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RECTIFIED DEEP NEURAL NETWORKS OVERCOME THE CURSE OF DIMENSIONALITY
IN THE NUMERICAL APPROXIMATION OF
GRADIENT-DEPENDENT SEMILINEAR HEAT EQUATIONS

ARIEL NEUFELD! AND TUAN ANH NGUYEN?

ABSTRACT. Numerical experiments indicate that deep learning algorithms overcome the curse of
dimensionality when approximating solutions of semilinear PDEs. For certain linear PDEs and
semilinear PDEs with gradient-independent nonlinearities this has also been proved mathemati-
cally, i.e., it has been shown that the number of parameters of the approximating DNN increases
at most polynomially in both the PDE dimension d € N and the reciprocal of the prescribed accu-
racy e € (0,1).

The main contribution of this paper is to rigorously prove for the first time that deep neural
networks can also overcome the curse dimensionality in the approximation of a certain class of
nonlinear PDEs with gradient-dependent nonlinearities.

1. INTRODUCTION

Deep learning-based approximation algorithms for certain nonlinear parabolic partial differ-
ential equations (PDEs) have been first proposed in [13,25]. Due to their success in approxi-
mately solving nonlinear PDE in higher dimensions where classical methods have failed, there
is now a variety of deep learning algorithms for different kinds of PDEs in the scientific litera-
ture, see, e.g., [2,3,4,5,6,7,8,10,14,15,17,18,19, 20, 25, 26,27, 28,29, 33,34,35,37, 38, 39,
40,44,45,46,47,48,49,50,51].

Numerical experiments indicate that deep learning methods work exceptionally well when
approximating solutions of high-dimensional PDEs and that they do not suffer from the curse
of dimensionality. However, there exist only few theoretical results proving that deep learning
based approximations of solutions of PDEs do not suffer from the curse of dimensionality:
[9, 16, 21, 22, 23, 24, 36] prove that deep neural network (DNN) approximations overcome
the curse of dimensionality when approximating solutions of linear PDEs, [1,31] prove that
DNN approximations overcome the curse of dimensionality when approximating solutions of
semilinear heat equations, and [11,41] prove that DNN approximations overcome the curse of
dimensionality when approximating solutions of general semilinear PDEs.

However, we highlight that all the above results [1, 11, 31, 41] only deal with gradient-
independent semilinear PDEs, i.e., the case when the nonlinear part of the corresponding semi-
linear PDE does not depend on the gradient of the solution.

The contribution of our article is to prove for the first time that deep neural networks can
also overcome the curse dimensionality in the approximation of nonlinear PDEs with gradient-
dependent nonlinearities. Our main result, Theorem 1.2, proves that for semilinear heat equa-
tions with gradient-dependent nonlinear part the number of parameters of the approximating
DNN increases at most polynomially in both the PDE dimension d € N and the reciprocal of
the prescribed accuracy € € (0, 1), i.e., DNNs do overcome the curse of dimensionality when
approximating such PDEs.

1.1. Notations. Throughout our paper we use the following notations. Let
-1 Il (UgenRE) — [0, 00), dim: (UgenRY) — N satisfy for all d e N, z = (21,...,24) € R?

that |z = /327, ()2, ||z|| = maxe[,q~N |i|, and dim(xz) = d. Moreover, given a probability
space (2, F,P), a random variable X: 2 — R, and s € [1,%0) let | X||s € [0, ] satisfy that
1|5 = (E[IX]])=
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1.2. A mathematical framework for DNNs. In order to formulate our main result, Theo-
rem 1.2, we need to introduce a mathematical framework for DNNs, see Setting 1.1 below.

Setting 1.1 (A mathematical framework for DNNs). Let A;: R — R% d € N, satisfy for all
deN, z = (x1,...,24) € RY that

Ai(z) = (max{x, 0}, max{zy, 0}, ..., max{zy,0}). (1)

Let D = UHENNH+2. Let
H+1

N=J g [ ] (®E<knr x RF) | (2)

HelN (k‘(),k‘l ..... kH+1)ENH+2 n=1

Let D: N - D, P: N — N, R: N — (UpenC(R* RY)) satisfy that for all H € N,
ko,kl,...,k?H,k?H+1 € N, o = ((Wl,Bl),...,(WH+1,BH+1)) € HH+1 (Rank” 1 x Rkn), Ty €

n=1
R* ... xy € R*# with the property that Vn e N n [1,H|: z, = Ay, (W, 2,1 + B,) we have that
H+1
= Y knlkna +1), D(®) = (ko, k- - ki, ki), (3)

R(®) € C(RFo, RFr+1), and
(R(®))(x0) = Whi12m + Brya. 4)

Let us comment on the mathematical objects in Setting 1.1. For all d € N, A;: RY — R4
refers to the componentwise rectified linear unit (ReLU) activation function. By N we denote
the set of all (parameters characterizing) artificial feed-forward DNNs, by R we denote the
operator that maps each DNN to its corresponding function, by P we denote the function that
maps a DNN to its number of parameters, and by D we denote the function that maps a DNN
to the vector of its layer dimensions.

We are now in a position to state the main result, Theorem 1.2 below.

Theorem 1.2. Assume Setting 1.1. Let T e (0,7), B,¢ € [2,0), ¢ € [1,2). For ev-
ery d € Nlet LI € R, i € [0,d] n7Z satisfy that Y* L¢ < ¢ For every d € N let
A = (AY)epo,qpnz: [0,T] — RYW satisfy for all t € [0,T] that A%(t) = (1,+/¢,...,+/t). For
every d € N let pr’ = (prd),ejo,q~z: R*™ — R satisfy for all w = (w,)vefo,dnz ¢ € [0,d] N Z
that pré(w) = w;. For every d € N, ¢ € (0,1) let g%, g¢ € C(RYLR), f¢, f¢ e C(RY, R,
Dya, Psa € N satisfy that R(Pya) = g¢ and R(Pya) = f& Assume for all d € N, ¢ € (0,1),
z,y € R, w,wi,wy € R that

92@)| + [T £2(2)] < elde + |Jl|)?, (5)
d
|2 (w1) = [ (ws))] ZLW )Iprd(wy — ws)|] (6)
droy _ d Az =yl
|95(x) — g2(y)| < cd T (7)
c d
[ (w) = fAw)| < ﬁ (1 + D (AU (pri(w))? ) : (8)
v=0
|9%(2) — g2 ()] < eed®(d® + ||z]|*)?, 9
max{P(Pq), P(Psa)} < cde". (10)

Then the following items hold.
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(i) For all d € N there exists a unique continuous function u?: [0,T) x R? — R*"! such that
4 .= prd(u?) is the unique viscosity solution to the following semilinear PDE of parabolic

type:
8t + S(A)(2) + P En), (T (L) =0 e (0.T).xe R QD
) = fa) Vo e RS (12)
vmvd = (prcll(ud)a prg(ud), te ,prZ(ud)), and
dy,d
max sup [Aff(T — T)M(T’f)}] < 0. (13)
ve[0,d]nZ r¢[0,T) ceR? (1+|€]1%)2

(i) There exists n € (0,0) such that for all d € N, € € (0, 1) there exists V,. € N satisfying
R(¥ye) € C(RY R, P(Vg,) < nd'e ™, and

<J01 Z ’Ad q’de))( ) - ud(o,l’))’zdx> < e (14)

Let us make some comments on the mathematical objects in Theorem 1.2 above. First, (5)—
(7) are growth and Lipschitz conditions. Condition (8)-(9) ensure that the input functions f¢,
g? can be approximated by the functions f2, g¢. The bound cdc~¢ in condition (10), which is a
polynomial of d and €', ensures that the functions f¢, ¢g¢ can be represented by DNNs without
curse of dimensionality. Under these assumptions Theorem 1.2 states that, roughly speaking, if
DNNs can approximate the initial condition, the linear part, and the nonlinear part in (11)-(12)
without curse of dimensionality, then they can also approximate its solution without curse of
dimensionality.

The proof of Theorem 1.2 above relies on full history recursive multilevel Picard (MLP) ap-
proximations which have been proved to overcome the curse of dimensionality when approx-
imating solutions of semilinear heat equations in the gradient dependent case, see [30, 42].
Our proof essentially consists of two main lemmas: Proposition 2.12 shows that realizations of
certain MLP approximations can be represented by DNNs and Proposition 3.1 is a perturbation
lemma.

The remaining part of our paper is organized as follows. In Section 2 we prove that multilevel
Picard approximations can be represented by DNNs and we provide bounds for the number of
parameters of the representing DNN. In Section 3 we provide the perturbation lemma, Propo-
sition 3.1, demonstrating that the stochastic fixed point equation corresponding to the PDE
(11)-(12) is stable against perturbations in the nonlinearity f and the terminal condition g.
The main theorem is proven in Section 4.

2. DEEP NEURAL NETWORKS

2.1. Properties of operations associated to DNNs. In Setting 2.1 below we introduce opera-
tions which are important for constructing the random DNN that represents the MLP approxi-
mations in the proof of Proposition 2.12.

Setting 2.1. Assume Setting 1.1. Let ©®: D x D — D satisfy for all H,H, € N, a =

(a07a17"'7aH17aH1+1) € NH1+2) 5 = (507617"'751'{276]{2-{-1) € NH2+2 that o O 5 =
(60,51, R ,6]{2,5]{24_1 + o, 01, g, ... ,OzHH_l) e NHi+t3 ot H: D x D — D satisﬁ/for all

H e N a= (ag,on,...,g,ap41) € N2 8 = (By, 81, B, ..., B, Bus1) € NPF2 that
aBB = (ag, a1 + Bi,...,an + Bu, Bay1) € NEF2 Let n, € D, n € [3,0) n 7Z, satisfy for all
n € [3,0) n N that

n,=(1,2,...,2,1) e N™. (15)
;V_/

(n—2) times



For everyn e N let R,: D — D satisfy forall He N, a = (ag, o, ..., ay, ag.1) € N2 that
R.(a) = (g, 1, ..., ap,n). (16)

For the proof of our main result in this section, Proposition 2.12, we need several auxiliary
results, Lemmas 2.2-2.11, which are basic facts on DNNs. The proof of Lemma 2.2-2.11 can
be found in [11,31] and therefore omitted.

Lemma 2.2 (© is associative- [31, Lemma 3.3]). Assume Setting 2.1 and let o, 5,y € D. Then
we have that (¢ © ) Oy =a® (6OY).

Lemma 2.3 (H and associativity— [31, Lemma 3.4]). Assume Setting 2.1, let H, k,l € N, and let
o, 8,7 € ({k} x N7 x {i}). Then

() we have that o B 8 € ({k} x N7 x {i}),

(ii) we have that BB~y e ({k} x N¥ x {i}), and
(iii) we have that (« B ) B~y =a B (FH ).
Lemma 2.4 (Triangle inequality— [31, Lemma 3.5]). Assume Setting 2.1, let H, k,l € N, and let
a, B e {k} x NH x {i}. Then we have that ||a B B|| < ||| + ||3]]-

Lemma 2.5. Assume Setting 2.1, let H,k,l,n,m € N, and let a1, s, ..., q, € {k} x NH x {I}.
Then we have that ||B™, R, (a;)|| < max{ZZ 1 el m}-

Proof of Lemma 2.5. Throughout this proof for every i € [I,m|nZlet o; ; € N, j € [1,H]| n Z,
satisfy that a; = (k, i1, 2, ..., a; g, 1). Then the definition of H, the definition of R, and the
triangle inequality show that Hﬂ " Ry() = (k: D i1, D Qigy e, 2 oy, n) and

iE:Ean(az —sup{ Zalg ey ZQLH ,n}
sup{k: Z|azl| Z|a22| Z|%H| }
i=1
< max{z |||ai|||,n} : 17)
i=1
This completes the proof of Lemma 2.5. O

Lemma 2.6 (DNNs for affine transformations— [31, Lemma 3.7]). Assume Setting 1.1 and let
dme N, e R, be RY aeR™ U e N satisfy that R(¥) € C(R? R™). Then we have that
A(R(Y)(-+b)+a) e R{P e N: D(®) = D(V)}).

Lemma 2.7 (DNNs for the multiplication with a vector). Assume Setting 2.1 and let d,m € N,
AeR™ = R™, aeR, be RY U e N satisfy that R(¥) € C(RY R). Then we have that
AMRM)(-+b) +a) e R{P e N: D(®) = R,,(D(V))}).

Proof of Lemma 2.7. Throughout this proof let H, kg, k1, ..., ky 1 € N satisfy that

H+2=dim(DW) and (ko,k1,....ku k1) = D(D), (18)
and let (Wi, B1), (W2, Ba), ..., (W, Bu), Wai1, Buya)) € [0 (RE*F=1 x RF») satisfy that
<(W1, By), Wa, By), ..., (W, Bg), W1, BH+1)> = V. (19)

Then the fact that R(V) € C(R% R) implies that kg = d and kgy,; = 1. Next, let ¢ €
[T, (RFnxFnt 5 RE) x (R™*F# x R™) satisfy that

6 = ((Wa, By + Wib), (Wa, By, .., Wiy, Bir), (Wig 1, \Birs + Aa) ). (20)

This, the fact that ky = d, and (18) show that ¢ € N and
D(¢) = (d, k1, ko, ..., kg, m) = Ry, (D(T)). 21)



Let zg,yo € R*, 21,y e RM, ... xy,yy € R¥¥ satisfy for all n € N n [1, H] that
Ty = Ay, Wytn_1 + By), Yo = Ak, (Woyn—1 + B, + Ly (n)Whb), and zo=yo +0. (22)
Then

Y1 = Ak1 (leo + By + Wlb) = Akl(Wl(yo + b) + Bl) = Ak‘l (Wll‘o + Bl) = I. (23)
This and an induction argument prove for all i € [2, H] n N that
Yi = A, (Wiyio1 + Bi) = Ay, (Wizioa + By) = . (24)

This and the definition of R prove that
(R(#))(yo) = \Wx1yn + ABuia + Aa
= \Wyi1zyg + AByy1 + A\a
= AXWypizyg + By + a) (25)
= M(R(¥))(x0) + a)
= AR))(yo + b) + a.
This and the fact that y, was arbitrary prove that
R(¢) = A(R(¥))(- +b) + a). (26)
This and (21) complete the proof of Lemma 2.7. O
Lemma 2.8 (Composition of functions generated by DNNs— [31, Lemma 3.8]). Assume Set-
ting 2.1 and let dy,dy,d3s € N, f € C(R2,R%), g ¢ C(R",R®), a,3 € D satisfy that
fe R{P € N:D(®) = a}) and g € R({® € N: D(®) = p}). Then we have that
(fog)e R{®P e N: D(®) = a® B)).

Lemma 2.9 (Sum of DNNs of the same length— [31, Lemma 3.9]). Assume Setting 2.1 and
let M,H,p,q € N, hy,ha,....;hy € R, k; € D, f; € C(RP,RY), i € [1, M] n N, satisfy for all
i € [1,M] n N that dim(k;) = H + 2 and f; € R({® € N: D(®) = k;}). Then we have that
SY hifieR({2eN: D(®) =BY k}).

Lemma 2.10 (Existence of DNNs with H hidden layers for Idz«— [11, Lemma 3.6]). Assume
Setting 2.1 and let d, H € N. Then we have that Idgr. € R({® € N: D(®) = n,_,}).

Lemma 2.11 ( [11, Lemma 3.7]). Assume Setting 1.1, let H,p,q € N, and let g € C(R?,RY)
satisfy that g € R({® € N: dim(D(®)) = H + 2}). Then for all n € Ny we have that g € R({® €
N: dim(D(®)) = H + 2 + n}).

2.2. DNN representation of MLP approximations. In Proposition 2.12 below we prove that
the MLP approximations under consideration can be represented by DNNs.

Proposition 2.12. Assume Setting 1.1. Let T' € (0,0), d,m € N, © = U,enZ". Let ¢ € (0,0)
satisfy that

¢z max{d + 1, [[D(®¢)[l, [ D(®,)][}- (27)
Let ¢0: [0, T]* — R satisfy for all t € [0,T), s € (t,T) that
1 1

olt,s) = (28)

BLDVIT—9)6-0)
Let (Q,F,P) be a probability space. Let W?: [0,T] x Q@ — RY, 6 € ©, be standard (F)se[o11-
Brownian motions with continuous sample paths. Let t’: Q — (0,1), 6 € ©, be i.i.d. random
variables. Assume for all b € (0, 1) that

1 Jb dr

) vaer)
Assume that (W?)pco and (t°)gco are independent. Let T7: [0,T) x Q — [0,T), 0 € O, satisfy
forallt € [0,T) that ¢ =t + (T — t)t’. Let f € C([0,T] x R? x R"*4 R), g € C(R%, R). Let

Pt <b) = B (29)
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Ul [0,T) xREx Q - R4, neZ, 0e0,satisfy foralne N, € ©, t € [0,T), x € R? that

U, (@) = Uf,,(t2) = 0 and
U9 (t x) +2< W(eo —3) W(eo z)) (g(x+W9° —i) W(G,O,fi))_g(x))

(30)

ST

=0 =1

Glz) ¢

(9 £,1) (0,£,3) (0,4,4) (0,—2,7) (6,¢, 7.) (0,£,7) (0,4,4)
n—1m" 3(6 =W (foUe’m —IN(0) foU T ) (T o+ W <00 -, )
mnfzg(tffge’z’l)) P

and let w € . Then for all n € N there exists (®? )ee@ tefo,r) & N such that for all t;,t,,t € [0,T),
01,05,0 € © we have that

D(®;)y,) = D(2),), (31)

dim(D(®;,,)) = n(dim(D(®y)) — 1) + dim(D(,)), (32)
D@7 )] < e(4m)™, (33)

Up(t, w,0) = (R(5,)) (). (34)

Proof of Proposition 2.12. We prove the lemma by induction on n € N. Since the zero function
can be represented by a DNN of arbitrary length, the base case n = 0 is clear. For the induction
step fromn € Ngton+1 € Nletn € Ny, assume forall £ € [0,n]NZ, t1,t5,t € [0,T), 01,65,0 € ©
that

D(®7},) = D(P3,), (35)

dim(D(Py,)) = {(dim(D(®;)) — 1) + dim(D(Dy)), (36)
D@L < e(3m)", (37)

Ul m(t,7,w) = (R(DF,))(2), (38)

and let the notations in Setting 2.1 be given. First, Lemmas 2.6, 2.8, and 2.10 imply for all
ie[l,m"" ] nZ,0e0,te|0,T) that

g = Id]R o0geE R({(I) e N: D((I)) = n(n+1)(dim(p(q>f))_1)+1 @ D((I)g)}) (39)
and’
g(-+ W @) = WO W) = (o g) (- + WV (w) = WOV (w)
eER ({(I) e N: D(q)) = n(n+1)(dim(p(q>f))_1)+1 ® D((I)g)}) . (40)
This and Lemma 2.7 imply for alli € [1,m"*'] n7Z, 0 € ©, t € [0, T) that
—i —i T
o W) — W @)
’ T—t
e R({® € N: D(®) = Rys1 (Mns1)@im(d(@,)-1)+1 O D(Py)) }) (41)

and

W(€70771) _ W(970777‘) . .
(17 T (w) t (w) g(_ —l—W}G’O’ Z)<CU) _Wt(G,O, z)(w))

T—1t
e R({® € N: D(®) = Rasr (Rnen)aimpi@)-1+1 O D(Rg)) }) - (42)

For every dy,dy € N, z € R%, h e R% — R% we denote by h(- + z) the function R% 5 2 +— h(z + z) € R%.
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Next, the induction hypothesis (see (35) and (38)), the fact that f = R(®;), and Lemma 2.8

show for alli e [1,m], 0 € ©, t € [0,T) that

n.i O,n,i (0,n,3 O,n,i
(f o UL (T w), -+ WD (@) = W (w),0)

eR({®eN:D(@;) OD(Py,)}) -
This and Lemma 2.7 imply for alli € [1,m], § € ©, t € [0,T) that

0 () t (0,n,) < (0,n,) _ (6,n,) 1 (0s0) )
(1, fsge,n,i)(w) _ (f oUpm ) < (W), + W‘Ige’”’i)(w) (w) — W, (W), w

e R({® e N: Ry1 (D(®f) OD(P) ) }) - (44)

Next, Lemmas 2.10 and 2.8, the fact that f = R(®/), and the induction hypothesis (see (35)
and (38)) prove forall £ € [0,n] " Z, 0 € O, ie [m "1 nZ,te[0,T) that

0 L 0,0, 0,4 0,0,
(£o U ™) (5040 @), - + W @) = W0 (@), w)
- (IdR o fo U ) (T w), -+ WD @) = W w),w)

e R({® € N: npy@mo@,)-1+1 © D(Pr) ©D(PL,)}) (45)
This and Lemma 2.7 demonstrate for all £ € [0,n] " Z, 0 € ©, i € [m"* =] n Z, t € [0,T) that

0,6,i 0,0,i T
1 ég‘*“’)) W™~ W) < fo Uw,z')) <g(97“ (@) + WO ()~ W () w)
’ izg@,é,i) (w) . t lm t 9 2, z)( ) t )

€ R({® € N: Ras1 (0 aim(d(@,)-1)11 O D(®) O D(®gy)) }) -

(43)

(46)
Similarly, we have for all £ € [0,n] N 7Z, 0 € ©, i € [m"*~*| " Z, t € [0,T) that
(£ o UL ) (T @)+ W, @) = W (@), w)
= (1ar o f o UL (S w), - + W, (@) = WO W)
€ R({® € N: npri1y@imo@,)-1+1 © D(Pr) OD(P)_)}) (47)

and

(0,4,7) o W(e £,i) (w) T
(0.6,3) (w)( ) t (0,—0,i (0,4,0) (0,£,3) (0,4,3)
(1’ t TEED () — ¢ (fon 1,m )(Tt (), +W(9“( )(w)_Wt (w)’w>

€ R({(I) e N: Rd-i—l(n(n £4+1)(dim(D(®f))—1)+1 @D((I)f) @D((I)g 1 0))})

(48)
Next, (16), the definition of ®, and (15) imply that
dim (R4 1 (0ot 1)@im(d(@,))-1)+1 © D(Dy)))
= dim (04 1)(dim(D(@,))-1)+1 © D(Dy))
= (n+ 1)(dim(D(®y)) — 1) + 1 + dim(D(P,)) — 1
— (n + 1)(dim(D(®;)) — 1) + dim(D(®,)). (49)

Furthermore, (16), the definition of ®, and the induction hypothesis (see (36)) show that
dim(Ras1 (D(®5) ©D(@Y,,)))
= dim(D(®;) © D(®},))

= dim(D(®y)) + dim(D ((13270)) —1

= dim(D(®y)) + [n(dim(D(®y)) — 1) + dim(D(P,))] - 1
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— (n + 1)(dim(D(®;)) — 1) + dim(D(®,)). (50)

Moreover, (16), the definition of ®, (15), the induction hypothesis (see (36)) imply that

dim (Ras1 (n(a—e)@imo@)-1+1 © D(25) © D(D4)))

= dim (n(—¢)(@im(p(@)))-1)+1 O D(®5) © D(P7))

= (n = 0)(dim(D(Pf)) — 1) + 1 + dim(D(Py)) + dim(D(CI)go)) -2

= (n—0)(dim(D(®f)) — 1) + 1 + dim(D(Py)) + [((dim(D(Py)) — 1) + dim(D(Py))] — 2

= (n+ 1)(dim(D(®)) — 1) + dim(D(P,)). (51
Now, (49)-(51) show, roughly speaking, that the functions in (41), (42), (44), (46), and
(48) can be represented by networks with the same number of layers: (n + 1)(dim(D(®y)) —

1) + dim(D(®,)). Hence, Lemma 2.9, (41), (42), (44), (46), and (48) imply that there exists
(P4, 1.4)oco o) © N such that forall 0 € ©, t € [0,T), € R? we have that

6
(R(®ry1,)) ()
mntl ) N T ) )
B Z 1 Wq(ﬂG,O,—z)iwt(O,O,—z) g(1'+W7(~9’0’_l)*Wt(6’0’_1))
- ) T—¢t mntl
i=1
mn+1

9 —1) 6,0,—1
_ ( "t >) o(x)
mn+1

i ( WE?anl)z meﬂ,)) (fOU(QM))(‘IEaM) ”C+W(?ennl)z) Wt(Gﬂ,i))

m”‘*’l_”g(t 3(9 3Ty 1))

ntl_ X T 0,0,i 0,0,i 0,0,i 0,0,i
T (| N T e i)
) mn+ l—Zg(t 3(9 Ly 1))

nt1—¢ 0,0, 0,0 T (6,—2,1) (eu) (0,6,4) (0,6,3)
mnt ( W;(“z)l) W06 (foU o )( T+W <020 —W, >
1, —

= 4 350,5,1) t m”+1—4g(t,i(”’))
= 1=
n+1 . . T . )
B O 1 Wj(ﬂO,O,—z)iwt(G,O,—z) g(erWj(ﬂO,O,—z)th(@,O,—z))7g(m)
- (g(x), ) + ’ T—t mnt1
=1

¢ 0,0, 0,6\ T 0,6,3) (e —£,i) 0,6,3) (0,6,9) (6,,4)
mntl— ( ( 9 l)z) Wt( )) (fOUe(,m D1 ( )fOU i )(,IE i 7:’3+WI(97;’¢)7W,5 i >
t
b

+Z Z RS2
=

= U7€L+1 m<t7x7w)7 (52)

mn+ l—fg(t,Tge’l’i) )

dim(@),.,,)) = (n+ 1)(dim(D(®;)) - 1) + dim(D(®,)). (53)

and
D(Py14) = <mﬁj+11 Ra1 (1) @im(p(@))-1)+1 © D(® >)>
M < Ry (Nt @im(D(@)-1)+1 QD(‘PQ)))
Gi (% Ryt (D(25) © D(cb%,o)))
(

H 531 Ry (ﬂ(n—z)(dim(p(q>f))—1)+1 OD(P;) O D(q)?,o)))
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n mnti=t
H <£E:31 Fjl Rd+1( (n—£+1)(dim(D(®))—1)+1 @D(q)f)@p(q)e 10))) (54)
This shows for all ¢,t5 € [0,T), 61,0, € O that
D<®fll+1 tl) = D(q)ffﬂ tg) (55)
Next, the induction hypothesis (see (36)) and Lemma 2.5 imply for all § € ©, ¢ € [0, T) that

n+1

D@2, ]| < max{z [0 1) (im (@) -1)+1 @ D(D)|

mn+lz 1
+ Y reen@im@@, -1 © D(®)|
=1

s i D@ 0 D@,)]|

n—1 n+1 14

Z Z 1) @im@(@,)-1)+1 O D(®s) O D(DY,) ||

(=1 =1

n mn+1 Y4
+37 D Bpem@@) -1 OD(®y) OD(DY_, ), d + 1}- (56)

Note that the definition of ©® show that for all Hy, Hs, g, a1, ..., g 41, Bo, By -+ Bro+1 € N,
«, 6 e D with a = (Oél, R QH1+1), 6 = (61, - ,6]{24_1), Qy = 5H2+1 = 1 we have that |||0z ® 6||| <
max{||a||, |||, 2}. This, (55), (15), (27), and the induction hypothesis (see (37)) prove for all
0eO,te|0,T) that

o, -
[ o [ e 2T
< 2em™! + me(4m)” ’:Z:mnH eldm) ] ’;nl e _1]

=1
n—1 n
< 20mn+1 + Cmn+14n + cm"“ [Z 41 + cm"“ 244—1]
£=0 =1
+1 4 +1 4 +1 4nt -1
24+2) 4 <em” 1434 =em™ 1 +3———
; em ; em [ _— }

= c(4m)"*. (57)
This, (55), (52), and (53) complete the induction step. Induction then completes the proof of
Proposition 2.12. O

3. PERTURBATION LEMMA

Proposition 3.1 (Perturbation lemma). Let d € N, T €€ (O oo) Dy, P2y Dx € [1,0), q [1,2),

€ [1,0), (L;)iefo.qn7 € R satisfy that Z L; < + + <1,2¢<p,y,and 5 +o-< L.
Let ||||: R* — [0,0) be a norm on R< Let A= (A )Ve[o d]mZ [0,T] — R4 satlsfy for all

€ [0,T] that A(t) = (Lv1,...,Vt). Let pr = (pr,)uepanz: R — R satisfy for all w =
(wy)vefo,gqjnzs © € [0,d] N Z that pry(w) = w;. Let f.f € C(R™ R), g.j € C(RL,R), V ¢
C([0,T] x RY, [0, 0)) satisfy that max{c, 48¢%<°T°} < V. Let (Q, F,P) be a probability space. Let
(th’x)se[o,T],te[s,T]@e]Rd3 {(0,7) € [0,T]*: 0 <7} x R x Q@ - RY, (szs7$)s€[07T)7te(s7T],xe]Rd: {(o,7) €
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[0,T)%: 0 < 7} x R x Q — R be measurable. Assume for alli € [0,d]nZ, s € [0,T), t e [s,T),

re(t,T], z,y € R% wy, wy, € R, A e (B(RY))®RY, B e (B(R%))®ED*RY that
wax{lg(@)] §(@)} < V(T.2), max{|TFO) [TFOI} < Vi(t.2),

d
max{ | f(w1) = f(ws)], |F(wr) = Fwa)l} < 3 LA (D)lpr, (wr = w2)]]

[V (r, X77)

<V(tz), |pr (2], <

v

max{lg(z) - g)|, |3(z) — G} < —

> JT

I — < dlz—yll,

V(t,z)+ V(t -
|prs (28 — Z9)|| < o)+ Vty) lz—yll
bz 2 \/TAZ(T — t)
IP(X,?X?” - Xﬁ’l‘) —1, P(Xf’(') e X e B) - IP(Xf’(') e A) IP(X(_)

V(t,z) + V(s, ) Vit—s
2 r—tA(r —s)’

G = 2l < Vs, a)vE—s,
)~ f(w)] < d( # Bt >\>,

l9(z) = g(2)| < ecdV(T, x),
and P(X?* = x) = 1. Then the following items hold.

lpr (2 = z2)]|, <

() ¢ B>

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(i) There exist unique continuous functions u,u: [0,T) x R¢ — R such that for all t € [0,T),

x € R% we have that

max sup AT — T)M < o,
vel0,d]|NZ 7e[0,T),ccR4 | V(T, 5)

max sup A(T — T)M < o,
ve[0,d]N7Z 7€[0,T),6eR4 | (7—’ )

vel0,d]nZ

max [ Hg Xt"r )pr, (Z”) J Hf (a(r, X7%))pr, (Z:7)

vel0,d|N7Z

ulta) = Blo(X;) 2] + | Bl X0 2]

and
T

a(t,z) = B[g(X5) 25 + f E[f(ﬁ(r,Xﬁ’x))Zﬁ’x] dr.

t

o | Elo(x o, (0] + [ Bl X, (26| | <

]d'r’] <o,

(69)

(70)

(71)

(72)

(73)

74



11
(ii) Forall t € [0,T), x € R? we have that

%%X |A(T — ¢)pr;(a(t, z) — u(t, z))|, < 102d* eV (¢, 2)B(1 — 4, 1). (75)
i€

Proof of Proposition 3.1. [42, Lemma 2.7] and the assumptions of Proposition 3.1 show (i).
Next, (58), Holder’s inequality, the fact that 1 + -- < 1, (60), Jensen’s inequality, the fact
that 2¢ < p,, and the fact that ¢ < V imply for alli c [O dn7Z,s€0,T),te][s,T), e R?that

AT = ) o (X7 pr(257)

Hg=xp"

2q
< [T = 1) V(T X5 (247)
Ha=X7" |9,
< |[ar = [V, x| ez
pv Pz i“:X:’I 2
C
<[ A(T -V (¢t E)——
( ) ( I)Ai(T—t) FoXP 2

< c||[V(T, X79)|],,,
< V2(3 ). (76)

Next, Jensen’s inequality, (60), the fact that 1 < p,, (58), and the fact that ¢ < V prove for all
iel0,d|nZ,se|0,T),te][s,T), e R?that

[ 1 —nromezan|

<drol | =ar
= o[ f(OIVT = t(2vr —1]]_,)
< 2c|Tf(0)| < 2cV (s, ) < 2V3(s, 7). (77)

Next, Hélder’s inequality, the fact that 5.+~ < 1, the triangle inequality, (60), the disintegration

theorem, the flow property in (64), and the fact that Zfzo L, < ¢ show for all i € [0,d] n 7Z,
se[0,T),te s T),ze R that

T
f A
t

Ai(T — t)f(o)m dr

T 1) Z LA (T) [|pr, (u(r, Xp%))pry(Z77)

‘ 1 ‘g}—Xf’“’

2q
(T d VT . )
< L, —7) ||pr, (u(r, X2* pr, (2"
[0y ne-n) TN
pT d \/T ) )
< L, T =) |[||pr, (u(r, X5 pr,(Z*
J, arn X noan, \H W20, |
PT \/T - c
< L,———A,(T - r, Xt 7)
J, UE_O T — T ‘Hpr r ))HQq Ai(T—t) j:th,ac 2%
"T d VT c
< L, — ) ||pr, (w(r, X" ——dr
Jo AT =0 20 L AT =) ot XDy 77—
= VT c
<| VvT—1t [AVT— (u(r, X5 ]7d
], = max | AT =) flpr, (u(r X))y, | = dr
o dr
< T max [A,, —7) ||pr r, X5 ] . (78)
J, e s [T = ot Xl |
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This, (73), the triangle inequality, (59), (76), and (77) imply for all i € [0,d] n Z, s € [0,T),
te[s,T), z e R? that

AT =) flpr; (ult, X))o

T
= | = OE[sC e 20| AT =) | Bt X2
T=Ay t T=24 2q
. T o tJ:
< ||A(T —t Hg pr (Z5%) o, t) f(ulr, X5 H ) X
< — ’ - (7t
AT =) oDz |, 0F(0)pr,(2! >HJHM ar
T d ) )
b [T =0 Y LA o Calr XD 2

t =0 T=Ay 2

< V2(s,x) +2V3(s, ) + JT AT max [AV(T —r) ||pr, (w(r, X:2°)|l, ] dr

. vel0,d] 7 U\(T—r)(r—1t)
T dr

2 2 . S,T

<8Vie) + [T mae [AT =) o (00 X0 | s 79

This proves for all s € [0,T), t € [s,T), v € R? that
i A (T = 1) o, (u(t, X7)) |

T dr
2 2 . s,T

<3V () + | T e [AT =) o, (ulr, X)) oy =

This, (69), (60), the fact that 2¢ < p,, and Gronwall’s inequality (see [42, Corollary 2.4]) show
forall se [0,7),te [s,T), r € R? that

max [AV(T 1) ||pry(u(t,Xf’m))||2q] < 6V2(s, )€ T, (81)

ve[0,d]|nZ
Next, (68) Holder’s inequality, the fact that p% + piz < 1, (60), Jensen’s inequality, and the fact
that .- < 5 imply forall s € [0,7), t € [s,T), x € R, v € [0,d] n Z that

-1 Xz"))pr, (Z7")

1z=xp"

2

< AJ(T — 1) Hecch(T XL\ pr, (Z17)

Hg=xp"

2

< AT — #) |[ecae |V, x5 ||pr, (257)

Dv Dz E:Xf’x 2

C

< ec?dV (s, z). (82)

Next, (59), Holder’s inequality, the fact that l + i < 1, (60), the disintegration theorem, (64),
and the fact that )? | L; < ¢ prove for all v € [0, d] Nn7Z,5€0,T),te|sT),reRthat

[ autr =) | ot xpm 207~ o 2%

T
SJAT
t

< AT —t) ||ecdV (t, X;")

dr

1lz=Xx%

27|

d
ZL T) |pr;(a(r, X"y = u(r, X5))| [pr,(

Lg=X"
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T d VT
AT —1) > L; A(T — (a(r, Xp7) — X Z," d
j ) i | I = ot X0 =l XD (2|
T d ﬁ
t,T tx t,
JAV =025 Lz 1T = it X27) — utr X, fer( 22, |
T d VT c
B A ) t,T\ tﬂC - -
J‘ AV t ZZ;]LZ\/CF——T HAz( )pr( (T X ) U(T X HQ AV(T—t)‘i=Xf’z 2d7"
T \/T ~ S.T S,T c
J \/ﬁcmze{glg])riZ”A< —r)pr;(a(r, X)) — u(r, X2 ))Hzﬁdr
dr
27 M(T = 7)pr; (a(r, X57) — u(r, X5 . 83
J ¢ ze%lczlnr(\ZH (T = rjpr(a(r ) —ulr RLE (T —r)(r—1t) (83
Next, (60) shows for all v € [0,d] N 7Z, s€ [0,T), t e [s,T), z € R? that
T s T c
_— L ~ 3,T ~ Al/ T_ N .
|| atr =0 |lepn o < [ 8 = Deg s
< | ec _tdr
v
=cecV/T —t(2vr —t|1.))
< 2ecT. (84)
Next, the substitution s = 2=£, ds = - implies for all ¢ € [0, T') that
o pird L (@i
[ m:f ropiiron
S Y e B YN G
1
<7 S - TBO-4.)) (85)
0o (1—s)2s2

This, Holder’s inequality, the fact that § + piz < 1, (60), the disintegration theorem, the flow

property in (64), (81), and the fact that 6e36<"”* < V prove for all v € [0,d] N Z, s € [0,T),
e [s,T), x € RY that

T d
f AT =) ||||e (Z(Ai(T))q(pri(U(T, Xﬁ’x)))q> pr,(Z7) dr
! =0 te=x7",
T d 73 ] _
< | AT =) ). ——— (AT =) ||| (pr; (ulr, X)) pr, (ZEF)|| | s oo || A
Jt i=0 (T_T)Q t 2
rT T% ~ 5
< | A(T -t — _(M(T =) (u(r, XE%)))4 2| | d
], ( )6;(T_T)2( (T =) ||| (prs ulr, Xp))? |, [[pr, (2], L5y ,ar
T T3 . c
< A(T—tey ——(N(T —1))? r; (u(r, X)) ———— dr
J, ( ) ;(T_T)Q( ( )] (pr (u( ) HQAV(T_t) —
d q
B WG S N WA A R
J; P T—7)2 " TA,(r—t)
T T% 6314 C
< | VT —te(d+1)—— |6V3(s,2)e® T | —d
)i 3 )(T—r)a[ (5,)e | St
T (T
(d+1)V3q(s,x)J (L-tpt>
t (T—r)2(r—t)z
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<ce(d+ 1)V3¥(s,2)TB(1 — 2, 1), (86)

272

This, (67), the triangle inequality, (84), and the fact that B(1 — £, %) > 1 show for all v €
[0,d] " 7Z,s€[0,T),te[s,T), e R?that

T
[tz 0| Fatr X on 2 = st xpz)| [ | o
. 1g=xp°
T ecd”® d G G
<[ awr-o]|= (1 + DA o, fulr, Xﬁ*f»)q) pr, (21%) dr
t v=0 Ha=x7"|,
cde (T 4
<4 f AT — 1) ‘ v ZE, o]
cde (T d G G
w5 -n e (Z(Aym)q(pm(u(r, X:"”»)q) pr, (217) dr
! =0 tz=x7"|,
< CT (2ecT + ce(d + 1)V (s,2)TB(1 — £, 1))
< cdee(d + 3)V¥(s,2)B(1 — £, 1)
< 4dc*deV(s,z)B(1 — £, 1)
< AP eV (s, 2)B(1 - £, 3). (87)

This, (73), (74), the triangle inequality, (82), (83), the fact that V < V3%, and the fact that
B(1—4,%)>1proveforallve [0,d|nZ,se[0,T),te[s,T),zec R that

A(T =) [lpr, (u(t, Xi7) — alt, X))l

< AT = 1) [B[a00 o, (267) — g (X7, (2]
=X, 2
T
+f AT —1) H’E (r, X""))p rV(Zf,’j)] — E[f(u(r, Xf’j))pry(Zﬁ’i’)] dr
#=x57 |,
. tJ: t,x t,%
< a7 =0 || - sz |||
T ~ ~ ~ ~ ~ ~
+ [ AT HHf(ﬂ(n XU (2~ Foutr Xn 2| ||
t T=Ay7
T
[ a0 ||t xeen 2) - st x| ||
t =R 2
< ec?dV(s,x) + JT AT max  ||[A(T — r)pr,(a(r, X2°) — u(r, X57))|| dr
< ) X -
‘ i€[0,d] 7 np 2T =r)(r—1)
+4Pd* eV (s, 2)B(1 — 1, 1)
< 5Pd* eV (s, 2)B(1— 1, 1)
+ JT AT max [ AT — r)pr,(a(r, X%) — ufr, X20)| dr 88)
X — — .
‘ ie[0,d] 7 P 2T =r)(r—1)
Hence, we have for all se [0,7T), t € [s,T), x € R? that
max [[A(T = Dpry(a(t, Xi) — ult, X7)l
< 52d* eV (s, 2)B(1 — 2, %)
+ JT AT max ||A(T — r)pr; (a(r, X5%) — ulr, X59)|| ar (89)
X - i AT y Ny :
‘ ie[0,d]~Z Pli V(T =r)(r—1t)
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This, Grénwall’s inequality (see [42, Corollary 2.4]), and the fact that 105<°”* < V imply for
all se [0,T),te[s,T), r e R that
max |A(T — t)pr;(a(t, X;") — u(t, X)), < 102 %V (s, 2)B(1 — &, 1)e80T”
1€
< 1032d* V3 (s, 2)B(1 — £, 1). (90)

272

This and the fact that Vs € [0,7T),z € R?: P(X$*) = 1 complete the proof of Proposition 3.1.
O]

4. PROOF OF THE MAIN THEOREM
Proof of Theorem 1.2. First of all, we need to introduce an MLP setting. Let o: [0,7]*> - R
satisfy for all t € [0,7), s € (¢,T) that
1 1
BLOVT - 96— 0

Let (2, F,P) be a probability space. For every d € N let W®%: [0,T] x Q@ — RY, 6 € O, be
standard (Iﬁ‘t)te[w] -Brownian motions with continuous sample paths. Let t: QO — (0,1), 0 € ©,
be i.i.d. random variables. Assume for all b € (0, 1) that

o(t,s) = on

P(t’ < b) (92)

1 Jb r
B(%,%) 0 4/7“(]_ —T).
Assume that (W) en geo and (t7)geo are independent. Let T%: [0,7)xQ — [0,7), 6 € ©, satisfy
for all n € Ny, t € [0,T), e € (0,1) that T} = t + (T — t)t’. Let U0 _: [0,T) x R? x Q — R'*,

d e N, nmeZ,He@,satisfyforalld,n,me]N,@e@,te[OT) r e RY e e (0,1) that
U, (t.3) = U4, (t,2) — 0 and
6 d(90 9 —wk 4,000\ | (gg(m+W§‘f’(9’°””—Wtd’(Q’O”i))_gg(x))
Unms( ) + Z T—t mn
(93)

1)

(=0 =1

n—1 m™ ( w 50/23) Wtd 1(6,4,7) > (fs Ziv(nef 1)*]111\1(5).]05 on ({9 megz))(z(e i) JrWd((e 0, ;) Wd NCRA 1))

g6 _y mr (£, 500D

Forevery de N,z € R, s € [0,T],t € [s,T] let

a(d) = 4 + 4865 + 88d + d*,  pu(x) = (a(d) + ||lz||*)®, (94)
Valt, @) = ce® D (a(w))s, (95)
X0 = WO — W, (96)
Foreveryde N,z e R%, s€ [0,7T), te (s,T] let

The fact that 88d < @# and [32, Lemma 2.6](applied for every d € N with m « d, d < d,
p < 8B, a « a(d), ¢ — 1, p « 0, 0 < Idgaxa in the notation of [32, Lemma 2.6]) prove for

all d € N that 1 Zk . i ‘@d 168p4 and hence 1 Zk 1 2 < 168V}, This and the fact that
Vde N: an = —8pV} show for all d € N that

Vp L1V

_ 8.1 8 _ 8
n +2k:1 P 8BV, + 168V, = 88V, (98)
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This and [12, Lemma 2.2] (applied for every s € [0, T],t € [s, T| with V « V3 a « 88, 7 < T,
p < 0, 0 < Idgaxa, t < t — s in the notation of [12, Lemma 2.2]) imply for alld € N, s € [0, T,
t € [s,T] that

eSﬁ(TftJrs)E[(pd(Xtd,O,s,m)] _ E[e86(Tf(tfs))(pd(x n Wtd’o B W;z,o)]
= E[eSB(T_(t_S))cpd(:p + Wfﬂ’g)]

= c_S]E[VdS(t — S, x + Wtd_’os)]

< e VH(0,2) = 2T py(2), (99)
hence
IE][Vd( XdOs:v>] _ E|:C8€85(T7t)(pd<Xtd,0,s,:v)] < BT 0 (x) = VE(s, z), (100)
and hence
HVd(t, XG0y ) < Vi(s, ). (101)

8
Next, recalling the fact that ¢ > 2 proves forallde N, i€ [1,d]| nZ, t € [0,T), r € (0, T] that

i d,0,i i d,0,i
WOt — W R — W __c (102)
r—t Vr—1 VT — 1 8\\/r—t’

where W% is the i-th coordinate of the Brownian motion W9, This and (97) demonstrate for
allde N,z e R%, i€ [0,d]nZ,te[0,T),re (0,T]that

[oxf 2, < K=

Next, the triangle inequality implies for all d € N, i € [1,d] "N, s € [0,T), t € [s,T), r € (s,T]
that

(103)

r—t r—3s

d,0, _ 11740, d,0,i _ 11/7d,0,i
||WT WO ded e

8

A ey

<Wd01 Wtd,o,i B (W;i,o,i B WSd,O,i))

r—t r—s 7“—5 8
< _t=s ’Wdol W0 40P _ W40
(r—t)(r—-s) 8 8
t—

< —1058\/7“ —t+ —1058\/75 — S
(r—1t)(r—-s)

_ 1055/% — s .\ 1055/ — s
CWVr—tr—s  Vr—tyr—s
4@
This, (97), and the fact that Vd e N: 4 < Vyshow foralld e N, s € [0,T), t € [s,T), r € (s,T]
that

(104)

_ Va(t, ) + Vy(s, x) Vit—s

Zd 0,t,x Zd,O,s,x < ) 105
Hpr T )HS 2 mA?(T—S) ( )

Next, (5)-(9), (94), and (95) imply foralld e N, ¢ € (0,1), z € R%, wy, w, € R*! that
max{|g ), \ge |} Va(T, x) max{\de ), |de \} Va(t, x) (106)

d
max{| f*(wy) — f*(ws)], |f£ (w1) - Z [LOA(T) |pry (wy — w)]] (107)
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2 VT

9%(x) — g2(z)| < ecdVy(T, z). (109)
Proposition 3.1 (applied for every d € N, ¢ € (0,1) with p, < 8, p, < 8, px < 8, (Li)ic[0,qjn7z —

(LY icro,q1~z5 (Ni)icpo,ajnz <— (AD)iepo,ajnz, Pr < pre, f < f4, feflge—g,ge—g,V "V,
X «— X4 7 « 740 in the notation of Proposition 3.1), (106), (107), (101), (103), (108),
(96), (97), (105), (8), and (109) show that the following items hold.

(a) Foralld € N, ¢ € (0, 1) there exist unique continuous functions u?, u?: [0,T) x R — R%*!
such that for all t € [0,T'), z € R? we have that

max{|g*(z) — g°(y)], [9(z) — g2 (W)} <

_ 4 .
max sup AT — 7_)—|pry(u (7. 9))l < o, (110)
IJE[O,d]F\Z T€[07T)7§€]Rd | ‘/;1(7—7 5) ;
i d(,d 1
ax sup AYT — T)‘Pru(ua(ﬂ §)] < o0, (111)
ve[0,d]n7 r¢[0,T),ceRe | Va(7,€)

] f E[|f4(us(r, X200 ) prd(ZE00) | dr | < o0, (112)

E[’ d Xd,O,t,x d Zdvovtvw
VEI[&%]}E\Z i g ( T )pru( T )

VEI[EIE}]}E\Z E[ gg(Xg,O,t,x)prg(Zg,o,t,m) ] J [‘fd XdOtJ:))pr (ZdOtJ:)H dr | < o0, (113)
rT
ul(t,z) = E[gd<xgxovm)z¢°m] + B[ £ (u?(r, XH00)) ZE00] dr, (114)
t
and
rT
ul(t,z) = E[gg(X%O’t’x)Z%O’t’x] + B[ £ (ul(r, X200)) Z8007] dr. (115)
t

(b) Forallt e [0,T), x € R we have that

max |ANT — t)prf(ul(t, z) — u'(t,2))]|, < 10c2d*eV,) 1 (¢, 2)B(1 —
i€|0

N

). (116)

[N

I

Item (a), [43, Theorem 6.9] (applied for every d € N with p¢ « 0, 0¢ « Idgaxa), (6), and
(7) imply that for all d € N the function u¢ satisfies that v¢ := prd(u?) is the unique viscosity
solution to the following semilinear PDE of parabolic type:

ov?

o —(t,z) + %(Avd)(t,x) + ft, 20t 2), (Vo) (t,x) =0 VYte (0,T),reRY, (117)
v (T, x) = g%(x) VaxeRY (118)
Vot = (pré(u?), prd(u?), ..., prd(u?)), and

AT — )M < . (119)

max sup v
VG[O,d]ﬁZ TE[O,T),&E]Rd ( + Hf” )

This establishes (i).

Next, [42, Lemma 4.3] (applied for every d € N, ¢ € (0,1) with p, < 8, p, < 8, px < 8,
(Lz‘)z‘e[o,d]mz — (Lfl)ie[o d|"7Z> (A )ze[O Y/ (A?)ie[o,d]mz, pr < Prd, | fed, g < gg, VeV X <
X, Z — 7%, (U ) — (U ), i < 3 in the notation of [42, Lemma 4.3]) demonstrate for

alld,m,neN,te[0,T),zeRY ee (0,1) that

m?
6

max _||[AY(T — t)pri(ULY, (t,x) — u?(t,x))”2<e

vel0,d]|NZ e

m~ 28" TV3(t, x). (120)
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Moreover, (94) and (95) show that there exists x € (0, c0) such that

\/dTl(f[ vj‘(o,a;)ozgc)é +\/ﬁ<f[

This, the triangle inequality, (120), and (116) prove for all d,n,m € N, € € (0, 1) that

V0, x) dx) < wd"”. (121)

0,1]¢ 0,1]4

1

(JO 1)@ Z HAd Uggbs(ovx) - ud(o’x))Hde>

< d+1 Ad UdO 0 _d 0 2d 2
(J‘[O,l]d( * )ye{rolgj}ﬁZH ) ( nm{«;( 71‘) u ( ,x))“2 X

0,1]¢ ve[0,d]NZ

<\/dT1(f[ max || A4(T)pr (Uffgﬂg(O,:p)—u?((),x))”id:p)%

VT ([ e AT 0.0) - 0.0 )

0,1]¢ ve[0,d]NZ

1
2

< emTSm_%S"e"CQTm <J[ . VE(0,z) d;z:>2 +10c%d*eB(1 — 4, H)Vd + 1 <J[ . V20, x) d;z:)
0,1 0,1
< (e m BT £ 1020 eB(1 - 4,4) ) wd” (122)
For the next step for every d € N, e € (0,1) let Ny € N, ¢4, € (0, 1) satisfies that
Nae = inf{n e N [2,00): ¢ n 87 T " < - (123)
and
Eae = ‘ (124)

10c2d>*B(1 — €, $)rd"
Then Fubini’s theorem and (122) imply for alld € N, € € (0, 1) that

(#l 2
(el

|

AUT)PE(UR ., (0,2) —u(0,2))

“|

TV e (0.0) 002 dx)

1
2

M Mu
< eTNde 2 8Nd€€Nd€CT+1002d268d6B(1—%,%>) ked”
L (125)
5 5 = €.

This shows that for all d € N, € € (0, 1) that there exists wy . € €2 such that

2

dr < €. (126)

esNd e €d,e (07 :L‘) - ud(ov :L‘))

[0,1]¢

Next, Proposition 2.12 (apphed for every d € N, e € (0,1) with f — f? , g < ¢, , (US,,) <
(UL8 ), w < wg, in the notation of Proposition 2.12) imply for all d € N, ¢ € (0, 1) that there

n,m,Eq, e

exists \I!d . € N such that
dim(D(Vy,)) = Nd7e(dim(D(<I>fgd ) —1)+ dim(D((bggd ), (127)

ID(Wa Il < max{d + 1,

D(® ))H} (4N )Nae, (128)
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URY Ny (0,7, 0a0) = (R(Wa,0)) (). (129)

Furthermore, (10) and the fact that V® € N: max{dim(D(®)), |[|D(®)||} < P(P) imply for all
de N, ee€(0,1) that

max{dim(D(Pyq)), dim(D(Pa)), [|D(®ya) ||, [|P(®a) ||} < cde™. (130)
Hence, we have for all d € N, € € (0, 1) that
max{dim(D(q)ggd ), dim(D(@ ) H 2, )| [IP@s, ) ‘} < dey”. (131)

This, (127), (128), and the fact that ¢ > 2 prove for all d € N, € € (0, 1) that

dim(D(Vy,)) < 2Ngecd’ey? and  [|D(Wao)|| < cdeyf(4Nge) Ve (132)
Next, (123) implies for all d € N, € € (0, 1) that
(N, 71)3
€ < e (Nde _ 1) R 71€(Nd’671)C2TK;dH
N;}E Ng 2
6 (Ngo— 1)~ Naee"T o, (133)

This, the fact that V® e N: P(P) < 2 dim(D(@))|||D((I>)|||2, (132), and (124) show for all d € N,
¢,v € (0,1) that

P(Vae) < 2dim(D(Wy)) [ D(Pa)|”
< 2Ngcdey; (cdcagc(élj\f&E)N‘“)2

_ 2Ng +1
_ 3203d3c 3CN d,

—3c
< 32834 € NNt
¢ (IOCQdQCB(l — g %)/{dn> d,e
= 32834 (1002d2‘3B(1 — 4 %) )30 —3cN2Nde+1 Ay 1y
< 32¢°d% (10*d*B(1 — £, 1)kd ) —3CN2Nd6+1

3 4+’y
Na,e _Na.em Ny 2T, gk —4—
e 6 (Nge—1)" 2 e Lred e 7

2n+1 n3 n  nc2T\4+
n (e’ 8mene )Y

= 323d% (10c2d*B(1 — 4, Dkd®)™ (kd®)* e 347 sup
( ( 27 2) ) ( ) ne[27oo)mZ (n . 1) ("/+4)
(134)
Next, note that for all v € (0, 1) we have that
n2n+1( n—38n nc2T)4+’y
sup
ne(2,00)NZ (n — 1) > (+4)
n2n+1(6 6 8n nce T)4+’yn7¥4
< su
nE[Q,OOI:;mZ (77, - 1) 3(7+4)
_n2n+1(6"—63 8n6n02T)4+’yn3/;—4 n 5 (v+4)
= su -
ne[2,ooI;mZ nz(+d) n—1
[ n  ncT\4+~ RER
< sup TL(G ‘ 8 ﬂ/) ne 2721(74‘4)
ne(2,00)NZ | nz
< . (135)

This and (134) prove that there exists 1 € (0, c0) such that for all d € N, € € (0, 1) we have that
P(V4.) <nd'e ™. This, (126), and (129) complete the proof of Theorem 1.2. O
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