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RECTIFIED DEEP NEURAL NETWORKS OVERCOME THE CURSE OF DIMENSIONALITY
WHEN APPROXIMATING SOLUTIONS OF

MCKEAN–VLASOV STOCHASTIC DIFFERENTIAL EQUATIONS

ARIEL NEUFELD1 AND TUAN ANH NGUYEN2

ABSTRACT. In this paper we prove that rectified deep neural networks do not suffer from the
curse of dimensionality when approximating McKean–Vlasov SDEs in the sense that the number

of parameters in the deep neural networks only grows polynomially in the space dimension d of
the SDE and the reciprocal of the accuracy ǫ.

1. INTRODUCTION

In probability theory, a McKean–Vlasov stochastic differential equation (SDE) is an SDE
where the coefficients of the diffusion depend on the distribution of the solution itself. These
equations are a model for the Vlasov equation and were first studied by McKean [23]. With
McKean–Vlasov SDEs we can have a stochastic representation of solutions of nonlinear, possibly
non-local parabolic partial differential equations (PDEs), e.g., Vlasov’s equation, Boltzmann’s
equation, or Burgers’ equation. Moreover, it is known that weakly dependent diffusion pro-
cesses converge to independent solutions of McKean–Vlasov SDEs as the system size tends to
infinity. This phenomenon was called propagation of chaos by Kac [28] and is well studied in
the literature, see, e.g., [39]. Numerical approximation of these McKean–Vlasov SDEs is an
important topic in computational mathematics, see, e.g., [2–12,15,17,29,30,33–38,40,41].

We are interested in the numerical approximation of high-dimensional McKean–Vlasov SDEs,
more precisely, in the following question: which approximation methods do not suffer from the
curse of dimensionality in the sense that the computational complexity only grows polynomially
in the space dimension d of the SDE and the reciprocal 1

ǫ
of the accuracy ǫ? To the best of our

knowledge there has been only a few papers which have discussed McKean–Vlasov SDEs in
high dimensions. First, [25] has proven that multilevel Picard approximations do not suffer
the curse of dimensionality when approximately solving McKean–Vlasov SDEs. Moreover, [18,
22, 32] developed deep learning based algorithms to approximately solve high-dimensional
McKean–Vlasov equations. Furthermore, [22] provided a priori error estimates under a suitable
metric between the McKean–Vlasov equations under consideration and their standard forward
backward SDE approximations which are used in their algorithm that can be controlled to
be arbitrarily small and are dimension-free. However, it is left open whether the number of
parameters in the deep neural networks used to approximate these standard forward backward
SDEs suffers from the curse of dimensionality, or not.

In this paper we show that rectified deep neural networks (DNNs) do not suffer from the
curse of dimensionality when approximating McKean–Vlasov SDEs, either, in the sense that
the number of parameters in the deep neural networks only grows polynomially in the space
dimension d of the SDE and the reciprocal of the accuracy ǫ.

1.1. Notations. Throughout this paper we use the following notations. Let R denote the set of
all real numbers. Let Z denote the set of all integers. LetN denote the set of all natural numbers
starting at 1 and let N0 “ NY t0u. Let ‖¨‖ , |||¨||| : pYdPNR

dq Ñ r0,8q, dim: pYdPNR
dq Ñ N satisfy
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2 A. NEUFELD AND T.A. NGUYEN

for all d P N, x “ px1, . . . , xdq P R

d that ‖x‖ “
b

řd

i“1pxiq2, |||x||| “ maxiPr1,dsXN |xi|, and

dimpxq “ d. For every probability space pΩ,F ,Pq, d P N, p P r1,8q, and every random variable
X : Ω Ñ R

d let ‖X‖LppP;Rdq P r0,8s satisfy that ‖X‖p
LppP;Rdq “ Er‖X‖ps.

1.2. A mathematical framework for DNNs. First of all in Setting 1.1 below we introduce a
mathematical framework for DNNs with ReLU activation function.

Setting 1.1 (A mathematical framework for DNNs). Let Ad : R
d Ñ R

d, d P N, satisfy for all
d P N, x “ px1, . . . , xdq P Rd that

Adpxq “ pmaxtx1, 0u,maxtx2, 0u, . . . ,maxtxd, 0uq . (1)

Let D “ YHPNN
H`2. Let

N “
ď

HPN

ď

pk0,k1,...,kH`1qPNH`2

«

H`1
ź

n“1

`

R

knˆkn´1 ˆRkn
˘

ff

. (2)

Let D : N Ñ D, P : N Ñ N, R : N Ñ pYk,lPNCpRk,Rlqq satisfy that for all H P N,

k0, k1, . . . , kH , kH`1 P N, Φ “ ppW1, B1q, . . . , pWH`1, BH`1qq P śH`1

n“1

`

R

knˆkn´1 ˆRkn
˘

, x0 P
R

k0 , . . . , xH P RkH with the property that @n P NX r1, Hs : xn “ AknpWnxn´1 `Bnq we have that

PpΦq “
H`1
ÿ

n“1

knpkn´1 ` 1q, DpΦq “ pk0, k1, . . . , kH , kH`1q, (3)

RpΦq P CpRk0,RkH`1q, and

pRpΦqqpx0q “ WH`1xH ` BH`1. (4)

Let us comment on the mathematical objects in Setting 1.1. For all d P N, Ad : R
d Ñ R

d

refers to the componentwise rectified linear unit (ReLU) activation function. Moreover, by N

we denote the set of all parameters characterizing artificial feed-forward DNNs. In addition,
by D we denote the function that maps the parameters characterizing a DNN to the vector of
its layer dimensions. Furthermore, by R we denote the operator that maps each parameters
characterizing a DNN to its corresponding function. Finally, by P we denote the function that
counts the number of parameters of the corresponding DNN.

1.3. Main result.

Theorem 1.2. Assume Setting 1.1. Let T P p0,8q, c P r1,8q, r P N. For every d P N, ε P r0, 1q
let µd,ε P CpRd,Rdq, fd,ε P CpRd,Rq. For every d P N, ε P p0, 1q let Φµd,ε

,Φfd,ε P N satisfy that

µd,ε “ RpΦµd,ε
q and fd,ε “ RpΦfd,εq. Moreover, assume for all d P N, ε P p0, 1q, x, y, x1, x2, y1, y2 P

R

d that

‖µd,εpx1, y1q ´ µd,εpx2, y2q‖ ď 0.5c‖x1 ´ y1‖ ` 0.5c‖x2 ´ y2‖, (5)

‖µd,εpx1, y1q ´ µd,0px1, y1q‖ ď cdcε ` 0.5cdcε‖x1‖
r ` 0.5cdcε‖y1‖

r, (6)

|fd,εpxq ´ fd,εpyq| ď c‖x´ y‖, (7)

|fd,εpxq ´ fd,0pxq| ď εp1 ` ‖x‖rq, (8)

|fd,εp0q| ` ‖µd,εp0, 0q‖ ď cdc, (9)

and

max
 

PpΦµd,ε
q,PpΦfd,εq

(

ď dcε´c. (10)

Then the following items hold.
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i) There exists a probability space pΩ,F ,Pq, a family of standard Brownian motionsW d : r0, T sˆ
Ω Ñ R

d, d P N, and pXd,xptqqdPN,xPRd,tPr0,T s, d P N, such that for every d P N, pXd,xptqqtPr0,T s
is pσppWsqsPr0,tsqqtPr0,T s-adapted stochastic process with continuous sample paths and satisfies

for all t P r0, T s, m P r1,8q that E
“

supsPr0,T s
∣

∣Xd,xpsq
∣

∣

m‰ ă 8 and P-a.s.

Xd,xptq “ x `
ż t

0

E

“

µd,0

`

y,Xd,xpsq
˘‰ˇ

ˇ

y“Xd,xpsq ds ` W dptq. (11)

ii) There exist η P p0,8q and pΨd,ǫqdPN,ǫPN Ď N such that for all d P N, ǫ P p0, 1q we have that
PpΨd,ǫq ď ηdηǫ´η and

ˆ
ż

r0,1sd

∣

∣pRpΨd,ǫqqpxq ´E
“

fd,0pXd,xpT qq
‰∣

∣

2
dx

˙ 1

2

ă ǫ. (12)

Remark 1.3. For every d P N let P2pRdq denote the set of probability measure on Rd with finite
second moments and let bd,0 : R

d ˆP2pRdq Ñ R

d satisfy for all x P Rd, ν P P2pRdq that bd,0px, νq “
ş

µd,0px, yq νpdyq. Then we have that

Xd,xptq “ x`
ż t

0

E

“

µd,0

`

y,Xd,xpsq
˘‰ˇ

ˇ

y“Xd,xpsq ds ` W d,θptq

“ x`
ż t

0

bd,0pXd,xpsq,PXd,xpsqq ds ` W d,θptq. (13)

Let us comment on the mathematical objects in Theorem 1.2. For every d P N, x P Rd

we want to approximate E
“

fd,0pXd,xpT qq
‰

where fd,0 P CpRd,Rq and Xd,xpT q is the terminal
condition of the corresponding McKean–Vlasov SDE in (11). Note that in the non-McKean–
Vlasov setting, E

“

fd,0pXd,xpT qq
‰

, d P N, are solutions of the associated linear Kolmogorov
PDEs. Conditions (6), (8), and (10) state that the functions µd,0, fd,0, d P N, can be ap-
proximated by functions µd,ε, fd,ε, d P N, ε P p0, 1q, which are generated by DNNs, without
the curse of dimensionality. Conditions (5) and (7) are Lipschitz-type conditions. Condition
(9) states that the initial values of the functions µd,ε and fd,ε, ε P p0, 1q, d P N, grow poly-
nomially in the dimension d P N. Note that (5) is needed for the existence and uniqueness
of (11), which we will discuss later in the proof of the main theorem. Under these assump-
tions Theorem 1.2 states that, roughly speaking, if DNNs can approximate the drift coefficients
µd,0 and the functions fd,0, d P N, without the curse of dimensionality, then they can also ap-

proximate the expectations E
“

fd,0pXd,xpT qq
‰

without the curse of dimensionality. We also refer
to [1, 13, 14, 19–21, 24, 26, 27, 31] for similar results that DNNs can overcome the curse of
dimensionality when approximating PDEs and SDEs (but not of McKean–Vlasov type).

1.4. Outline of the proof and organization of our paper. Theorem 1.2 follows directly from
Theorem 4.1 in Section 4, see the proof of Theorem 1.2 after the proof of Theorem 4.1. To
prove Theorem 4.1 we need Lemmas 2.2, 3.13, and 3.14 in Sections 2 and 3. The main idea
of the proof are the fact that multilevel Picard approximations (see (52)) are proven (cf. [25,
Theorem 1.1]) to overcome the curse of dimensionality when approximating the solutions of
(11), d P N, together with the fact that when the corresponding drift coefficients µd,0, d P N,
and the functions fd,0, d P N, can be represented by DNNs, then the corresponding multilevel
Picard and Monte Carlo approximations can also be represented by DNNs (cf. Lemmas 3.13
and 3.14). To prove Lemmas 3.13 and 3.14 we need some basic DNN calculus, especially, the
fact that the composition and the sum of functions generated by DNNs with the same length
are again a function generated by DNNs (cf. Lemmas 3.6 and 3.7) and the fact that the identity
can be represented by DNNs (cf. Lemma 3.8). Since µd,0 and fd,0, d P N, are not supposed
to be represented by DNNs but to be approximated by them, we need a perturbation lemma,
Lemma 2.2. Combining Lemma 2.2 with the error estimate for the corresponding multilevel
Picard and the Monte Carlo approximations we obtain the error estimate for the multilevel
Picard and the Monte Carlo approximations with coefficient functions generated by DNNs (cf.
(98) in the proof of Theorem 4.1).
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2. PERTURBATION LEMMA

First of all, we discuss existence and uniqueness of the McKean–Vlasov SDE (11) in
Lemma 2.1 below. Afterwards, we formulate and prove Lemma 2.2, which is the perturba-
tion lemma mentioned in the outline of the proof.

Lemma 2.1 (Existence and uniqueness). Let T P p0,8q, c P r1,8q, d P N, µ P CpRd,Rdq satisfy
for all x1, x2, y1, y2 P Rd that

‖µpx1, y1q ´ µpx2, y2q‖ ď 0.5c‖x1 ´ y1‖ ` 0.5c‖x2 ´ y2‖. (14)

Let pΩ,F ,Pq be a probability space. Let W “ pW ptqqtPr0,T s : r0, T s ˆ Ω Ñ R

d be a standard d-

dimensional Brownian motion with continuous sample paths. Then for every x P Rd there exists
a pσppW psqqsPr0,tsqqtPr0,T s-adapted stochastic process Xx “ pXxptqqtPr0,T s : r0, T s ˆ Ω Ñ R

d with

continuous sample paths satisfying for all t P r0, T s, m P r1,8q that E
“

supsPr0,T s |X
xpsq|m

‰

ă 8
and

Xxptq “ x`
ż t

0

Erµpy,Xxpsqqs
ˇ

ˇ

y“Xxpsq ds ` W ptq. (15)

Proof of Lemma 2.1. Let P2pRdq denote the set of probability measure on Rd with finite second
moments. Let W2 : P2pRdq ˆ P2pRdq Ñ r0,8q denote the Wasserstein 2-distance. Let b : Rd ˆ
P2pRdq Ñ R

d satisfy for all x P Rd, ν P P2pRdq that

bpx, νq “
ż

µpx, yq νpdyq. (16)

Then (14) shows that for all x P Rd, all probability space pΩ̂, F̂ , P̂q, and all random variables

Y1, Y2 : Ω̂ Ñ R

d with the property that P̂pY1 P ¨q “ ν1, P̂pY2 P ¨q “ ν2 we have that

|bpx, ν1q ´ bpx, ν2q| “
∣

∣

∣

∣

ż

µpx, yq ν1pdyq ´
ż

µpx, yq ν2pdyq
∣

∣

∣

∣

“
∣

∣

∣
Êrµpx, Y1qs ´ Êrµpx, Y2qs

∣

∣

∣

ď 0.5c‖Y1 ´ Y2‖L2pP,Rdq. (17)

This and the definition of the Wasserstein 2-distance show for all x P Rd, ν1, ν2 P P2pRdq that

|bpx, ν1q ´ bpx, ν2q| ď 0.5cW2pν1, ν2q. (18)

Furthermore, (16), (14), and the Cauchy-Schwarz inequality show for all x1, x2 P R

d, ν P
P2pRdq that

‖bpx1, νq ´ bpx2, νq‖ “
∥

∥

∥

∥

ż

µpx1, yq ´ µpx2, yq νpdyq
∥

∥

∥

∥

ď
ż

‖µpx1, yq ´ µpx2, yq‖ νpdyq

ď 0.5c ‖x1 ´ x2‖ (19)

and

xx1 ´ x2, bpx1, νq ´ bpx2, νqy ď ‖x1 ´ x2‖ ‖bpx1, νq ´ bpx2, νq‖ ď 0.5c ‖x1 ´ x2‖
2
, (20)

where x¨, ¨y denotes the standard scalar product onRd. This, (17), and a result on existence and
uniqueness of McKean–Vlasov SDEs (see, e.g., [16, Theorem 3.3]) show that for every x P Rd

there exists a unique pσppW psqqsPr0,tsqqtPr0,T s-adapted stochastic process pXxptqqtPr0,T s such that
for all t P r0, T s we have that P-a.s.

Xxptq “ x `
ż t

0

bpXxpsq,PXxpsqq ds` W ptq

“ x `
ż t

0

ż

µpXxpsq, yqPXxpsqpdyq ds` W ptq
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“ x `
ż t

0

E

“

µ
`

y,Xxpsq
˘‰ˇ

ˇ

y“Xxpsq ds ` W ptq (21)

and such that for all m P r1,8q we have that E
“

supsPr0,T s |X
xpsq|m

‰

ă 8. This completes the

proof of Lemma 2.1. �

Lemma 2.2 (Perturbation lemma). Let T P p0,8q, b, c P r1,8q, d, p, r P N. For every ε P r0, 1q let
µε P CpRd,Rdq, fε P CpRd,Rq. Assume for all ε P r0, 1q, x, y, x1, x2, y1, y2 P Rd that

‖µεpx1, y1q ´ µεpx2, y2q‖ ď 0.5c‖x1 ´ y1‖ ` 0.5c‖x2 ´ y2‖, (22)

‖µεpx1, y1q ´ µ0px1, y1q‖ ď bε ` 0.5bε‖x1‖
r ` 0.5bε‖y1‖

r, (23)

|fεpxq ´ f0pxq| ď εp1 ` ‖x‖rq, |f0pxq ´ f0pyq| ď c‖x´ y‖. (24)

Let pΩ,F ,Pq be a probability space. Let W “ pW ptqqtPr0,T s : r0, T s ˆ Ω Ñ R

d be a standard d-

dimensional Brownian motion with continuous sample paths. For every x P Rd, ε P r0, 1q let
Xε,x “ pXε,xptqqtPr0,T s : r0, T sˆΩ Ñ R

d be a pσppW psqqsPr0,tsqqtPr0,T s-adapted stochastic process with

continuous sample paths satisfying for all t P r0, T s, m P r1,8q that E
“

supsPr0,T s |X
xpsq|m

‰

ă 8
and

Xε,xptq “ x`
ż t

0

Erµεpy,Xε,xpsqqs
ˇ

ˇ

y“Xε,xpsq ds ` W ptq (25)

(for existence and uniqueness cf. Lemma 2.1). Then the following items hold.

(i) For all ε P r0, 1q, t P r0, T s, x P Rd we have that

‖Xε,xptq‖LprpP;Rdq ď
´

‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd` 2prq
¯

ect. (26)

(ii) For all ε P r0, 1q, t P r0, T s, x P Rd we have that
∥

∥Xε,xptq ´ X0,xptq
∥

∥

LppP;Rdq ď Tbε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd` 2prq
¯r

epr`1qcT . (27)

(iii) For all ε P r0, 1q, t P r0, T s, x P Rd we have that
∥

∥fεpXε,xptqq ´ f0pX0,xptqq
∥

∥

LppP;Rq

ď bε
´

1 ` ‖x‖ ` T maxt‖µεp0, 0q‖ , ‖µ0p0, 0q‖u `
a

T pd` 2prq
¯r

epr`2qcT .
(28)

Proof of Lemma 2.2. First, note for all t P p0, T s that
∥

∥

∥

W ptq?
t

∥

∥

∥

2

is chi-squared distributed with d

degrees of freedom. This and Jensen’s inequality show for all t P p0, T s that

pEr‖W ptq‖prsq2 ď E

“

‖W ptq‖2pr
‰

“ p2tqprΓp0.5d` prq
Γp0.5dq “ p2tqpr

pr´1
ź

k“0

p0.5d ` kq (29)

and

‖W ptq‖LprpP;Rdq “ pEr‖W ptq‖prsq
2

2pr ď p2tq 1

2

˜

pr´1
ź

k“0

p0.5d` kq
¸

1

2pr

ď
d

2t

ˆ

d

2
` pr ´ 1

˙

ď
a

tpd ` 2prq. (30)

Thus, the triangle inequality, Jensen’s inequality, the disintegration theorem, and (22) imply for
all ε P r0, 1q, t P r0, T s, x P Rd that

‖Xε,xptq‖LprpP;Rdq ď ‖x‖ `
ż t

0

∥

∥

∥
Erµεpy,Xε,xpsqqs

ˇ

ˇ

y“Xε,xpsq

∥

∥

∥

LprpP;Rdq
ds ` ‖W ptq‖LprpP;Rdq

ď ‖x‖ `
ż t

0

∥

∥

∥
‖µεpy,Xε,xpsqq‖LprpP;Rdq

ˇ

ˇ

y“Xε,xpsq

∥

∥

∥

LprpP;Rdq
ds` ‖W ptq‖LprpP;Rdq
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ď ‖x‖ `
ż t

0

‖µεpXε,xpsq, Xε,xpsqq‖LprpP;Rdq ds `
a

tpd ` 2prq

ď ‖x‖ `
ż t

0

´

‖µεp0, 0q‖ ` c ‖Xε,xpsq‖LprpP;Rdq

¯

ds `
a

tpd ` 2prq

ď ‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd ` 2prq ` c

ż t

0

‖Xε,xpsq‖LprpP;Rdq ds. (31)

This, the fact that @ ε P r0, 1q, x P Rd :
şT

0
‖Xε,xptq‖LprpP;Rdq dt ă 8, and Grönwall’s inequality

prove for all ε P r0, 1q, t P r0, T s, x P Rd that

‖Xε,xptq‖LprpP;Rdq ď
´

‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd` 2prq
¯

ect. (32)

This shows (i).
Next, (23), (32), and the triangle inequality prove for all ε P r0, 1q, s P r0, T s, x P Rd that

∥

∥µεpX0,xpsq, X0,xpsqq ´ µ0pX0,xpsq, X0,xpsqq
∥

∥

LppP;Rdq

“
∥

∥

∥

∥

∥µεpX0,xpsq, X0,xpsqq ´ µ0pX0,xpsq, X0,xpsqq
∥

∥

∥

∥

∥

LppP;Rq

ď
∥

∥bε ` 0.5bε
∥

∥X0,xpsq
∥

∥

r ` 0.5bε
∥

∥X0,xpsq
∥

∥

r∥
∥

LppP;Rq

ď bε ` bε
∥

∥

∥

∥X0,xpsq
∥

∥

r∥
∥

LppP;Rq

“ bε ` bε
`

E

“∥

∥X0,xpsq
∥

∥

pr‰˘ 1

p

“ bε ` bε
∥

∥X0,xpsq
∥

∥

r

LprpP;Rdq

ď bε ` bε
´

‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd` 2prq
¯r

ercT

ď bε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd ` 2prq
¯r

ercT . (33)

Hence, (25), the triangle inequality, Jensen’s inequality, the disintegration theorem, and (22)
show for all ε P r0, 1q, t P r0, T s, x P Rd that

∥

∥Xε,xptq ´ X0,xptq
∥

∥

LppP;Rdq

ď
ż t

0

∥

∥

∥
Erµεpy,Xε,xpsqqs

ˇ

ˇ

y“Xε,xpsq ´E
“

µ0pz,X0,xpsqq
‰ˇ

ˇ

z“X0,xpsq

∥

∥

∥

LppP;Rdq
ds

ď
ż t

0

∥

∥

∥
E

“

µεpy,Xε,xpsqq ´ µ0pz,X0,xpsqq
‰ˇ

ˇ

y“Xε,xpsq,z“X0,xpsq

∥

∥

∥

LppP;Rdq
ds

“
ż t

0

∥

∥

∥

∥

∥

E

“

µεpy,Xε,xpsqq ´ µ0pz,X0,xpsqq
‰∥

∥

ˇ

ˇ

y“Xε,xpsq,z“X0,xpsq

∥

∥

∥

LppP;Rq
ds

ď
ż t

0

∥

∥

∥

∥

∥µεpy,Xε,xpsqq ´ µ0pz,X0,xpsqq
∥

∥

LppP;Rdq

ˇ

ˇ

y“Xε,xpsq,z“X0,xpsq

∥

∥

∥

LppP;Rq
ds

“
ż t

0

∥

∥µεpXε,xpsq, Xε,xpsqq ´ µ0pX0,xpsq, X0,xpsqq
∥

∥

LppP;Rdq ds

ď
ż t

0

”

∥

∥µεpXε,xpsq, Xε,xpsqq ´ µεpX0,xpsq, X0,xpsqq
∥

∥

LppP;Rdq

`
∥

∥µεpX0,xpsq, X0,xpsqq ´ µ0pX0,xpsq, X0,xpsqq
∥

∥

LppP;Rdq

ı

ds

ď c

ż t

0

∥

∥Xε,xpsq ´ X0,xpsq
∥

∥

LppP;Rdq ds ` Tbε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd ` 2prq
¯r

ercT .

(34)
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This, the fact that @ ε P r0, 1q, x P Rd :
şT

0
‖Xε,xptq‖LpqpP;Rdq dt ă 8, and Grönwall’s inequality

show for all ε P r0, 1q, t P r0, T s, x P Rd that

∥

∥Xε,xptq ´ X0,xptq
∥

∥

LppP;Rdq ď Tbε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd ` 2prq
¯r

ercT ect

ď Tbε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd ` 2prq
¯r

epr`1qcT .
(35)

This shows (ii).
Next, (24), the triangle inequality, and (32) show for all ε P p0, 1q, t P r0, T s, x P Rd that

‖fεpXε,xptqq ´ f0pXε,xptqq‖LppP;Rq ď ε
´

‖1 ` ‖Xε,xptq‖r‖LppP;Rq

¯

ď ε
´

1 ` ‖‖Xε,xptq‖r‖LppP;Rq

¯

“ ε
´

1 ` ‖Xε,xptq‖rLprpP;Rdq

¯

ď ε
´

1 `
´´

‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd` 2prq
¯

ecT
¯r¯

“ ε
´

1 `
´

‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd ` 2prq
¯r

ercT
¯

ď ε
´

1 ` ‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd` 2prq
¯r

ercT . (36)

In addition, (24) and (35) prove for all ε P p0, 1q, t P r0, T s, x P Rd that
∥

∥f0pXε,xptqq ´ f0pX0,xptqq
∥

∥

LppP;Rq ď c
∥

∥Xε,xptq ´ X0,xptq
∥

∥

LppP;Rdq

ď cT bε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd` 2prq
¯r

epr`1qcT .

(37)

This, the triangle inequality, (36), and the fact that 1`cT ď ecT imply for all ε P p0, 1q, t P r0, T s,
x P Rd that

∥

∥fεpXε,xptqq ´ f0pX0,xptqq
∥

∥

LppP;Rq

ď ‖fεpXε,xptqq ´ f0pXε,xptqq‖LppP;Rq `
∥

∥f0pXε,xptqq ´ f0pX0,xptqq
∥

∥

LppP;Rq

ď ε
´

1 ` ‖x‖ ` T ‖µεp0, 0q‖ `
a

T pd` 2prq
¯r

ercT

` cT bε
´

1 ` ‖x‖ ` T ‖µ0p0, 0q‖ `
a

T pd ` 2prq
¯r

epr`1qcT

ď bε
´

1 ` ‖x‖ ` T maxt‖µεp0, 0q‖ , ‖µ0p0, 0q‖u `
a

T pd` 2prq
¯r

epr`2qcT .

(38)

This shows (iii). The proof of Lemma 2.2 is thus completed. �

3. DEEP NEURAL NETWORKS

3.1. Basic DNN calculus. For the proof of our main result in this section, Lemmas 3.13
and 3.14, we need several auxiliary results, Lemmas 3.2–3.10, which are basic facts on DNNs.
The proof of Lemma 3.2–3.10 can be found in [14,24,31] and therefore omitted.

Setting 3.1. Assume Setting 1.1. Let d : D ˆ D Ñ D satisfy for all H1, H2 P N, α “
pα0, α1, . . . , αH1

, αH1`1q P N

H1`2, β “ pβ0, β1, . . . , βH2
, βH2`1q P N

H2`2 that α d β “
pβ0, β1, . . . , βH2

, βH2`1 ` α0, α1, α2, . . . , αH1`1q P N

H1`H2`3. Let ⊞ : D ˆ D Ñ D satisfy for
all H P N, α “ pα0, α1, . . . , αH , αH`1q P N

H`2, β “ pβ0, β1, β2, . . . , βH , βH`1q P N

H`2

that α ⊞ β “ pα0, α1 ` β1, . . . , αH ` βH , βH`1q P N

H`2. Let ⊡ : D ˆ D Ñ D satisfy for
all H P N, α “ pα0, α1, . . . , αH , αH`1q P N

H`2, β “ pβ0, β1, β2, . . . , βH , βH`1q P N

H`2 that
α ⊡ β “ pα0, α1 ` β1, . . . , αH ` βH , αH`1 ` βH`1q P NH`2. Let ndn P D, n P r3,8q X Z, d P N,
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satisfy for all n P r3,8q XN, d P N that

n
d
n “ pd, 2d, . . . , 2d

loooomoooon

pn´2q times

, dq P Nn. (39)

Let nn P D, n P r3,8q, satisfy for all n P r3,8q that n “ n
1
n.

Lemma 3.2 (d is associative– [24, Lemma 3.3]). Assume Setting 3.1 and let α, β, γ P D. Then
we have that pα d βq d γ “ α d pβ d γq.
Lemma 3.3 (⊞ and associativity– [24, Lemma 3.4]). Assume Setting 3.1, let H, k, l P N, and let
α, β, γ P

`

tku ˆNH ˆ tlu
˘

. Then

(i) we have that α⊞ β P
`

tku ˆNH ˆ tlu
˘

,

(ii) we have that β ⊞ γ P
`

tku ˆNH ˆ tlu
˘

, and
(iii) we have that pα⊞ βq ⊞ γ “ α⊞ pβ ⊞ γq.
Lemma 3.4 (Triangle inequality– [24, Lemma 3.5]). Assume Setting 3.1, let H, k, l P N, and let
α, β P tku ˆNH ˆ tlu. Then we have that |||α⊞ β||| ď |||α||| ` |||β|||.
Lemma 3.5 (DNNs for affine transformations– [24, Lemma 3.7]). Assume Setting 1.1 and let
d,m P N, λ P R, b P Rd, a P Rm, Ψ P N satisfy that RpΨq P CpRd,Rmq. Then we have that
λ ppRpΨqqp¨ ` bq ` aq P RptΦ P N : DpΦq “ DpΨquq.
Lemma 3.6 (Composition of functions generated by DNNs– [24, Lemma 3.8]). Let Setting 3.1
be given and let d1, d2, d3 P N, f P CpRd2 ,Rd3q, g P CpRd1 ,Rd2q, α, β P D satisfy that f P RptΦ P
N : DpΦq “ αuq and g P RptΦ P N : DpΦq “ βuq. Then we have that pf ˝ gq P RptΦ P N : DpΦq “
α d βuq.
Lemma 3.7 (Sum of DNNs of the same length– [24, Lemma 3.9]). Assume Setting 3.1 and
let M,H, p, q P N, h1, h2, . . . , hM P R, ki P D, fi P CpRp,Rqq, i P r1,Ms X N, satisfy for all
i P r1,Ms X N that dimpkiq “ H ` 2 and fi P RptΦ P N : DpΦq “ kiuq. Then we have that
řM

i“1 hifi P R
` 

Φ P N : DpΦq “ ⊞
M
i“1ki

(˘

.

Lemma 3.8 (DNNs with H hidden layers for Id
R

d– [14, Lemma 3.6]). Assume Setting 3.1 and
let d,H P N. Then we have that Id

R

d P RptΦ P N : DpΦq “ n
d
H`2uq.

Lemma 3.9 ( [14, Lemma 3.7]). Assume Setting 1.1, let H, p, q P N, and let g P CpRp,Rqq
satisfy that g P RptΦ P N : dimpDpΦqq “ H ` 2uq. Then for all n P N0 we have that g P RptΦ P
N : dimpDpΦqq “ H ` 2 ` nuq.
Lemma 3.10 ( [31, Lemma 4.10]). Assume Setting 3.1. Then for all n P N, d0, d1, . . . , dn P N,
f1 P CpRd1 ,Rd0q, f2 P CpRd2 ,Rd1q, . . . , fn P CpRdn ,Rdn´1q, φ1, φ2, . . . , φn P N with @i P r1, ns X
Z : fi “ Rpφiq we have that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

n
d
i“1

Dpφiq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max t|||Dpφ1q|||, |||Dpφ2q|||, . . . , |||Dpφnq|||, 2d1, 2d2, . . . , 2dn´1u . (40)

Lemma 3.11 (DNN representing the merging). Assume Setting 3.1, let M,H, p P N, and for
every i P r1,Ms X Z let qi P N, fi P CpRp,Rqiq, ki P D satisfy that dimpkiq “ H ` 2 and
fi P RptΦ P N : DpΦq “ kiuq. Then pf1, . . . , fMqJ P RptΦ P N : DpΦq “ ⊡

M
i“1kiuq.

Proof of Lemma 3.11. Let φi P N, i P r1,Ms X Z, and ki,n P N, i P r1,Ms XZ, n P r0, H ` 1s X Z,
satisfy for all i P r1,Ms X Z that Dpφiq “ ki “ pki,0, . . . , ki,H`1q and Rpφiq “ fi, for every

i P r1,Ms X Z let ppWi,1, Bi,1q, . . . , pWi,H`1, Bi,H`1qq P śH`1

n“1 R
ki,nˆki,n´1 ˆRki,n satisfy that φi “

ppWi,1, Bi,1q, . . . , pWi,H`1, Bi,H`1qq, let k⊡n P N, n P r1, H ` 1s X N, k⊡ P NH`2 satisfy for all
n P r1, H ` 1s XN that

k⊡n “
M
ÿ

i“1

ki,n and k⊡ “ pp, k⊡1 , . . . , k⊡H`1q, (41)

let W1 P Rk⊡
1

ˆp, B1 P Rk⊡
1 satisfy that
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W1 “

¨

˚

˚

˝

W1,1

W2,1

...
WM,1

˛

‹

‹

‚

, B1 “

¨

˚

˚

˝

B1,1

B2,1

...
BM,1

˛

‹

‹

‚

, (42)

let Wn P Rk⊡n ˆk⊡n´1 , Bn P Rk⊡n , n P r2, H ` 1s X Z, satisfy for all n P r2, H ` 1s X Z that

Wn “

¨

˚

˚

˝

W1,n 0 0 0

0 W2,n 0 0

0 0
. . . 0

0 0 0 WM,n

˛

‹

‹

‚

and Bn “

¨

˚

˚

˝

B1,n

B2,n

...
BM,n

˛

‹

‹

‚

, (43)

let x0 P Rp, x1 P Rk⊡
1 , x2 P Rk⊡

2 . . . , xH P Rk⊡H , let x1,0, x2,0, . . . , xM,0 P Rp, xi,n P Rki,n , i P
r1,Ms XN, n P r1, Hs XN, satisfy for all i P r1,Ms XN, n P r1, Hs XN that

x0 “ x1,0 “ x2,0 “ . . . “ xM,0,

xi,n “ Aki,npWi,nxi,n´1 ` Bi,nq,
xn “ Ak⊡n

pWnxn´1 ` Bnq,
(44)

and let ψ P N satisfy that

ψ “ ppW1, B1q, pW2, B2q, . . . , pWH , BHq, pWH`1, BH`1qq . (45)

First, the definitions of D and R, the choice of φi, and the fact that @ i P r1,Ms X N : fi P
CpRp,Rqiq show for all i P r1,Ms X N that ki,H`1 “ qi and ki “ pp, ki,1, ki,2, . . . , ki,H`1q. The
definition of R, ⊡, and k⊡ then show that

Dpψq “ pp, k⊡1 , . . . , k⊡H`1q “ ⊡
M
i“1ki. (46)

Next, we prove by induction on n P r1, HsXN that xn “ px1,n, x2,n, . . . , xM,nq. First, the definition
of pW1, B1q shows that

W1x0 ` B1 “

¨

˚

˚

˝

W1,1

W2,1

...
WM,1

˛

‹

‹

‚

x0 `

¨

˚

˚

˝

B1,1

B2,1

...
BM,1

˛

‹

‹

‚

“

¨

˚

˚

˝

W1,1x0 ` B1,1

W2,1x0 ` B2,1

...
WM,1x0 ` BM,1

˛

‹

‹

‚

. (47)

This implies that

x1 “ Ak⊡
1

pW1x0 ` B1q “

¨

˚

˚

˝

x1,1
x2,1

...
xM,1

˛

‹

‹

‚

. (48)

This proves the base case. Next, for the induction step let n P r2, Hs X N and assume that
xn´1 “ px1,n´1, x2,n´1, . . . , xM,n´1q. Then (43) and the induction hypothesis ensure that

Wnxn´1 ` Bn

“ Wn

¨

˚

˚

˝

x1,n´1

x2,n´1

...
xM,n´1

˛

‹

‹

‚

` Bn “

¨

˚

˚

˝

W1,n 0 0 0

0 W2,n 0 0

0 0
. . . 0

0 0 0 WM,n

˛

‹

‹

‚

¨

˚

˚

˝

x1,n´1

x2,n´1

...
xM,n´1

˛

‹

‹

‚

`

¨

˚

˚

˝

B1,n

B2,n

...
BM,n

˛

‹

‹

‚

“

¨

˚

˚

˝

W1,nx1,n´1 ` B1,n

W2,nx2,n´1 ` B2,n

...
WM,nxM,n´1 ` BM,n

˛

‹

‹

‚

.

(49)
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This yields that

xn “ Ak⊡n
pWnxn´1 ` Bnq “

¨

˚

˚

˝

x1,n
x2,n

...
xM,n

˛

‹

‹

‚

. (50)

This proves the induction step. Induction now proves for all n P r1, Hs X N that xn “
px1,n, x2,n, . . . , xM,nq. This and the definition of R imply that

pRpψqqpx0q “ WH`1xH ` BH`1

“ WH`1

¨

˚

˚

˝

x1,H
x2,H

...
xM,H

˛

‹

‹

‚

` BH`1

“

¨

˚

˚

˝

W1,H`1 0 0 0

0 W2,H`1 0 0

0 0
. . . 0

0 0 0 WM,H`1

˛

‹

‹

‚

¨

˚

˚

˝

x1,H
x2,H

...
xM,H

˛

‹

‹

‚

`

¨

˚

˚

˝

B1,H`1

B2,H`1

...
BM,H`1

˛

‹

‹

‚

“

¨

˚

˚

˝

W1,H`1x1,H ` B1,H`1

W2,H`1x2,H ` B2,H`1

...
WM,H`1xM,H ` BM,H`1

˛

‹

‹

‚

“

¨

˚

˚

˝

Rpφ1qpx1,0q
Rpφ2qpx2,0q

...
RpφMqpxM,0q

˛

‹

‹

‚

“

¨

˚

˚

˝

f1px0q
f2px0q

...
fMpx0q

˛

‹

‹

‚

(51)

The proof of Lemma 3.11 is thus completed. �

3.2. DNN representation of MLP approximations. In Setting 3.12 below we introduce MLP
approximations for the solutions of McKean–Vlasov SDEs in the case when the drift coefficient
µ is a DNN function, see (52). In Lemma 3.13 we show that those MLP approximations can
also be represented by DNNs.

Setting 3.12. Assume Setting 1.1. Let T P p0,8q, m, d P N, µ P CpRd ˆ Rd,Rdq, Φµ P N, Θ “
YnPNpN0qn satisfy that µ “ RpΦµq. Let pΩ,F ,Pq be a probability space, Let tθ : Ω Ñ r0, 1s, θ P Θ,

be i.i.d. random variables. Assume for all t P r0, 1s that Ppt0 ď tq “ t. Let W θ : r0, T s ˆ Ω Ñ R

d,
θ P Θ, be i.i.d. standard Brownian motions with continuous sample paths. Assume that ptθqθPΘ and
pW θqθPΘ are independent. For every x P Rd let Xθ,x

n : r0, T s ˆ Ω Ñ R

d, θ P Θ, n P N0, satisfy for

all θ P Θ, n P N, t P r0, T s that X
θ,x
0 ptq “ 0 and

Xθ,x
n ptq “ x` W θ

ˆ

sup

ˆ"

kT

mn
: k P N0

*

X r0, ts
˙˙

` tµp0, 0q

`
n´1
ÿ

ℓ“1

mn´ℓ
ÿ

k“1

«

t
”

µ
`

X
θ,x
ℓ ptpθ,n,k,ℓqtq, Xpθ,n,k,ℓq,x

ℓ ptpθ,n,k,ℓqtq
˘

´ µ
`

X
θ,x
ℓ´1ptpθ,n,k,ℓqtq, X

pθ,n,k,ℓq,x
ℓ´1 ptpθ,n,k,ℓqtq

˘

ı

mn´ℓ

ff

.

(52)

Let ω P Ω.

Lemma 3.13. Assume Setting 3.12 and let c P R satisfy that

2c ě maxt4d, |||Φµ|||u. (53)

Then for all n P N0 there exists pΦθ
n,tqtPr0,T s,θPΘ Ď N such that the following items hold.

(i) For all t1, t2 P r0, T s, θ1, θ2 P Θ we have that DpΦθ1
n,t1

q “ DpΦθ2
n,t2

q.
(ii) For all t P r0, T s, θ P Θ we have that dimpDpΦθ

n,tqq “ npdimpDpΦµqq ´ 1q ` 3.

(iii) For all t P r0, T s, θ P Θ we have that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď cp5mqn.

(iv) For all t P r0, T s, θ P Θ, x P Rd we have that Xθ,x
n pt, ωq “ pRpΦθ

n,tqqpxq.
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Proof of Lemma 3.13. We prove this result by induction on n P N0. Throughout this proof let the
notation in Setting 3.1 be given. First, the fact that the zero function can be represented by a
DNN of arbitrary length proves the base case n “ 0. For the induction step N0 Q n ÞÑ n ` 1 P N
let n P N0, pΦθ

ℓ,tqℓPr0,nsXZ,tPr0,T s,θPΘ Ď N satisfy for all t, t1, t2 P r0, T s, x P Rd, θ, θ1, θ2 P Θ,

ℓ P r0, ns X Z that

DpΦθ1
ℓ,t1

q “ DpΦθ2
ℓ,t2

q, dimpDpΦθ
ℓ,tqq “ ℓpdimpDpΦµqq ´ 1q ` 3,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
ℓ,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď cp5mqℓ, X
θ,x
ℓ pt, ωq “ pRpΦθ

ℓ,tqqpxq.
(54)

First, Lemma 3.8 and Lemma 3.5 show for all t P r0, T s, θ P Θ that
„

R

d Q x ÞÑ x ` W θ

ˆ

sup

ˆ"

kT

mn`1
: k P N0

*

X r0, ts
˙

, ω

˙

` tµp0, 0q P Rd



P R
´!

Φ P N : DpΦq “ n
d
pn`1qpdimpDpΦµqq´1q`3

)¯

.

(55)

Next, observe that (39) implies that

dimpndpn`1qpdimpDpΦµqq´1q`3q “ pn` 1qpdimpDpΦµqq ´ 1q ` 3. (56)

Moreover, the fact that µ “ RpΦµq, (54), Lemma 3.6, Lemma 3.11, and the definition of d and
⊡ show for all t P r0, T s, θ P Θ that

“

R

d Q x ÞÑ µ
`

Xθ,x
n ptpθ,n`1,k,nqpωqt, ωq, Xpθ,n`1,k,nq,x

n ptpθ,n`1,k,nqpωqt, ωq
˘

P Rd
‰

P R
´!

Φ P N : DpΦq “ DpΦµq d
`

DpΦ0
n,0q ⊡DpΦ0

n,0q
˘

)¯ (57)

and

dim
`

DpΦµq d
`

DpΦ0
n,0q ⊡DpΦ0

n,0q
˘˘

“ dimpDpΦµqq ` dim
`

DpΦ0
n,0q ⊡DpΦ0

n,0q
˘

´ 1

“ dimpDpΦµqq ` dim
`

D
`

Φ0
n,0

˘˘

´ 1

“ dimpDpΦµqq ` rnpdimpDpΦµqq ´ 1q ` 3s ´ 1

“ pn` 1qpdimpDpΦµqq ´ 1q ` 3. (58)

Next, the fact that µ “ RpΦµq, (54), Lemma 3.6, Lemma 3.8, Lemma 3.11, (39), and the
definition of d and ⊡ show for all t P r0, T s, θ P Θ, ℓ P r1, n´ 1s X Z that

”

R

d Q x ÞÑ µ
´

X
θ,x
ℓ ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ ptpθ,n`1,k,ℓqpωqt, ωq
¯

P Rd
ı

“
”

R

d Q x ÞÑ pµ ˝ Id
R

2dq
´

X
θ,x
ℓ ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ ptpθ,n`1,k,ℓqpωqt, ωq
¯

P Rd
ı

P R
´!

Φ P N : DpΦq “ DpΦµq d n
2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ,0q ⊡DpΦ0

ℓ,0q
˘

)¯

(59)

and

dim

´

DpΦµq d n
2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ,0q ⊡DpΦ0

ℓ,0q
˘

¯

“ dimpDpΦµqq ` dim
´

n
2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2

¯

` dim
`

DpΦ0
ℓ,0q ⊡DpΦ0

ℓ,0q
˘

´ 2

“ dimpDpΦµqq ` rpn` 1 ´ ℓqpdimpDpΦµqq ´ 1q ´ dimpDpΦµqq ` 2s ` dim
`

DpΦ0
ℓ,0q

˘

´ 2

“ dimpDpΦµqq ` pn` 1 ´ ℓqpdimpDpΦµqq ´ 1q ´ dimpDpΦµqq ` 2

` rℓpdimpDpΦµqq ´ 1q ` 3s ´ 2

“ pn` 1qpdimpDpΦµqq ´ 1q ` 3. (60)
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In addition, the fact that µ “ RpΦµq, (54), Lemma 3.6, Lemma 3.8, Lemma 3.11, (39), and the
definition of d and ⊡ show for all t P r0, T s, θ P Θ, ℓ P r1, ns X Z that
”

R

d Q x ÞÑ µ
`

X
θ,x
ℓ´1ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ´1 ptpθ,n`1,k,ℓqpωqt, ωq
˘

P Rd
ı

“
”

R

d Q x ÞÑ pµ ˝ Id
R

2dq
`

X
θ,x
ℓ´1ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ´1 ptpθ,n`1,k,ℓqpωqt, ωq
˘

P Rd
ı

P R
´!

Φ P N : DpΦq “ DpΦµq d n
2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ´1,0q ⊡DpΦ0

ℓ´1,0q
˘

)¯

(61)

and

dim
´

D
´

Φµ d n
2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

Φ0
ℓ´1,0 ⊡ Φ0

ℓ´1,0

˘

¯¯

“ dimpDpΦµqq ` dim

´

n
2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2

¯

` dim
`

DpΦ0
ℓ´1,0q ⊡DpΦ0

ℓ´1,0q
˘

´ 2

“ dimpDpΦµqq ` rpn ` 2 ´ ℓqpdimpDpΦµqq ´ 1q ´ dimpDpΦµqq ` 2s ` dim
`

DpΦ0
ℓ´1,0q

˘

´ 2

“ dimpDpΦµqq ` rpn ` 2 ´ ℓqpdimpDpΦµqq ´ 1q ´ dimpDpΦµqq ` 2s
` rpℓ ´ 1qpdimpDpΦµqq ´ 1q ` 3s ´ 2

“ pn` 1qpdimpDpΦµqq ´ 1q ` 3. (62)

Now, (55)–(62) and Lemma 3.7 show that there exists pΦθ
n`1,tqtPr0,T s,θPΘ Ď N such that for all

t P r0, T s, θ P Θ, x P Rd we have that

pRpΦθ
n`1,tqqpxq

“ x` W θ

ˆ

sup

ˆ"

kT

mn`1
: k P N0

*

X r0, ts
˙

, ω

˙

` tµp0, 0q

`
m
ÿ

k“1

tµ
´

Xθ,x
n ptpθ,n`1,k,nqpωqt, ωq, Xpθ,n`1,k,nq,x

n ptpθ,n`1,k,nqpωqt, ωq
¯

m

`
n´1
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

tµ
`

X
θ,x
ℓ ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ ptpθ,n`1,k,ℓqpωqt, ωq
˘

mn`1´ℓ

´
n
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

tµ
`

X
θ,x
ℓ´1ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ´1 ptpθ,n`1,k,ℓqpωqt, ωq
˘

mn`1´ℓ

“ x` W θ

ˆ

sup

ˆ"

kT

mn`1
: k P N0

*

X r0, ts
˙

, ω

˙

` tµp0, 0q

`
n
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

«

tµ
´

X
θ,x
ℓ ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ ptpθ,n`1,k,ℓqpωqt, ωq
¯

mn`1´ℓ

´
tµ
´

X
θ,x
ℓ´1ptpθ,n`1,k,ℓqpωqt, ωq, Xpθ,n`1,k,ℓq,x

ℓ´1 ptpθ,n`1,k,ℓqpωqt, ωq
¯

mn`1´ℓ

ff

“ X
θ,x
n`1pt, ωq, (63)

dimpDpΦθ
n`1,tqq “ pn` 1qpdimpDpΦµqq ´ 1q ` 3, (64)

and

DpΦθ
n`1,tq

“ n
2d
pn`1qpdimpDpΦµqq´1q`3 ⊞

ˆ

m

⊞
k“1

DpΦµq d
`

DpΦ0
n,tq ⊡DpΦ0

n,tq
˘

˙



13

⊞

ˆ

n´1

⊞
ℓ“1

mn`1´ℓ

⊞
k“1

DpΦµq d n
2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ,tq ⊡DpΦ0

ℓ,tq
˘

˙

⊞

ˆ

n

⊞
ℓ“1

mn`1´ℓ

⊞
k“1

DpΦµq d n
2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ´1,tq ⊡DpΦ0

ℓ´1,tq
˘

˙

. (65)

Hence, for all t1, t2 P r0, T s, θ1, θ2 P Θ we have that

DpΦθ1
n`1,t1

q “ DpΦθ2
n`1,t2

q. (66)

Next, Lemma 3.10, the definition of ⊡, (54), and (53) show for all t P r0, T s that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦµq d
`

DpΦ0
n,tq ⊡DpΦ0

n,tq
˘ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď max
 

4d, |||DpΦµq|||,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
n,tq ⊡DpΦ0

n,tq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď max
 

4d, |||DpΦµq|||, 2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď 2cp5mqn. (67)

Moreover, Lemma 3.10, (39), the definition of ⊡, (54), and (53) show for all t P r0, T s, ℓ P
r1, n´ 1s X Z that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦµq d n

2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ,tq ⊡DpΦ0

ℓ,tq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max

!

4d, |||DpΦµq|||,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
n
2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
ℓ,tq ⊡DpΦ0

ℓ,tq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

)

ď max
 

4d, |||DpΦµq|||, 2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
ℓ,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď 2cp5mqℓ. (68)

In addition, Lemma 3.10, (39), the definition of ⊡, (54), and (53) show for all t P r0, T s,
ℓ P r1, ns X Z that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦµq d n

2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ´1,tq ⊡DpΦ0

ℓ´1,tq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max

!

4d, |||DpΦµq|||,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
n
2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
ℓ´1,tq ⊡DpΦ0

ℓ´1,tq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

)

ď max
 

4d, |||DpΦµq|||, 2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
ℓ´1,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď 2cp5mqℓ´1. (69)

Next, (65) and the triangle inequality show for all θ P Θ, t P r0, T s that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n`1,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
n
2d
pn`1qpdimpDpΦµqq´1q`3

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
`
˜

m
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦµq d
`

DpΦ0
n,tq ⊡DpΦ0

n,tq
˘ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¸

`
˜

n´1
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦµq d n

2d
pn`1´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ,tq ⊡DpΦ0

ℓ,tq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¸

`
˜

n
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦµq d n

2d
pn`2´ℓqpdimpDpΦµqq´1q´dimpDpΦµqq`2 d

`

DpΦ0
ℓ´1,tq ⊡DpΦ0

ℓ´1,tq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¸

. (70)

This, (39), (67)–(69), and (53) show for all θ P Θ, t P r0, T s that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n`1,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď 4d`
˜

m
ÿ

k“1

2cp5mqn
¸

`
˜

n´1
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

2cp5mqℓ
¸

`
˜

n
ÿ

ℓ“1

mn`1´ℓ
ÿ

k“1

2cp5mqℓ´1

¸

ď 2c` 2c ¨ 5nmn`1 `
˜

n´1
ÿ

ℓ“1

mn`1´ℓ2c ¨ 5ℓmℓ

¸

`
˜

n
ÿ

ℓ“1

mn`1´ℓ2c ¨ 5ℓ´1mℓ´1

¸

(71)

and

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n`1,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď 2cmn`1

˜

n
ÿ

ℓ“0

5ℓ

¸

` 2cmn

˜

n
ÿ

ℓ“1

5ℓ´1

¸

ď 2cmn`15
n`1 ´ 1

5 ´ 1
` 2cmn5

n ´ 1

5 ´ 1

ď cp5mqn`1. (72)



14 A. NEUFELD AND T.A. NGUYEN

This, (63), (64), and (66) complete the induction step. Induction hence completes the proof of
Lemma 3.13. �

3.3. DNN representation of Monte Carlo approximations. In Lemma 3.14 below we con-

sider the Monte Carlo approximation 1
K

řK

i“1 fpX i,x
n pT qq which approximates ErfpXxpT qqs

where Xx is the solution of the corresponding SDE. We will show that when f is a DNN function

then the Monte Carlo approximation 1
K

řK
i“1 fpX i,x

n pT qq is also a DNN function.

Lemma 3.14. Assume Setting 3.12, let f : CpRd,Rq, Φf P N satisfy that f “ RpΦf q, and let
c P R satisfy that

c ě maxt4d, |||Φµ|||, |||Φf |||u. (73)

Then for all n P N0, K P N there exists ΨK,n P N such that for all x P Rd we have that

dimpDpΨK,nqq “ dimpDpΦfqq ` npdimpDpΦµqq ´ 1q ` 2, (74)

|||DpΨK,nq||| ď Kcp5mqn, (75)

and

pRpΨK,nqqpxq “ 1

K

K
ÿ

i“1

fpX i,x
n pT qq. (76)

Proof of Lemma 3.14. The assumption of Lemma 3.14 and Lemma 3.13 show that for all n P N0

there exists pΦθ
n,tqtPr0,T s,θPΘ Ď N such that for all t, t1, t2 P r0, T s, θ, θ1, θ2 P Θ we have that

DpΦθ1
n,t1

q “ DpΦθ2
n,t2

q, dimpDpΦθ
n,tqq “ npdimpDpΦµqq ´ 1q ` 3,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď cp5mqn, Xθ,x
n pt, ωq “ pRpΦθ

n,tqqpxq.
(77)

This, Lemma 3.6, Lemma 3.7, the definition of d, the triangle inequality (cf. Lemma 3.4),
Lemma 3.10, and (73) show that for all n P N0, K P N there exists ΨK,n P N such that for all
x P Rd we have that

DpΨK,nq “
K

⊞
i“1

DpΦf q d DpΦ0
n,0q, (78)

dimpDpΨK,nqq “ dimpDpΦfqq ` dimpDpΦ0
n,0qq ´ 1

“ dimpDpΦfqq ` npdimpDpΦµqq ´ 1q ` 3 ´ 1

“ dimpDpΦfqq ` npdimpDpΦµqq ´ 1q ` 2, (79)

|||DpΨK,nq||| “
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

K

⊞
i“1

DpΦf q d DpΦ0
n,0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď K
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦfq d DpΦ0
n,0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď Kmaxt2d, |||DpΦfq|||,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦ0
n,0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇu
ď Kmaxt2d, |||DpΦfq|||, cp5mqnu
ď Kcp5mqn (80)

and

pRpΨK,nqqpxq “ 1

K

K
ÿ

i“1

fpX i,x
n pT qq. (81)

This completes the proof of Lemma 3.14. �
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4. DNN APPROXIMATIONS OF THE EXPECTATIONS

In this section we provide the proof of Theorem 4.1 and Theorem 1.2. The idea of the proof
is the following. First, we introduce an MLP setting (cf. (90)). Then we split the error into 3

terms as in (97) where the first term is estimated by an MLP error (cf. [25, Theorem 3.1]), the
second term is estimated by a standard property of the variance, and the third term is estimated
by the perturbation lemma, Lemma 2.2.

Theorem 4.1. Assume Setting 1.1. Let T P p0,8q, c P r1,8q, r P N. For every d P N, ε P r0, 1q
let µd,ε P CpRd,Rdq, fd,ε P CpRd,Rq. For every d P N, ε P p0, 1q let Φµd,ε

,Φfd,ε P N satisfy that

µd,ε “ RpΦµd,ε
q and fd,ε “ RpΦfd,εq. Assume for all d P N, ε P p0, 1q, x, y, x1, x2, y1, y2 P Rd that

‖µd,εpx1, y1q ´ µd,εpx2, y2q‖ ď 0.5c‖x1 ´ y1‖ ` 0.5c‖x2 ´ y2‖ (82)

‖µd,εpx1, y1q ´ µd,0px1, y1q‖ ď cdcε ` 0.5cdcε‖x1‖
r ` 0.5cdcε‖y1‖

r, (83)

|fd,εpxq ´ fd,0pxq| ď εp1 ` ‖x‖rq, |fd,εpxq ´ fd,εpyq| ď c‖x´ y‖, (84)

|fd,εp0q| ` 1 ` T ‖µd,εp0, 0q‖ `
a

T pd ` 4rq ď cdc, (85)

max
 

dimpDpΦfd,εqq, dimpDpΦµd,ε
qq
(

ď dcε´c, (86)

and

max
 ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦµd,ε
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦfd,εq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď dcε´c. (87)

Then the following items hold.

i) There exists a probability space pΩ,F ,Pq, a family of standard Brownian motionsW d : r0, T sˆ
Ω Ñ R

d, d P N, and X “ pXd,xptqqdPN,xPRd,tPr0,T s such that for every d P N, pXd,xptqqtPr0,T s is a

pσppWsqsPr0,tsqqtPr0,T s-adapted stochastic process with continuous sample paths and satisfies for

all t P r0, T s, m P r1,8q that E
“

supsPr0,T s
∣

∣Xd,xpsq
∣

∣

m‰ ă 8 and P-a.s.

Xd,xptq “ x `
ż t

0

E

“

µd,0

`

y,Xd,xpsq
˘‰ˇ

ˇ

y“Xd,xpsq ds ` W dptq. (88)

ii) There exist pCδqδPp0,1q Ď p0,8q and pΨd,ǫqdPN,ǫPN Ď N such that for all d P N, δ, ǫ P p0, 1q we

have that PpΨd,ǫq ď 96d3c
`

p2cdcqr`1epr`2qcT
˘3c`8`δ

Cδǫ
´p3c`8`δq and

ˆ
ż

r0,1sd

∣

∣pRpΨd,ǫqqpxq ´E
“

fd,0pXd,xpT qq
‰∣

∣

2
dx

˙ 1

2

ă ǫ. (89)

Proof of Theorem 4.1. Let pΩ,F ,Pq be a probability space. Let tθ : Ω Ñ r0, 1s, θ P Θ, be i.i.d.
random variables, assume for all t P r0, 1s that Ppt0 ď tq “ t. For every d P N let W d,θ : r0, T s ˆ
Ω Ñ R

d, θ P Θ, be i.i.d. standard Brownian motions with continuous sample paths. Assume
for every d P N that ptθqθPΘ and pW d,θqθPΘ are independent. For every d P N, ε P p0, 1q, x P Rd

let Xd,θ,ε,x
n,m : r0, T s ˆ Ω Ñ R

d, θ P Θ, n P N0, satisfy for all θ P Θ, m,n P N, t P r0, T s that

X
d,θ,ε,x
0,m ptq “ 0 and

Xd,θ,ε,x
n,m ptq “ x ` W d,θ

ˆ

sup

ˆ"

kT

mn
: k P N0

*

X r0, ts
˙˙

` tµd,εp0, 0q

`
n´1
ÿ

ℓ“1

mn´ℓ
ÿ

k“1

«

tµd,ε

`

X
d,θ,ε,x
m,ℓ ptpθ,n,k,ℓqtq, Xd,pθ,n,k,ℓq,ε,x

ℓ ptpθ,n,k,ℓqtq
˘

mn´ℓ

´ tµd,ε

`

X
d,θ,ε,x
ℓ´1 ptpθ,n,k,ℓqtq, Xd,pθ,n,k,ℓq,ε,x

ℓ´1 ptpθ,n,k,ℓqtq
˘

mn´ℓ

ff

.

(90)
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First, Lemma 2.1 and (82) imply that for every d P N, θ P Θ, ε P r0, 1q, x P Rd there exists
a unique pσppW d,θpsqqsPr0,tsqqtPr0,T s-adapted stochastic process pXd,θ,ε,xptqqtPr0,T s such that for all
t P r0, T s we have P-a.s. that

Xd,θ,ε,xptq “ x`
ż t

0

E

“

µd,ε

`

y,Xd,θ,ε,xpsq
˘‰ˇ

ˇ

y“Xd,θ,ε,xpsq ds ` W d,θptq (91)

and such that for all m P r1,8q we have that

E

«

sup
sPr0,T s

∣

∣Xd,θ,ε,xptq
∣

∣

m

ff

ă 8. (92)

This proves (i).
Next, (91), (92), Lemma 2.2 (applied for every d P N, θ P Θ with T x T , c x c, b x cdc,

d x d, p x 2, r x r, pµεqεPr0,1q x pµd,εqεPr0,1q, pfεqεPr0,1q x pfd,εqεPr0,1q, pΩ,F ,Pq x pΩ,F ,Pq,
pXε,xptqqxPRd,εPr0,1q,tPr0,T s x pXd,θ,ε,xptqqxPRd,εPr0,1q,tPr0,T s in the notation of Lemma 2.2), and (85)

show for all d P N, θ P Θ, ε P p0, 1q, x P Rd, t P r0, T s that
∥

∥Xd,θ,ε,xptq
∥

∥

L2rpR;Rdq ď
´

‖x‖ ` T‖µd,εp0, 0q‖ `
a

T pd` 4rq
¯

ecT (93)

and
∥

∥fd,εpXd,θ,ε,xptqq ´ fd,0pXd,θ,0,xptqq
∥

∥

L2pP;Rq

ď cdcε
´

1 ` ‖x‖ ` T maxt‖µd,εp0, 0q‖ , ‖µd,0p0, 0q‖u `
a

T pd ` 4rq
¯r

epr`2qcT

ď cdcε p‖x‖ ` cdcqr epr`2qcT . (94)

Moreover, the triangle inequality, the fact that @ d P N, θ P Θ, ε P r0, 1q, t P r0, T s, x P Rd, n P
N : P

`

pXd,θ,ε,x
n ptq, Xd,θ,ε,xptqq P ¨

˘

“ P

`

pXd,0,ε,x
n ptq, Xd,0,ε,xptqq P ¨

˘

, (84), [25, Theorem 3.1] (ap-

plied for every d P N, ε P r0, 1q, x P Rd with T x T , L x c, d x d, ξ x x, µ x µd,ε, Θ x Θ,
‖¨‖ x ‖¨‖, pΩ,F ,Pq x pΩ,F ,Pq, puθqθPΘ x ptθqθPΘ, pW θqθPΘ x pW d,θqθPΘ, X x Xd,0,ε,x,
pXθ

n,mqmPN,nPN0,θPΘ x pXd,θ,ε,x
n,m qmPN,nPN0,θPΘ in the notation of [25, Theorem 3.1]), (90), (82),

the fact that 1`2cT ď e2cT , and (85) show for all d P N, ε P r0, 1q, t P r0, T s, x P Rd, K,m, n P N
that
∥

∥

∥

∥

∥

1

K

K
ÿ

i“1

“

fd,εpXd,i,ε,x
n,m ptqq ´ fd,εpXd,i,ε,xptqq

‰

∥

∥

∥

∥

∥

L2pP;Rq

ď
∥

∥fd,εpXd,0,ε,x
n,m ptqq ´ fd,εpXd,0,ε,xptqq

∥

∥

L2pP;Rq

ď c
∥

∥Xd,0,ε,x
n,m ptq ´ Xd,0,ε,xptq

∥

∥

L2pP;Rdq

ď c
e

m
2

m
n
2

”

‖x‖ ` ‖µd,εp0, 0q‖t`
?
Td

ı

ecT e2cTn

ď c
e

m
2

m
n
2

”

‖x‖ ` ‖µd,εp0, 0q‖t`
?
Td

ı

e3cTn

ď c
e

m
2

m
n
2

r‖x‖ ` cdcs e3cTn. (95)

Next, a standard variance estimate, (84), (93), the fact that c ě 1, and (85) imply for all d P N,
θ P Θ, ε P r0, 1q, t P r0, T s, x P Rd, K P N that

∥

∥

∥

∥

∥

1

K

K
ÿ

i“1

fd,εpXd,i,ε,xptqq ´E
“

fd,εpXd,0,ε,xptqq
‰

∥

∥

∥

∥

∥

L2pP;Rq

ď
∥

∥fd,εpXd,0,ε,xptqq
∥

∥

L2pP;Rq?
K

ď
|fd,εp0q| ` c

∥

∥Xd,0,ε,xptq
∥

∥

L2pP;Rdq?
K
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ď
|fd,εp0q| ` c

”

‖x‖ ` T‖µεp0, 0q‖ `
a

T pd ` 4qq
ı

ecT

?
K

ď
c
”

|fd,εp0q| ` ‖x‖ ` T‖µεp0, 0q‖ `
a

T pd ` 4qq
ı

ecT

?
K

ď c r‖x‖ ` cdcs ecT?
K

. (96)

In addition, a telescoping sum argument shows for all d P N, θ P Θ, ε P r0, 1q, t P r0, T s, x P Rd,
m,n,K P N that

1

K

K
ÿ

i“1

fd,εpXd,i,ε,x
n,m ptqq ´E

“

fd,0pXd,0,0,xptqq
‰

“ 1

K

K
ÿ

i“1

“

fd,εpXd,i,ε,x
n,m ptqq ´ fd,εpXd,i,ε,xptqq

‰

` 1

K

K
ÿ

i“1

“

fd,εpXd,i,ε,xptqq ´E
“

fd,εpXd,0,ε,xptqq
‰‰

`E
“

fd,εpXd,0,ε,xptqq
‰

´E
“

fd,0pXd,0,0,xptqq
‰

. (97)

This, the triangle inequality, (95), (96), and (94) imply for all d,m, n,K P N, θ P Θ, ε P r0, 1q,
t P r0, T s that

¨

˝

E

»

–

ż

r0,1sd

∣

∣

∣

∣

∣

1

K

K
ÿ

i“1

fd,εpXd,i,ε,x
n,m ptqq ´E

“

fd,0pXd,0,0,xptqq
‰

∣

∣

∣

∣

∣

2

dx

fi

fl

˛

‚

1

2

“

¨

˝

ż

r0,1sd
E

»

–

∣

∣

∣

∣

∣

1

K

K
ÿ

i“1

fd,εpXd,i,ε,x
n,m ptqq ´E

“

fd,0pXd,0,0,xptqq
‰

∣

∣

∣

∣

∣

2
fi

fl dx

˛

‚

1

2

ď

¨

˝

ż

r0,1sd
E

»

–

∣

∣

∣

∣

∣

1

K

K
ÿ

i“1

“

fd,εpXd,i,ε,x
n,m ptqq ´ fd,εpXd,i,ε,xptqq

‰

∣

∣

∣

∣

∣

2
fi

fl dx

˛

‚

1

2

`

¨

˝

ż

r0,1sd
E

»

–

∣

∣

∣

∣

∣

1

K

K
ÿ

i“1

“

fd,εpXd,i,ε,xptqq ´E
“

fd,εpXd,0,ε,xptqq
‰‰

∣

∣

∣

∣

∣

2
fi

fl dx

˛

‚

1

2

`
ˆ
ż

r0,1sd
E

”

∣

∣

E

“

fd,εpXd,0,ε,xptqq
‰

´E
“

fd,0pXd,0,0,xptqq
‰∣

∣

2
ı

dx

˙ 1

2

ď
˜

ż

r0,1sd

«

c
e

m
2

m
n
2

r‖x‖ ` cdcs e3cTn

ff2

dx

¸ 1

2

`
˜

ż

r0,1sd

«

c r‖x‖ ` cdcs ecT?
K

ff2

dx

¸ 1

2

`
˜

ż

r0,1sd

«

cdcε r‖x‖ ` cdcsr epr`2qcT

ff2

dx

¸ 1

2

ď
ˆ
ż

r0,1sd
|cdc p‖x‖ ` cdcqr|2 dx

˙ 1

2

ˆ

e
m
2

`3cTn

m
n
2

` ecT?
K

` εepr`2qcT
˙

ď cdcp2cdcqr
ˆ

e
m
2

`3cTn

m
n
2

` ecT?
K

` εepr`2qcT
˙

“ 2rpcdcqr`1

ˆ

e
m
2

`3cTn

m
n
2

` ecT?
K

` εepr`2qcT
˙

. (98)



18 A. NEUFELD AND T.A. NGUYEN

For the next step for every d P N, ǫ P p0, 1q let εd,ǫ P p0, 1q, Nd,ǫ P N satisfy that

εd,ǫ “ ǫ

2rpcdcqr`1epr`2qcT (99)

and

Nd,ǫ “ min

"

n P NX r2,8q : 2rpcdcqr`12e
n
2

`3cTn

n
n
2

ď ǫ

2

*

. (100)

Then (98) proves for all d P N, ε P r0, 1q that
¨

˚

˝
E

»

—

–

ż

r0,1sd

∣

∣

∣

∣

∣

∣

1

|Nd,ǫ|Nd,ǫ

|Nd,ǫ|
Nd,ǫ

ÿ

i“1

fd,εd,ǫpX
d,i,εd,ǫ,x

Nd,ǫ,Nd,ǫ
pT qq ´E

“

fpXd,0,0,xpT qq
‰

∣

∣

∣

∣

∣

∣

2

dx

fi

ffi

fl

˛

‹

‚

1

2

ď 2rpcdcqr`1

˜

e
Nd,ǫ

2
`3cTNd,ǫ

|Nd,ǫ|
Nd,ǫ

2

` ecT

|Nd,ǫ|Nd,ǫ
` εd,ǫe

pr`2qcT

¸

ď 2rpcdcqr`1

˜

2e
Nd,ǫ

2
`3cTNd,ǫ

|Nd,ǫ|
Nd,ǫ
2

` εd,ǫe
pr`2qcT

¸

ď ǫ

2
` ǫ

2
“ ǫ. (101)

Therefore, for all d P N, ε P r0, 1q there exists ωd,ǫ P Ω such that

ż

r0,1sd

∣

∣

∣

∣

∣

∣

1

|Nd,ǫ|Nd,ǫ

|Nd,ǫ|
Nd,ǫ

ÿ

i“1

fd,εd,ǫpX
d,i,εd,ǫ,x

Nd,ǫ,Nd,ǫ
pT, ωd,ǫqq ´E

“

fpXd,0,0,xpT qq
‰

∣

∣

∣

∣

∣

∣

2

dx ă ǫ2. (102)

Next, Lemma 3.14 (applied for every d P N, ε P p0, 1q with T x T , m x Nd,ǫ, d x d, µ x µd,ε,

Φµ x Φµd,ε
, ptθqθPΘ x ptθqθPΘ, pW θqθPΘ x pW d,θqθPΘ, pXθ,x

n qθPΘ,nPN0,xPRd x pXd,θ,ε,x
n,Nd,ǫ

qθPΘ,nPN0,xPRd,

ω x ωd,ǫ, f x fd,ε, Φf x Φfd,ε , c x max
 

4d,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦµd,ε
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦfd,εq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

, n x Nd,ǫ, K x |Nd,ǫ|
Nd,ǫ

in the notation of Lemma 3.14) and the fact that @ d P N, ε P p0, 1q : µd,ε “ RpΦµd,ε
q and

fd,ε “ RpΦfd,εq show that for all d P N, ǫ P p0, 1q there exists Ψd,ǫ P N such that for all x P Rd

we have that

dimpDpΨd,ǫqq “ dimpDpΦfd,εd,ǫ
qq ` Nd,ǫpdimpDpΦµd,εd,ǫ

qq ´ 1q ` 2, (103)

|||DpΨd,ǫq||| ď |Nd,ǫ|
Nd,ǫ max

!

4d,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦµd,εd,ǫ

q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦfd,εd,ǫ

q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

)

p5Nd,ǫqNd,ǫ, (104)

and

pRpΨd,ǫqqpxq “ 1

|Nd,ǫ|Nd,ǫ

|Nd,ǫ|
Nd,ǫ

ÿ

i“1

fd,εd,ǫpX
d,i,εd,ǫ,x

Nd,ǫ,Nd,ǫ
pT, ωd,ǫqq. (105)

This, (102), (86), and (87) imply for all d P N, ǫ P p0, 1q that
ż

r0,1sd

∣

∣pRpΨd,ǫqqpxq ´E
“

fpXd,0,0,xpT qq
‰∣

∣

2
dx ă ǫ2, (106)

dimpDpΨd,ǫqq “ dimpDpΦfd,εd,ǫ
qq ` npdimpDpΦµd,εd,ǫ

qq ´ 1q ` 2

ď 3Nd,ǫmax
!

dimpDpΦfd,εd,ǫ
qq, dimpDpΦµd,εd,ǫ

qq
)

ď 3Nd,ǫd
c|εd,ǫ|

´c, (107)

and

|||DpΨd,ǫq||| ď |Nd,ǫ|
Nd,ǫ max

!

4d,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦµd,εd,ǫ

q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦfd,εd,ǫ

q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

)

p5Nd,ǫqNd,ǫ
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ď 5Nd,ǫ|Nd,ǫ|
2Nd,ǫ4dc|εd,ǫ|

´c. (108)

This, the fact that @Φ P N : PpΦq ď 2 dimpDpΦqq|||DpΦq|||2, and (99) prove for all d P N, ǫ P p0, 1q
that

PpΨd,ǫq ď 2 dimpDpΨd,ǫqq|||DpΨd,ǫq|||2

“ 2
`

3Nd,ǫd
c|εd,ǫ|

´c
˘ `

5Nd,ǫ|Nd,ǫ|
2Nd,ǫ4dc|εd,ǫ|

´c
˘2

“ 96Nd,ǫ5
2Nd,ǫ |Nd,ǫ|

4Nd,ǫd3c|εd,ǫ|
´3c

“ 96Nd,ǫ5
2Nd,ǫ |Nd,ǫ|

4Nd,ǫd3c
ˆ

ǫ

2rpcdcqr`1epr`2qcT

˙´3c

“ 96Nd,ǫ5
2Nd,ǫ |Nd,ǫ|

4Nd,ǫd3c
`

2rpcdcqr`1epr`2qcT ˘3c ǫ´3c (109)

For the next step let Cδ P R, δ P p0, 1q, satisfy for all δ P p0, 1q that

Cδ “ sup
nPr2,8qXZ

»

–52nnn4n

˜

2e
n´1

2
`3cT pn´1q

pn´ 1qn´1

2

¸8`δ
fi

fl . (110)

Note for all δ P p0, 1q that

Cδ “ sup
nPr2,8qXZ

»

—

–
52nn5n4n´4

´

2e
n´1

2
`3cT pn´1q

¯8`δ

pn´ 1q4n´4pn ´ 1q δpn´1q
2

fi

ffi

fl

“ sup
nPr2,8qXZ

»

—

–
52nn5

ˆ

n

n ´ 1

˙4n´4

´

2e
n´1

2
`3cT pn´1q

¯8`δ

pn´ 1q δpn´1q
2

fi

ffi

fl

ď sup
nPr2,8qXZ

»

—

–
52nn524n´4

´

2e
n´1

2
`3cT pn´1q

¯8`δ

pn ´ 1q δpn´1q
2

fi

ffi

fl
ă 8. (111)

Furthermore, (100) shows for all d P N, ǫ P p0, 1q that

ǫ ď p2cdcqr`12e
Nd,ǫ´1

2
`3cT pNd,ǫ´1q

pNd,ǫ ´ 1q
Nd,ǫ´1

2

. (112)

This, (109), and (111) show for all d P N, δ, ǫ P p0, 1q that

PpΨd,ǫqǫ3c`8`δ

“ 96Nd,ǫ5
2Nd,ǫ|Nd,ǫ|

4Nd,ǫd3c
`

2rpcdcqr`1epr`2qcT ˘3c ǫ´3c ¨ ǫ3c`8`δ

“ 96Nd,ǫ5
2Nd,ǫ|Nd,ǫ|

4Nd,ǫd3c
`

2rpcdcqr`1epr`2qcT ˘3c ǫ8`δ

ď 96Nd,ǫ5
2Nd,ǫ|Nd,ǫ|

4Nd,ǫd3c
`

2rpcdcqr`1epr`2qcT ˘3c
˜

p2cdcqr`12e
Nd,ǫ´1

2
`3cT pNd,ǫ´1q

pNd,ǫ ´ 1q
Nd,ǫ´1

2

¸8`δ

ď 96d3c
`

p2cdcqr`1epr`2qcT ˘3c`8`δ

»

–Nd,ǫ5
2Nd,ǫ|Nd,ǫ|

4Nd,ǫ

˜

2e
Nd,ǫ´1

2
`3cT pNd,ǫ´1q

pNd,ǫ ´ 1q
Nd,ǫ´1

2

¸8`δ
fi

fl

ď 96d3c
`

p2cdcqr`1epr`2qcT ˘3c`8`δ
Cδ ă 8 (113)

and hence PpΨd,ǫq ď 96d3c
`

p2cdcqr`1epr`2qcT ˘3c`8`δ
Cδǫ

´p3c`8`δq. This completes the proof of
Theorem 4.1. �

Finally, we provide the proof of Theorem 1.2.
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Proof of Theorem 1.2. First, the fact that @Φ P N : maxt|||DpΦq|||, dimpDpΦqqu ď PpΦq and (10)
show for all d P N, ε P p0, 1q that

max
 

dimpDpΦfd,εqq, dimpDpΦµd,ε
qq
(

ď max
 

PpΦµd,ε
q,PpΦfd,εq

(

ď dcε´c, (114)

and

max
 ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦµd,ε
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦfd,εq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď max
 

PpΦµd,ε
q,PpΦfd,εq

(

ď dcε´c. (115)

Next, (9) implies that there exist c P rc,8q such that for all d P N, ε P p0,8q we have that

|fd,εp0q| ` 1 ` T ‖µd,εp0, 0q‖ `
a

T pd` 4rq ď cdc. (116)

Now, (5)–(8), (114)–(116), and Theorem 4.1 (with c x c in the notation of Theorem 4.1)
complete the proof of Theorem 1.2. �
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