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Abstract. Quantum neural networks (QNNs) are an analog of classical neural networks in
the world of quantum computing, which are represented by a unitary matrix with trainable
parameters. Inspired by the universal approximation property of classical neural networks,
ensuring that every continuous function can be arbitrarily well approximated uniformly on
a compact set of a Euclidean space, some recent works have established analogous results
for QNNs, ranging from single-qubit to multi-qubit QNNs, and even hybrid classical-quantum
models. In this paper, we study the approximation capabilities of QNNs for periodic functions
with respect to the supremum norm. We use the Jackson inequality to approximate a given
function by implementing its approximating trigonometric polynomial via a suitable QNN.
In particular, we see that by restricting to the class of periodic functions, one can achieve a
quadratic reduction of the number of parameters, producing better approximation results than
in the literature. Moreover, the smoother the function, the fewer parameters are needed to
construct a QNN to approximate the function.

1. Introduction

Thanks to the development of quantum computing in recent years, quantum machine learning
has emerged as a novel and interesting field (see, e.g., [3, 17]). The goal of quantum machine
learning is to enhance traditional machine learning tasks through the use of qubits and quantum
circuit design. Hence, quantum neural networks (QNNs) arise naturally as an analog to traditional
neural networks, with the potential to achieve quantum advantage in deep learning tasks.

In recent years, QNNs have gained significant interest among applied mathematicians and
quantum computer scientists. One particular problem is whether QNNs can yield the universal
approximation properties (UAP) which classical neural networks have (see, e.g., [7, 15, 20, 26]).
In [24], the authors construct a single-qubit quantum neural network to achieve universal approx-
imation properties for continuous complex functions. A different quantum circuit is introduced
in [27], which shows that truncated Fourier series can be implemented as the expectation value
of some observable with respect to a state prepared by a quantum circuit. The same idea is used
in [31] to prove the universal approximation theorem of single-qubit quantum neural networks
for continuous univariate and square-integrable functions. The authors of [14] have proved the
UAP of hybrid classical-quantum neural networks that encode the classical input into a quantum
Hilbert space. In [2], the authors prove that QNNs can arbitrarily well approximate d-dimensional
Korobov functions, and obtain worst-case complexity bounds on the quantum circuit depth and
number of qubits. In [12], the authors consider continuous functions with integrable Fourier trans-
forms and are able to obtain the UAP with respect to both the L2 and L8 norms as a consequence
of obtaining the error bounds when approximating such functions by a quantum neural network.
Building on the feedforward QNN introduced in [12], the work in [13] constructs a quantum analog
of recurrent neural network, and proves the UAP of recurrent QNNs. Finally, in [25], the authors
obtain the UAP of quantum neural networks without pre-processing the input, while asymptot-
ically improving the number of qubits and parameters compared to [30]. This demonstrates the
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universal approximation prowess of QNNs for certain classes of functions and thus, paves the way
for the application of QNNs in real-world machine learning tasks.

Another important problem related to the universal approximation property of QNNs is their
approximation rate, which expresses the approximation error in terms of the QNN design, such
as its depth, width, or the number of qubits used. In [12], the authors require Opϵ´2q parameters
and Oplog2pϵ´1qq qubits to achieve an L2-approximation bound of ϵ ą 0 when approximating
functions with integrable Fourier transform, and for the L8-error when approximating functions
with additional integrable properties of the Fourier transform.

In this paper, we turn our focus to the class of periodic functions. Periodic functions model
many repeating phenomena in real life, such as the motion of planets, the changing of seasons,
sound and light waves, and even the flow of alternating current in electricity. Their repeating
nature makes it possible to predict future behavior once the period is known, which is essential
in science, engineering, and everyday life (see, e.g., [11, 22, 23, 32]). By using periodic functions,
complex systems can be analyzed more simply and effectively, especially through tools like Fourier
analysis that break down signals into basic waves (see, e.g., [10, 18,28]).

At the same time, the ability of single-qubit QNNs to represent any trigonometric polynomials
has been studied in [29]. This initiates a new pathway to approximate continuous periodic func-
tions, as their truncated Fourier series can be approximated by some single-qubit QNN of fixed
length. Moreover, the approximation of a periodic function by a trigonometric polynomial can be
controlled with the Jackson inequality (see, e.g., [5, 16,19]).

In our work, we will focus on approximating periodic functions. In the case of such univariate
functions, for a prescribed error tolerance level ϵ ą 0, we require Opϵ´1q parameters and only
one qubit. In the case of d-variate functions which are pK ` 1q-times continuously differentiable
with K P N0 satisfying K ě d, we can construct a multi-qubit QNN using Opϵ´1q parameters and
Oplog2pϵ´1qq qubits to approximate such functions. Compared to previous work on approximation
rates of QNN in [12], we achieve a quadratic reduction in the number of parameters when approx-
imating periodic and smooth functions without having to impose any integrability condition on
their Fourier transforms.

1.1. Notation. As usual, N :“ t1, 2, 3, . . . u and N0 :“ NYt0u denote the sets of natural numbers,
Z represents the set of integers, whereas R and C are the sets of real and complex numbers,
respectively, with i denoting the imaginary unit satisfying i2 :“ ´1. The complex conjugate of
c :“ a ` bi P C is defined as c “ a ´ bi P C, where a, b P R. Moreover, we use the abbreviation
řb´1{2

n“a´1{2 cn :“
řb

n“a cn´1{2 for a, b P Z with a ď b and pctqtPR Ď R. In addition, for every
fixed d P N, we denote a multi-index n :“ pn1, . . . , ndq P Zd in bold letters, where we define
}n}1 :“ |n1| ` ¨ ¨ ¨ ` |nd| for n :“ pn1, . . . , ndq P Nd

0. For n,m P Zd, we say that n ď m if
ni ď mi for all i “ 1, . . . , d. Furthermore, we denote by Rd (resp. Cd) the d-dimensional vector
space over R (resp. C) equipped with the norm }x} “

`
řd

i“1 |xi|
2
˘1{2 for x :“ px1, . . . , xdqJ P Rd

(resp. x :“ px1, . . . , xdqJ P Cd). Moreover, Rdˆd (resp. Cdˆd) represents the space of matrices
A :“ pAi,jqi,j“1,...,d P Rdˆd (resp. A :“ pAi,jqi,j“1,...,d P Cdˆd). Hereby, we denote by Id P Cdˆd

the identity matrix, use the notation U : P Cdˆd for the Hermitian adjoint of a matrix U P Cdˆd,
and recall that a matrix U P Cdˆd is unitary if U :U “ UU : “ Id. We further denote the group of
unitary matrices U P Cdˆd by Updq. For any n P N and matrix M P Cdˆd, we write Mbn P Cdn

ˆdn

to denote the n-fold Kronecker product of M .
In addition, for every d P N, we denote by CpRdq the vector space of continuous functions

f : Rd Ñ R equipped with the supremum norm }f}8 :“ supxPRd |fpxq|. Then, for every f P CpRdq,
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we denote its (global) modulus of continuity by

r0,8q Q δ ÞÑ ωf pδq :“ sup
x,tPR
|t|ăδ

|fpx` tq ´ fpxq| P r0,8s.

Furthermore, we denote by C2πpRdq Ă CpRdq the vector subspace of continuous and 2π-periodic
functions f : Rd Ñ R. Hereby, a function f : Rd Ñ R is called 2π-periodic if for every j “ 1, . . . , d

and px1, . . . , xdq P Rd we have fpx1, . . . , xj´1, xj`2π, xj`1, . . . , xdq “ fpx1, . . . , xj´1, xj , xj`1, . . . , xdq.
In this case, we denote the Fourier coefficients of every f P C2πpRdq by p pfpnqqnPZd that are for
every n P Zd defined by

pfpnq :“
1

p2πqd

ż

r´π,πsd
e´inJxfpxqdx.

Then, by applying [10, Theorem 2.1] to every variable xj , j “ 1, . . . , d, it follows for every x P Rd

that fpxq “
ř

nPZd
pfpnqein

Jx.
Moreover, we use the Landau O-notation, i.e., aN “ OpbN q if and only if lim supNÑ8

ˇ

ˇ

aN

bN

ˇ

ˇ ă 8.

1.2. Outline. The remainder of the paper is structured as follows. Section 2 provides a brief
introduction to quantum computing, including the concepts of quantum bits, quantum gates,
quantum circuits, and measurements. The specific construction of the QNNs used in this paper
will also be discussed in this section. Section 3 presents the main results in two separate theorems,
one for the case of univariate functions and one for the case of multivariate functions. In Section 4,
we will discuss the numerical results obtained when approximating continuous periodic functions
using QNNs. The complete proofs of our main results will be shown in Sections 5 and 6.

2. Construction of quantum neural networks

In this section, we provide a brief introduction to quantum computing following the text-
books [17, 21], and the construction of quantum neural networks (QNNs) which will be used in
this paper.

2.1. Bra-Ket notation. We start with a finite-dimensional complex Hilbert space H and its dual
space H˚. A vector ψ P H, often called a state, is denoted by the ket notation |ψy, and the linear
functional pψ ÞÑ xφ,ψyq P H˚ where φ P H is denoted by the bra notation xφ|. Moreover, the
action of xφ| on |ψy is denoted by the bra-ket notation xψ|φy :“ xψ,φy P C. The action of a linear
operator A : H Ñ H on a vector ψ P H is represented by A |ψy. Similarly, the action of A on xφ| P

H˚, represented by xφ|A, is a linear functional that satisfies pxφ|Aq |ψy “ xφ| pA |ψyq :“ xφ,Aψy.
We often write xφ|A |ψy for brevity. The expectation value of an operator A with respect to a
normalized state ψ P H, i.e., xψ|ψy “ 1, is xψ|A|ψy. Meanwhile, |ψy xφ| denotes the outer product
of ψ,φ P H, which is a linear operator that maps H to itself such that p|ψy xφ|q |ξy “ pxφ|ξyq |ψy

for all ξ P H.
In quantum computing, we first consider the Hilbert space H » C2 and then the n-fold tensor

product Hilbert space Hbn :“ H b ¨ ¨ ¨ b H » C2n . This is sometimes called the state space, and
we denote by |ψyn the state ψ P C2n . The computational basis of the state space can then be
constructed as Bn :“ t|jyn : j :“ pj1, . . . , jnq P t0, 1unu, with |jyn :“ |j1y b ¨ ¨ ¨ b |jny :“ |j1y ¨ ¨ ¨ |jny

for j :“ pj1, . . . , jnq P t0, 1un. When the number of qubits n is fixed, and by a slight abuse of
notation, for any integer k between 0 and 2n ´ 1, we write |ky to denote the computational basis
state |k1y ¨ ¨ ¨ |kny, where pk1 . . . knq P t0, 1un is the binary representation of k.
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2.2. Quantum bit. In contrast to classical computing using classical bits, quantum computing
relies on quantum bits, also called qubits, to store and process information. A single qubit is a
normalized vector in the state space C2. Therefore, the set of all possible states is the set of |ψy

of the form

|ψy “ ψ0 |0y ` ψ1 |1y “

„

ψ0

ψ1

ȷ

,

where ψ0, ψ1 P C are such that |ψ0|2 ` |ψ1|2 “ 1. Here, |ψ0|2 and |ψ1|2 represent the probabilities

of the qubit taking the value of |0y :“

„

1

0

ȷ

and |1y :“

„

0

1

ȷ

, respectively.

Every n-qubit state |ψyn can then be written as a linear combination of the computational
basis, i.e., there exist some coefficients pψjqjPt0,1un Ď C with

ř

jPt0,1un |ψj|
2 “ 1 such that

|ψyn :“
ÿ

jPt0,1un

ψj |jyn .

Here, the coefficients pψjqjPt0,1un are called probability amplitudes (or simply amplitudes) since
for every j P t0, 1un, |ψj|

2 “ |xj, ψyn|2 is the probability of |ψyn collapsing to the state |jyn after
measurement.

2.3. Quantum gate. In quantum computing, the evolution of qubit states is unitary. A quantum
gate acting on n qubits can, therefore, be represented as a unitary matrix of size 2n. We denote
the state evolution of an n-qubit system |ψy Ñ |φy P C2n via a quantum gate U P Up2nq by
U |ψy “ |φy.

By elementary gates, we refer to the set in Up2q Y Up4q defined by

G :“
␣

X,Y, Z,H,RXpθq, RY pθq, RZpθq, P pϑq : θ P p0, 4πq, ϑ P p0, 2πq
(

Y
␣

CNOT, SWAP
(

,

where

H :“
1

?
2

„

1 1

1 ´1

ȷ

, X :“

„

0 1

1 0

ȷ

, Y :“

„

0 ´i

i 0

ȷ

, Z :“

„

1 0

0 ´1

ȷ

,

RXpθq :“

„

cosp θ
2 q ´i sinp θ

2 q

´i sinp θ
2 q cosp θ

2 q

ȷ

, RY pθq :“

„

cosp θ
2 q ´ sinp θ

2 q

sinp θ
2 q cosp θ

2 q

ȷ

, RZpθq :“

«

e´i θ2 0

0 ei
θ
2

ff

,

with i :“
?

´1 being the imaginary unit and θ P R being a parameter. These gates form a universal
quantum gate set in the sense of the Solovay-Kitaev theorem [8]. Here, P pϑq with ϑ P p0, 2πq,
CNOT, SWAP are other standard gates in quantum computing and are not introduced in this
paper. Detailed discussions of these gates can be found in [17,21].

A quantum circuit U of length L P N and acting on n P N qubits is a unitary operator such
that

U “

L
ź

j“1

pGj,n1
bGj,n2

b ¨ ¨ ¨ bGj,nj
q P Up2nq,

where G1,n1 , . . . GL ,nL P G Y I2 are such that pGj,n1 b ¨ ¨ ¨ b Gj,nj q P Up2nq for all j “ 1, . . . ,L
(see also [4]). We regard any quantum circuit whose elementary gates are parameter-dependent
as a quantum neural network (QNN).

Remark 2.1 (Ancilla qubits). Ancilla qubits are qubits that are necessary for the storage
of extra information in a quantum algorithm, even though they may not be needed for the final
output. The number of ancilla qubits required can be used to measure the complexity of a quantum
algorithm, and are counted together with other qubits in a multi-qubit quantum circuit.
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2.4. Single-qubit QNN. In our work, we consider the single-qubit quantum neural network
(QNN) of the form

(2.1) UL
θ,ϕpxq :“ RZpφqRY pθ0qRZpϕ0q

L
ź

l“1

RZpxqRY pθlqRZpϕlq P Up2q,

which is introduced in [31]. Here, L is the depth of the QNN, x P R is the input, and θ “

pθ0, . . . , θLq P RL`1 and ϕ “ pφ, ϕ0, . . . , ϕLq P RL`2 are the parameters of the quantum circuit.
RY p¨q and RZp¨q are the rotation gates introduced in Section 2.3.

The output of the QNN defined above is the probability amplitude of the quantum state, after
evolving under the QNN, collapsing to the state |0y when measured, that is

(2.2) fLθ,ϕpxq :“ x0|UL
θ,ϕpxq |0y .

2.5. Multi-qubit QNN. For d, n P N with d ď n, an n-qubit quantum neural network (QNN)
is represented as a unitary matrix Uθ,ϕpxq P Up2nq, which depends on the input x P Rd, in a
parametric manner. We also let q “ n´ d denote the number of ancilla qubits used in the circuit.
We will now present the QNN used in our paper, which is based on the idea of linear combination
of unitaries (LCU) in [30] and [6].

For every vector L “ pL1, . . . , Ldq P Nd, we consider the set tn P Zd,´L ď n ď Lu. We

also define n :“ |tn P Zd,´L ď n ď Lu| “
d
ř

j“1

p2Lj ` 1q. Assume on tn P Zd,´L ď n ď Lu

an arbitrary ordering of its elements tn P Zd,´L ď n ď Lu “ tn0, . . . ,nn´1u. Our QNN uses
q “ rlog2pnqs ancilla qubits.

We first define, for each vector ni :“ pni,1, . . . , ni,dq P tn0, . . . ,nn´1u Ă Zd, a unitary matrix

(2.3) Uni

θni
,ϕni

pxq :“
d
â

j“1

U
2|ni,j |

θni,j
,ϕni,j

pxjq P Up2dq,

where x P Rd is the input, θni :“ pθni,1, . . . , θni,dq P
Śd

j“1 R2|ni,j |`1 and ϕni :“ pϕni,1, . . . , ϕni,dq P
Śd

j“1 R2|ni,j |`2 are the parameters, and U
2|ni,j |

θni,j
,ϕni,j

pxjq is the single-qubit QNN defined in Sec-
tion 2.4.

We now define for every x P Rd the following unitary operator

(2.4) CL
θ,ϕpxq :“

n´1
ÿ

i“0

|iy xi| b Uni

θni
,ϕni

pxq `

2q´1
ÿ

i“n

|iy xi| bXbd P Up2q`dq,

where X is the Pauli X gate defined in Section 2.3. Finally, we introduce for every x P Rd the
pq ` dq-qubit operator

(2.5) UL
θ,ϕpxq :“

`

Hbq b Ibd
2

˘:
CL

θ,ϕpxq
`

Hbq b Ibd
2

˘

P Up2q`dq,

where H is the Hadamard gate defined in Section 2.3. This is the multi-qubit QNN used in this
paper. For every input x P Rd, the output of the QNN is then defined as the amplitude of the
quantum state, after evolving under the QNN, collapsing to the state |0yq`d when measured, that
is

(2.6) fLθ,ϕpxq :“ x0|q`d U
L
θ,ϕpxq |0yq`d .
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3. Main results

Our main results will be discussed in this section. Our first result, presented in Theorem 3.1,
gives an upper bound for approximating a real, periodic, univariate function via a single-qubit
quantum neural network (QNN). Our second result, presented in Theorem 3.4, extends Theo-
rem 3.1 to approximating real, periodic, multivariate functions.

3.1. Approximation rates for univariate functions. We have the following result for the case
of real, periodic univariate functions.

Theorem 3.1. For K P N0, let f P C2πpRq be K-times continuously differentiable and define
c :“ p2K`1 ´ 1q}f}8 ą 0. Then, there exists a constant CK ą 0 (independent of f) such
that for every N P N there exists a single-qubit QNN U2L

θ,ϕ as defined in (2.1) with depth 2L,
L :“

P

K`3
2

TX

N
2

\

, and parameters θ P R2L`1 and ϕ P R2L`2 satisfying

(3.1) sup
xPR

ˇ

ˇfpxq ´ c ¨ f2Lθ,ϕpxq
ˇ

ˇ ď
CKωfpKq

`

1
N

˘

NK
.

Moreover, if f P C2πpRq is pK ` 1q-times continuously differentiable, then the right-hand side of
(3.1) can be upper bounded by CK}fpK`1q

}8

NK`1 , where f pK`1q denotes the pK ` 1qth derivative of f .

Remark 3.2 (Complexity analysis). We will discuss the complexity of our QNN in terms
of the number of parameters and qubits used with respect to the prescribed error tolerance
level ϵ ą 0. The approximation error in this case is the L8-norm error and is defined as
supxPR

ˇ

ˇ

ˇ
fpxq ´ c ¨ f2Lθ,ϕpxq

ˇ

ˇ

ˇ
. From the second part of Theorem 3.1, when K “ 0, f P C2πpRq

is continuously differentiable and its first derivative is bounded, we have C0}fp1q
}8

N ă ϵ if and

only if N ą
C0}fp1q

}8

ϵ . Therefore, we can choose N P N such that N “ Opϵ´1q and thus the
number of parameters Θ is of order Θ “ OpLq “ OpNq “ Opϵ´1q. When K P N and f is
a K ` 1-times continuously differentiable function, we require fewer parameters to approximate
f with the approximation error level ϵ ą 0. In detail, by setting k :“ K ` 1 and assuming
that the function has a bounded k-th derivative, we have Nk “ Opϵ´1q, which implies that
N “ Opϵ´1{kq. Therefore, for fixed k P N, the number of parameters Θ required by the QNN is
of order Θ “ OpLq “ OpNkq “ Opϵ´1{kq. Moreover, for all k P N, the QNN uses only one qubit.

Remark 3.3 (General periodic functions). Theorem 3.1 can also be applied to periodic
functions with other frequency than 2π. That is, given a continuous M -periodic function rf : R Ñ

R, with M ą 0, we learn the 2π-periodic function

R Q x ÞÑ fpxq :“ rf

ˆ

Mx

2π

˙

P R.

The QNN’s output f2Lθ,ϕ in Theorem 3.1 can then be rescaled to obtain a function

R Q x ÞÑ rf2Lθ,ϕpxq :“ f2Lθ,ϕ

ˆ

2πx

M

˙

P R,

which approximates the M -periodic function rf , with rate
CKω

fpKq p 1
N q

NK “ p 2π
M qK

CKω
rfpKq p 1

N q

NK .

3.2. Approximation rates for multivariate functions. We have the following result for the
case of real, periodic multivariate functions. Given any two d-dimensional vectors N P Nd and
K P Nd

0, we introduce the vector

(3.2) LN,K :“

ˆR

K1 ` 3

2

V Z

N1

2

^

, . . . ,

R

Kd ` 3

2

V Z

Nd

2

^˙

P Nd
0.
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Theorem 3.4. For K :“ pK1, . . . ,Kdq P Nd
0, let f P C2πpRdq have a Kj-th continuous par-

tial derivative B
Kj

j f :“ B
Kj f

Bx
Kj
j

: Rd Ñ R, j “ 1, . . . , d. Moreover, let c :“ }f}8

śd
j“1p2Kj`1 ´

1q ě 0. Then, there exists a constant CK ą 0 (independent of f) such that for every N :“

pN1, . . . , Ndq P Nd there exists a pq ` dq-qubit QNN U
LN,K

θ,ϕ as defined in (2.5) with parame-
ters θ :“ pθnq´LN,KďnďLN,K

P
Ś

´LN,KďnďLN,K

Śd
j“1 R2|nj |`1 and ϕ :“ pϕnq´LN,KďnďLN,K

P
Ś

´LN,KďnďLN,K

Śd
j“1 R2|nj |`2 satisfying

(3.3) sup
xPRd

ˇ

ˇ

ˇ
fpxq ´ c ¨ 2q ¨ f

LN,K

θ,ϕ pxq

ˇ

ˇ

ˇ
ď CK

d
ÿ

j“1

ω
B
Kj
j f

`

1
Nj

˘

N
Kj

j

,

where n :“ |tn P Zd,´LN,K ď n ď LN,Ku| and q :“ rlog2pnqs. Moreover, if f P C2πpRdq has a
(Kj ` 1)-th continuous partial derivative B

Kj`1
j f : Rd Ñ R, j “ 1, . . . , d, then the right-hand side

of (3.3) can be upper bounded by CK

řd
j“1

}B
Kj`1

j f}8

N
Kj`1

j

.

Remark 3.5 (Complexity analysis). For simplicity, we set N :“ N1 “ ¨ ¨ ¨ “ Nd, K :“ K1 “

¨ ¨ ¨ “ Kd and k :“ K`1. In the case where f P C2πpRdq has all k-th continuous partial derivatives,
we have that Nk “ Opdϵ´1q, and therefore N “ Oppdϵ´1q1{kq, where ϵ ą 0 is the prescribed error
tolerance level. The number of parameters Θ in our QNN is of order

(3.4) Θ “ O

˜

ÿ

´LďnďL

}n}1

¸

“ OpdpNkq ¨ nq “ OpdpNkqp2Nk ` 1qdq.

Substituting N “ Oppdϵ´1q1{kq into (3.4), we have

Θ “ Opd ¨ 3d ¨ dpd`1q{k ¨ kd`1 ¨ ϵ´pd`1q{kq “ Op3ddpd`k`1q{kkd`1 ¨ ϵ´pd`1q{kq.

Furthermore, the number of ancilla qubits used in this set-up is

q “ Oplog2pnqq “ O
ˆ

d

k
log2pdϵ´1q ` d log2pkq

˙

“ O
ˆ

d

k
log2pdq ` d log2pkq `

d

k
log2pϵ´1q

˙

.

The total number of qubits is just

d` q “ O
ˆ

d`
d

k
log2pdq ` d log2pkq `

d

k
log2pϵ´1q

˙

.

Remark 3.6 (Comparison with previous works). For fixed d, k P N, we compare the number
of parameters as well as the number of qubits used to [12]. There, for any prescribed error level
ϵ ą 0, the authors achieve the L8-approximation error on a hypercube r´M,M sd using a QNN
with Opϵ´2q parameters and Oplog2pϵ´1qq qubits for any continuous function f P CpRq with
Fourier transform satisfying

(3.5)
ż

Rd

}ξ}22| pfpξq| dξ ă 8.

Here, in our paper, we consider 2π-periodic functions. More precisely, when d “ 1 and f is k-times
continuously differentiable with a bounded k-th derivative, we obtain the L8-approximation error
ϵ ą 0 using Opϵ´1{kq parameters and only one qubit. Otherwise, if d P N X r2,8q and f has k-th
continuous partial derivatives on all its variables, we obtain the approximation error ϵ ą 0 using
Opϵ´pd`1q{kq parameters and Oplog2pϵ´1qq qubit. When k ą d, our QNN will only need to use
Opϵ´1q parameters and Oplog2pϵ´1qq qubits to obtain the approximation error ϵ ą 0. Hence, when
restricting to periodic functions, we require asymptotically fewer parameters and the same number
of qubits (as ϵ Ñ 0) without having to impose any integrability on their Fourier transforms.
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4. Numerical Experiments

In this section, we present an explicit algorithm for approximating both univariate and mul-
tivariate periodic functions using quantum neural networks (QNNs). Moreover, we illustrate in
various numerical examples the approximation powers of QNNs.1

4.1. Approximation of univariate periodic functions. First, we consider the approximation
of univariate periodic functions by single-qubit QNNs of the form (2.1)–(2.2). In Algorithm 1, we
describe in pseudocode how the parameters θ P R2L`1 and ϕ P R2L`2 of the single-qubit QNN
U2L
θ,ϕ can be computed to obtain the approximation rate (3.1) in Theorem 3.1.

Algorithm 1: Learning a univariate periodic function by a quantum neural network (QNN)
Input: K P N0, N P N, and a periodic function f P C2πpRq that is K-times differentiable.
Output: QNN-based approximation f2L

θ,ϕpxq of the form (2.2) with parameters θ P R2L`1 and
ϕ P R2L`2 satisfying (3.1).

1 Define c :“ p2K`1
´ 1q}f}8 ě 0, rK :“

P

K`3
2

T

, and L :“ rK`3
2

stN
2

u P N0.
2 For every n “ ´L,´L ` 1, . . . , L compute the Fourier coefficient pfpnq :“ 1

2π

şπ

´π
e´inxfpxqdx.

3 Construct the trigonometric polynomial x ÞÑ pTN,Kfqpxq “ 2π
λN,K

rK tN{2u
ř

n“´rK tN{2u

mn,K
pfpnqeinx with

mn,K defined in Proposition 5.2 and λN,K defined below (5.1).
4 Compute the parameters θ P R2L`1 and ϕ P R2L`2 via [29, Algorithm 3], where the input is the

trigonometric polynomial x ÞÑ
pTN,Kfqpxq

c
.

5 Construct QNN x ÞÑ U2L
θ,ϕpxq as defined in (2.1).

6 return x ÞÑ f2L
θ,ϕpxq :“ x0|U2L

θ,ϕpxq |0y.

Moreover, we investigate in two numerical experiments how the smoothness of the function
affects the approximation error. To this end, we approximate the continuous but non-differentiable
function f1pxq :“ | sinpxq| and the twice but not three times differentiable function f2.5pxq :“

| sinpxq|2.5 by a single-qubit QNN via f2Lθ,ϕ, defined in (2.2). According to Theorem 3.1, they
should have approximation rates of order ωf1pN´1q and N´2ωf2

2.5
pN´1q, respectively. This is

reflected in Figures 1–2, where the approximation rate of the smoother function f2.5 decays more
rapidly than f1.

4.2. Approximation of multivariate periodic functions. In this section, we study the ap-
proximation of multivariate periodic function by quantum neural networks (QNNs) as defined
in (2.4)–(2.5). First, we describe in Algorithm 2 using pseudocode how to find the parame-
ters θ :“ pθnq´LN,KďnďLN,K

P
Ś

´LN,KďnďLN,K

Śd
j“1 R2|nj |`1 and ϕ :“ pϕnq´LN,KďnďLN,K

P
Ś

´LN,KďnďLN,K

Śd
j“1 R2|nj |`2 of a pd`qq-qubit QNN UL

θ,ϕ such that the approximation rate (3.3)
in Theorem 3.4 holds true.

Moreover, we illustrate in a numerical experiment how quantum neural networks can learn a
given multivariate function. To this end, we consider the heat equation, which is a fundamental
object across different disciplines such as mathematics, physics, and engineering. More precisely,
for a 2π-periodic and square-integrable initial condition g : Rd Ñ R, we consider the solution of

1The numerical experiments have been implemented in Python using the package qiskit on a HPC
(high-performing computing) cluster of ETH Zurich. The code can be found under the following link:
https://github.com/tranvietkhoa/Quantum-Neural-Network-via-Jackson-Inequality
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(a) Error rate (b) Function approximation

Figure 1. Approximating the continuous but non-differentiable function
f1pxq :“ | sinpxq| by a quantum neural network (QNN) U2L

θ,ϕ with L :“ rK`3
2 stN2 u.

In (a), the approximation error }f1 ´ f2Lθ,ϕ}8 is displayed against N P t1, . . . , 20u,
for K P t0, . . . , 5u. In (b), the function f1 and its QNN-based approximation f2Lθ,ϕ
are shown, for N “ 20 and K P t0, . . . , 5u.

(a) Error rate (b) Function approximation

Figure 2. Approximating the twice but not three times differentiable func-
tion f2.5pxq :“ | sinpxq|2.5 by a quantum neural network (QNN) U2L

θ,ϕ with
L :“ rK`3

2 stN2 u. In (a), the approximation error }f2.5´f2Lθ,ϕ}8 is displayed against
N P t1, . . . , 20u, for K P t0, . . . , 5u. In (b), the function f2.5 and its QNN-based
approximation f2Lθ,ϕ are shown, for N “ 20 and K P t0, . . . , 5u.

the parabolic partial differential equation (PDE)

Bu

Bt
pt,xq ´

d
ÿ

i“1

B2u

Bx2i
pt,xq “ 0, pt,xq P p0, T s ˆ Rd,(4.1)
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Algorithm 2: Learningamultivariateperiodicfunctionbyaquantumneural network(QNN)
Input: K :“ pK1, . . . ,Kdq P Nd

0, N “ pN1, . . . , Ndq P Nd, and a periodic function f P C2πpRd
q

that admits a Kj-th continuous partial derivative B
Kj

j f into each direction j “ 1, . . . , d.
Output: QNN-based approximation f

LN,K

θ,ϕ of the form (2.6) with parameters
θ :“ pθnq´LN,KďnďLN,K and ϕ :“ pϕnq´LN,KďnďLN,K satisfying (3.3).

1 Define c :“ }f}8

śd
j“1p2Kj`1

´ 1q ě 0, LN,K P Nd
0 as in (3.2), n :“ |t´LN,K ď n ď LN,Ku| and

q :“ rlog2pnqs.
2 For every ´LN,K ď n ď LN,K compute the Fourier coefficient pfpnq :“ 1

2π

şπ

´π
e´inJxfpxqdx.

3 Construct the trigonometric polynomial x ÞÑ
pTN,Kfqpxq

c
“

p2πqd

c
´

śd
j“1 λNj,rj

¯

ř

n mn,K
pfpnqein

Jx with

mn,K defined in Proposition 6.1 and λNj ,rj defined below (5.1).
4 for ´LN,K ď n ď LN,K do
5 for j = 1,. . . ,d do
6 if j = 1 then
7 Compute the parameters θn,1 P R2|n1|`1 and ϕn,1 P R2|n1|`2 via [29, Algorithm 3],

where the input is the complex-valued trigonometric polynomial x1 ÞÑ cne
in1x1 .

8 Construct single-qubit QNN x1 ÞÑ U
2|n1|

θn,1,ϕn,1
px1q as defined in (2.1).

9 else
10 Compute the parameters θn,j P R2|nj |`1 and ϕn,j P R2|nj |`2 via [29, Algorithm 3],

where the input is the complex-valued trigonometric polynomial xj ÞÑ einjxj .
11 Construct single-qubit QNN xj ÞÑ U

2|nj |

θn,j ,ϕn,j
pxjq as defined in (2.1).

12 Construct d-qubit QNN x ÞÑ Un
θn,ϕn

“
d
Â

j“1

U
2|nj |

θn,j ,ϕn,j
pxjq.

13 Construct x ÞÑ C
LN,K

θ,ϕ pxq :“
řn´1

i“0 |iy xi| b Uni
θni

,ϕni
pxq `

ř2q´1
i“n |iy xi| b Xbd.

14 Construct QNN x ÞÑ U
LN,K

θ,ϕ pxq :“
`

Hbq
b Ibd

2

˘:
C

LN,K

θ,ϕ pxq
`

Hbq
b Ibd

2

˘

.

15 return x ÞÑ f
LN,K

θ,ϕ pxq :“ x0|q`d U
LN,K

θ,ϕ pxq |0yq`d.

up0,xq “ gpxq, x P Rd.(4.2)

Then, by following [9, Section 2.3], the solution at time t ą 0 is given by

upt,xq “ pΦt ˚ gqpxq :“

ż

Rd

Φtpx ´ yqgpyqdy, with Φtpzq :“
1

p4πtq
d
2

e´
}z}2

4t ,

which is smooth and 2π-periodic. For more details, we refer to [9, Section 2.3].
For fixed time t P p0, T s, we now approximate in Figure 3–4 the solution of the heat equation

x ÞÑ upt,xq with initial condition gpxq :“
śd

j“1 gjpxjq, where

(4.3) gjpsq :“

$

’

&

’

%

1, if s P tp2kπ, p2k ` 1qπq : k P Zu,

0, if s P t2kπ : k P Zu,

´1, if s P tpp2k ´ 1qπ, 2kπq : k P Zu.

by a pd` qq-qubit QNN UL
θ,ϕ via fLθ,ϕ as defined in (2.6). Indeed, Figure 3–4 empirically demon-

strate that pd` qq-qubit QNNs can approximate the solution of the heat equation x ÞÑ upt,xq at
different times t P t0.5, 1u. Moreover, since x ÞÑ upt,xq is a smooth function (i.e. infinitely many
times continuously differentiable), the approximation rate decays more rapidly, as K increases,
which is in accordance with Theorem 3.4.
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(a) Error rate (b) Function approximation

Figure 3. Learning the solution of the heat equation x ÞÑ up0.5,xq in (4.1) by a
quantum neural network (QNN) ULN,K

θ,ϕ , with d “ 2 and gpxq :“
śd

j“1 gpxjq, gj
defined in (4.3). In (a), the approximation error }up0.5,xq´f

LN,K

θ,ϕ }8 is displayed
against N :“ N1 “ N2 P t2, . . . , 7u, for different K :“ K1 “ K2 P t0, 1, 2u. In
(b), the function x ÞÑ up0.5,xq (wireframe) and its QNN-based approximation
x ÞÑ f

LN,K

θ,ϕ pxq (colormap) are shown, for N :“ N1 “ N2 P t2, . . . , 7u and K :“

K1 “ K2 P t0, 1, 2u.

(a) Error rate (b) Function approximation

Figure 4. Learning the solution of the heat equation x ÞÑ up1,xq in (4.1) by a
quantum neural network (QNN) ULN,K

θ,ϕ , with d “ 2 and gpxq :“
śd

j“1 gpxjq, gj
defined in (4.3). In (a), the approximation error }up1,xq ´ f

LN,K

θ,ϕ }8 is displayed
against N :“ N1 “ N2 P t2, . . . , 7u, for different K :“ K1 “ K2 P t0, 1, 2u.
In (b), the function x ÞÑ up1,xq (wireframe) and its QNN-based approximation
x ÞÑ f

LN,K

θ,ϕ pxq (colormap) are shown, for N :“ N1 “ N2 P t2, . . . , 7u and K :“

K1 “ K2 P t0, 1, 2u.
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5. Proof of Theorem 3.1

In this section, we present the proof of Theorem 3.1. For a given real, 2π-periodic univari-
ate function f , the main idea is to first construct the trigonometric polynomial obtained from
the Jackson inequality, which provides an approximation rate depending on the smoothness of f .
Then, we will make use of recent results in quantum machine learning to show that trigonomet-
ric polynomials can be implemented by a suitable single-qubit quantum neural network (QNN)
introduced in Section 2.4.

5.1. Univariate trigonometric polynomials and Jackson inequality. As a cornerstone of
classical approximation theory, the Jackson inequality provides an upper bound for the approx-
imation of a continuous periodic function by a trigonometric polynomial. The inequality has
been first established by David Jackson [16] and subsequently extended in several directions (see,
e.g., [1, 5, 19]).

Let us first introduce complex-valued trigonometric polynomials. A function T : R Ñ C is
called a complex-valued (univariate) trigonometric polynomial if there exists some N P N0 and
an, bn P C, n “ 0, . . . , N , such that for every x P R it holds that

T pxq “ a0 `

N
ÿ

n“1

pan cospnxq ` bn sinpnxqq.

In this case, we say that the complex-valued trigonometric polynomial is of degree N if aN ‰ 0

or bN ‰ 0. Alternatively, since the functions x ÞÑ cospnxq and x ÞÑ sinpnxq can be written as
linear combinations of the functions x ÞÑ einx and x ÞÑ e´inx, we obtain the equivalent form for
T : R Ñ C given for every x P R as

T pxq “

N
ÿ

n“´N

cne
inx,

where the coefficients pcnqn are given by c0 :“ a0 as well as c´n :“ an`bni
2 and cn :“ an´bni

2 for
n “ 1, . . . , N .

We now define for every K P N0 the number rK “
P

K`3
2

T

. Moreover, we follow [19, Section 4.3]
and introduce for every fixed N P N, K P N0 the kernel

(5.1) r´π, πs Q t ÞÑ JN,Kptq :“

$

’

&

’

%

1
λN,K

ˆ

sinpptN
2 u`1q t

2 q

sinp t
2 q

˙2rK

, t ‰ 0,

1
λN,K

`X

N
2

\

` 1
˘2rK

, t “ 0,

where λN,K ą 0 is a normalizing constant such that
şπ

´π
JN,Kptqdt “ 1. Using this, we define for

every fixed K P N0 and f P C2πpRq the function

(5.2) R Q x ÞÑ pTN,Kfqpxq :“

ż π

´π

JN,Kptq
K`1
ÿ

k“1

p´1qk`1

ˆ

K ` 1

k

˙

fpx` ktqdt P R.

We first show in Proposition 5.2 below that TN,Kf is a trigonometric polynomial. To this end, let
us present the following elementary identity.

Lemma 5.1. For every a P 1
2Z and t P r´π, πs, it holds that

a
ÿ

n“´a

eint “

$

&

%

sinpp2a`1q t
2 q

sinp t
2 q

, if t P r´π, πszt0u,

2a` 1, if t “ 0.
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Proof. Fix some a P 1
2Z and t P r´π, πs. If t ‰ 0, we use the formula of geometric series and that

sinpθ{2q “ 1
2i

`

eiθ{2 ´ e´iθ{2
˘

implies 1 ´ eiθ “ ´2ieiθ{2 sinpθ{2q for any θ P R to conclude that

a
ÿ

n“´a

eint “

2a
ÿ

k“0

eip´a`kqt “ e´iat
2a
ÿ

k“0

`

eit
˘k

“ e´iat 1 ´ eip2a`1qt

1 ´ eit

“ e´iat ´2ieip2a`1qt{2 sin
`

p2a` 1q t
2

˘

´2ieit{2 sin
`

t
2

˘ “
sin

`

p2a` 1q t
2

˘

sin
`

t
2

˘ .

Otherwise, if t “ 0, it holds that

a
ÿ

n“´a

eint “ e´iat
2a
ÿ

k“0

eikt
loomoon

“1

“ 2a` 1 “ lim
tÑ0

sin
`

p2a` 1q t
2

˘

sin
`

t
2

˘ ,

which completes the proof. □

Proposition 5.2. Let f P C2πpRq, let N P N, and K P N0. Then, for every x P R, it holds that

pTN,Kfqpxq “
2π

λN,K

rK tN{2u
ÿ

n“´rK tN{2u

mn,K
pfpnqeinx,

where mn,K :“
ř

kPr1,K`1sXN:
k|n|ďrK tN{2u

p´1qk`1
`

K`1
k

˘

rmk|n| for n P Z, with prmlqlPZ
2 given by

rml :“

ˇ

ˇ

ˇ

ˇ

ˇ

#

m P t´tN{2u{2,´tN{2u{2 ` 1, . . . , tN{2u{2uu2rK :
2rK
ÿ

j“1

mj “ l

+
ˇ

ˇ

ˇ

ˇ

ˇ

for l P Z.

Proof. Fix some f P C2πpRq, let N P N, and K P N0. Then, we first use fpyq “
ř

jPZ
pfpjqeijy for

any y P R and
şπ

´π
e´iltdt “ 2π1t0uplq for any l P Z to conclude for every k, n P N and x P R that

(5.3)
ż π

´π

eintfpx` ktqdt “
ÿ

jPZ

pfpjq

ˆ
ż π

´π

eipn´jkqtdt

˙

eijx “

#

2π pf
`

n
k

˘

ei
n
k x, if n

k P Z,
0, otherwise.

Moreover, by inserting (5.1)–(5.2) and by using Lemma 5.1, we obtain for every x P R that

pTN,Kfqpxq “
1

λN,K

ż π

´π

˜

sin
``X

N
2

\

` 1
˘

t
2

˘

sin
`

t
2

˘

¸2rK K`1
ÿ

k“1

p´1qk`1

ˆ

K ` 1

k

˙

fpx` ktqdt

“
1

λN,K

K`1
ÿ

k“1

p´1qk`1

ˆ

K ` 1

k

˙
ż π

´π

¨

˝

tN{2u{2
ÿ

n“´tN{2u{2

eint

˛

‚

2rK

fpx` ktqdt.

2Note that rml can be calculated using the inclusion-exclusion formula.
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Hence, by using the multinomial theorem (with coefficients prmnqnPZ), the identity (5.3), and
reordering the sum rn ÞÑ n{k P Z, it follows for every x P R that

pTN,Kfqpxq “
1

λN,K

K`1
ÿ

k“1

p´1qk`1

ˆ

K ` 1

k

˙ rK tN{2u
ÿ

n“´rK tN{2u

rmn

ż π

´π

eintfpx` ktqdt

“
2π

λN,K

rK tN{2u
ÿ

n“´rK tN{2u

K`1
ÿ

k“1

p´1qk`1

ˆ

K ` 1

k

˙

rmn1Z

´n

k

¯

pf
´n

k

¯

ei
n
k x

“
2π

λN,K

rK tN{2u
ÿ

rn“´rK tN{2u

K`1
ÿ

k“1
k|rn|ďrtN{2u

p´1qk`1

ˆ

K ` 1

k

˙

rmkrn
pfprnqeirnx,

“
2π

λN,K

rK tN{2u
ÿ

n“´rK tN{2u

mn,K
pfpnqeinx,

which completes the proof. □

Now, we recall the Jackson inequality forK-times continuously differentiable periodic functions.

Proposition 5.3 ([19, Theorem 4.3, p. 57]). For K P N0, let f P C2πpRq be K-times continuously
differentiable. Then, there exists a constant CK ą 0 (independent of f) such that for every N P N
it holds that

(5.4) sup
xPR

|fpxq ´ pTN,Kfqpxq| ď
CKωfpkq

`

1
N

˘

NK
.

Moreover, if f P C2πpRq is pK ` 1q-times continuously differentiable, then the right-hand side of
(5.4) can be upper bounded by CK}fpK`1q

}8

NK`1 , where f pK`1q denotes the pK ` 1qth derivative of f .

5.2. Error bound by quantum neural network. In this section, we follow the ideas of [29,31]
and recall that every bounded complex-valued trigonometric polynomial can be represented as the
output of the single-qubit QNN of the form (2.1).

Proposition 5.4 ([29, Corollary 2]). For L P N0, let T : R Ñ C be a complex-valued trigonometric
polynomial of degree L satisfying |T pxq| ď 1 for all x P R. Then, there exist parameters θ “

pθ0, θ1, . . . , θ2Lq P R2L`1 and ϕ “ pφ, ϕ0, ϕ1, . . . , ϕ2Lq P R2L`2 such that for every x P R it holds
that

f2Lθ,ϕpxq :“ x0|U2L
θ,ϕpxq |0y “ T pxq.

Now, we are in the position to prove our first main result (Theorem 3.1), establishing the
approximation rates for single-qubit quantum neural networks.

Proof of Theorem 3.1. Fix some N P N and define the function g P C2πpRq by gpxq :“ fpxq

c for
x P R, which is also K-times continuously differentiable. Then, by using that JN,Kptq ě 0 for all
t P r´π, πs and that

şπ

´π
JN,Kptqdt “ 1, we have

(5.5)

|pTN,Kgqpxq| ď

ż π

´π

|JN,Kptq|

K`1
ÿ

k“1

ˆ

K ` 1

k

˙

|gpx` ktq|dt

ď }g}8

K`1
ÿ

k“1

ˆ

K ` 1

k

˙
ż π

´π

JN,Kptqdt

ď p2K`1 ´ 1q}g}8 “ p2K`1 ´ 1q
}f}8

c
ď 1.
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Hence, by using Proposition 5.4 (applied to TN,Kg having degree rKtN{2u), there exist parameters
θ P R2rK tN{2u`1 and ϕ P R2rK tN{2u`2 such that for every x P R it holds that

pTN,Kgqpxq “ x0|U
2rK tN{2u

θ,ϕ pxq |0y .

Finally, by using this and Proposition 5.3 (applied to g P C2πpRq) and that c ¨ ωgpkq “ ωfpkq , it
follows that

sup
xPR

ˇ

ˇ

ˇ
fpxq ´ c ¨ f

2rK tN{2u

θ,ϕ pxq

ˇ

ˇ

ˇ
“ c sup

xPR
|gpxq ´ pTN,Kgqpxq|

ď c
CKωgpkq

`

1
N

˘

NK

“
CKωfpkq

`

1
N

˘

NK
,

which completes the proof of the first part. The second part follows from the second part of
Proposition 5.3. □

6. Proof of Theorem 3.4

In this section, we present the proof of Theorem 3.4. To this end, we use the multivariate
generalization of the Jackson inequality (see, e.g., [5,19]), which relies on an iterative application
of the univariate Jackson inequality through all variables. In order to implement the multivariate
trigonometric polynomial of the multivariate Jackson inequality, we use the idea of (parametrized)
quantum circuits (PQCs) in [30], which in turn is based on the linear combination of unitaries
(LCU) in [6].

6.1. Multivariate trigonometric polynomials and Jackson inequality. Let us first intro-
duce complex-valued multivariate trigonometric polynomials. A function T : Rd Ñ C is called
a d-variate complex-valued trigonometric polynomial if there exist some N :“ pN1, . . . , Ndq P Nd

0

and an, bn P C, n :“ pn1, . . . , ndq P Nd
0 and ´N ď n ď N, such that for every x P Rd it holds that

T pxq “
ÿ

´NďnďN

`

an cos
`

nJx
˘

` bn sin
`

nJx
˘˘

.

In this case, we say that the complex-valued trigonometric polynomial T : Rd Ñ C has degree
N P Nd

0 if aN ‰ 0 or bN ‰ 0. Alternatively, since the functions x ÞÑ cos
`

nJx
˘

and x ÞÑ sin
`

nJx
˘

can be written as linear combinations of the functions x ÞÑ ein
Jx and x ÞÑ e´inJx, we obtain the

equivalent form of the d-variate complex-valued trigonometric polynomial T : Rd Ñ C given for
every x P Rd as

T pxq “
ÿ

´NďnďN

cne
inJx,

where the coefficients pcnqn are given by c0 :“ a0 as well as c´n :“ 1
2 pan ` bniq and cn :“

1
2 pan ´ bniq for ´N ď n ď N, n ‰ t0ud.

We first recall the Jackson inequality for multivariate functions. To this end, we follow [19,
Section 6.3] and introduce for every function f P C2πpRdq as well as for every multi-indices
K :“ pK1, . . . ,Kdq P Nd

0 and N :“ pN1, . . . , Ndq P Nd the recursively defined function Ijpxq,
x P Rd such that

Ijpxq :“

#

´

T xj

Nj ,Kj
pIj´1q

¯

pxq, j “ 1, 2, . . . , d,

fpxq, j “ 0,

and define pTN,Kq fpxq :“ Idpxq, where at each iteration j “ 1, . . . , d the function T xj

Nj ,Kj
g : Rd Ñ

R with g P C2πpRdq denotes the application of the operator TNj ,Kj
(defined in (5.2)) to the function
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R Q xj ÞÑ gpx1, . . . , xj´1, xj , xj`1, . . . , xdq P R. Then, by iteratively applying Proposition 5.2, we
conclude that TN,Kf is a multivariate trigonometric polynomial.

Proposition 6.1. Let f P C2πpRdq, let K :“ pK1, . . . ,Kdq P Nd
0 and N :“ pN1, . . . , Ndq P Nd.

Then, for every x P Rd, it holds that

pTN,Kfqpxq “
p2πqd

śd
j“1 λNj ,rj

ÿ

n

mn,K
pfpnqein

Jx,

where the sum is taken over all n :“ pn1, . . . , ndq P Zd with |nj | ď rjtNj{2u for all j “ 1, . . . , d,
and where mn,K :“

śd
j“1mnj ,Kj

with mnj ,Kj
defined in Proposition 5.2.

Proof. Fix some K :“ pK1, . . . ,Kdq P Nd
0 and N :“ pN1, . . . , Ndq P Nd. Then, by using for

every j “ 1, . . . , d the notation gj :“ T xj

Nj ,Kj

`

T xj´1

Nj´1,Kj´1
p. . . pT x1

N1,K1
fq . . . q

¯

and Proposition 5.2,

it follows for every x P Rd that
(6.1)
gjpxq “ pT xj

Nj ,Kj
gj´1qpxq

“
2π

λNj ,Kj

rKj
tNj{2u
ÿ

nj“´rKj
tNj{2u

mnj ,Kj

ˆ

1

2π

ż π

´π

e´injsjgj´1px1, . . . , xj´1, sj , xj`1, . . . , xdqdsj

˙

einjxj .

Hence, by iteratively inserting (6.1) and using linearity, we conclude for every x P Rd that

pTN,Kfqpxq “ pT xd

Nd,Kd
gd´1qpxq

“
2π

λNd,Kd

rKd
tNd{2u
ÿ

nd“´rKd
tNd{2u

mnd,Kd

ˆ

1

2π

ż π

´π

e´indsdgd´1px1, . . . , xd´1, sdqdsd

˙

eindxd

“
p2πq2

λNd,Kd
λNd´1,Kd´1

rKd
tNd{2u
ÿ

nd“´rKd
tNd{2u

rKd´1
tNd´1{2u
ÿ

nd´1“´rKd´1
tNd´1{2u

mnd,Kd
mnd´1,Kd´1

¨

ˆ

1

p2πq2

ż π

´π

ż π

´π

e´ind´1sd´1e´indsdgd´2px1, . . . , xd´2, sd´1, sdqdsd´1dsd

˙

eind´1xd´1eindxd

“ ¨ ¨ ¨ “
p2πqd

λNd,Kd
¨ ¨ ¨λN1,K1

rKd
tNd{2u
ÿ

nd“´rKd
tNd{2u

¨ ¨ ¨

rK1
tN1{2u
ÿ

n1“´rK1
tN1{2u

mnd,Kd
¨ ¨ ¨mn1,K1

¨

ˆ

1

p2πqd

ż π

´π

¨ ¨ ¨

ż π

´π

e´in1s1 ¨ ¨ ¨ e´indsdfps1, . . . , sdqds1 ¨ ¨ ¨ dsd

˙

ein1x1 ¨ ¨ ¨ eindxd

“
p2πqd

śd
j“1 λNj ,Kj

ÿ

n

mn,K
pfpnqein

Jx,

which completes the proof. □

Now, we recall the Jackson inequality for multivariate functions, which establishes an upper
bound for approximating any given function f P C2πpRdq by the trigonometric polynomial TN,Kf .
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Proposition 6.2 ([19, Theorem 6.6, p. 87]). For K :“ pK1, . . . ,Kdq P Nd
0 and j “ 1, . . . , d, let

f P C2πpRdq have a Kj-th continuous partial derivative B
Kj

j f :“ B
Kj f

Bx
Kj
j

f : Rd Ñ R. Then, there

exists a constant CK ą 0 (independent of f) such that for every N :“ pN1, . . . , Ndq P Nd it holds
that

(6.2) sup
xPRd

|fpxq ´ pTN,Kfqpxq| ď CK

d
ÿ

j“1

ω
B
Kj
j f

`

1
Nj

˘

N
Kj

j

.

Moreover, if f P C2πpRdq has a (Kj ` 1)-th continuous partial derivative B
Kj`1
j f : Rd Ñ R,

j “ 1, . . . , d, then the right-hand side of (6.2) can be upper bounded by CK

řd
j“1

}B
Kj`1

j f}8

N
Kj`1

j

.

6.2. Error bound by quantum neural network. We now represent every bounded multivari-
ate trigonometric polynomial by a multi-qubit QNN.

Proposition 6.3. For L :“ pL1, . . . , Ldq P Nd
0, let T : Rd Ñ C be a complex-valued trigonometric

polynomial of degree L P Nd
0 satisfying |T pxq| ď 1 for all x P Rd, and define q :“ rlog2pnqs with n :“

|tn P Zd : ´L ď n ď Lu|. Then, there exists a multi-qubit QNN as defined in (2.5) with parameters
θ :“ pθnq´LďnďL P

Ś

´LďnďL

Śd
j“1 R2|nj |`1 and ϕ :“ pϕnq´LďnďL P

Ś

´LďnďL

Śd
j“1 R2|nj |`2

such that for every x P Rd it holds that

x0|q`d U
L
θ,ϕpxq |0yq`d “ 2´q T pxq.

Proof. For some fixed L P Nd
0, let T : Rd Ñ C be a complex-valued trigonometric polynomial of

the form T pxq “
ř

´LďnďL

cne
inJx, x P Rd, which satisfies |T pxq| ď 1 for all x P Rd. Then, for

every fixed n P Zd with ´L ď n ď L, we observe that for every x :“ px1, . . . , xdqJ P Rd it holds
that

ˇ

ˇcne
in1x1

ˇ

ˇ “ |cn| “
ˇ

ˇ pT pnq
ˇ

ˇ “
ˇ

ˇp2πq´d
ş

r´π,πsd
ein

JsT psqds
ˇ

ˇ ď supsPr´π,πsd |T psq| ď 1 and that
ˇ

ˇeinjxj
ˇ

ˇ “ 1, j “ 2, . . . , d. Hence, we can apply d-times Proposition 5.4 to obtain some parameters
θn,j P R2|nj |`1 and ϕn,j P R2|nj |`2, j “ 1, . . . , d, such that for every x :“ px1, . . . , xdqJ P Rd it
holds that

cne
in1x1 “ x0|U

2|n1|

θn,1,ϕn,1
px1q |0y ,

ein2x2 “ x0|U
2|n2|

θn,2,ϕn,2
px2q |0y ,

...

eindxd “ x0|U
2|nd|

θn,d,ϕn,d
pxdq |0y .

Therefore, by defining the d-qubit operator Un
θn,ϕn

pxq :“
Âd

j“1 U
2|nj |

θn,j ,ϕn,j
pxjq with parameters

θn :“ pθn,1, . . . , θn,dq P
Śd

j“1 R2|nj |`1 and ϕn :“ pϕn,1, . . . , ϕn,dq P
Śd

j“1 R2|nj |`2, it follows for
every x :“ px1, . . . , xdqJ P Rd that

x0|d U
n
θn,ϕn

pxq |0yd “

d
ź

j“1

x0|U
2|nj |

θn,j ,ϕn,j
pxjq |0y “ cn

d
ź

j“1

einjxj “ cne
inJx.

Thus, by using the definition of the (q` d)-qubit operator linearity UL
θ,ϕpxq in (2.5), the ordering

tn0, . . . ,nn´1u of tn P Zd,´L ď n ď Lu, and that x0|dX
bd |0yd “

śd
j“1x0|X|0y “ 0, we conclude
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for every x :“ px1, . . . , xdqJ P Rd that

x0|q`d U
L
θ,ϕpxq |0yq`d “ xpψq,0q|q`d C

L
θ,ϕpxq |pψq,0qyq`d

“

n´1
ÿ

i“0

xψq|iy
loomoon

“1{
?
2q

x0|d U
n
θn,ϕn

pxq |0yd xi|ψqy
loomoon

“1{
?
2q

`

2q´1
ÿ

i“n

xψq|iy
loomoon

“1{
?
2q

x0|dX
bd |0yd xi|ψqy

loomoon

“1{
?
2q

“ 2´q
ÿ

´LďnďL

cne
inJx,

which completes the proof. □

We are now in the position to prove our second main result (Theorem 3.4), establishing the
approximation rates for multi-qubit quantum neural networks.

Proof of Theorem 3.4. Fix some N :“ pN1, . . . , Ndq P Nd and define g P C2πpRdq by gpxq :“ fpxq

c

for x P Rd, which also has aKj-th continuous partial derivative B
Kj

j g : Rd Ñ R, j “ 1, . . . , d. Then,

by iteratively applying (5.5) to R Q xj ÞÑ T xj

Nj ,Kj

´

T xj´1

Nj´1,Kj´1

`

. . . pT x1

N1,K1
gq . . .

˘

¯

px1, . . . , xj , . . . , xdq P

R for any fixed px1, . . . , xj´1, xj`1, . . . , xdq P Rd´1, j “ 1, . . . , d, we conclude for every x P Rd

that

|pTN,Kgqpxq| “

ˇ

ˇ

ˇ

ˇ

ˆ

T xd

Nd,Kd

´

T xd´1

Nd´1,Kd´1

`

. . . pT x1

N1,K1
gq . . .

˘

¯

˙

pxq

ˇ

ˇ

ˇ

ˇ

ď p2Kd`1 ´ 1q sup
xdPR

ˇ

ˇ

ˇ

´

T xd´1

Nd´1,Kd´1

`

. . . pT x1

N1,K1
gq . . .

˘

¯

px1, . . . , xdq

ˇ

ˇ

ˇ

ď ¨ ¨ ¨ ď p2Kd`1 ´ 1q ¨ ¨ ¨ p2K2`1 ´ 1q sup
px2,...,xdqPRd´1

ˇ

ˇ

ˇ
pT x1

N1,K1
gqpx1, . . . , xdq

ˇ

ˇ

ˇ

ď

˜

d
ź

j“1

p2Kj`1 ´ 1q

¸

sup
px1,...,xdqPRd

|gpx1, . . . , xdq|

“

˜

d
ź

j“1

p2Kj`1 ´ 1q

¸

}g}8 “

˜

d
ź

j“1

p2Kj`1 ´ 1q

¸

}f}8

c
ď 1.

Hence, by applying Proposition 6.3 (applied to TN,Kg having degree prKj
tNj{2uqj“1,...,d), there

exist some parameters θ :“ pθnq´LN,KďnďLN,K
P

Ś

´LN,KďnďLN,K

Śd
j“1 R2|nj |`1 and ϕ :“

pϕnq´LN,KďnďLN,K
P
Ś

´LN,KďnďLN,K

Śd
j“1 R2|nj |`2 such that for every x P Rd it holds that

pTN,Kgqpxq “ 2q ¨ x0|q`d U
LN,K

θ,ϕ pxq |0yq`d :“ 2q ¨ f
LN,K

θ,ϕ pxq.

Finally, by using this, Proposition 6.2 (applied to g P C2πpRdq), and that c ¨ ω
B
Kj
j g

“ ω
B
Kj
j f

, it

follows that
sup
xPRd

ˇ

ˇ

ˇ
fpxq ´ c ¨ 2q ¨ f

LN,K

θ,ϕ pxq

ˇ

ˇ

ˇ
“ c sup

xPRd

|gpxq ´ pTN,Kgqpxq|

ď cCK

d
ÿ

j“1

ω
B
Kj
j g

`

1
N

˘

N
Kj

j

“ CK

d
ÿ

j“1

ω
B
Kj
j f

`

1
N

˘

N
Kj

j

,

which completes the proof of the first part of the theorem. The second part follows directly from
the second part of Proposition 6.2. □
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