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RECTIFIED DEEP NEURAL NETWORKS OVERCOME THE CURSE OF DIMENSIONALITY
IN THE NUMERICAL APPROXIMATION OF

GRADIENT-DEPENDENT SEMILINEAR HEAT EQUATIONS

ARIEL NEUFELD1 AND TUAN ANH NGUYEN2

ABSTRACT. Numerical experiments indicate that deep learning algorithms overcome the curse of

dimensionality when approximating solutions of semilinear PDEs. For certain linear PDEs and
semilinear PDEs with gradient-independent nonlinearities this has also been proved mathemati-

cally, i.e., it has been shown that the number of parameters of the approximating DNN increases
at most polynomially in both the PDE dimension d P N and the reciprocal of the prescribed accu-

racy ǫ P p0, 1q.
The main contribution of this paper is to rigorously prove for the first time that deep neural
networks can also overcome the curse dimensionality in the approximation of a certain class of

nonlinear PDEs with gradient-dependent nonlinearities.

1. INTRODUCTION

Deep learning-based approximation algorithms for certain nonlinear parabolic partial differ-
ential equations (PDEs) have been first proposed in [13, 25]. Due to their success in approxi-
mately solving nonlinear PDE in higher dimensions where classical methods have failed, there
is now a variety of deep learning algorithms for different kinds of PDEs in the scientific litera-
ture, see, e.g., [2, 3, 4, 5, 6, 7, 8, 10, 14, 15, 17, 18, 19, 20, 25, 26, 27, 28, 29, 33, 34, 35, 37, 38, 39,
40,44,45,46,47,48,49,50,51].

Numerical experiments indicate that deep learning methods work exceptionally well when
approximating solutions of high-dimensional PDEs and that they do not suffer from the curse
of dimensionality. However, there exist only few theoretical results proving that deep learning
based approximations of solutions of PDEs do not suffer from the curse of dimensionality:
[9, 16, 21, 22, 23, 24, 36] prove that deep neural network (DNN) approximations overcome
the curse of dimensionality when approximating solutions of linear PDEs, [1, 31] prove that
DNN approximations overcome the curse of dimensionality when approximating solutions of
semilinear heat equations, and [11,41] prove that DNN approximations overcome the curse of
dimensionality when approximating solutions of general semilinear PDEs.

However, we highlight that all the above results [1, 11, 31, 41] only deal with gradient-
independent semilinear PDEs, i.e., the case when the nonlinear part of the corresponding semi-
linear PDE does not depend on the gradient of the solution.

The contribution of our article is to prove for the first time that deep neural networks can
also overcome the curse dimensionality in the approximation of nonlinear PDEs with gradient-
dependent nonlinearities. Our main result, Theorem 1.2, proves that for semilinear heat equa-
tions with gradient-dependent nonlinear part the number of parameters of the approximating
DNN increases at most polynomially in both the PDE dimension d P N and the reciprocal of
the prescribed accuracy ǫ P p0, 1q, i.e., DNNs do overcome the curse of dimensionality when
approximating such PDEs.

1.1. Notations. Throughout our paper we use the following notations. Let
‖¨‖ , |||¨||| : pYdPNR

dq Ñ r0,8q, dim: pYdPNR
dq Ñ N satisfy for all d P N, x “ px1, . . . , xdq P Rd

that }x} “
b

řd

i“1
pxiq2, |||x||| “ maxiPr1,dsXN |xi|, and dimpxq “ d. Moreover, given a probability

space pΩ,F ,Pq, a random variable X : Ω Ñ R, and s P r1,8q let ‖X‖s P r0,8s satisfy that

‖X‖s “ pEr|X|ssq 1

s .
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1.2. A mathematical framework for DNNs. In order to formulate our main result, Theo-
rem 1.2, we need to introduce a mathematical framework for DNNs, see Setting 1.1 below.

Setting 1.1 (A mathematical framework for DNNs). Let Ad : R
d Ñ R

d, d P N, satisfy for all
d P N, x “ px1, . . . , xdq P Rd that

Adpxq “ pmaxtx1, 0u,maxtx2, 0u, . . . ,maxtxd, 0uq . (1)

Let D “ YHPNN
H`2. Let

N “
ď

HPN

ď

pk0,k1,...,kH`1qPNH`2

«

H`1
ź

n“1

`

R

knˆkn´1 ˆRkn
˘

ff

. (2)

Let D : N Ñ D, P : N Ñ N, R : N Ñ pYk,lPNCpRk,Rlqq satisfy that for all H P N,

k0, k1, . . . , kH , kH`1 P N, Φ “ ppW1, B1q, . . . , pWH`1, BH`1qq P śH`1

n“1

`

R

knˆkn´1 ˆRkn
˘

, x0 P
R

k0 , . . . , xH P RkH with the property that @n P NX r1, Hs : xn “ AknpWnxn´1 `Bnq we have that

PpΦq “
H`1
ÿ

n“1

knpkn´1 ` 1q, DpΦq “ pk0, k1, . . . , kH , kH`1q, (3)

RpΦq P CpRk0,RkH`1q, and

pRpΦqqpx0q “ WH`1xH ` BH`1. (4)

Let us comment on the mathematical objects in Setting 1.1. For all d P N, Ad : R
d Ñ R

d

refers to the componentwise rectified linear unit (ReLU) activation function. By N we denote
the set of all (parameters characterizing) artificial feed-forward DNNs, by R we denote the
operator that maps each DNN to its corresponding function, by P we denote the function that
maps a DNN to its number of parameters, and by D we denote the function that maps a DNN
to the vector of its layer dimensions.

We are now in a position to state the main result, Theorem 1.2 below.

Theorem 1.2. Assume Setting 1.1. Let T P p0, T q, β, c P r2,8q, q P r1, 2q. For ev-

ery d P N let Ld
i P R, i P r0, ds X Z, satisfy that

řd

i“0
Ld
i ď c. For every d P N let

Λd “ pΛd
νqνPr0,dsXZ : r0, T s Ñ R

1`d satisfy for all t P r0, T s that Λdptq “ p1,
?
t, . . . ,

?
tq. For

every d P N let prd “ pprdνqνPr0,dsXZ : R
d`1 Ñ R satisfy for all w “ pwνqνPr0,dsXZ, i P r0, ds X Z

that prdi pwq “ wi. For every d P N, ε P p0, 1q let gd, gdε P CpRd,Rq, f d, f d
ε P CpRd,Rd`1q,

Φgdε
,Φfd

ε
P N satisfy that RpΦgdε

q “ gdε and RpΦfd
ε
q “ f d

ε . Assume for all d P N, ε P p0, 1q,
x, y P Rd, w,w1, w2 P Rd`1 that

|gdεpxq| ` |Tf d
ε pxq| ď cpdc ` ‖x‖2q 1

2 , (5)

|f d
ε pw1q ´ f d

ε pw2q| ď
d
ÿ

ν“0

“

Ld
νΛ

d
νpT q|prdνpw1 ´ w2q|

‰

, (6)

|gdεpxq ´ gdεpyq| ď cdc
‖x ´ y‖?

T
, (7)

∣

∣f d
ε pwq ´ f dpwq

∣

∣ ď εcdc

T

˜

1 `
d
ÿ

ν“0

pΛd
νpT qqqpprdνpwqqq

¸

, (8)

∣

∣gdpxq ´ gdε pxq
∣

∣ ď εcdcpdc ` ‖x‖2qβ, (9)

max
 

PpΦgdε
q,PpΦfd

ε
q
(

ď cdcε´c. (10)

Then the following items hold.



3

(i) For all d P N there exists a unique continuous function ud : r0, T q ˆ R

d Ñ R

d`1 such that
vd :“ prd0pudq is the unique viscosity solution to the following semilinear PDE of parabolic
type:

Bvd
Bt pt, xq ` 1

2
p∆vdqpt, xq ` f dpt, x, vdpt, xq, p∇xv

dqpt, xqq “ 0 @ t P p0, T q, x P Rd, (11)

vdpT, xq “ gdpxq @ x P Rd, (12)

∇xv
d “ pprd

1
pudq, prd

2
pudq, . . . , prddpudqq, and

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

«

Λd
νpT ´ τq |pr

d
νpudpτ, ξqq|

p1 ` ‖ξ‖2q 1

2

ff

ă 8. (13)

(ii) There exists η P p0,8q such that for all d P N, ǫ P p0, 1q there exists Ψd,ǫ P N satisfying

RpΨd,ǫq P CpRd,Rd`1q, PpΨd,ǫq ď ηdηǫ´η, and

˜

ż

r0,1sd

d
ÿ

ν“0

∣

∣Λd
νpT qprdνppRpΨd,ǫqqpxq ´ udp0, xqq

∣

∣

2

dx

¸
1

2

ď ǫ. (14)

Let us make some comments on the mathematical objects in Theorem 1.2 above. First, (5)–
(7) are growth and Lipschitz conditions. Condition (8)–(9) ensure that the input functions f d,
gd can be approximated by the functions f d

ε , gdε . The bound cdcε´c in condition (10), which is a
polynomial of d and ε´1, ensures that the functions f d

ε , gdε can be represented by DNNs without
curse of dimensionality. Under these assumptions Theorem 1.2 states that, roughly speaking, if
DNNs can approximate the initial condition, the linear part, and the nonlinear part in (11)–(12)
without curse of dimensionality, then they can also approximate its solution without curse of
dimensionality.

The proof of Theorem 1.2 above relies on full history recursive multilevel Picard (MLP) ap-
proximations which have been proved to overcome the curse of dimensionality when approx-
imating solutions of semilinear heat equations in the gradient dependent case, see [30, 42].
Our proof essentially consists of two main lemmas: Proposition 2.12 shows that realizations of
certain MLP approximations can be represented by DNNs and Proposition 3.1 is a perturbation
lemma.

The remaining part of our paper is organized as follows. In Section 2 we prove that multilevel
Picard approximations can be represented by DNNs and we provide bounds for the number of
parameters of the representing DNN. In Section 3 we provide the perturbation lemma, Propo-
sition 3.1, demonstrating that the stochastic fixed point equation corresponding to the PDE
(11)–(12) is stable against perturbations in the nonlinearity f and the terminal condition g.
The main theorem is proven in Section 4.

2. DEEP NEURAL NETWORKS

2.1. Properties of operations associated to DNNs. In Setting 2.1 below we introduce opera-
tions which are important for constructing the random DNN that represents the MLP approxi-
mations in the proof of Proposition 2.12.

Setting 2.1. Assume Setting 1.1. Let d : D ˆ D Ñ D satisfy for all H1, H2 P N, α “
pα0, α1, . . . , αH1

, αH1`1q P N

H1`2, β “ pβ0, β1, . . . , βH2
, βH2`1q P N

H2`2 that α d β “
pβ0, β1, . . . , βH2

, βH2`1 ` α0, α1, α2, . . . , αH1`1q P N

H1`H2`3. Let ⊞ : D ˆ D Ñ D satisfy for all
H P N, α “ pα0, α1, . . . , αH , αH`1q P N

H`2, β “ pβ0, β1, β2, . . . , βH , βH`1q P N

H`2 that
α ⊞ β “ pα0, α1 ` β1, . . . , αH ` βH , βH`1q P NH`2. Let nn P D, n P r3,8q X Z, satisfy for all
n P r3,8q XN that

nn “ p1, 2, . . . , 2
loomoon

pn´2q times

, 1q P Nn. (15)
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For every n P N let Rn : D Ñ D satisfy for all H P N, α “ pα0, α1, . . . , αH , αH`1q P NH`2 that

Rnpαq “ pα0, α1, . . . , αH , nq. (16)

For the proof of our main result in this section, Proposition 2.12, we need several auxiliary
results, Lemmas 2.2–2.11, which are basic facts on DNNs. The proof of Lemma 2.2–2.11 can
be found in [11,31] and therefore omitted.

Lemma 2.2 (d is associative– [31, Lemma 3.3]). Assume Setting 2.1 and let α, β, γ P D. Then
we have that pα d βq d γ “ α d pβ d γq.
Lemma 2.3 (⊞ and associativity– [31, Lemma 3.4]). Assume Setting 2.1, let H, k, l P N, and let
α, β, γ P

`

tku ˆNH ˆ tlu
˘

. Then

(i) we have that α⊞ β P
`

tku ˆNH ˆ tlu
˘

,

(ii) we have that β ⊞ γ P
`

tku ˆNH ˆ tlu
˘

, and
(iii) we have that pα⊞ βq ⊞ γ “ α⊞ pβ ⊞ γq.
Lemma 2.4 (Triangle inequality– [31, Lemma 3.5]). Assume Setting 2.1, let H, k, l P N, and let
α, β P tku ˆNH ˆ tlu. Then we have that |||α⊞ β||| ď |||α||| ` |||β|||.
Lemma 2.5. Assume Setting 2.1, let H, k, l, n,m P N, and let α1, α2, . . . , αm P tku ˆ N

H ˆ tlu.
Then we have that |||⊞m

i“1Rnpαiq||| ď maxtřm

i“1
|||αi|||, nu.

Proof of Lemma 2.5. Throughout this proof for every i P r1, ms X Z let αi,j P N, j P r1, Hs X Z,
satisfy that αi “ pk, αi,1, αi,2, . . . , αi,H , lq. Then the definition of ⊞, the definition of Rn, and the
triangle inequality show that ⊞m

i“1Rnpαiq “ pk,řm

i“1
αi,1,

řm

i“1
αi,2, . . . ,

řm

i“1
αi,H , nq and

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

m

⊞
i“1

Rnpαiq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ sup

#

k,

∣

∣

∣

∣

∣

m
ÿ

i“1

αi,1

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

m
ÿ

i“1

αi,2

∣

∣

∣

∣

∣

, . . . ,

∣

∣

∣

∣

∣

m
ÿ

i“1

αi,H

∣

∣

∣

∣

∣

, n

+

ď sup

#

k,

m
ÿ

i“1

|αi,1| ,
m
ÿ

i“1

|αi,2| , . . . ,
m
ÿ

i“1

|αi,H | , n

+

ď max

#

m
ÿ

i“1

|||αi|||, n
+

. (17)

This completes the proof of Lemma 2.5. �

Lemma 2.6 (DNNs for affine transformations– [31, Lemma 3.7]). Assume Setting 1.1 and let
d,m P N, λ P R, b P Rd, a P Rm, Ψ P N satisfy that RpΨq P CpRd,Rmq. Then we have that
λ ppRpΨqqp¨ ` bq ` aq P RptΦ P N : DpΦq “ DpΨquq.
Lemma 2.7 (DNNs for the multiplication with a vector). Assume Setting 2.1 and let d,m P N,
λ P R

m “ R

mˆ1, a P R, b P Rd, Ψ P N satisfy that RpΨq P CpRd,Rq. Then we have that
λ ppRpΨqqp¨ ` bq ` aq P RptΦ P N : DpΦq “ RmpDpΨqquq.
Proof of Lemma 2.7. Throughout this proof let H, k0, k1, . . . , kH`1 P N satisfy that

H ` 2 “ dimpDpΨqq and pk0, k1, . . . , kH, kH`1q “ DpΨq, (18)

and let ppW1, B1q, pW2, B2q, . . . , pWH , BHq, pWH`1, BH`1qq P śH`1

n“1

`

R

knˆkn´1 ˆRkn
˘

satisfy that
´

pW1, B1q, pW2, B2q, . . . , pWH , BHq, pWH`1, BH`1q
¯

“ Ψ. (19)

Then the fact that RpΨq P CpRd,Rq implies that k0 “ d and kH`1 “ 1. Next, let φ P
śH

n“1

`

R

knˆkn´1 ˆRkn
˘

ˆ pRmˆkH ˆRmq satisfy that

φ “
´

pW1, B1 ` W1bq, pW2, B2q, . . . , pWH , BHq, pλWH`1, λBH`1 ` λaq
¯

, (20)

This, the fact that k0 “ d, and (18) show that φ P N and

Dpφq “ pd, k1, k2, . . . , kH, mq “ RmpDpΨqq. (21)
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Let x0, y0 P Rk0 , x1, y1 P Rk1 , . . . , xH , yH P RkH satisfy for all n P NX r1, Hs that

xn “ AknpWnxn´1 ` Bnq, yn “ AknpWnyn´1 ` Bn ` 1t1upnqW1bq, and x0 “ y0 ` b. (22)

Then

y1 “ Ak1pW1y0 ` B1 ` W1bq “ Ak1pW1py0 ` bq ` B1q “ Ak1pW1x0 ` B1q “ x1. (23)

This and an induction argument prove for all i P r2, Hs XN that

yi “ AkipWiyi´1 ` Biq “ AkipWixi´1 ` Biq “ xi. (24)

This and the definition of R prove that

pRpφqqpy0q “ λWH`1yH ` λBH`1 ` λa

“ λWH`1xH ` λBH`1 ` λa

“ λpWH`1xH ` BH`1 ` aq
“ λppRpΨqqpx0q ` aq
“ λpRpΨqqpy0 ` bq ` a.

(25)

This and the fact that y0 was arbitrary prove that

Rpφq “ λppRpΨqqp¨ ` bq ` aq. (26)

This and (21) complete the proof of Lemma 2.7. �

Lemma 2.8 (Composition of functions generated by DNNs– [31, Lemma 3.8]). Assume Set-
ting 2.1 and let d1, d2, d3 P N, f P CpRd2 ,Rd3q, g P CpRd1 ,Rd2q, α, β P D satisfy that
f P RptΦ P N : DpΦq “ αuq and g P RptΦ P N : DpΦq “ βuq. Then we have that
pf ˝ gq P RptΦ P N : DpΦq “ α d βuq.
Lemma 2.9 (Sum of DNNs of the same length– [31, Lemma 3.9]). Assume Setting 2.1 and
let M,H, p, q P N, h1, h2, . . . , hM P R, ki P D, fi P CpRp,Rqq, i P r1,Ms X N, satisfy for all
i P r1,Ms X N that dimpkiq “ H ` 2 and fi P RptΦ P N : DpΦq “ kiuq. Then we have that
řM

i“1
hifi P R

` 

Φ P N : DpΦq “ ⊞
M
i“1

ki
(˘

.

Lemma 2.10 (Existence of DNNs with H hidden layers for Id
R

d– [11, Lemma 3.6]). Assume
Setting 2.1 and let d,H P N. Then we have that Id

R

d P RptΦ P N : DpΦq “ ndH`2
uq.

Lemma 2.11 ( [11, Lemma 3.7]). Assume Setting 1.1, let H, p, q P N, and let g P CpRp,Rqq
satisfy that g P RptΦ P N : dimpDpΦqq “ H ` 2uq. Then for all n P N0 we have that g P RptΦ P
N : dimpDpΦqq “ H ` 2 ` nuq.
2.2. DNN representation of MLP approximations. In Proposition 2.12 below we prove that
the MLP approximations under consideration can be represented by DNNs.

Proposition 2.12. Assume Setting 1.1. Let T P p0,8q, d,m P N, Θ “ YnPNZ
n. Let c P p0,8q

satisfy that

c ě maxtd ` 1, |||DpΦf q|||, |||DpΦgq|||u. (27)

Let ̺ : r0, T s2 Ñ R satisfy for all t P r0, T q, s P pt, T q that

̺pt, sq “ 1

Bp1

2
, 1

2
q

1
a

pT ´ sqps ´ tq
. (28)

Let pΩ,F ,Pq be a probability space. Let W θ : r0, T s ˆ Ω Ñ R

d, θ P Θ, be standard pFtqtPr0,T s-

Brownian motions with continuous sample paths. Let tθ : Ω Ñ p0, 1q, θ P Θ, be i.i.d. random
variables. Assume for all b P p0, 1q that

Ppt0 ď bq “ 1

Bp1

2
, 1
2
q

ż b

0

dr
a

rp1 ´ rq
. (29)

Assume that pW θqθPΘ and ptθqθPΘ are independent. Let Tθ : r0, T q ˆ Ω Ñ r0, T q, θ P Θ, satisfy
for all t P r0, T q that Tθ

t “ t ` pT ´ tqtθ. Let f P Cpr0, T s ˆ R

d ˆ R

1`d,Rq, g P CpRd,Rq. Let
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Uθ
n,m : r0, T q ˆR

d ˆ Ω Ñ R

1`d, n P Z, θ P Θ, satisfy for all n P N, θ P Θ, t P r0, T q, x P Rd that

Uθ
´1,mpt, xq “ Uθ

0,mpt, xq “ 0 and

Uθ
n,mpt, xq “ pgpxq, 0q `

mn
ÿ

i“1

ˆ

1,
W

pθ,0,´iq
T

´W
pθ,0,´iq
t

T´t

˙J `

gpx`W
pθ,0,´iq
T

´W
pθ,0,´iq
t q´gpxq

˘

mn

`
n´1
ÿ

ℓ“0

mn´ℓ
ÿ

i“1

˜

1,
W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

T
pθ,ℓ,iq
t ´t

¸J pf˝U
pθ,ℓ,iq
ℓ,m

´1
N

pℓqf˝U
pθ,´ℓ,iq
ℓ´1,m qpT

pθ,ℓ,iq
t ,x`W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t q

mn´ℓ̺pt,T
pθ,ℓ,iq
t q

,

(30)

and let ω P Ω. Then for all n P N0 there exists pΦθ
n,tqθPΘ,tPr0,T q Ď N such that for all t1, t2, t P r0, T q,

θ1, θ2, θ P Θ we have that

DpΦθ1
n,t1

q “ DpΦθ2
n,t2

q, (31)

dimpDpΦθ
n,tqq “ npdimpDpΦfqq ´ 1q ` dimpDpΦgqq, (32)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď cp4mqn, (33)

Uθ
n,mpt, x, ωq “ pRpΦθ

n,tqqpxq. (34)

Proof of Proposition 2.12. We prove the lemma by induction on n P N. Since the zero function
can be represented by a DNN of arbitrary length, the base case n “ 0 is clear. For the induction
step from n P N0 to n`1 P N let n P N0, assume for all ℓ P r0, nsXZ, t1, t2, t P r0, T q, θ1, θ2, θ P Θ

that

DpΦθ1
ℓ,t1

q “ DpΦθ2
ℓ,t2

q, (35)

dimpDpΦθ
ℓ,tqq “ ℓpdimpDpΦfqq ´ 1q ` dimpDpΦgqq, (36)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
ℓ,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď cp3mqℓ, (37)

Uθ
ℓ,mpt, x, ωq “ pRpΦθ

ℓ,tqqpxq, (38)

and let the notations in Setting 2.1 be given. First, Lemmas 2.6, 2.8, and 2.10 imply for all
i P r1, mn`1s X Z, θ P Θ, t P r0, T q that

g “ Id
R

˝ g P R
` 

Φ P N : DpΦq “ npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
(˘

(39)

and1

g
´

¨ ` W
pθ,0,´iq
T pωq ´ W

pθ,0,´iq
t pωq

¯

“ pId
R

˝ gq
´

¨ ` W
pθ,0,´iq
T pωq ´ W

pθ,0,´iq
t pωq

¯

P R
` 

Φ P N : DpΦq “ npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
(˘

. (40)

This and Lemma 2.7 imply for all i P r1, mn`1s X Z, θ P Θ, t P r0, T q that
˜

0,
W

pθ,0,´iq
T pωq ´ W

pθ,0,´iq
t pωq

T ´ t

¸J

gpxq

P R
` 

Φ P N : DpΦq “ Rd`1

`

npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
˘(˘

, (41)

and
˜

1,
W

pθ,0,´iq
T pωq ´ W

pθ,0,´iq
t pωq

T ´ t

¸J

g
´

¨ ` W
pθ,0,´iq
T pωq ´ W

pθ,0,´iq
t pωq

¯

P R
` 

Φ P N : DpΦq “ Rd`1

`

npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
˘(˘

. (42)

1For every d1, d2 P N, z P Rd1 , h P Rd1 Ñ R

d2 we denote by hp¨ ` zq the function Rd1 Q x ÞÑ hpx ` zq P Rd2.
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Next, the induction hypothesis (see (35) and (38)), the fact that f “ RpΦf q, and Lemma 2.8
show for all i P r1, ms, θ P Θ, t P r0, T q that

`

f ˝ U pθ,n,iq
n,m

˘

´

T
pθ,n,iq
t pωq, ¨ ` W

pθ,n,iq

T
pθ,n,iq
t pωq

pωq ´ W
pθ,n,iq
t pωq, ω

¯

P R
` 

Φ P N : DpΦfq d DpΦ0

n,0q
(˘

. (43)

This and Lemma 2.7 imply for all i P r1, ms, θ P Θ, t P r0, T q that
¨

˝1,
W

pθ,n,iq

T
pθ,n,iq
t pωq

pωq ´ W
pθ,n,iq
t pωq

T
pθ,n,iq
t pωq ´ t

˛

‚

J

`

f ˝ U pθ,n,iq
n,m

˘

´

T
pθ,n,iq
t pωq, ¨ ` W

pθ,n,iq

T
pθ,n,iq
t pωq

pωq ´ W
pθ,n,iq
t pωq, ω

¯

P R
` 

Φ P N : Rd`1

`

DpΦfq d DpΦ0

n,0q
˘(˘

. (44)

Next, Lemmas 2.10 and 2.8, the fact that f “ RpΦf q, and the induction hypothesis (see (35)
and (38)) prove for all ℓ P r0, ns X Z, θ P Θ, i P rmn`1´ℓs X Z, t P r0, T q that

´

f ˝ U
pθ,ℓ,iq
ℓ,m

¯´

T
pθ,ℓ,iq
t pωq, ¨ ` W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq, ω

¯

“
´

Id
R

˝ f ˝ U
pθ,ℓ,iq
ℓ,m

¯´

T
pθ,ℓ,iq
t pωq, ¨ ` W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq, ω

¯

P R
` 

Φ P N : npn´ℓqpdimpDpΦf qq´1q`1 d DpΦf q d DpΦ0

ℓ,0q
(˘

. (45)

This and Lemma 2.7 demonstrate for all ℓ P r0, ns X Z, θ P Θ, i P rmn`1´ℓs X Z, t P r0, T q that
¨

˝1,
W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq

T
pθ,ℓ,iq
t pωq ´ t

˛

‚

J
´

f ˝ U
pθ,ℓ,iq
ℓ,m

¯´

T
pθ,ℓ,iq
t pωq, ¨ ` W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq, ω

¯

P R
` 

Φ P N : Rd`1

`

npn´ℓqpdimpDpΦf qq´1q`1 d DpΦfq d DpΦ0

ℓ,0q
˘(˘

. (46)

Similarly, we have for all ℓ P r0, ns X Z, θ P Θ, i P rmn`1´ℓs X Z, t P r0, T q that
´

f ˝ U
pθ,´ℓ,iq
ℓ´1,m

¯´

T
pθ,ℓ,iq
t pωq, ¨ ` W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq, ω

¯

“
´

Id
R

˝ f ˝ U
pθ,´ℓ,iq
ℓ´1,m

¯´

T
pθ,ℓ,iq
t pωq, ¨ ` W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq

¯

P R
` 

Φ P N : npn´ℓ`1qpdimpDpΦf qq´1q`1 d DpΦf q d DpΦ0

ℓ´1,0q
(˘

(47)

and
¨

˝1,
W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq

T
pθ,ℓ,iq
t pωq ´ t

˛

‚

J
´

f ˝ U
pθ,´ℓ,iq
ℓ´1,m

¯´

T
pθ,ℓ,iq
t pωq, ¨ ` W

pθ,ℓ,iq

T
pθ,ℓ,iq
t pωq

pωq ´ W
pθ,ℓ,iq
t pωq, ω

¯

P R
` 

Φ P N : Rd`1

`

npn´ℓ`1qpdimpDpΦf qq´1q`1 d DpΦf q d DpΦ0

ℓ´1,0q
˘(˘

. (48)

Next, (16), the definition of d, and (15) imply that

dim
`

Rd`1

`

npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
˘˘

“ dim
`

npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
˘

“ pn ` 1qpdimpDpΦf qq ´ 1q ` 1 ` dimpDpΦgqq ´ 1

“ pn ` 1qpdimpDpΦf qq ´ 1q ` dimpDpΦgqq. (49)

Furthermore, (16), the definition of d, and the induction hypothesis (see (36)) show that

dim
`

Rd`1

`

DpΦf q d DpΦ0

n,0q
˘˘

“ dim
`

DpΦf q d DpΦ0

n,0q
˘

“ dimpDpΦfqq ` dimpDpΦ0

n,0qq ´ 1

“ dimpDpΦfqq ` rnpdimpDpΦf qq ´ 1q ` dimpDpΦgqqs ´ 1
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“ pn ` 1qpdimpDpΦfqq ´ 1q ` dimpDpΦgqq. (50)

Moreover, (16), the definition of d, (15), the induction hypothesis (see (36)) imply that

dim
`

Rd`1

`

npn´ℓqpdimpDpΦf qq´1q`1 d DpΦfq d DpΦ0

ℓ,0q
˘˘

“ dim
`

npn´ℓqpdimpDpΦf qq´1q`1 d DpΦfq d DpΦ0

ℓ,0q
˘

“ pn ´ ℓqpdimpDpΦf qq ´ 1q ` 1 ` dimpDpΦfqq ` dimpDpΦ0

ℓ,0qq ´ 2

“ pn ´ ℓqpdimpDpΦf qq ´ 1q ` 1 ` dimpDpΦfqq ` rℓpdimpDpΦfqq ´ 1q ` dimpDpΦgqqs ´ 2

“ pn ` 1qpdimpDpΦfqq ´ 1q ` dimpDpΦgqq. (51)

Now, (49)–(51) show, roughly speaking, that the functions in (41), (42), (44), (46), and
(48) can be represented by networks with the same number of layers: pn ` 1qpdimpDpΦfqq ´
1q ` dimpDpΦgqq. Hence, Lemma 2.9, (41), (42), (44), (46), and (48) imply that there exists
pΦθ

n`1,tqθPΘ,tPr0,T q Ď N such that for all θ P Θ, t P r0, T q, x P Rd we have that

pRpΦθ
n`1,tqqpxq

“
mn`1

ÿ

i“1

ˆ

1,
W

pθ,0,´iq
T

´W
pθ,0,´iq
t

T´t

˙J
gpx`W

pθ,0,´iq
T

´W
pθ,0,´iq
t q

mn`1

´
mn`1

ÿ

i“1

ˆ

0,
W

pθ,0,´iq
T

´W
pθ,0,´iq
t

T´t

˙J
gpxq
mn`1

`
m
ÿ

i“1

˜

1,
W

pθ,n,iq

T
pθ,n,iq
t

´W
pθ,n,iq
t

T
pθ,n,iq
t ´t

¸J pf˝U
pθ,n,iq
n,m q

˜

T
pθ,n,iq
t ,x`W

pθ,n,iq

T
pθ,n,iq
t

´W
pθ,n,iq
t

¸

mn`1´n̺pt,T
pθ,n,iq
t q

`
n´1
ÿ

ℓ“0

mn`1´ℓ
ÿ

i“1

˜

1,
W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

T
pθ,ℓ,iq
t ´t

¸J pf˝U
pθ,ℓ,iq
ℓ,m q

˜

T
pθ,ℓ,iq
t ,x`W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

¸

mn`1´ℓ̺pt,T
pθ,ℓ,iq
t q

´
n
ÿ

ℓ“1

mn`1´ℓ
ÿ

i“1

˜

1,
W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

T
pθ,ℓ,iq
t ´t

¸J pf˝U
pθ,´ℓ,iq
ℓ´1,m q

˜

T
pθ,ℓ,iq
t ,x`W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

¸

mn`1´ℓ̺pt,T
pθ,ℓ,iq
t q

“ pgpxq, 0q `
mn`1

ÿ

i“1

ˆ

1,
W

pθ,0,´iq
T

´W
pθ,0,´iq
t

T´t

˙J
gpx`W

pθ,0,´iq
T

´W
pθ,0,´iq
t q´gpxq

mn`1

`
n
ÿ

ℓ“0

mn`1´ℓ
ÿ

i“1

˜

1,
W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

T
pθ,ℓ,iq
t ´t

¸J pf˝U
pθ,ℓ,iq
ℓ,m

´1
N

pℓqf˝U
pθ,´ℓ,iq
ℓ´1,m q

˜

T
pθ,ℓ,iq
t ,x`W

pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
pθ,ℓ,iq
t

¸

mn`1´ℓ̺pt,T
pθ,ℓ,iq
t q

“ Uθ
n`1,mpt, x, ωq, (52)

dimpΦθ
n`1,tqq “ pn ` 1qpdimpDpΦf qq ´ 1q ` dimpDpΦgqq, (53)

and

DpΦθ
n`1,tq “

ˆ

mn`1

⊞
i“1

Rd`1

`

npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
˘

˙

⊞

ˆ

mn`1

⊞
i“1

Rd`1

`

npn`1qpdimpDpΦf qq´1q`1 d DpΦgq
˘

˙

⊞

ˆ

m

⊞
i“1

Rd`1

`

DpΦf q d DpΦ0

n,0q
˘

˙

⊞

ˆ

n´1

⊞
ℓ“0

mn`1´ℓ

⊞
i“1

Rd`1

`

npn´ℓqpdimpDpΦf qq´1q`1 d DpΦf q d DpΦ0

ℓ,0q
˘

˙
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⊞

ˆ

n

⊞
ℓ“1

mn`1´ℓ

⊞
i“1

Rd`1

`

npn´ℓ`1qpdimpDpΦf qq´1q`1 d DpΦf q d DpΦ0

ℓ´1,0q
˘

˙

. (54)

This shows for all t1, t2 P r0, T q, θ1, θ2 P Θ that

DpΦθ1
n`1,t1

q “ DpΦθ2
n`1,t2

q. (55)

Next, the induction hypothesis (see (36)) and Lemma 2.5 imply for all θ P Θ, t P r0, T q that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n`1,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď max

#

mn`1

ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇnpn`1qpdimpDpΦf qq´1q`1 d DpΦgq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`
mn`1

ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇnpn`1qpdimpDpΦf qq´1q`1 d DpΦgq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`
m
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦf q d DpΦ0

n,0q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`
n´1
ÿ

ℓ“0

mn`1´ℓ
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇnpn´ℓqpdimpDpΦf qq´1q`1 d DpΦfq d DpΦ0

ℓ,0q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`
n
ÿ

ℓ“1

mn`1´ℓ
ÿ

i“1

npn´ℓ`1qpdimpDpΦf qq´1q`1 d DpΦfq d DpΦ0

ℓ´1,0q, d ` 1

+

. (56)

Note that the definition of d show that for all H1, H2, α0, α1, . . . , αH1`1, β0, β1, . . . , βH2`1 P N,
α, β P D with α “ pα1, . . . , αH1`1q, β “ pβ1, . . . , βH2`1q, α0 “ βH2`1 “ 1 we have that |||α d β||| ď
maxt|||α|||, |||β|||, 2u. This, (55), (15), (27), and the induction hypothesis (see (37)) prove for all
θ P Θ, t P r0, T q that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦθ
n`1,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2

«

mn`1

ÿ

i“1

c

ff

`
«

m
ÿ

i“1

cp4mqn
ff

`
«

n´1
ÿ

ℓ“0

mn`1´ℓ
ÿ

i“1

cp4mqℓ
ff

`
«

n
ÿ

ℓ“1

mn`1´ℓ
ÿ

i“1

cp4mqℓ´1

ff

ď 2cmn`1 ` mcp4mqn `
«

n´1
ÿ

ℓ“0

mn`1´ℓcp4mqℓ
ff

`
«

n
ÿ

ℓ“1

mn`1´ℓcp4mqℓ´1

ff

ď 2cmn`1 ` cmn`14n ` cmn`1

«

n´1
ÿ

ℓ“0

4ℓ

ff

` cmn`1

«

n
ÿ

ℓ“1

4ℓ´1

ff

ď cmn`1

«

2 ` 2

n
ÿ

ℓ“0

4ℓ

ff

ď cmn`1

«

1 ` 3

n
ÿ

ℓ“0

4ℓ

ff

“ cmn`1

„

1 ` 3
4n`1 ´ 1

4 ´ 1



“ cp4mqn`1. (57)

This, (55), (52), and (53) complete the induction step. Induction then completes the proof of
Proposition 2.12. �

3. PERTURBATION LEMMA

Proposition 3.1 (Perturbation lemma). Let d P N, T, ε P p0,8q, pv, pz, px P r1,8q, q P r1, 2q,
c P r1,8q, pLiqiPr0,dsXZ P Rd`1 satisfy that

řd

i“0
Li ď c, 2

pv
` 1

px
` 1

pz
ď 1, 2q ď pv, and 1

2q
` 1

pz
ď 1.

Let ‖¨‖ : Rd Ñ r0,8q be a norm on Rd. Let Λ “ pΛνqνPr0,dsXZ : r0, T s Ñ R

1`d satisfy for all

t P r0, T s that Λptq “ p1,
?
t, . . . ,

?
tq. Let pr “ pprνqνPr0,dsXZ : R

d`1 Ñ R satisfy for all w “
pwνqνPr0,dsXZ, i P r0, ds X Z that pripwq “ wi. Let f, f̃ P CpRd`1,Rq, g, g̃ P CpRd,Rq, V P
Cpr0, T s ˆRd, r0,8qq satisfy that maxtc, 48e86c6T 3u ď V . Let pΩ,F ,Pq be a probability space. Let
pXs,x

t qsPr0,T s,tPrs,T s,xPRd : tpσ, τq P r0, T s2 : σ ď τu ˆR

d ˆ Ω Ñ R

d, pZs,x
t qsPr0,T q,tPps,T s,xPRd : tpσ, τq P
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r0, T s2 : σ ă τu ˆRd ˆΩ Ñ R

d`1 be measurable. Assume for all i P r0, ds XZ, s P r0, T q, t P rs, T q,
r P pt, T s, x, y P Rd, w1, w2 P Rd`1, A P pBpRdqqbRd

, B P pBpRdqqbprt,T qˆRdq that

maxt|gpxq|, |g̃pxq|u ď V pT, xq, max
!

|Tfp0q|, |T f̃p0q|
)

ď V pt, xq, (58)

max
!

|fpw1q ´ fpw2q|, |f̃pw1q ´ f̃pw2q|
)

ď
d
ÿ

ν“0

rLνΛνpT q|prνpw1 ´ w2q|s , (59)

∥

∥V pr,X t,x
r q

∥

∥

pv
ď V pt, xq,

∥

∥pripZt,x
r q

∥

∥

pz
ď c

Λipr ´ tq , (60)

maxt|gpxq ´ gpyq|, |g̃pxq ´ g̃pyq|u ď V pT, xq ` V pT, yq
2

‖x ´ y‖?
T

, (61)

∥

∥

∥

∥X t,x
r ´ X t,y

r

∥

∥

∥

∥

px
ď c‖x ´ y‖, (62)

∥

∥pri
`

Zt,x
r ´ Zt,y

r

˘∥

∥

pz
ď V pt, xq ` V pt, yq

2

‖x ´ y‖?
TΛipr ´ tq

, (63)

P

´

X t,X
s,x
t

r “ Xs,x
r

¯

“ 1, P

´

X
s,p¨q
t P A,X

t,p¨q
p¨q P B

¯

“ P

´

X
s,p¨q
t P A

¯

P

´

X
t,p¨q
p¨q P B

¯

, (64)

∥

∥pripZt,x
r ´ Zs,x

r q
∥

∥

pz
ď V pt, xq ` V ps, xq

2

?
t ´ s?

r ´ tΛipr ´ sq , (65)

‖‖Xs,x
t ´ x‖‖px ď V ps, xq

?
t ´ s, (66)

∣

∣

∣
f̃pwq ´ fpwq

∣

∣

∣
ď εcdc

T

˜

1 `
d
ÿ

ν“0

pΛνpT qqq|prνpwq|q
¸

, (67)

|gpxq ´ g̃pxq| ď εcdcV pT, xq, (68)

and PpXs,x
s “ xq “ 1. Then the following items hold.

(i) There exist unique continuous functions u, ũ : r0, T q ˆRd Ñ R

d`1 such that for all t P r0, T q,
x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpupτ, ξqq|
V pτ, ξq



ă 8, (69)

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

ΛνpT ´ τq |prνpũpτ, ξqq|
V pτ, ξq



ă 8, (70)

max
νPr0,dsXZ

„

E

“∣

∣gpX t,x
T qprνpZt,x

T q
∣

∣

‰

`
ż T

t

E

“∣

∣fpupr,X t,x
r qqprνpZt,x

r q
∣

∣

‰

dr



ă 8, (71)

max
νPr0,dsXZ

„

E

“∣

∣g̃pX t,x
T qprνpZt,x

T q
∣

∣

‰

`
ż T

t

E

”∣

∣

∣
f̃pũpr,X t,x

r qqprνpZt,x
r q

∣

∣

∣

ı

dr



ă 8, (72)

upt, xq “ E

“

gpX t,x
T qZt,x

T

‰

`
ż T

t

E

“

fpupr,X t,x
r qqZt,x

r

‰

dr, (73)

and

ũpt, xq “ E

“

g̃pX t,x
T qZt,x

T

‰

`
ż T

t

E

”

f̃pũpr,X t,x
r qqZt,x

r

ı

dr. (74)
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(ii) For all t P r0, T q, x P Rd we have that

max
iPr0,dsXZ

‖ΛipT ´ tqpripũpt, xq ´ upt, xqq‖
2

ď 10c2d2cεV 3q`1pt, xqBp1 ´ q

2
, 1
2
q. (75)

Proof of Proposition 3.1. [42, Lemma 2.7] and the assumptions of Proposition 3.1 show (i).
Next, (58), Hölder’s inequality, the fact that 1

pv
` 1

pz
ď 1, (60), Jensen’s inequality, the fact

that 2q ď pv, and the fact that c ď V imply for all i P r0, ds X Z, s P r0, T q, t P rs, T q, x P Rd that
∥

∥

∥

∥

ΛipT ´ tq
∥

∥

∥
gpX t,x̃

T qpripZt,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

ď
∥

∥

∥

∥

ΛipT ´ tq
∥

∥

∥
V pT,X t,x̃

T qpripZt,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

ď
∥

∥

∥

∥

ΛipT ´ tq
∥

∥

∥
V pT,X t,x̃

T q
∥

∥

∥

pv

∥

∥

∥
pripZt,x̃

T q
∥

∥

∥

pz

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

ď
∥

∥

∥

∥

ΛipT ´ tqV pt, x̃q c

ΛipT ´ tq
ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

ď c ‖V pT,Xs,x
T q‖

pv

ď V 2ps, xq. (76)

Next, Jensen’s inequality, (60), the fact that 1 ď pz, (58), and the fact that c ď V prove for all
i P r0, ds X Z, s P r0, T q, t P rs, T q, x P Rd that

ż T

t

∥

∥

∥

∥

∥

∥ΛipT ´ tqfp0qpripZt,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

dr ď
ż T

t

∣

∣

∣

∣

ΛipT ´ tqfp0q c

Λipr ´ tq

∣

∣

∣

∣

dr

ď c|fp0q|
ż T

t

?
T ´ t?
r ´ t

dr

“ c|fp0q|
?
T ´ tp2

?
r ´ t|Tr“tq

ď 2c|Tfp0q| ď 2cV ps, xq ď 2V 2ps, xq. (77)

Next, Hölder’s inequality, the fact that 1

2q
` 1

pz
ď 1, the triangle inequality, (60), the disintegration

theorem, the flow property in (64), and the fact that
řd

ν“0
Lν ď c show for all i P r0, ds X Z,

s P r0, T q, t P rs, T q, x P Rd that
ż T

t

∥

∥

∥

∥

∥

ΛipT ´ tq
d
ÿ

ν“0

LνΛνpT q
∥

∥prνpupr,X t,x̃
r qqpripZt,x̃

r q
∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

2q

ď
ż T

t

∥

∥

∥

∥

∥

ΛipT ´ tq
d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥prνpupr,X t,x̃
r qq

∥

∥

2q

∥

∥pripZt,x̃
r q

∥

∥

pz

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

2q

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥

∥

∥

∥

∥prνpupr,X t,x̃
r qq

∥

∥

2q

∥

∥pripZt,x̃
r q

∥

∥

pz

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq

∥

∥

∥

∥

∥

∥prνpupr,X t,x̃
r qq

∥

∥

2q

c

Λipr ´ tq
ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

ď
ż T

t

ΛipT ´ tq
d
ÿ

ν“0

Lν

?
T?

T ´ r
ΛνpT ´ rq ‖prνpupr,Xs,x

r qq‖
2q

c

Λipr ´ tq dr

ď
ż T

t

?
T ´ tc

?
T?

T ´ r
max

νPr0,dsXZ

”

ΛνpT ´ rq ‖prνpupr,Xs,x
r qq‖

2q

ı c?
r ´ t

dr

ď
ż T

t

c2T max
νPr0,dsXZ

”

ΛνpT ´ rq ‖prνpupr,Xs,x
r qq‖

2q

ı dr
a

pT ´ rqpr ´ tq
. (78)
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This, (73), the triangle inequality, (59), (76), and (77) imply for all i P r0, ds X Z, s P r0, T q,
t P rs, T q, x P Rd that

ΛipT ´ tq ‖pripupt, Xs,x
t qq‖

2q

“
∥

∥

∥

∥

ΛipT ´ tqE
”

gpX t,x̃
T qpripZt,x̃

T q
ıˇ

ˇ

ˇ

x̃“X
s,x
t

` ΛipT ´ tq
ż T

t

E

“

fpupr,X t,x̃
r qqpripZt,x̃

r q
‰

ˇ

ˇ

ˇ

x̃“X
s,x
t

dr

∥

∥

∥

∥

2q

ď
∥

∥

∥

∥

ΛipT ´ tq
∥

∥

∥
gpX t,x̃

T qpripZt,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

`
ż T

t

∥

∥

∥

∥

∥

∥ΛipT ´ tqfpupr,X t,x̃
r qqpripZt,x̃

r q
∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

dr

ď
∥

∥

∥

∥

ΛipT ´ tq
∥

∥

∥
gpX t,x̃

T qpripZt,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

`
ż T

t

∥

∥

∥

∥

∥

∥ΛipT ´ tqfp0qpripZt,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2q

dr

`
ż T

t

∥

∥

∥

∥

∥

ΛipT ´ tq
d
ÿ

ν“0

LνΛνpT q
∥

∥prνpupr,X t,x̃
r qqpripZt,x̃

r q
∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

2q

ď V 2ps, xq ` 2V 2ps, xq `
ż T

t

c2T max
νPr0,dsXZ

”

ΛνpT ´ rq ‖prνpupr,Xs,x
r qq‖

2q

ı dr
a

pT ´ rqpr ´ tq

ď 3V 2ps, xq `
ż T

t

c2T max
νPr0,dsXZ

”

ΛνpT ´ rq ‖prνpupr,Xs,x
r qq‖

2q

ı dr
a

pT ´ rqpr ´ tq
. (79)

This proves for all s P r0, T q, t P rs, T q, x P Rd that

max
νPr0,dsXZ

”

ΛνpT ´ tq ‖prνpupt, Xs,x
t qq‖

2q

ı

ď 3V 2ps, xq `
ż T

t

c2T max
νPr0,dsXZ

”

ΛνpT ´ rq ‖prνpupr,Xs,x
r qq‖

2q

ı dr
a

pT ´ rqpr ´ tq
. (80)

This, (69), (60), the fact that 2q ď pv, and Grönwall’s inequality (see [42, Corollary 2.4]) show
for all s P r0, T q, t P rs, T q, x P Rd that

max
νPr0,dsXZ

”

ΛνpT ´ tq ‖prνpupt, Xs,x
t qq‖

2q

ı

ď 6V 2ps, xqe86c6T 3

. (81)

Next, (68), Hölder’s inequality, the fact that 1

pv
` 1

pz
ď 1, (60), Jensen’s inequality, and the fact

that 1

pv
ď 1

2
imply for all s P r0, T q, t P rs, T q, x P Rd, ν P r0, ds X Z that

ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
pg̃pX t,x̃

T q ´ gpX t,x̃
T qqprνpZt,x̃

T q
∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

ď ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
εcdcV pT,X t,x̃

T qprνpZt,x̃
T q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

ď ΛνpT ´ tq
∥

∥

∥

∥

εcdc
∥

∥

∥
V pT,X t,x̃

T q
∥

∥

∥

pv

∥

∥

∥
prνpZt,x̃

T q
∥

∥

∥

pz

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

ď ΛνpT ´ tq
∥

∥

∥

∥

εcdcV pt, Xs,x
t q c

ΛνpT ´ tq

∥

∥

∥

∥

pv

ď εc2dcV ps, xq. (82)

Next, (59), Hölder’s inequality, the fact that 1

2
` 1

pz
ď 1, (60), the disintegration theorem, (64),

and the fact that
řd

i“0
Li ď c prove for all ν P r0, ds X Z, s P r0, T q, t P rs, T q, x P Rd that

ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
f̃pũpr,X t,x̃

r qqprνpZt,x̃
r q ´ f̃pupr,X t,x̃

r qqprνpZt,x̃
r q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tq

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

d
ÿ

i“0

LiΛipT q
∣

∣pripũpr,X t,x̃
r q ´ upr,X t,x̃

r qq
∣

∣

∣

∣prνpZt,x̃
r q

∣

∣

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

∥

2

dr
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ď
ż T

t

ΛνpT ´ tq
d
ÿ

i“0

Li

?
T?

T ´ r

∥

∥

∥

∥

∥

∥ΛipT ´ rqpripũpr,X t,x̃
r q ´ upr,X t,x̃

r qqprνpZt,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tq
d
ÿ

i“0

Li

?
T?

T ´ r

∥

∥

∥

∥

∥

∥ΛipT ´ rqpripũpr,X t,x̃
r q ´ upr,X t,x̃

r qq
∥

∥

2

∥

∥prνpZt,x̃
r q

∥

∥

pz

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tq
d
ÿ

i“0

Li

?
T?

T ´ r

∥

∥

∥

∥

∥

∥ΛipT ´ rqpripũpr,X t,x̃
r q ´ upr,X t,x̃

r qq
∥

∥

2

c

Λνpr ´ tq
ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď
ż T

t

?
T ´ tc

?
T?

T ´ r
max

iPr0,dsXZ
‖ΛipT ´ rqpripũpr,Xs,x

r q ´ upr,Xs,x
r qq‖

2

c?
r ´ t

dr

ď
ż T

t

c2T max
iPr0,dsXZ

‖ΛipT ´ rqpripũpr,Xs,x
r q ´ upr,Xs,x

r qq‖
2

dr
a

pT ´ rqpr ´ tq
. (83)

Next, (60) shows for all ν P r0, ds X Z, s P r0, T q, t P rs, T q, x P Rd that
ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∥εprνpZt,x̃
r q

∥

∥

1

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

2

dr ď
ż T

t

ΛνpT ´ tqε c

Λνpr ´ tqdr

ď
ż T

t

εc

?
T ´ t?
r ´ t

dr

“ εc
?
T ´ tp2

?
r ´ t|Tr“tq

ď 2εcT. (84)

Next, the substitution s “ r´t
T´t

, ds “ dr
T´t

implies for all t P r0, T q that

ż T

t

pT ´ tq 1

2T
q
2

pT ´ rq q
2 pr ´ tq 1

2

dr “
ż

1

0

pT ´ tq 1

2T
q
2 pT ´ tq

rpT ´ tqp1 ´ sqs q
2 rpT ´ tqss 1

2

ds

ď T

ż

1

0

ds

p1 ´ sq q
2 s

1

2

“ TBp1 ´ q

2
, 1

2
q. (85)

This, Hölder’s inequality, the fact that 1

2
` 1

pz
ď 1, (60), the disintegration theorem, the flow

property in (64), (81), and the fact that 6e86c
6T 3 ď V prove for all ν P r0, ds X Z, s P r0, T q,

t P rs, T q, x P Rd that

ż T

t

ΛνpT ´ tq

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

ε

˜

d
ÿ

i“0

pΛipT qqqppripupr,X t,x̃
r qqqq

¸

prνpZt,x̃
r q

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tqε
d
ÿ

i“0

T
q
2

pT ´ rq q
2

pΛipT ´ rqqq
∥

∥

∥

∥

∥ppripupr,X t,x̃
r qqqqprνpZt,x̃

r q
∥

∥

1

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tqε
d
ÿ

i“0

T
q
2

pT ´ rq q
2

pΛipT ´ rqqq
∥

∥

∥

∥

∥ppripupr,X t,x̃
r qqqq

∥

∥

2

∥

∥prνpZt,x̃
r q

∥

∥

pz

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tqε
d
ÿ

i“0

T
q
2

pT ´ rq q
2

pΛipT ´ rqqq
∥

∥

∥

∥

∥

∥ppripupr,X t,x̃
r qqqq

∥

∥

2

c

ΛνpT ´ tq
ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tqε
d
ÿ

i“0

T
q
2

pT ´ rq q
2

pΛipT ´ rqqq ‖pripupr,Xs,x
r qq‖q

2q

c

Λνpr ´ tq dr

ď
ż T

t

?
T ´ tεpd ` 1q T

q
2

pT ´ rq q
2

”

6V 2ps, xqe86c6T 3

ıq c?
r ´ t

dr

ď cεpd ` 1qV 3qps, xq
ż T

t

pT ´ tq 1

2T
q
2

pT ´ rq q
2 pr ´ tq 1

2

dr
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ď cεpd ` 1qV 3qps, xqTBp1 ´ q

2
, 1

2
q. (86)

This, (67), the triangle inequality, (84), and the fact that Bp1 ´ q

2
, 1
2
q ě 1 show for all ν P

r0, ds X Z, s P r0, T q, t P rs, T q, x P Rd that
ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
f̃pupr,X t,x̃

r qqprνpZt,x̃
r q ´ fpupr,X t,x̃

r qqprνpZt,x̃
r q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď
ż T

t

ΛνpT ´ tq

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

εcdc

T

˜

1 `
d
ÿ

ν“0

pΛipT qqqpprνpupr,X t,x̃
r qqqq

¸

prνpZt,x̃
r q

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

∥

2

dr

ď cdc

T

ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∥

∥εprνpZt,x̃
r q

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

` cdc

T

ż T

t

ΛνpT ´ tq

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

ε

˜

d
ÿ

i“0

pΛνpT qqqppripupr,X t,x̃
r qqqq

¸

prνpZt,x̃
r q

∥

∥

∥

∥

∥

1

ˇ

ˇ

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

∥

∥

2

dr

ď cdc

T

`

2εcT ` cεpd ` 1qV 3qps, xqTBp1 ´ q

2
, 1

2
q
˘

ď cdccεpd ` 3qV 3qps, xqBp1 ´ q

2
, 1

2
q

ď 4dc2dcεV 3qps, xqBp1 ´ q

2
, 1
2
q

ď 4c2d2cεV 3qps, xqBp1 ´ q

2
, 1

2
q. (87)

This, (73), (74), the triangle inequality, (82), (83), the fact that V ď V 3q, and the fact that
Bp1 ´ q

2
, 1

2
q ě 1 prove for all ν P r0, ds X Z, s P r0, T q, t P rs, T q, x P Rd that

ΛνpT ´ tq ‖prνpupt, Xs,x
t q ´ ũpt, Xs,x

t qq‖
2

ď ΛνpT ´ tq
∥

∥

∥

∥

E

”

g̃pX t,x̃
T qprνpZt,x̃

T q ´ gpX t,x̃
T qprνpZt,x̃

T q
ıˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

`
ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∣

∣

∣
E

”

f̃pũpr,X t,x̃
r qqprνpZt,x̃

r q
ı

´E
“

fpupr,X t,x̃
r qqprνpZt,x̃

r q
‰

∣

∣

∣

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
pg̃pX t,x̃

T q ´ gpX t,x̃
T qqprνpZt,x̃

T q
∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

`
ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
f̃pũpr,X t,x̃

r qqprνpZt,x̃
r q ´ f̃pupr,X t,x̃

r qqprνpZt,x̃
r q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

`
ż T

t

ΛνpT ´ tq
∥

∥

∥

∥

∥

∥

∥
f̃pupr,X t,x̃

r qqprνpZt,x̃
r q ´ fpupr,X t,x̃

r qqprνpZt,x̃
r q

∥

∥

∥

1

ˇ

ˇ

ˇ

x̃“X
s,x
t

∥

∥

∥

∥

2

dr

ď εc2dcV ps, xq `
ż T

t

c2T max
iPr0,dsXZ

‖ΛipT ´ rqpripũpr,Xs,x
r q ´ upr,Xs,x

r qq‖
2

dr
a

pT ´ rqpr ´ tq
` 4c2d2cεV 3qps, xqBp1 ´ q

2
, 1

2
q

ď 5c2d2cεV 3qps, xqBp1 ´ q

2
, 1

2
q

`
ż T

t

c2T max
iPr0,dsXZ

‖ΛipT ´ rqpripũpr,Xs,x
r q ´ upr,Xs,x

r qq‖
2

dr
a

pT ´ rqpr ´ tq
. (88)

Hence, we have for all s P r0, T q, t P rs, T q, x P Rd that

max
iPr0,dsXZ

‖ΛipT ´ tqpripũpt, Xs,x
t q ´ upt, Xs,x

t qq‖
2

ď 5c2d2cεV 3qps, xqBp1 ´ q

2
, 1
2
q

`
ż T

t

c2T max
iPr0,dsXZ

‖ΛipT ´ rqpripũpr,Xs,x
r q ´ upr,Xs,x

r qq‖
2

dr
a

pT ´ rqpr ´ tq
. (89)
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This, Grönwall’s inequality (see [42, Corollary 2.4]), and the fact that 10e86c
6T 3 ď V imply for

all s P r0, T q, t P rs, T q, x P Rd that

max
iPr0,dsXZ

‖ΛipT ´ tqpripũpt, Xs,x
t q ´ upt, Xs,x

t qq‖
2

ď 10c2d2cεV 3qps, xqBp1 ´ q

2
, 1
2
qe86c6T 3

ď 10c2d2cεV 3q`1ps, xqBp1 ´ q

2
, 1

2
q. (90)

This and the fact that @ s P r0, T q, x P Rd : PpXs,x
s q “ 1 complete the proof of Proposition 3.1.

�

4. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.2. First of all, we need to introduce an MLP setting. Let ̺ : r0, T s2 Ñ R

satisfy for all t P r0, T q, s P pt, T q that

̺pt, sq “ 1

Bp1

2
, 1

2
q

1
a

pT ´ sqps ´ tq
. (91)

Let pΩ,F ,Pq be a probability space. For every d P N let W d,θ : r0, T s ˆ Ω Ñ R

d, θ P Θ, be
standard pFtqtPr0,T s-Brownian motions with continuous sample paths. Let tθ : Ω Ñ p0, 1q, θ P Θ,
be i.i.d. random variables. Assume for all b P p0, 1q that

Ppt0 ď bq “ 1

Bp1

2
, 1
2
q

ż b

0

dr
a

rp1 ´ rq
. (92)

Assume that pW d,θqdPN,θPΘ and ptθqθPΘ are independent. Let Tθ : r0, T qˆΩ Ñ r0, T q, θ P Θ, satisfy
for all n P N0, t P r0, T q, ε P p0, 1q that Tθ

t “ t ` pT ´ tqtθ. Let Ud,θ
n,m,ε : r0, T q ˆR

d ˆ Ω Ñ R

1`d,

d P N, n,m P Z, θ P Θ, satisfy for all d, n,m P N, θ P Θ, t P r0, T q, x P Rd, ε P p0, 1q that

U
d,θ
´1,m,εpt, xq “ U

d,θ
0,m,εpt, xq “ 0 and

Ud,θ
n,m,εpt, xq “ pgdε pxq, 0q `

mn
ÿ

i“1

ˆ

1,
W

d,pθ,0,´iq
T

´W
d,pθ,0,´iq
t

T´t

˙J `

gdε px`W
d,pθ,0,´iq
T

´W
d,pθ,0,´iq
t q´gdε pxq

˘

mn

`
n´1
ÿ

ℓ“0

mn´ℓ
ÿ

i“1

˜

1,
W

d,pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
d,pθ,ℓ,iq
t

T
pθ,ℓ,iq
t ´t

¸J pfd
ε ˝U

d,pθ,ℓ,iq
ℓ,m,ε

´1
N

pℓqfd
ε ˝U

d,pθ,´ℓ,iq
ℓ´1,m,ε qpT

pθ,ℓ,iq
t ,x`W

d,pθ,ℓ,iq

T
pθ,ℓ,iq
t

´W
d,pθ,ℓ,iq
t q

mn´ℓ̺pt,T
pθ,ℓ,iq
t q

.

(93)

For every d P N, x P Rd, s P r0, T s, t P rs, T s let

apdq “ 4 ` 48e86c
6T 3 ` 8βd ` d2c, ϕdpxq “ papdq ` ‖x‖2q8β , (94)

Vdpt, xq “ ceβpT´tqpϕdpxqq 1

8 , (95)

X
d,θ,s,x
t “ x ` W

d,θ
t ´ W d,θ

s . (96)

For every d P N, x P Rd, s P r0, T q, t P ps, T s let

Z
d,θ,s,x
t “

˜

1,
W

d,θ
t ´ W d,θ

s

t ´ s

¸J

. (97)

The fact that 8βd ď ϕ
1

8β and [32, Lemma 2.6](applied for every d P N with m Ð d, d Ð d,
p Ð 8β, a Ð apdq, c Ð 1, µ Ð 0, σ Ð Id

R

dˆd in the notation of [32, Lemma 2.6]) prove for

all d P N that 1

2

řd

k“1

B2ϕd

Bx2

k

ď 16βϕd and hence 1

2

řd

k“1

B2V 8

d

Bx2

k

ď 16βV 8

d . This and the fact that

@ d P N :
BV 8

d

Bt
“ ´8βV 8

d show for all d P N that

BV 8

d

Bt ` 1

2

d
ÿ

k“1

B2V 8

d

Bx2

k

ď ´8βV 8

d ` 16βV 8

d “ 8βV 8

d . (98)
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This and [12, Lemma 2.2] (applied for every s P r0, T s, t P rs, T s with V Ð V 8

d , α Ð 8β, τ Ð T ,
µ Ð 0, σ Ð Id

R

dˆd, t Ð t ´ s in the notation of [12, Lemma 2.2]) imply for all d P N, s P r0, T s,
t P rs, T s that

e8βpT´t`sq
E

”

ϕdpXd,0,s,x
t q

ı

“ E

”

e8βpT´pt´sqqϕdpx ` W
d,0
t ´ W d,0

s q
ı

“ E

”

e8βpT´pt´sqqϕdpx ` W
d,0
t´sq

ı

“ c´8
E

”

V 8

d pt ´ s, x ` W
d,0
t´sq

ı

ď c´8V 8

d p0, xq “ e8βTϕdpxq, (99)

hence

E

”

V 8

d pt, Xd,0,s,x
t q

ı

“ E

”

c8e8βpT´tqϕdpXd,0,s,x
t q

ı

ď c8e8βpT´sqϕdpxq “ V 8

d ps, xq, (100)

and hence
∥

∥

∥
Vdpt, Xd,0,s,x

t q
∥

∥

∥

8

ď Vdps, xq. (101)

Next, recalling the fact that c ě 2 proves for all d P N, i P r1, ds X Z, t P r0, T q, r P p0, T s that
∥

∥

∥

∥

∥

W d,0,i
r ´ W

d,0,i
t

r ´ t

∥

∥

∥

∥

∥

8

“ 1?
r ´ t

∥

∥

∥

∥

∥

W d,0,i
r ´ W

d,0,i
t?

r ´ t

∥

∥

∥

∥

∥

8

ď c?
r ´ t

, (102)

where W d,0,i is the i-th coordinate of the Brownian motion W d,0. This and (97) demonstrate for
all d P N, x P Rd, i P r0, ds X Z, t P r0, T q, r P p0, T s that

∥

∥prdi pZd,0,t,x
r q

∥

∥

8
ď c

Λd
i pr ´ tq . (103)

Next, the triangle inequality implies for all d P N, i P r1, ds XN, s P r0, T q, t P rs, T q, r P ps, T s
that

∥

∥

∥

∥

∥

W d,0,i
r ´ W

d,0,i
t

r ´ t
´ W d,0,i

r ´ W d,0,i
s

r ´ s

∥

∥

∥

∥

∥

8

“
∥

∥

∥

∥

ˆ

1

r ´ t
´ 1

r ´ s

˙

pW d,0,i
r ´ W

d,0,i
t q ` 1

r ´ s

´

W d,0,i
r ´ W

d,0,i
t ´

`

W d,0,i
r ´ W d,0,i

s

˘

¯

∥

∥

∥

∥

8

ď t ´ s

pr ´ tqpr ´ sq
∥

∥

∥
W d,0,i

r ´ W
d,0,i
t

∥

∥

∥

8

` 1

r ´ s

∥

∥

∥
W

d,0,i
t ´ W d,0,i

s

∥

∥

∥

8

ď t ´ s

pr ´ tqpr ´ sq105
1

8

?
r ´ t ` 1

r ´ s
105

1

8

?
t ´ s

ď 105
1

8

?
t ´ s?

r ´ t
?
r ´ s

` 105
1

8

?
t ´ s?

r ´ t
?
r ´ s

ď 4
?
t ´ s?

r ´ t
?
r ´ s

. (104)

This, (97), and the fact that @ d P N : 4 ď Vd show for all d P N, s P r0, T q, t P rs, T q, r P ps, T s
that

∥

∥prdi pZd,0,t,x
r ´ Zd,0,s,x

r q
∥

∥

8
ď Vdpt, xq ` Vdps, xq

2

?
t ´ s?

r ´ tΛd
i pr ´ sq . (105)

Next, (5)–(9), (94), and (95) imply for all d P N, ε P p0, 1q, x P Rd, w1, w2 P Rd`1 that

max
 

|gdpxq|, |gdεpxq|
(

ď VdpT, xq, max
 

|Tf dp0q|, |Tf d
ε p0q|

(

ď Vdpt, xq, (106)

max
 

|f dpw1q ´ f dpw2q|, |f d
ε pw1q ´ f d

ε pw2q|
(

ď
d
ÿ

ν“0

“

Ld
νΛ

d
νpT q|prdνpw1 ´ w2q|

‰

, (107)
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max
 

|gdpxq ´ gdpyq|, |gdεpxq ´ gdε pyq|
(

ď VdpT, xq ` VdpT, yq
2

‖x ´ y‖?
T

, (108)

∣

∣gdpxq ´ gdε pxq
∣

∣ ď εcdcVdpT, xq. (109)

Proposition 3.1 (applied for every d P N, ε P p0, 1q with pv Ð 8, pz Ð 8, px Ð 8, pLiqiPr0,dsXZ Ð
pLd

i qiPr0,dsXZ, pΛiqiPr0,dsXZ Ð pΛd
i qiPr0,dsXZ, pr Ð prd, f Ð f d, f̃ Ð f d

ε , g Ð gd, g̃ Ð gdε , V Ð Vd,

X Ð Xd,0, Z Ð Zd,0 in the notation of Proposition 3.1), (106), (107), (101), (103), (108),
(96), (97), (105), (8), and (109) show that the following items hold.

(a) For all d P N, ε P p0, 1q there exist unique continuous functions ud, ud
ε : r0, T q ˆR

d Ñ R

d`1

such that for all t P r0, T q, x P Rd we have that

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

Λd
νpT ´ τq |pr

d
νpudpτ, ξqq|
Vdpτ, ξq



ă 8, (110)

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

„

Λd
νpT ´ τq |pr

d
νpud

εpτ, ξqq|
Vdpτ, ξq



ă 8, (111)

max
νPr0,dsXZ

„

E

”∣

∣

∣
gdpXd,0,t,x

T qprdνpZd,0,t,x
T q

∣

∣

∣

ı

`
ż T

t

E

“∣

∣f dpudpr,Xd,0,t,x
r qqprdνpZd,0,t,x

r q
∣

∣

‰

dr



ă 8, (112)

max
νPr0,dsXZ

„

E

”∣

∣

∣
gdε pXd,0,t,x

T qprdνpZd,0,t,x
T q

∣

∣

∣

ı

`
ż T

t

E

“∣

∣f d
ε pud

εpr,Xd,0,t,x
r qqprνpZd,0,t,x

r q
∣

∣

‰

dr



ă 8, (113)

udpt, xq “ E

”

gdpXd,0,t,x
T qZd,0,t,x

T

ı

`
ż T

t

E

“

f dpudpr,Xd,0,t,x
r qqZd,0,t,x

r

‰

dr, (114)

and

ud
εpt, xq “ E

”

gdεpXd,0,t,x
T qZd,0,t,x

T

ı

`
ż T

t

E

“

f d
ε pud

εpr,Xd,0,t,x
r qqZd,0,t,x

r

‰

dr. (115)

(b) For all t P r0, T q, x P Rd we have that

max
iPr0,dsXZ

∥

∥Λd
i pT ´ tqprdi pud

εpt, xq ´ udpt, xqq
∥

∥

2
ď 10c2d2cεV

3q`1

d pt, xqBp1 ´ q

2
, 1

2
q. (116)

Item (a), [43, Theorem 6.9] (applied for every d P N with µd Ð 0, σd Ð Id
R

dˆd), (6), and
(7) imply that for all d P N the function ud satisfies that vd :“ prd

0
pudq is the unique viscosity

solution to the following semilinear PDE of parabolic type:

Bvd
Bt pt, xq ` 1

2
p∆vdqpt, xq ` f dpt, x, vdpt, xq, p∇xv

dqpt, xqq “ 0 @ t P p0, T q, x P Rd, (117)

vdpT, xq “ gdpxq @ x P Rd, (118)

∇xv
d “ pprd

1
pudq, prd

2
pudq, . . . , prddpudqq, and

max
νPr0,dsXZ

sup
τPr0,T q,ξPRd

«

Λd
νpT ´ τq |pr

d
νpudpτ, ξqq|

p1 ` ‖ξ‖2q 1

2

ff

ă 8. (119)

This establishes (i).
Next, [42, Lemma 4.3] (applied for every d P N, ε P p0, 1q with pv Ð 8, pz Ð 8, px Ð 8,

pLiqiPr0,dsXZ Ð pLd
i qiPr0,dsXZ, pΛiqiPr0,dsXZ Ð pΛd

i qiPr0,dsXZ, pr Ð prd, f Ð f d
ε , g Ð gdε , V Ð Vd, X Ð

Xd,0, Z Ð Zd,0, pUθ
n,mq Ð pUd,θ

n,m,εq, q1 Ð 3 in the notation of [42, Lemma 4.3]) demonstrate for

all d,m, n P N, t P r0, T q, x P Rd, ε P p0, 1q that

max
νPr0,dsXZ

∥

∥Λd
νpT ´ tqprdνpUd,0

n,m,εpt, xq ´ ud
εpt, xqq

∥

∥

2
ď e

m3

6 m´n
2 8nenc

2TV 3

d pt, xq. (120)
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Moreover, (94) and (95) show that there exists κ P p0,8q such that

?
d ` 1

ˆ
ż

r0,1sd
V 6

d p0, xq dx
˙ 1

2

`
?
d ` 1

ˆ
ż

r0,1sd
V

6q`2

d p0, xq dx
˙1

2

ď κdκ. (121)

This, the triangle inequality, (120), and (116) prove for all d, n,m P N, ε P p0, 1q that

˜

ż

r0,1sd

d
ÿ

ν“0

∥

∥Λd
νpT qprdνpUd,0

n,m,εp0, xq ´ udp0, xqq
∥

∥

2

2
dx

¸
1

2

ď
ˆ
ż

r0,1sd
pd ` 1q max

νPr0,dsXZ

∥

∥Λd
νpT qprdνpUd,0

n,m,εp0, xq ´ udp0, xqq
∥

∥

2

2
dx

˙ 1

2

ď
?
d ` 1

ˆ
ż

r0,1sd
max

νPr0,dsXZ

∥

∥Λd
νpT qprdνpUd,0

n,m,εp0, xq ´ ud
εp0, xqq

∥

∥

2

2
dx

˙ 1

2

`
?
d ` 1

ˆ
ż

r0,1sd
max

νPr0,dsXZ

∥

∥Λd
νpT qprdνpud

εp0, xq ´ udp0, xqq
∥

∥

2

2
dx

˙ 1

2

ď e
m3

6 m´n
2 8nenc

2T
?
d ` 1

ˆ
ż

r0,1sd
V 6

d p0, xq dx
˙1

2

` 10c2d2cεBp1 ´ q

2
, 1

2
q
?
d ` 1

ˆ
ż

r0,1sd
V

6q`2

d p0, xq dx
˙1

2

ď
´

e
m3

6 m´n
2 8nenc

2T ` 10c2d2cεBp1 ´ q

2
, 1

2
q
¯

κdκ. (122)

For the next step for every d P N, ǫ P p0, 1q let Nd,ǫ P N, εd,ǫ P p0, 1q satisfies that

Nd,ǫ “ inf
!

n P NX r2,8q : en3

6 n´n
2 8nenc

2Tκdκ ď ǫ

2

)

(123)

and

εd,ǫ “ ǫ

10c2d2cBp1 ´ q

2
, 1
2
qκdκ . (124)

Then Fubini’s theorem and (122) imply for all d P N, ǫ P p0, 1q that

˜

E

«

ż

r0,1sd

d
ÿ

ν“0

∣

∣

∣
Λd

νpT qprdνpUd,0
Nd,ǫ,Nd,ǫ,εd,ǫ

p0, xq ´ udp0, xqq
∣

∣

∣

2

dx

ff¸
1

2

“
˜

ż

r0,1sd

d
ÿ

ν“0

E

„

∣

∣

∣
Λd

νpT qprdνpUd,0
Nd,ǫ,Nd,ǫ,εd,ǫ

p0, xq ´ udp0, xqq
∣

∣

∣

2


dx

¸
1

2

ď
ˆ

e
N3

d,ǫ
6 N

´
Nd,ǫ
2

d,ǫ 8Nd,ǫeNd,ǫc
2T ` 10c2d2cεd,ǫBp1 ´ q

2
, 1

2
q
˙

κdκ

ď ǫ

2
` ǫ

2
“ ǫ. (125)

This shows that for all d P N, ǫ P p0, 1q that there exists ωd,ǫ P Ω such that

ż

r0,1sd

d
ÿ

ν“0

∣

∣

∣
Λd

νpT qprdνpUd,0
Nd,ǫ,Nd,ǫ,εd,ǫ

p0, xq ´ udp0, xqq
∣

∣

∣

2

dx ď ǫ2. (126)

Next, Proposition 2.12 (applied for every d P N, ǫ P p0, 1q with f Ð f d
εd,ǫ

, g Ð gdεd,ǫ, pUθ
n,mq Ð

pUd,θ
n,m,εd,ǫ

q, ω Ð ωd,ǫ in the notation of Proposition 2.12) imply for all d P N, ǫ P p0, 1q that there

exists Ψd,ǫ P N such that

dimpDpΨd,ǫqq “ Nd,ǫpdimpDpΦfd
εd,ǫ

qq ´ 1q ` dimpDpΦgdεd,ǫ
qq, (127)

|||DpΨd,ǫq||| ď max
!

d ` 1,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦgdεd,ǫ

q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦfd

εd,ǫ
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

)

p4Nd,ǫqNd,ǫ , (128)
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U
d,0
Nd,ǫ,Nd,ǫ,εd,ǫ

p0, x, ωd,ǫq “ pRpΨd,ǫqqpxq. (129)

Furthermore, (10) and the fact that @Φ P N : maxtdimpDpΦqq, |||DpΦq|||u ď PpΦq imply for all
d P N, ε P p0, 1q that

max
 

dimpDpΦgdε
qq, dimpDpΦfd

ε
qq,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦgdε
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpΦfd
ε
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ď cdcε´c. (130)

Hence, we have for all d P N, ǫ P p0, 1q that

max
!

dimpDpΦgdεd,ǫ
qq, dimpDpΦfd

εd,ǫ
qq,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦgdεd,ǫ

q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DpΦfd

εd,ǫ
q
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

)

ď cdcε´c
d,ǫ. (131)

This, (127), (128), and the fact that c ě 2 prove for all d P N, ǫ P p0, 1q that

dimpDpΨd,ǫqq ď 2Nd,ǫcd
cε´c

d,ǫ and |||DpΨd,ǫq||| ď cdcε´c
d,ǫp4Nd,ǫqNd,ǫ. (132)

Next, (123) implies for all d P N, ǫ P p0, 1q that

ǫ ď e
pNd,ǫ´1q3

6 pNd,ǫ ´ 1q´
Nd,ǫ´1

2 8Nd,ǫ´1epNd,ǫ´1qc2Tκdκ

ď e
N3

d,ǫ
6 pNd,ǫ ´ 1q´

Nd,ǫ´1

2 8Nd,ǫeNd,ǫc
2Tκdκ. (133)

This, the fact that @Φ P N : PpΦq ď 2 dimpDpΦqq|||DpΦq|||2, (132), and (124) show for all d P N,
ǫ, γ P p0, 1q that

PpΨd,ǫq ď 2 dimpDpΨd,ǫqq|||DpΨd,ǫq|||2

ď 2Nd,ǫcd
cε´c

d,ǫ

`

cdcε´c
d,ǫp4Nd,ǫqNd,ǫ

˘2

“ 32c3d3cε´3c
d,ǫ N

2Nd,ǫ`1

d,ǫ

ď 32c3d3c
ˆ

ǫ

10c2d2cBp1 ´ q

2
, 1

2
qκdκ

˙´3c

N
2Nd,ǫ`1

d,ǫ

“ 32c3d3c
`

10c2d2cBp1 ´ q

2
, 1
2
qκdκ

˘3c
ǫ´3cN

2Nd,ǫ`1

d,ǫ ǫ4`γǫ´4´γ

ď 32c3d3c
`

10c2d2cBp1 ´ q

2
, 1
2
qκdκ

˘3c
ǫ´3cN

2Nd,ǫ`1

d,ǫ
„

e
N3

d,ǫ
6 pNd,ǫ ´ 1q´

Nd,ǫ´1

2 8Nd,ǫeNd,ǫc
2Tκdκ

4`γ

ǫ´4´γ

“ 32c3d3c
`

10c2d2cBp1 ´ q

2
, 1
2
qκdκ

˘3c pκdκq4`γǫ´3c´4´γ sup
nPr2,8qXZ

n2n`1pen3

6 8nenc
2T q4`γ

pn ´ 1qn´1

2
pγ`4q

.

(134)

Next, note that for all γ P p0, 1q we have that

sup
nPr2,8qXZ

n2n`1pen3

6 8nenc
2T q4`γ

pn ´ 1qn´1

2
pγ`4q

ď sup
nPr2,8qXZ

n2n`1pen3

6 8nenc
2T q4`γn

γ`4

2

pn ´ 1qn
2

pγ`4q

“ sup
nPr2,8qXZ

«

n2n`1pen3

6 8nenc
2T q4`γn

γ`4

2

n
n
2

pγ`4q

ˆ

n

n ´ 1

˙n
2

pγ`4q
ff

ď sup
nPr2,8qXZ

«

npen3

6 8nenc
2T q4`γn

γ`4

2

n
nγ
2

2
n
2

pγ`4q

ff

ă 8. (135)

This and (134) prove that there exists η P p0,8q such that for all d P N, ǫ P p0, 1q we have that
PpΨd,ǫq ď ηdηǫ´η. This, (126), and (129) complete the proof of Theorem 1.2. �
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