \/H I
t

pr; (2|, dr

tl) dr

OV 2 2 VT MN(r—t)
gJT2CQV3(t1,x)+V3(t2,x)\/H VT m
t2 2 VT mﬂ
<9 2TV (t1, ) + V3(ta, ) \/ﬂf
2
<Scva (ty, ) + V3(ty, )«/tQ—tll
2 VT

Furthermore, (96) and the fact that V¢; € [0,T),t, € = 2yr—t|, <

to \/T— t
24/T —t, imply for all i € [0,d] N Z, t, € [0,T), t5 € [t1, T) TE IRd that
T 1 Xt Xt2:®) || Xt _ Xt
[ LY Vi) e e
to T 2 \/T
VAt @) + V(g x) «/tg—tlf —t1

2
< —
T 2 T—tl
2
T

(105)

dr

1

prz‘(qul’x)

VA(ty, ) + Vi(tg, z) /Ta — 1
2 VT

_ 4V4(t1,a;) + Vity, 2) s — )
< 5 T

This, the triangle inequality, (60), (105), the fact that 1 < V, and the fact that 1 + ¢*T < T
prove for alli e [0,d] nZ, t, € [0,T), ts € [t1,T), x € R? that

2T — ty)

(106)

T
J A,(T - tl) H [f(?“, quhxv u(ra X:MC)) - f(?“, qu%xv u(ra X:27$))] pri(Z£17x)}}1 dr

to

T d
< | ATt | Y LDl X — X (20| ar
to v=0 1
T 1 V(T th,m) + V(T th,m) ||Xt1,m _ th,m”
+ | AT —t '— — — - —pr,(Z7)|| dr
J;Q ( 1) T 2 \/T ( ) 1
< 802TV3<t17x) +V3(t27'r) Vt2 _tl +4V4(t17 ) <t27 ) \/ _tl
h 2 VT 2 T
4 4 _
< SeczTV (tl, {L‘) +V (tg, ZL‘) A/t 1 . (107)
2 VT

Next, (33) and (98) imply for all i € [0,d] n Z, t; € [0,T), t5 € [t1,T), v € R? that

T
JA ) || X O)pr (20 — 28|, dr

to
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T
1
< J AN(T - ty) 'TV(T, X\ pr,(Z0" — Z27)| dr
to 1
T 2 2 — —
< J‘ EV (tl,l‘) + V (tg,l’) \/tg tl \/T tl dr. (]_08)
to T 2 \/7" — tg \/7" — tl

In addition, the triangle inequality, (93), Holder’s inequality, the fact that p% + piz < 1, (35), (88),

the fact that max{c, 6¢*“""} < V, and the fact that ¥z, y, p,q € [0,00): ZF0 20 < 2T
show for alli € [0,d] N Z, t, € [0,T), ty € [t1,T), v € R¢ that

T
J, =
to 1

T d
< J A(T —t) Z [L,A(T) ||pr, (u(r, X>*))pr,(Z{" Z?’x)Hl] dr

ZLuAu ), (u(r, X2)[[pr, (2, = Z2 ") dr

< L AT =) [Lu vT A(T = 7) [|pr, (ulr, X[27))pr, (20" — Zﬁg’”““)\}l] dr

}d’r’
1

T d
T
< J AZ(T — tl) E [LV \/7 H6C€8666T3V(T, XﬁQ’x)pri(Zﬁl’m _ Zf,Q’m)
t

- T

~

6ced6°T° HV(’/‘, Xﬁ“‘”)”p Hpri(Zf,l’“” — 729 dr
T VT V(ty,z) + V(ts, ) Vi —
< | AT -t V4(ts, ! ! d
J;Q ( 1)\/T—7’ ( 2 :L‘) 2 \/T—tQAi(T—tl) "
T 175 5 _ —
<J‘ 2V (tl,l‘) + V (tg,fﬁ) \/7 \/T tl\/tg tl d " (109)
to 2 \/T—T \/T‘—tl\/T—tQ

Thus, the triangle inequality, (60), and (108) prove for alli € [0,d]| N 7Z, t; € [0,T), ty € [t1,T),
z € R? that

T
J AZ<T - tl) Hf('f’, Xﬁ%ma U(Ta Xﬁ%m))pri(zﬁhm - Z?,x)H dr

1
t2

T
4 AT = 12) || £r, X%, 0)pry(207 — 7027 dr

to

o[ airn 2 LA () pr, (ur, X2 [pro( 2027 — 227)] | dr
to 1
<f zvz(tl,l‘)‘f—VQ(tQ,fL') \/tg—tl \/T—tl dr
= to T 2 \/7’ — tz \/7’ — tl
T 5 5 _ _
+J‘ 2V (tl,x)+V (tg,l’) \/T \/T tl\/tg tl dr. (110)
t2 2 NT =1 A1 — /1 — 1o

Therefore, the triangle inequality, (104), and (107) imply for all i € [0,d] n Z, t; € [0,T),
ty e [t1,T), r € RY that

T

T
j E[f(r, X%, u(r, X'%))pry(207)] dr — f E[f(r, X%, u(r, X'*%))pry(22%)] dr

t1 to

t2
< f || £ (ry X0 u(r, Xp00))pry (Z;00) || dr
t1

T
+ J Hf(r, Xﬁl’x,u(r, Xﬁl’x))pri(Zﬁl’x) — f(r, XﬁQ’x,u(r, X;?’g“))pri(Zf”)H1 dr
to
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t2
<f || £y X0 u(r, X300))pry(Z;00) || dr
t1

T
+ J H [f(ru Xﬁhma U(Ta X:Ehm)) - f(n X72E27m7 U(T’, X;EQ,:B))] pri(Z71E17$)H1 dr
t

2

T
" J [ f(r X2 ur, XP22))pry (270 — Z;27) || dr
t2

< 4V3(t1,l’) + Vg(tQVI)ecsz
N 2 VT —ty
+ 8602TV4(t17 ZL‘) + V4(t27 ZL‘) V t2 - tl
2 NG
n JT EVQ(tl,.T) + VQ(tQ,.T) \/tQ — 1 \/T — 1 dr
t2T 2 \/T’—tz \/T’—tl
T 5 5 _ —
+J‘ 2V (tl,l‘) + Vv (tg,l’) \/T \/T tl\/tg tl dr 1 . (111)
to 2 \/T—T \/T‘—tl\/T—tQ AZ(T—tl)
This shows for all i € [0,d] N 7Z, (t,)nen < [0,T), t € [0,T), x € RY that
T T
f E[f(r, X", u(r, X;m7))pry(Z,7)] dr—f E[f (r, X0, ur, Xp7))pri(Z:7) | dr
tn t
4\/3(15”, x) + V3(t, l’)eczT [t, —t|
b 2 /T — max{t,t,}
1 SeCQT V4(t1, ZL‘) + V4(t2,l‘) ‘tn - t|
VT
+JT 2V2(tn,x +V2(t2) \/|tn — t| /T — mm{tt }
max{t,tn} T 2 VT — t VT —
N JT 2V5(t1,x) +Vo(ty,z) T \/T—min{t,tn}\/|tn — 1 p 1
max{t,tn} 2 hY; T—r AT =TT — 1 AZ(T — min{t, tn}) ’
(112)

Next, note that for all (¢,,).ex S [0,7), ¢ € [0, T) with lim,, ., ¢, = ¢ we have that

3 _ 3
J*T 4/|t | () 2d J‘T /|tn_t| 2
su (max{t,t, r=su -
ne]II:\; VT =t A/T {ttn b TN ne]II:\; max{t,tn} | A/7 — min{t, t, }4/r — max{t,¢,}
_ 3
T ‘tn _ t| 2
< sup dr
neN Jmax{t,tn} _\/\tn — t|\/r — max{t, t,}
T
= supf (r — max{t, tn})’% dr
neEN Jmax{t,tn}
T
= sup 4(r — max{t, t,})4
neN r=max{t,tn}
< Ti. (113)

This implies that for all (¢,).ex < [0,7), t € [0,T") with lim,,_,,, ¢, = ¢ we have that ([0,T) >

ro— \/T_i%]l(max{mn}j) (r) € R)pen is uniformly integrable. Hence, for all (¢,,).ex < [0,7),

dr
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€ [0, T) with lim,,_, ¢, = t we have that

lim ! \/ﬁ dr = 1i ! \/ﬁ 1 tn},r) (1) dr
n=D ) axft in} m\/i oo \/Tj\/i (max{t,tn },T)\T
' NA¥444T 1 ) (1) dr =
naq;wﬁ?iff_x/“‘* (max{t,tn }, T\

Next, the substitution s = 7=%, dr = (T' — a)ds and the definition of the Beta function prove for
all a € [0,T) that

T dr ! T —a)ds B
| —5%—-] =g =BT )
e T—ir—af b (1= )T - s(T—a)
This shows that for all (¢,,),ex S [0,7T), t € [0, T) with lim,, ., ¢, = ¢ we have that
T \/ﬁ 2
mm\/— max{t tn}, T)( ) dr
rT / — %
= sup [t — 4 dr
neN Jmax{t,t, } _\/T — ra/r — min{t, t, }/r — max{t, t,}

_ 3
T At —t ’
< sup [t — 1] ] dr

neN Jmax{t,t,} _\/T—r\/|tn — t]y/r — max{t,t,}

T dr
< Sup 3 3
neEN Jmax{t,ty,} (T - T)Z (T - max{t, tn})Z

= supB(4,Z)(T max{t, t,}) "2 < 0. (116)

0. (114)

=

(115)

sup
nelN

Therefore, for all (¢,)ex < [0,7), t € [0,T) with lim, ¢, = ¢t we have that ([0,7) > r —

BV e ey %ﬂ-(max{t,tn},T) (r) € R)nen is uniformly integrable. Hence, for all (¢,),ex < [0,7),

t € [0,T) with lim,,_,, ¢, = t we have that
lim ' VIt — 1] = lim VIt — 1] (o, (1) dr
N == e L e = = s T
B f g Vtn — 1|

0 T}Erolo VT —ryr —t \/r—t Lma(tn). ) (7) dr

= 0. (117)

This, (114), and (112) prove that for all i € [0,d] N Z, (t,)nen < [0,T), t € [0,T), z € R with
t = lim,,_,, t,, we have that

T T
lim j E[f(r, X2 u(r, X07))pry(Z2%)] dr — f E[f(r, X2, u(r, X0))pr,(25%)] dr| = 0.

n—0o0 tn t
(118)

Hence, for all z € RY, i € [0,d] n Z that [0,T) > t — StTIE][f('r’, XB u(r, X09))pr,(ZE®) ] dr € R
is continuous. This, (101), and (92) show for all z € R? that [0,T) > t — u(t,z) € R4
is continuous. Therefore, (94) and the fact that V' and A are continuous imply that for all

€ [0,d] N Z, (tw)nex S [0,T), t € [0,T), (zn)nen S RY, x € RY with lim,, o0 (tn, 7,) = (¢, 7) We
have that

lim sup|pr; (u(tn, z,,) — u(t, z))|

n—aoo0

< lim sup|pr, (u(ty, 2,) — ultn, 2))] + limsup|pr (u(ty, ) — u(t, 2))|

nelN n—00
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20 VO(tn, xn) + VO(tn, z) ||z, — || 1
< limsup | e“ T neen o “ =0. 119
Hence, u is continuous. This completes the proof of Lemma 2.9. O

3. PERTURBATION LEMMA

In Lemma 3.1 below we estimate the difference between two fixed points, roughly speaking,
one generated from the solution to an SDE and one from an approximation schema (e.g. Euler-
Maruyama schema), see (126) and (127).

Lemma 3.1 (Perturbation lemma). Assume Setting 2.7. Let § € (0,1). Suppose that 8 + pi +

o<1 and 1 5t < 1 Let (X) seqo,r) tefs ) were: 1(0,7T) € [0,T]?: 0 < 7} x R x Q — RY,

(ZS “) e[0T ke, T] verd: {(0,7) € [0,T]?: 0 < 7} x R? x Q — R be measurable. Assume for all
e [0,T), re (t,T], r € R¢ that

[V (r, x5, < V(L) (120)

52V (t, x)

Xt,x . Xt@ L —.
e = v S VTA(r—1)

52V (t,x), ||pri(zt — Zb7) (121)

Then the following items hold.

(i) There exist unique measurable functions u,u: [0,T) x R* — R such that for all t € [0, T),
r € R? we have that

max sup [AV(T — T)w] < o0, (122)

ve[0,d]n7 r¢[0,T) ceR4 V(7€)
max sup [A,,(T T)M] < 0, (123)
ve[0,d]n7 r¢[0,T) ccR4 V(7€)

T
max lIEUg(X%m)pry(Z%x)H —i—ﬁ B[] f(r, X2, u(r, X2*))pr, (Z57)]|] dr] < 0, (124)

ve[0,d]|nZ

T
max [E[\gw%“)pry(z;f)uﬁ E[\f('rzXf’ﬁu(r,Xi“))pry(Zi“)Hdr}<oo, (125)
t

ve[0,d]NZ
rT
u(t,z) = E[g(X3) 25" + | E[f(r, X0, u(r, XE7)) Z0*] dr, (126)
Jt
and
rT
u(t,z) = Blg(X") 25+ | E[f(r, X", u(r, X17) 25 dr. (127)
Jt
(ii) Forallv e [0,d] n7Z, t € [0,T), y € R? we have that
5%602T
A (T —t)|pr, (u(t,y) — u(t, < VOt y). 128
( )pr, (u(t,y) — u(t, y))| NG (t,y) (128)

Proof of Lemma 3.1. First, Lemma 2.6 and the assumptions of Lemma 3.1 prove (i) and imply
that for all ¢ € [0,7") we have that

pr, (u(t, y))| 86c5T2(T—
AT — )= | < e T 0, 12
Vel[,{)lv‘g])f‘Z ySEU]Pg [ ( ) V(tv y) “ ( 9)

Furthermore, Lemma 2.8 and the assumptions of Lemma 3.1 show for all z,y € R, t € [0,T)
that

(130)

2p VOt ) + VO(t,y) [z —
. _ . _ < cT ) ) .
hax [Ai(T —t) |pr; (u(t,z) —u(t,y))|]] <e 5 Wis
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Next, Holder’s inequality, the fact that p% + pix + piz < 1, (35), (120), (121), and the fact that
c<Vimplyforallie [0,d] nZ,te[0,T),re (t,T], xR that

Xt,x Xt,x Xt,a: _ Xt,x
AZ(T—t)) V<T7 T )+ V(T7 r ) H r r |’p1"2(Z7t~7$)
2 VT X
6 t,x 6 t,x tr t,x
gm@_®PWn&>+va;nwr X
2 VT 1
IVE(r, X5 e + [VO(r, X0) e || Xbe — Xbe
< : :| b 50— 1) o 20
2 VT P2
52V (t,z) cAy(T —t)
< V(¢ ’
_ 2V (t,2) VT —t
ST =t
52 V8(t,a) T —t
< . 131
\/T AV —t1 ( )
This and (61) prove for alli € [0,d] N Z, t € [0,T), z € R? that
A(T —t) H (Q(X;m) - Q(X%x)) prz‘(for’x) H1
T Xt,{[' T Xt,{[’ Xt,l‘ _ Xt7$ 1 8 132
ATt |[VEX) V(T X ) || X7" = &7 Hpri(z;i) _ 0Vt ) (132)

2 VT VT
Next, Hélder’s inequality, the fact that .- + -- < 1, (35), and (121) imply for all i € [0,d] N Z,
te[0,T), x € R? that
AT = 1) ||g(XE")pr (287 — Z57)||, < AT — ¢) ||V (T, X2¥)pr, (25 — 287 |,
< M(T =) [|V(T, X3, |lors (27" = 277) |
52V (t,x)

MT =0V (ba) s

Pz

N

_ 52 V2(t, x)

~ \/T .
In addition, the triangle inequality, the fact that Zfzo L, < ¢, (130), (131) prove for all i €
[0,d] n7Z,te[0,T),re(0,T], z e R?that

(133)

Ai(T =)

d
T L,A(T) |pr, (u(r, XP7) = u(r, X7))pr,(Z17)]
v=0

1

d
< M(T = 1) ) ([ LoAu(D)pr, (ulr, X07) = ulr, X27)pri( 207 |

i VT
< AT —1) [Luiﬁ [Au(T = r)pr, (ulr, Xp%) = u(r, X7))pry(Z,7) | ]
VT o [ VO X 4 VO AR [ X - AR
< z( t) € prz( r )
VT —r > Nix 1

_ eTeT 62V (t,2) VT — t
S NT-r VT V-t
_ 52eTATV(t, z) 1
h VT (T—r)(r—t)

(134)
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This, (60), the triangle inequality, the fact that V¢ € [0,7): ST di =2r —t|T_, = 2T — t,

Lemma 2.1, the fact that 1 < V, the fact that 1 + T < ¢’7 imply for alli e [0,d] n Z, te[0,7),
z € RY that

T
ﬁ AT — ) || (Fr, X5% ulr, XE7)) — F(r, X5, ulr, X)) pry(27)]), dr

T Xt,m Xt,m Xt,:v _ Xt,m
< | ATt HV(T’ ) VG X = A zea|| ar
¢ 2 VT L
T d
" j AT =) | ) LoA(T) [pr, (ulr, XE7) = ulr, X5))pr, (27)] || dr
t = )
_ 1 T 52v8(t,x) VT — +J 52 TATV(t, z) dr
ST, VT AT VT (T —7r)(r—1t)

52V8(t,z)  b2ec 2TCZTV7(15, z)  02eX*TV(t x)
<2 + <2 .

(135)

Next, (60), the triangle inequality, Holder’s inequality, the fact that 8 pi 1, (120), and (35)
show for alli € [0,d] N Z, t € [0,T), v € R¢ that

ft T — 1) | (£ %, ulr, 5%)) — Flr, X0 u(r, X5%)) pry( 25°)| dr

T d
< f AT =) > [LA(T) [[pr, (u(r, X57) = u(r, X57)) pr(Z07) ||, ] dr
t v=0
T d
T
< [[ar 0D [ o, (o (1 22%) = ulr, 22) (269 a
t v=0 L o
T “f, VT A (T = 1)[pr, (u(r,y) — u(r,y)]
< | AT —t L, sup — v ’ V(r, X pr,(Z5*
IR DN P e |V, &), (260,
T
< J AT — 1) - YL
t T—1r
A (T —r)lpr, (u(r,y) —u(r,y))| 8/ iz ta
'f“]p V() 1720 Bl o2,
T
< J A(T —t) VT
t T—r
Ay (T —7r)lpr, (u(r,y) —u(r,y)| | ;s ¢
- Vo(t,o)———dr
’yeﬁiﬁz;ﬁ V8(r,y) ( >Az-('r’—t)
Tl AT = 1) lpr, (u(r,y) — u(r,y)] | VT AT 1)
< max sup — v ’ Ve(t, x - dr
J b V(r.y) | )W—rw—w
_ JT o sup T =D ()~ | oy ) VT VT
t _Ve[ovd]mZyG]Rd VS(T7 y) ] Vv T—r \/r_
< J‘T max  sup AV(T—T)|pry(u(r,y)—u(r, y))| VS(t l‘) T dr. (136)
t | vElOdINZ yeRa VS(T, y) ’ (T - T) (T - t)
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Furthermore, (33), Holder’s inequality, the fact that pi + piz < 1, (120), (121), and the fact that

Viel0,7): § A =2Vr —t|_, =2yT —timply foralli € [0,d] n Z, t € [0,T), x € R* that

T
f A(T —t) Hf(ﬁ X:’xa O)pri(Zﬁ’”C - Zﬁx)Hl dr
t

T
< f A(T - t)% [V (r, X pr (207 = 207)||, dr
t

1 T xr X xr
<T£ AT = D[V, XE9)| [lor(Z — 22|, dr
1 (7 52V (¢, z)
X Az T - )
< TL (T =V (t.0) e s dr

312 r —
<5V(t,:p)f T td’r’
¢

T r—t
52V2(t, x)
<2 137
T (157

Next, the triangle inequality, (129), the fact that Zfzo L; < ¢, Holder’s inequality, the fact that
pi + piz < 1, (120), (121), and Lemma 2.1 prove for alli € [0,d] n Z, t € [0,T), x € R? that

L AT = 1) 3 [Lo | AT )pr, (u(r, XE0))pry (20 = Z1)]| ] dr

v=0

< j AT 1)) [L@ [A(T = r)pr, (u(r, X7))pr, (227 — Z17) Hll dr

v=0 'T
T C\/T 673
< Az T —¢ 6 86c°T" V ’Xt,x ] Zt,at . Zt,x d
|| =02 e v a2 — 21 | ar
T 2 86873
6C € \/T t,x t,.x t,x
<£ Ai(T—t)ﬁHV(T,XT ), [[pr(Z0e = 229,
T 286573/ 1 ¢
< f AT - IV gy SV(GD)
. NT —r VTA(r —t)

dr

_ JT 65%0268606T3V2(t, z) VTA(T —t)
= ] VT VT —rAi(r—1t)
T 602235 V2(t, ) /TT —t
3 245%CQT€8666T3V2(15,1’). (138)

VT

This, the triangle inequality, (137), and the fact that 24e3"”* < V show for all i € [0,d] N Z,
tel0,T), 7€ (0,T], € R?that

dr

T
f AT =) || fr, X5 ulr, X00))pry (2 — 207) | dr
t

T
< f AT = 1) || £(r, X7, 0)pry (207 — 217)|| dr
t

T d
+ f AT = 1) 35 [LoA(T) [Jpr, (u(r, XE)pry( 25 — 207)]|, ] dr

v=0
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S

03V2(t,x) 2462 ATSCT V2(¢, 1)
VT VT

_ 2452 TS5 T 2 (¢ )

h VT

_ 52 TV3(t, x)

Next, (126), (127), and the triangle inequality prove for all i € [0,d] N Z, t € [0,T), = € R? that

AT = 1) [pr(u(t, x) — u(t, )|
< M(T — 1) [E[g(X7")pri(Z5") — (X" )pry(277) ]|
T
+ [ (AT = OB[f(r, X%, wlr, X27))pr (Z07) = fr, X0 ulr, X00))pry (2:7)]| dr
t

<MN(T =) || (g( X”) g(XF)) pri(Z55)||, + AT — ) || g (X pr, (257 — 257)

<2

(139)

I,
[ A 0 X ) = 0, R, ) o (2

o [ AT 02wt 2 2 - z:vwwl &

< AT 1) B [[(9(X5") = g(X") pro( Z57)||, + AT — ) || g (X))o (257 — 257)
| A =0l X00) = 0 207t A7) o 20

[N 0 R, ) 100 2wt X)) (2

+ L Ai(T =) || f(r, 2% u(r, X05))pry(Z5F — Z17) ||, dr (140)
Thus, (132), (133), (135), (136), and (139) imply for all i € [0,d] N Z, ¢ € [0, T), z € R? that

Ai(T = t) [pr; (u(t, ) — u(t, z))|
5%1/8(t,x) 52 V2(t, ) . 25%6262TVS@, )

<
VT VT JT
! - — 2
+J max sup AT T)pryégu(r, y) —u(r,y)) V(¢ 2) c*T o
vel0,d]n7 e VE(r,y) T = =0
- 02TV, 2)
VT
% 2TY/8 T B B )
v oL (r:3) T =i =1
(141)

This shows for all i € [0,d] N Z, t € [0,T) that

AT —t t,y) — ult,
s sup T = OIpr(u(t9) — u(t.)
ve[0,d]NZ yeR4 |4 (t,y)

e[ AT =Dl ) —ure)l] T
¢ |ve (T

<5

max su
\/T [0,d]nZ ye]IEl V8 (7", y)
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Therefore, (122), (123), and the Gronwall-type inequality in Corollary 2.4 imply for all ¢ €
[0,T) that

_ _ % AT
max sup AV (T T) |prV8(u(t7 y) u(t7 y))| < 105 € 68606T3. (143)
ve[0,d]nZ yeRd \%4 (t, y) \/T
Hence, the fact that 10e3’”* < V proves for all v € [0,d] n Z, t € [0,T), y € R? that
(5%€CQT 673 (5%€CQT

A(T —t)|pr, (u(t,y) — u(t, < 10— T V(¢ y) < VO(t,y). 144
(T = t)lpr, (u(t, y) — u(t,y))| Nid (t,y) Wis (t,y) (144)
This shows (ii) and completes the proof of Lemma 3.1. O

4. MLP APPROXIMATIONS
In Setting 4.1 below we introduce MLP approximations for solutions to SFPEs (see (153)).

Setting 4.1. Let d € N, © = U,exZ", T € (0, 0), py, Py Px € (1,0), ¢ € [1,0), (L;)icpo.q~z € R
satisfy that 3¢ L; < c. Let ||-|: R — [0,0) be a norm on R%. Let A = (A,)ueo.qnz: [0, T] —
R satisfy for all t € [0, T] that A(t) = (1,v/t,...,+/t). Let pr = (pr,)vep.ajnz: R4 — R satisfy
for all w = (wy)vefo,q1~7 @ € [0,d] N Z that pry(w) = w;. Let f € C([0 ,T) x R4 x R¥™ R),
g e C(RLR), V e C([0,T) x R% [0,00)) satisfy that max{c,48¢3<"T°} < V. To shorten the
notation we write for all t € [0,T), z € R%, w: [0,T) x R? — R*! that

(F(w))(t,z) = f(t,z,w(t,x)). (145)
Let o: {(1,0) € [0,T)*: 7 < 0} — Rsatisfy forall t € [0,T), s € (t,T) that
olt,s) = —7 ! (146)

BELDVT —5)—t)
Let (2, F,P) be a probability space. For every random variable X: Q@ — R, s € [1,00) let || X]||; €

[0, 0] satisfy that || %], = (E[|X|*])>. Let t?: Q — (0,1), 6 € ©, be independent and identically
distributed random variables and satisfy for all b € (0, 1) that

P(x < b) (147)

_ 1 J b r

B(3.3) Jo A/r(1—71)
Let X% = (Xte’s’x)se[QT]7t€[S7T]7xEW: {(0,7)€[0,T]?: 0 <7} x R x Q — RY, 0 € O, be measurable.
Let 2% = (Zf’s’m)se[O7T)7te(s7T],xE]Rd: {(0,7) €[0,T]?: 0 < 7} xRIxQ — R, § € ©, be measurable.
Assume that (X9, Z9), § € ©, are independent and identically distributed. Assume that (X%, Z%)gce
and (t?)gco are independent. Assume for all i € [0,d] N 7Z, s € [0,T), t € [s,T), r € (t,T], x € RY,
w1, Wy € RdJrl that

9(@)| < V(T,2), |TH(t,20) < Vi(t,2), (148)
d
[V, x20)| < V), |a =zl < Vis,a)vE—s, [jpr(22)] < m
(150)
V(T,0) < VtLa), o) —gly)| < LD T VT lr ] (151)
b) b) b 2 \/T b

P(pry(2)°7) =1) =1, E[2)*"] = (1,0,...,0). (152)
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Let U},,: [0,T) x R* - R*™', n,m € Z, 0 € O, satisfy for all n,m e N, § € ©, t € [0,T), z € R?
that U, . (t,x) = Ug,,(t,x) = 0 and

m" 0,0,—1),t,x
g0y g(a)
mn

et (F™) = (O F L)) £+ (T = @00, 20600, ) 2000

t+(T—t)c(0:4:9) t+(T—t)e(0:6:0)

(07077i)7t71'
ZT

v Lot + (T — £)c00D)
(153)

In Lemma 4.2 below we first study independence and distributional properties of MLP ap-
proximations.

Lemma 4.2 (Independence and distributional properties). Assume Setting 4.1. Then the follow-
ing items hold.

(i) We have for all n € Ny, m € N, 6 € O that U,fm is measurable,
(ii)) We have for all n € Ny, m € N, 6 € O that

o({Up (1, 2): 1 € [0,T),2 € RY})
< o({e) xl0r ZO0se o, e 9 se[0,T),te (s, T],z e RY) (154)

(iii) We have for all 6#€©, m € N that (Ug;fj)te[oj)ﬁmem (Ufﬁ;:;)tem,xem,

0,0,i),s, 0,0,1),s,x i
((Xt( ) >SE[O7T]¢E[S7T]7$ER‘1’ (Zt( : )SE[O,T),te(s,T],:ve]Rd): v(:69)

dependent,
(iv) We have for all n € Ny, m € N that (Ugm(t, T))iefo,1),0erd> 0 € O, are identically distributed.

(v) We have forall € ©, £ € No, me N, t € [0,T), x € R¢ that

, 1 € N, { € Ny are in-

(PG = 1O PULED)) (£ (T = @, X000, ) 2000

t4-(T—t)e(0:6,9) (T —1)(0:6:9)

. e N, (155
o(t, t + (T — t)e@L0) , 1eN, (155)
are independent and identically distributed and have the same distribution as
0,t,x 0,t,x
(PR~ I OF W) (1 =00 X0 g0) g

o(t,t + (T —t)9) ’

Proof of Lemma 4.2. The assumptions on measurability and distributions, basic properties of
measurable functions, and induction prove (i) and (ii). In addition, (ii) and the assumptions
on independence prove (iii). Furthermore, (iii), the fact that V6 € ©,m € N: Ugvm =0, (153),
the disintegration theorem, the assumptions on distributions, and induction establish (iv) and
V). O

In Proposition 4.3 below we establish an upper bounds for the L?-distances between the
exact solutions of the considered stochastic fixed point equations and the proposed MLP ap-
proximations. Our main idea here is the use of a family of semi-norms which allows us to get
the recursive inequality (161).

Proposition 4.3 (Error analysis by semi-norms). Assume Setting 4.1. Let ¢, € [3,0). Assume
that - + - + .- < 3. For every random field H: [0,T) x R* x Q@ — R*™! let || H||,, s € [0,T),

satisfy for all s [0, T) that

AV T—r I, H r,x
I, = max  sup AT IPr(Hin o)l

(157)
ve[0,d]n7 re[s,T),zeR4% Va (Tv ZL’)

Then the following items hold.
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(i) There exists a unique measurable function u: [0,T) x R¢ — R+ such that for all t € [0,T),
x € R? we have that

max sup [A,,(T — T)w] < o, (158)
ve[0,d]n7 e[0T, ccR4 V(7€)

T
max [E[\g<xﬁm>pry<z%m>\]+ f E[\f('r’,?fro’t’”iu('r,Xro’t’”““))pry(zf’t’x)\]dr} <o, (159)
t

vel0,d|N7Z

and
T
u(t,z) = E[g(x2"") 205 ] + f B[ f(r, X5 ur, X207) 200 dr. (160)
t

(i) Foralln,m e N, t € [0,T) we have that

ot = e 5| 2 [Nper-a] ] e

(iii) Forall n,m € N, t € [0, T) we have that

3 2
U2 —ull, < e's m 28" (162)
(iv) Foralln,me N, t e [0,T), v € [0,d] n 7Z we have that

3
AT = 1) [, (U 0.2) — u(t. ), < % m B8ren TV 1), (163
Proof of Proposition 4.3. First, Lemma 2.6 and the assumption of Proposition 4.3 show (i) and

imply that for all ¢ € [0, T") we have that

t 6772
max _sup | A, (T — t)w < 60T (T, (164)

ve[0,d]NZ yeRd V(t, y)

Thus, the fact that max{c, 6¢3°°”"} < V implies for all v € [0,d] N Z, t € [0,T), y € R? that
A(T — t)|pr, (u(t,y))| < V3(t,y). This, (157), and the fact that ¢, > 3 prove for all ¢t € [0,T)
that

flul, < 1. (165)

Next, (148), the fact that p, > 2, Jensen’s inequality, and (150) show for all t € [0,T), x € R?
that

o), < VT2, < VT, 22, < V(t.) (166)

Furthermore, the definition of A, (151), Holder’s inequality, the fact that p% +
(150) prove forall v € [1,d] n Z, t € [0,T), z € RY that

AT = 0)(g(Xp") — gla))pr, (28]

1 1 1
p—x+p—Z<§,and

V(T X2 + V(T,2) | X" =2l o
< |WT —t 5 NiE pr, (Z7 )2
VT 2], + V) [l 4 — <], 0
< VT — 9 \/T I'1/<ZT >pz
B T LA LU A el S

VT T—t
< V3(t,2). (167)



32

In addition, (152), the triangle inequality, (166), the independence and distributional proper-

ties (cf. Lemma 4.2), and a standard property of the variance imply for all m,n € N, 6 € ©,
€ [0,7T), z € R? that

m" X(G,O,—i),t,a} _alz s
Ao(T —t)pry ((9(:::),0)+Zg( L mn) 9(@) g0~
1=1

- B

2
90 z)tx)

< ||g(xp )|, < Vit z) (168)

2

2

m" (6,0,—i),t,x 3
(Var [AO(T — t)pry ((g(x), 0) + Z Q(XTe ) — g(x)Z’1(“9707_i)7t7x) ])

and

= mn
mm g(Xj(ﬁ,O,—i),t,x) % (Var[g(Xg,t X ])% _ Hg XO ,t :B H2 t ,[L')
(Var ’;1 mr Vm" Vmr T ymn (169)

Next, (152), the triangle inequality, (167), the independence and distributional properties (cf.
Lemma 4.2), and a standard property of the variance show for all m,n e N, 0 € ©, ¢t € [0,T),
re R ve|l,d] nZthat

AT = t)pr, ((g(w%O) + Z

=1

0,0,—1),t,x
S g(0TIN) — g(a) Z;e,o,i),t,m>

mn

2

pry (Z,Z(—‘G,O,fi) ,t,:L')

i=1
< [T — 1)(g(20) — g(@))pr, (22)]], < V(¢ 2) (170)

and

mn

(var[AxT — 1)(g(A2) g(x))pu(z%tvx)]) :
_ AT =092 — g@ppn (27|, _ Vi(t)

Vm? SV

This, (168), (169), and the fact that 1 < V imply for all m,n e N, 0 € ©, t € [0,T), v € R,
v e [0,d] n Z that

(171)

0,0,—1),t,x
g0 — g(a)

A(T = t)pr, ((g(z), 0)+» = z;gvov—”“) < V3(t,z) (172)
i=1

and

(Var
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Furthermore, Holder’s inequality, the fact that pi + piz < 1, (150), and the fact that ¢ < V show
forallte [0,T),se (t,T], v e R% ve [0,d] nZ that

IV 0o, (285, < [V (5,20, [, (22,
c V2(t, )
< V(t, < : 1
Vi) o= S as— 1) 174
Next, the substitution s =t + (T'—t)r,ds = (T = t)dr,r =0=s=t,r = b—tt =s5=0b1r= ;jt,
s=L — T=% and (146) prove for all ¢t € [0,T), be (¢, T) that
1 = d
T—t T
P(t+ (T — ) <b) = P(t" < &=ty = 7J _
TUTBGD L Vi)
b ds J*b
= | oft,s)ds (175)
sl 7 B0 ol Rvcmrrer il |
This shows for all ¢ € [0, T") and all measurable functions h: (¢,7) — [0, ) that
T
E[A(t + (T — t1")] = J h(s)o(t, s) ds. (176)
t

Hence, the independence and distributional properties (cf. Lemma 4.2), the disintegration
theorem, (148), (174), (146), the fact that V¢ € [0,7T): ST d’"_ = 2yr —t|I_, = 24/T — t, the

fact that 4 /2B(2%, 1) < 3imply forall t € [0,T), z € R%, v € [0,d] n 7Z that

272

AV(T - t) (F(O)) (t + (T ) ’ /’\étof(;[i t)to) (fo(; t)to)
o(t,t + (T — D))

2
1
2

[ (T || AT — 1) (F(0))(s, X04) pr, (2047 |
S| e e AT
i t Q(t7 S) 2
_ JT |4 (T — 1) (F(0))(s, X0 pr, (20°)]5 |
| t Q(tv S)
— 1
T AVT—t lV XOtm ZOt:z:
[ [ I e,
| t Q(t7 S)
_ 1
T A2 —t 1V (t,z) 2
< J AT~ D7 RGt) g
t Q(t,S)
o Lvi st |”
2 ) s—
< f T1 1 : ds]
|7 B V-9
1
V2(t, ) s (T ds ]2
= IB(L. Y| (T =)z
. <2,2>[< ) ﬁ]
VE(t, x)

T
< 3V3(t,2). (177)

Next, (176), the independence and distributional properties (cf. Lemma 4.2), the disintegration
theorem, (149), the triangle inequality, (157), (174), (146) prove for all v € [0,d] N Z, j € Ny,
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meN,tel0,T), reR?that

AT =) (F(US,,) = Fu)) (14 (T = 0, 2250 ) pr, (2050
o(t,t + (T —t)9)

T AT = 0 (P8, — F) (s, 204) pr, (2049) | :
— ﬁ o0.5) 2g(t, s) ds]
:'fWM@—wuwap—meww“> SE eIk
olt, s)
1) Sy La(T) (U2, — w)(s, x%4)pr, (2000)] | 7
< ds
o(t, s)

T [A (T — ) 2Ly Lids(T) || (U (s Afo”)prV(ZS’t’f)HZ]2 5
s ft Q(t 8) *

) [ [M 03 Lig || (T 5)(Uﬁm—u)(s,Xf’t’x)pry(zg’t’x)HQ]Qd ’
h Jt o(t, s) ’

T |:AV(T — t) Z?=O Lz% T— S)(U]O,m - u)(saj)pru(g)“2 G X0t 5 g0te 2] 2
< ft o(t, s) ds
) JT[A<yw e (|08, — ], IV (s, 204)pr, (2047)] N

t Q(t7 S)

e L Lo R P I
S ﬁ olt, s) *
A [l AR
i ¢ %5 \/(T s)(s—t)
_ JTCB 53 02, = ull,ve e TVT =7 N
t T—s)(s 1)

2 1 1 q1 g W _um :
— AVTVT — 14/B(L, Ly [ e ] (178)

Furthermore, the substitution s =t + (I'—t)r,ds = (T —t)dr,s =t =r=0,s =T =r = 1,
T—s=T—-t—(T—t)r=(T—t)(1-r),s—t=(T—1t)r and the definition of the beta functions
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imply for all ¢ € [0, T') that

T ds s (T — t)dr NN 179)
Jt (T —s)i(s —t) Jo [(T —¢)(1 — )]I[(T — t)r)]1 ( ) 2B 3)

Therefore, (178), Hélder’s inequality, the fact that 2 + 1 = 1, and the fact that (B(},1))5 < 2
show forall v € [0,d] n7Z, j € Ng, me N, t e [0,T), v € R? that

A(T =) (F(U,,) = F(u)) (t + (T =), Xt(f(;ft)rf)) pr, (Ztoitﬁ;ft)w)
o(t, t + (T —t)x0)

[ (T ds %% T 2-3 %
2 11 0
< AVIVT= iy /Bl hre o) | | <T_5>é3<s_t>é2] [ 02, — ]

covnvr=iyfag v | [ ot -]

carvavravnen o) [[ i -]

T s
< 42TV (1) [ | H}Ugm_umﬂ . (180)

This, the triangle inequality, and the distributional and independence properties (cf.
Lemma 4.2) prove for all v € [0,d] n Z, ¢,m e N, t € [0,T), x € R¢ that

AT =) (FW,) = FUL) (4 (T = 0 20000 ) on (2850
o(t,t + (T — t)0)

2

AT = 1) (F(U2,,) = F() (£ 4+ (T =0, 2250 v (2050

t+(T—t)0 t+(T—t)0
o(t,t + (T —t)0)

l
=)

J 1

4 T %
<SAGTIVO(tz) > U H}Uﬁm—umj : (181)
j=t—1 LJt

Hence, (153), the fact that V6 € ©,m € N: Ugvm =0, (172), (177), (165), the independence

and distributional properties (cf. Lemma 4.2), and an induction argument prove for all n,m €

N,le[0,n—1]nZ,ve[0,d nZ,te[0,T), e R that

AT = )(F(UE,) (¢ + (T = 0, X050 ) o (205 )
o(t,t + (T — t)x0)

T ll, + ~ . (182)

2

This, linearity of the expectation, and the independence and distributional properties (cf.
Lemma 4.2) imply for all n,m € N, t € [0,T), x € R? that

E[U) . (t. z)]

m" (0,0,—12),t,z
9(Xr ) —9g(x) (0,0,—i),t,x
= ’0 + E Z sy sy
(9.0 + 3 — i
n— 0,4, 0,6,—i i 0,4,i),t,x 0,4,i),t,x
nz_zl ]E mZZ (F(Uf(,m )) - ILN(g)F(UZ(—l,m ))> <t + (T - t)t(07£7 )7 Xt(_i_(th)t(O,l,i)) Zt(+(T)—t)t(Ovai)
+ -
n—~{ — 07Z7Z
=0 i=1 m~fo(t,t + (T — t)e0L0)
07 » 07 »L
= (9(2),0) + E[(9(X7"") — g()) 2"
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= E FUP, )+ (T =), Xgﬁt(;ft)to)szﬁ;ft)to
o(t,t + (T — t)0)
~op| PV (T = 08 X o) 205 o
N o(t,t + (T — t)t0)
)t + (T — ), x20r )20 ]

F(Ug—l,m t+(T—t)e0 ) e+ (T—t)e0

o(t,t + (T —t)9)

= E[(g(X2") 205" + E (183)

Next, (160), (176), the disintegration theorem, the independence and distributional properties
(cf. Lemma 4.2) prove for all t € [0,T), z € R? that

T 0,t,x 0,t,x 0,t,x
X77 X77 Z77
E[f(?“, S u(r, X)) 2, }Q(t’r)dr
o(t,r)
Fu)(t+ (T — ), X200 0) 2007 ]

u(t, z) = E[g(x%09)224] 4 f

t

t+(T—t)e0 ) = t+ (T —t)e0
o(t,t + (T —t)9)

= E[(g(X2"") 225" ] + IE’ (184)

This, (183), Jensen’s inequality, and (180) imply for all ¢t € [0,T), z € R%, v € [0, d] N Z that

A (T —t) }pr,/ (]E[Ug’m(t, :L‘)] —u(t, x))}

s PCa) ~ )0+ (7= 00 25 )28
< (A o(t,t + (T —t)9) 2
5 r BE
<acThvnie) | [0, ] 159
t

Furthermore, (153), the triangle inequality, the independence and distributional properties (cf.
Lemma 4.2), (171), (177), (178), and the fact that 1 < V prove for all t € [0,T), x € R,
v e [0,d] n Z that

2
3

—~
\.Pﬁ-

8
~—
~—
—
N~——
N

0,0,—4),t,zy _

(Un,
= A (T —1) (Var [pru ((g(az), 0) + i g(xl _ )—g(x) Z;o,o,i),t,m> ]) 3
i=1
[ £

1
e Au(Tft)(F(Uéﬁ;f’“%m(@F(UéE’fj;”>)(t+(Tft)r<°’fvi>,X“)’“"”“” )pn(z@*“"’)’” )])2

t+(T—1)r(0:4,) t+(T—1)e(0:4,9)
mn—Lo(t,t+(T—1t)c(0:6:9)

1
n—1 0 1 0 10,t, 0,t,x 2
< Vi) Z ) <VarlAl,(T—t)(F(Uzym)—]l]N(f)F(UZlym))<t+(T—t)t 7Xt+(;_t)t0>pry(Zt+(;_t)t0)])
~

vmn" mn—t o(t,t+(T—t)x0)
=0
ol A (T (PP, )~ I OF W}, )T, 2% Yo, (2002 )
< V3(tx) + 1 v Lm/) N -1,m Ut (=)0 ) P\ Z i (1 e)e0
= Vmn Vmn—1 o(t,t+(T—t)t0)
=0 2
0 0,t,x 0,t,x
< Vi , 1 Ay(Tft)(F(O))<t+(Tft)t ,XH_(T_t)tO)pry(2t+(T_t)tO)
= Vmn V/mn o(t,t+(T—t)9) )

Ay(Tft)(F(Ugm)7F(Uel_1’m))(t+(T7t)t0,X:J’rt(’;it)to)prl, (ZSJ:(’;‘ft)r())

o(t,t+(T—t)c0)

)

ACTEVN (¢, 1) ;;_1 UtT 105 — umi} é”

J

n—1
V3(t,x) 3V2(t,x) 1
< T I ) [m
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4V3(t,x) | 4c2T?§Vq1 t,x) T 0 6 s

<2a 5| 3 rhmea | [y, —ul

/=1 j:Z 1
_ 4vi(@taz) (S ARTEV (t,2) T 0 6 G
= Jmn T 2 i1 07—l

j=0 ZE[Lnfl]m{j,jJrl}

- 1

_4v3t:c 2 (2-1 4TV (1,2) o]’ 186
= 1) = ms H\ — (186)

Thus, the trlangle inequality, (185), and the fact that V® < V% prove for all v € [0,d] n Z,
n,meN,te0,T), z e R?that

HAV(T — t)pr, (U27m(t, x) —u(t,z )H2
< AT —t) (var[pr, (U, (¢, x))]) + A (T —t) |pr, (B[U) . (t.x)] — u(t,z))|

4V (t, x) 8TV (t, & e
< ol ST | 7 ol

7=0

o=

] : (187)

Therefore, (157) implies for all n,m € N, ¢ € [0,T) that

4 ” VoserTE
UL — |, < T + 2 [ Cn — U U =], } ] (188)
This shows (ii).

Next, (188), [33, Lemma 3.11], (165), and the fact that 1 + 2T < ¢’ prove for all n,m € N,
t €[0,7) that

U2, — ||, < (4 +8T% - T5 - 1)eTm ™2 [1 + 802T6T6]n1

nene’T (189)

This shows (iii).
Next, (189) and (157) prove for all n,m e N, ¢ € [0, T), v e [0,d] n 7Z that

A(T = t) ||pr, (U (8, ) —u(t, @ )H e mEgrene Ty, ). (190)

This implies (iv) and completes the proof of Proposition 4.3. O

5. EULER-MARUYAMA APPROXIMATIONS REVISITED

In this section we provide some results of moment estimates, stability, continuity, and dis-
cretization errors for solutions to SDEs with explicit constants independent of the dimension
de N.

Setting 5.1. Let ||-||: Uk en R¥** — [0, 0) satisfy for all k, £ € N, s = (8;;)ic[1,5]~N je[1,qN € R¥*
that ||s|> = 30 30 |si;. Let d € N, T € (0,%0), ¢, &,b € [1,%), p € [8,%0), p € C*(R%, RY),
o e C?*(R4, R¥9), p e C?(RY,[1,0)) satisfy for all z,y, h € R? that o(z) is invertible,

(O] + o ()] + ellz] < (), (191)
(D) @)(w)] < ele@) 7 ol [(D*)@)w.v)] < elole) =l (192)
ma {]|((D) @) (W] [ (D) @)W o (@)h]]} < el (193)
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and

max {[[(D) () — (D) )W, 1(Do)(x) — (Do) ) (W [[[(o(2) ™" = (a(y)) "] 2|}
< bllz = ylll|A]l- (194)

Let v: [0,T] — [0, T] satisfy for all t € [0, T] that (t) = t. Let $ satisfy that

dne N, tg,t1,...,t, €[0,T]: 0=ty <ty <...<t, =T,
6([to, ta]) = {to}, 6((t1, ta]) = {ta}, .., 0((tn—r, tn]) = {tn—1}
Let $ =S U {u}. Let |-|: $ — [0, T satisfy for all § € S that |1| = 0 and

S = {5; [0,7] — [0,T]: } (195)

|0] = max{\s —t|: s,t€6([0,T]),s <t,(s,t) nd([0,T]) = @}. (196)

For every k € [1,d] n 7Z let e, € R? denote the d-dimensional vector with a 1 in the k-th coordi-
nate and 0’s elsewhere. Let (Q, F, P, (IF;)«[0,1]) be a filtered probability space which satisfies the
usual conditions. For every s € [1,0), k,¢ € N and every random variable X: Q — R¥** let
|X|s € [0, 00] satisfy that ||X||3 = E[||X||*]. Let W = (Wy)weor1: [0,T] x @ — R? be a standard
(F¢)tefo,r-Brownian motion with continuous sample paths. For every ¢ € S, s € [0,T], x € RY let
(Xf’s’m)te[sj] : [5,T] x Q — R be an (F;)e[s r1-adapted stochastic process with continuous sample
paths such that for all t € [s, T| we have P-a.s. that

t t
6,8,T 4,8,x 6,8,T
X0 =x + L (X s sry) AT + L (X ats sryy) AW (197)
For every k € [1,d|n7, 6 € 8, s € [0,T], € R? let (D)*"*)ieoy: [5,T] x @ — R? be an
(F¢)sefs,r-adapted stochastic process with continuous sample paths such that for all t € [s,T] we
have P-a.s. that

t

6,8,2,k 4,8,x 4,82,k
Dt = e+ f ((DN) (Xmax{s,é(r)})> (Dmax{s,é(r)}) dr

S

t
4,8,x 6,8,2,k
+ L ((D0><Xmax{s,6(r)})) (Dmax{sﬁ(r)}) dW,. (198)

Forevery 6 € 8, s € [0,T], t € [5,T], v € R? let Df’s’m = (Df’s’m’k)ke[w]mz. For every § € &,
s€[0,T), te(s,T], v € Rt V)™ = (V)" Miepuajozm: Q@ — R satisfy that

V(S,s,x _ 1 ! < —1(X6,s,x )D(S,s,x )T dW. (199)
i - t—sJ, o max{s,0(r)}/ " max{s,6(r)} T
Remark 5.2. If § = ¢ in (197) and (198) we have for all k € [0,d]n7Z, x e R%, s € [0,T], t € [s,T]
that P-a.s.
t t
X =+ J pu(X05%) dr + J a(X-50) dW, (200)
and
t t
Dyt = e + f (D) (X)) (De>™*) dr + J (Do) (X)) (De>™") dW,. (201)
In this case Dé’”’k = %Xt"s’”ﬁ where &Xt"s’”ﬁ is the derivative process (cf. [45, Theorem 3.4])
defined through the following SDE:

a L,8,T ' 1,8,T & 1,8,T ' 1,8,T a 1,8,T

S S

Lemma 5.3. Assume Setting 5.1. Then the following items hold.
(i) Forall6 €%, se[0,T], t € [s,T], z € R we have that E[ap(?ﬁf’s’m)] < eldlt=slp ().
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(ii) Forall§e€ S, s € [0,T], t € [s,T], € R? we have that

2 4 2 _ 1 1 1
< Ve [\/T—i—p] V] T (2T ()7 |t — s|2]0]2. (203)
p

(iii) Forall6 € S, s,5€[0,T), t € [s,T], i € [5,T), «, & € R* we have that

4,8,x 1,8,%
Xt” _Xt77

Xt6,87$ o X;,§,i

p
< V2w — alle VTl Ty gt VTl [ﬁw]el‘?w’](‘”) - @) [Is = 31% + e - 11|
(204)
(iv) Forallke[1,d]nZ 6€$, se[0,T), t € [s,T], z € R? we have that
02[p+\/T]2T
|vis=H| < Vapec 7 (205)
P t—s
(v) Forallke[l,d|n7Z 6€$, se[0,T),tes,T], z,y € R* we have that
) V&,S,Z‘,k} o V&,s,y,k 2bc I:\/i ] 636 [\/T—"—p] T||x - y” . (206)
(i) Forallke[1,d]n7Z 6€$, se[0,T), t € [s,T], x € R? we have that
2 § 1
P Lsak 15¢(be + ¢2) [\/T + p]G 3 [VT+p]'T (61'5CT<p(x)) Z |5|%
posak oy < . (207)
; Vi
(vii) Forallke[1,d] n7, s€[0,T), 5¢ [s,T], t € [3,T], + € R? we have that
2 c
’ prsak _ sk < 13(b + 0)06302[ﬁ+p] T [\/T + p]4 el‘spTgp%(xﬂs — §|% (208)
! ! p Vi—sVi—3 '

Proof of Lemma 5.3. First, [39, Theorem 3.2] (with b ~~ o, V' ¢ in the notation of [39,
Theorem 3.2]) shows (i)—(iii). )

Next, Holder’s inequality and (193) prove for all k € [1,d]nZ, § € S, s € [0,T], t € [s,T],
r € R4 and all stopping times 7: Q — [0, T] that

max{s,d(min{t,7})} 5.5,2 8,52,k
f ((Du)(?fmax{s 5(7~)})) <Dmax{s 5(r )}) dr

p

4,8,x 4,82,k
Xmax{s 5( )})> (Dmax{s 5(r )}) 1y <max{s,s(min{t,r})} A7

p

6,8, 0,8,2,k
Xmax{s &(min{r, T})})) <Dmax{s §(min{r, T})}) ]]-rgmax{s,é(min{t,r})}dr

-1«
-1«
J

p

5 s,x d,5,x,k

( max{s &(min{r, T})}>) <Dmax{s,6(min{r,r})}) ﬂrgmax{s,é(min{t,r})} Hp dr
5 s,x d,5,@,k

l max{s S(min{r, T})})> <Dmax{s,6(min{r,’r})}>

1
2 2
dr}
p

i dr} ’ . (209)

p

<cx/f[

In addition, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) and (193) imply for
allke[1,d]n7Z,0€38,s5€[0,T],te[s,T], x e R¢ and all stopping times 7: 2 — [0, 7] that

max{s,é(min{t,’r})} 38,8, 6,8,2,k
f ((DU)(XmaX{S 5( )})) (Dmax{s 5 ) dW

max{s 6(min{r,7})}

S

p
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rt
4,8,x 6,8,2,k
J ((DO‘) (Xmax{s,é(r)} )) (Dmax{s,é(r)}> ]]-r<max{s,6(min{t,7'})} dw,

rt

p

4,8,x 4,82,k
<(DU) (Xmax{s,5(min{r,7})})> <Dmax{s,5(min{r,7—})}> Hrgmax{s,(g(min{t,T})}dWr

Js

[ [ 5 8,5,k 2 12
SPp J <(DU) <Xm7a),<{s76(min{r77'})})> <Dn;a;{,s,6(min{r,r})}) » d’f’]

p

| VS

t
< pe |:J Dé,s,a},k
s

max{s,d(min{r,7})}
Thus, the triangle inequality, (198), and (209) prove for all k € [1,d]| N Z, § € S~E, s € (0,71,
te[s, T], » € RY that

2 2
dr] . (210)

p

4,s,x,k max{s,0(min{t.,7})} 4,8,T 8,8,x,k
[Pz, <1+ | (0 (Priit ) &
p
max{s,d(min{¢,7})} S5 sk
+ f <(DU )(Xn{a;{s,a(r)})> <Dn1a;{’s7a(r)}> aw;
s p
¢ 4. k 2 :
<l+c [\/T + p] [f HDme{s S(min{r,7})} dr] : (211)
s ’ ’ P

This and the fact that Yz, y € R: (z+y)? < 222+ 2y> show forall k € [1,d] n7Z, 6 € S, s € [0, T],
te[s, T], » € RY that

6,8,k
max{s,(s(min{t,T})}

2 2 t 2
<2428 [VT +9] J (2SS 73 (212)
p s ’ ’ p

Forevery k e [1,d] n7Z, 5 €8, s € [0,T], = € RY let 705%k = mm{inf{t e [0,T]: D2l =

max{s,(t)
n}, T}. Then (212) and Grénwall’s lemma imply for all k € [1,d]n7Z,5 € $, s € [0, T], t € [s, T,

r e R?% ne N that

H 4,81,k 2

max{s,s(min{t,r>> %)}

< 26202 [\/T-‘rp]Q(t—s). (213)

p
This and Fatou’s lemma prove forall ke [1,d] nZ,6€ S, s € [0,T], t € [s,T], € R? that

H 6,8,k

2 2
Dok o < 9p2¢? [VT+p] (t—s) (214)

p

Next, the triangle inequality, (198), Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), and (193) prove forall ke [1,d|nZ,5€ S, s € [0,T],t € [s,T], v € R?
that

H,D?,s,:v,k

t
4,8,x 4,82,k
f ((DM)(Xmax{s,a(r)})> (Dmax{své(r)}) dr

S

<1+]

p p

t
4,8, 4,82,k
+ J <<DO-)(Xmax{s,5(r)})> (Dmax{s,5(r)}) dWT

s

p

t
6,8,T 6,8,k
<1+ \/f |:J <(DM)(Xmax{s,5(r)}>) (Dmax{s,5(r)}>

1
2 2
dr}
p

t 5 5,5,k
+p U ((DU )(Xrgiﬂs,am})) <Dn71§f{’své(r)})

s 2
dr]
p
t 2 %
<1+c|[VT+p) U | dr} . (215)
s ’ p
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This and the fact that V =,y € R: (z +y)? < 222 +2y?> show forall k € [1,d]| " Z,5 € $, s € [0, T,
te[s, T], » € RY that

2

p

<2+ 22 \F+p JHD“”

max{s,d(r)}

<2122 [ﬁ + p] f 962 [VT+0]"(=5) 4.

s

_ 9.4 [2€2c2[ﬁ+p]2(r—s)’t_ ]
_ 92 [VT+p] (t-s) (216)
and hence

HDf,s,m,k

< V2l [VTH]'T (217)
P

Therefore, (199), the Burkholgler-Davis-Gundy inequality (cf. [12, Lemma 7.7]), and (193)
imply forall ke [1,d| n7Z,6€ S, s€[0,T],te[s,T], x € R¢ that

1 ! T
V5,s,m,k _ J < -1 Xé 8,z D5 s,x,k ) dWr
‘ t » t—s . ( max{s 5(7’)}) max{s o(r)} )
1
1 ! 71 6,8,x 6,s,z,k 2 2
STz Sp [ (Xcts,66)1) Pineaxts.6()} pdT
1
6,s,z,k 2
< [J HDmax{s o(r)} ) d?":|

< ; pey/t — sv/2¢ [p+vT]'r
— s

_ \/5290602 [p+vT]'r
= s . (218)

This shows (iv).
Next, the triang}e inequality, Holder’s inequality, (194), (193), (iii), and (217) imply for all
ke[l,d|nZ,06€8,s€[0,T],re]s,T], x,y e R?that
6,8,x 6,8,x,k 6,8,y 6,8,y,k
H <(D'u Xmax{s 6(7")})) (Dmax{s 6(7”)}) <(DM)(Xmax{s 6(7")})> <Dmax{s o(r )})
6,8,T 4,8,y 4,8,x,k
< H <(D:“ (Xpaets.sey) — (P (X s )})) (Dmax{s 5(r)})

6,8,y 4,82,k _ 158y.k
+ H (<D'u Xmax{s o(r )})> (Dmax{s,é(r)} Dmax{s,é(r)})

p
2

o
2

p
2

<b Hf"fiixﬁs 51} — Koot e 5063} , fﬁif{f,ar)} Dpiviinsr)) ~ Dovanins(r) b
< b\/§||$ - y||602[ﬁ+p]2T\/§€CQ[p+ﬁ]2T +c HDfﬁZf{f,a(r)} Dfnif{l; 5(r)} 2
= 20|z — yl|e* [pevT]'T HDfan{f,a(r)} Dfn;?{];a( e (219)
Similarly, we have for all k € [1,d] n 7,6 € S, s € [0,T], r € [s,T], =,y € R? that
| (Do) a0)) (Piibaon) — (DX s0)) (Piisen )],
< 20|z — yﬂezc2 o] T HDi’lZf{’sa(r)} - Diﬁf{sa(r)} p (220)
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This, (198), the triangle inequality, Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), and (219) prove forall k € [1,d|n7Z,5€ S, s€ [0,T], t € [s,T], z,y € R?
that

Dt787x7 Dt78,y7

6787y7k

t
6,8,T 6,8,z,k 4,8,
J <(DM)(X )) <Dmax{s,5(r)}> - <(DM)(Xmaxy{s,5(r)})> <Dmax{s,5(r)}> dr

P

< . max{s,d(r)} »
' 8 8,8,k ) 8,8,y,k
7S7$ 7871:7 787y 7S7y7
+ ‘ L <<DO-)(Xmax{s,5(r)})> (Dmax{s,é(r)}) - <(DU) (Xmax{s,é(r)})) (Dmax{s,5(r)}> dWT »
t 2 2 %
(5,8,1‘ 67871:7]9 _ 578731 6757y7k;
< \/T |:£ ((Du) (Xmax{s,é(r)})> <Dmax{s,5(r)}) ((Du) (Xmax{s,é(r)})) (Dmax{s,5(r)}) 2 d?":|
' 5 8,5,k 5 5,5,k 2 72
7371. 7s7:v7 — 7s7y 7S7y7
+p lL <(DU)(Xmax{s,6(r)})> <Dmax{s,5(r)}> ((DO’) (Xmax{s,é(r)})) (Dmax{s,é(r)}) : d?":|
1
2 i 2732
< [\/f + p] [\/t — 5 2b||lx — yHeQCQ[pJFﬁ] Tte [J HDfAZf{’f,a(r)} - Dfﬁif{’f,é(r)} p] ]
s 2

o Dévsvyvk

2 2 t
=2 [ﬁ + p] T e =Sz — g + c [\/T + P] U ’)Dii’f{f,é<r>} max{s,3(r)}

1
272
v .
2

(221)

Therefore, (217), Gronwall’s ipequality (cf. [39, Corollary 2.2]), and the fact that 2v/2 < 3
imply forall ke [1,d]nZ,5€ S, s€[0,T],te[s,T], z,y € R? that

‘p < 2v/2b [\/T + p] 2 VT T sllz — y||602[ﬁ+p] T

é k é k
HDt78’x’ o Dtvsvyv

2 2
< 3b [ﬁ+p] SV Ty, (222)
Furthermore, Holder’s inequality, (194), (iii), and (217) prove for all k € [1,d] n Z, § € s,
se[0,T],rels,T], z,y € R? that
-1 4,8,x -1 6,8,y 6,8,z,k
H (U (X , (r)}) -0 (Xmax{s,5(r)})> Dmax{s,5(r)}

P
4

6,8,2,k

9,8,y
max{s,d(r)}

4,8,x .
<0 ’)Xmax{s,é(r)} Xmax{s,é(r)}

P P
2 2

< b\/ﬁ”ﬂ? o y”ec2[ﬁ+p]2T 2602[\/T+p]2T

2
= 2p2 VTP T 1 g, (223)

Next, (193) and (222) imply forall ke [1,d] nZ, 6 € S, s € [0,T], r € [s,T], z,y € R® that

P
4

-1 4,8,y d,s,x,k _ 1y0,8,y,k
HO‘ (Xmax{s,é(r)}) (Dmax{s,é(r)} Dmax{s,é(r)})

57s7y7k

4,82,k .
S¢ ”Dmax{s,é(r)} Dmax{s,é(r)}

2 5 2
< 3be [ﬁ+p] SNV Ty

Hence, (199), the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), the triangle in-
equality, and (223) prove forall ke [1,d| nZ,6€ S, s [0,T],t € [s,T], z,y € R? that

p
4

(224)

67 k) 7k 67 k) 7k
Vt S,T _ Vt S,y

2
4
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p

4

T
5 S,T 6,8,2,k -1 6,8,y RN
J‘ max{s 6(7")})Dmax{s,6(7")} g (Xmax{s,é(r)})Dmax{s,é(r)}> dWr
1

2 2
dr]
%

N

T
4,8,x 6,8,2,k 6,8,y 4,8,y,k

( (Xmax{s o(r )})Dmax{s,é(r)} (Xmax{s 6(r)}>Dmax{s,6(r)})

2 2
dr]

b

4

2 2
dr]

P

4

-

N

E T
1 -1 0,8, 3,5,y 6,8,z,k
t—s J << (Xmax{s 5(7’)}) (Xmax{s 5(r)})) Dmax{s 5(r )})

T
—1 4,8,y d,s,x,k 7,89,k
Xmax{s o(r )}) (Dmax{s o(r)} Dmax{s,é(r)}))

p 2 302 ?
< _;_ 22 T~y 4 30 [VT o+ p] Wﬂ’]Tnx—yH]
2
_ Sbeb [VT +p] ™ VTR T — |
= Vt—s
2 2
2be [VT + p) VT T3 — |
3 . (225)
Vt—s

This proves (v).

Next, (198), the triangle inequality, Holder’s inequality, the Burkholder-Davis-Gundy inequal-
ity (cf. [12, Lemma 7.7]), (193), and (217) show forall k € [1,d]|n7Z, ) € S, s€ [0,T],t € [s,T],
te[t,T], z € RY that

Hpg,s,m,k . Df,s,x,k

p

4,8,x 4,82,k
J; ((D”) (Xmax{s,(S(r)})) <Dmax{575(7’)}) dr
p

Rt

t
4,8,x 4,81,k
J; <(DU)(Xmax{s,6(r)})> (Dmax{s,é(r)}) dWT

p

VT ' f (O 0)) (Pt ]

4,8,x 6,8,2,k
+p ’ DO' Xmax{s 6(7")})) <D ]
6,8,k 2 2
|:\/_ +p [J HDmax{s o(r)} » dT]
< [\/T+P] AT~ 12 V)T
NG [f + p] VT T\ T (226)
In addition, (194), Holder’s inequality, the triangle inequality, (iii), (11) (217), the fact that

(5+\f)\f<10 and the fact that ¢ > 1 imply forall ke [1,d]| nZ,0€ S, s € [0,T], r € [s,T],
z € RY that

6,8, 1,5,T 6,8,2,k
H ((DM Xmax{s 5(r )}) - (Dlu)(‘)(r )) <Dmax{s o(r )}>

, + fo,s,x o XrL,s,pr:| “Désxk

Y4
2

,D(Ssmk

4,8,x 1,8,
<0 HX - XT max{s, 6(7")}

max{s o(r)}

4,8,x 4,8,x
U)Xmax{s 5(r)}y XT max{s 6(7")}
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2 2 1.5eT 1 1 3, 2 _ 1 1
<b [560 [vT+r]'T [ﬁ + p] 5 0% (2)|0]F + V2e [ﬁ + p] e IVTH]T (152 (1)) v |5]3
\/5602[ﬁ+p]2T
3 2 2 _ 1 1
< 10bc [ﬁ —i—p] 2 [VTHe] T (e""To(x)) 7 |6]2. (227)

Furthermore, (193), the triangle inequality, and (226) imply for all k € [1,d] nZ, § € S,
se[0,T],re[s,T], z € R? that

1.8.T 6,8,k L,S,T,
H(DM)(XT’ ’ )(Dmax{s,a(r)} - D, k)

[NIiS)

6,8,2,k 1,8,2,k
sc¢ “Dmax{s,é(r)} - DT

(SIS

6,8,2,k _ 7s,a.k
S ¢ HDmaX{s,é(r)} D,

4,82,k 1,82,k
+c|| Dok — D Hg

o NS

< V2| VT + p| DTl T o) 4 ¢ | Djoent — e,
_ \/502 [ﬁ + p] 602[\/T+p]2T|5|% +c pr,s,x,k . D:-7S7$7kHQ ) (228)

This, the triangle inequality, and (227) prove for all k € [1,d] nZ, 6 € $, s € [0,T], r € [s,T],
z € RY that

4,8,x 4,8, 1,8,% L,8,T,
H ((D:u) (Xmax{s,é(r)})) (Dmax{l;,(g(r)}) - ((D/’L)(XT’ ))(Dr k) 2
2
5,3,1’ L,8,T 5,5,:}3,]{) L,8,T 5,8,1’,]? L,S,Z‘,k}
< (D/"L)(Xmax{sﬁ(r)}) - (DM)(XT ) Dmax{sﬁ(r)} P + (DM)(XT ) Dmax{s,é(r)} - D'f‘
3 2 _ 1 1
< 10be [\/T—i—p] o2 [VT+p]'T (61.5CT(’0($))P 6]

+ /22 [\/f +p] 602[\/T+p]2T‘5|% iy HDf,s,:v,k B Dﬁskag
2

P

3, 2 i} 1

< 12(be + ¢*) [\/f + p] 2 VTHr]'T (e""To(x))? \5|% +c|[D2sr — DLk, (229)
2

Similarly, we have for all k € [1,d] " Z, 6 € S, s € [0, T], 7 € [s,T], = € R* that

4,8,x 4,8, 1,8,x L,8,T,
H ((DU) (Xmax{s,é(r)})> (Dmax{f,é(r)}) B <(DO-)(XT )) (DT k)

< 12(bC + 02) [\/T n p]3 62c2[ﬁ+p]2T (61.56T(p(x>)% ‘5|% +c HDf,s,x,k o rD:,,s,x,kHE ) (230)
2

p
2

Thus, (198), the triangle inequality, Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), and (229) show forall ke [1,d|nZ,0€ S, s € [0,T], t € [s,T], v € R?
that

H,Df,s,m,k . ,Dé,s,:v,k:

p
2

<

t
4,8,x 4,8, 1,8,% L,8,x,
f (O s)) (Dot sy ) = (D) (=) (D) dr

S

P

+

t
f ()X s00)) (Pl ) — (Do) (X)) (D) awy,

s

P

2
1

t 2 5
<ﬁ[ | (0 o) (P ~ (Drozeo) Dzt pdr]

s P

NI

t 2
4,8,x 6,8,z,k 1,8,% L,8,T,
+p |:J ((DU) (Xmax{s,é(r)})) (Dmax{s,5(r)}) - <(DO-)(XT’ >> (DT’ k) H p d'f’]
2

S
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[V

< [\/T + p] Vit —s5-12(bc + ¢*) [\/T + p]3 eQCQ[ﬁW]QT (61'55T<p(x))% 9]
. [ﬁ ) p] . [Lt HD;;,WJ.C . DﬁskaQg dr] 2
12(bc + ¢?) [\/T + p]S 2 [VT+p]'T (el'ﬁTgo(a:))% 0]

. 1
+ VT +p)c [ [ g~ o dr] y (231)

N

This, Gronwall’s lemma (cf. [39, Corollory 2.2]) and the fact that 12v/2 < 18 prove for all
ke[l,d|nZ,6€S,s€e[0,T],te]s,T], e R?that

5 o 2 _ 1 2 2
HDS,s,x,k . Dé,s,m,k )E < \/5 . 12(bC + 02) [ﬁ +p] 626 [\/Ter] T (61'56T()0(5L'))p |5|% . ef [\/Ter] T

18(be + ¢2) [\/_—i-p] I 3¢2[VT+p|’T (61.55T¢(x))% |5‘%_ (232)

Next, (194), Holder’s inequality, the triangle inequality, (ii), (iii), (217), the fact that (5 +
V2)V2 <10 imply forall ke [1,d] nZ, 5 € S, s € [0,T], r € [s,T], v € R? that

71 6,8, -1 L,8,T 0,8,2,k
H ( Xmax{s o( )}) —-g (XT’ >> Dmax{s o(r)}

p
2

0,8, 1,8,T d,8,2,k
<0 )Xmax{s o(r)} XT » HDmax{s,é(r)} ’p
[ 6,8,x sz 0,8, L,8,x 3,5,2,k
<b HXmax{sva(r)} o 1% & Hp} HDmaX{Sv‘S(”} )p

<b 56c2[\/:7+p]2T [\/T + p] 61'26T¢%(x)|5|% +/2¢ [\/f + p]3 602[\/T+p]2T (el'SETcp(x))% |5|%

\/5662 [ﬁer]QT
3 2 2 ~ 1 1
< 10bc [ﬁ —i—p] 2 [VTe] T (e""To(x)) 7 |6]2. (233)

Moreover, (193), the triangle inequality, (226), and (232) prove for all k € [1,d]| n7Z, ¢ € S~E,
e [0,T],r€[s,T], x € R that

max{s,0(r)} ,

Ho_fl (X;,s,m> (D5 s,x,k - Di,s,m,k)

5,8,:}3,]{) o L,S,$,k‘
S ¢ ’Dmax{s sty — Dr

p

max{s,d(r

4,82,k d. k
<c HD _ phe,
p

_ D?s,x,ka}
< o|vace[vT + p] TIN5 L 18(be + ) [VT 4 p] DT (5T o)) )

5 2 2 . 1 1
< 20c(be + ¢?) [ﬁ + p] S VTH]T (e"5Tp(x)) 7 |0]2. (234)

Th1s the triangle inequality, (233), and the fact that b,¢ > 1 show forall k € [1,d] " Z, 6 € S,
€ [0,T],r € [s,T], z € R? that

1,8, 6,8,2,k 1,8,2.k
ol + o e (Pt - peot)

-1 4,8,T 4,s,2,k -1 1,8,T L,8,2,k
H (Xmax{s 6(7")})Dmax{s 5(r)}y o (Xr )Dr

— 6,8,T -1 L,S,T 0,8,k
< H < 1(‘)C‘max{s 5(7’)}) -0 (XT )) Dmax{s o(r)

b
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3, 2 ) .
< 10bc [\/T +p] 2 [VT+p] T (e Tp(x))? |5‘é
5 2 )
+ 20c(be + 02) [\/T + p] e3¢ [VT+p]'T (61.50TSO($)
1

< 30¢(be + ) [\/f + p]5 VT )T (T ()7 |3]2. (235)

Therefore, (199) and the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) imply for

allke[l,d|nZ,6€8,se[0,T),te[s,T],ze R’ that
I T
| - H f (0 (s Dt sy — 0 (D) aw,
p t
< 2
t—s lL
) 5 2 ) 1
2 30c(bc +¢?) [\/T —i—p] B VTee] T (61'50Tg0(3:))’1’ 9]
2 1
5c(bc + 02) [\/T +p]6 e3c2[x/’f+p] T (61'55Tg0(3:))% |5‘§ (236)
Vi—s '

Vf,s,:v,k: . VtL,s,x,k

p

-1 4,8,x 4,82,k 1,8,x L,8,x,k
(Xmax{s 6(r)}>Dmax{s 5(r)}y (X )D

[ NI [NIES]

<

t— s . max{s,0(r)} max{s,d(r)}
1
2
dr}
Vit —

N

This shows (vi).
Next, Holder’s inequality, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]),

(193), and (217) prove for all k € [1,d| n Z, s € [0,T], 5 € [s,T], r € [3,T], z € R? that

| @@y ar| o+ || (o)) ity aw,

p

+ ’

S

p

1

T [ J (D) (o)) (D) drr +p U |(Do) () (D=5 |, d’r] 2

c [\/T + p] [fj HDﬁ”kH; dr} ’
c [\/T + p] VE— sl VTl — a0 [\/_ + p] R Vs (237)

Furthermore, (194), Holder’s inequality, (iii), (217), and the fact that 542 < 8 imply for all
kel[l,d|nZ,se[0,T],re[sT], reRthat

(D) (A7) = (Dp)(Ap5) D]l

e A

< b5 IVl VT 4 p| 55 b ()5 — 313 - v2e VT ) T
< 82 [VTHo|'T [x/f + p] e

This, the triangle inequality, and (193) imply forall k € [1,d]|nZ, s € [0,T], s € [s,T],r € [5,T],
z € RY that

(D) (X)) (D) = (D) (X759)) (D) [,
< () (A7) = Op)(x57)) Dp>#|, + [ (D) (X057 (Dp==h = Db ||,

< 8o TV 4 p| 55 g ()]s = 513 + e |Det = Dtk (239)
2

5eT 1 1
v opr(a)ls — 82 (238)

Similarly, for all k € [1,d] n Z, s € [0,T], 5 € [s,T], r € [3,T], z € R* we have that
(D) (X7 () = (D) (X)) (D) [
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2 c 1 =
< 8o DTl T VT g p| 5 ()]s = 53 + e[ Dot = D, (240)
2

Next, (198) shows for all k € [1,d] nZ, s € [0,T], 5 € [s,T],t € [5,T], x € R? that

S s

Dot Dt [ (D) (D) dr + [ (Do) (o) (Do) aw,

S S

| () ) (D)~ (Dp) () (D) ar

S

+f (Do) (X)) (D) — (Do) (X50)) (D) dWW,.  (241)

S

Thus, the triangle inequality, (237), Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), (239), and (240) prove for all k € [1,d] n Z, s € [0,T], 5 € [s,T],
te[3,T], v € RY that

2

<\/§C[ﬁ+p]602[ﬁ+p]T s

N

VT | [ @) (D) = (i) (x5)) (03 [ ar|

1
2

| [ N@ora ) - (o) i
< V2 [\/T - p] VT T

1
2

2 1.5eT 1 t -
+ VT +p] [ﬁ Spe NIV 4 p| 5 b (@) = 51 + U Dyt — Dﬁ’s’m"“Hi] ]
3 2

2 3 1se 1 t ~ %
<8(b+ 0)6202[ﬁ+p] T [\/T—Fp] eliT(p%(x”S — 32 4¢ [ﬁ +p] lf Hpisxk _ DismkHZE] '
’ (242)

This, (217), and Gronwall’s inequality (cf. [39, Corollary 2.2]) prove for all k£ € [1,d] n Z,
se[0,T],5¢€[s,T],te[3T], e R?that

2 3 1sser 1 1 2
)p <V2-8(b + )2 VT ] T[\/fH?] e i (x)]s — 3|3 - e VTR T
2

1,8,k L,8,x,k
|pyet —

2 2 3 1seT 1
<1200+ DT VT 4 p| e 5 g ()]s - 5%, (243)

Next, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), (193), and (217) imply
forallke[1,d]n7Z,s€(0,T],5€[s,T],te[5T],zeRthat

N ek Jt Hafl(/’\f“g’x)D“g’x’kHzd’r :
p\(t—s)(t_g)p 3 ' ' P

1
|§_S| ' 05,2,k 2 >
< - - 0 35,y
a3 L 1Pl
|5 — 5] z 2[VT+p]’T
pevVE — §v/2e° P

< ———=
(t—s)(t—3)

< \/ﬁpceCQ[ﬁ“’FT §—s

- Vt—s\t—3 '

t—s t—s

1 1 Yo 5 5a,k) T
J (o1 (x5 DLsk) L aw,

S

(244)



48

In addition, (194), (iii), (217), and the fact that 51/2 < 8 imply for all k € [1,d] n Z, s € [0, T],
€[s,T], re[5T], z e R?that

(o270 o) Do
B e N e}
< b5 VTH]'T (VT +p| e ()l — 513 5e VT +] T
< 82 [VTHo|'T [ﬁ + p] e 5T 0% (2)|s — 33, (245)
Next, (193) and (243) imply for all k € [1,d]| nZ, s € [0,T], 5 € [s,T], r € [5,T], x € R that
ot aze) (o — )

L,8,x,k 1,8,k
<Dt - ppess],

2 3 1ser 1 1
<c-12(b+ c)egCQ[ﬁﬂ’] T [ﬁ +p] e v (z)|s — 5|2. (246)

Thus, the triangle inequality and (245) prove forall k € [1,d|nZ,s€ [0,T],5€ [s,T],r € [5,T],
z € RY that

Ho_fl XL,§,:B>4DL,§,:B,]€ . 0_71<X;,s,m)pi,s,:v,kH »
2
< [[(o7HA5) = o7 A=) DSk, + (ot (Xpw) (Dot - Db,

<8b626[ﬁ+p] [\Fﬁ—p]eliﬁgp%( )\3—5\%

2 2 3 1ser 1
+12(b + ¢)ce™ (Vo] T [\/T +p] 65T<p5(x)|s - §|%

< 20(b + c)ee® [VTHI'T [\FT+p]3el‘?ngoé( s — 5. (247)

This and the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) show for all k € [1, d]nZ,
se[0,T],5¢e[s,T], te[s5T], e R?that

1 t < <
- J (U_l(XTL’S’x)D:]S’x’k o a—l(x;,s,a:)p:ﬂ,s,x,k)—r dWr
— S H P
2
p t . . 3
2 -1 L,8,x L,8,x, L,8,T L,8,T,
< U (o~ 1 (X5 D “L(x-sm) D ) %dr]
b 3 1.5c
<t 2\t —35-20(b+ c)ce [VTen)'T [\/——f—p] 611T¢%(x)|5—§|%
— S

1000 + e TIT [VT 4 p]* "5 b (a)]s — 33

<

Vi—s
_ 100+ et N (VT 4 ] T oo ()]s — 51 (248)
h VE—s\t—3 '

Next, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), (193), and (217) imply
forallke[1,d]n7Z,s€(0,T],5€[s,T],te[5T], zeRthat

~ 1
1 ° — 1,8, L,8,%, 2 ?
) ST U o~ (x>")D: kadr]

" U HD;,SMHZ drF

1 pey/i—s V2l VT
— S

1
t—s

J (U_l(X;’S’x)D:"’S’x’k)T dWr

s
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< V2peet [ﬁ“’]QT\/E — s
b Vi—sVt—35
Moreover, (199) shows for all k € [1,d] nZ, s € [0,T], 5 € [s,T], t € (5,T], z € R? that

(249)

t t
V;’§7$7k . VtL,s,m,k _ 1 J‘ (U_l(X;’g’x)D:,’g’x’k)T dWr o 1 f (O-_l(X;7s7$)D7L,,7S7$7k)T dWr

3 l—s s

t—s
1 1 ' — L,8,T L,8,T T
B <t—§_t—s>f~ (7D W
+

I : :
J‘ (U_l(X;7S7$)D$.7S7$7k o U_l(XTL’S’x)DTLJS’x’k)T dWr

1
-5
Hence, the triangle inequality, (244), (248), (249), and the fact that 2v/2 < 3 prove for all
kell,d]nZ,se|0,T],5¢€[s,T],te (5T], zeR?that
’ B \@pCGCQ [vT+]'T 5—s
g - VE— syt —35

J (0~ (57 DaswF) T aw,. (250)

VtL,§,x,k . VtL,s,m,k

_|_

. \/ﬁpceﬂ[ﬁﬂ’] TJ/i—s
Vt—syt—3
_ 13(b + c)ce?’cQ[ﬁer] 4 [\/T—i—pre T pr(z)|s — 82
b VE— syt —3

This shows (vii). This completes the proof of Lemma 5.3. O

(251)

6. COMPLEXITY ANALYSIS

In this section we study the MLP approximations which have been introduced in (153) in
the case when (X, Z) is replaced by the Euler-Maruyama approximations (see (261)-(264)).
We will prove that when the coefficients satisfy (253)-(255) then the corresponding processes
X(C_ISG’K’(')’('), ZgSG’K’(')’(') defined in Theorem 6.1 below fulfill (150) as well as (62)—(121). This
allows us to combine Proposition 4.3 with Lemma 3.1 and Lemma 5.3 (see the proof of Theo-
rem 6.1 below).

Theorem 6.1. Let © = U,xZ", T € (0,0), k € [0,0), B,c € [1,0). Let ||-||: UpexRF* — [0, 0)
satisfy for all k.0 € N, s = (8;)ie[1.5]~N je[1,q-n € R that ||s? = Zf=12f=1|3ij|2- For every
d € N let (LY)icp,aq~z € R*™ satisfy that Z?:o LY < c Forevery K € Nlet||g: R — R
satisfy for all t € R that |t]x = max({0, %, 2,..., T} n ((—o0,t) U {0})). For every d € N let
A = (AD)yep,anz: [0, T] — RY satisfy for all t € [0,T] that A%(t) = (1,+/,...,/t). For every
d € N let pr? = (prd),efo,anz: R — R satisfy for all w = (w,)vefo,ajnz @ € [0,d] N Z that
pré(w) = w;. Foreveryd e N, k € [1,d] n7Z let ¢} € R? denote the d-dimensional vector with
a 1 in the k-th coordinate and 0’s elsewhere. For every d € N let f; € C([0,T) x R x R4 R),
gs € C(RYLR), pg € CHRYRY), 04 € CHRY, R4, To shorten the notation we write for all
deN, te[0,T), e R% w: [0,T) x RY — R that

(Fa(w))(t, ) = falt, z,w(t, x)). (252)

Assume forallde N, ie [0,d]| n7Z, s [0,T),te s, T), re (t,T], z,y, h € R wy, ws € R4 that
o4 is invertible,

[1a(O)]] + lloa(0)]| < ed®, (253)
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max {[[(Dpa) () (R)|], [(Daa)(x)) ()] (@[} < e, (254)

max {[[(Dpa) () — (Dpa) ) (W), [(Doa) (@) — (D)), || [(ea@) ™" = (caly) "] 2]}
< cdllx —ylllIAll, (255)

19a(x)] + |T fult, 2,0)| < [(ed®)? + &|]?]”, (256)

‘fd(t z,wi) — fat, y, ws)|
1 ((cd)? + Ell2)?)” + ((ed)* + [lyl*)” [l — yl|

Z [LEANT)Ipri(wn = w2)[] + 5 @7
and
do)2 + 2|lz112)8 d)2 + 2llyl12)8 ||z —
0a(2) — ga(v)] < ((cd)” + l*) -QF((C )°+ < lyll) HxﬁyH' (258)
Let 9: {(1,0) € [0,T)*: 7 < 0} — R satisfy forall t € [0,T), s € (t,T) that
ot,s) = =1 ! (259)

BELDVT -5t
Let (0, F,P, (IF;)w[o,r7) be a filtered probability space which satisfies the usual conditions. Let

t?: Q — (0, 1) 0 € ©, be independent and identically distributed random variables and satisfy for
all b€ (0,1) that

P <b (260)

% % f Nr(l=r)

For every d € N let W*%: [0,T] x Q@ — R% 6 € ©, be independent (lFt)te[OT]-Browman

motions with continuous sample paths. Assume for every d € N that (W%%)ye and (t%)seco

are independent. For every § € O, dK € N, s € [0,T], x € R% k e [1,d] n 7Z let

(Xtd’e’K’s’m)te[svT], (Df’(”K’s’x’k)tG[svT] : [s,T] xQ — R be (F4)se[s,r-adapted stochastic processes with
continuous sample paths which satisfy for all t € s, T| that P-a.s. we have that

t t
Xtd,G,K,s,m = +J Iud(XdGKs:v )d'f’ +J (XdGKsmK})dWTd,G (261)

max{s,|r|x max{s,|r]

and

t
d,0,K,s,x,k __ d,0,K,s,x d,0,K,s,x,k
Dt - k: + f ((D/Ld) (Xmax{s,[rJK})> <Dmax{s,[rJK}) dr

S

t
d,0,K,s,x d,0,K,s,x,k d,0
+ J <(Dad>(Xmax{s [TJK}>) (Dmax{s,[ij}> dWr : (262)

Forevery 0 € ©,d,K e N, s € [0,T), t € (s,T], x € R? let Vf’G’K’S’”ﬁ = (Vf’G’K’S’x’k)ke[Ld]mZ: Q-
Ré, Z0Kew — (zd0Ksm, k)ke Azt 0 — R satisfy that
1 T
th,@,K,s,m _ J < ;1<Xdo9Ks:vK})Dd,€,K,s,m ) dW;z,e (263)

I — s max{s,|r| max{s,|r|k}

and ZH0F5" = (1, VPR Let UMY 0 [0,T) x R? —» R, de N, dn,m,K € 7, 0 € ©,

satisfy for all d,n,m, K e N, 0 € ©, t € [0,T), x € R? that Ui’f7m7K(t, x) = Uodf%K(t,x) = 0 and

US9(0) = (gula)y0) + 5 91K

i=1
(S (Fdwzf;é%“) — IO FAUETTD) (14 (7 = 000, 000t ) o0 e

tH(T—t)e0:60) | Ty (T—t)e(6:69)
m"o(t,t + (T — t)el0:42) :

d(@O Z)Kt:v)

gd(x)zd,(e,o,fi),K,t,x

mn T

{=0 i=1

(264)
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For every d € N let ¢4, {4, 9a € [0, 00) satisfy that

eq + fa + 9 < cd®. (265)
Let ¢t . €[0,00), n,meZ, d, K N, satisfy for all n € Z, d,m, K € N that
n—1
€k <m(Keq+ ga)In(n) + Y [m" ™ (Keq + fa+ € + € 0] (266)
{=0

Then the following items hold.
(i) For all d € N there exists an up to indistinguishability continuous random field
(X cejorpicfsriaerd: 1(0,7) € [0,T]: 0 < 7} x R? x Q — R? such that for all s € [0,T],
x € R? we have that (Xf’s’”ﬁ)te[sj] is (F¢)se[s,r-adapted and such that for all s € [0,T],
te [s,T], » € RY we have P-a.s. that

Xtd’s’x =$+J

s

t t

pa( X&) dr + J og( X5 dW 0, (267)

(ii)) For all d € N, s € [0,T], € R? there exists an (F¢)se[s,r-adapted stochastic process
(Df’s’m)te[sﬂ = (Df’s’m’k)ke[ld]mzz [s,T] x Q@ — R4 which satisfies for all t € [s,T],
k€ [1,d] n Z that P-a.s. we have that

d,s,x,k d
Dy = e, + J

S

t t

(D) (X)) (D) dr -+ | (Do) (X)) (DE) W, (268)

(iii) For all d € N, s € [0,T), z € RY there exist (F¢)te(s,r-adapted stochastic processes
(V" Viesr1 = (V") iesmirepa oz (5, TIxQ — R and (7 )esmy: (5, T]x Q — RH!
which satisfy for all t € (s, T] that P-a.s. we have that

1 t
V;d,s,:v - J (O_C?I(Xd,s,x)Dg,s,m)T dWTd,O (269)

- r
t— s Jg

and ZM5* = (1, V5%,
(iv) For all d € N there exists a unique continuous function uy: [0,T) x R¢ — R+ such that for
all t € [0,T), v € R? we have that

[ d
max sup A,U/l<T B 7_) |pru(ud(7—7 6))| 5 < 0, (270)
ve(0,d]n7 7€[0,T),£eR4 | [(Cdc)Q + C2 H.T”2:|

rT

] + | B[ falr, X ua(r, XEW))pré(Z44)) dr} <, (271)
Ji

EI:‘ Xd,t,:L' d Zd,t,:l:
Vel[?,i”fﬁz[ 9a(Xz")pr,(Z17)

and
T
ug(t,z) = E[gd(X%t’m)Z%t’x] + f B[ fa(r, X3 ug(r, XEW)) Z50 ] dr. (272)
t

(v) For all d € N we have that

lim sup sup [A,‘f(T —t) ’
n—0  ve[0,d]nZ,te[0,T),ze[—k k|4

prff <Ud’0 v (B x) —ug(t, x))

n,n3,n3

} = 0. (273)
2

(vi) There exist (Cs)se0,1) S (0,0), n € (0,90), (Nge)aen,cc01) S N such that for all d € N,
d,e € (0,1) we have that

sup AYT —t) ||prd | U™ ) vy, (tx) —ug(t, x) <e (274
ve[0,d]AZ,te[0,T),ze[—k k]4 Na,e,[Na,e|3,|Nae| 73 :
and
¢ ny. < Cse=WHnan, (275)

1 d,e
Nd,m'Nd,E‘S 7‘Nd,5‘ 37
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Proof of Theorem 6.1. First, the fundamental theorem of calculus and (254) imply for all d € N,
z,y € R? that

Jnae) = pa(w)l = ||| lato-+ st = as|| = ||| (Do + st =) = s
<clle ] (276)

and similarly,
loa(x) = oa(y)|l < cllz =yl (277)

This and a standard result on SDEs with Lipschitz continuous coefficients (see, e.g., [44, Theo-
rem 4.5.1]) prove (i). Next, a standard result on the existence and uniqueness of the derivative
process (see, e.g., [45, Theorem 3.4]) and the regularity assumptions of 14, 04, d € N, imply
(i1)-({ii).

Throughout the rest of this proof let ¢, c, ¢ € R satisfy that

qg=408, ¢é=16¢°c, c= 2\/§qcec2[2q+ﬁ] T (278)

and for every d € N let o : RY — [1,0), V4: [0,T] x R¢ — [1, o0) satisfy for all ¢ € [0, T], x € R?
that

o) = <c 14885 4 T | y(ed)? + 402||x||2)q (279)
and
10 1.5¢T 5e(T—t 1
Va(t,z) = [150((cdc)c +c?) [ﬁ + 2q] (VT2 T } e o (1), (280)

Then (256) shows for all ¢t € [0, T), » € R? that

B 1
9@ + ITfalt, 2, 0)] < (e + o)’ < pd () = o () < Valto). (281
Next, (258), (279), the fact that ¢ = 403, and (280) prove for alld € N, z,y € R? that
((cd®)® + Az ]I”)” + ((cd®)* + lyl?)° lz =y

19a(7) — ga(y)| <

2 VT
8 8
_ pa(@) + i) llz —y
1 1
_ el @)+ () llz =yl
2 VT
< Vd(Ta :E) + Vd(Ta y) ||$ - y” (282)
2 VT
Similarly, we have for alld e N, t € [0,T), z,y € RY, w;, w, € R that
|fd(t z,w1) — fat,y, wa)|
1 Vy(t,z) + Va(t,y) llz =yl
:g: ALd[\d ‘pr w1 — UQ)|]'+ 5; 9 \/7; . CZSEU

Next, (253), the fact that Vo, y e R: x +y < 24/22 + 92, and (279) imply for all d € N, x € R?
that

1a(O) ]| + loa(O)]| + el < cd® + el < 2((cd)? + l]?)F = o2 (a). (284)

Moreover, (279), [39, Lemma 3.1] (applied for every d € N with p ~ ¢, a ~ ¢ + 48¢36<"T* 1

e’T 4+ 4(cd?)?, ¢~ 2¢, V - g in the notation of [39, Lemma 3.1]), and the fact that ¢ = 16¢2¢2
prove for all d e N, z,y € R? that

-1 2g—1

(Dea(w)) (9)] < dacp,™ @)1yl < e, @)llyl (285)



53
and

292 2q—2
[(D*@a(2))(y, y)] < 16¢°Cp,* |lyl* = cp,™ llyl? (286)

where D, D? denote the first and second derivative operators. This, (284), (254), (255), and
Lemma 5.3 (applied for every d, K € N with b~ cd, p ™ 2q, 1 g, 0 04, 6 N || in the
notation of Lemma 5.3) prove that the following items hold.

e Foralld, K e N,s€e[0,T],te[s,T], z € R? we have that

E[wd(xtd,O,K,s,x)] < 61'5E‘t_slg0d(l’). (287)
e Foralld, K e N,s€e[0,T],te[s,T], z € R? we have that
i 2 2 ~ 1 1A/ T
H HXtd,O,K,s,m . Xtd,s,:v < \/§C \/T + QQ] 602[\/T+2q] T (61'5CT(,0d(SL’>) 2q |t . 8‘5 \/7 . (288)
2q L \/?
e Foralld, KeN,s,5¢e[0,T],te[s,T],te[35T],z,7 € R we have that
m Xtd,O,K,s,a: B X£d7O,K,§,5c
2q
< \@”SL’ o i’H€CQ[ﬁ+2q]2T
3 W (~
+ 5 VT 2] T [ﬁ + 2q] oMt 2 (@) ; 24’ (7) [\s - ﬂ%] . (289)
e Foralld, Ke N, ke [l,d|nZ,se[0,T],tels,T], € R¢we have that
2
4,0,K,5,2,k 2\690602[2“\/?] r
P < . (290)
2q \/t — S
e Foralld, Ke N, ke[l,d|n7Z,se[0,T],te [s,T], z,y € R we have that
¢ 3 3c2[VT+2q|’T
‘ th,O,K,s,:v,k B th,O,K,s,y,k‘ < 2cdc [\/T + 2‘1] el d |z — yH (291)
4 Vt—s
eForalld, KeN,ke[l,d|nZ,se0,T],te[s,T], x € R we have that
c 6 c? 2 C %
[viossns _yianar| < 15c(cde + %) [VT + 2] W20 T (13T () 20 2 (292)
t t = \/tf '
q s
e Forallke[l,d|nZ,se[0,T],5¢€[s,T],re[3T], veR?we have that
¢ 3¢2[vT+2q]’T 4 Lol o gl
.32,k d,s,3,k 13(cd® + c)ce [VT +2q] e >0 oy (z)]s — 32
}Vt”’—VQ”’ < - . (293)
q Vt—8syVt—5s

Now, (287) proves forall d, K e N, s € [0,T], t € [s,T], z € R¢ that

1
‘ " < (E |:€1.55(T—t) (pd(Xtd,O,K,s,a:)]> 20

< (61.5E(T7t)61.5E(tfs)90d(x))% _ 61.5E(Tfs)(p§% (). (294)
This and (280) imply for alld, K e N, s € [0,T], t € [s,T], x € R? that

1.56(T—t) L 40K
eI e (X

HVd(t, Xtd,O,K,S,{L')

< Vy(s, x). (295)
20

Next, (288), (280), the fact that ¢ > 20, and Jensen’s inequality show for all d, K € N, s € [0, T,
te[s,T], v € RY that

< \/Tvd(ta x) (296)

20 VK

Xtd,O,K,s,m o Xtd,s,m
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This proves for all d € N, s € [0,T], t € [s,T], z € R? that X**" = limg_., X" in
probability. This, (295), the fact that for all d € N, V is continuous, and Fatou’s lemma imply
forallde N, se[0,7],t e [s,T], z € R that

Hvd(t,va”) < Vis,a). (297)

Next, (292), (280), Jensen’s inequality, and the fact that ¢ > 40 prove foralld, K € N, s € [0,T),
e (s,T],ze R% ke [1,d] nZ that
\/_\/%Vd@v SL’)

A -
’ 20 VTEt—s
Therefore, the fact that Vd, K € N,s e [0,T),z € R?: P(Z%0Ks2 = (1, pd0Ks)) = 1 the fact
that Vde N,s € [0,T),z € R?: P(Z%** = (1,V%%%)) = 1, and the definition of A%, d € N, prove
foralld, Ke N,se[0,T),te (s,T],ze R%ie[0,d] nZ that
YLV 4(t, )
’ pr < ~=
VTNt — )
In addition, (290), (278), Jensen’s inequality, and the fact that ¢ > 40 show for all d, K € N,
sel0,T),te (s, T],zeR% kell,d] nZthat

d,0,K,s,x,k
t

V;d,O,K,s,m,k . V;d,s,:v,k

(298)

d(zporsT Zf"”) (299)

c

< ;
20 A/t—S
Thus, the fact that Vd, K € N, s € [0,T),x € R¢: P(Z%0Es2 = (1, pd0Esz)) = 1 the fact that
Vs e [0,T),x € R: P(Z%® = (1,V%*?)) = 1, and the definition of A%, d € N, imply for all
d,KeN,se[0,T),te (s, T],zveR%ie|0,d] n7Zthat

(300)

d,0,K,s c
)pr @), < mm ey (301)
This and (299) prove forallde N, s e [0,T), t ( T],z e R i€ [0,d] n7Z that
d,s,x C

Next, (289), Jensen’s inequality, the fact that ¢ > 40, and (278) show foralld, K € N, s € [0, 77,
tel[s,T], x,y € R¢ that
I .

Moreover, (288), Jensen’s inequality, the fact that ¢ > 40, (279), and (280) imply for all d, K €
N, s€[0,T],te€[s,T], x € R? that

Xtd,O,K,s,:v o Xd,s,:v

= a0k < el il (303)

oS T@vd(t, ). (304)
This, (303), and the fact that Vd € N: ¢ < V, (see (279)-(280)) imply for all d, K € N,
se[0,T],te[s,T], x € RY that

Vu(t,z) + Vy(t,
<efr—y) < YAV D, (305)

Next, (291), Jensen’s inequality, the fact that ¢ > 40, (278), and (279) show for all d, K € N,
sel0,T),te (s, T],zeR% kell,d]nZthat

_ Valt,1) + Valty) |lz o]
20 = 2 \/T«\/t — 3.
Hence, the fact that Vd, K € N,s € [0,7),z € R?: P(Z40Kse = (1, V40.K52)) = 1 and the
definition of A4, d e N, prove for all d, K e N, s € [0,T),t e (s,T], z € R% i € [0,d] n 7Z that
_ Valt) +Valty) o=yl

~X

20 2 VTNt —s)

d d
H HXt S, T Xt »S,Y

d,0,K,s,x,k d,0,K,s,y,k
; YKy (306)

(307)

rgl(Z;i,O,K,s,m . th,O,K,s,y)
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This and (299) show for alld, K e N, s e [0,T),t e (s,T], x € R, i € [0,d] n Z that

‘ < Vd(t7 .T) + Vd(t7 y) H.T - y”

20 2 VTAYt —s)
Next, (293) Jensen’s inequality, the fact that ¢ > 40, (279), and (280) imply for all d, K € N,
se[0,T),5¢€[s,T),te(3T],zeR%iel0,d nZthat
< Vd(ga l‘) + Vd(sa l‘) \ s —
¢ 2 V=3t —s
Thus, the fact that Vd € N,s € [0,T),z € R*: P (Z”lsm = (1,V4%%)) = 1 and the definition of
A4, d e N, show for all d, Ke]N se[ T),5€(s,T),te(5T],zeR%ie[0,d] nZthat

’ B Va3, x) + Vs, x) Vs —s

P 2 VE—3A(t —s)
Moreover, (289), Jensen’s inequality, the fact that ¢ > 40, the fact that Vd, K € N,s € [0,T],z
R?: P(X40Ksw = g) = 1, (279), and (280) imply forall d, K € N, s € [O,T] tels,T),xe ]Rd
that

prt (71— 7% 208)

V;d,é,m,k o ‘/td,s,:v,k (309)

pri(ZHo" — ZP5) (310)

KEOK s xH H < Vs, 2)VE—s. (311)
20
This and (304) prove foralld e N, s € [0,T],t € [s,T], x € R? that
H HXtd’s’x —x < V(s,z)Vt — s. (312)

Now, Lemma 3.1 (applied for every d, K € N with § \/_ Py N 20, pe N 20, p, N 20, ¢ N c,

VA Vg, (Li>ie[1,d]mZ 2 (L(ij>ie[1,d]mZ’ A~ A pr A, f A fa, 90 g XD X(C.I)OK() (),

Z A z(“?’)O’K’(')’('), X A X{?;(')’('), A zg?’)('%(') in the notation of Lemma 3.1), (281)—-(283),
(295), (297), (302), (305), (308), the flow property of X as solution to the SDE in (i), (304),
and (299) imply that
e there exist unique measurable functions ug,usx: [0,7) x R — R, d, K € N, such
that foralld, K e N, t € [0,T), z € R¢ we have that

max su AT w] < o0, (313)
vel0,d]nZ 7'6[07T)2€]Rd [ AL =) Va(r,§)

max su AT [pry (u(7, 5))|] < o0, (314)
ve[0,d]nZ 7'6[07T)2€]Rd [ AL =) Va(r,§)

E[‘ Xd,t,l‘ d Zd,t,l‘
Veﬁiﬁz[ 9a( Xy )pr, (Z77)

T
] +J B[] fa(r, X2 uq(r, XE0) ) préi(Z244)|] dr} < 0,
t (315)

EH A LOK ey d( Zd0.K b
I[B%Z[ 9a(Xp " )pr, (Z2777)

]

T
# [ Bl R gt xﬂvO’W»prz<zﬁv°’mvw>udr] cx G160
t

T
ug(t, ) = E[gd(X%t’m)Z%t’x] + f B[ fa(r, X3 ug(r, X)) Z50 ] dr, (317)

t
and

Ud,K(t, :L’) = E[gd(X%O,K,t,:v)z%o,[(,t,m]



56

T
+J E[fd(r, er’O’K’t’x,Ud7K(T, er,O,K,t,m))Zﬁl,O,K,t,x] dr (318)
t
and
e forallde N,ve[0,d]nZ,te[0,T),ye R?we have that
@ 2T
d d N 9
AY(T = )|pry (ua(t,y) — uax(t,y))| < T Va(t,y). (319)

This and the fact that Vd € N: ¢’ < V, (see (279)—(280)) imply for alld e N, v € [0,d] N Z,
te[0,T), y € R? that

Vi'(ty)
VK
Furthermore, Lemma 2.9 (applied for every d € N with p, ~ 20, p, «© 20, p, ~ 20, ¢ ¢,
(Li)icpo,ainz - (L)iepo.ainzs A A% proprdy f A fa, g 0 ga, Vo Vg, X A Xg’)(')’('),

7 A Z(d_’)(')’(') in the notation of Lemma 2.9), (281)=(283), (297), (302), (305), (308), and

(312) prove for all d € N that u, is continuous. This, (313), (315), and (317) show (iv).
Next, Proposition 4.3 (applied for every d, K € N with p, ~ 20, p, v~ 20, p, © 20, ¢ N c,

ANT — ) [pré(ua(t,y) — wax(t,y))| < (320)

(Li)iefo,ajnz (Ld)ze[Od]mZ, A A praprd, fofo,g0 gs, Vo Vg, XA X(fl)() (), ()’
Z A Z(d)() U o U > @1 " 3 in the notation of Proposition 4.3), (281)-(283), (295),

(311), (301), (280), the fact that Vd,K € N,s € [0,T),z € R¢: P(Z0Kse = (1, pb0Kse)),
(263), and (264) prove for alld, K,n,me N, t € [0,T), v € [0,d] n Z, x € R¢ that

m3 n 2
AT —1) ’ Tm 28" TVt 2). (321)

pre, (Ugme(t,:c) — ud7K(t,:c)) H2 <e

Hence, the triangle inequality and (320) show for all d, K,n,m € N, ¢t € [0,T), v € [0,d]| n Z,
x € RY that

AXT = 1) ||or (U9, et 2) = walt, )|
< AYT —t) ||pr? <Uan(t x) —ugi(t,x )H + ANT —t) [pré(ug(t, @) — ugx(t,2))|
m3 n 2 Vlo(t l‘)
<e6m 28" TV3(t, z) + —4—2~
d( ) \/X
m3 n 2 1
< leTm 28T + — | V(¢ 2). 322
This implies for all d,n € N that
AT =) Jort (090, (0) — )
nn sn 2
sup
ve[0,d]N7Z,te[0,T), xR 4 Vclzo(ta z)
= [e%n_%8"6"°2T + n_%] <esn s9nene’T (323)

Therefore, (279) and (280) show for all d € N that

lim sup sup [Aff(T —t) ‘ pré <Ud’01 o (@) —uglt, :c)) }
n—m  vel0,d]nZ,te[0,T),ze[—k k|4 nn3,n3 2
< lim sup sup [e%n’%9”e”°2TVéO(t, x)] = 0. (324)

n—0  pe[0,d]NZ,tel0,T),ze[—k k|4

This proves (v).
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For the next step let (Ny.)aen ce(0,1), (Cs)se0,1) < [0, o0] satisfy for all d e N, € € (0,1) that

Nge = inf{n e N: sup

ke[0,00)NZ,ve[0,d] N 7Z,te[0,T),xe[—k,k]¢

A1)

prt (029, (0.0) — st )

< 5} (325)
2

and

n 2 4+6 2
<€€9nenc T> 6n+1n§
Cs = sup - ) (326)

nelN ne

Then (324) shows for all d € N, ¢ € (0, 1) that V;. € N. Furthermore, for all § € (0,1) we have
that C5 < co. Next, [5, Lemma 3.14], (266), and (265) imply for all d, K, m,n € N that

Ke+gd+Ked+fd
2

This proves for all d, K, m,n € N that

¢l ok < (3m)" < K(eq + ga + fa)(3m)" < Ked®(3m)". (327)

d n+1

< (n+1)F cd®(3(n + 1)3)"H!
= cd®3" M (n + 1)2@;1)
cd®3™ 1 (2n) g

2(n+1)
< Cdc6n+1n73
2

— cd6" i nins (328)
Hence, (323) shows for all d,n e N, § € (0,1) that

1 n+l
n+1,(n+1)3,(n+1) 3

N

446
= et (0,400 = watt o))
n,n3,n 9 d
su ¢ "
ue[O,d]mZteIEZ),T),xe]Rd Vcllo<t7 56’) n+17(n+1)% 7(n+1)_§_1
< <e%n’%9"enc2T) cd6" nin s
446
<6%9n6nc2T> 6n+1n%
< - cd®
ne
< Csed”. (329)

Next, (279) and (280) imply that there exists € (0,0) such that for all d € N we have that
SUDye(0,7) we[—k k)¢ Ya(t; 2) < nd". This and (329) imply that there exists 1 € (0, o0) such that for
allde N, 6 € (0,1) we have that

4+90
d
1 n+1
, n+1,(n+1)3,(n+1) "5

sup [Aﬁ(T — 1) ‘

ve[0,d]nZ,te[0,T),ze[—k k|4

prt (0224 (0.0) ~ ualt0) )

n,n3,

446 5
< Csed® sup VOt 7) < Csed® sup VI(tz)| < Csnd'. (330)
te[0,7),ze[—k,k]¢ te[0,7),ze[—k,k]?
In addition, (327) shows for alld € N, ¢ € (0, 1) that if N,. = 1 then
Sl Nge < €11 < 3ed” (331)

1 >
Nd,evINd,s‘B 7‘Nd,5‘ 3
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Moreover, (325) and (330) implies that there exists 1 € (0, ) such that for alld € N, ¢ € (0, 1)
we have that if N;. > 2 then

€4+5Q:d ) Na

Nd,67|Nd,E|§7|Nd,E‘T

445
< sup A§<T - t) prrc/l Ud70 1 Nge—1 (t7 .T) - ud(t7 .T)
vel0,d]nZ,te[0,T),ze[—k, k|4 Ng,e—1,(Nge—1)3,(Nge—1)7 3 9
Qd 1 Nd,s
]\/vcl,ev|]\[d,r€|§7|]\[d,r€‘T
< Cynd” (332)
This and (331) prove that there exists 7 € (0, o) such that for all d € N, ¢ € (0, 1) we have that
ghtogd N < Csnd. (333)

1
N€7‘Nd,5|3 7‘Nd,5|

Thus, the fact that Vd € N,e € (0,1): Ny < 0, (325), and the fact that V¢ € (0,1): C5 < o
establish (vi). The proof of Theorem 6.1 is thus completed. O

Finally, we provide the proof of Theorem 1.1.

Proof of Theorem 1.1. First, the fundamental theorem of calculus and (4) prove for all d € N,
z,y € R? that

f (Doa)(y + 5(z — 9)))(x — ) ds

| fotoaty+ st =wnas| = ||

loa(z) = aa(y)|| =

< cflz =yl (334)
and similarly
[pa(@) — pa(y)ll < cllz —yl. (335)
Next, (5) shows for alld e N, z, h € R? that
1
1B)1? = hT oy (x)oa(z)(0a(z)) ((ga(x) ) h = - [((za(z))™) TR (336)

This implies for all d € N, z, h € R? that
[((a(2)) ™) TR|* < ellh]?. (337)

Therefore, the fact that for all d € N, ¥ € R?*? we have that the operator norm of ¥ is equal to
the operator norm of ¥ proves for all d € N, z, h € R¢ that

[((7a()) " Hh||* < el (338)

Next, the Cauchy-Schwarz inequality implies for all d € N, s = (s;;)ijefr,aqnz € R, h =

(h))jenaz € R that
2 d J .
< [( w) (Zlh#)] = [Is|* 11> (339)
=11 \j=1 j=1

This, (338), (334), and the fact that ¢ > 1 show for all d € N, z,y, h € R? that
(05t (y) — o5 (@)h|| = ||log (W) (oa(x) — aa(y))oy (x)h]|
¢||(oa(z) = aaly))ay* (x)h]]
clloa(z) — aa)ll ||og (2)n]|
&z =yl Al (340)

Hence, Theorem 6.1, (338), and the assumption of Theorem 1.1 prove that the following items
hold.

d

skl =]

i=1

d

Z Sijhj

7=1

N

NN
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e For all d € N there exists an up to indistinguishability continuous random field
(X ejorpiefsm]aera {(0,7) € [0,T]: o < 7} x R4xQ — R? such that for all s € [0, 7],
x € R? we have that (X;"*")c(s7] is (Ft)sefs.r-adapted and such that for all s € [0, 7],
€ [s,T], z € R? we have P-a.s. that

X = g+ J

S

t t

pra( X&) dr + J og( X357 dW 0, (341)

eForalld e N, s € [0,T], z € R? there exists an (IF¢)sers,r-adapted stochastic process
(DY epor] = (PP e ajnz: [5,T] x @ — R4 which satisfies for all ¢ € [s,T],
k € [1,d] n Z that IP-a.s. we have that

t

t
D = [ (D) () (D) dr v [ ((Doa)(xiom)(DEe=y Wi, (342

eForalld e N, s € [0,T), v € R? there exist (F¢)se(s,r-adapted stochastic processes

(V;d’s’m)te(s,T] = (Wd757$7k)te(s,T],ke[l,d]mZ3 (s,T] x @ - R% and (th’s’x)te(s,T]i (5,T] x Q —
R4+ which satisfy for all ¢ € (s, T'| that P-a.s. we have that
1

t
V;d,s,:v _ J (O_C?I(X;l,s,:v)Dgl,s,m)T dWTd,O (343)

t— s Jg
and Z%" = (1, V257,
e For all d € N there exists a unique continuous function u,: [0,7) x R? — R%*! such that
forallt e [0,T), z € R¢ we have that

max sup [Aff(T —7) pr, (ua(7, )| ] < oo, (344)

ve[0,d1nZ re[0,T) ccR4 [(cd€)? + c2||z|?]

T
max [E[\gd<x%’t’f>prz<z%’t’f> ] +f ELfalr, X2, ug(r, X20))prd (2207)] dr} <0, (345)
t

ve|0,d]nZ
and
T
uq(t,x) = E[gd(X%’t’m)Z%t’x] + f B[ fa(r, X3 ug(r, XEPW)) Z50 ] dr. (346)

t

e For all d € N we have that

lim sup sup [Ag(T —t) ‘ <Ud0 W (t ) — ugl(t, x)) } = 0. (347)

n—w  pe[0,d]n7%,te[0,T),ze[—k k|4 nndn¥ 2

e There exist (Cs)se0,1) < (0,0), n € (0,90), (Nae)dene01) & N such that for all d € N,
d,e € (0,1) we have that

sup AYT —t) ||prd | U™ ) N, (6 x) —ug(t, x) <e (348
ve[0,d]nZ,te[0,T),ze[—k k]2 Na,e,|Nae|3,[Nge| 73 9
and
¢ Ny < Cse™WEpgn, (349)

1
Nd,m'Nd,E‘S 7‘Nd,5‘ 3

Next, (8), the Cauchy-Schwarz inequality, and the fact that Vd € N: Z,‘fzo L% < c imply for all
de N, te0,T), w,w, e R*! that

|fd(t z,wi) — fa(t,y, ws)|

LdAd L [z —yll
Z ) lpr s — )] + e
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NI

1
d d 2
C
< Lj ’pfg(wl - w2)’ + (ZWJF) (2 T|pry(wy — w2)|2> + (e
v=1 T\/T

v=1
d 2 .

< clprd(wy —ws)| + ¢ Tlprd(wy —wo)]? | + T —y|. 350
|pr(wy — ws))| (; |pry, (w1 — wa)] ) Tﬁ” yll (350)

In addition, (334) and (335) imply for all d € N, z € R? that
[ra(@)|| < la(O)]| + cflz|| < ed® + cllz[| = e(d® + [|z]]) < cd®(1 + [|2[]) (351)

and similarly

loa(@)|| < cd®(1 + [lz])). (352)

Furthermore, (6) shows forallde N, k € [1,d] n 7, x,y € R? that

max {[|(Dypa) () = (Drpa) W) [[(Dkoa)(x) = (Droa) (y)) (R[]}

= max {[|((Dpa)(x) — (Dpa)(y)) ()| s [[(Doa) () = (Daa) (W) (ex)ll} < cllz —yll,  (353)

where Dy, k € [1,d] n Z, denote the partial derivatives. Thus, an existence and uniqueness
result on viscosity solution (see, e.g., [49, Theorem 6.9] and [49, Proposition 6.1]), (350), (9),
(334), (335), (351), (352), (7), (5), (341)-(346), and the regularity assumptions of x4, og4,
d € N, show for all d € N that v; := pré(uy) is the unique viscosity solution to the following
semilinear PDE of parabolic type:

%(t, x) + {(Vavg)(t, ), pa(z)) + % trace (O'd(l‘) [04(x)]" Hess, vq(t, IE))
+ fa(t,z,vq(t, ), (Vovg)(t,2)) =0 Yte (0,T),zeRY, (354)
ve(T,z) = ga(z) YaeR? (355)
and V,vg = (pr{(uq), pré(uq), . .., pré(ug)). Combining this with (347)-(349) establishes (i)—
(iii). The proof of Theorem 1.1 is thus completed. O
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