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APPROXIMATION RATES OF QUANTUM NEURAL NETWORKS
FOR PERIODIC FUNCTIONS VIA JACKSON’S INEQUALITY

ARIEL NEUFELD, PHILIPP SCHMOCKER, AND VIET KHOA TRAN

ABSTRACT. Quantum neural networks (QNNs) are an analog of classical neural networks in
the world of quantum computing, which are represented by a unitary matrix with trainable
parameters. Inspired by the universal approximation property of classical neural networks,
ensuring that every continuous function can be arbitrarily well approximated uniformly on
a compact set of a Euclidean space, some recent works have established analogous results
for QNNs, ranging from single-qubit to multi-qubit QNNs, and even hybrid classical-quantum
models. In this paper, we study the approximation capabilities of QNNs for periodic functions
with respect to the supremum norm. We use the Jackson inequality to approximate a given
function by implementing its approximating trigonometric polynomial via a suitable QNN.
In particular, we see that by restricting to the class of periodic functions, one can achieve a
quadratic reduction of the number of parameters, producing better approximation results than
in the literature. Moreover, the smoother the function, the fewer parameters are needed to
construct a QNN to approximate the function.

1. INTRODUCTION

Thanks to the development of quantum computing in recent years, quantum machine learning
has emerged as a novel and interesting field (see, e.g., [3,17]). The goal of quantum machine
learning is to enhance traditional machine learning tasks through the use of qubits and quantum
circuit design. Hence, quantum neural networks (QNNs) arise naturally as an analog to traditional
neural networks, with the potential to achieve quantum advantage in deep learning tasks.

In recent years, QNNs have gained significant interest among applied mathematicians and
quantum computer scientists. One particular problem is whether QNNs can yield the universal
approximation properties (UAP) which classical neural networks have (see, e.g., [7, 15,20, 26]).
In [24], the authors construct a single-qubit quantum neural network to achieve universal approx-
imation properties for continuous complex functions. A different quantum circuit is introduced
in [27], which shows that truncated Fourier series can be implemented as the expectation value
of some observable with respect to a state prepared by a quantum circuit. The same idea is used
in [31] to prove the universal approximation theorem of single-qubit quantum neural networks
for continuous univariate and square-integrable functions. The authors of [14] have proved the
UAP of hybrid classical-quantum neural networks that encode the classical input into a quantum
Hilbert space. In [2], the authors prove that QNNs can arbitrarily well approximate d-dimensional
Korobov functions, and obtain worst-case complexity bounds on the quantum circuit depth and
number of qubits. In [12], the authors consider continuous functions with integrable Fourier trans-
forms and are able to obtain the UAP with respect to both the L? and L*® norms as a consequence
of obtaining the error bounds when approximating such functions by a quantum neural network.
Building on the feedforward QNN introduced in [12], the work in [13] constructs a quantum analog
of recurrent neural network, and proves the UAP of recurrent QNNs. Finally, in [25], the authors
obtain the UAP of quantum neural networks without pre-processing the input, while asymptot-
ically improving the number of qubits and parameters compared to [30]. This demonstrates the
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universal approximation prowess of QNNs for certain classes of functions and thus, paves the way
for the application of QNNs in real-world machine learning tasks.

Another important problem related to the universal approximation property of QNNs is their
approximation rate, which expresses the approximation error in terms of the QNN design, such
as its depth, width, or the number of qubits used. In [12], the authors require O(e~2) parameters
and O(logy(e71)) qubits to achieve an L?-approximation bound of ¢ > 0 when approximating
functions with integrable Fourier transform, and for the L®-error when approximating functions
with additional integrable properties of the Fourier transform.

In this paper, we turn our focus to the class of periodic functions. Periodic functions model
many repeating phenomena in real life, such as the motion of planets, the changing of seasons,
sound and light waves, and even the flow of alternating current in electricity. Their repeating
nature makes it possible to predict future behavior once the period is known, which is essential
in science, engineering, and everyday life (see, e.g., [11,22,23,32]). By using periodic functions,
complex systems can be analyzed more simply and effectively, especially through tools like Fourier
analysis that break down signals into basic waves (see, e.g., [10,18,28]).

At the same time, the ability of single-qubit QNNs to represent any trigonometric polynomials
has been studied in [29]. This initiates a new pathway to approximate continuous periodic func-
tions, as their truncated Fourier series can be approximated by some single-qubit QNN of fixed
length. Moreover, the approximation of a periodic function by a trigonometric polynomial can be
controlled with the Jackson inequality (see, e.g., [5,16,19]).

In our work, we will focus on approximating periodic functions. In the case of such univariate
functions, for a prescribed error tolerance level € > 0, we require O(e~!) parameters and only
one qubit. In the case of d-variate functions which are (K + 1)-times continuously differentiable
with K € Ny satisfying K > d, we can construct a multi-qubit QNN using O(e~!) parameters and
O(logy(e71)) qubits to approximate such functions. Compared to previous work on approximation
rates of QNN in [12], we achieve a quadratic reduction in the number of parameters when approx-
imating periodic and smooth functions without having to impose any integrability condition on
their Fourier transforms.

1.1. Notation. Asusual, N:= {1,2,3,...} and Ny := NU{0} denote the sets of natural numbers,
Z represents the set of integers, whereas R and C are the sets of real and complex numbers,
respectively, with i denoting the imaginary unit satisfying i2 := —1. The complex conjugate of
c:=a+ bie Cis defined as ¢ = a — bi € C, where a,b € R. Moreover, we use the abbreviation
22;2/31/2 Cp = Zzza Cn—1/2 for a,b € Z with a < b and (¢;)ier S R. In addition, for every
fixed d € N, we denote a multi-index n := (ni,...,nq) € Z% in bold letters, where we define
|nll; := |ni| + -+ + |ng| for n := (n1,...,n4) € N&. For n,m € Z% we say that n < m if
n; < m; for all i = 1,...,d. Furthermore, we denote by R¢ (resp. C?) the d-dimensional vector
space over R (resp. C) equipped with the norm |x| = (Zle \xi\Z)l/Z for x := (21,...,24)" € R?
(resp. x := (x1,...,24)" € C?). Moreover, R*? (resp. C¥*?) represents the space of matrices
A= (A ;)ij=1..d€ R4 (resp. A := (Aij)ij=1,..d€ C?*d), Hereby, we denote by I; € C4*¢
the identity matrix, use the notation UT € C4*¢ for the Hermitian adjoint of a matrix U € C%*¢,
and recall that a matrix U € C%*? is unitary if UTU = UUT = I;. We further denote the group of
unitary matrices U € C4*? by U(d). For any n € N and matrix M € C**?, we write M®" ¢ C?" "
to denote the n-fold Kronecker product of M.

In addition, for every d € N, we denote by C(R?) the vector space of continuous functions
f : R? — R equipped with the supremum norm | f|| := sup,cga | f(z)|. Then, for every f € C(R?),



we denote its (global) modulus of continuity by

[0,0)30 — ws(d):= sup |f(z+1t)— f(x)] € [0,00].

Furthermore, we denote by Cy,(R%) = C(R?) the vector subspace of continuous and 27-periodic
functions f : R? — R. Hereby, a function f : R¢ — R is called 2m-periodic if for every j = 1,...,d
and (21,...,74) € R?we have f(z1,...,2j_1, 2,427, 2j11,...,24) = f(21, s T, Ty T, ,Xd)-

In this case, we denote the Fourier coefficients of every f € Car(R?) by (f(n))peza that are for
every n € Z¢ defined by

n 1 —inTx x)dx
fm o= gt | e G

Then, by applying [10, Theorem 2.1] to every variable z;, j = 1,...,d, it follows for every x € R¢
that f(x) = >,cza f(n)ei“Tx.

Moreover, we use the Landau O-notation, i.e., ay = O(by) if and only if limsupy_,, |%| < 0.

1.2. Outline. The remainder of the paper is structured as follows. Section 2 provides a brief
introduction to quantum computing, including the concepts of quantum bits, quantum gates,
quantum circuits, and measurements. The specific construction of the QNNs used in this paper
will also be discussed in this section. Section 3 presents the main results in two separate theorems,
one for the case of univariate functions and one for the case of multivariate functions. In Section 4,
we will discuss the numerical results obtained when approximating continuous periodic functions
using QNNs. The complete proofs of our main results will be shown in Sections 5 and 6.

2. CONSTRUCTION OF QUANTUM NEURAL NETWORKS

In this section, we provide a brief introduction to quantum computing following the text-
books [17,21], and the construction of quantum neural networks (QNNs) which will be used in
this paper.

2.1. Bra-Ket notation. We start with a finite-dimensional complex Hilbert space H and its dual
space H*. A vector ¢ € H, often called a state, is denoted by the ket notation [¢), and the linear
functional (¢ — {p,9)) € H* where ¢ € H is denoted by the bra notation {p|. Moreover, the
action of {y| on |¢) is denoted by the bra-ket notation (1|p) := (1, ) € C. The action of a linear
operator A : H — H on a vector ¢ € H is represented by A [¢)). Similarly, the action of A on {yp| €
H*, represented by (| A, is a linear functional that satisfies ((p| A) [1) = {p| (A]Y)) := {p, Ap).
We often write {p|.A|¢) for brevity. The expectation value of an operator A with respect to a
normalized state ¢ € H, i.e., (Y|¢p) = 1, is (| AJtp). Meanwhile, |¢)) {p| denotes the outer product
of ¢, ¢ € H, which is a linear operator that maps H to itself such that ([¢)<{p|) &) = (p|&)) [¢¥)
for all £ € H.

In quantum computing, we first consider the Hilbert space H =~ C? and then the n-fold tensor
product Hilbert space H®" := H® --- ® H ~ C?". This is sometimes called the state space, and
we denote by [¢), the state ¢ € C2?". The computational basis of the state space can then be
constructed as By, := {|j),, :j := (j1,...,Jn) € {0,1}"}, with |3}, := [71)®@ - ®|jn) := [J1) - |jn)
for j := (j1,...,Jn) € {0,1}". When the number of qubits n is fixed, and by a slight abuse of
notation, for any integer k between 0 and 2™ — 1, we write |k) to denote the computational basis
state |k1)- - |kn), where (ky...k,) € {0,1}" is the binary representation of k.
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2.2. Quantum bit. In contrast to classical computing using classical bits, quantum computing
relies on quantum bits, also called qubits, to store and process information. A single qubit is a
normalized vector in the state space C2. Therefore, the set of all possible states is the set of |¢)
of the form

9 =0+ = [1°].

where 109,11 € C are such that [¢o|? + |¢1]? = 1. Here, |1)o|? and |¢)1|? represent the probabilities

of the qubit taking the value of |0) := [(1)] and |1) := [(3],
Every n-qubit state [¢)), can then be written as a linear combination of the computational
basis, i.e., there exist some coefficients (¢5)je(0,13» S € with 3 ;e 13n |45/ = 1 such that

W, = > Ul

je{o, 1}

respectively.

Here, the coefficients (1)j)je(0,13» are called probability amplitudes (or simply amplitudes) since
for every j € {0,1}", |¢51% = [(j,¥)n|? is the probability of |1y, collapsing to the state |j), after
measurement.

2.3. Quantum gate. In quantum computing, the evolution of qubit states is unitary. A quantum
gate acting on n qubits can, therefore, be represented as a unitary matrix of size 2. We denote
the state evolution of an n-qubit system |1y — [p) € C?" via a quantum gate U € U(2") by
Uy = o).

By elementary gates, we refer to the set in U(2) U U(4) defined by

G := {X,Y,Z,H, Rx(6), Ry (0), Rz(0), P(9) : 6 € (0,4x), ¥ € (0,27)} U {CNOT, SWAP},

where

) —isin(9) ~ [eos(d) —sin(%) B Gt B
) cos(g)2 ]’ Ry (6) := [sin(é) cos(gz) ]’ Rz (0) = l 0 eigl ’
with i := 4/—1 being the imaginary unit and # € R being a parameter. These gates form a universal
quantum gate set in the sense of the Solovay-Kitaev theorem [8]. Here, P(¢}) with 9 € (0, 27),
CNOT, SWAP are other standard gates in quantum computing and are not introduced in this
paper. Detailed discussions of these gates can be found in [17,21].

A quantum circuit U of length .Z € N and acting on n € N qubits is a unitary operator such
that

<z
U= H(GjJH ®Gj-,nz ®®Gj7n]) eL{(Qn%
j=1

where G1,,...G2n, € G U Iy are such that (Gj,, ® - ®Gj,,) eU?2") forall j=1,...,.2Z
(see also [4]). We regard any quantum circuit whose elementary gates are parameter-dependent
as a quantum neural network (QNN).

Remark 2.1 (Ancilla qubits). Ancilla qubits are qubits that are necessary for the storage
of extra information in a quantum algorithm, even though they may not be needed for the final
output. The number of ancilla qubits required can be used to measure the complexity of a quantum
algorithm, and are counted together with other qubits in a multi-qubit quantum circuit.
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2.4. Single-qubit QNN. In our work, we consider the single-qubit quantum neural network
(QNN) of the form

~

(2.1) Uf s(x) := Rz(¢)Ry (00) Rz (o) ]_[ )Ry (0)Rz(¢) €U(2),

which is introduced in [31]. Here, L is the depth of the QNN, x € R is the input, and § =
(0o, ...,00) e REFL and ¢ = (¢, o, ..., ¢r) € REF2 are the parameters of the quantum circuit.
Ry (-) and Rz(-) are the rotation gates introduced in Section 2.3.

The output of the QNN defined above is the probability amplitude of the quantum state, after
evolving under the QNN, collapsing to the state |0) when measured, that is

(2.2) firo(x) == (0 Ug () [0

2.5. Multi-qubit QNN. For d,n € N with d < n, an n-qubit quantum neural network (QNN)
is represented as a unitary matrix Ug 4(x) € U(2"), which depends on the input x € R% in a
parametric manner. We also let ¢ = n — d denote the number of ancilla qubits used in the circuit.
We will now present the QNN used in our paper, which is based on the idea of linear combination
of unitaries (LCU) in [30] and [6].
For every vector L = (Ly,...,Lq) € N we consider the set {n € Z¢ —L < n < L}. We
d
also define n := |[{n € Z% -L < n < L}| = Y (2L; +1). Assume on {n € Z%,-L < n < L}
j=1
an arbitrary ordering of its elements {n € Z?, —L < n < L} = {ng,...,n,_1}. Our QNN uses
q = [logy(n)] ancilla qubits.
We first define, for each vector n; := (n;1,...,n,4) € {ng,...,Ny_1} < 7%, a unitary matrix

(2.3) Up @U“"?; (@) euE?,

WherexeRd is the input, On, := (On;.1,---,6n,.4) € d (R and ¢, i= (dng1y- -+ s Pnid) €

>< RQW il*2 are the parameters and U, 2|n1]] d|> ( ;) is the single-qubit QNN defined in Sec-
tlon 2 4.
We now define for every x € R? the following unitary operator

29-1

(2.4) O (x 2|z><z|®U;::,¢n x)+ ) Da@X euEt,

1=0

where X is the Pauli X gate defined in Section 2.3. Finally, we introduce for every x € R? the
(¢ + d)-qubit operator

(2.5) Uk 5 (x) = (HB1 @ 194 O ,(x) (HPT @ I9Y)  eu(27t),

where H is the Hadamard gate defined in Section 2.3. This is the multi-qubit QNN used in this
paper. For every input x € R?, the output of the QNN is then defined as the amplitude of the
quantum state, after evolving under the QNN, collapsing to the state |0) o+ when measured, that
is

(2.6) 16 p(x) = Ol a Uy (%) 10014
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3. MAIN RESULTS

Our main results will be discussed in this section. Our first result, presented in Theorem 3.1,
gives an upper bound for approximating a real, periodic, univariate function via a single-qubit
quantum neural network (QNN). Our second result, presented in Theorem 3.4, extends Theo-
rem 3.1 to approximating real, periodic, multivariate functions.

3.1. Approximation rates for univariate functions. We have the following result for the case
of real, periodic univariate functions.

Theorem 3.1. For K € Ny, let f € Cor(R) be K-times continuously differentiable and define
c = (2Kt —1)|flw > 0. Then, there exists a constant Cx > 0 (independent of f) such
that for every N € N there exists a single-qubit QNN Ug,ﬁ, as defined in (2.1) with depth 2L,
L= [EE2]| 4|, and parameters § € R*+1 and ¢ € R*+2 satisfying

Cruw +
(3.1) sup|f(z) — ¢ 92,@(33)|<%M-
zeR

Moreover, if f € Cor(R) is (K + 1)-times continuously differentiable, then the right-hand side of
(3.1) can be upper bounded by %, where fE+) denotes the (K + 1) derivative of f.

Remark 3.2 (Complexity analysis). We will discuss the complexity of our QNN in terms
of the number of parameters and qubits used with respect to the prescribed error tolerance
level ¢ > 0. The approximation error in this case is the L®*-norm error and is defined as

sup,er |f(z) —c- 32)(90)‘ From the second part of Theorem 3.1, when K = 0, f € Co(R)

Collf e
N

is continuously differentiable and its first derivative is bounded, we have < € if and

only if N > m Therefore, we can choose N € N such that N = O(e~!) and thus the
number of parameters © is of order © = O(L) = O(N) = O(e7!). When K € N and f is
a K + 1-times continuously differentiable function, we require fewer parameters to approximate
f with the approximation error level ¢ > 0. In detail, by setting £ := K + 1 and assuming
that the function has a bounded k-th derivative, we have N¥ = O(e7!), which implies that
N = O(e1/*). Therefore, for fixed k € N, the number of parameters © required by the QNN is
of order © = O(L) = O(Nk) = O(e~ /). Moreover, for all k € N, the QNN uses only one qubit.

Remark 3.3 (General periodic functions). Theorem 3.1 can also be applied to periodic
functions with other frequency than 27. That is, given a continuous M-periodic function f : R —
R, with M > 0, we learn the 27-periodic function

Rozx +— f(x) :=f(A24:)ER.

The QNN’s output fgfb in Theorem 3.1 can then be rescaled to obtain a function

~ 2
Rozxz — fg’g(x) = 92,2, (Aﬂ-;) € R,

. . - Ly Crw,x)(F) o\ K Crw ) ()
which approximates the M-periodic function f, with rate —fm—— = (57)" —&Kx——
3.2. Approximation rates for multivariate functions. We have the following result for the
case of real, periodic multivariate functions. Given any two d-dimensional vectors N € N¢ and
K € N¢, we introduce the vector

B T
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Theorem 3.4. For K := (Ki,...,K,) € N&, let f € Cor(R?Y) have a K;-th continuous par-
tial derivative ﬁfjf = 2L RY LR, j =1,...,d. Moreover, let ¢ := |f]e H?Zl(QKJ'“ —

j
6%

1) = 0. Then, there exists a constant Cx > 0 (independent of f) such that for every N :=
(N1,...,Nyg) € N there exists a (q + d)-qubit QNN U;;*K as defined in (2.5) with parame-

d .
ters 0 = (Gn)_LN,K@@N,K € X*LN,KéngLNTK ><j=1 R27i1+1 gnd ¢ = (¢n)—LN,K<n<LN,K €

d 2|n;|+2 . .
X —Ln,k<n<Ln Xj=1 R satisfying

L d “bKjf(ﬁj)
(3.3) sup |f(x) —c¢-27- f(,;’K (X)) < Ck Z —
reRI j=1 N] J
where n := |{n € Z¢, ~Lnx < n < Lnxk}| and q := [logy(n)]. Moreover, if f € Cor(R?) has a
(K; + 1)-th continuous partial derivative @Kﬁlf :R? SR, j=1,...,d, then the right-hand side
K, +1

a 105

of (3.3) can be upper bounded by Ck ZFl R
J

Remark 3.5 (Complexity analysis). For simplicity, we set N := Ny =--- = Ny, K := K; =

-+« =Kgand k := K+1. In the case where f € Co, (Rd) has all k-th continuous partial derivatives,
we have that N* = O(de~'), and therefore N = O((de~")'/*), where € > 0 is the prescribed error
tolerance level. The number of parameters © in our QNN is of order

(3.4) =0 ( Z |n||1> = O(d(Nk) -n) = O(d(NE)(2Nk + 1)%).
—L<n<L
Substituting N = O((de~1)"/*) into (3.4), we have
0=0(d- 3d . qd+1)/k | pd+1 . 6—(d+1)/k) — O(3dd(d+k+1)/kkd+1 .6—(d+1)/k).

Furthermore, the number of ancilla qubits used in this set-up is

g = O(logy(n)) = 0O (Z log, (de™t) + dlogQ(k)) =0 (Z log,(d) + dlogs (k) + Zlog2(61)> )

The total number of qubits is just

d+q=0 (d + %logQ(d) + dlog, (k) + Zlog2(6_1)> .
Remark 3.6 (Comparison with previous works). For fixed d, k € N, we compare the number
of parameters as well as the number of qubits used to [12]. There, for any prescribed error level
€ > 0, the authors achieve the L*-approximation error on a hypercube [—M, M]? using a QNN
with O(e2) parameters and O(log,(e~t)) qubits for any continuous function f € C(R) with
Fourier transform satisfying

(35) |l de <.

Here, in our paper, we consider 27-periodic functions. More precisely, when d = 1 and f is k-times
continuously differentiable with a bounded k-th derivative, we obtain the L*-approximation error
€ > 0 using O(¢~/*) parameters and only one qubit. Otherwise, if d € N n [2,00) and f has k-th
continuous partial derivatives on all its variables, we obtain the approximation error ¢ > 0 using
O(e=(@+1/F) parameters and O(log,(e~1)) qubit. When k > d, our QNN will only need to use
O(e 1) parameters and O(log,(e~1)) qubits to obtain the approximation error € > 0. Hence, when
restricting to periodic functions, we require asymptotically fewer parameters and the same number
of qubits (as € — 0) without having to impose any integrability on their Fourier transforms.
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4. NUMERICAL EXPERIMENTS

In this section, we present an explicit algorithm for approximating both univariate and mul-
tivariate periodic functions using quantum neural networks (QNNs). Moreover, we illustrate in
various numerical examples the approximation powers of QNNs.!

4.1. Approximation of univariate periodic functions. First, we consider the approximation
of univariate periodic functions by single-qubit QNNs of the form (2.1)-(2.2). In Algorithm 1, we
describe in pseudocode how the parameters § € R2X+1 and ¢ € R24+2 of the single-qubit QNN
Uesz can be computed to obtain the approximation rate (3.1) in Theorem 3.1.

Algorithm 1: Learning a univariate periodic function by a quantum neural network (QNN)

Input: K € Ng, N € N, and a periodic function f € Ca-(R) that is K-times differentiable.
Output: QNN-based approximation fg];s(x) of the form (2.2) with parameters § € R*-+!
¢ € R?*2 satisfying (3.1).

1 Define ¢ := (2K+1 —D|flle =0, rg := [%], and L := [%H%J € Np.

2 For every n = —L,—L +1,..., L compute the Fourier coefficient f(n) := % :T e I f (1) d.
i [N/2] ~ .
3 Construct the trigonometric polynomial z — (Tn.x f)(z) = Aiﬂx > mn, ik f(n)e'™® with
" om=—rg|N/2|

and

~

mn, ik defined in Proposition 5.2 and Ay, x defined below (5.1).
4 Compute the parameters § € R*“T! and ¢ € R*5%? via [29, Algorithm 3], where the input is the

trigonometric polynomial x — M
5 Construct QNN z > U5 (z) as defined in (2.1).

6 return x — f35(z) 1= (0| Uz%(x)|0).

Moreover, we investigate in two numerical experiments how the smoothness of the function
affects the approximation error. To this end, we approximate the continuous but non-differentiable
function fi(z) := |sin(x)| and the twice but not three times differentiable function fo5(z) :=
|sin(z)[>® by a single-qubit QNN via f7%, defined in (2.2). According to Theorem 3.1, they
should have approximation rates of order wy, (N~') and N~%wsr (N~1), respectively. This is
reflected in Figures 1-2, where the approximation rate of the smoother function f; 5 decays more
rapidly than f;.

4.2. Approximation of multivariate periodic functions. In this section, we study the ap-
proximation of multivariate periodic function by quantum neural networks (QNNs) as defined
in (2.4)-(2.5). First, we describe in Algorithm 2 using pseudocode how to find the parame-
ters 0 = (en)fLNvKgngLN‘K € X—LN,KSHSLN,K X?:1 R 1+ and ¢ = (QSH)*LN,KgnéLN,K €
X Lnx<n<Ln.x X?zl R2I751%2 of a (d+q)-qubit QNN Ug@ such that the approximation rate (3.3)
in Theorem 3.4 holds true.

Moreover, we illustrate in a numerical experiment how quantum neural networks can learn a
given multivariate function. To this end, we consider the heat equation, which is a fundamental
object across different disciplines such as mathematics, physics, and engineering. More precisely,
for a 2m-periodic and square-integrable initial condition ¢ : R* — R, we consider the solution of

IThe numerical experiments have been implemented in Python using the package qiskit on a HPC
(high-performing computing) cluster of ETH Zurich. The code can be found under the following link:
https://github.com/tranvietkhoa/Quantum-Neural-Network-via-Jackson-Inequality
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are shown, for N =20 and K € {0,...,5}.
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FIGURE 2. Approximating the twice but not three times differentiable func-
tion fos(x) := |sin(x)[*® by a quantum neural network (QNN) Ugfb with

K+3

L :=[E£3]| X In (a), the approximation error | fo.5— fg@uw is displayed against

2

N e {1,...,20}, for K € {0,...,5}. In (b), the function fs5 and its QNN-based
approximation fg@ are shown, for N = 20 and K € {0,...,5}.
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Algorithm 2: Learningamultivariate periodicfunction by aquantumneural network (QNN)
Input: K := (Ki1,...,Kq) € Ng, N = (N1,...,Nq) € N4 and a periodic function f € Car(R?)

that admits a K;-th continuous partial derivative 0;('7 f into each direction j =1,...,d.
N K

Output: QNN-based approximation f, ;= of the form (2.6) with parameters
0 := (0n)- Ln.k<n<Ly x and (,‘b (()an)fLNYKgngLN x satisfying (3. 3)

1 Define ¢ := | f|w H L2511 —1) > 0, Lnyk € N as in (3.2), n:= [{~Lnk < n < Lnx}| and
q = [logy(n)].
2 For every —Ln,k < n < Ln,x compute the Fourier coefficient f =5 L —inT *f(x)dx.
3 Construct the trigonometric polynomial x — (TN’IZf)(x) = c(11d<27;) ) 2 Hln,Kf( )e! "> with
L AN
my k defined in Proposition 6.1 and An, -, defined below (5.71). "
4 for —Lnk <n <Lnxk do
5 fOI‘]—],...,ddO
6 if j = 1 then
7 Compute the parameters 0 1 € R2™1F! and ¢ 1 € R2™11+2 via [29, Algorithm 3],
where the input is the complex-valued trigonometric polynomial &1 — cnel™11,
8 Construct single-qubit QNN z; — U2|n11 I¢ , (1) as defined in (2.1).
9 else
10 Compute the parameters 0y ; € R2I751+1 and Pn,j € R2I71%2 yig, [29, Algorithm 3],
where the input is the complex-valued trigonometric polynomial z; — eini®i,
11 Construct single-qubit QNN z; — U2|n:7‘¢n (z;) as defined in (2.1).

12 Construct d-qubit QNN x — Ug, . = @ U2‘n]‘ (z4).

On,j,én,j

13 Construct x — ng’K(x) =300 i) | ® Ué‘n‘ . (%) + 22 iy G| @ X®4.
14 Construct QNN X U;I; K(x) = (H®"® [®d) CLN’K(x) (H®? @ I97).

0,9
Ur
15 return x — f9’¢ (%) := <0|q+d NK( )‘O>q+d

(4.2) u(0,x) = g(x), x e RY.

Then, by following [9, Section 2.3], the solution at time ¢ > 0 is given by

u(t,x) = (P * g)(x) := JRd O, (x —y)g(y)dy, with Dy (z) := (47rt)% e~ ar

which is smooth and 27-periodic. For more details, we refer to [9, Section 2.3].
For fixed time ¢ € (0,T], we now approximate in Figure 3—4 the solution of the heat equation

x — u(t,x) with initial condition g(x) := H;l:l gj(z;), where

1, if se{(2km, 2k + 1)7) : k € Z},
(4.3) g;i(s) =40, ifse{2kr:keZ},
=1, if se{((2k — 1)m, 2kn) : k € Z}.

by a (d + ¢)-qubit QNN U;‘y 5 Via fgl" » as defined in (2.6). Indeed, Figure 3-4 empirically demon-
strate that (d + ¢)-qubit QNNs can approximate the solution of the heat equation x — u(t,x) at
different times ¢ € {0.5,1}. Moreover, since x — u(t,x) is a smooth function (i.e. infinitely many
times continuously differentiable), the approximation rate decays more rapidly, as K increases,
which is in accordance with Theorem 3.4.
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FIGURE 3. Learning the solution of the heat equation x — u(0.5,x) in (4.1) by a
quantum neural network (QNN) U;;*K, with d = 2 and g(x) := H?:1 9(z;), g;
defined in (4.3). In (a), the approximation error |u(0.5,x) ff;:g’K | is displayed
against N := Ny = Ny € {2,...,7}, for different K := K; = Ky € {0,1,2}. In
(b), the function x — u(0.5,x) (wireframe) and its QNN-based approximation
x — faN¥(x) (colormap) are shown, for N := N; = Ny € {2,...,7} and K :=

0.9
Kl = K2 € {0, 1,2}
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FIGURE 4. Learning the solution of the heat equation x — u(1,x) in (4.1) by a

quantum neural network (QNN) U;‘,ZI)‘K, with d = 2 and g(x) := H;l:l 9(z5), g;

defined in (4.3). In (a), the approximation error |u(1,x) — f;;’K|\w is displayed
against N := Ny = Ny € {2,...,7}, for different K := K; = Ky € {0,1,2}.
In (b), the function x — wu(1,x) (wireframe) and its QNN-based approximation
X f;;’K (x) (colormap) are shown, for N := Ny = Ny € {2,...,7} and K :=
Ki = Ky € {0,1,2}.
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5. PROOF OF THEOREM 3.1

In this section, we present the proof of Theorem 3.1. For a given real, 2m-periodic univari-
ate function f, the main idea is to first construct the trigonometric polynomial obtained from
the Jackson inequality, which provides an approximation rate depending on the smoothness of f.
Then, we will make use of recent results in quantum machine learning to show that trigonomet-
ric polynomials can be implemented by a suitable single-qubit quantum neural network (QNN)
introduced in Section 2.4.

5.1. Univariate trigonometric polynomials and Jackson inequality. As a cornerstone of
classical approximation theory, the Jackson inequality provides an upper bound for the approx-
imation of a continuous periodic function by a trigonometric polynomial. The inequality has
been first established by David Jackson [16] and subsequently extended in several directions (see,
e.g., [1,5,19]).

Let us first introduce complex-valued trigonometric polynomials. A function 7' : R — C is
called a complex-valued (univariate) trigonometric polynomial if there exists some N € Ny and
Gn,bp € C,n=0,..., N, such that for every x € R it holds that

N
T(z) =ag + 2 (an cos(nx) + by, sin(nx)).
n=1
In this case, we say that the complex-valued trigonometric polynomial is of degree N if ay # 0
or by # 0. Alternatively, since the functions z — cos(nz) and x — sin(nz) can be written as
, we obtain the equivalent form for

linear combinations of the functions z — €* and x +— e '™*

T :R — C given for every z € R as

N .
T(z) = 2 cne™®,
n=—N

apn—bni

%b"‘ and ¢, := *=57= for

where the coefficients (¢, ), are given by ¢y := ag as well as ¢_,, :=
n=1,...,N.

We now define for every K € Ny the number rg = |
and introduce for every fixed N € N, K € Ny the kernel

! <sin((V¥Jt+1)5)>2TK, t#0,

%1 Moreover, we follow [19, Section 4.3]

(5.1) [-m, 7] a3t —  Jyg(t):=< sin($)
e (517 t=0,

where Ay x > 0 is a normalizing constant such that S:r Jn i (t)dt = 1. Using this, we define for
every fixed K € Ny and f € Co,(R) the function

s K+1
(5.2) Raz w (Tyxf)(z):= J In k(1) Z (—1)Ft1 (K; 1)f(x + kt)dt € R.
-T k=1

We first show in Proposition 5.2 below that 7 i f is a trigonometric polynomial. To this end, let
us present the following elementary identity.

Lemma 5.1. For every a € %Z and t € [—m, 7], it holds that

sin((2a+1)§)

i gnt _ ) T am(3) if t € [-m,7]\{0},

n=—a 2a + 1, ift =0.
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Proof. Fix some a € 37 and t € [, 7]. If t # 0, we use the formula of geometric series and that
sin(0/2) = % (el/2 — e719/2) unphes 1—¢€f = —21610/2 sin(#/2) for any 6 € R to conclude that
a 2a 2a _ Li(2a+1)t
Z et — e (—a+k) e~ lat (elt)k 71at1 16 ( it )
n=—a k=0 —¢€

—iat

k=0
—9ielat+1)t/2 gipy ((2a + 1)%) sin ((2a + 1)%)
- )

—2jelt/2 g

Otherwise, if ¢ = 0, it holds that

which completes the proof. O

Proposition 5.2. Let f € Co-(R), let N € N, and K € Ny. Then, for every x € R, it holds that

- rr|N/2| R ]
(Tosch)@) = e D mascfme™,
A — Ny
where My, i 1= > (—1)k+1 (K,:rl)mk|n| for n € Z, with (My)iez? given by

ke[1,K+1]AN:
kln|<rg|N/2]

2rK
iy = Hm € {=IN/21/2, ~IN/2)/2 + 1, IN/21/20127% ) my = z}

forleZ.

Proof. Fix some f € Cor(R), let N € N, and K € No. Then, we first use f(y) = >,z f( )el?y for
any y € R and S:r e gt = 2710y (1) for any [ € Z to conclude for every k,n € N and € R that

m T y orf (2)el®e, ifreZ
(5.3) J mtf :,C + kt dt = Z f (J el(n—Jk)tdt) eliz _ wf (k) erT, Uz .7
—r ez —r 0, otherwise.

Moreover, by inserting (5.1)—(5.2) and by using Lemma 5.1, we obtain for every = € R that

™ (sin ((| & £y KA
(Tn.x f)(x) = ! ( <(L2Jt+)1)2>> Z(—l)k+1(K+l>f(x+k;t)dt

ANK P k

QT‘K

1 K+l K+l n [N/2]/2 .
Z(1)’€+1< . >j P f(x + kt)dt.

ANK (D T \n=—|Ny/2|/2

2Note that my can be calculated using the inclusion-exclusion formula.
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Hence, by using the multinomial theorem (with coefficients (M, )nez), the identity (5.3), and
reordering the sum 71 — n/k € Z, it follows for every x € R that

K+1 rr|N/2) .
<TN,Kf><x>=lZ<—1>’f+1(K; 1) N e

ANK (o n=—rw|N/2| -

_ rKLZN:/zJ Iil(_nk-&-l([(;'l)mn]lz (%) f(%) e

AN K n=—rx|N/2| k=1

9 r|N/2| K+1 K41 R N
= )\i Z Z (_1)k+1< + >mkﬁ (7)et™
NK .

__ k=
fi=—rK|N/2] k\msr[lN/zJ

T |N/2|
2 * iy inx
_ 2 Y s F e,
NK e |N/2)
which completes the proof. O

Now, we recall the Jackson inequality for K-times continuously differentiable periodic functions.

Proposition 5.3 ([19, Theorem 4.3, p. 57]). For K € Ny, let f € Cor(R) be K-times continuously
differentiable. Then, there exists a constant Cx > 0 (independent of f) such that for every N € N
it holds that

(54) sup| £ (@) ~ (T P)(@)] < Creren (3),

Moreover, if f € Cor(R) is (K + 1)-times continuously differentiable, then the right-hand side of
(5.4) can be upper bounded by %, where fE+D) denotes the (K + 1) derivative of f.

5.2. Error bound by quantum neural network. In this section, we follow the ideas of [29,31]
and recall that every bounded complex-valued trigonometric polynomial can be represented as the
output of the single-qubit QNN of the form (2.1).

Proposition 5.4 ([29, Corollary 2|). For L € Ny, let T : R — C be a complez-valued trigonometric
polynomial of degree L satisfying |T'(x)| < 1 for all x € R. Then, there exist parameters § =
(0,01, ..,050) € R+ and ¢ = (¢, do, b1, ..., P2r) € R2ET2 such that for every x € R it holds
that

f5(2) = (0| Ug5(2)0) = T(x).

Now, we are in the position to prove our first main result (Theorem 3.1), establishing the
approximation rates for single-qubit quantum neural networks.

Proof of Theorem 3.1. Fix some N € N and define the function g € Cy,(R) by g(z) := @ for
x € R, which is also K-times continuously differentiable. Then, by using that Jy x(¢) = 0 for all
t € [-m, 7] and that S:r Jn,k(t)dt = 1, we have

T K+1 K+1
T z)| < In i (t x + kt)|dt
(Taco)o < [ o) 3 (5ot 40)
(55) o S (YT sserar
ole 33 (") [ ot

11e
< (@K = 1)gle = 2K -l <1,
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Hence, by using Proposition 5.4 (applied to Ty, x ¢ having degree rx|N/2]), there exist parameters
0 € R2rxIN/21+1 and ¢ e R27xINV/21+2 guch that for every z € R it holds that

(Tv.xc9)(@) = 0| Uy <™ () |0y

Finally, by using this and Proposition 5.3 (applied to g € Ca-(R)) and that ¢ - w,m = wpe, it
follows that

KN
sup|f(z) — - fo 1V (@) = esup lg(@) = (T xe9)(@)]
zeR zeR
Crwyw (%)
_ Cxwio (3)
- NK 7
which completes the proof of the first part. The second part follows from the second part of
Proposition 5.3. O

6. PROOF OF THEOREM 3.4

In this section, we present the proof of Theorem 3.4. To this end, we use the multivariate
generalization of the Jackson inequality (see, e.g., [5,19]), which relies on an iterative application
of the univariate Jackson inequality through all variables. In order to implement the multivariate
trigonometric polynomial of the multivariate Jackson inequality, we use the idea of (parametrized)
quantum circuits (PQCs) in [30], which in turn is based on the linear combination of unitaries

(LCU) in [6].

6.1. Multivariate trigonometric polynomials and Jackson inequality. Let us first intro-
duce complex-valued multivariate trigonometric polynomials. A function 7 : R? — C is called

a d-variate complez-valued trigonometric polynomial if there exist some N := (Ny,..., Ny) € Nd
and an, by € C, n:= (ny,...,nq9) € N¢ and —IN < n < N, such that for every x € R it holds that
T(x) = 2 (ancos (n'x) + bysin (n"x)) .

—N<n<N

In this case, we say that the complex-valued trigonometric polynomial 7 : R* — C has degree
N e Ng if ay # 0 or by # 0. Alternatively, since the functions x — cos (nTx) and x — sin (nTx)
can be written as linear combinations of the functions x — e * and x — e‘inTx, we obtain the
equivalent form of the d-variate complex-valued trigonometric polynomial 7 : R¢ — C given for
every x € R? as
T(x) = Z cnei“Tx,
—~N<n<N

where the coefficients (cn)n are given by co := ag as well as c¢_, := %(an + byl) and ¢ =
% (an — bui) for —N <n < N, n # {0}%.

We first recall the Jackson inequality for multivariate functions. To this end, we follow [19,
Section 6.3] and introduce for every function f € Ca,(R%) as well as for every multi-indices
K = (Ki,...,K3) € N¢ and N := (Ny,...,Ny) € N? the recursively defined function Z;(x),

x € R? such that
IJ(X) — {(T]\ZZJ,KJ (Ij—l)) (X)? .] = 172a"'7d7
f(X), .7 = 07
and define (7T, k) f(x) := Zg(x), where at each iteration j = 1,...,d the function T]\f;,Kjg :R? —
R with g € C,(R?) denotes the application of the operator Ty, k, (defined in (5.2)) to the function
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Raz; — g(x1,...,2j-1,25,Zj41,...,2q) € R. Then, by iteratively applying Proposition 5.2, we
conclude that 7wk f is a multivariate trigonometric polynomial.

Proposition 6.1. Let f € Cor(RY), let K := (K1,...,Ky) € N¢ and N := (Ny,...,Ng) € N¢,
Then, for every x € R%, it holds that

(Thxf)(x) = ——— Y mux f(n e,
H] 1 )\N ,Y5 n
where the sum is taken over all n := (ny,...,nq) € Z% with |n;| < r;|N;/2] for all j = 1,...,d,

d .
and where my, x = szl M, k; With Mp; K, defined in Proposition 5.2.

Proof. Fix some K := (Ki,...,K4) € N¢ and N := (Ny,...,N;) € N Then, by using for
every j = 1,...,d the notation g; := 'TNJ)K] (Tﬁ K, (TR g ) - )) and Proposition 5.2,

it follows for every x € R? that

(6.1)
.
9i(x) = (Tx] k,9i-1) (%)
rK; [N;/2]
2 J 1 ™ _ N
- Yo Z M, K, <27rJ e mﬂqu (ml,...,xj1,sj,xj+1,...,a:d)dsj> et

I Nj=—TK; [Nj/QJ

Hence, by iteratively inserting (6.1) and using linearity, we conclude for every x € R? that

(Tnx ) (%) = (T} i, 94-1) (%)

o rK 4| Na/2] 1 ("
=3 Z My, Ky (%f e Mgy q(x,. .. 755d175d)d3d> glndvd
Na,Ka na=—7r,|Na/2| T
ri | Na/2] TR,y | Na—1/2]

(2m)?
= AN KN x Z Z Mpg, KaMng_1,Ka_1

d:d d—1,%d-1 nd:_"‘Kd[Nd/QJnd*lz_rdellNd—l/QJ

1 4 4 . . R R

—1Mg—_184d— —1Ings IMNg_1Tq— mgx

v e Mdm1Sdm1eTINdSd gy o(2q, ..., Bd—2,54—1,54)dSq—1dsq | eI Tl

2m)? ) )«

2m)

K4 Na/2] Ty [N1/2]

3 Y e e

nd:—rxd[Nd/QJ n1=—7x, | N1/2|

1 4 4 in . . .
. R e~ 181 .,.e—lndsd S1.....8 dS dS emlacl .“emda:d
((md J. f Flonsesapdon e

(

ANg,Ka " ANy K

= nxf(0)e!
H 1AN; K an
which completes the proof. O

Now, we recall the Jackson inequality for multivariate functions, which establishes an upper
bound for approximating any given function f € Car(R?) by the trigonometric polynomial Tn k f-
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Proposition 6.2 ([19, Theorem 6.6, p. 87|). For K := (Ky,...,K;) e Nd and j = 1,....d, let

. K ;

f € Cor(RY) have a Kj-th continuous partial derivative 8;(7f = ; ;{f :R?* — R. Then, there
€T .
J

exists a constant Cx > 0 (independent of f) such that for every N = (Ny,...,Ny) e N% it holds
that

d w('/’I‘(jf (NLJ)
(6.2) sup |f(x) — (Tnkf)(x)] < Ck Z — %
zeRd =1 N7

Moreover, if f € Cox(RY) has a (Kj + 1)-th continuous partial derivative 6fj+1f : R - R,
Ki+1
1059 e,

j=1,...,d, then the right-hand side of (6.2) can be upper bounded by Ck Z?’:l R

6.2. Error bound by quantum neural network. We now represent every bounded multivari-

ate trigonometric polynomial by a multi-qubit QNN.

Proposition 6.3. For L := (Ly,...,Lg) e N¢, let T : R? — C be a complez-valued trigonometric
polynomial of degree L € N¢ satisfying |T(x)| < 1 for allx € RY, and define q := [logy(n)] withn :=
l{ne€ Z?: —L < n < L}|. Then, there exists a multi-qubit QNN as defined in (2.5) with parameters
0 := (0n) L<n<L € X _pcner X?:1R2In;‘\+1 and ¢ := (¢n) Len<L € X pener X;lzl R2In;+2
such that for every x € R% it holds that

(0], Ug'p(x)[0),, g = 279 T(x).

Proof. For some fixed L € N¢, let T : RY — C be a complex-valued trigonometric polynomial of

the form T(z) = > cnei™ X, x € RY, which satisfies |T(x)| <1 for all x € R%. Then, for
—~L<n<L

every fixed n € Z? with —L < n < L, we observe that for every x := (x1,...,24)" € R? it holds

that [ene™ 7| = |en| = |T(n)] = [(2m) ¢ §_, 44 €™ T(s)ds| < supe(_r w0 [T(s)| < 1 and that

’ei”ﬂf’ =1,5=2,...,d. Hence, we can apply d-times Proposition 5.4 to obtain some parameters

On; € RA™I+L and ¢, ; € R2MIF2) 5 = 1. d, such that for every x := (zy,...,24)" € R? it

holds that

enel™® = QO UG, (21)[0),

einng = <0| Uglzz’gn,z (x2) |0>’

eimara = (0| UL (24)[0).

0n,d7¢n,d

Therefore, by defining the d-qubit operator U, ; (x) := ®?:1 U‘gleflj{‘d)nj(xj) with parameters

On = (On1,-. . Ona) € X RIMIT  and ¢y 1= (¢n,...,¢na) € X _ RAMIF2 it follows for
every x := (z1,...,24)! € R? that

d d
n 2|n; in;x; in'x
O, U 4, ()00, = [ TOIUZ) (@) [0) = en [ ] €5 = cae™ ™.

Jj=1 Jj=1

Thus, by using the definition of the (g + d)-qubit operator linearity Ug: ¢(x) in (2.5), the ordering
{no,...,n,_1} of {ne Z% —L < n < L}, and that (0|, X®?|0), = H?=1<O|X|O> = 0, we conclude
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for every x := (z1,...,24)" € R? that
P U(9L¢(X) 10040 = (¥4, 0)l,4 4 Cb.6 () | (¥4, 0)), 1 4
— 2{171
Z l> O UE, 4, (x) 100 Giltog) + Y (bqliy (01, XE(0), (ilthy)
1=0 \ﬂf'-/ i=n \/“/ \—\/-—J
= /\/27 =1/+/24 =1/v/24 =1//24
=271 Z cneme,
—L<n<L
which completes the proof. O

We are now in the position to prove our second main result (Theorem 3.4), establishing the
approximation rates for multi-qubit quantum neural networks.

Proof of Theorem 3.4. Fix some N := (Ny,..., N;) € N% and define g € Cy,(R?) by g(x) := £x)

for x € R?, which also has a K ;-th continuous partial derivative 6jKjg :R? - R,j=1,...,d. Then,
by iteratively applying (5.5) toR 3 z; — Tx/ (T;,; ey (o (TR 9) - )) (T1,...,Tj,...,2q) €
R for any fixed (1,...,%j-1,%j41,...,2q4) € R j = 1,...,d, we conclude for every x € R?
that

(a1 = | (T3, (TR - TR0 --)) ) 0
< (2Ka+l )ile% (’TNd Lk (TN K 9) - ))(xl, . ,xd)‘

< (2t ) (et ) sup

N

d
(H (2% - ) sup lg(1, ..., 7a)|
-1 (1,

C ...,.’L‘d)eRd

4 4 fl
(H (211 — ) gl = (H@Kﬂ'“ - 1)) ”—” <1

j=1

Hence, by applying Proposition 6.3 (applied to Tn kg having degree (rg,|N;/2|)j=1,....a), there
exist some parameters @ := (0n) Lyx<n<Lnx € X L x<n<Lux x?=1 R2i1+1 and ¢ :=

(fn) Ly x<n<inx € X _Ly x<n<Lu x ><?= R2I"i1+2 such that for every x € R? it holds that

(T ) (x) = 20 0], g Up ™ (%) 0, g = 20 o™ ().
Finally, by using this, Proposition 6.2 (applied to g € Ca,(R%)), and that c - wa]z;jg = wajzgjf, it
follows that

sup | f(x) — ¢ 27 fo ™ (x)] = ¢ sup |g(x) ~ (Trv.xc9) (x)|

xeR? xeRd

Zw ()
Jj=1 j
iw Jf(l)

N;
which completes the proof of the first part of the theorem. The second part follows directly from

the second part of Proposition 6.2. |
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