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MULTILEVEL PICARD APPROXIMATIONS OVERCOME THE CURSE OF DIMENSIONALITY
IN THE NUMERICAL APPROXIMATION OF GENERAL SEMILINEAR PDES
WITH GRADIENT-DEPENDENT NONLINEARITIES

ARIEL NEUFELD!, TUAN ANH NGUYEN?, AND SIZHOU WU?

ABSTRACT. Neufeld and Wu (arXiv:2310.12545) developed a multilevel Picard (MLP) algorithm
which can approximately solve general semilinear parabolic PDEs with gradient-dependent non-
linearities, allowing also for coefficient functions of the corresponding PDE to be non-constant.
By introducing a particular stochastic fixed-point equation (SFPE) motivated by the Feynman-Kac
representation and the Bismut-Elworthy-Li formula and identifying the first and second compo-
nent of the unique fixed-point of the SFPE with the unique viscosity solution of the PDE and
its gradient, they proved convergence of their algorithm. However, it remained an open ques-
tion whether the proposed MLP schema in arXiv:2310.12545 does not suffer from the curse of
dimensionality. In this paper, we prove that the MLP algorithm in arXiv:2310.12545 indeed can
overcome the curse of dimensionality, i.e. that its computational complexity only grows polynomi-
ally in the dimension d € N and the reciprocal of the accuracy ¢, under some suitable assumptions
on the nonlinear part of the corresponding PDE.

1. INTRODUCTION

Partial differential equations (PDEs) are important tools to analyze many real world phe-
nomena, e.g., in financial engineering, economics, quantum mechanics, or statistical physics to
name but a few. In most of the cases such high-dimensional nonlinear PDEs cannot be solved
explicitly. It is one of the most challenging problems in applied mathematics to approximately
solve high-dimensional nonlinear PDEs. In particular, it is very difficult to find approximation
schemata for nonlinear PDEs for which one can rigorously prove that they do overcome the
so-called curse of dimensionality in the sense that the computational complexity only grows
polynomially in the space dimension d of the PDE and the reciprocal * of the accuracy ¢.

In recent years, there are two types of approximation methods which are quite successful in
the numerical approximation of solutions of high-dimensional nonlinear PDEs: neural network
based approximation methods for PDEs, cf,, [1,2,3,4,7,9,10,11,13,14,17,18,19,20,22,23,24,
25,26,27,28,29,30,34,41,42,43,44,47,51,52,53,55,56,57, 58] and multilevel Monte-Carlo
based approximation methods for PDEs, cf., [5,6,8,15,16,21,31,32,33,35,36,37,38,50].

Neural networks based algorithms are very efficient in practice. However, a rigorous con-
vergence analysis for them is often missing because when training neural networks the corre-
sponding optimization problems are typically non-convex. On the other hand for multilevel
Monte-Carlo based algorithms it is often possible to provide a complete convergence and com-
plexity analysis. It has been proven that under some suitable assumptions, e.g., Lipschitz con-
tinuity on the linear part, the nonlinear part, and the initial (or terminal) condition function
of the PDE under consideration, the multilevel Picard approximation algorithms can overcome
the curse of dimensionality in the sense that the number of computational operations of the
proposed Monte-Carlo based approximation method grows at most polynomially in both the
reciprocal % of the prescribed approximation accuracy ¢ € (0, 1) and the PDE dimension d € N,
see [5,6,15,16,21,31,32,33,35,36,37,38,48,50].

Nevertheless, for semilinear PDEs whose nonlinear part depends also on the gradient the
development of numerical schemes as well as their complexity analysis are still at their infancy.
In [31, 36] multilevel Picard (MLP) approximation algorithms together with their convergence
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and complexity analysis have been developed for semilinear heat equations with nonlinear parts
depending on the gradients of the solutions. Recently, [49] developed an MLP algorithm for
general semilinear PDEs with gradient-dependent nonlinearities, allowing also for coefficient
functions of the corresponding PDE to be non-constant. The main idea of the algorithm in [49]
is to introduce a particular stochastic fixed-point equation (SFPE) motivated by the Feynman-
Kac representation and the Bismut-Elworthy-Li formula and to identify the first and second
component of the unique fixed-point of the SFPE with the unique viscosity solution of the PDE
and its gradient, allowing to prove convergence of their algorithm. However, it remained an
open question whether the proposed MLP schema in [49] does not suffer from the curse of
dimensionality. The main goal of this paper is to prove that the MLP schema in [49] indeed can
overcome the curse of dimensionality under some suitable assumptions on the nonlinear part,
namely, (1) and (8) in Theorem 1.1 below, which is the main result of our paper.

1.1. Notations. Throughout the paper we use the following notations. Let R denote the set of
all real numbers. Let 7Z, Ny, N denote the sets which satisfy that Z = {...,-2,-1,0,1,2,.. .},
N = {1,2,...}, Ny = N u {0}. Let Ddenote the total derivative, V denote the gradient, and
Hess denote the Hessian matrix. For every matrix A let AT denote the transpose of A and let
trace(A) denote the trace of A when A is a square matrix. Let (-, -) denote the standard scalar
product on R¢, d € N. Let B(-,-) denote the Beta function. For c € R, for a set X, and for a
real-valued function f: X — R we write ¢ < f if ¢ < f(x) for all z € X. When applying a result
we often use a phrase like “Lemma 3.8 with d ~ (d — 1)” that should be read as “Lemma 3.8
applied with d (in the notation of Lemma 3.8) replaced by (d—1) (in the current notation)” and
we often omit a trivial replacement to lighten the notation, e.g., we rarely write, e.g., “Lemma
3.28 with d ~ d”.

1.2. Main result.

Theorem 1.1. Let © = U, 7", T € (0,2), k € [0,00), c€ [1,0). Let ||-||: Ugen R — [0, 0)
satisfy for all k.0 € N, s = (84)ie[1.5]~N je[1,qn € R that ||s||? = Zlez];:l\sijﬁ For every
d € Nlet (LY)sepo,a1~z € R satisfy that

d
Z Li<e (1)
i—0

For every K € N let |-|x: R — R satisfy for all t € R that |t]x = max({0, %,2F,....T} n
((—o0,t) U {0})). For every d € N let AY = (A2),ei0,a1~7: [0, T] — R'* satisfy for all t € [0,T]
that A%(t) = (1,+/%,...,+/t). For every d € N let pr? = (prd),cp.a~z: R4 — R satisfy for all
w = (w,)vef0,d)nzs ¢ € [0,d] N Z that pri(w) = w;. Foreveryd e N, k € [1,d] N Z let e} € R?
denote the d-dimensional vector with a 1 in the k-th coordinate and 0’s elsewhere. For every d € N
let f;€ C([0,T) x R x R R), ga € C(RE R), g € C3(RE, RY), oq € C3*(RY, R?). To shorten
the notation we write for all de N, t € [0,T), x € R%, w: [0,T) x R — R4*! that

(Fa(w))(t, z) = falt, z, w(t, z)). (2)

Assume forall de N, i€ [0,d] n7Z, s€ [0,T), te [s,T), re (t,T], x,y,h € R% wy,w, € R4 that
o4 is invertible,

IOl + llou()] < et ®
e {[((Dpa) @) () 1 ((Daa) @)W} < el @)
o) oae) Ty = <ol ©)

max {[|(Dpa)(x) — (Dpa) () (W], [[(Dog) (x) — (Doa) () (W1} < cdllz —ylllIAll,  ©)

19a()] + [T falt, 2, 0)] < [(cd)? + 2|z]2]? , )



d
]_ _
‘fd(t7x7w1> fd t y7w2 VZIZO LdAd |pI' (wl wQ)H + ?C%a (8)
and
gu(0) — auty)] < 1“2, ©

Let o: {(1,0) € [0,T)*: 7 < 0} — Rsatisfy forall t € [0,T), s € (t,T) that

ot,s) = = 1

’ B(3:5) V(T = s)(s =)
Let (2, F,P, (IF4)sc[o,r7) be a filtered probability space which satisfies the usual conditions. For every
random variable X: Q — R let | X||; € [0, 0] satisfy that | X]|3 = E[||X||?]. Let t’: Q — (0,1),
0 € O, be independent and identically distributed random variables and satisfy for all b € (0, 1)
that

(10)

P’ <b (11)

2, 2 f A/l —r7)
For every d € N let W*%: [0,T] x Q@ — R% 6 € ©, be independent (lFt)te[OT]-Browman
motions with continuous sample paths. Assume for every d € N that (W) and ()sco
are independent. For every § € O, d,K € N, s € [0,T], x € R k e [1,d] n 7Z let
(Xtd’e’K’s’m)te[svT], (Df’e’K’s’x’k)te[svT] : [5, T x Q — R? be (IF;)se[s,r1-adapted stochastic processes with
continuous sample paths which satisfy for all t € s, T| that P-a.s. we have that

max{s,|r| max{s,|r|x

+ t
X4 [ o s [ o ) aw a2
and

t
Dt = e [ (Dpa s ) ) (Dhat, ) dr

s

t
d,0,K,s,x d,0,K,s,x,k d,0
+ f (Do) gtisns ) (Disiyt, ) awe. (13)

Forevery 0 e ©, d,K € N, s € [0,T), t € (s,T], x € R* let V05 — (Vf’G’K’S’w’k)ke[Ld]mZ: QO —
Rd, th,G,K,s,x _ (th,@,K,s,x,k)ke[Qd]mZ: ) — R4+! satlsﬁ/ that

I T
d,0,K,s,x —1 d,0,K,s,x d,0,K,s,x d,0
Vt - t—g J‘ < 94 (Xmax{s [TJK})DmaX{s,[rJK}> dWT (14)
and ZMH5T — (1, pROIs | Let USZIK [0,7) x R* » R4 d, K e N, n,m € Z, § € ©, satisfy

foralld,n,m, KeN, #eO,tc [O T), v € R? that Ufﬁm’K(t,:c) = U&’Z,K(t, x) = 0and

OO Kby gd(l’)zd,(G,O,*i),Kvt’x

d,0
U T

i=1
(S (Fdwzf;f,é“) — IO FAUETD)) (14 (7 = 0000, 00 0 ) Lo

t4+(T—t)e(0:69) (T —1)r(0:6:9)
" 2 n—{ 0,6,i .
(=0 i=1 mnLo(t,t + (T — t)e@:40)

mn

(15)
For every d € N let ¢4, 4, g4 € [0, 00) satisfy that
eq + fd + ga < < cd®. (16)
Let CZmK € [0,0), n,meZ, d, K € N, satisfy for all n € Z, d,m, K € N that
n—1
e < M (Kea + ga)In(n) + 3 [ (Keat fa+ € e + €y i) A7)

=0



Then the following items hold.

(i) For all d € N there exists a unique continuous function ug: [0,T) x R — R*"! such that
vg = pri(ug) is the unique viscosity solution to the following semilinear PDE of parabolic

type:
%(t, z) + {(Vava)(t, x), pa(x)) + % trace(oq(z)[o4(2)] " (Hess, v4)(t, ))
+ fa(t,z,vq(t, ), (Voua)(t,2)) =0 Vte (0,T),zeRY, (18)
va(T,2) = ga(z) YVaeR? (19)

and such that V,vg = (pré(uq), pra(uq), . . ., pré(ug)).
(ii) For all d € N we have that

lim sup sup [Aff(T —t)
n—0  vel0,d]n7te[0,T),ze[—k k|4
(iii) There exist (Cs)sc0,1) S (0,0), n € (0,00), (Nae)dence0,1) & N such that for all d € N,
d,e € (0,1) we have that

prfjl (Ud’o Lo (t ) —ugl(t, x))

n,n3.,n3

} = 0. (20)
2

sup AYT —t) ||prd | U™ ) vy (tx) —ug(t, x) <e (2D
ve[0,d]n7,te[0,T),ze[—k,k]4 Naes|Nael3,|Nae| 73 9
and
¢t n,. < Cse=@Hngn, (22)

1 ,E€
Nd,evINd,s‘B 7‘Nd,5‘

Remark 1.2. The conditions uy € C*(R%RY), o4 € C3(RY, R¥9) are only needed to ensure
the existence and uniqueness of the viscosity solution of the PDE (18)-(19) satisfying a stochastic
representation of Feynman-Kac and Bismut-Elworthy-Li type , see [49, Proposition 5.1, Propo-
sition 5.2]. Later, in the recent work [40] (see also their accompanying paper [54]), the au-
thors only assume that piqg € C1(R%, R?), 04 € C*(R?Y, R¥*?) in order to obtain the analog result
as [49, Proposition 5.1, Proposition 5.2], see [40, Theorem 1.1]. However it comes with the price
that in [40, Theorem 1.1] they need instead to additionally assume that the nonlinear term f; and
the terminal condition g, satisfy that f; € L*([0,T] x R***! R) and g, € L*(R%, R), which is not
satisfied, for example, by PDEs with (piece-wise) linear f; and/or gg.

Hence, while we have decided to impose our conditions g € C*(R% RY), o4 € C3(RY, R¥*Y)
so that we can directly apply [49, Proposition 5.1, Proposition 5.2], one could instead use the
conditions jiq € CY(RY RY), o4 € CY(RY, R¥*9) together with additionally assuming that f,; €
L%([0,T] x R¥**1 R) and g4 € L*(R? R) and then use [40, Theorem 1.1] instead. Of course in
that case, all the remaining conditions imposed in our Theorem 1.1, such as, e.g., (8) combined
with (1), would need to be kept in order to guarantee that our Theorem 1.1 and its proof remain
valid.

Remark 1.3. Note that in the MLP approximation (15) we employ random variables t’ with
Beta distribution, whereas uniform random variables are usually used in the MLP approximations
for PDEs without gradient-dependent nonlinearities. (see, e.g., [32, 33, 35, 38, 50].) The MLP
approximation (15) is based on the Bismut-Elworthy-Li formula (see [49, Equation (5.3)]), and
the key point of approximating the time-dependent integral is to deal with the singular integral
arising in the second term on the right hand side of [49, Equation (5.3)]. More precisely, we
see, e.g., in (177) and (178) that we would lose integrability of the corresponding integrals if we
had chosen random variables v’ being uniformly distributed. Similarly, we see for the choice of t*
satisfying P(v? < b) = v/b for all b e (0,1) as in [31] that we would lose the integrability, e.g., in
(178).

Theorem 1.1 follows directly from Theorem 6.1 (see the proof of Theorem 1.1 after the proof
of Theorem 6.1 in Section 6). Let us make some comments on the mathematical objects in



5

Theorem 1.1. For every d € N we want to approximately solve the PDE (18) with terminal
condition (19) where (uq4,04) is the linear part, f; is the nonlinear part, and g, is the terminal
condition. To make sure that for all d € N, (18)-(19) have a unique viscosity solution we
need (3)-(9) which are Lipschitz and linear growth conditions. Here, (3) tells us that the
initial values of y4, 04 grow at most polynomially in d. Next, (4) assumes that the operator
norms of (Duy)(z) and (Doy)(z) are uniformly bounded by c. Moreover, (5) gives a lower
bound condition on ¢, and (6) is a Lipschitz condition of Dy, and Do, with respect to the
operator norm. In addition, (7) is a growth condition on g; and the initial values of f; and
(8) as well as (9) are Lipschitz condition of f, and g;. Note that the factors T, v/T, and
AYT), v e [0,d] nZ, d € N, in (8) as well as (9) are only constants depending on 7" which
are introduced to later simplify the calculations. To approximate the exact solutions and its
derivatives we introduce the MLP approximation in (15) based on Euler-Maruyama schemata
(11)-(14) that approximate the forward processes. The motivation for (15) as well as (11)—
(14) is the so-called Bismut-Elworthy-Li formula (see the discussion in the introduction of [49]).
To describe the computational complexity, for each d € N, n € Ny, M € N we introduce
¢¢ . k € N to denote the sum of: the number of function evaluations of g4, the number of
function evaluations of (j4, (Dpg)), the number of function evaluations of (o4, (Doy), 0, "), and
the number of realizations of scalar random variables used to obtain one realization of the MLP
approximation algorithm in (15). Moreover, for each d € N we use g, to denote the number of
function evaluations of g,, we use f, to denote the number of function evaluations of f,;, and we
use ¢, to denote the sum of: the number of realizations of scalar random variables generated,
the number of function evaluations of (u4, (Dug)), and the number of function evaluations
of (04,(Doy),0,"). Here, we count the number of evaluations of (¢4)~! since in practice we
often calculate and save (o) first before we start with multilevel Picard approximations.
Assumption (16) implies that the computational effort to evaluate the input functions to (18)-
(19) grows only polynomially in the dimension d which is a reasonable assumption for MLP
approximation (15) to overcome the curse of dimensionality when approximately solving (18)-
(19). We highlight that condition (8) combined with (1) is stronger than condition (2.2) in
[49], which allows the numerical schema to overcome the curse of dimensionality.

Our paper is organized as follows. In Section 2 we study existence, uniqueness, and the
spatial and temporal regularity of solutions to SFPEs. Section 3 is a perturbation result that
estimates the difference between two fixed points. Section 4 provides an abstract framework
for the study of MLP approximations. Section 5 contains some results for solutions to stochastic
differential equations (SDEs) and their discretizations with explicit constants independent of
the dimension d. Section 6 combines the results in Sections 3-5 to prove the main result,
Theorem 1.1 above.

2. STOCHASTIC FIXED POINT EQUATIONS

Lemmata 2.1-2.3 are some simple but useful auxiliary results.

2.1. A Gronwall-type inequality.

T dr —RB(L1
Lemma 2.1. Let T € (0, ). Then for all t € [0, T) we have that §, T B(3,5) <4
Proof of Lemma 2.1. The substitution s = 7=t ds = -~ shows for all ¢ € [0, T) that

SIS

JT dr _ JT dr _ f (T —t)ds
e VT =)=t b (T=r)ir—nF Jo [(1—s)(T = )]3[s(T - 1))

1 ds
[ _puy<u
fo[s(l—s)k a) =

This completes the proof of Lemma 2.1. O

(23)
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Lemma 2.2. Let T' € (0, 0), p € (1,2), g € (2, %) satisfy that _ + ;= 1. Let H: [0,T) — [0, ) be
measurable. Then for all t € [0,T) we have that

Proof of Lemma 2.2. Holder’s inequality and the substitution s = %=L, ds =
all t € [0,T) we have that

tT%gT@T( Tk r—t%) (f [ (r) 'qdr)
- U [(1—s><( _ﬁ)? ) U [ 'qdr)
e ([ ) (o)

<Tr (B(1-2,1-12)) (J H(r |qdr) . (25)

This completes the proof of Lemma 2.2. O

A imply that for

'E

Lemma 2.3 (Gronwall-type inequality). Let T € (0,%), a,b € [0,0), p € (1,2), ¢ € (2,0)
satisfy that - + - = 1. Let H: [0,T) — [0,0) be measurable. Assume for all t € [0,T) that

S§|H(5)\q ds < oo and

T H(r)d
H(t) <a+bT (rdr (26)
¢ AT —=7r)(r—1t)
Then for all t € [0,T) we have that
- 9a-1|plaTs (B(1— 2,1 — 2))*
H(t) <27 aexp ( b ( <q 2 ) (T—t)) . 27)
Proof of Lemma 2.3. Lemma 2.2 and (26) prove for all ¢ € [0, T) that
H(t) <a+bT% (B(1—2,1—12)) U |H (1) |qdr) - (28)
This and the fact that Vz,y € R: |z + y|? < 297 |z|? + 297! |y|? show for all ¢ € [0, T') that
H($)] < 29Vl + 20 poT3 (B(1— 2,1 - D)) J H(r)|? dr. (29)
Hence, the fact that S§|H (s)|9ds < oo and Gronwall’s lemma imply for all ¢ € [0, T') that
|H(t)|? < 27 a|?exp <2q’1|b\qT% (B(1—2,1— g))% (T - t)) : (30)
This proves for all ¢ € [0, T) that
- 920-1[pjaT7 (B(1— 2,1 — B))7
H(t) <27 aexp ( 7> (B(1L— 5 ) (T — t)) : (€3]
q
The proof of Lemma 2.3 is thus completed. O
Corollary 2.4. Let T' € (0,), a,b € [0,0). Let H: [0,T) — [0, %) be measurable. Assume for
all t € [0,T) that supo7|H(s)| < w0 and H(t) < a + bT St —HWd__  Then we have for all

(T—r)(r—t)”
te [0, T) that H(t) < 24e860* T2 (T—t).
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Proof of Corollary 2.4. Lemma 2.3 (with p ~ £, ¢~ 3 in the notation of Lemma 2.3) and the
fact that supo 1| H (s)| < o show for all ¢ € [0, T') that

- 231372 (B(1 — 2,1 — 2))°
H(t)<23aexp< L G 1) (T—t))

3

41 3T2 2 (32)
< 2aexp <HTS(T - t))

< 248 THT—1).
This completes the proof of Corollary 2.4. O

2.2. Existence and uniqueness of solutions to SFPEs. In Lemma 2.6 below we establish
existence, uniqueness, and a growth property of solutions to SFPEs.

Setting 2.5. Let T € (O ©), d € N, py,p, € (1,0), c € [1,%), (L;)ic[o,aq~z € R4 satisfy that
S Li < <cand -+-- < 1. Let ||-[|: R" — [0,%0) be a norm on R”. Let A = (Ai)icfo.qjz: [0, T] —
Rt satisfy for allt e [0,7] that A(t) = (1,+/%,...,+/t). Let pr = (pr,)uepo,qnz: R — R
satisfy for all w = (w,),efanz, ¢ € [0,d] N Z that prj(w) = w;. Let f € C([0,T] x R* x
R R), g € O(RL,R), V e C([0,T] x R%,[0,0)). Let (Q, F,P) be a probability space. For
every random variable X: Q@ — R, s € [1 oc) let | X||, € [0, 0] satisfy that || %], = (E[|X]*])5. Let
(XS x)se[o T),te[s,T],zeR4 - {( ) [0 T] J} x RO x Q — Rd: (Zt7 )se[o T),te[s,T],zeR4 : {(T U) €
[0,T]?: 7 < 0} x REx Q — R4 be measurable. Assume forall i € [0,d]| n7Z, t € [0,T), r e (t,T],
z € RY wy, wy € R¥! that

9(z)| < V(T 2), |Tf(t,z,0)|<V(ta), (33)

d
|f(t, 2, w1) — f(t, 2, ws)| 2 T)|pr, (wy — w)|], (34)
VX0 < Vita), [lpr(2:)]], < m (35)

Lemma 2.6. Assume Setting 2.5. Then the following items hold.

(i) There exists a unique measurable function u: [0,T) x R¢ — R+ such that for all t € [0,T),
x € R? we have that

max sup [A,,(T — T)w] < o, (36)

ve[0,d]nZ e[0T ceR4 V(r,§)
T
I[Blg]xz Hg “Ypr, (24 )H + J IEUf('r’, X5 u(r, Xﬁ’x))prV(Zﬁ’m)H dr] < o, 37)
vel0,d]n t
and
T
u(t,z) = Elg(X)Z"] + f E[f(r, X", u(r, XE7) 25| dr. (38)
t
(ii) For all t € [0,T) we have that
|pr (U(t,y))q 86¢5T2(T—t)
max sup |A (T —t)—L—"22 | < 6¢e™ ) (39)
vel0,d] A7 yeﬂﬂ [ ( ) V(t,y)

Proof of Lemma 2.6. Denote by M the set of all measurable functions w: [0,T) x R¢ — R?*!
and by B € M the set which satisfies that
[A (T — t)pr, (w(t, )]

B=<{weM: su max z <y, (40)
{ te[O,T),lze]Rd vel0,d]nZ V(t,x) }




For every A € [0, ) let ||-||, : M — [0, o] satisfy for all w € M that

full,= sup  max S AAAT—OPn@E )]
A te[0,T),zeRd VE[0,d]N7Z V(t,x)

(41)

Then it is easy to show for all A € [0, o0) that (B, ||-||, [5) is an R-Banach space.
Next, Holder’s inequality, (33), and (35) imply for alli € [0,d] n Z, t € [0,T), v € R? that

HAi(T - t)g(X%x)pri(Z H1 < H — )V (T, Xtm)prz( tTl“)Hl
< M(T =) VAT, X5, (o227,
c (42)
< N(T —t)V (¢, x)m
< cV(t, x).

In addition, Holder’s inequality, the fact that p% + piz < 1, (33), (35), and the fact that V¢ e
[0,7): § = = 2yr = |, = 2J/T — t show forall i € [0,d] 0 Z, t € [0, T), = € R? that

T T
|| Iz =056 2 0wz e < |

1
AT = )V (r, X0, (265) |

1

T
1
< L A(T — t)f |V (r, Xﬁ’x)Hpv le“i(Zﬁ’x)sz dr

<JTA-(T—t)lV(t — & 4
S T VN — Y
e T—t
<| fve d
J, Freati=e
< 2cV (t, x). 43)

Next, Hélder’s inequality, the fact that - + _- < 1, (35), and Lemma 2.1 imply for all i €
[0,d] n7Z,te[0,T), re RY we B that

T d
ft AT = ) 3 [LAT) [Jp, (w(r, XE%))pr(257)|, ] dr

v=0
rT d ﬁ
< N(T —t L,———A,(T — 1) ||pr, (w(r, X"*))pr,(Z:* } dr
J asr 2 |1 e ) oot X 22
7 T | AT —
< | AT —1) VT max  sup T = 1)lpr, (w(r,y)) |V (r, XE*)pr,(Z07) Hl dr
J; VT —r | vel0.d1n7 e Vr,y)
7 T | AT —
< AN(T —1t) VT max sup (T = 7)[pr, (w(7, >)| HV(’/‘, Xﬁ“”)H HprZ(Zﬁx)H dr
Jt \V T—1r _V€[07d]mZ 7€[0,T),yeR4 ( Y ) i by Pz
7 T | T- ]
< | M(T—1¢) VT max sup A 7)lpr, (w(r,y))| V(t, l’)ic dr
Ji T—r VG[O A7 r[0,T),yeR4 V(r,y) | Ai(r —t)
[ A (T — T 2T A(T —t
oy ATl [T AT
_ue[O,d]mZ 7€[0,T),yeR4 ( ) | VT —r Ay (7’ - f})
- - -
< max sup Ay ( 7)|pr, (w(r, ))| Vi(t, ) VT VT < o0, (44)
| vel0.dInZ 7e0,T),yeR< Vi(ry) | VT —r AT —
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This, the triangle inequality, (34), and (43) prove for alli € [0,d| nZ,t € [0,T), x € R%, w e B
that

T
f T =) || £ X7 wlr, X0 pr( Z)| dr

f HA —t)f(r, Xb" O)pri(Zﬁ’m)Hldr

+ J AN(T —1t) Z | LA (T) ||pr, (w(r, X2*))pr,(Z57) ||, ] dr < . (45)
¢

v=0

Let &: B — (RO *R? satisfy for all w e B, t € [0,T), z € R? that

(D(w))(t,2) = Blg(Xz") Z5"] + ﬁ E[f(r, Xp" w(r, Xp7)) 2,7 dr, (46)

where the expectations are well-defined due to (45) and (42). Moreover, Fubini’s theorem
implies for all w € B that ®(w) € M. Next, (46), the triangle inequality, (42), and (43) show
forallie [0,d] n7Z,te[0,T), z € R? that
T
A(T = t) [pr; ((@(0))(t, 2))] < A(T —t) ||g(X7") Z7" ||, +J A(T —t) || f(r, XE7,0)Z57||, dr
t
< cV(t,z) +2cV(t,x) = 3cV(t, x). 47)
This implies for all A € [0, o) that
12(0)]l, < 3ce™” < 0. (48)
Moreover, (46), (34), Holder’s inequality, the fact that p% + piz
i€ |0,d|nZ,w,ve B, te[0,T), ze R \e [0,0) that
|Ai(T — )pr; ((P(w))(t, ) — (P(v))(¢, z))]

T

AT = 1) [ B X0 0 X0) = Fr X070l X0) pr(207)] e

t

< 1, and (35) prove for all

< AT f W (r, X%, w(r, X27)) = £ (r, X%, 0(r, Xp7)) | oo (22| dr

<A ‘pr (r, X2*) — v(r, Xﬁm))‘ ‘pri(Zﬁ’x)‘ dr

1

< £ Z}OLVA Hpr (r, X”) —(r, Xﬁx)) Hpv A(T —1t) Hprl-(Z;f’x)HpZ dr

T d
<] 2 LVLJQA (=)l (5 X0 =l X AT =20
o | s PR (0 9) —u(r,y))| ] x| NI 1)
f AU(T ) yelfg Vi(r,y) | HV( X pe Ni(r —t) I
<J ZLV%AV(T—T) 5;1]15 P (7‘“}1(92’;>U(7’, y))|_ V(t,x)c\/i'f__ttdr
AT = 1) |pr, (w(r,y) — v(r,y))| cTe ™
J ZL 'yseullgi Vi(r,y) Vit 2) (T—'r’)(r—t)dr

Te —Ar

(T =) r—t

< lw =],V (

(49)
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Next, Lemma 2.2 (with p ~ 3, ¢ ~ 3) and the fact that V¢ € [0,7), X € (0,0): StT e 3 dr =

T
establish for all ¢ € [0, T") that

6—3/\r o e—SAtie—S/\T < 6—3/\
—3X - 3\ =3

r=t
T e s [ (T ;
TJ e "dr < T (B(l - %7 1 — %))5 <J o3 d’r’)
t (T —7r)(r—1t) .

(50)
2 B(L 1))2 e~
< T3 RV ? 1
This and (49) imply for alli € [0,d] N Z, w,ve B,te [0,T), x € R%, X € (0,0) that
. s oM
AT = )pr; (2(w)) (¢, 2) = (P(0))(t,2))| < [lw —v||\V (£, 2)T5 (B(3, 7)) N (D
Hence, (41) proves for all w,v € B, A € (0,0) that
Ti (B4 1)°
d(w) — P(v < Allw—wv — 4ral (52)
I200) = 2l < Al — vl —
Therefore, there exists Ay € (0, c0) such that for all w,v € B we have that
1
18 (w) = (), < 5llw = vl (53)
This, the triangle inequality, and (48) imply for all w € B that
1
18 (w)lls, < SO, +18(w) = 2(O0)]ly, < 12O, + 5llwlly, < oo (54)

Thus, ®(w) € B. This, (53), and the Banach fixed point theorem show that there exists u € B
such that ®(u) = u. Therefore, (46) and (40) imply (i).
Next, Holder’s inequality and (35) show for alli e [0,d] nZ,t € [0,T), x € R? that
T
f dr
t

1

T—t ZL Ay (T)pr, (u(r, X)) pr; (Z:7))]

7 t,x ) . t,x
<] X | 2 AT [, Culr, XEN, | [ AT = 0 [fors (209, | dr
v=0
T d \/T
<[ X |mgm e ), | [ve o ), ] o
T \/T B to 7] CAZ(T—t)
<Jt ¢ T—rvel[gg])ﬁZ[A( - Hpr (r. X)) pv-}[/\z’("’_t)]dr
T B -
< [ c VT max [A (T —r) Hpr (r, X17)) }C T_tdr
Ji T —r | ve[0,d]N7 ag r—t
T OVT [pr (u(r ) || oy VT 1
<[ g e o [ B Ve xS
T V(t,x)
< 2T Ay T — |pI'V(U(T, y))|:| 9 55
<[ e s, s [ PR o

In addition, the triangle inequality and (34) imply for all t € [0, T], x € R, w: [0,T] x R? —
R+ that

[f (2, wit, o) < |f(E 2, 0) + [f(E 2, w(t, z) — f(t x,0)]
< |f(ta,0)] + X [LoA(T)pr, (w)].

v=0

(56)
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This, (38), the triangle inequality, (42), (43), and (55) prove for all i € [0,d] n Z, t € [0,T],
z € RY that

[Ai(T = t)pr; (u(t, z))]

- 'IE[A (T — )g(XE")pr,(Z4")] + f E[A(T —t) f(r, X7, u(r, X)7))pr(Z)7)] dr

t

< [JA(T = g (X" )pr; (Z77)|, + L [A(T = ) f(r, X" u(r, Xp7))pry(Z:7) ||, dr

< [JA(T = g (X" )pr; (Z77)|, + J [A(T = t)f(r, X7, 0)pry(Z:7) |, dr

T
w ] |ar - Z Lo Au(T)pr, (u(r, X)) lpr,(229)] | dr
t
1
T t
< cV(t,x) +2cV(t,x) + f AT | max sup lAy(T —r) [pr, (ur, y))q Vit,o) dr.
¢ ve[0,d]nZ yeR4 V(Ta y) (T - T)(T - t)
(57)
Dividing by V' (¢, x) then proves for all ¢ € [0,7") that
[pr, (u(t, y))|
AV T —t)—x 7777
] e
- ot (u(r.1) i o
T
<3C+J AT | max sup [AV(T_T)qur,y } !

¢ ve|0,d]nZ yeRd V<T7 y) (T - T)(T - t)

Thus, (36) and Corollary 2.4 imply for all ¢ € [0, T") that
pr, (u(t, y))| 86c5T2(T—
AT — )20 T THT—t)

i [T OB < o >

This completes the proof of Lemma 2.6. O

2.3. Spatial Lipschitz continuity of solutions to SFPEs. In Lemma 2.8 below we prove spatial
Lipschitz continuity of solutions to SFPEs. The key assumptions here are the Lipschitz-type
conditions (60)—(63) together with the so-called flow property (64), which is satisfied, e.g.,
when the corresponding process X is a solution to an SDE.

Setting 2.7. Assume Setting 2.5. Suppose that max{c,48¢5<'T*} < V/, 2+ -+ .- <1, and
3 T 5o < L. Furthermore, suppose for all i € [0,d] n7Z, s € [0,T), t € [s,T), r € (t,T], z € R,
wy, wy € R, A e (B(RY)®R, B e (B(RY)RETI*RY that

d
|f(t, xwy) — [t y,ws) Z T)|pr, (wy — ws)|] + %V(t ,T) ‘2F V(t,y) ||$\/T?/||’ (60)
v=0
lg(z) — g(y)| < 5 Nk (61)
Il = xen, < HEDETES oy, 2
(ote oty V(t,x) +V(t,y) |z—yl
[pr, (20" =z ||, < . o 0 (63)

]P(X,?Xf’” _ Xx) _1, IP(Xf’(') e A X e B) _ ]P(Xf’(') e A) P(ij)(') e B) (69
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and P(X?® = z) = 1. Moreover, let u: [0,T) x R? — R%"! be the unique measurable function (cf.
Lemma 2.6) such that for all t € [0,T), x € R¢ we have that

pr, (u(7,€))|
VIO o) pemed [Av(T - T>w] < 0, (65)
T
[0-dioz E[|g(X7")pr,(Z7")|] +f B[] f(r, X2, u(r, X2*))pr, (Z57)|] dr] <o, (66)
ve|0,d|n ‘
and

T

u(t,z) = Blg(X3") 27" + f E[f(r, X5, u(r, X5)) Z5%] dr. 67)
t

Lemma 2.8 (Lipschitz continuity of the fixed point). Assume Setting 2.7. Then for all =,y € R,
t € [0,T) we have that

(68)

max_[A;(T —t) |pr; (u(t, ) — u(t, y))|] < 7 Vet x) + VOt y) e —yll

i€[0,d] "7 2 VT
Proof of Lemma 2.8. Lemma 2.6 and the assumption of Lemma 2.8 prove that for all ¢ € [0,7)
we have that

t
max sup | A, (T —t) —|pry(u( 9))| < 680 TH(T—1), (69)
ve[0,d]nZ yeRd V(t, y)

Next, Holder’s inequality, the fact that p% + pix + piz < 1, (35), (62), the fact that Vx,y,p,q €

[0, 00): LEl 2Tt U imply for all i € [0,d) N Z, &, 5 € RY, t € [0,T), r € (t, T that

IV XET) V(e X9 || X - X0
Ay(T —t) : NiE pr;(Z,") 1
Vo), + Ve x|, [lxe—xell
< A(T —t) B VT pry(Zy )sz
< AT =) 2 2 VT M=)
Vz(tv ‘%) + V2(t7 g) ||j — g” v -t
e VT Vit 70

Hence, Holder’s inequality, the fact that p% + pix < 1, the fact that ¢ < V, (35), (62), and the fact

that V,y,p, q € [0,00): ZFLEE < xp+q;yp+q show for all i € [0,d] N Z, x,y € RY, s € [0,T),
te[s,T),re (0,T] that

ar — || A XV XD X~ G e |
2 VT JE=Xp g=xp
- Y63 VL) [1E - gl VT —t
2 VT A —tla=xpeg=xpv||,
VR X)) £ VR X)X - XY VT -
— | 2 VT VT =1y
3 CHVZ(t,Xf’”““)H%V IV XD ey (11X = X2, VT — ¢
2 VT r—t
Vi(s,x) +V(s,y) V3(s,x) + VZ(s,y) V(s,z) + V(s,y) ||z — y|| VT —
= 2 2 2 VT Ar—t

< V4(S,l‘) + V4(Svy) ||'I - y” \% T—1
= 2 NT r—t

(71)
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This and (61) imply for all i € [0,d] N Z, x,y € R%, s € [0,T), t € [s,T) that

oG-
H ) prl( T ) XS;L ~ Xsy
- = ) .y
VI(T, X3%) + V(T, X3 )XT - X7 )
< AZ T—t I T ) T ) Zt,:B
( ) 2 \/T prl< T) st»- Xsy
1 2
4 4 _
_Vis) + Vi) e ol o)
2 VT

Next, Holder’s inequality, the fact that p%, + piz < 1, (35), (63), and the fact that Yz,y,p,q €
[0, 00): Ziul 2ttt U Brove for all i € [0,d] N Z, &, 5 € RY, t € [0,T), r € (t,T] that
N(T =) |V (r, X2 )pry (207 = Z27) |
< N(T - 1) HV("U Xﬁ’g)Hp le"z'(Zi’j - Zt’g)

r

V(L,d) - V(Lg) gl

2 \/TAi(T —t)
V(t,F) + V(6D VEE) + V(E§) |17 — gl VT —¢

2 2 VT i
V@) + VAL) |E - gl VT =

2 VT it

Therefore, (71) and the fact that 1 < cimply for alli € [0,d] " Z, z,y e R%, s € [0,T), t € [s,T),
r e (0,7] that

< AT =))V(t,9)

<2

<2

(73)

A=) IV X, (227 - Zﬁvﬂ) I )

st ~ Xsy 5
Vz(t )+ V3(t,9) ||z —
2 VT F e
4 4 _ T —
2 VT Ar—t
This and (33) imply for alli € [0,d] " Z, x,y € R%, s € [0,T), t € [s,T) that
o Ly ((E ot
AZ(T t) HHQ(XT )prZ(ZT ZT) 15— Xsac ~ Xsy 9
S iy (tE ot
<A1(T t) HV(TaXT )prz<ZT ZT) e sz~ Xsy
1 1 _
Vi) + Vi) e - ol o5

2 NGh
Next, the triangle inequality, Hélder’s inequality, the fact that § + .- < 1, and (35) establish for
allie [0,d]n7Z, 7,5 R%, te|0,T), re (t,T] that

AT = ) | 5 LT [pr, (ulr, X17) = ulr, X0)) pro(Z;7)
T—t ZHL A (u(r, XE*) — u(r, X27)) pry(Z} )Hl
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Ty [L% AT = o, (ulr, X57) = ulr, Xi9) |, [for (2D,

= 3 5 18T = e, (utr, X29) =t x20) ff A(T = 1) [[pri(Z7)]],,
— L VT —r
ST _ T\ ty CAZ(T_t)
VZ_;} 7LV HAV(T T)pr, ( (r, X)) —u(r, X )H2 \/— A —1) ]
a1 tF t, VT vl —
Z_: 7LV HAv(T—T)pI“V (“(ﬁXT’ ) — u(r, Xr’y))Hz VT —r mt} ' (76)

This, the triangle inequality, the disintegration theorem, (64), and the fact that Z,‘fzo L, <c
prove forallie [0,d] nZ, z,y e R%, s € [0,T),t e [s,T), r e (t,T] that

d
Z L,A(T) }prv (u(r, XY —u(r, Xﬁg)) pr;(

v=0

N(T =)

Xsac~ Xsy
2

Z [L HAV(T — r)pr, (u(r, XY —u(r, X:g))HQ \/;{—L_TCEN X g

e

T —rjpr, (u(r, XE%) = ulr, X)) |

cT ]
2 /(T —r)(r—1)

X g x
< [ ax _|[A(T — r)pr, (u(r, X3°) — u(r, X3Y))|| ] T : (77)
e[0.d]r LT R INT =) (1)

Hence, the triangle inequality, (60), and (71) imply for all i € [0,d] N Z, x,y € R, s € [0,T),
te s, T),re (t,T] that

7= ) |57t X0 = S0 Xt X o2
T=Ay L Y=A 7 |9
d ~ ~ ~
< AN(T —t) Z L,A(T) [pr, (u(r, X27) — u(r, X2%)) pr,(Z17)) ' )
=X g=X""
v=0 1
1 xtE XLy || XET — Xty _
+ AZ(T o f})— V(Tv r ) + V(Tv r ) H r r Hprl<Zﬁ,x)
T 2 VT Ne=xpe g=xp
< max [[AST — r)pr, (u(r, X37) — ur, X29))] T
= X - v y AT) — ) A0
ve[0,d]n7Z P ? (T - T) (T - t)
N 1VA(s,2) + VAs,y) lo =yl VT —t (78)
T 2 VT r—t

This and the fact that V¢ € [0,7): |’ Cfi = 2¢/1 — = 24/T —t prove for all i € [0,d] N Z,
r,ye RY, s€[0,T),te s T) that
] dr
2

T
e, [0 150 ) 0 e X e
T AT
< f max [ A, (T —r)pr, (u(r, X2%) —ulr, X27)l, dr
¢ velod]nz (T —7r)(r—t)

+ lVA‘(s,x) + V4(Say) ”SL’ - y” r \% T _th
T 2 \/T t ’\/T_t
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T 2T
< max ||[A, (T — r)pr, (u(r, X*) —u(r, XY dr
J e DT =, )t Xl
V4(S,l‘) + V4(Svy) ||ZL‘ - y”
+2 . 79
2 VT 79)
Next, (33), (74), and the fact that V¢ € [0,7): §; 2 = 2v/r —[I_, = 2v/T — ¢ show for all
iel0,dnZ,z,ye R s€e0,T),te[s,T) that
T
[ = olsnxen. 0wz - 229, ar
p sz~ Xsy 9
T 1 i ) )
< f A(T — t)— H HV(T, Xﬁ’y)pri(Zﬁ’x — Zﬁ’y) H ‘ dr
‘ Xsac~ Xsy 9
- JTl Vs @) + Vs, y) lz —yll VT
=), T 2 VT  AJr—t
V4($,l‘) + V4(37y) ||'I - y”
<4 . 80
2 VT (80)

Moreover, (69), the triangle inequality, the fact that Zfzo L, < ¢, (74), Lemma 2.1, the fact
that 48¢%<’™ < V, and the fact that Vz,y,p,q € [0,00): 3200 < $p+q;yp+q imply for all
iel0,dnZ,z,ye R s€e0,T),te[s,T) that

} dr

2

T d
J A; (T—t)Z [ y
E=X0T =XV

<[ a0 g

<J s Zﬁll Jo
<[

f

T)pr, (u(r, XET))pr, (7% = 247} |

1 f:Xf’x,g:Xf’y

— r)pr, (u(r, X29))pr, (Z0° — Z57)

}d’r’
2

6ee™* TV (r, X)) pr, (207 — Z17)

1 aE=Xf’x,g]=th’y

\/T 6c2e36°T*
o VT =1

dr

)|V, X09)pr, (257 — 217) H)

sz ~ Xsy
g V4 (s,2) + V4(3 y) lv —yl| VT VT 6025607
i
Vi(s,x) + V4(s y) ||z — y|| f 62T e86<°T?
2 (T —7r)(r — t
< 2V (S,.T) + V4(87y) H.T - y”602T68606T3 .4
2 T
< V4(S,ZL') + V4(57y) V(Svl‘) + V(Svy) ||'I - y||C2T
2 2 JT
V5(87 SL’) + V5<S7y) ”SL’ - yH 2T
c“T.
2 VT

This, the triangle inequality, (80), and the fact that 1 + T < e prove for all i € [0,d] N Z,
r,ye RY, s€[0,T),te s T) that

(81)

~

T
[ aa- H 1£r, X7, ulr, X)) pr, (2%

T
<[ mr-o HHf('r, X1, 0)pr, (207 — 209)| \
t

He=x;=g=x:v]|,
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d
J Z[ T)pr, (u(r, X29))pr; (Z0F — Z2Y) H ‘ g }d’r’
v=0 y=X¢" " 2
4 _ 5 5 _
< 4V (S,.T) + V (S7y) H.T y” + V (S,I‘) + V (S7y) H.T y” 2T
2 T 2 T
5 5 _
< 4V (S,l‘) +V (S,y) ||l‘ yHecQT. (82)
2 VT

Next, (67) and the triangle inequality show for all z,y € RY,

€ [0,7),te[s,T) that
[T =) [ (e X 7) = (e, X))

= hax [Ai(T —t) ‘ pry(u(t, @) — ut,§))|z-xs= goxsv 2]
. . ) t,x t,z t,y t,y
L (e = o) [ Bon (a0 287 - ox3) 237

T
+ f E[pr; (f(r, XE% u(r, X2 ZET — f(r, X2Y u(r, X19)) Z19) ] dr ]
t

<o J

1€[0,d]NZ
T
+ e f [AZ(T ) H s (f (s X%, X)) 207 = £, Xp¥ (e, X)) 227 )|
1€ @

J

Xsac~ Xsy

pri (9(X35) 25" — 9(X37) 247 ‘

1

~_ S, ~ S,y
T=X;",9=X;

o

Xsac ~ Xsy
< — 1) H ty ) th
s M0 o ] N
+ max {A —t) Hg pr <Ztmthy>‘ ]
ie[0,d] 7 Hz=X"g=X7" ||y
+ max [ T —1t) HH (r, X1% u(r, XHT)) —f(r,Xﬁ’g,u(r,Xﬁ’g))) pr;(ZL%) H ‘
i€[0,d]nZ

sz~ Xsy

} dr
2

T Y t,j np oy
* ie[ror}%}r{wzj; {Az‘(T —t) H Hf(’ra XY u(r, X0Y)pr; (Zr,m _ Zr7y) H

] dr. (83)
This, (72), (75), (79), (82), and the fact that 1 < V prove for all z,y € R¢, s € [0,T),
that

=X, g=X"Y

€s,T)

max [Ai(T =) [[pr; (ut, X;) = u(t, X))
1€[0,d]NZ

_ Vs, ) + Vs y) 2 — gl N Vi) + Vis,y) o —yl

- 2 VT 2 VT
T AT
+ max ||A, (T —r)pr, (u(r, X;*) —u(r, XY dr
J e I =, X27) = Xy
Ve m) Vs ) eyl | VP.2) + V(s 9) eyl e
2 Nih > Nis
5 5 _
< 9602TV (va) + V (S7y) H.T yH
> JT
T C2T
b AT = b, (ulr, X2) = ulr Xz,
¢ VE[0,d]NZ

dr. (84)
T =) —t)
Moreover, (69), Jensen’s inequality, the fact that 2 < p,, and (35) imply for all x € R¢, s € [0,T)
t € [s,T) that

oA [A(T = 1) lor; (u(t, X7 ))ll,] < 6™ |V (1, X7, < 6ee™ TV (s,2).  (85)
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Therefore, the Gronwall-type inequality (see Corollary 2.4), (84), the fact that 48¢86<"T* < V/,

oPtayypta

and the fact that YV, y,p,q € [0,00): T30 < : show for all =,y € R%, s € [0,T),
t € [s,T) that

max [A(T — 1) [lpr; (u(t, X;°) — u(t, X7%) ;]

1€[0,d]"Z
< 18602TV5(87:E) + VB(Say) ||'I B y||e86cGT3
2 VT
< 2 V(5:2) + Vs, y) V(s 2) + V(s y) lz — yll
2 2 VT
< 602TV6(87:U) +V6<S7y) ”x_yH (86)
2 VT
This and the fact that Vs € [0,T),z € R?: P(X$® = z) = 1 imply (68). The proof of Lemma 2.8
is thus completed. O

2.4. Temporal regularity of the fixed point. After establishing the spatial Lipschitz continuity
we establish the temporal regularity for solutions to SFPEs, see Lemma 2.9 below. Together with
the spatial Lipschitz continuity the temporal regularity implies that the fixed point is continuous.
Later, continuity of the fixed point is an important property to ensure that the fixed point is the
unique viscosity solution to the corresponding semilinear parabolic PDE.

Lemma 2.9 (Temporal regularity of the fixed point). Assume Setting 2.7. Suppose that p% + p% +
L <land 5+ L <1 Assume foralie [0,d] "7 s€[0,T),tel[sT),re(tT], zeR
wy, wy € R that

e - x|

e S cllz =l (87)
B V(t,z) + V(s x) Vi—s

pe 2 Vr—th(r —s)’

X" = ([, < V(s,z)Vt—s. (89)

Moreover, let u: [0,T) x RY — R be the unique measurable function (cf. Lemma 2.6) such that
forallte[0,T), x € R we have that

(88)

[pri(Z;" = Z7)

|pr, (u(r, f))|]
max su AT —7)—2L—"222 | < oo, (90)
vel[0,d]nZ 7'6[07T)2€]Rd [ ( ) V(r,§)
T
I[Blg]xz {E[‘g(X;x)pry(Z;x)H + J B[ f(r, X2, ulr, X2*)pr, (Z57)|] dr] < o, (°1)
vel0,d]n ‘
and

T

u(t,z) = Blg(X")Z"] + J E[f(r, X%, u(r, X27) 257 dr. (92)
t

Then w is continuous.

Proof of Lemma 2.9. First, Lemmas 2.6 and 2.8 and the assumptions of Lemma 2.9 prove that
for all t € [0,7") we have that

t
max  sup AI,(T o t) \pry(u( ) y))‘ < 6068606T2(T7t) (93)
ve[0,d]NZ yeRd V(t, ’y)

and that for all z,y € R%, t € [0, T') we have that

max [A(T — ), (ult, ) — u(t, )] < 7LD EVED eyl

i€[0,d]nZ 2 \/T 949
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Next, (64), the disintegration theorem, (87), the fact that ¢ < V, (89), and the fact that
Va,y,p,qe [0,00): Tl 2Py prove forall ¢, € [0,T), ty € [t1,T), 7 € (t2,T], z € R?

2 2 2
that
H Hxﬁl,x . Xﬁg,m” _ HXtQ th @ Xﬁ%m
P Px
S (R TR,
2 llpy
<[ely==l| ...
Xy’ Px
= [Je || X" = =l]]],,
< 2V(t1, ZL’) —;— V(tQ, ZL’) V(tl, SL’) —; V(tz, l’)m
2 2

\2V (tl,x)—;—V (tz,ﬂf) hQ—tl. (95)

Hence, Holder’s inequality, the fact that +o-t o < 1, (35), the fact that ¢ < V, and the fact

that Vz,y, p, q € [0, 00): ZFL 2400 l‘“q;y”*q 1mply forallie[0,d] n7Z,t, €[0,T), ts € [t1,T),
r € (to, T], x € RY that

th,:L' th,:l: th,:l: - XtQ,IL'
AZ(T . tl) 'V(Tv r ) + V(T, r ) || r r ||prZ(Z£1,x)
2 VT 1
IV (r, X)L, + IV, X2 ), X = X521, -
< AN(T - t) 5 VT H (2, )sz
2 2 [t —
< AZ(T _ tl)V(tl,Jf) + V(tQ,I)QV (tl,ﬂf) +V (tg,ﬂf) t2 tl C
2 2 VT Ai(r—t)
<2V4(t1,ZL')+V4(t2,$’)\/t2—t1\/T—t1. (96)
2 \/T AT —tl
This and (61) prove for alli € [0,d] N 7Z, t, € [0,T), ty € [t1,T), v € R? that
A(T = 1) |[(g(X37) = g(XF))pri(Z77)] |,
V(T th :1:) +V( thg: Hth X¥7x“ .
< Az T —t (7T
( 1) D) \/T prz( T ) 1
4 4 [t —
\2V (tl,x)—i—V (tg,l’) tz tl. (97)
2 JT

Next, Holder’s inequality, the fact that p% + piz < 1, (35), and (88) show for all i € [0,d] n Z,
t1€[0,T),tye[ty,T), 7€ (t2, T], x € RY that

A(T = 1) |V (r, X[2")pry (2207 — Z27) ||,

< A(T —ty) HV(Ta X;EN)HP Hpri(zil’x — Z>7)

Dz
V(tl,ﬂf) + V(tz,ﬂf) V(tl,ﬂf) + V(tg,ﬂf) w/tz — tl
< AT -h)2 2 2 Vr=ThAi(r —t)
\2V2(t1,x)+V2(t2,x)\/t2—t1 \/T—t1. (98)
2 \/T’—tz \/T—tl

This and (33) prove for alli € [0,d] N Z, t, € [0,T), ty € [t1,T), z € R? that

A(T —t1) HQ(X;M)I)I"@'(Z%J - Z;”)Hl
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(99)

< N(T — ) ||V(T, X3")pry(Z" — Z7)

H <2V2(t17 ) <t27 )V
1 2 \/ _t2

Therefore, the triangle inequality and (97) imply that for all i € [0,d] N Z, (t,)nen < [0,7),
t € [0,T) with lim,,_, ¢, = t we have that
lim sup lg(Xz")pry(Z5") — g(Xg")pri(Z7) |,

< lim sup [(g(X7) — g(X5"))pr,(Z77) ||, + lim sup |g(X5") (pry(Z7™) — pri(Z77)||,

< m 2V4(tn, z) + VAt z) A/ |tn — 1] 1
S P 2 VT AT — min{t, t,})
2 2 Vlth —t
|l sup 2V (tn,x) + V2(t, x) |t, — | 1‘
n—m 2 /T — max{t, t,} Ai(T — min{t, t,,})
=0. (100)
This and Jensen’s inequality prove for all i € [0,d]| n Z, x € R that
([0,7) 5t — E[g(X")pr;(Z257)] € R) € C([0,T), R). (101)

Next, Holder’s inequality, the fact that 14 i < 1, (33), (35), the fact that ¢ < V, and the fact

tmwhemﬂ@emjygrg—zﬁﬁah_z@fﬂmmmmmemmmz
t] € [O,T), ty € [tl,T), S Rd that

1)
J‘ Az(T - tl) Hf(ra Xihmv O)prz(Zihx)Hl dr
t

1

¢
< J2 %Ai(T — 1) Hv(h Xil’x)Prz‘(Zﬁhx)Hl dr
¢

1

to 1 z 1,T
< | FuT -0 Ve, ez,

1

2 1 c
<f AT = )V (1) ——dr
o T

1 AZ(T‘—tl)
VQ(tl,.T) Jt2 \/T—tl dr
= T t \/T—tl
2 T —
_ V (tl,l‘% T t12m
N
<2V23(ty,2) 21 102

Furthermore, the triangle inequality, (93), Holder’s inequality, the fact that p% + p%( < 1, (35),
mmmWwwﬁ<mmmmmmemmwmfg
24/T — tl re=t; — = 24/t — t1 lmply forall: e [O,d] N Z, t, € [O,T), ty € [tl,T), WS Rd that

t d
f AT = ) || D LA (D lpr, (ulr, X)) pr (28| dr
t1 v=0
to d 1
< j T 1) Y [LoAT) [[pr, (ulr, XE7))pr,(27)]|,] dr
t1 v=0

ﬂﬂ AT =) ol X (20, |

_tl

N
h
M ~
V_|
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to d
< J AN(T —ty) Z lL,, VT 6ce30°T” HV('/’, )(il’m)pri(Zf}’m)H1 dr
t

N o VT —r
f2 cvT 673
< | AT -t 6ce®0 T ||V (r, X1 r,(Z0)|| dr
J;l ( 1)\/777_7, H ( r )Hpv Hp z( r )sz
2 C\/T 673 C
< N(T —t 6ce® TV (ty, ) ———
t1 ( 1>\/ﬁ ( ! >A2(T —tl)
<Vt [ YT,
<) | G

1 2 dr
\/T—tg t1 \/T‘—tl
Vii—t
<232TV3(ty, 2) Y22, (103)
VT — 1,

This, the triangle inequality, (60), (102), the fact that 1 < V, and the fact that 1 + 2T < =7
prove for alli e [0,d] nZ, t, € [0,T), ts € [t1,T), x € R? that

< ATV (ty, )

1)

AT = 00) [ X0 e X0, (2207)
t1

\1

to
< [ A = 70 e 0 2
t1

d

D LA (T) pr, (u(r, X[) [pry (Z)]
v=0
Vito — Vir—1t
f — +22TV3(ty, ) S
VT VT —t,
V3(t1, ZL‘) + Vs(tg, l‘) 2T \/tl — tg
<4 e .
2 VT —ty
Next, the triangle inequality, (94), the fact that Zfzo L; < ¢, Holder’s inequality, the fact that

S+ -+ L < 1, (35), (95), the fact that Va,y,p,q € [0,0): iyl 2ty o ST and

Lemma 2.1 show for alli € [0,d] nZ, t, € [0,T), t5 € [t;,T), x € R? that

J, air o
to

<[ ar-n) Z L,,% 1A (T = r)pr, (u(r, XU%) — u(r, X2))pry(2000)||, | dr
= VT —r

t2

dr

1

to
+ f A(T — ty)
t

1

< 2V2(t1, ZL‘)

(104)

T)pr,, (u(r, X)) — u(r, X;29))|[pr;(Z,27)]]| dr

1

T 6 t1,x 6 to,x t1,x to,x
T 5 X1, X27 X 1, _X27
< J AZ(T . tl) C\/i ec TV (7", r ) + vV (Tv T ) || T T ||prZ<Z£1,m) dr
; VT =7 2 VT 1
T
T
<J AZ(T—tl) C\/i €CQT
IVO(r, X7 %) o + [[VO(r, X72%) |ow ||| X% — X2 o
6 6 pr;(Z" )H dr
2 \/T Dz
< f T i) YL er Vit a) V(e 2) ) VA, ) 4 VAl a) Vi —h e
ty VT —r 2 2 VT Ai(r—t)

< JTQCQV?)(tl’x) +V3(t2,37) '\/t2 —tl \/— A/ —tl
to 2 \/T w/ —Tr AT — tl




21

< % QTV (ty, ) + V3(ty, x) \/tz—tlj

2 AT —ra/T — 1t
3 e—
<ser D) Vo) Vit (105)
2 VT
Furthermore, (96) and the fact that V¢, € [0,7),t, € StZ = = 2V =L, <
24/T —t; imply for all i € [0,d] N Z, t, € [0,T), t5 € [t1, T) Te le that
g LV (s, X0) + Vo, X0) X0 — Xio#]
AN(T -t Lpr,(Z)| dr
| aar -7 ! Tz |
_ 2 VAt ) + Vit ) «/tg—tlf —t1
b T 2 T — tl
2 V (tlv ) + V4(t27 ) t2 - tl
el v 2AT — 1)
T 2 JT
4 4 fr—
< 4V (tl,l‘) +V (tg,l‘) tQ tl. (106)
2 VT

This, the triangle inequality, (60), (105), the fact that 1 < V, and the fact that 1 + 2T < =7
prove for alli e [0,d] N 7Z, t; € [0,T), ty € [t1,T), v € R¢ that

T
J A,(T - tl) H [f(?“, quhxv u(ra X:MC)) - f(?“, qu%xv u(ra X:27$))] pri(Z£17x)}}1 dr

to

T d
< [ AT =0 | X Al X0 — ute, X lor 20|
to v=0 1
T 1 th T th T th T th,m
[ LA V) r ||pri(Zﬁ1,m) N
4o T 2 T L
< 802TV3<t17x) + Vg(t27$) Vt2 - tl + 4V4(t17 ) <t27 ) \/ - tl
4 4 _
< SeczTV (tl, {L‘) +V (tg, ZL‘) Vis — 1 . (107)
2 VT
Next, (33) and (98) imply for all i € [0,d]| N Z, t, € [0,T), t5 € [t;,T), x € R? that
T
J Az(T - tl) Hf(ra X7€27$7 0)prz(Z7t"17x - Z:27$)H1 dr
to
T 1
< [ Az - | gvin e zes - 20| a
to 1
T 2 2 _ _
<J EV (tl,l‘)+V(t2,l’)\/t2 tl\/T tld’r, (108)
to T 2 \/T — tz \/T’ — tl

In addition, the triangle inequality, (93), Holder’s inequality, the fact that p% + piz < 1, (35), (88),

the fact that max{c, 6686CGT3} < V, and the fact that V., y,p,q € [0,0): xp;ryp xq;ryq < mp+q;ryp+q
show for alli € [0,d] N 7Z, t, € [0,T), ty € [t1,T), x € R? that

J, airo
to

T d
< f T —t1) Y [LoA(T) [[pr, (ulr, X2*))pry(Z07 = Z27)||, ] dr

v=0

d
Z Ly Ay (T) |pr, (u(r, Xo2%)) |lpr; (22" = Z2 )| dr

1
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T

d
Az —tl Z lLV T 1:| dr

VT osoco HV(T, X:Q,m)Hpv Hpri(Z:La: _ Z7€27$)sz dr

H6 86573 V( th :B)pr (Ztl T th m)
—-T

AT — VT
i \/T——'r
VT V(ty,z) + V(ty, ) Vi — 1 p

5 N/T—T’ 2 \/T—tQAi(T—tl) "

Vo(ty,z) + Vo(ty,z) VT T —ti\/ty —

< | 2

L 2 VT — 1 AT —Lin/T — 1o

Thus, the triangle inequality, (60), and (108) prove for alli € [0,d]| N 7Z, t; € [0,T), ty € [t1,T),
z € RY that

T
AT —tlZ[Lu ﬁ A(T =) |Jpr, (u(r, X2%))pr, (Z" — Zﬁ?’”:)\}l]m‘
1
1

t1)
A(T —ty) V4 (ty, )

<J
<
fa
<

dr. (109)

T
J AZ(T - tl) Hf(ra Xﬁ%mv U(?", ‘XV?J))pri(Z;EhaC - Z£27x)H1 dr

to

T
< f AT — 1) || f(r, X127, 0)pry (2207 — ZE27)|, dr
t

2

" j T 1) ZL AT pr, (ulr, X227 [pr (2027 — 220)| || dr
to 1
<J EVQ(tl,.’E)-FVQ(tQ,SL’) \/tQ—tl \/T—tl dr
= t2T 2 \/T’—tz \/T—tl
T 1/5 5
T _— —
*J Vo) + Vilta, ) VT VT —tivbh—h (110)
to 2 VT —1r A1 —ti\T — 12

Therefore, the triangle inequality, (104), and (107) imply for all i € [0,d] n Z, t; € [0,T),
ty € [tl,T), WS Rd that
T

T
j E[f(r, X%, u(r, X5))pr,(207)] dr — f E[f(r, X%, u(r, X*%))pry(22%)] dr
t

1 t2

t2
<f || £ (ry X5 u(r, X300))pry (Z;00) || dr
t

1
T
i J || £, X002 e, Xp2))pr( Zp0) — f(r, XP2 u(r, Xp2%) )pry(Z,27) ||| dr
t2
to
< [t Xz ut X0 20 | e
t1
T
+ J H I:f(,ru Xﬁhma U(Ta X:El’m)) - f(n X72E27m7 U('f’, X?,x))] pri(Zihm) Hl dT
t2

T
" J [ f(r X027 ur, XP22))pry (270 — Z;27) || dr
t2

< [4V3(t1,$) + Vg(tz,.r) ec2T\/t2 — tl

> JT—t
+ 8602TV4(t17"L‘) + V4(t2,ZL‘) \/t2 - tl
2 JT

dr

+JT2V2(t1,.T)+V2(t2, )\/tg—tl\/T—tl
t2T 2 \/T’—tz \/T’—tl
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T v5(¢ 5(¢ T T —ti\/tg —1 1
+J VPt + Vit w) VT VT -V, . (111)
to 2 \/T—T \/T‘—tl\/T—tQ AZ(T—tl)
This shows for all i € [0,d] N Z, (t,)nen < [0,T), t € [0,T), x € R¢ that
T T
f E[f(r, X7, u(r, X»%))pry(Zi»")] dr—f E[f(r, X2, u(r, X2*))pr,(ZE7) ] dr
tn t
< 4V3(tn, x) + V3(t, :c)ech |t, — 1|
2 \/T — max{t, t,}
+ 8602T V4(t17 + V4 t27 n t|
2 ﬁ
+JT 2 V2 (tn,x) + V3(t, @) YA/t — t|A/T — mln{tt }
max{t,tn} T 2 AT —t VI —
N JT 2V5(t1,:c) +V3(ty,x) VT /T — min{t,tn}\/\tn — 0 1
max{t,tn} 2 NT —r T =t T — T AT — min{t, t,})
(112)

Next, note that for all (¢,,).ex < [0,7), t € [0,T) with lim,,_, t,, = t we have that

_ 3
supJT It ‘ (ttn3,1)(7) 2al'r’zsupJT [t — 1] er
neN AT = taT (makit,in neN Jmax{t,t,} _\/r — min{t, tn}\/r — max{t, t,}
_ 3
t[T VIt — g
r
max{t,tn} _\/‘tn — t|\/7“ — max{t, tn}

T
= supJ (r — max{t, tn})’% dr

neEN Jmax{t,t,}

3

< sup
nelN

T
= sup 4(r — max{t,t,})%

neN r=max{t,tn}

<Ti. (113)

This implies that for all (¢,).ex < [0,7), t € [0,T) with lim,,_,,, ¢, = ¢t we have that ([0,T) >
V |tn7t| ]1

1= e Lmaxtta).7) (r) € R)pen is uniformly integrable. Hence, for all (¢,,).ex < [0,7),
t € [0,T) with lim,,_,, ¢, = t we have that

Ty, [

lim lim

A/ A/ o I (max dr
=0 Jmax{t,tn} VI — LN/ T — n—00 m\/— ( {t,tn}, T)( )
! VIt — 1]

= lim

]l max d - 0
o n—®© m\/i ( {t,tn},T)(T> T

Next, the substitution s = 7=%, dr = (T' — a)ds and the definition of the Beta function prove for
all a € [0,T) that

(114)

T i 1
J ¥ J a)ds - =Bl YT —a). (115)
a (T—'r’ (r—a)1 (1—s)( a)] [s(T —a)]*
This shows that for all (¢,,),en < [0,7), t € [0 T) with lim,,_, t, = ¢t we have that

[MJI5H)

VItn — 1]

T
S (max{t,tn dr
neHI\?J [\/ﬁm\/ﬁ a3 1) (7)
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_ 3
rr ty —t ’
Vit 1 ]dr

neN Jmax{t,t,} _\/T — r\/r — min{t, tn}\/'r’ — max{t, t,}

_ 3
rT /|tn_t| ]2dr

< sup
neN Jmax{t,tn} _\/T — /|ty — t|\/r — max{t, t,}
T dr
< sup 3 3
neN Jmax{tt,} (T — r)1(r — max{t, t,})1
= supB(4, (T — max{t, t,})” ? < . (116)

Therefore, for all (t,),ex < [0,7), t € [0,T) with lim,,_,,t, = t we have that ([0,7) > r —

OVl oy ey e V\/‘:"_i/mﬂ(max{t,tn}j) (r) € R),en is uniformly integrable. Hence, for all (¢,),.x < [0,7),

t € [0,T) with lim,,_,, t, = t we have that

lim ' Y [t — 4 dr = hmf |t — 1l T (max(t,t }T)( r) dr
n>0 Jaxirtn) VI = 1/T —tar =t oo Jo T — =t /r —t '
t —
= hm \/ﬁ T (max{t,tn},T) (r)dr
o m—0 AT — /T —to\/r —t T
= 0. (117)

This, (114), and (112) prove that for all i € [0,d] N Z, (t,)nen < [0,T), t € [0,T), v € R* with
t = lim,,_,, t,, we have that

T T
f ELf(r, X0 u(r, X7m0))pry(Z,) | dr —f E[f(r, Xp%, u(r, X27))pr;(Z;7) | dr| = 0.
tn

t
(118)

lim
n—o0

Hence, for all z € R%, i € [0,d] n Z that [0,T) 5 ¢ — § E[f(r, X5%, u(r, X:%))pr,(Z:%)] dr € R
is continuous. This, (101), and (92) show for all € RY that [0,T) > t — u(t,z) € R¥*!
is continuous. Therefore, (94) and the fact that V' and A are continuous imply that for all
€ [0,d] N Z, (tw)nex S [0,T), t € [0,T), (zn)nen S RY, x € RY with lim,, o0 (tn, 2,) = (¢, 7) We
have that
lim sup|pr, (u(tn, 2) — u(t, 2))|

n—0o0

< im sup|p; ((tn, @) — t(ta, )] + limsuppr,(u(tn, ) — u(t, 2))|
neN n—00
20 VO(tn, xn) + VO(tn, z) ||z, — || 1
< limsup | e T neen o “ =0. 119
Hence, u is continuous. This completes the proof of Lemma 2.9. O

3. PERTURBATION LEMMA

In Lemma 3.1 below we estimate the difference between two fixed points, roughly speaking,
one generated from the solution to an SDE and one from an approximation schema (e.g. Euler-
Maruyama schema), see (126) and (127).

Lemma 3.1 (Perturbation lemma). Assume Setting 2.7. Let 6 € (0,1). Suppose that p% + pix +
< land i s+ < L Let (X7 seortefsmeerd: {(0,7) € [0,T]?: 0 < 7} x R* x Q — R,

p
(ZS “) sef0.) ke, T] verd: {(0,7) € [0,T)?: 0 < 7} x RY x Q — R be measurable. Assume for all
e [0,T), re (t,T], r € R¢ that

[V, X00)||, <Vt 2), (120)
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52V (t, x)

Xt,:l: _Xt,m L —.
e - LA

52V (t,x), |lpri(zte — 2t

(121)

Then the following items hold.

(i) There exist unique measurable functions u,u: [0,T) x R? — R%! such that for all t € [0, T),
r € R? we have that

max sup AI/<T — 7—) ‘prV(U(T’ g))‘ < o0, (122)
ve|0,d]nZ rel0,7),ceR4 | V<T7 f) i

max sup AT —7) Ipr, (u(r, )1 < o, (123)
ve|0,d]nZ re[0,7),¢eR% | (7_7 ) i

max [ Ug “Vpr, (2% )H +£ E[}f(r, X5 u(r, Xﬁ’x))pry(Zﬁ’w)H dr] < o0, (124)

ve[0,d]nZ

max [ [}g “)pr, (Z )H +£ E[’f(r, x5 u(r, Xf’x))pry(Zﬁ’w)H dr} < o0, (125)

ve[0,d]|NZ

rT

u(t,z) = E[g(X3) 25" + | E[f(r, X0, u(r, XE7)) Z0*] dr, (126)

Ji

and
rT

ut,x) = Blg(X") 25+ | E[f(r, X", u(r, X17) 207 dr. (127)

Ji

(ii) Forall v e [0,d] n7Z, t € [0,T), y € R? we have that
A (T —t)|pr, (u(t,y) —u(t,y))| < 5%€CQTV9(15 ) (128)
v pr, Y Y = \/T ' Y)-

Proof of Lemma 3.1. First, Lemma 2.6 and the assumptions of Lemma 3.1 prove (i) and imply
that for all ¢ € [0,7") we have that

;
max sup | A, (7 — 1) PBEDI 6 soeora— (129)
vel0,d]n7 yeRd V(t,y)

Furthermore, Lemma 2.8 and the assumptions of Lemma 3.1 show for all z,y € R%, t € [0,T)
that

2p VOt ) + VO(t,y) [z —
) o ) o < c*T ) ) )
hax [Ai(T —t) |pr; (u(t,z) —u(t,y))|]] <e 5 Wit

Next, Holder’s inequality, the fact that p% + pix + piz < 1, (35), (120), (121), and the fact that
c <V imply forallie [0,d] n7Z,te [0,T), re (t,T], » € R that
V(r, XP7) + V(r, X7 | X7 — x|

(130)

Ai T —t I‘i Zt’m
-] : =2 )|
6 Xt,:v 6 Xt,:v Xt,m o Xt,:v
< AZ(T _ t) ’ V (T’ T ) + V (T, r ) || r r ||prl(Z:E,m)
2 VT )
IVO(r, X5 [ow + [[VO(r, X5) o || XE% — X7
6 6 T T lpx t,x
< 5 Nia AN(T —t) Hpri(Zr ) .
2 (T —
< Vﬁ(t’x)&V(t, x) eAy( t)
VT Ai(r—1)

_ 02 VT(t,2) VT — ¢
N VT N
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_ 52V8(t, a) T —t

< . 131
T =t (13D
This and (61) prove for alli € [0,d] N 7Z, t € [0,T), x € R? that
AT =) [[(9(X7") — 9(X")) pry(Z7)
t,x t,x XWC _ me % 8 132
< AT ||V OXF) + VT A ) | X7 — A Hpri(z?gg) _ 0Vt e) (132)

2 VT T

Next, Hélder’s inequality, the fact that .- + -- < 1, (35), and (121) imply for all i € [0,d] N Z,
te[0,T), xz € R? that
A(T —t) HQ(X;gﬁ)pri(Z?l‘ - Z;x) H1 < AN(T — 1) HV(T> Xgﬂy)pri(z?x - Z;x) H1
< N(T =) V(T X7, [lprs (25" = 277) |

Pz

< M(T— )V (t,2 )\/‘Z_X((t x))
52V2(t, )
<=2 (133)

In addition, the triangle inequality, the fact that Zfzo L, < ¢, (130), (131) prove for all ¢ €
[0,d]| nZ,te[0,T), re (0,T], r e R? that

d
AT =) || Y] LA (T) [pr, (u(r, XE7) — u(r, X57))pr,(Z57))]
v=0 1
T—t Z HL A T Xt :B) - U(T7 Xf’m))prl(Z£’m)H1
d
LAY [LWT:_T AT = 1o, X7) =l o (22|
T 20 VO(r, X07) + VO (r, X07) || X5 — Xt
< Az T — ¢ cT Y Y r r ) Zt,at
TN 1) e : N el
e“TeNT o2V (t,2) VT — ¢
SVT—r VT Vi
AT 2 7
- Sze TV'(t, x) 1 . (134)
VT (T —r)(r—t)
This, (60), the triangle inequality, the fact that V¢ € [0,7T): ST d’"_ = 2Vr —t|I_, = 2T — ¢,

Lemma 2.1, the fact that 1 < V, the fact that 1 + T < 7 1mp1y foralli e [0,d] n Z, te0,T),
z € RY that

L AT — 1) || (£ X%l XE2)) — £, X5, ulr, X0%))) pro(Z6%) |, dr

T Xta: +V Xt || Xte — yte
< J AZ(T H ) (Tv r ) ” r T Hprl(Zﬁ’x) dr
2 T X
T d
" j AT =) | ) LA(T) [pr, (ulr, XE7) = ulr, X5))pr, (Z257)] || dr
v=0 1

1 T §2V8(t,x) VT — 5%€CQTC2TV7(1;, ) dr
¢ VT T VT (T —r)(r—t)
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52 TATV(t, z) 5 52e2°TV8(t 1)

VT

Next, (60), the triangle inequality, Holder’s inequality, the fact that p% +1

(135)

VT VT

< 1, (120), and (35)

show for alli € [0,d] nZ,t € [0,T), z € R? that

T
f AT — ) [| (£ 5% i, X57)) — Fr, X% (i, X57)) pra(Z57)]|, dr

T
< | AT =0 D ILAD) o, (utr, 257) = ulr, 22 pr( 22| ]
v=0
T d
J A(T Z L, ;/TTA (T —r Hpr u(r, X”)—u(r,é\fﬁ’x)) pri(Zﬁ’x)lll} dr
) 4| =
T O AT = 7)lpr, (u(r,y) — u(r,y))|
AZ LV v v ) ) VS ’Xt,l‘ ) Zt7$
<] mr-oX g ot ) V3G 2 (20
T
<J AT —t) VT
t T —1r
A (T —7)lpr, (u(r,y) —u(r,y)) 8/ 1t :
4 X,a} ] Z,x d
Veﬁiﬁzsgﬁi V&(r,y) Ve ) e |IPrilZ M. dr
T
< f A(T —t) VT
t T —1r
AT —r)lpr, (u(r,y) —u(r,y)| | s c
v ta)— d
e, 5P V5(r,y) Vit
Tl AT = 7)lpr, (u(r,y) — u(r,y))] | AT AT — 1)
< 14 v Y ? V8 t, 1 d
L Vel e Vi(r,y) |V ”W—Mxr—w '
T _ B ] 2
< [ g, up 2T = ) =l | g, VT VT
t ve|0,d]nZ yeRd V (T, y) | T — 1 AT —
T[ B B T 2
<J max sup A(T r)|prV§u(r, y) —u(ry)) V3(t, x) il dr. (136)
: ue[O N7 yeRrd Vv (7‘ y) (T — r)(r —t)

Furthermore, (33), Holder’s 1nequahty, the fact that

T dr
r—t

Vtel0,T):

-~ < 1, (120), (121), and the fact that

= 2¢r —t|I_, = 24/T — t imply for all i €[0,d]|nZ,te[0,T), x € R¢ that

T
f A
t

T
< f A(T - t)% [V (r, 20 pr, (28 — 207)||, dr
t

T =) || f(r, X0, 0)pry(Z;" — 277) ||, dr

1 4 x T
<1 [ A -0lvea), Iz - 2],
1 (7 52V (¢, z)
<= | MT-tV(t,x)—=—""—dr
TL ( Wi x)\/TAi(T—t)
1y2 T —
_ 02V (t,:p)f T td’r
T\/T t r—t

1y2
<2L(t,l‘).

13
NGE (137)
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Next, the triangle inequality, (129), the fact that Zfzo L; < ¢, Holder’s inequality, the fact that
p% + piz < 1, (120), (121), and Lemma 2.1 prove for alli € [0,d] n Z, t € [0,T), x € R? that

ft AT =) D [Lo [ AT )pr, (u(r, XE))pri (2 = Z5)]| ] dr

0
T d \/T
<| MnT -S| L, —Y AT X ))pr (250 — 200)|| | d
[} 2= 35 | B I = ot 72 - 227
T
T 63
<L Ai(T—t)\/Cj% 6ce® TV (r, X pr, (25T — Z57) 1dr
T 662686CGT3ﬁ . . .
<£ Ai(T_t)ﬁ |V, X0)|| ) ([pra(Z07 = 207)]],
T 6c2e36<°T° /T 52V (t, x)
< ANT —t)——V(t,2)—=——"——
J, Mz -0 = e et
_ JT 662235 V2(¢ 1) /TA(T —t) "
A VT VT —rN(r —t)
<J 662285 V2(¢ 1) TAT —t i
=), VT VT —ra/r —1t

B 2463 AT ST V2 (¢ 1)

This, the triangle inequality, (137), and the fact that 24¢3<"”* < V show for all i € [0,d] n Z,
te[0,T), 7€ (0,T], € R?that

(138)

T
J AZ<T - t) Hf(n X:7x7 U(T’, X£7m))prz(zﬁ7m - Zﬁ,x)Hl dr
t

T
< f AT = 1) || £(r, X7, 0)pry (207 — 207)]| dr
t

4 f AT = 1) Y [LyA(T) [[pr, (u(r, X07))pry (28" — 257)]| ] dr

v=0

V2(t, ) N 2462 ATeST* V2 (¢, 1)
VT VT
- 2452 T eS0T 2 (¢ 1)
x \/T

52e=TV3(t, z)
< —17 139

T (137

Next, (126), (127), and the triangle inequality prove for all i € [0,d] N Z, t € [0,T), z € R? that

Ai(T = 1) [pr; (u(t, ©) — u(t, z))|
< AT — 1) |[B[g(Xg")pry(Z5") — (X5 )pry(257)]]

(NI

4]

<2

f (AT = B[S (r, X2, w(r, XpP)pry(Zp7) — f(r, X7 u(r, X07))pry(2:7)]| dr
=) [| (o X”“) 9(Xr")) pro(Z5")||, + AT = 1) (g (X7 (25 — 257) ||,

+ J; Az(T - t) H (f(?“, Xﬁ’xa U(T, Xﬁ’x)) - f(ra Xf’xa u(Tv X:7$))) pri(Z£7$)H1 dr
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T
+ J AZ(T - t) Hf(ra X:7$7u(r7 X:7x))prz(z7€7x - Zﬁ@)”l dr
t
< M(T =) [ (9(X7") = 9(X") pro(Z") |, + Mi(T = 1) [|g(X")pr (27" — 257,

t Ai(T = 1) H (f (r, X7 ulr, X37)) = [ (r, 207, e, X07)) ) pry(Z,7) || dr

_|_

b AT = ) (0 20, 20) = 0 207w, 209) (207
|| A =0l w20 - 23 (140)

Thus, (132), (133), (135), (136), and (139) imply for alli € [0,d] n Z, t € [0,T), x € R? that

Ni(T —t) [pr; (u(t, ) — u(t, )|
18 12 1.2¢2Ty/8
<5V(t,:c)+5V(t,:L’)+25€ Ve(t, x)

T T VT VT
T A(T - - °T
o T A R P
t | velodlnZ yeR4 4 (Tu y) (T o T)(T - t)
N 62 TV3(t, x)
VT
1 2Ty/8 T _ — 2
T B .
VT ¢ | veloding yega VE(r,y) (T —r)(r—1)
(141)
This shows for all i € [0,d] N Z, t € [0,T) that
i sup Ay (T — t)|pr, (u(t, y) —ult, y))|
ve[0,d]NZ yeRd 1% (t7 y)
o 142)
ozeT (T Ay(T —r)|pr, (u(r,y) —u(r, y))| T (
<3 + max sup 3 dr
T ¢ | vel0dlnZ ega V8(r,y) (T —7r)(r—1t)

Therefore, (122), (123), and the Gronwall-type inequality in Corollary 2.4 imply for all ¢ €
[0,T) that

_ _ % AT
max sup AV (T T) |pru (U(t, y) u(t7 y))| < 105 € 686067’3. (143)
ve[0,d]|NZ yeRd Vs (t, y) \/T
Hence, the fact that 10e%<°”* < V proves for all v € [0,d] n Z, t € [0,T), y € R® that
(5%€CQT 6713 (5%€CQT
AT = Dl (u(t, ) = u(t, )| < 107 eV (1 y) < =V (1), (144)
This shows (ii) and completes the proof of Lemma 3.1. O

4. MLP APPROXIMATIONS

In Setting 4.1 below we introduce MLP approximations for solutions to SFPEs (see (153)).

Setting 4.1. Let d € N, © = U,,enZ”, T € (0, %0), py, Py, px € (1,0), c € [1,90), (Ly)iejo,qjn7 € R
satisfy that ¢ L; < c. Let ||-||: R* — [0,0) be a norm on R Let A = (A,),epo.anz: [0,T] —
R+ satisfy for all t € [0,T] that A(t) = (1,+/%,...,+/t). Let pr = (pr,)veo,qnz: R — R satisfy
for all w = (w,)vep,anz ¢ € [0,d] N Z that pr;(w) = w;. Let f € C([0,T) x R* x R*™ R),
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g € C(RLR), V e C([0,T) x R% [0,00)) satisfy that max{c,48¢36<"T°} < V. To shorten the
notation we write for all t € [0,T), x € R%, w: [0,T) x R* — R4*! that

(F(w))(t,z) = f(t,z,w(t,x)). (145)
Let 9: {(1,0) € [0,T)*: 7 < 0} — Rsatisfy forall t € [0,T), s € (t,T) that
oft.s) = =7 1 (146)

BELDVT )51
Let (2, F,P) be a probability space. For every random variable X: Q@ — R, s € [1,00) let || X]||; €
[0, 0] satisfy that || %], = (E[|X|*])s. Let : Q — (0,1), 6 € ©, be independent and identically
distributed random variables and satisfy for all b € (0, 1) that

P(x < b) (147)

1 r
w05 v
Let X% = (Xt6787x)36[07T]7t€[s7T],xe]Rd: {(0,7)€[0,T]?: 0 < 7} x R x Q — RY, 0 € ©, be measurable.
Let 2% = (2" o) ie(s 1) acre: 1(0,7) € [0,T]?: 0 < T}xRIxQ — R, § € ©, be measurable.
Assume that (X% 2?), 0 € ©, are independent and identically distributed. Assume that (X?, Z%)4co
and (t%)geo are independent. Assume for all i € [0,d] N7, s € [0,T), te[s,T), r € (t,T], x € RY,
wy, wy € R that

9(2)] < V(T,z), |Tf(tz0)]<V( ), (148)
d 1V(t,z)+ V(L -
|f(t,x,wy) — f(t,y,ws)] Z:: T)|pr, (wy — wy)|] + = (t,x) + - (t,y) ||$\/Ty||7 (149)
[Ver ), < Vi), I =l < Vavi=s, oz, < g
(150)
V(T :L‘) < V(t :E) | o V(T7 I) + V<T7 y) HI — yH
P(pro(2)°7) =1) =1, E[2)*"] = (1,0,...,0). (152)

Let U} ,,: [0,T) x R* - R*™', n,m € Z, 0 € ©, satisfy for all n,m e N, § € ©, t € [0,T), z € R?
that U, . (t,x) = Ug,,(t,z) = 0 and

0,0,—1),t,x
AP0 — g(w)

mn

0,0,—1),t,x
Z(77 IAg]
T

U2, ) = (9().0) + 3, 2

et (PO = I (OFU20)) (¢4 (T = 0e0ed, x 0000, ) 2000

t4(T—t)e(0:6,9) (T —t)r(0:4:0)
+ .
;_;) ; ~Lo(t,t + (T — t)el0:t)

(153)

In Lemma 4.2 below we first study independence and distributional properties of MLP ap-
proximations.

Lemma 4.2 (Independence and distributional properties). Assume Setting 4.1. Then the follow-
ing items hold.

(i) We have for all n € No, m € N, 6 € O that U,fm is measurable,
(ii)) We have for all n € Ny, m € N, 0 € O that

o({Upm(t,2): t€[0,T),z € RY})
c o—({t” xvee Z00sT. e 0 se[0,T),te (s, T),x € RY}) (154)
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(i) We have for all 0e©, m e N that (Up)icporeerss  (UpGom)icfor) ceris

0.0,i).5, 0.0,i).5, P .
((Xt( ) )se[O,T],te[s,T],me]Rda(Zt( ) )se[o.7) te(s.]aerd)s 00D, i e N, £ € Ny, are in-

dependent,

(iv) We have for all n € Ny, m € N that (Ugm(t, T))te[o,1),0emd> 0 € O, are identically distributed.
(v) We have for all § € ©, € No, me N, t e [0,T), v € R? that

(PG = 1O P L) (14 (T = @, X000, ) 2000

t4 (T —t)e(0:6,9) t+ (T —1)(0:6:9)

. e N, (155
o(t,t + (T — t)e@L0) , 1eN, (155)
are independent and identically distributed and have the same distribution as
0,t,x 0,t,x
(F(Ugm) o HN(E)F(UZELm)) (t + (T - t)to’ Xt+(T—t)t°) Zt-i-(T—t)tO N (156)

o(t,t + (T —t)Y) ’

Proof of Lemma 4.2. The assumptions on measurability and distributions, basic properties of
measurable functions, and induction prove (i) and (ii). In addition, (ii) and the assumptions
on independence prove (iii). Furthermore, (iii), the fact that V6 € ©,m € N: Ugm =0, (153),
the disintegration theorem, the assumptions on distributions, and induction establish (iv) and
(). O

In Proposition 4.3 below we establish an upper bounds for the L2-distances between the
exact solutions of the considered stochastic fixed point equations and the proposed MLP ap-
proximations. Our main idea here is the use of a family of semi-norms which allows us to get
the recursive inequality (161).

Proposition 4.3 (Error analysis by semi-norms). Assume Setting 4.1. Let ¢, € [3,0). Assume
that - + - + .- < 3. For every random field H: [0,T) x R* x Q@ — R*" let | H||,, s € [0,T),
satisfy for all s € [0,T) that

AT —7)|lpr,(H(r,z
I, = max s LD ),
ve[0,d]nZ rels,T),zeR4 \% (T, ZL‘)

(157)

Then the following items hold.

(i) There exists a unique measurable function u: [0,T) x R¢ — R such that for all t € [0, T),
r € R? we have that

max sup [AV(T — T)w] < o0, (158)
ve[0,d]n7 (0,1, ccR4 V(7€)

T
max | E[|g(X25)pr, (207)]] + j B[] (r, X2 u(r, vam))prxzfvt’x)udr} <o, (159)
t

vel0,d]|nZ

and
T
u(t,z) = E[g(X2"") 205" ] + f B[ f(r, X5 u(r, X207) 200 dr. (160)
t

(i) Foralln,m e N, t € [0,T) we have that

0 4 n—1 8C2Tg T 0 6 %
10 = ull, < =+ 2. e NUem =l |- (161)
m ’ m ¢
=0
(iii) Forall n,m € N, t € [0, T) we have that

U2, |, < e mEgren. (162)

(iv) Foralln,me N, t e [0,T), v € [0,d] n 7Z we have that

3

AT = 1) [Jpr, (UL, (t, @) — u(t,2))||, < e Tm E8"e" TV (¢, 2). (163)



32

Proof of Proposition 4.3. First, Lemma 2.6 and the assumption of Proposition 4.3 show (i) and
imply that for all ¢ € [0, T") we have that

t 2
max _ sup A,,(T—t)w < 60T (T, (164)

ve[0,d]NZ yeRd V(t, y)

Thus, the fact that max{c, 6e3°""} < V implies for all v € [0,d] N Z, t € [0,T), y € R? that
A(T — t)|pr, (u(t,y))| < V3(t,y). This, (157), and the fact that ¢, > 3 prove for all ¢t € [0,T)
that

el < 1. (165)

Next, (148), the fact that p, > 2, Jensen’s inequality, and (150) show for all ¢t € [0,T), x € R?
that

o), < VT, 2], < vz, 42

< Vi(t,2). (166)

Furthermore, the definition of A, (151), Holder’s inequality, the fact that —+ ix + p% < %, and
(150) prove for all v € [1,d] n Z, t € [0,T), x € R? that

AT = 6)(g(A25) = g(a))pr, (225,
VA s V(T [

0,t,x
< |WT = : Nix pr,(Z7 )2
v x|, + v ) ||| ==l .
VT . T [ 22,
— V(t,z)VT —t ¢
<AVT =tV (t,z) T Wi
< V3(t,2). (167)

In addition, (152), the triangle inequality, (166), the independence and distributional proper-
ties (cf. Lemma 4.2), and a standard property of the variance imply for all m,n € N, 6 € ©,
te[0,T), x € R? that

m" X(€7077i)7t71' _ T i .
Mol = £)prg <<g<az>,o>+ ot )=o) peo-ie
i=1

mn
m™

2
90 —1),¢ :1:)

< ||g(x )|, < V(t, @) (168)

2

2
and

m (0,0,—i),t,x 3
(Var [AO(T — t)pr, ((g(x), 0) + Z g(Xp — ) — g(SL’)ZC(Fe,Q—im,x) ])

1=1
m" g(X}9,07—i)7t,x) % (Val"l:g(Xr1017t$ ])% _ Hg XOt:c H2 ; t ZL‘)
3 ) - < . 169
(Var’i_l mn \/_ mn \/— \/—” ( )

Next, (152), the triangle inequality, (167), the independence and distributional properties (cf.
Lemma 4.2), and a standard property of the variance show for all m,n e N, 0 € ©, ¢t € [0,T),
re R, ve|l,d] nZthat

X(@O —i),tTy p
A (T —t)pr, ( )+ Z ) —g(x) Z}G,O, i)tz

mn

2

n

Ay(T o t) g( T ) - g(l’) prV<Z,1(ﬂ€,0,fi),t,m>

2
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< [JAU(T = ) (g(X2"") = g(a))pr, (279)]], < VE(t, ) (170)

= (Var’ % 9 oo ") —9(@) prV(Z;G’O’iMx)]) 5
(Var[A,,(T — 1) (g(A7"") = g(rc))pry<3%”>]> :

mn

and

mn

mt oy O0-itey y 3
A(T = t)pr, ((g(l“),O)Jng( L ) = 9(@) g0t

AT~ () — @) (), _ Vi)

h mn N
This, (168), (169), and the fact that 1 < V imply for all m,n € N, § € ©, t € [0,T), v € RY,
v e [0,d] n Z that

(171)

< V3(t,2) (172)

2

mn

m" X(G,O,—i),t,a} . o
A (T = t)pr, ((g(x),0)+zg( r ) = 9(@) g0

and

90 —0),6T\ ) %
(var A (T —t)pr, ( ) + Z — ) g(w)gée,o,—z)mgc) ]) < % (173)
mn

Furthermore, Holder’s inequality, the fact that p% + piz 1, (150), and the fact that ¢ < V show
forallte [0,T),se (t,T], v e R% ve [0,d] nZ that

[V (s, 23)pr, (289) ||, < [[V (s, 23], [[pr, (28],

c < VQ(t x)
A(s—t) ~ Ay(s—t)

Next, the substitution s = ¢ + (T —t)r,ds = (T —t)dr,r =0=s=1t,r = 2=t = s = b, r = 5=,
5=t — T=% and (146) prove for all ¢t € [0,T), be (¢, T) that

1 Jﬁ dr
B(3:3) Jo r(1—r)

< V(t, z)

U

P(t+ (T —t)" <b) =P’ < &2t =

J - ! Jb ds Jb (t,s)d (175)
= | oft,s)ds
%% 1/T';Tt B(3:3) Je /(T =5)(s—1) i
This shows for all ¢ € [0, T") and all measurable functions h: (¢,7) — [0, ) that
T
E[r(t+ (T —t1")] = J h(s)o(t,s) ds. (176)
t

Hence, the independence and distributional properties (cf. Lemma 4.2), the disintegration
theorem, (148), (174), (146), the fact that Vt € [0,7): §; A = 2y —#|T_, = 2T —, the

fact that 4 /2B(2 3 imply for all t € [0,T), x € RY, v € [0,d] n 7Z that

27 2>

AV(T - t) (F(())) (t + (T ) 0 ngrt(; t)to) pr, (Z?Jf(,;ft)to)
o(t,t + (T —t)9)

2
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[ 1
| AT = 0 (F )5, X0, (20) | 2
N o(t,s)ds
| Je o(t, s) ,
| [T T = 6 PO A o 2
t o(t,s)
[ 1
_ JT A (T — )LV (5, X05%) pr, (2047) Hst
N | Ji o(t,s)
[ 1
AT Oy |
< v
Jt Q(t, 8)
i rT LV4 t T—t 2
< Tf (’x)ls_t ds]
| B D Va6
1
V3(t,x) (T ds 17
-7 B(%?%) l(T_t)2 \/?
2
VD) S p @ - ot =]
< 3V3(t, ). 177)

Next, (176), the independence and distributional properties (cf. Lemma 4.2), the disintegration
theorem, (149), the triangle inequality, (157), (174), (146) prove for all v € [0,d] N Z, j € Ny,
meN,tel0,T), reR?that

AT —t) (F(UY )—F(u))<t+(T—t)0 Ot ) <Zom; )

S tH(T—t)e0 t4 (T—t)x0
o(t,t + (T —t)t0)

(T AT = 1) (FUL,.) = Fw)) (s, 204%) pr, (2040) || ’
— Jt o0.5) 2g(t, s) ds]
_ 'JT AT =) (F(UL,,) — F(w) (s, XO4%) pr, (204 szs :
| t Q(tv S)
o ([T - ) S L) |, ), X0 20|
<) o0t 5) o
o (AT ) T LA |02, — w) s, X0 (20|
< Jt Q(t7 5) ds
_ f (A ) S L [INAT = 90, s, &0 (22
t Q(t, 5)
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) 2 3
o AT = 0 5 L I = 9 - O] ]
< J c 7 Ped s
\ o(t, s)
_ 2 3
< f | A (T = e [0S, = ull, 1V (s, X045 pr, (2042) | ] 2
< S
. o(t, s)
_ ) 1
[t g,
) o(t,s)
2 3
7 |A||U?,, —ul| Vo (t, z) L v
| L v )5y i
_Jt B(3,3) v/ (T—5)(s—1)
B D [I08, - ull VetV |
< ds
Ji (T'—s)(s— 1)
- 1
T . 2
NG N B(%’%>V‘11(t’x)[ m um - (178)
¢—T:r§r—

Furthermore, the substitution s =t + (I'—t)r,ds = (T —t)dr,s =t =r=0,s =T =r =1,
T—s=T—t—(T—t)r=(T—t)(1-r),s—t = (T—t)r and the definition of the beta functions
imply for all ¢ € [0, T") that

T ds s (T — t)dr N 179)
Jt (T—s)%(s—t)% Jo [(T—t)(l—r)]%[(T—t)r)ﬁ ( ) (3:3)

Therefore, (178), Hélder’s inequality, the fact that 2 + 1 = 1, and the fact that (B(},1))s < 2
show for all v € [0,d] nZ, j € Ng, me N, t € [0,T), xe]Rdthat

AT —t) (F(U?,) — F(u)) (t + (T = 0, X0 t)t()) (Ztof(; 0 )
ot,t + (T —t)e0)

2

21 11
T d 32 33
< AVTVT —14/B(L, Vo (s, z) f o U o ]
t (T—3)22 22

sevtr=ifog v [ G ] INES —umir

1(s—t)1

T 5
<4&Tamwu@[ 02 —uW]. (180)
t
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This, the triangle inequality, and the distributional and independence properties (cf.
Lemma 4.2) prove for all v € [0,d] n Z, {,m € N, t € [0,T), x € R? that

A(T —t) (F(U?m) - F(Uzl—Lm)) <t + (T — )t Xt(lt(; £)t0 ) (Z?th(; £)t0 )
o(t,t + (T —t)t0)

2

AT —t) (F(UY,,) — F(uw)) <t + (T —t)’ Xt(lt(; )20 ) <Zz?+t(§“ £y )
o(t,t + (T — 1))

4
< )

j=t-1

4 T %
ATV (o) ). U H}Uﬁm—umﬂ : (181)
j=t—1 Lt

Hence, (153), the fact that V6 € ©,m € N: Ugm =0, (172), (177), (165), the independence
and distributional properties (cf. Lemma 4.2), and an induction argument prove for all n,m €
N,le[0,n—1]nZ,ve0,d nZ,te|0,T),reR?that

AT = ) (F W) (£ 4+ (T = 00, X050 ) or, (2005 o)
0 b
5%l + LT (T =)o) <.  (182)

2

This, linearity of the expectation, and the independence and distributional properties (cf.
Lemma 4.2) imply for all n,m € N, t € [0,T), € R? that

E[U) .(t, z)]
m" X(OO Z)t:l,‘) . g(l‘) i\t
+ Z IE' 2;0707 )7t7

n
=1 m

.

3

. wt (U oez —ﬂm(f)F(UéE’f:;:))><t+(T )t(OZz) 0Lt )Z(ou)m

t+(T—t)r(0:4:%) t-+(T—t)e(0:6:1)

+ E

=0 i=1 —Lo(t,t + (T — t)e(0Ld)
= (g9(2),0) + B[( XOM) — g(x)) 23]

n—- 0,t,x 0,t,x
N 1 o F(U} T —t)° s X ye0) (1 —tye0

] o(t,t + (I — t)o)

— In(0)E FUL L)+ (T = 08, X 0) 27
N o(t,t + (T — t)0)

FU°_, Nt + (T —t)°, x> )zZobe ]

n—1,m t+(T—t)e0 /)t +(T—t )0

o(t,t + (T'—t)9)

= E[(g(X2") 205" + E (183)

Next, (160), (176), the disintegration theorem, the independence and distributional properties
(cf. Lemma 4.2) prove for all t € [0, T), x € R? that

T Xo,t,x XO,t,m ZO,t,m
ulto) = Elgp)zie) 4 [ g LA T i
t

F(u)(t + (T —t)e0, x%5e  yzohr ]

t+ (T —t)e0 ) “t4 (T —t)0
o(t,t + (T —t)e°)
This, (183), Jensen’s inequality, and (180) imply for all t € [0,T), z € R%, v € [0,d] n Z that
AV(T_t) }przj( [UO ( )] —U(t,l‘))}
(F(U_10) = F@)(t + (T = O, X7 0) 2570
o(t,t + (T —t)9)

= E[(g(Xp") 25| + E (184)

<

AV(T - t)

2
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5
< 4TIV (1 [ f e . - um;”] . (185)
Furthermore, (153), the triangle inequality, the independence and distributional properties (cf.
Lemma 4.2), (171), (177), (178), and the fact that 1 < V prove for all t € [0,T), x € R,
v e [0,d] n Z that

AT —t) (Var[prl, Ugvm(t,x))])

(
1
m" :
@) —g(@) (0.0, b
= AV(T — t) (Val" ’prv ((g(x), O) + Z : m'" ; Zj(ﬂ |
=1
I3

=

1
n—1 mn— AV(T—t)(F( OZz) BN(Z)F( (OZ 1))><t+(T t)t(Oel) Xt(f:([Tl) ;f(o(fz)) r <Z§i’fj’fi’;?0’£ﬂ)> 2
+ 2 var mn— eg(t’t+(T7t)t(O,€ z))
£=0 i=1
1
V3(t,0) "t . AV(Tft)(F(Ug’m)f]lm(Z)F(U}_l’m))(tJr(T D0, X0 e t)r())p V(zt e t)ro) 2
S e T ; e <Var[ o(tt+(T—t)0) : -
=0
n—l T xT
L Vi) | . Ay(Tft)(F(Ugm)f]IN(Z)F(U(}_Lm))(tJr(T £e0,x00e t)ro)pry(zfj(vpt)to)
= T mn—t o(t,t+(T—t)x0)
=0 2
< Vi) L1 Ay(T-t)(F (0))<t+(T i X:th(; t)t0>pr”(ZSfE;7t)r0)
S T Vmn o(t,t+(T—1)r0) )
= Ao (T8 (FWR,,)~FUL ) (HHT=00. 200 Yon, (20055, 0)
4 Z l 1 £,m L—1,m t+(T—1)0 VATt (T—1)0 :|
\/mn—f g(t,t+(T*t) )
=1 2
3 2 ¢ %
< V\/ST 3V (tm + Z ' '402T6Vq1 t SL’ Z lf H} _umg:| ]]
j=0—1
5 n—-1[ ¢ ) 6 %
4V3(t,x) 4c T6 Vi (t,x)
S o T 2 _m L) U (125 —uM ]
=1 | j=0—1
W) n—1 [ 42T§V¢1( | T 6 %
t,x c“T'6 1(t,x
= T T Z i1 U H\Uﬁm—ums}
7=0 | te[ln—1]n{jj+1} t
4‘/3( ) n—11[ 4 2T§V‘11( ) T 6 é
t,x . c*T6 t,x 0
=V Z;] (2= Lia() "Vt u U — uH\s] (186)
j=0 L

Thus, the triangle inequality, (185), and the fact that V? < V% prove for all v € [0,d] n Z,
n,me N, te0,T), z e R?that

HAV(T —t)pr, (Uim(t,x) —u(t, z) )H2
<A(T—1) (Var[prl,(Ugm(t,x))]) + Ay (T —t) |pr, (E[U,,,.(t,2)] — u(t,2))|

AVa(t,z) S| 8TV H( [J 6:|é
<—F—+ —u . 187
5 ST [ g, - as7)
Therefore, (157) implies for all n,m € N, ¢ € [0, T) that

0o 4 n—1 SCQTg T 0o 6%
I8l < i+ 3| ot [ -oll] | s

This shows (ii).
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Next, (188), [33, Lemma 3.11], (165), and the fact that 1 + 2T < e<’T prove for all n,m € N,
t € [0,7) that

n—1

02,0~ ull, < (4+ 8T8 - T )T [1 4 8c2TiTH |

nene'T, (189)
This shows (iii).
Next, (189) and (157) prove for all n,m e N, t € [0,T), v € [0,d] n Z that
AT = t)||pr, (U, (t, z) — u(t, z)) H o mEgrene Tyt ). (190)

This implies (iv) and completes the proof of Proposition 4.3. O

5. EULER-MARUYAMA APPROXIMATIONS REVISITED

In this section we provide some results of moment estimates, stability, continuity, and dis-
cretization errors for solutions to SDEs with explicit constants independent of the dimension
d e N.

Setting 5.1. Let ||-||: Uy ex R¥*C — [0, 00) satisfy for all k, £ € N, s = (;)ie[1,k]~Nje[1,4~N € RF**
that ||s|> = 30 30 |si;% Let d € N, T € (0,%), ¢, &,b € [1,%), p € [8,%0), p € C*(R%, RY),
o e C?*(R4, R¥9), p e C?(RY,[1,0)) satisfy for all z,y, h € R? that o(z) is invertible,

1) + lo(O)]| + el < (o(x))?, (19D)
(DR @) @)] < ele@)T lyll, [(D%) @)y, v)] < eeo(@)F [yl (192)
max {[[(Dp) (@) ()], [(Da) (@) (W], [|o~ (x)R[|} < cllAll, (193)

and

max {[[(D) () — (D) )W, 1(Do)(x) — (D)) (W, [[[(o(@)™" = (a(y)) "] 2|}
< bllz = yllf|A]l- (194)

Let v: [0,T] — [0, T] satisfy for all t € [0, T] that (t) = t. Let $ satisfy that

Ine N, tg, t1,...,t, €[0,T]: 0=tg <ty <...<t, =T,
o([to, t]) = {to}, 0((t1, t2]) = {ta}, ..., 0((tn—1, tn]) = {tn—1}
Let $ =S U {u}. Let |-|: $ — [0, T satisfy for all § € S that |1| = 0 and

$ = {5: [0,7] — [0,T]: } (195)

1] = max{|s —t]: 5,1 8([0,T]), s < 1, (s,8) n 8([0,T]) = @}. (196)

For every k € [1,d] n Z let e, € RY denote the d-dimensional vector with a 1 in the k-th coordi-
nate and 0’s elsewhere. Let (2, F, P, (IF;)«[o,1)) be a filtered probability space which satisfies the
usual conditions. For every s € [l,oo) k,¢ € N and every random variable X: Q — RF*¢ let
|X]|s € [0, 0] satisfy that ||X]||5 = IE][H%HS]. Let W = (Wy)epor): [0,T] x © — R? be a standard
(F¢)tefo,r)-Brownian motion with continuous sample paths. For every § € S, s5€[0,T], z e R let
(Xt‘s’s’x)te[s,ﬂ . [s,T] x Q — R? be an (F¢)te[s,m-adapted stochastic process with continuous sample
paths such that for all t € [s, T| we have P-a.s. that

+ t
Xt&&m - J M(Xri;xggsé )dT * J (Xri;’gs 5(r )}) aw. (197

S S
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For every k € [1,d|n7, 6 € 8, s € [0,T], = € R? let (D)*"*)ieory: [5,T] x @ — R? be an
(F¢)sefs,r-adapted stochastic process with continuous sample paths such that for all t € [s,T] we

have P-a.s. that
t

6,8,2,k 4,8,x 4,82,k
Dt = e+ J ((D:u) (Xmax{s,é(r)})> (Dmax{s,é(r)}) dr

S

t
4,8,x 6,8,z,k
+ J; ((DO’) (Xmax{s,5(r)})) (Dmax{s,5(r)}> dWr (198)

Forevery 6 € $, s € [0,T], t € [s,T], © € R® let D)*" = (Df’s’”ﬁ’k)ke[l,d]mz. For every 0 € S,
se[0,T),te(s,T], v € REIet V)™ = (V7" Miepajazm: Q@ — R? satisfy that

s ! 1/ 40 5 T
Vi = . SL <‘7 (Xn{aﬁc{s,w)})Drﬁa;({s,a(r)}) dW;. (199)
Remark 5.2. If § = ¢ in (197) and (198) we have for all k € [0,d] n7Z, x e R%, s € [0,T], t € [s,T]
that P-a.s.
t t
X =x+ f pu(X25%) dr + f a(X-57) dW, (200)
and
t t
Dk — o + f (Dp)(X25)) (DL*™) dr + f (Do) (X257)) (DL*™F) dW,. (201)
In this case Dé’”’k = %Xt"s’”ﬁ where &Xt"s’”ﬁ is the derivative process (cf. [46, Theorem 3.4])
defined through the following SDE:
0 ¢ 0 t 0
— X" = e +J (Dp) (X)) | =—X" dr+f ((Do)(X-*") [ =—X5" ) dW,. (202)
aﬂfk s (%L’k s (%L’k

Lemma 5.3. Assume Setting 5.1. Then the following items hold.
(i) Forall6 €%, se[0,T], t € [s,T], z € R we have that E[ap(?ﬁf’s’m)] < eldlt=slp ().
(ii) Forall§e€ S, s € [0,T), t € [s,T], € R? we have that

‘ < V3o [\/T . p]2 ecz[\/fﬂ,]% (61,55T<p(x))% It — 5|% |5|%_ (203)
p

(iii) Forall6 € 8, s,5€[0,T), t € [s,T], i € [5,T), =, & € R* we have that

4,8,x 1,8,T
Xtvv _Xtvv

Xt6787$ _ Xt~67§7i

p
1 1
ST ARG V) R N e P i RGN [y
(204)
(iv) Forallke[1,d]nZ 6€$, se[0,T), t € [s,T], z € R? we have that
02[p+\/T]2T
[vis=*| < V2pee . (205)
P Vi—3s
() Forallke [1,d|nZ,6€S, s€[0,T], t € [s,T], x,y € R? we have that
) 2
’ yheak _phsuk|| o 2bc [\/T 4 p]3 o3¢ [VT+p] THx —y]l 206)
t t p S r— .
i) Forallke[1,d|n7Z,6€ S, se[0,T], t € [s,T], x € R* we have that
Ssmk o sok 15¢(be + ) [VT + p]6 3 VT+] T (61-55T<p(:c))% 6|2
‘Vt”’ _ ek o . (207)
£ Vt—s
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(vii) Forall ke [1,d| nZ, s€[0,T], 5€[s,T], t € [3,T], v € R? we have that
2 c
_ 13(b + c)ce3c2[ﬁ+p] TIVT + p]4 elﬁpTgoé(xﬂs — 32

’ P Vi—svVi—3
Proof of Lemma 5.3. First, [39, Theorem 3.2] (with b \~ o, V' ¢ in the notation of [39,
Theorem 3.2]) shows (i)—(iii). )

Next, Holder’s inequality and (193) prove for all k € [1,d]nZ, § € S, s € [0,T], t € [s,T],
x € R? and all stopping times 7: 0 — [0, T] that

VtL,g,x,k o VtL,S,{L',k

(208)

Jmax{s,é(min{tv’r})}

6,8,x é,s,x,k
<(DILL)(XmaX{s,5(T)})) <Dmax{s75(r)}> dr

p

t
4,8,x 4,82,k
f (D:u) (Xmax{s,é(r)})> (Dmax{s,é(r)}) ﬂrgmax{s,é(min{t,r})}dr

p

p

t
4,8,x 6,8,k
J ((Du) (Xmax{s,é(min{r,r})})) <Dmax{s,5(min{7’,7'})}) ﬂrémax{s,é(min{t,r})}d’r‘

4,8,x 6,8,2,k
(DM) (Xmax{s,é(min{r,r})})) <Dmax{s,6(min{r,r})}) ]]-rgmax{s,é(min{t,r})} Hp dr

1
t 2 :
4,8,T 4,82,k
<VT U ((DM)(Xmax{s,(s(min{m}»)) <Dmax{své<min{“}>}> pdr}

t
<c T[f

In addition, the Burkl}older-Davis-Gundy inequality (cf. [12, Lemma 7.7]) and (193) imply for
allke[1,d]n7Z,0€8,5€[0,T],te[s,T], x e R¢ and all stopping times 7: 2 — [0, 7] that

4,8,x,k
max{s,d(min{r,7})}

' (209

p

max{s,d(min{¢,7})} P Ssmk
J ((DJ)(Xmax{s,é(r)})> (Dmax{s,é(r)}) dWT

S

p

rt
4,8,x 6,8,k
J ((DO) (Xmax{s,é(r)} )) (Dmax{s,é(r)}> ]]-r<max{s,6(min{t,7'})} dw,

p

rt
4,8,x 4,s,x,k
J ((DU) (Xmax{s,é(min{r;r})})> <Dmax{s,6(min{r,r})}> Hrgmax{s,é(min{t,r})}dwr

[t S d. k 2 %
<p J‘ ((Da>(Xnia),({s,é(min{r,’r})})> <IDH71a;<{,575(min{7"vT})}) pdT]

p

¢ 1 k 2 ’
< pe |:J Dn’la;({s,(g(min{rﬁ})} Hp dT] : (210)

s

Thus, the triangle inequality, (198), and (209) prove for all k € [1,d]| N Z, § € S~E, s € (0,71,
te[s, T], » € RY that

6,8,z,k
max{s,d(min{t,7}

max{s,é(min{t,7})}
=
il

6,8, 65,2,k
<(DILL)(XmaX{s,5(T)})> <Dmax{s75(r)}> dr

s

_|_

J\max{s,(s(min{tﬂ'})}

4,8, 4,82,k
<(DU) (Xmax{8,5(7")} )> <Dmax{575(7’)}> dWr

s

D(S,s,x,k

max{s,é(min{r,7})}

<1+c[ﬁ+p] U:

2 2
dr] | @11)

p
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This and the fact that V =,y € R: (z +y)? < 222 +2y?> show forall k € [1,d]| " Z,5 € $, s € [0, T,
te[s, T], » € RY that

H 6,8,z,k

max{s,é(min{¢,7})

max{s,d(

2
<2+2¢ | VT +p] J (2SS 73 (212)
p
X $,T : : . 4,8,2,k
Forevery k€ [1,d| nZ, 5, s € [0,T], x € R let 7os=k = mm{mf{te [0,T]: [IDE2E ol >
T}. Then for all k € [1,d] n7Z, 0 € S, s € [0,T], t € [s,T], € R% n € N we have that

H fnif{fé(mm{t k) H n. Then (212) and Gronwall’s lemma imply for all k € [1,d]|n7Z, 6 € 3,

e [0,T],te[s,T], z e R% ne N that

2 2
< 26202 [\/T-i-p] (t—s). (213)

‘ 6,8,2,k
max{s,d(min{t, 63xk})}

p

This and Fatou’s lemma prove forall ke [1,d] nZ, 6 € S, s € [0,T], t € [s,T], € R that
H 6,8,2,k 2

2
et 3(6)} < 26202 [\/Ter] (t—s) . (214)

p

Next, the triangle inequality, (198), Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), and (193) prove forall ke [1,d| n7Z,5€ S, s € [0,T],t € [s,T], v € R?
that

H,Df,s,x,k

<1+]

p s

t
4,8,x d,s,x,k
J ((D:u) (Xmax{s o(r )})> (Dmax{s o(r ) dr
p

_|_

t
6,8,T 4,8,x,k
f <(DU)(XmaX{S o(r )})> (Dmax{s a(r )}) dWT

s

. 3
<1+T U <(DM)(X$§5,5(T)})) (Di;f{f&r)}) dr}

1
¢ 2
4,8,x 4,81,k
+p lf <(Da)(?€max{s 5(7»)})) <Dmax{s 6(7’)}) d’r]

S

<1ie[VT ) U 25t
<

22> + 2y show forall k e [1,d]n7Z,6 € S, s € [0,T],

p

rr | 215)

This and the fact that Vo, y € R: (z+y)?
te[s, T], » € RY that

max{s,d(r)}

Hpésmk

<242 \/_+p JHD“”

2
‘dr
P

<2122 [ﬁ + p] f 962 [VT+0]"(=5) 4.

— 924 [26262[ﬁ+p]2(7"—8)’t_ ]
_ 92 [VT+p] (t-s) (216)
and hence

H,Df,s,m,k

< V2l VT H]'T, (217)
P

Therefore, (199), the Burkholgler—DaVis—Gundy inequality (cf. [12, Lemma 7.7]), and (193)
imply forallk e [1,d| nZ,6€ S, s€[0,T],t € [s,T], x € R¢ that

1 ¢ -1 4,8,x 4,8,x,k T
’ = J‘ < (Xmax{sé(r)})pmaX{S‘s( )}) dWT

p t—s s

Vf,s,a},k

p
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N

1
2 2
dr]

t
-1 4,8,x §,s,z,k
I U (X x5} P,
6,8,2,k
lf HDmax{s o(r)}
pe /_f;—S\/ﬁec [p+\ﬁ]
— S

r} E
_ \@p%c? [p+vT]'T
= s . (218)

This shows (iv).
Next, the triang}e inequality, Holder’s inequality, (194), (193), (iii), and (217) imply for all
ke[l,d|nZ,06€8,s€[0,T],re]s,T], x,y e R?that
8,8,x 8,8,x,k 6,8,y 4,8,y,k
H <(DM)(Xmax{s,6(r)})) (Dmax{s,é(r)}> - <(DM)(Xmax{s,6(r)})> <Dmax{s,5(r)}>
6,8,T 4,8,y 4,8,x,k
< H <(D:“ (Xpaets.sey) — (P (X ser )})) (Dmax{s 5(r)})

6,8,y 4,81,k 1589,k
+ H (<D'u Xmax{s o(r )})> (Dmax{s,é(r)} Dmax{s,é(r)})

D
2

2
2

p
2

6,8,z,k

4,8,x,k 7,89,k
(530} |, HD oy~ P

max{s é max{s,(r)}

4,8,x _ v0,8y
<b H‘Xmax{s o(r)} Xmax{s,5(r)} 2

p

2[VT+p|*T VT 5,5,2,k 85,5,k
<b\/§||$—?/||€[ Ty pet ot T +CHDmax{35( ) Dmaf{ss(r)}

b
2

= 20|z — yl]ch [pevT]'T HDfan{fa Dfn;?{];a( Mz (219)
Similarly, we have for all k € [1,d] " Z,6 € S, s € [0,T], r € [5,T], x,y € R? that
[ (o)) (Pisiboen) = (P a) (Phitisen) ],
< 2b||w — y||62C [pevT]'r HDfan{fa fan{fa( e (220)

This, (198), the triangle inequality, Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), and (219) prove forall k € [1,d|n7Z,5€ S8, s [0,T],t € [s,T], x,y € R?
that

é k é k
HDt7871‘7 o Dtvsvyv

P

2

t
6,8,T 6,8,k . 6,8,y 4,8,y,k
J <(DM)(Xmax{s 5(r)})) <Dmax{s,5(r)}> <(DM)(Xmax{s 5(7’)})> <Dmax{s,5(r)}> dr

s

<

P

t
4,8,T 4,82,k 4,8 6,8,y,k
J <<DU)(Xmax{s S(r )})> (Dmax{s S(r )}) <(Da><Xmaxy{s S(r )}>) (Dmaf{s 5(r)}> AW,

S

+ ‘

Y2
2

N

t 2
<VT [ | (e o)) (Pisnn) = (O 500 (P52 0] dr}

s

t 9 B
6,8,x 4,8, 4,s, 4,8
+p lf <(DU)(Xmax{s,6(r)})> <Dmax{§5(r)}> - ((DO’) (Xmang{s,é(r)})) (Dmag{lz 6(7")}) :|

.

< [\/f + p] [m ||z — g2 VITT [
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2 t 2
— 2b [ﬁ + p] A lPTIT ESe — yl + ¢ [\/f + p] U prﬁif{’f,g(r)} _pik

(221)

Therefore, (217), a Grbnwall-txpe inequality (cf. [39, Corollary 2.2]), and the fact that 2¢/2 < 3
imply forall ke [1,d| nZ,6€ S, s [0,T],t € [s,T], z,y € R that

‘p < 20/2b [\/T + p] 2T+ T sllz — y||602[ﬁ+p] T

é k é k
HDt78’x’ o Dtvsvyv

2 2
< 3b [ﬁ+p] ST Ty, (222)

Furthermore, Holder’s inequality, (194), (iii), and (217) prove for all k € [1,d]| n7Z, § € S~E,
se[0,T],re|[s,T], z,y € R? that

-1 4,8,x -1 4,8, 6,8,2,k
H (U (Xmax{s,é(r)}) -0 (Xmaxy{s,é(r)})> Dmax{s,é(r)}

D
4

<b HXQSQS,M} = X ; ) :
< 02w — y|e DT T e T T
_ e VTl Ty (223)
Next, (193) and (222) imply forall k € [1,d] nZ, 5 € S, s € [0,T], r € [s, T}, v,y € R* that
HU*I(XI(E;;Z,(;(T)Q (Dfﬁif{’f,a(r)} - Dfﬁif{’?é(r)}) b
Sc Dilif{’f,a(r)} - igffsé(r)} »
< 3be [ﬁ + Pr STy (224)

Hence, (199), the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), the triangle in-
equality, and (223) prove for all k € [1,d| nZ, 6 € S, s € [0,T], t € [s,T], z,y € R? that

67 k) 7k 67 k) 7k
Vt S,T _ Vt S,y

2
4

t T
—1 5,3,1’ 5,8,1’,]? _ —1 578,3/ 5,3,:[/,]{)
J‘ <O' (Xmax{s,é(r)})Dmax{s,é(r)} g (Xmax{sﬁ(r)})Dmax{sﬁ(r)}> aw;

s p

4
_ 1

P ¢ T2 3
4 —1( yb,5,@ d,s,@,k —1( b8y d,5,y,k
t—s J (O’ <Xmax{s,5(r)})Dmax{s,é(r)} -0 (Xmax{s,5(r)}>Dmax{s,5(r)}) d’f’]

2
4

N

/A

p t T
4 1y _ sl ydsy 8,8,k
t—s J ((U (Xmax{s,(S(r)}) o (Xmax{s,(S(r)})) Dmax{s,é(r)})
4

P ¢ 2 3
+ 4 f dr
t—s B p
4

T
-1 6,8,y 4,81,k 1589,k
(0‘ (Xmax{s,é(r)}) (Dmax{s,é(r)} Dmax{s,é(r)}) >

P 2 2 ?

< A [2b6202[ﬁ+p]T||x—y||+3bc VT +p] e3c2[ﬁ*p]T||x—y|I]
2 s, 2

_ 5bek [VT +p]" T T — g

< Vi—s

2
2be [VT + p]* ¥ YT Tz —y|

< Vi (225)
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This proves (v).
Next, (198), the triangle inequality, Holder’s inequality, the Burkholder-Davis-Gundy inequal-
ity (cf. [12, Lemma 7.7]), (193), and (217) show forall k € [1,d]|n7Z, ) € S, s € [0,T],te[s,T],
te[t,T], v e RY that

HDSSJ:k Désxk

(5 $,T 4,8,x,k

J; ( max{s 5(r)})> <Dmax{s,5(r)}) dr
p
|| '
+p ’ DO' Xij}is 6(7")})) <,l)5 e
\/7 0,8,2,k 2 2

[ + p H,Dmax{s o(r)} » dr

< [\/T + p] AT — tv/2e VT T

= V2e [VT 4 p| DT IRV (226)

In addition, (194), Holder’s inequality, the triangle inequality, (iii), (i), (217), the fact that
(5 +1/2)v/2 < 10, and the fact that ¢ > 1 imply forall ke [1,d| " Z, € $, s € [0,T], 7 € [s, T},
r € RY that

H ((Du)(é‘fii;is,a(r)}) - (DN)(Xﬁ’S’x)> <Dfnif{f 5(r )})

t
4,8,T 4,8,x,k
J; <(DU)(Xmax{s S(r )})) (Dmax{s o(r )}) AW,

2drr
e

_|_

p

6,8, 6,s,z,k
Xmax{s 5(r)})) <Dmax{s o(r)

Y4
2

4,8,x _yLsT 0,8,2,k
<0 )Xmax{s,é(r)} XT » max{s,d(r)} ’p
[ 6,8,x sz 0,8, L,S8,x 3,5,2,k
<b HXmax{s,a(r)} X , + HX,, x; Hp} HDmaX{s,a(r)} )

< b{5e DT VT 4 p| €5 b ()62 +v2e [\F+p] e IVIH'T (15T o (1)) 5 | ]
\er [f+p]

< 10be [ﬁ +p]3€202[ﬁ+p]2T (61.5ET80(x))% |6]2.

NI

(227)

Furthermore, (193), the triangle inequality, and (226) imply for all k € [1,d]| N Z, § € S,
se[0,T],rels,T], v € R that

1,8, 0,8,2,k L,8,T
H(Dﬂ)(XT’ ’ )<Dmax{s sy — D k)

4

1,82,k
max{s 5(r)y Dr

D
2
max{s,(r)}

< cV/2c [\/T + p] C[VT+] T\5|% +c HDf’s’x’k — Dﬁ’s’x”l‘cH2
2

= V2 [VT 4 p| DT g o |[Dhsat — procet], (228)

19 k
I H‘D »S, Ty _ 'Dg,s,ll),k

4,82,k 1,82,k
+c HDT — D, Hg

o N
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This, the triangle inequality, and (227) prove for all k € [1,d]| "7, 6 € S, s € [0,T], r € [s,T],
z € R that

4,8,x 4,8, 1,8,x L,8,x,
(@ o) (Pl sy ) — (D)) (D)
2
90 ) -0 ), [0 )
= H max{s,d(r)} H r max{s,d(r)} 2 H r max{s,d(r)} r
3 2 B 1 1
< 10be [\/T—Fp] o2 (VT )T (61'56Tg0($))p 6|2
2 1
+ V3 VT 4 p| DT T 153 o [ phont — ot

<12(be + ) [VT + p]3 2 VI T (15T (1)) o]} 4 ¢ || DEsok — Dok, (229)
2

P

Similarly, we have for all k € [1,d] " Z, 6 € S, s € [0, T], 7 € [s,T], = € R* that

4,8,x 4,8,x,k 1,8,x L,8,T,
H ((DU) (Xmax{s,é(r)})> (Dmax{s,5(r)}) - <(DO-)(XT’ )) (DT’ k)

<12(bc + 2 [ﬁ + p]3 2 VT T (5T () ]2 4 ¢ || DEsok — pused||, . (230)

P

Thus, (198), the triangle inequality, Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), and (229) show for all k € [1,d| n7Z,5€ 8, s € [0,T], t € [s,T], v € R?
that

HDf,s,m,k . Dé,s,x,k

P
2

t
< L ((Dﬂ)(xri;;(?s,a(r)})) (Dfﬁif{’f,a(r)}) - ((DN)(Xﬁsx))(Dﬁ”k) dr )
t
4,8,x 6,8,k L,8,T L,S,T,
+ ‘ L ((DU) (Xmax{s,5(r)})) <Dmax{s,5(r)}> - ((DO') <X7” )>(D7’ k) dWT »

=

2

<x/TU:

2
(02 50)) (D) - (@) ) | ar]

1
t 2 2
4,8,x 4,8, 1,8,% L,8,T,
+p [J‘ ((DU) (Xmax{s,é(r)}>) (Dmax{f,é(r)}) - <(DO-)(XT >> (IDT k) H dr]

S

< [V +p| V=5 12(be + &) [VT + p]3 P IVTT (15 )

[CI S TS

Sl
=

. 1
+ [ﬁ + p] c [ f | DEomk — Drswk||? dr] 2

< 12(be + %) [\/T + p]S 2 [VT )T (el'ﬁTgo(a:))% 9]

N

¢ 3
" [ﬁ+p]c[ | HD;‘,’S’”C”“—Dﬁ’s’x”“szr] . 231)

This, a Gronwall-type inequality (cf. [39, Corollory 2.2]) and the fact that 124/2 < 18 prove for
allke[1,d]n7Z,6€8,5€[0,T],te[s,T], z € R? that

HDS,s,x,k . Dé,s,m,k

Wl

—~
N
w
N

—

<18(bc + ) [VT + p]5 SEVTHI'T (5T (0)3 |53
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Next, (194), Holder’s inequality, the triang~le inequality, (ii), (iii), (217), the fact that (5 +
V2)V2 <10 imply forall ke [1,d] nZ, 5 € S, s € [0,T], r € [s,T], v € R? that

-1 4,8,x -1 1,8,x 0,8,2,k
H (J (Xmax{s,é(r)}) -0 (XT >> Dmax{s,é(r)}

p
2

<0 )Xri;f{s,é(r)} — & H ilif{f,a(r)} ’p

<0 H If{asis,a(r)} — X , + fo’s’x - va’s’pr} Hpigf{’fﬁ(r)} )p

< b|seVTlT VT +p| 55t (@)15]} + Vac [VT + p]3 e VTH]'T (15T (1)) 7 |5|%]
e VT

< 10be [ﬁ + p]3 2 IVTH]'T (15T (1)) 5 5], (233)

Moreover, (193), the triangle inequality, (226), and (232) prove for all k € [1,d]| " Z, § € s,
se[0,T],rels,T], v € R that

_ 1.S.T 4,8,x,k L,8,T,
HO 1(X7"7 7 ) (Dmax{s,é(r)} B DT k)

p

6,8,2,k s,k
S¢ ’Dmax{s,a(r)} D,

p

6,8,2,k _ 7s,a.k
sc¢ H max{s,6(r)} DT

i 2 2 1 5 2 2 ~ 1 1
<c|V2e [\/f + p] VT T 1512 4 18(be + ¢2) [\/f + p] S VT]T (e"*To(x))7 |6]2

+ HzDg,s,:v,k o rD:,,s,:v,kH :|
P p

5 2 2 _ 1 1
< 20¢(be + ) [ﬁ + p] S VTHRLT (15T (1)) 7 |53 (234)

This, the triangle inequality, (233), and the fact that b,¢ > 1 show forall k € [1,d] N Z, 6 € S,
se[0,T],re[s,T], z € R? that

—~1 1,8,% 4,82,k s,k
)5+H0 (X )(Dmax{s,a(r)} Dy )

-1 4,8,T 4,s,1,k -1 1,8,T L,8,%,k
HO' <Xmax{s,5(7’)})Dmax{s,é(r)} -0 (Xr )Dr

-1 4,8,x -1 L,S,T 0,8,k
< H <U (Xmax{s,(S(r)}) -0 (XT )) Dmax{s,é(r)}

< 10be [\/T +p]3 €2c2[x/T+p]2T (61.55TS0($))% |5‘%
1 20e(be + ) [ﬁ +p]563c2[ﬁ+p]2T (61.5ETSO(1,))% |5|%
< 30c(be + ¢*) [\/f + p]S B[V )T (e""Tp())

Therefore, (199) andNthe Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) imply for
allke[1,d|nZ,0€%,se[0,T],te s T],ze R that

Al

16]2. (235)

I T
0,5,2,k  yy,8,x,k . -1 4,8, 0,8,2,k -1 1,8,L\TYL,S,T,k
’ Vt Vt v - Ht _ SJ; (O’ (Xmax{s,é(r)}>Dmax{s,6(7")} g (XT )DT > dw, N
2
z ‘ 1 1) 8,s,x,k 1 k 2 %
2 - S, T »S,Ts _ - 4,8, 4y8,T,
< t—s |:L g <Xmax{s,5(7’)})Dmax{s,é(r)} o (XT’ )DT %dT:|
2 3

5 .o 2 ) 1
< \/m300(bc +c?) [\/T +p] 2 [VTer] T (e"*To(z)) 7 |6]
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2 6 3c2[VT+p|’T ( 15eT 1|t
_ 15¢(be + %) [VT +p] e (e"5Tp(x))™ |6 | (236)

= \t—s

This shows (vi).
Next, Holder’s inequality, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]),
(193), and (217) prove forall k e [1,d] nZ, s € [0,T], 5 € [s,T], r € [5,T], z € R? that

f (Do) (X05)) (DY d,

[[@o@n@esyar +

< VT [LS (D) (5)) (Db H;drr +p [LS | (Do) (X1*%)) (Dy>*) H;Q; dT] 2

s p

<c[vT+y] [ | HDﬁ’s’”‘“’kHidr}
<c [\/T + p] VE = syl VT o [ﬁ + p] VT o'T
Furthermore, (194), Holder’s inequality, (iii), (217), and the fact that 542 < 8 imply for all

kell,d|nZ,se[0,T],re s T],zeRthat
(D) (x25) — (Dp) (5)) Do
<ol ), o],

1.5¢T

2 2 1
< b 5e DI VT 4 p] 57 b )5 — 51

5—s. (237)

2l VT

(238)

1.5¢T

2 2 1
< 8be™ [ﬁ+p]T[\/T+p]e P cpi(x)|s—§|%.
This, the triangle inequality, and (193) imply forall k € [1,d]|nZ, s € [0,T],5€ [s,T],r € [5,T],

z € RY that
(D) (X)) (D) = (D) (X759) (D) [,
< (D) (X=7) = (D) (X75)) D=k, + [|(Dp) (X057 (D=t = D) |,
< b2 DT (VT 4 p| e b (@)]s — 512 + ¢ | Dpsk — Dok, (239)
Similarly, for all k € [1,d]| n Z, s € [0,T], 5 € [s,T], r € [3,T], x € R¢ we have that
(D) (X)) (D) = (D) (X)) (D) |
(240)

2 = -
< 8b6262[ﬁ+p] T [\/T + p] elﬁpTgoé(xﬂs — §|% +c HDﬁ”k — D,‘,’S’x’kHB )

Next, (198) shows forall ke [1,d| n7Z, s € [0,T], 5 € [s,T], t € [35,T], x € R¢ that

D = D = [ (D)) (D) dr + [ (Do) () (D),
t

+ f (D) (X)) (DES™F) — (Dp) (X57)) (DL5F) dr

+f (Do) (X)) (DL¥) — (Do) (X5) (DAF) dW,. (241)

S

S

Thus, the triangle inequality, (237), Holder’s inequality, the Burkholder-Davis-Gundy inequality
(cf. [12, Lemma 7.7]), (239), and (240) prove for all k € [1,d] nZ, s € [0,T], 5 € [s,T],

te[5,T], r e R that

L,8,x,k 1,8,k
|pyeet = Dyt
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\fc[\ﬁer] e[VTp)'T S—s

NI

VT | [ (@) (D) = (i) (25)) (034 [ ar|

1
2

P U (D)) (Pro#) = (Do) (25 (D) [ dr]
\/_C[\/—er] VTl 5

2 1.5¢T 1 1 ¢ - %
+ VT +p] [ﬁ Spe NI I 4 p| 5 b (@) = 512 + ¢ U Do — Dr“*’fui] ]
3 2

9 2 3 .58 ¢ s 2
<80 + Q2 N VT 4 p| 55 b (@)ls = 31 + [ VT + 3] U Dt - Dﬁ’S’m’kHi]
° (242)

This, (217), and a Gronwall-type inequality (cf. [39, Corollary 2.2]) prove for all k € [1,d]| n 7Z,
e[0,T],5¢[s,T],te[5T], z e R that

= 2 3 1seT 1 1 2
HD,ﬁ’s’x’k — pLSk )p <V/2-8(b+ 0)6262[ﬁ+p] r [\/f + p] 65T<p5(:c)|s — 3|2 - CVT+]T
2

2 2 3 1seT 1 1
<12(b + o) Vo] T [ﬁ + p] "5 b (x)|s — 33, (243)
Next, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), (193), and (217) imply
forallke[1,d]nZ,s€(0,T],5€[s,T],tel[5T], zeRthat

l

<<t—|§s><t—s [t

S )

|5—5| pcm\/_e 2[VT+p]'T

1 1 ! -1 5 5o,k |
J (cr (qu’s’“”)in’s’“”’) dw,

S

t—s t—s
p

< — '
(t—s)(t—3)
ﬁpcec [VT+p]T T s

s Vi—syt—35 (244

In addition, (194), (iii), (217), and the fact that 5v/2 < 8 imply for all k € [1,d] N Z, s € [0,T],
€ [s,T], re[5T], z e R?that

H (O_fl(XrL,é',m) . O_fl(XrL,s,:v)) rDTLd,E,m,kH%
< b “XL,g,:B . XL,s,:va HD;,E,:B,ICHP
< b-5ef 2[VT+p]'T [\/T + p] el‘iETcp%(xﬂs — §|% . \/5662[\/7“’]%
< 80 Tl [T 4 ] 57 b )l — . (245)
Next, (193) and (243) imply for all k € [1,d]| n Z, s € [0,T], 5 € [s,T], r € [3,T], x € R that
Ho_—l(XrL,s,m) (Diﬁ,a},k . D:,,s,x,k) H%
<c HD:n,é,x,k . D:j,s,x,k” b

2 3
<c-12(b+ C)ech[ﬁer] 4 [\/Ter] e

T or(x)]s — 8. (246)
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Thus, the triangle inequality and (245) prove forall k € [1,d]|nZ,s€ [0,T],5 € [s,T],r € [5,T],
z € RY that

Ho_fl XL,§,:B>4DL,§,:B,]€ . 0_71<XL,3,1 rDL,s,:v,kH
H( XLS:B . (XLS{L’)) rDLs:vk:H + HO_ XLS:B) (Di,é,x,k_zD;,s,m,k)H
< gy [VTl'T [\/T +p] e%gﬁ(az)\s =k

2 2 3 1ser 1
+12(b + ¢)ce™ [Vl T [ﬁ —i—p] e5T<p5(x)\s — 5\5

p
2

2 2 3 iser 1 1
20(b + ¢)ce* [Vl [\/T +p] e v pr(x)|s—5|2. (247)

This and the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]) show for all k € [1, d]nZ,
sel0,T],5¢e[s,T], te[s5T], e R?that

I saypuLs
H J (01 (X5 DL — gt (XD k) awy,

t—s H P
2
p t ) ) . 3
< - 2 lf (o_fl(XrL,s,m)DTLd,s,m,k (XLsx)DLsmk) ) dT]
— S 3 2
p 3 1se
< VI3 2000 + c)ee [VTes)'T [\/——f—p] 5 o5 ()]s — 5}

10(b+c)cec[‘/_+p] [\F+p] ey goi(a:)\s—é\%

<

Vt—s
_ 100+ e VT VT 4 p] e oo ()]s — 5 (248)
N Vi—sVt—3 '

Next, the Burkholder-Davis-Gundy inequality (cf. [12, Lemma 7.7]), (193), and (217) imply
forallke[l,d]nZ,s€(0,T],5¢€[s,T],te[5T],zeRthat

1
t—s

f (O_fl(X;,s,:vyD;,s,m,k)T dWr

S

< 1 P ng Ho_fl(XL,s,:v)DL,s,:v,kHQ dr %
» Tt—s s " r P

- 1
1 ° L,8,T :
< Lo U | ’kHidr}

1 pcvE—s SﬁGCQ[ﬁ-Fp]QT

— 3
< V2pee® [V 5 g (249)
h Vi—svt—5

Moreover, (199) shows for all k € [1,d] nZ, s € [0,T], 5 € [s,T], t € (5,T], z € R? that

t t
VtL,é,m,k . VtL,s,m,k _ 1 J: (O_—l(X;,é,x)Diﬁ,x,k)T dWr o - i - f (g—l(X;,s,m)D;,s,a:,k)T dWr

t—3 .
1 1 ' — L,8,T L,8,T T
B <t—§_t—8>ﬁ (7 AE)DEE)
+

I ; ;
J‘ (O_fl(XrL,s,m)DTLd,s,m,k o O_fl(X;,s,x)DTLd,s,x,k)T dWr

J (07 (57 Dew k) T aw,. (250)
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Hence, the triangle inequality, (244), (248), (249), and the fact that 21/2 < 3 prove for all
kell,d]nZ,se|0,T],5¢€[s,T],te (5T], e R?that

‘ < V2peet [V 5 g

VtL,§,:v,k: . VtL,s,m,k

2 VE—syt—3
N 10(b + c)cegCQ[ﬁW] TIVT + p]4 eli&ngJ%(x)\s — 32
Vit =5yt —35
V2pee® [vreel'r 5 g
+
Vi—syt—5
2 2 .5¢
_ 13(b + c)ce™ [Vl T [VT + p]4 e%wi(xﬂs -k 251)
h VE— syt —3
This shows (vii). This completes the proof of Lemma 5.3. O

6. COMPLEXITY ANALYSIS

In this section we study the MLP approximations which have been introduced in (153) in
the case when (X, Z) is replaced by the Euler-Maruyama approximations (see (261)-(264)).

We will prove that when the coefficients satisfy (253)—(255) then the corresponding processes
X(C_ISG’K’(')’('), Z(d)eK( defined in Theorem 6.1 below fulfill (150) as well as (62)—(121). This
allows us to combine Proposition 4.3 with Lemma 3.1 and Lemma 5.3 (see the proof of Theo-

rem 6.1 below).

Theorem 6.1. Let © = U,xZ", T € (0,0), k € [0,0), B,c € [1,0). Let ||-||: UpexRF* — [0, 0)
satisfy for all k.0 € N, s = (Sij)ie[1 5]~N,je[1, 40N e RF that ||s|> = 35 1Zf L|si|%. For every
d € N let (L})icp,a~z € R satisfy that ZZ oL? < c Forevery K € Nlet |'|]x: R - R
satisfy for all t € R that |t|x = max({0, &, 25, ..., T} n ((—o0,t) U {0})). For every d € N let
A = (A4 )VE[O gnz: [0,T] — RY satisfy for all t € [0,T] that A%(t) = (1,4/t,...,~/t). For every
d € N let pr? = (prd),ejo,a~z: R — R satisfy for all w = (w,),efo,a1~2> ¢ € [0,d] N Z that
pré(w) = w;. Foreveryde N, k € [1,d] n7Z let ¢} € R? denote the d-dimensional vector with
a 1 in the k-th coordinate and 0’s elsewhere. For every d € N let f; € C([0,T) x R x R4 R),
gs € C(RYLR), pg € CLHRE,RY), 04 € CHRY, R¥Y). To shorten the notation we write for all
deN, te0,T), ze R, w: [0,T) x RT — R that

(Fa(w))(t, ) = falt, z,w(t, x)). (252)

Assume forallde N, i€ [0,d] n7Z, s€[0,T), te[s,T), re (t,T], x,y,h € R% wy,w, € R4 that
o4 is invertible,

aO)]l + lloa0)| < ed, (253)
max {[[(Dpa) () (R)|], [(Daa) () ()] (@[} < e, (254)

max {||(Dpa)(x) — (Dpa) () (W, 1((Doa) () — Daa) ) (W, [|[(7a(@) ™" = (oaly)) ™ 2|}
< cd’||lz —y|l|Ih], (255)

19a(2)] + |T falt, z,0)| < [(ed®)? + &||z]?]7 (256)

| fa(t, z,w1) — falt, y, wo)]

L ((cd)? + e[|=]*)” + ((cd)? + e[ly[1*)” [l — y]

d
[LEAL(T) |pri(wy — wo)|] + = . (257)
VZ_O T 2 VT
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and
do)2 & 2[2]12)8 d)2 + 2llylI2)8 |z —
0a(2) — ga(v)] < ((cd)” + =]°) -QF((C )+ <yl HwﬁyH' (258)
Let o: {(1,0) € [0,T)*: 7 < 0} — R satisfy forall t € [0,T), s € (t,T) that
olt,s) = =1 ! (259)

BGLDVT -9 1)

Let (0, F,P, (IF)w[o,r)) be a filtered probability space which satisfies the usual conditions. Let

t?: Q — (0,1), 6 € ©, be independent and identically distributed random variables and satisfy for
all b€ (0,1) that

1 J b dr

B(%, %) 0 q/T(l — T).
For every d € N let W*?: [0,T] x Q@ — R% 6 € O, be independent (F;);c[or)-Brownian
motions with continuous sample paths. Assume for every d € N that (W%%)ye and (t%)sco
are independent. For every § € O, d,K € N, s € [0,T], x € R% k e [1,d] n 7Z let

(Xtd’e’K’s’m)te[svT], (Df’e’K’s’x’k)te[svT] : [5,T) x Q2 — R be (F)efs,71-adapted stochastic processes with
continuous sample paths which satisfy for all t € s, T| that P-a.s. we have that

P’ <b) = (260)

t

t
Xtd,G,K,s,a: — _,_J ud(Xd,G,K,s,xK}) dr _,_J O_d(Xd,G,K,S,J: )de,G (261)

s max{s,|r| max{s,|r|x} r

and

t
d,0,K,s,x,k d,0,K,s,x d,0,K,s,x,k
Dt = ez + f ((D/Ld) (Xmax{s,[rJK})> <Dmax{s,[rJK}) dr

S

+Jt <(Dad>(Xd,e,K,s,x >) (Dd,e,K,s,m,k )de’e. (262)

. max{s,|r|x} max{s,|r|k}
Forevery0 e ©,d, K e N, se[0,T), te (s,T], z € R let oK (Vf’G’K’S’w’k)ke[Ld]mZ: Q0 —
Rd, th,e,K,s,x _ (th,e,K,s,x,k)ke[Qd]mZ: ) — R4+! satisﬁ/ that

1 T
th,@,K,s,m: J<UJ1(Xd,e,K,s,xK})Dd,e,K,s,m ) dWﬁl’e (263)

I — s max{s,|r| max{s,|r|k}

s

and ZH0Hsr = (1, pROET) Let UMY [0,T) x RY — R™Y, d e N, d,n,m,K € 7, 0 € O,

n,m,K *

satisfy for all d,n,m, K e N, 0 € ©, t € [0,T), x € R? that Ui’f7m7K(t, x) = Uodf%K(t,x) = (0 and

. G ga( X 0TI — gu(2) Lapoi s
Un,m,K(tv ZL‘) = (gd($), O) + Z ZT
=1

mn

ot (FaUSRD) = In(O FaUE ) ) (4 (T = @00, X000 ) Zotorn o

Pt (T —t)e(0:69) t+(T—1)r(0:6:9)

4L ot 1 (T — £)c0:69)
(264)
For every d € N let ¢4, 4, g4 € [0, 00) satisfy that
ey + fu+ ga < cd°. (265)
Let ¢t . €[0,00), n,meZ, d K €N, satisfy for all n € Z, d,m, K € N that
¢l x <m"(Keg+ ga)ln(n) + nz:l [m"(Kea + fa+ €Lk + €y mr)] - (266)
(=0

Then the following items hold.
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(i) For all d € N there exists an up to indistinguishability continuous random field
(XD sejorpiefsmlaerd 1(0,7) € [0,T]: 0 < 7} x R? x Q — R? such that for all s € [0,T],
z € R? we have that (Xtd *ers,r) 18 (Fi)eers,ry-adapted and such that for all s € (0,71,
t e [s, T], v € R¢ we have P-a.s. that

S

s

t t

pa(XE57) dr + f og( X7 AW 0, (267)

(ii)) For all d € N, s € [0,T], z € R? there exists an (F¢)sers,r-adapted stochastic process
(D epsor] = (DY M repanz: [8,T] x @ — R4 which satisfies for all t € [s,T],
k € [1,d] n Z that P-a.s. we have that

d,s,x,k d
Dy = e + f

S

t t

(D) (X)) (D) dr -+ || (Do) (X)) (DR Wi, (268)

(iii) For all d € N, s € [0,T), x € R? there exist (IF;)(s-adapted stochastic processes
(5,71 p p
(Vi iee) = (V" ieomipeparoz: (5, T1xQ — R and (28 )ieiory: (s, T)x Q — R4
which satisfy for all t € (s, T] that P-a.s. we have that

1 t
V;d,s,:v _ J (O';l(Xd’s’x)Dg’s’m)T dWrd’O (269)

s
t— s Jg

and ZH5" = (1, V557,
(iv) For all d € N there exists a unique continuous function uy: [0,T) x R¢ — R%*! such that for
all t € [0,T), x € R? we have that

[ d
max sup AT —7) [P, (ua(7, €) 7| < (270)
ve[0,d]NZ re[0,T),¢eR4 | [(CdC)Q + CQHI’HQ]

rT
] + E[fd(’r’, Xﬁl’t’x,ud(r, Xﬁl’t’x))prff(Zf’t’x)] dr} < oo, (271)
Jt

EI:’ Xd,t,:L' d Zd,t,:l:
I[glgf;zl 9a( Xy )1, (Z77)

and
T
ug(t, ) = E[gd(xg’m)zgm] + f B[ fa(r, X2 ug(r, X34 2857 dr. (272)
t

(v) For all d € N we have that

lim sup sup [Aff(T —t) ‘
n—w0  pel0,d]nZ,te[0,T),ze[—k k]?

i (U () — ualt, x>)

n,n3.,n3

} = 0. (273)
2

(vi) There exist (Cs)se0,1) < (0,0), n € (0,00), (Nge)aenc0,1) S N such that for all d € N,
d,e € (0,1) we have that

sup AYT —t) ||prd | U™ ) vy, (6 x) —ug(t, x) <e (274
ve[0,d]7,te[0,T),ze[—k K] Ny \|Nge|3,INg| 73 5
and
¢ < CyeWHpgn, (275)

N,
1 d.e
Nd,67|Nd,E‘37‘Nd,E‘ 3

Proof of Theorem 6.1. First, the fundamental theorem of calculus and (254) imply for all d € N,

z,y € R? that
o)~ pa)l = | [[ 4t + e = s = | [ (oo + st~ e = s

< dlz -yl (276)
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and similarly,

loa(z) = oa(y)ll < cllz =yl (277)

This and a standard result on SDEs with Lipschitz continuous coefficients (see, e.g., [45, Theo-
rem 4.5.1]) prove (i). Next, a standard result on the existence and uniqueness of the derivative
process (see, e.g., [46, Theorem 3.4]) and the regularity assumptions of y4, 04, d € N, imply
(i)—(iii).

Throughout the rest of this proof let ¢, c, ¢ € R satisfy that

2
q=403, ¢=16¢** c= 2\/§qcec2[2q+ﬁ] T (278)
and for every d € N let p;: RY — [1,00), V4: [0,T] x R? — [1, o) satisfy for all ¢ € [0, T], x € R?
that
() = <c 148557 4 ST | y(ed)? + 402H:1:H2)q (279)

and

L

10 2 1.5¢T 1.5¢(T—t
V(t,x) = [150((cdc)c + %) [\/T + 2q] VT2 T } e~ )ap(‘j" (). (280)

Then (256) shows for all t € [0,T), x € R? that

B 1
9@ + ITfalt, 2, 0)] < (e + o)’ < pd () = oF () < Valtz). (281
Next, (258), (279), the fact that ¢ = 403, and (280) prove for alld € N, z,y € R? that
((cd®)® + Az ]I”)” + ((cd®)* + lyl?)’ llz =y

194(%) — ga(y)| <

2 T
)

_%i@) + i)z -yl

<Pd @)+l @) llz -yl

2 T

Vu(T,z) + Va(T,y) |z — 3|
< . 282
2 VT (282)
Similarly, we have for alld e N, t € [0,T), z,y € R%, w;, w; € R that
|fd(t x,wy) — fa(t,y, ws)|

Z LdAd |pI' wy — w2)|] + 1 Vd(tvx) + Vd(tvy) ||'I - y” ) (283)

~ T 2 VT

Next, (253), the fact that Vo, y e R: x +y < 24/22 + 92, and (279) imply for all d € N, x € R?
that

la(O) ]| + loa(O)]| + el < cd® + el < 2((cd)? + l]?)F = o% (a). (284)

Moreover, (279), [39, Lemma 3.1] (applied for every d € N with p ~ ¢, a ~ ¢ + 48¢36<"T* 1
e<’T + 4(cd®)?, ¢ v 2¢, V A g4 in the notation of [39, Lemma 3.1]), and the fact that ¢ = 16¢*c?
prove for all d € N, z,y € R? that

[(Da(x))(y)] < 4qep,™ (2)|lyll < co™ (@)]yll (285)
and

2 -2

(D*eal@))(w.9)] < 16470, (@)[ly]]* = 20, ()] (286)

where D, D? denote the first and second derivative operators. This, (284), (254), (255), and
Lemma 5.3 (applied for every d, K € N with b~ cd, p ™ 2q, it pg, 0 04, 6 N || in the
notation of Lemma 5.3) prove that the following items hold.
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e Foralld, K e N,s€e[0,T],te[s,T], z € R? we have that

E[gpd<Xtd,0,K,s,x)] < 61.5E\tfs|g0d<x). (287)
e Foralld, K e N,se[0,T],te[s,T], z € R? we have that
i 2 2 ~ L 1A/ T
H HXtd,O,K,s,m . Xtd,s,:v < \/§C \/T + 2q] 662[ﬁ+2q] T (61'5CT(,0d(SL’>) 2q |t . 8‘5 \/7 . (288)
2q L \/E
e Foralld, KeN,s,5¢e[0,T],te[s,T],te[35T],z,7 e R?we have that
H‘ Xtd,O,K,s,a: _ Xid,O,K,ia”c
2q
< \/5”1‘ . :Z,||602[ﬁ+2q]2T
3% 2~
+ 5 VT 2] T [ﬁ + 2q] oMt 2 (@) ‘5 24’ (7) [\s - ﬂ%] . (289)
e Foralld, Ke N, ke[l,d|nZ,se|0,T],te [s,T], z € R we have that
2/3qee [T
) th,o,K,s,x,k < V2qee . (290)
2¢q Vi—s
e Foralld, Ke N, ke[l,d|n7Z,se[0,T],te [s,T], z,y € R we have that
3 3.2 2
d,0,K,s,x,k d,0,K,s,y,k 2cdfc [\/T + 2q] 63 [\/T-FQQ] T”x - yH
Vi -V < . (291)
4 Vt—s
e Foralld, Ke N, ke[l,d|nZ,se|0,T],te [s,T], z € R we have that
6 3.2 2 z i
0 Kosi dso 15¢(cdc + ¢?) [\/T +2¢] AC[VT+2d]'T (e5Tpy(x)) \/L%
VL —V < . (292)
q Vt—s
e Forallke[l,d|nZ,se[0,T],5¢€[s,T], re[3T], veR?we have that
2 2 .5¢ 1
wsa  asan]| _ 13(cde + e DT [T 4 2g]" 557 o0 (2)]s — 32
’Vt”’—VQ”’ < = . (293)
q Vt—8vt— 5

Now, (287) proves forall d, K e N, s € [0,T], t € [s,T], z € R¢ that

» )

< (61.5E(T7t)61.5E(tfs)90d(x))% _ 61.5E(Tfs)(p§% (). (294)
This and (280) imply for alld, K e N, s € [0,T], t € [s,T], x € R? that

1.56(T—t) L 40K
eI ()

HVd(t, 21 010m)| < V(s o). (295)

Next, (288), (280), the fact that ¢ > 20, and Jensen’s inequality show for all d, K € N, s € [0, T'],
T
< m_ (296)

te[s, T], » € RY that
I N

This proves for all d € N, s € [0,T], t € [s,T], z € R* that X" = limg_,., X% in
probability. This, (295), the fact that for all d € N, V is continuous, and Fatou’s lemma imply
forallde N, s [0,T], t € [s,T], z € R¢ that

Xtd,O,K,s,a: . Xtd,s,a:

| Vate x7)

< Vy(s, ). (297)
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Next, (292), (280), Jensen’s inequality, and the fact that ¢ > 40 prove foralld, K € N, s € [0,T),
te(s,T],zeR% kell,d] n7Z that

< \/_\/gvd(tv ZL‘)
20 AT\E—s
Therefore, the fact that Vd, K € N,s e [0,T),z € R4: P(Z40Ks2 = (1, pd0Ksz)) = 1 the fact
that Vde N,s e [0,T),z € R?: P(Z%** = (1,V4%%)) = 1, and the definition of A%, d € N, prove
foralld, K e N,se[0,7),te (s,T],ze R% ie[0,d] nZ that
’ VIV 4(t, )
20 /TAYt—s)
In addition, (290), (278), Jensen’s inequality, and the fact that ¢ > 40 show for all d, K € N,
sel0,T),te (s, T],zeR% kell,d]nZthat

d,0,K,s,x,k
t

‘/td,O,K,s,m,k . Vd,s,:v,k:

(298)

pr (Zd 0,K s,@ Z;l,s,:v) (299)

c

< ;
20 t—s
Thus, the fact that Vd, K € N,s € [0,T),x € R¢: P(Z%0Ks2 = (1, pd0.Ksz)) = 1 the fact that
Vs e [0,T),z e R: P(Z4%* = (1,V4*7)) = 1, and the definition of A% d € N, imply for all
d,KeN,se[0,T),te (s, T],veR%ie|0,d] A 7, that

(300)

d(grokseny)| < S 301
’prz( t ) 2 A?(t—S) ( 0 )
This and (299) prove foralld e N, s € [0,T), t € (s,T], v € R%, i € [0,d] n 7Z that
d/ r7d,s,x C
‘pri 7)., < 5=y (302)

Next, (289), Jensen’s inequality, the fact that ¢ > 40, and (278) show for all d, K € N, s € [0, T,
te[s,T], z,y € R¢ that

Xtd,O,K,s,:v B Xtd’O’K’S’y < cllz —y]. (303)

20

Moreover, (288), Jensen’s inequality, the fact that ¢ > 40, (279), and (280) imply for all d, K €
N, se[0,T],te€[s,T], » € R? that

Xtd,O,K,s,x . Xd,s,x < \/_\/%Vd@a SL’) (304)

20
This, (303), and the fact that Vd € N: ¢ < V, (see (279)-(280)) imply for all d, K € N,
€ [0,T],te[s,T], x € R that
< CHI‘ . y” < Vd(ta SL’) + Vd(ta y)
20 2
Next, (291), Jensen’s inequality, the fact that ¢ > 40, (278), and (279) show for all d, K € N,
€e[0,T),te(s,T],reRY kell,d] nZ that
_ Valt,1) + Valty) |lz o]
20 2 VTAE— 5
Hence, the fact that Vd, K € N,s € [0,7),z € R?: P(Z40Kse = (1, V40.K52)) = 1 and the
definition of A4, d € N, prove foralld, K e N, s € [0,T),t e (s,T], z € R% i € [0,d] n Z that
_ Valta) + Valtuy) [z o]

H HXtd’” _ Xy |z — yl|. (305)

(306)

d,0,K,s,x,k Vd707K7syy7k
t Yt

r Zd 0,K,s,x Zd,O,K,s,y < ) 307
- B 2 VTALE — s) (307)
This and (299) show foralld, K e N, s [0,7),t e (s,T], x € R%, i € [0,d] n Z that
Va(t, ) + Va(t,y) [z —y]
d(zds,x _ rzdsy < d\Y d\t,
|priczior =zt < . N T (308)
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Next, (293) Jensen’s inequality, the fact that ¢ > 40, (279), and (280) imply for all d, K € N,
€el0,7),5¢e[s,T),te(5T],zeR%ie|0,d n7Zthat
‘ Vi(§,2)+ Vau(s,z) §—s
< :
a 2 Vi —5yt—s
Thus, the fact that Vd € N,s € [0,T),z € R*: P (Z”lsm = (1,V4%%)) = 1 and the definition of
A4, d e N, show for all d, Ke]N se[ T),5€(s,T),te (5T],zeR%ie[0,d] nZthat
’ - Vu(§,z) + Vy(s, x) Vs—s
P 2 VE— At —s)
Moreover, (289), Jensen’s inequality, the fact that ¢ > 40, the fact that Vd, K € N,s € [0,T],z
RY: P(XOKsw = 5) = 1, (279), and (280) imply for alld, K € N, s € [O,T], tels,T],ze ]Rd
that

. V;d,s,x,k (309)

(310)

pr (st:v . Z;l,E,:r)

XK _ x’ < Vals,2)Vi —s. (311)
20
This and (304) prove foralld e N, s € [0,T],t € [s,T], € R? that
H HX,f‘vs’x —a|, < Valsovi=s. (312)

Now, Lemma 3.1 (applied for every d, K € N with § \/_ Py N 20, pe N 20, p, N 20, ¢ M c,

VA Vi, (Liepainz o (Licanz, A A AL proa prd, £ fa, g A ga, X 500,

Z A Z(‘?’)QKW'), X A X(‘ﬁ(')’('), A zg?v)(')v(” in the notation of Lemma 3.1), (281)—-(283),
(295), (297), (302), (305), (308), the flow property of X as solution to the SDE in (i), (304),
and (299) imply that
o there exist unique measurable functions ug, g% : [0,7) x RY — R, d, K € N, such
that foralld, K e N, t € [0,T), z € R¢ we have that

d
max sup [Aff(T - T)—‘prV(ud(T’ f))|] < o, (313)
ve[0,d]n7 (0,1, ceR4 Va(7,§)
|prd (ug (7, 5))|]
max sup Af/l T —71)—% < o0, (314)
IJE[O,d]F\Z T€[07T)7§€]Rd l ( ) Vd(7-7 g)

T
[+ [ Bt X0t Xt 220 | <
t (315)

E[’ Xd,t,:l: d Zd,t,l‘
yeﬁiﬁzl 9a( X7 ) pry(Z77)

EH Y LOK by d( Zd 0Kt
Ve{gg]ﬁzl ga( X )pry, (Z27777)

]

T
+J IEU fa(r, BT e (r, Xf’O’K’t’x))prg(Zf’O’K’t’x)Hdr] < o, (316)
t

T
ug(t, ) = E[gd(X%t’m)Z%t’x] + f B[ fa(r, X3 ug(r, X)) Z50 ] dr, (317)

t
and

ud7K(t, :p) = ]E[gd(X:,C«l’O’K’t’x)Z%O’K’W]

T
+ f E[ fa(r, XN ug g (r, XEOI0T)) ZRORL2] gy (318)
t

and
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e forallde N,ve[0,d]nZ,te|0,T),y e R?we have that
@€CQT

AT = D)lprd(ualt, y) — wae(t,y)| < Y5

VT

This and the fact that Vd € N: e’T < 'V, (see (279)-(280)) imply for alld e N, v € [0,d] n Z,
te[0,T), y € R? that

9t ). (319)

VIO
AXT = 8)pr(ua(t, y) — wasc(t, )] < % (320)

Furthermore, Lemma 2.9 (applied for every d € N with p, ~ 20, p, v 20, p, ~ 20, ¢ N ¢,

(Licoanz ~ (Licoanzs A A AL proa pds f o fa, 90 g Voo Va, X XG0,

7 A Z(d_’)(')’(') in the notation of Lemma 2.9), (281)=(283), (297), (302), (305), (308), and

(312) prove for all d € N that u, is continuous. This, (313), (315), and (317) show (iv).

Next, Proposition 4.3 (applied for every d, K € N with p, ~ 20, p, v 20, p, © 20, ¢ N c,
(Li)iefo,a)nz (Ld)ze[Od]mZ, A A, prap?, fAfo,ga gV Ve XA X(fl)() 10X0)
Z N Z(d)() , U U > @1 " 3 in the notation of Proposition 4.3), (281)-(283), (295),
(311), (301), (280) the fact that Vd, K € N,s € [0,T),z € R%: P(Z¥0Kse = (1, pd0.Ksw))

(263), and (264) prove for alld, K,n,me N, t € [0,T), v € [0,d] n Z, x € R¢ that
AT - 1))

pre, (Uan(t ) —ug(t,x )H % m" 387" TV3(t, 1), (321)

Hence, the triangle inequality and (320) show for all d, K,n,m € N, ¢t € [0,T), v € [0,d]| n Z,
x € R? that

AL(T — 1) ) (UgSnK(t ) — uglt, ) )H
< Ag(T —t) pr? <Uan(t x) —ug(t,x )H + Ad( —t) ‘prg(ud(t, x) —ugk(t, :1:))‘
m3 n 2 Vlo(t l‘)
<e6m 28" TV3(t, z) + —4—2L~
d( ) \/?
m3 n 2 1
< leTm 28" + — | V¢, 2). 322
This implies for all d,n € N that
AYT —t) ‘ prd (Udo1 o (6 x) — ug(t, x))
n,n3 n3 2
sup
ve[0,d]~7Z,te[0,T),ze R4 Vi(t, x)
= [e%n_%8nenc2T + n_%] < edn 69nene’T (323)
Therefore, (279) and (280) show for all d € N that
lim sup sup [Aff(T —t)|lp <Ud0 o (t @) — ugl(t, x)) }
n—w  pe[0,d]nZ%,te[0,T),ze[—k, k|4 nndn¥ 2
< lim sup sup [e%n_%9"enc2TVéo(t, x)] = 0. (324)

n—0  vel0,d]nZ,te[0,T),ze[—k k]?

This proves (V).
For the next step let (Ny.)den ce(0,1); (Cs)se0,1) < [0, 0] satisfy for all d e N, € € (0, 1) that

Nge = inf{ n e N: sup
ke[0,00)NZ,ve[0,d]7Z,te[0,T),xe[—k,k]¢

prt (022, (0.0) = e, )

k3.,k

A1)

< 5} (325)
2
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and

446
2 2
e%gnenc T> 6n+1n§

Cs = sup - ) (326)

nelN ne
Then (324) shows for all d € N, ¢ € (0, 1) that V;. € N. Furthermore, for all § € (0,1) we have
that Cs < co. Next, [5, Lemma 3.14], (266), and (265) imply for all d, K, m,n € N that

Ke+gd+Ked+fd
¢l <
n,m,K 9

This proves for all d, K, m,n € N that

d ntl c 1 nal
<
nt Lt D3 (na ) F (n+1)3 cd“(3(n +1)3)

(3m)" < K(eq+ ga + fa)(3m)" < Ked®(3m)™. (327)

2(n+1)

= cd3" (n+1)" 3

< cd°3" 1 (2n) "5
< Cd06n+1n—2("3+1)
— cd6™nins . (328)
Hence, (323) shows for all d,n e N, § € (0,1) that
446
AT —t) ||prd <Ud’0% 5 (t,z) — uq(t, x))
n,n3.,n 9 d
su ¢ n
VE[O,d]ﬁZ,tEI[i],T),:BE]Rd Vcllo(ta SL’) n+1,(n+1)% ,(n-i—l)%1
L 446 .
< <e€n_59"enc2T) cd6™inin s
446
<e%9nen02T> 6n+1n%
< n Cdc
ne
< Csede. (329)

Next, (279) and (280) imply that there exists € (0,0) such that for all d € N we have that
SUDye(0,7) we[—k k¢ Yt 2) < nd". This and (329) imply that there exists n € (0, o0) such that for
allde N, 6 € (0,1) we have that

4+6
d
1 n+1
) nt1,(n+ )3, (n+1)

sup lAﬁ(T — 1) ’

ve[0,d]n7,te[0,T),ze[—k k]

przajl (Ud,o 1 n (tv SL’) - ud<t7 SL’))

n,n3,n

5

< Csed® sup VL (tx)| < Csnd'. (330)

te[0,7),ze[—k,k]?

445
sup V2t x) < Csed?
te[0,7),ze[—k,k]¢

In addition, (327) shows forall d € N, € € (0, 1) that if N;. = 1 then
Sl Nge < €11 < 3ed” (331)

1 >
Nd,evINd,s‘B 7‘Nd,5‘ 3

Moreover, (325) and (330) implies that there exists 1 € (0, o0) such that for all d € N, ¢ € (0,1)
we have that if N,;. > 2 then
€4+5€d ) Na
Nd,67|Nd,E|§7|Nd,E‘T
416
2]

2L o—

1
Nd,sflv(Nd,sfl)Sv(Nd,Efl) 3

< sup ’Aff(T —t)

ve[0,d]nZ,te[0,T),ze[—k k] ¢

prcyl (UCLO Nge—1 (t7 l‘) - ud(t7 l‘))

Qtd

1 Nd,s
Nd,67|Nd,E|3 7|Nd,6‘ 3
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< Cnd’ (332)

This and (331) prove that there exists 7 € (0, o) such that for all d € N, ¢ € (0, 1) we have that
ghogd Ny < Comd. (333)

Nd,E7|Nd,E‘§7|Nd,E‘_3:_
Thus, the fact that Vd € N,e € (0,1): Ny < o0, (325), and the fact that Vo € (0,1): Cs <
establish (vi). The proof of Theorem 6.1 is thus completed. O

Finally, we provide the proof of Theorem 1.1.

Proof of Theorem 1.1. First, the fundamental theorem of calculus and (4) prove for all d € N,
r,y € R that

loute) = a)l = | | Seloaty + sta =)l ds| = | | (D) + ste =)o =) ds

< dlz -yl (334)

and similarly
l1a(z) = pa(y)l| < cllz —yl| (335)
Next, (5) shows for all d € N, z, h € R? that
I = 1oz @outa) (outa)) (0ule)) ™) Th = < (o) VB (336
This implies for all d € N, z, h € R? that
[((@ale))™)7h||" < cllnlP. (337)

Therefore, the fact that for all d € N, ¥ € R?*? we have that the operator norm of ¥ is equal to
the operator norm of X7 proves for all d € N, x, h € R that

[((ga() DA < el (338)

Next, the Cauchy-Schwarz inequality implies for all d € N, s = (s;);jefr,aqnz € R4, h =

(hj)jep.a~z € RY that
2 d J .
<D, [( |Sia‘|2) (Zmﬁ)] = |Is|?[|n]I*. (339)
=11 \j=1 j=1

This, (338), (334), and the fact that ¢ > 1 show for all d € N, z,y, h € R? that
(0, (w) = o ()R] = [log* (v)(a(x) — 0a(y))o, ' ()h]|

d

skl =]

i=1

d

> sihy

j=1

< ¢||(oa(z) — aaly))oy (x)h]]
< clloa(z) — oa)l ||og ' (2)h]
<l —yll 1] (340)

Hence, Theorem 6.1, (338), and the assumption of Theorem 1.1 prove that the following items
hold.

e For all d € N there exists an up to indistinguishability continuous random field
(X sejorpiefsm)era {(0,7) € [0,T]: o < 7} x R4xQ — R? such that for all s € [0, 7],
x € R? we have that (X;"*")c(s7] is (Ft)sefs.r-adapted and such that for all s € [0, 7],
t e [s,T], z € R we have P-a.s. that

S

s

t t

pa(XE5) dr + f og( X5 dW 0, (341)

s
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eForalld e N, s € [0,T], z € R? there exists an (IF¢)sers,r-adapted stochastic process
(DY epor] = (PP e ajnz: [5,T] x @ — R4 which satisfies for all ¢ € [s,T],
k € [1,d] n Z that P-a.s. we have that
t

t
plsek _ f ((Dpra) (XE57)) (DEF) dp + f (Do) (XE5)) (DEs2k) aW o, (342)

S S

eForalld e N, s € [0,T), v € R? there exist (F¢)se(s,r-adapted stochastic processes

(V;d’s’m)te(s,T] = (V;d’s’m’k)te(s,T],ke[l,d]mz3 (s,T] x Q@ — R and (th’s’x)te(s,T]i (5,T] x Q —
R4 which satisfy for all ¢ € (s, T'| that P-a.s. we have that
1

t
V;d,s,:v _ . J‘ (O';l(Xﬁl’s’x)Dg’s’m)T dWTd,O (343)
-5 Js

and Zf’” = (1, th’s’gﬁ).
e For all d € N there exists a unique continuous function u,: [0,7) x R — R*! such that
forallt e [0,7T), z € R? we have that

max sup [Aff(T —7) [pri (ua(7,€)) ] < o0, (344)

ve[0,d]nZ re[0,T) ccR4 [(cd€)? + c2||z|?]

T
max [E[]gd<X?~”>prz<zw> ] +f E[falr, X2, ug(r, X20))prd (2207)] dr} <o, (345)
t

vel0,d]|nZ
and
T
ug(t,z) = ]E[gd(thm)ZélJt’x] + f E[ fa(r, X3 ug(r, XEW)) Z50 ] dr. (346)

t

e For all d € N we have that

lim sup sup [A,‘f(T —t) ’ <Ud0 o () — ug(t, x)) } = 0. (347)

n—0  ye[0,d|nZte[0,T), e[~k k|% nndn¥ 2

e There exist (Cs)se01) S (0,0), 1 € (0,90), (Nae)dencc0,1) & N such that for all d € N,
J,e € (0,1) we have that

| o v, () — ualt, o) <e (348)
Nge, |Nds\3 \Nds\T 9

¢ Ng. < Cse”UHnan, (349)

Ny, |Nds\3 |Nael 3

sup AYT —t) |Ip
)we[—k k]

vel0,d]nZ,te[0,T),ze[—

and

Next, (8), the Cauchy-Schwarz inequality, and the fact that Vd € N: Zﬁ:o L% < ¢ imply for all
de N, te|0,T), w;,wy, € R that

|fd(t z,wi) — fa(t,y, ws)|

5

1 —
Z (LA pr s = wa)f] + 2]
d d c
<L3!pr3<w1—w2>!+< |Li\2> ( Tip(aw w2>\2> syl
)\ T

d 3
<ec }prg(wl — wg)} +c (Z T|prff(w1 — w2)|2> + Tf/T”x — . (350)

v=1

=
N
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In addition, (334) and (335) imply for all d € N, x € R that

[pa(@)[| < [|pa(0)]] + cllz]] < cd® + cflz]| = c(d® + [|z]]) < ed(1 + [|z]]) (351)
and similarly
loa(@)|| < cd®(1 + [|]). (352)
Furthermore, (6) shows foralld e N, k € [1,d] n Z, 2,y € R¢ that

max { || (Dxea)(2) = (Drpea) )| [[((Droa)(x) — (Draa)(y)) (R[]}
= max {[|((Dpa)(x) = (Dpa)(y)) ()| s [[(Doa) () = (Daa) (W) (ex)[l} < cllz —yll,  (353)

where Dy, k € [1,d] n Z, denote the partial derivatives. Thus, an existence and uniqueness
result on viscosity solution (see, e.g., [49, Proposition 5.1] and [49, Proposition 5.2]), (350),
(9), (334), (335), (351), (352), (7), (5), (341)-(346), and the regularity assumptions of 14,
o4, d € N, show for all d € N that v, := prd(uy) is the unique viscosity solution to the following
semilinear PDE of parabolic type:

%(t, x) + {(Vavg)(t, ), pa(z)) + % trace(o4(z)[oq(z)]" Hess, v4(t, z))
+ falt, 2, vg(t, 2), (Vavg)(t,2)) =0 Vie (0,T),2eRY, (354)
va(T,2) = ga(z) YVaeR? (355)
and V,vg = (pr{(uq), prd(uq), ..., prd(ug)). Combining this with (347)—(349) establishes (i)-
(iii). The proof of Theorem 1.1 is thus completed. O
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