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Abstract. We present a novel Q-learning algorithm to solve distributionally robust Markov deci-
sion problems, where the corresponding ambiguity set of transition probabilities for the underlying
Markov decision process is a Wasserstein ball around a (possibly estimated) reference measure. We
prove convergence of the presented algorithm and provide several examples also using real data to
illustrate both the tractability of our algorithm as well as the benefits of considering distributional
robustness when solving stochastic optimal control problems, in particular when the estimated dis-
tributions turn out to be misspecified in practice.
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1. Introduction

The among practitioners popular and widely applied Q-learning algorithm provides a tractable
reinforcement learning methodology to solve Markov decision problems. The Q-learning algorithm
learns an optimal policy online via observing at each time the current state of the underlying process
as well as the reward depending on the current (and possibly next) state when acting according
to a (not necessarily) optimal policy and by assuming to act optimally after the next state. The
observed rewards determine a function Q depending on a state-action pair that describes the quality
of the chosen action when being in the observed state. After a sufficient amount of observations the
function Q then allows in each state to decide which actions possess the most quality. In this way
the Q-learning algorithm determines an optimal policy.

The Q-learning algorithm was initially proposed in Watkins’ PhD thesis ([50]). [22] and [51]
then provided a rigorous mathematical proof of the convergence of the Q-learning algorithm to the
optimal Q-value function using results from stochastic approximation theory (see e.g. [14] and [35]).
The design of the Q-learning algorithm as well as the proof of its convergence to the optimal Q-value
both rely on the dynamic programming principle of the corresponding Markov decision problem,
which allows to find an optimal policy for the involved infinite horizon stochastic optimal control
problem by solving a one time-step optimization problem. We refer to [1], [2], [3], [10], [11], [19],
[20], [23], [25], [30], [32], and [48] for various successful applications of the Q-learning algorithm.

In this paper, we start from the viewpoint that one has an estimate of the correct transition
probability of the underlying Markov decision process, for example through the empirical measure
derived from past observed data, but one faces the risk of misspecifying the correct distribution
and hence would like to consider a distributionally robust Markov decision process (compare [5],
[6], [12], [15], [26], [27], [31], [33], [39], [40], [45], [49], [52], [53], [54], and [56]), also called Markov
decision process under model uncertainty, where one maximizes over the worst-case scenario among
all probability measures of an ambiguity set of transition probabilities. Indeed, as discussed in [26],
there is a common risk in practice that one cannot fully capture the probabilities of the real-world
environment due to its complexity and hence the corresponding reinforcement learning algorithm will
be trained based on misspecified probabilities. In addition, there is the risk that the environment
shifts between the training period and the testing period. This situation can often be observed
in practice as the future evolution of random processes rarely behaves exactly according to, for
example, the observed historical evolution. One may think as a prime example of financial markets,
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where several financial crises revealed repeatedly that used models were strongly misspecified. We
refer to [26] for further examples, e.g. in robotics, and a further general discussion on the need
of considering distributionally robust Markov decision processes and corresponding reinforcement
learning based algorithms.

In [26] the authors introduced a Q-learning algorithm for distributionally robust Markov decision
processes, where the corresponding ambiguity set of transition probabilities consists of all proba-
bility measures which are ε-close to a reference measure with respect to the Kullback-Leibler (KL)
divergence, and prove its convergence to the optimal robust Q-value function. Note that by defini-
tion of the KL-divergence, only probability measures which are absolutely continuous with respect
to the reference measure are admissible. In this paper, we consider as ambiguity set of transition
probabilities a Wasserstein ball of radius ε around a (possibly estimated) reference measure. In
particular, the ambiguity set of probability measures is non-dominated. The pre-specified param-
eter ε represents the amount of uncertainty one is facing, namely the larger ε, the more unsure
one actually is regarding the (estimated) reference measure to be the correct transition probability
of the underlying Markov decision process. In this setting, we develop a new robust Q-learning
algorithm for which we have theoretical guarantees of convergence to the corresponding optimal
robust Q-value function (see also (2.12)). The design of our Q-learning algorithm combines the
dynamic programming principle of the corresponding Markov decision process under model uncer-
tainty recently derived in [31] and a convex duality result for worst-case expectations with respect
to a Wasserstein ball (see [4], [8], [17], [29], and [55]).

We demonstrate in several examples also using real data that our robust Q-learning algorithm de-
termines robust policies that outperform non-robust policies, determined by the classical Q-learning
algorithm, given that the probabilities for the underlying Markov decision process turn out to be
misspecified.

The remainder of the paper is as follows. In Section 2.1 we introduce the underlying setting of
the corresponding Markov decision process under model uncertainty. In Section 3 we present our
new Q-learning algorithm and provide our main result: the convergence of this algorithm to the
optimal robust Q-value function. Numerical examples demonstrating the applicability as well as the
benefits of our Q-learning algorithm compared to the classical Q-learning algorithm are provided in
Section 4. All proofs and auxiliary results are provided in Appendix A.1 and A.2, respectively

2. Setting and Preliminaries

In this section we provide the setting and define necessary quantities to define our Q-learning
algorithm for distributionally robust stochastic optimization problems.

2.1. Setting. Optimal control problems are defined on a state space containing all the states an
underlying stochastic process can attain. We model this state space as a finite subset X ⊂ Rd where
d ∈ N refers to the dimension of the state space. We consider the robust control problem over an
infinite time horizon, hence the space of all attainable states in this horizon is given by the infinite
Cartesian product

Ω := XN0 = X × X × · · · , with the corresponding σ-algebra F := 2X ⊗ 2X ⊗ · · · .

On Ω we consider a stochastic process that describes the states that are attained over time. To this
end, we let (Xt)t∈N0

be the canonical process on Ω, that is defined by Xt (x0, x1, . . . , xt, . . . ) := xt
for each (x0, x1, . . . , xt, . . . ) ∈ Ω, t ∈ N0.

Given a realization Xt of the underlying stochastic process at some time t ∈ N0, the outcome
of the next state Xt+1 can be influenced through actions that are executed in dependence of the
current state Xt. At any time the set of possible actions is given by a finite set A ⊆ Rm, where
m ∈ N is the dimension of the action space (also referred to as control space). The set of admissible
policies A over the entire time horizon contains all sequences of actions that depend at any time
only on the current observation of the state process (Xt)t∈N0 formalized by

A : = {a = (at)t∈N0 | (at)t∈N0 : Ω→ A; at is σ(Xt)-measurable for all t ∈ N0}

=
{
(at(Xt))t∈N0

∣∣ at : X → A Borel measurable for all t ∈ N0

}
.

The current state and the chosen action influence the outcome of the next state by influencing
the probability distribution with which the subsequent state is realized. As we take into account
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model uncertainty we assume that the correct probability kernel is unknown and hence, for each
given state x and action a, we consider an ambiguity set of probability distributions representing
the set of possible probability laws for the next state. We denote byM1(Ω) andM1(X ) the set of
probability measures on (Ω,F) and (X , 2X ) respectively, and we assume that an ambiguity set of
probability measures is modelled by a set-valued map

(2.1) X ×A ∋ (x, a) ։ P(x, a) ⊆M1(X ).

Hence, if at time t ∈ N0 the process Xt attains the value x ∈ X , and the agent decides to execute
action a ∈ A, then P(x, a) describes the set of possible probability distributions with which the
next state Xt+1 is realized. If P(x, a) is single-valued, then the state-action pair (x, a) determines
unambiguously the transition probability, and the setting coincides with the usual setting used for
classical (i.e., non-robust) Markov decision processes, compare e.g. [7].

The ambiguity set of admissible probability distributions on Ω depends therefore on the initial
state x ∈ X and the chosen policy a ∈ A. We define for every initial state x ∈ X and every policy
a ∈ A the set of admissible underlying probability distributions1 of (Xt)t∈N0 by

Px,a :=

{
δx ⊗ P0 ⊗ P1 ⊗ · · ·

∣∣∣∣ for all t ∈ N0 : Pt : X →M1(X ) Borel-measurable,

and Pt(xt) ∈ P(xt, at(xt)) for all xt ∈ X

}
,

where the notation P = δx ⊗ P0 ⊗ P1 ⊗ · · · ∈ Px,a abbreviates

P(B) :=
∑

x0∈X

· · ·
∑

xt∈X

· · · 1lB ((xt)t∈N0) · · · Pt−1(xt−1; {xt}) · · · P0(x0; {x1})δx({x0}), B ∈ F .

To determine optimal policies we reward actions in dependence of the current state-action pair and
the subsequent realized state. To this end, let r : X ×A×X → R be some reward function, and let
α ∈ R be a discount factor fulfilling

(2.2) 0 < α < 1.

Then, our robust optimization problem consists, for every initial value x ∈ X , in maximizing the
expected value of

∑∞
t=0 α

tr(Xt, at,Xt+1) under the worst case measure from Px,a over all possible
policies a ∈ A. More precisely, we aim for every x ∈ X to maximize

inf
P∈Px,a

(
EP

[ ∞∑

t=0

αtr(Xt, at,Xt+1)

])

among all policies a ∈ A. The value function given by

(2.3) X ∋ x 7→ V (x) : = sup
a∈A

inf
P∈Px,a

(
EP

[ ∞∑

t=0

αtr(Xt, at,Xt+1)

])

then describes the expected value of
∑∞

t=0 α
tr(Xt, at,Xt+1) under the worst case measure from Px,a

and under the optimal policy from a ∈ A in dependence of the initial value.

2.2. Specification of the Ambiguity Sets. To specify the ambiguity set P(x, a) for each (x, a) ∈
X ×A, we first consider for each (x, a) ∈ X ×A a reference probability measure. In applications, this
reference measure may be derived from observed data. Considering an ambiguity set related to this
reference measure then allows to respect deviations from the historic behaviour in the future and
leads therefore to a more robust optimal control problem that allows to take into account adverse
scenarios, compare also [31]. To that end, let

(2.4) X ×A ∋ (x, a) 7→ P̂(x, a) ∈M1(X ).

be a probability kernel, where P̂(x, a) acts as reference probability measure for each (x, a) ∈ X ×A.
Then, for every (x0,a) ∈ X ×A we denote by

(2.5) P̂x0,a := δx0 ⊗ P̂(·, a0(·))⊗ P̂(·, a1(·)) ⊗ · · · ∈ M1(Ω)

1In the context of robust Markov decision processes, this refers to Px,a being (s, a)-rectangular, see [21], [52].
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the corresponding probability measure on Ω that determines the distribution of (Xt)t∈N0 in depen-
dence of initial value x0 ∈ X and the policy a ∈ A, i.e., we have for any B ∈ F that

P̂x0,a(B) :=
∑

x0∈X

· · ·
∑

xt∈X

· · · 1lB ((xt)t∈N0) · · · P̂(xt−1, at−1(xt−1); {xt}) · · · P̂(x0, a0(x0); {x1})δx({x0}).

We provide two specifications of ambiguity sets of probability measures P(x, a), (x, a) ∈ X × A,
as defined in (2.1). Both ambiguity sets rely on the assumption that for each given (x, a) ∈ X ×
A the uncertainty with respect to the underlying probability distribution is modelled through a

Wasserstein-ball around the reference probability measure P̂(x, a) on X .
To that end, for any q ∈ N, and any P1,P2 ∈ M1(X ), consider the q-Wasserstein-distance

Wq(P1,P2) : =

(
inf

π∈Π(P1,P2)

∫

X×X
‖x− y‖qdπ(x, y)

)1/q

,

where ‖ · ‖ denotes the Euclidean norm on Rd and where Π(P1,P2) ⊂M1(X ×X ) denotes the set of
joint distributions of P1 and P2. Since we consider probability measures on a finite space we have
a representation of the form

Pi =
∑

x∈X

ai,xδx, with
∑

x∈X

ai,x = 1, ai,x ≥ 0 for all x ∈ X for i = 1, 2,

where δx denotes the Dirac-measure at point x ∈ X . Hence, the q-Wasserstein-distance can also be
written as

Wq(P1,P2) : =


 min

πx,y∈Π̃(P1,P2)

∑

x,y∈X

‖x− y‖q · πx,y




1/q

,

where

Π̃(P1,P2) :=



(πx,y)x,y∈X ⊆ [0, 1]

∣∣∣∣∣∣

∑

x′∈X

πx′,y = a2,y,
∑

y′∈X

πx,y′ = a1,x for all x, y ∈ X



 .

Relying on the above introduced Wasserstein-distance we define two ambiguity sets of probability
measures.
Setting 1.) The ambiguity set P

(q,ε)
1 .

We consider for any fixed ε > 0 and q ∈ N the ambiguity set

(2.6) X ×A ∋ (x, a) ։ P
(q,ε)
1 (x, a) :=

{
P ∈ M1(X )

∣∣∣ Wq(P, P̂(x, a)) ≤ ε
}

being the q-Wasserstein ball with radius ε around the reference measure P̂(x, a), defined in (2.4).

For each (x, a) ∈ X × A the ambiguity set P
(q,ε)
1 (x, a) contains all probability measures that are

close to P̂(x, a) with respect to the q-Wasserstein distance. In particular, P
(q,ε)
1 (x, a) contains also

measures that are not necessarily dominated by the reference measure P̂(x, a).

Setting 2.) The ambiguity set P
(q,ε)
2 .

We next define an ambiguity set that can particularly be applied when autocorrelated time-series
are considered. In this case we assume that the past h ∈ N ∩ [2,∞) values of a time series
(Yt)t=−h+1,−h+2,... may have an influence on the subsequent value of the state process. Then, at
time t ∈ N0 the state vector is given by

(2.7) Xt = (Yt−h+1, . . . , Yt) ∈ X := T h ⊂ RD·h, with T ⊂ RD finite,

where D ∈ N describes the dimension of each value Yt ∈ RD.
An example is given by financial time series of financial assets, where not only the current state,

but also past realizations may influence the subsequent evolution of the assets and can therefore be
modelled to be a part of the state vector, compare also the presentation in [31, Section 4.3.].

Note that at each time t ∈ N0 the part (Yt−h+2, . . . , Yt) ∈ RD·(h−1) of the state vector Xt+1 that
relates to past information can be derived once the current state Xt = (Yt−h+1, Yt−h+2, . . . , Yt) is
known. Only the realization of Yt+1 is subject to uncertainty. Conditionally on Xt the distribution

of Xt+1 should therefore be of the form δ(Yt−h+2,...,Yt) ⊗ P̃ ∈ M1(X ) for some probability measure

P̃ ∈ M1(T ).
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We write, given some x = (x1, . . . , xh) ∈ X ,

(2.8) π(x) := (x2, . . . , xh) ∈ T h−1

such that x = (x1, π(x)) ∈ X and such that π(Xt) = (Yt−h+2, . . . , Yt). The vector π(x) denotes the
projection of x onto the last h − 1 components and represents the part of the state x ∈ X that is
carried over to the subsequent state and is therefore not subject to any uncertainty. To reflect the
fact that the first h−1 components can be deterministicly derived once the previous state is known,
we impose now the assumption that the reference kernel is of the form

(2.9) X ×A ∋ (x, a) 7→ P̂(x, a) = δπ(x) ⊗
̂̃
P(x, a) ∈ M1(X ),

where
̂̃
P is a probability kernel defined by

X ×A ∋ (x, a) 7→
̂̃
P(x, a) ∈ M1(T ).

This allows us to define for any fixed ε > 0 and q ∈ N the ambiguity set2

(2.10)

X ×A ∋ (x, a) ։ P
(q,ε)
2 (x, a) :=

{
P ∈ M1(X ) s.t.

P = δπ(x) ⊗ P̃ for some P̃ ∈ M1(T ) with Wq(P̃,
̂̃
P(x, a)) ≤ ε

}
,

i.e., for each (x, a) ∈ X ×A we consider all measures of the form δπ(x) ⊗ P̃ for P̃ being close in the

q-Wasserstein distance to
̂̃
P(x, a).

From now on, the ambiguity set of probability measures P(x, a), (x, a) ∈ X×A, either corresponds

to P
(q,ε)
1 (x, a), (x, a) ∈ X ×A, defined by (2.6), or to P

(q,ε)
2 (x, a), (x, a) ∈ X ×A, defined by (2.10).

2.3. Definition of Operators. We consider the following single time step optimization problem

(2.11) T V (x) := sup
a∈A

inf
P∈P(x,a)

EP

[
r(x, a,X1) + αV (X1)

]
, x ∈ X ,

where X ∋ x 7→ V (x) is the value function defined in (2.3), and we define the optimal robust Q-value
function by

(2.12) X ×A ∋ (x, a) 7→ Q∗(x, a) := inf
P∈P(x,a)

EP

[
r(x, a,X1) + αV (X1)

]
.

Note that if (2.2) holds and P(x, a) is either P
(q,ε)
1 (x, a) or P

(q,ε)
2 (x, a) for all (x, a) ∈ X ×A, then

the values of Q∗ are finite, since for all (x, a) ∈ X ×A we have

(2.13) |Q∗(x, a)| ≤ inf
P∈P(x,a)

EP

[
|r(x, a,X1)|+ α|V (X1)|

]
≤ sup

y∈X
|r(x, a, y)| + α sup

y∈X
|V (y)| <∞,

where the finiteness of V follows from [31, Theorem 2.7]. Then we obtain as a consequence of the
main result from [31, Theorem 3.1] the following proposition showing that the infinite time horizon
distributionally robust optimization problem defined in (2.3) can be solved by the consideration of
a suitable one time-step fix point equation, which is the key result that allows to derive Q-learning
type of algorithms.

Proposition 2.1. Assume that (2.2) holds and that the ambiguity set P(x, a) is either given by

P
(q,ε)
1 (x, a) or P

(q,ε)
2 (x, a) for all (x, a) ∈ X ×A. Then for all x ∈ X we have

sup
a∈A

Q∗(x, a) = T V (x) = V (x),

where X ∋ x 7→ V (x) corresponds to the value function of the robust stochastic optimal control
problem defined in (2.3).

2By abuse of notation Wq here denotes the q-Wasserstein distance on M1(T ).
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3. The Robust Q-learning Algorithm

In this section we present a novel robust Q-learning algorithm for the corresponding distribution-
ally robust stochastic optimization problem (2.3) and prove its convergence.

First, for a function f : X → R we define, as in [4, Section 2] or [47, Section 5] its λc - transform.

Definition 3.1 (λc-transform). Let f : X → R, let λ ≥ 0, and let c : X × X → R. Then the
λc-transform of f is defined by

X ∋ x 7→ (f)λc(x) := sup
y∈X
{f(y)− λ · c(x, y)} .

We summarize our robust Q-learning algorithm in Algorithm 1.

Algorithm 1: Robust Q-learning

Input : State space X ⊂ Rd; Control space A ⊂ Rm; Reward function r; Discount Factor

α ∈ (0, 1); Kernel P̂; Starting point x0; Policy a ∈ A; Cost function c of the
λc-transform; Ambiguity parameter ε > 0; Parameter q ∈ N related to the
Wasserstein-distance; Sequence of learning rates (γ̃t)t∈N0 ⊆ [0, 1];

Initialize Q0(x, a) for all (x, a) ∈ X ×A to an arbitrary real value;
Initialize visits(x, a)← 0 for all (x, a) ∈ X ×A;
for t = 0, 1, · · · do

Set for all (x, a) ∈ X ×A

visits(x, a)←

{
visits(x, a) + 1 if (x, a) = (Xt, at(Xt)),

visits(x, a) else.

Define the map

(3.1) X ×A× X ∋ (x, a, x′) 7→ γt(x, a, x
′) := γ̃visits(x,a)1l{(x′,at(x′))=(x,a)};

For every (x, a) ∈ X ×A we set

(3.2) X ∋ y 7→ ft,(x,a)(y) := r(x, a, y) + αmax
b∈A

Qt(y, b);

Choose λt ∈ [0,∞) which satisfies

(3.3)

E
P̂(Xt,at(Xt))

[
−(−ft,(Xt,at(Xt)))

λtc(Xt+1)− εqλt

]

= sup
λ≥0

(
E
P̂(Xt,at(Xt))

[
−(−ft,(Xt,at(Xt)))

λc(Xt+1)− εqλ
])

.

For all (x, a) ∈ X ×A we define the following update rule.

(3.4)

Qt+1(x, a) : = Qt(x, a)

+ γt(x, a,Xt)

(
− (−ft,(x,a))

λtc(Xt+1)− εqλt −Qt(x, a)

)
.

end
Output: A sequence (Qt(x, a))t∈N0, x∈X , a∈A;

The update rule from (3.4) in in Algorithm 1 means that for all (x, a) ∈ X ×A, t ∈ N0, we have

Qt+1(x, a) =




Qt(x, a) + γ̃visits(x,a)

(
− (−ft,(x,a))

λtc(Xt+1)− εqλt −Qt(x, a)

)
if (x, a) = (Xt, at(Xt)),

Qt(x, a) else,

i.e., the update of Qt+1 only takes that state-action pair into account which was realized by the
process (Xt)t∈N. Further, note that Algorithm 1 assumes for each time t ∈ N0 the existence of
some λt ∈ [0,∞) such that (3.3) holds. The following result ensures that this requirement is indeed
fulfilled.

Lemma 3.2. Let (x, a) ∈ X × A, t ∈ N0, let P̂ ∈ M1(X ) and recall X ∋ y 7→ ft,(x,a)(y) defined in
(3.2). Further let X ×X ∋ (x, y) 7→ c(x, y) ∈ [0,∞] satisfy miny∈X c(x, y) = 0 for all x ∈ X . Then,
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there exists some λ∗ ∈ [0,∞) such that

E
P̂

[
−(−ft,(x,a))

λ∗c(X1)− εqλ∗
]
= sup

λ≥0

(
E
P̂

[
−(−ft,(x,a))

λc(X1)− εqλ
])

.

The following main result now shows that the function (Qt)t∈N0 obtained as the output of Algo-
rithm 1 converges indeed against the optimal robust Q-value function Q∗ defined in (2.12).

Theorem 3.3. Assume that (2.2) holds, and let (x0,a) ∈ X ×A such that

(3.5)

∞∑

t=1

γt(x, a,Xt) =∞,

∞∑

t=1

γ2t (x, a,Xt) <∞ for all (x, a) ∈ X ×A P̂x0,a − almost surely.

(i) Let the ambiguity set be given by P(x, a) = P
(q,ε)
1 (x, a) for all (x, a) ∈ X × A for some

ε > 0 and q ∈ N, and consider3 c1 : X × X ∋ (x, y) 7→ ‖x − y‖q. Then, we have for all
(x, a) ∈ X ×A that

lim
t→∞

Qt(x, a) = Q∗(x, a) P̂x0,a − almost surely.4

(ii) Let X = T h for some h ∈ N ∩ [2,∞) and T ⊂ RD finite for some D ∈ N, let the ambiguity

set be given by P(x, a) = P
(q,ε)
2 (x, a) for all (x, a) ∈ X ×A for some ε > 0 and q ∈ N, and

consider5

c2 : X × X → R

(x, y) = ((x1, . . . , xh), (y1, . . . , yh)) 7→
(
∞ · 1l{(x1,...,xh−1)6=(y1,...,yh−1)}(x, y) + ‖xh − yh‖

q
)
.

Then, we have for all (x, a) ∈ X ×A that

lim
t→∞

Qt(x, a) = Q∗(x, a) P̂x0,a − almost surely.

Remark 3.4. Note that condition (3.5) can be ensured by considering a sequence of learning rates
(γ̃t)t∈N0 ⊆ [0, 1] satisfying

(3.6)

∞∑

t=0

γ̃t =∞,

∞∑

t=0

γ̃2t <∞,

and (Xt)t∈N0 is a (positive) recurrent irreducible Markov decision process under P̂x0,a.

Remark 3.5. Note that in the non-robust case it has been empirically shown that an efficient choice
for a ∈ A when applying Q-learning is given by the so called ε̃-greedy policy, see e.g. [13, Chapter
9], [28], or [44]. The ε̃-greedy policy a := (a1, a2, . . . ) ∈ A is, for ε̃ > 0, t ∈ N0, defined by

X ∋ x 7→ at(x) :=

{
argmaxb∈B Qt(x, b) with probability 1− ε̃,

a ∼ U(A) with probability ε̃,

where a ∼ U(A) means that a random action a is chosen uniformly at random from the finite set
A. A popular modification of the ε̃-greedy policy is to start with a relatively large ε̃ and to decrease
the value of ε̃ over time, see, e.g., [28].

Remark 3.6. Note that from the optimal Q-value function one can infer X ∋ x 7→ aloc
∗(x) :=

argmaxa∈A Q∗(x, a) and a∗ := (aloc
∗(X0), aloc

∗(X1), . . . ) ∈ A which solves the robust stochastic
optimal control problem (2.3), compare Proposition 2.1 and [31, Theorem 2.7]. Analogously, by con-
sidering X ∋ x 7→ argmaxa∈A Qt(x, a) for a sufficiently large t ∈ N, we can derive an approximation
of the optimal action.

3The function c1 is used to determine the λc-transform in the algorithm, see (3.3) and (3.4).
4For the definition of the probabillity measure P̂x0,a we refer to (2.5).
5The function c2 is used to determine the λc-transform in the algorithm, see (3.3) and (3.4).
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4. Numerical Examples

In this section we provide three numerical examples that illustrate how the robust Q-learning al-
gorithm 1 can be applied to specific problems. The examples highlight that a distributionally robust
approach can outperform non-robust approaches whenever the assumed underlying distribution of
the non-robust Markov Q-learning approach turns out to be misspecified during the testing period.

The selection of examples in this section is intended to give a small impression on the broad range
of different applications of Q-learning algorithms for stochastic optimization problems. We refer to
[7], [13] and [19] for an overview on several applications in finance as well as to [42] for a range of
applications outside the world of finance.

4.1. On the Implementation. To apply the numerical method from Algorithm 1, we use for all
of the following examples a discount factor of α = 0.45, an ε̃-greedy policy with ε̃ = 0.1 (compare
Remark 3.5), q = 1, and as a sequence of learning rates we use γ̃t =

1
1+t for t ∈ N0. Moreover, we

train all algorithm with 50 000 iterations. The parameter λt from (3.3) is determined by maximizing
the right-hand-side of (3.3) with a numerical solver relying on the Broyden—Fletcher—Goldfarb—
Shanno (BFGS) algorithm ([9], [16], [18], [37]). Further details of the implementation can be found
under https://github.com/juliansester/Wasserstein-Q-learning.

4.2. Examples.

Example 4.1 (Coin Toss). We consider an agent playing the following game: At each time t ∈ N0

the agent observes the result of 10 coins that either show heads (encoded by 1) or tails (encoded by
0). The state Xt at time t ∈ N0 is then given by the sum of the heads observed in the 10 coins, i.e.,
we have X := {0, . . . , 10}. At each time t the agent can bet whether the sum of the heads of the
next throw strictly exceeds the previous sum (i.e. Xt+1 > Xt), or whether it is strictly smaller (i.e.
Xt+1 < Xt).

If the agent is correct, she gets 1 $, if the agent is wrong she has to pay 1 $. The agent also has
the possibility not to play. We model this by considering the reward function:

X ×A× X ∋ (x, a, x′) 7→ r(x, a, x′) := a1l{x<x′} − a1l{x>x′} − |a|1l{x=x′},

where the possible actions are given by A := {−1, 0, 1}, where for example a = 1 corresponds to
betting Xt+1 > Xt. We then rely on Setting 1.) from Section 2.2 and consider as a reference
measure a binomial distribution with n = 10, p = 0.5, i.e.,

X ×A ∋ (x, a) 7→ P̂(x, a) := Bin(10, 0.5).

We then define, according to Setting 1.) from Section 2.2, an ambiguity set, in dependence of ε > 0,
by

(4.1) X ×A ∋ (x, a) 7→ P(x, a) :=

{
P ∈ M1(X )

∣∣∣∣ W1

(
P,Bin(10, 0.5)

)
≤ ε

}
,

Let p ∈ [0, 1]. Then, we denote the cumulative distribution function of a B(10, p)-distributed random
variable by F10,p. Then we compute for the 1-Wasserstein distance that
(4.2)

W1

(
Bin(10, 0.5), Bin(10, p)

)
=

∫

R

|F10,0.5(x)− F10,p(x)| dx

=

∫ ∞

0
F10,min{p,0.5}(x)− F10,max{0.5,p}(x)dx

=

∫ ∞

0

(
1− F10,max{0.5,p}(x)

)
dx−

∫ ∞

0

(
1− F10,min{0.5,p}(x)

)
dx

= 10 ·max{0.5, p} − 10 ·min{0.5, p} = 10 · |0.5 − p|,

where the first equality of (4.2) follows e.g. from [36, Equation (3.5)] and the second equality of
(4.2) follows since F10,min{0.5,p}(x) ≥ F10,max{0.5,p}(x) for all x ∈ R. This means that all binomial

distributions Bin(10, p) with p ∈
[
0.5− ε

10 , 0.5 + ε
10

]
are contained in the ambiguity set6. The cal-

culation from (4.2) gives a good indication how choosing a different value of ε may influence the

6We highlight that of course the ambiguity set not only contains binomial distributions.

https://github.com/juliansester/Wasserstein-Q-learning
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measures contained in the ambiguity set. We then train actions arobust,ε = (arobust,εt )t∈N0 ∈ A ac-
cording to the robust Q-learning approach proposed in Algorithm 1 for different values of ε, compare
also Remark 3.6. Additionally we train an action anon-robust = (anon-robustt )t∈N0 ∈ A according to the
classical non-robust Q-learning approach, see, e.g., [50], where we assume that the underlying process

(Xt)t∈N0 develops according to the reference measure P̂. We obtain after applying Algorithm 1 the
strategies depicted in Table 1. In particular, we see that in comparison with the non-robust action

Xt 0 1 2 3 4 5 6 7 8 9 10

anon-robustt (Xt) 1 1 1 1 1 0 -1 -1 -1 -1 -1

a
robust,ε=0.5
t (Xt) 1 1 1 0 0 0 0 0 -1 -1 -1

a
robust,ε=1
t (Xt) 1 1 0 0 0 0 0 0 0 -1 -1

a
robust,ε=2
t (Xt) 0 0 0 0 0 0 0 0 0 0 0

Table 1. The trained actions a
robust,ε=0.5
t (Xt), a

robust,ε=1
t (Xt), a

robust,ε=2
t (Xt), and

anon-robustt (Xt) in dependence of the realized state Xt at time t ∈ N0.

anon-robust, the robust actions arobust,ε behave more carefully where a larger value of ε corresponds
to a more careful behavior, which can be clearly seen for ε = 2, in which case the agent decides not
to play for every realization of the state.

Then, we test the profit of the resultant actions arobust,ε and anon-robust by playing 100 000 rounds
of the game according to these actions. For simulating the 100 000 rounds we assume an underlying
binomial distribution Ptrue = Bin(10, ptrue) with a fix probability ptrue for heads which we vary from
0.1 to 0.9. We depict the cumulated profits of the considered actions in Table 2. We observe that if

ptrue 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Non-Robust -31386 -18438 -1567 22892 35082 22956 -656 -18374 -31091
Robust, ε = 0.5 -24728 4554 16491 13323 9920 13170 16825 4451 -24427
Robust, ε = 1 -8174 15201 11091 4387 2050 4373 11139 15276 -7611
Robust, ε = 2 0 0 0 0 0 0 0 0 0

Table 2. Overall Profit of the game described in Example 4.1 in dependence of
different trained strategies and of the probability distribution Ptrue = Bin(10, ptrue)
of the underlying process. The best performing strategy in each case is indicated
with bold characters.

the probability for heads ptrue is similar as probability for heads in the reference measure (p = 0.5),
then the non-robust approach outperforms the robust approaches. If however the model with which
the non-robust action was trained was clearly misspecified, then arobust,ε outperforms anon-robust.
More precisely, the larger the degree of misspecification the more favorable it becomes to choose a
larger ε. This can be well explained by the choice of the ambiguity set that covers, according to
(4.2), the more measures under which we test, the larger we choose ε.

This simple example showcases that if in practice one is uncertain about the correct law according
to which the state process evolves and one faces the risk of misspecifying the probabilities, then it
can be advantageous to rely on a distributionally robust approach, whereas the choice of the radius
of the Wasserstein-ball is extremely important as it corresponds to the degree of misspecification one
wants to be robust against.

Example 4.2 (Self-exciting Two-Armed Bandit). We consider a problem that is inspired by the
famous multi-armed bandit problem, see, e.g. [24].

To that end, we consider an agent who plays at each time one of two slot machines (a.k.a. bandits).
The agent has at each time the possibility to decide which machine to use and also how much money
she invests. Moreover, we assume the bandits are self-exciting, i.e., if a bandit was used in the
previous round and the player won, then it becomes more likely for the player to win with the same
bandit in the subsequent round. Analogously, if the player lost, then it is more likely for the player
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to lose in the next round when using the same bandit. We assume that in each round the agent can
choose to invest an amount (in some monetary unit) between 1 and 5. Hence we have

A :=

{
(a1, a2)

∣∣∣∣ a1 ∈ {1, . . . , 5}, a2 ∈ {1, 2}
}

where the first component of a tuple (a1, a2) ∈ A describes which amount was invested and the
second component which bandit was chosen . The state space is then modeled by

X :=

{
(x1, x2)

∣∣∣∣ x1 ∈ {−5, . . . ,−1} ∪ {1, . . . , 5}, x2 ∈ {1, 2}
}
,

where the first component of (x1, x2) ∈ X describes the return of the slot machine and the second
component the machine that was chosen. Let p̂ = (p̂1, p̂2) = (0.4, 0.6) describe the initial guess of
the success probabilities of each of the two slot machines when not having played the machine in the
previous round, and let λ = 0.1 be a factor associated to self-excitement effect. Moreover, for any
p ∈ [0, 1] and a ∈ {1, . . . , 5} let Z(p, a) be a random variable with

P(Z(p, a) = a) = p, P(Z(p, a) = −a) = 1− p

and denote by L (Z(p, a)) its law. Then, we consider a reference measure of the form

X ×A ∋ ((x1, x2), (a1, a2)) 7→ P̂ ((x1, x2), (a1, a2)) := L

(
Z
(
p̂a2

+ λ sgn(x1)1l{x2=a2}, a1
))
⊗ δa2

,

where sgn(·) denotes the sign-function, i.e, the probability for success/loss is increased/decreased by
λ if the previous outcome was a success/loss and if we choose the same machine again. Moreover,
we define a reward function

X ×A× X ∋

(
(x1, x2), (a1, a2), (x

′
1, x

′
2)

)
7→ r

(
(x1, x2), (a1, a2), (x

′
1, x

′
2)

)
:= x′1,

which rewards the returns from the slot machine. We then train a non-robust action anon-robust =
(anon-robustt )t∈N0 ∈ A according to the classical non-robust Q-learning algorithm (see [51]) as well
as robust actions arobust = (arobustt )t∈N0 ∈ A according to Algorithm 1 that take into account an
ambiguity set defined in (2.6) with ε = 0.5.

We then observe that for the trained actions the mean investment is smaller for the robust strategy
than for the non-robust strategy. Indeed, we have7

1

20

∑

x∈X

arobustt (x)2 = 2.8,
1

20

∑

x∈X

anon-robustt (x)2 = 3.3,

indicating that the robust agent plays more carefully. Finally, we study the outcomes of 100 000
rounds of playing for different win probabilities ptrue = (p1,true, p2,true) ∈ [0, 1]2 of the two slot
machines. The cumulated rewards after 100 000 games are shown in Table 3.

(p1,true, p2,true) (0.4, 0.6) (0.45, 0.5) (0.45, 0.55) (0.6, 0.4) (0.5, 0.5) (0.55, 0.45)

Non-Robust 122514 30898 74690 -47601 30127 -11515
Robust 125290 31045 77086 -38322 33982 -5880

Table 3. Overall Profit of the game described in Example 4.2 in dependence of
different trained strategies and of the probability distribution of the underlying pro-
cess.

The results illustrate that in every scenario the robust approach outperforms the non-robust ap-
proach while the outperformance is clearer for scenarios that are more misspecified (i.e. where the dis-
tance between the realized win probabilities (p1,true, p2,true) and the assumed win probabilities (p̂1, p̂2)
is larger).

7The subindex 2 denotes the second component of the action.
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Example 4.3 (Stock Movement Prediction). We study the problem of predicting the movement of
stock prices. We aim to predict whether in the next time step the return of an underlying stock is
strongly negative (encoded by −2), slightly negative (encoded by −1), slightly positive (encoded by
1), or strongly positive (encoded by 2). Hence the space of the numerically encoded returns is given
by

T := {−2,−1, 1, 2}.

We want to rely our prediction for the movement of the next return on the last h = 5 values. Hence,
we consider, in line with the setting outlined in (2.7)

X := T h = {−2,−1, 1, 2}5 .

The space of actions is modelled by

A := {−2,−1, 1, 2} = T

as the actions correspond to the future returns that are predicted. To construct a reference measure,
we consider the historic evolution of the (numerically encoded) returns of the underlying stock. This
time series is denoted by (Rj)j=1,...,N ⊂ TN for some N ∈ N, see also Figure 1 for an illustration.

R1 R1 · · · RN · · · Today · · ·

Observed Returns Future Returns

Figure 1. Illustration of the time relation between the time series of observed re-
turns (Rj)j=1,...,N and the future returns which we want to predict.

We then define for some small8 γ > 0 the set-valued map

X ×A ∋ (x, a) 7→
̂̃
P(x, a) :=

∑

i∈T

pi(x) · δ{i} ∈M1(T )

where for x ∈ X , i ∈ T we define

(4.3) pi(x) :=
p̃i(x) +

γ
4

γ +
∑

j∈T p̃j(x)
∈ [0, 1],

as well as9

(4.4) p̃i(x) :=

N−h+1∑

j=1

1l{(π(x),i)=(Rj ,...,Rj+h−1)}.

This means the construction of
̂̃
P(x, a) relies, according to (4.4), on the relative frequency of the

sequence (π(x), i) in the time series of past realized returns (Rj)j=1,...,N . Equation (4.3) is then
applied to convert the frequencies to probabilities. Then, as a reference measure we consider, as in
(2.9), the set-valued map

(4.5) X ×A ∋ (x, a) 7→ P̂(x, a) = δπ(x) ⊗
̂̃
P(x, a) ∈ M1(X ).

Moreover, as a reward function we consider10

X ×A× X ∋ (x, a, x′) 7→ r(x, a, x′) := 1l{x′
h
=a},

i.e., we reward only correct predictions. We apply the setting described above to real data. To this
end, we consider as series of realized returns (Rj)j=1,...,N the daily returns of the stock of Apple
in the time horizon from 1 January 2010 until 28 September 2018 and hence we take into account
N = 2200 daily returns. To encode the observed market returns to values in T , we distinguish
between small returns and large returns by saying that a daily return is strongly positive if it is
larger than 0.01. Analogously a daily return is strongly negative if smaller than −0.01. This leads
to the distribution of returns as depicted in Table 4.

8Note that γ is only introduced to avoid a division by 0.
9Note that π is defined in (2.8).
10Here x′ := (x′

1, . . . , x
′
h) ∈ X , and hence, x′

h denotes the last component of x′.
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Type of Encoded Return (Numerical Value) Total Amount

Strongly Negative Returns (-2) 404
Slightly Negative Returns (-1) 637
Slightly Positive Returns (1) 627
Strongly Positive Returns (2) 532

Table 4. The distribution of the numerically encoded daily returns of Apple be-
tween January 2010 and September 2018. The threshold to distinguish slightly pos-
itive (negative) returns from strongly positive returns is 0.01 (−0.01).

We then train a non-robust action anon-robust = (anon-robustt )t∈N0 ∈ A according to the classical
non-robust Q-learning algorithm ([51]) as well as robust actions arobust = (arobustt )t∈N0 ∈ A according
to Algorithm 1 that takes into account an ambiguity set defined in (2.10) with ε = 0.1. Moreover,
for comparison, we consider a trivial action atrivial = (atrivialt )t∈N0 ∈ A which always, independent
of the state-action pair, predicts −1 since, according to Table 4, −1 is the most frequent appearing
value in the time series (Rj)j=1,...,N .

We then evaluate the trained actions, in a small backtesting study, on realized daily returns of
Apple that occurred after the end of the training period. To this end, we consider an evaluation
period from 1 October 2018 until 26 February 2019 consisting of 100 daily returns that are distributed
according to Table 5. We observe that in the evaluation period, in contrast to the training period,

Type of Encoded Return (Numerical Value) Total Amount

Strongly Negative Returns (-2) 29
Slightly Negative Returns (-1) 21
Slightly Positive Returns (1) 22
Strongly Positive Returns (2) 28

Table 5. The distribution of the numerically encoded daily returns of Apple be-
tween 1 October 2018 and 26 February 2019.

the large negative returns impose the largest class of appearing returns. Overall the distribution
is significantly different from the distribution of the classes on the training data. We illustrate in
Table 6 the results of predictions of the actions atrivial,anon-robust,arobust evaluated in the evaluation
period, and we observe that indeed the robust action arobust outperforms the other two actions clearly
in this period where the distribution of returns significantly differs from the distributions of the
returns on which the actions were trained. This showcases again that if there is the risk that the

Action Share of Correct Predictions

anon-robust 23.40%
arobust 28.72%
atrivial 21.27%

Table 6. The proportion of correct stock movement predictions in the evaluation
period between 1 October 2018 and 10 January 2019

underlying distribution on which the actions were trained turns out to be misspecified, then it can
be advantageous to use a robust approach.
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Appendix A. Auxiliary Results and Proofs

In Section A.1 we provide several useful results which then allow in Section A.2 to prove the main
result from Section 3.

A.1. Auxiliary Results. To establish convergence of our Q-learning algorithm that was presented
in Section 3 we will make use of the following auxiliary result from stochastic approximation theory
which is adjusted to the setting presented in Section 2.1 and can be found in [41, Lemma 1]. Compare
also [14, Theorem], [22, Theorem 1], [43, Lemma 12], and [46, Lemma 3] for similar results. Note
that for any f : X ×A→ R, we write

(A.1) ‖f‖∞ := sup
x∈X

sup
a∈A
|f(x, a)|.

Lemma A.1 ([41], Lemma 1). Let P0 ∈ M1(Ω) be a probability measure on (Ω,F), and consider
a family of stochastic processes (γt(x, a), Ft(x, a),∆t(x, a))t∈N0 , (x, a) ∈ X × A, satisfying for all
t ∈ N0

∆t+1(x, a) = (1− γt(x, a))∆t(x, a) + γt(x, a)Ft(x, a) P0-almost surely for all (x, a) ∈ X ×A.

Let (Gt)t∈N0 ⊆ F be a sequence of increasing σ-algebras such that for all (x, a) ∈ X ×A the random
variables ∆0(x, a) and γ0(x, a) are G0-measurable and such that ∆t(x, a), γt(x, a), and Ft−1(x, a)
are Gt-measurable for all t ∈ N. Further assume that the following conditions hold.

(i) 0 ≤ γt(x, a) ≤ 1,
∑∞

t=0 γt(x, a) = ∞,
∑∞

t=0 γ
2
t (x, a) < ∞ P0-almost surely for all (x, a) ∈

X ×A, t ∈ N0.
(ii) There exists δ ∈ (0, 1) such that ‖EP0 [Ft(·, ·) | Gt] ‖∞ ≤ δ‖∆t‖∞ P0-almost surely for all

t ∈ N0.
(iii) There exists C > 0 such that ‖VarP0 (Ft(·, ·) | Gt)‖∞ ≤ C(1+‖∆t‖∞)2 P0-almost surely for

all t ∈ N0.

Then, limt→∞∆t(x, a) = 0 P0-almost surely for all (x, a) ∈ X ×A.

Next, as the following proposition shows, the λc-transform allows to compute worst case expecta-
tions with respect to probability measures contained in the Wasserstein-ball by computing its dual
which solely depends on the center of the Wasserstein-ball.

Proposition A.2 ([4], Theorem 2.4). Let f : X → R, let ε > 0 and q ∈ N, let P
(q,ε)
1 ,P

(q,ε)
2 be the

ambiguity sets of probability measures defined in (2.6) and (2.10), and let c1, c2 : X × X → [0,∞]
be defined as in Theorem 3.3.

(i) Then, we have for every (x, a) ∈ X ×A that

inf
P∈P

(q,ε)
1 (x,a)

EP[f ] = sup
λ≥0

(
E
P̂(x,a)[−(−f)

λc1 ]− εqλ
)
.

(ii) In addition, let X = T h for some h ∈ N ∩ [2,∞), and T ⊂ RD finite for some D ∈ N.

Moreover, assume that there exists some probability kernel X × A ∋ (x, a) 7→
̂̃
P(x, a) ∈

M1(T ) such for all (x, a) ∈ X × A we have P̂(x, a) = δπ(x) ⊗
̂̃
P(x, a). Then, we have for

every (x, a) ∈ X ×A that

inf
P∈P

(q,ε)
2 (x,a)

EP[f ] = sup
λ≥0

(
E
δπ(x)⊗

̂̃
P(x,a)

[−(−f)λc2 ]− εqλ

)
.

Proof of Proposition A.2. In case (i), the assertion follows by an application of the duality result
from [4, Theorem 2.4] (with the specifications dc1(·, ·) := Wq(·, ·)

q , ϕ(·) :=∞1l(ε,∞](·) in the notation
of [4, Theorem 2.4], see also [4, Example 2.5]). More precisely, by [4, Theorem 2.4], [4, Example

2.5] and by the definition of P
(q,ε)
1 we have for all (x, a) ∈ X ×A that

inf
P∈P

(q,ε)
1 (x,a)

EP[f ] = − sup
{P∈M1(X ) | Wq(P,P̂(x,a))≤ε}

EP[−f ]

= −

(
inf
λ≥0

{
E
P̂(x,a)

[(−f)λc1 ] + εqλ
})

= sup
λ≥0

{
E
P̂(x,a)

[−(−f)λc1 ]− εqλ
}
.
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To show (ii), we observe that in the notation of [4], we have for P,P′ ∈ M1(X ) that

dc2(P,P
′) := inf

Q∈Π(P,P′)

∫

X×X
c2(x, y)dQ(x, y)

= inf
Q∈Π(P,P′)

∫

X×X

(
∞ · 1l{(x1,...,xh−1)6=(y1,...,yh−1)} + ‖xh − yh‖

q
)
dQ ((x1, . . . , xh), (y1, . . . , yh)) .

Hence, we have dc2(P, δπ(x) ⊗
̂̃
P(x, a)) ≤ εq if and only if P = δπ(x) ⊗

̂̃
P for some

̂̃
P ∈ M1(T )

with Wq(P̃, P̃(x, a)) ≤ ε. Moreover, we see that c2 is indeed a cost function in the sense of [4]. This

implies by [4, Theorem 2.4] and by the definition of P
(q,ε)
2 that for all (x, a) ∈ X ×A we have

inf
P∈P

(q,ε)
2 (x,a)

EP[f ] = − sup{
P∈M1(X )

∣∣∣∣ dc2

(
P,δπ(x)⊗

̂̃
P(x,a)

)
≤εq

}EP[−f ]

= −

(
inf
λ≥0

{
E
δπ(x)⊗

̂̃
P(x,a)

[(−f)λc2 ] + εqλ

})
= sup

λ≥0

{
E
δπ(x)⊗

̂̃
P(x,a)

[−(−f)λc2 ]− εqλ

}
.

�

Next, consider the opterator H which is defined for any q : X ×A→ R by

(A.2) X ×A ∋ (x, a) 7→ (Hq)(x, a) := inf
P∈P(x,a)

EP

[
r(x, a,X1) + αmax

b∈A
q(X1, b)

]
.

We derive for H the following form of the Bellman-equation.

Lemma A.3. Assume that (2.2) holds and let the ambiguity set P be either P
(q,ε)
1 or P

(q,ε)
2 , defined

in (2.6) and (2.10). Then the following equation holds true for the optimal Q-value function defined
in (2.12)

HQ∗(x, a) = Q∗(x, a) for all (x, a) ∈ X ×A.

Proof of Lemma A.3. This follows directly by definition of Q∗ and by Proposition 2.1. Indeed, let
(x, a) ∈ X ×A. Then, we have

(HQ∗)(x, a) = inf
P∈P(x,a)

EP

[
r(x, a,X1) + α sup

b∈A
Q∗(X1, b)

]

= inf
P∈P(x,a)

EP

[
r(x, a,X1) + αV (X1)

]
= Q∗(x, a).

�

Moreover, we observe that the operator H is a contraction with respect to the supremum norm
defined in (A.1).

Lemma A.4. For any maps qi : X ×A→ R, i = 1, 2, we have

‖Hq1 −Hq2‖∞ ≤ α ‖q1 − q2‖∞ .

Proof of Lemma A.4. Consider any maps qi : X × A → R, i = 1, 2. Then, we have for all (x, a) ∈
X ×A that

|(Hq1)(x, a)− (Hq2)(x, a)|

=

∣∣∣∣ inf
P∈P(x,a)

EP

[
r(x, a,X1) + α sup

b∈A
q1(X1, b)

]
− inf

P∈P(x,a)
EP

[
r(x, a,X1) + α sup

b∈A
q2(X1, b)

]∣∣∣∣

≤ sup
P∈P(x,a)

∣∣∣∣EP

[
r(x, a,X1) + α sup

b∈A
q2(X1, b)− r(x, a,X1)− α sup

b∈A
q1(X1, b)

]∣∣∣∣

≤ α sup
P∈P(x,a)

EP

[
sup
b∈A

∣∣q2(X1, b)− q1(X1, b)
∣∣
]

≤ α sup
(y,b)∈X×A

|q2(y, b)− q1(y, b)| = α‖q1 − q2‖∞,

which implies the assertion by taking the supremum with respect to the arguments of Hq1(·, ·) −
Hq2(·, ·). �
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A.2. Proofs. In this section we provide the proofs of the results from Section 2.1 and Section 3.

Proof of Proposition 2.1. The first equality supa∈A Q∗(x, a) = T V (x) follows by definition of T V .
For the second equality T V (x) = V (x) we want to check that [31, Assumption 2.2] and [31, As-
sumption 2.4] hold true to be able to apply [31, Theorem 3.1]. [31, Assumption 2.2] is fulfilled (for
p = 0 and CP = 1 in the notation of [31, Assumption 2.2]) according to [31, Proposition 3.1] in

the case P = P
(q,ε)
1 , and according to [31, Proposition 3.3] in the case P = P

(q,ε)
2 . To verify [31,

Assumption 2.4] (i), note that X × A× X ∋ (x0, a, x1) 7→ r(x0, a, x1) is continuous since X and A

are finite (endowed with the discrete topology). To show [31, Assumption 2.4] (ii) note that for all
x0, x

′
0, x1 ∈ X and a, a′ ∈ A we have

|r(x0, a, x1)− r(x′0, a
′, x1)| ≤


 max

y0,y
′
0
∈X , b,b′∈A

(y0,b) 6=(y′
0
,b′)

|r(y0, b, x1)− r(y′0, b
′, x1)|

‖y0 − y′0‖+ ‖b− b′‖


 ·

(
‖x0 − x′0‖+ ‖a− a′‖

)
.

Similarly, to show [31, Assumption 2.4] (iii), we observe that for all x0, x1 ∈ X and all a ∈ A we
have

|r(x0, a, x1)| ≤ max
y0,y1∈X , b∈A

|r(y0, b, y1)|,

i.e., in the notation of [31, Assumption 2.4] we have Cr := max {1, maxy0,y1∈X , b∈A |r(y0, b, y1)|}.
To verify [31, Assumption 2.4] (iv) we see that, since p = 0, we can choose CP := 1 in the notation
of [31, Assumption 2.2] (ii) and hence with (2.2) we get

0 < α < 1 =
1

CP

as required. Hence, the result follows from [31, Theorem 3.1]. �

Proof of Lemma 3.2. For any λ ≥ 0 we have by definition of the λc-transform

E
P̂(x,a)

[
−(−ft,(x,a))

λc(X1)− εqλ
]
= E

P̂(x,a)

[
−max

y∈X

{
−ft,(x,a)(y)− λc(X1, y)

}
− εqλ

]
.

Therefore, since X is finite, the map

[0,∞) ∋ λ 7→ G(λ) := E
P̂(x,a)

[
−(−ft,(x,a))

λc(X1)− εqλ
]

is continuous. Hence, the assertion of Lemma 3.2 follows once we have shown that limλ→∞G(λ) =
−∞. To that end, note that as, by assumption, miny∈X c(x, y) = 0 for all x ∈ X , we have that

lim sup
λ→∞

G(λ) = lim sup
λ→∞

E
P̂(x,a)

[
−max

y∈X

{
−ft,(x,a)(y)− λc(X1, y)

}
− εqλ

]

≤ lim sup
λ→∞

E
P̂(x,a)

[
max
z∈X

ft,(x,a)(z)−max
y∈X
{−λc(X1, y)} − εqλ

]

= lim sup
λ→∞

(
max
z∈X

ft,(x,a)(z) + λE
P̂(x,a)

[
min
y∈X

c(X1, y)

]
− εqλ

)

= max
z∈X

ft,(x,a)(z) + lim sup
λ→∞

(−εqλ) = −∞.

�

Proof of Theorem 3.3. Let (x0,a) ∈ X ×A.

Assume that either P = P
(q,ε)
1 and c = c1, or P = P

(q,ε)
2 and c = c2. Then, we show for all

(x, a) ∈ X ×A

lim
t→∞

Qt(x, a) = Q∗(x, a) P̂x0,a − almost surely,

which shows simultaneously both (i) and (ii).
To that end, let (x, a) ∈ X ×A be fixed. Then we rearrange the terms in (3.4) and write

(A.3) Qt+1(x, a) = (1− γt(x, a,Xt))Qt(x, a) + γt(x, a,Xt)

(
− (−ft,(x,a))

λtc(Xt+1)− εqλt

)
,
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where λt is as defined in (3.3), see also Lemma 3.2 for its existence. Note that by construction
Qt(x, a) ∈ R for all (x, a) ∈ X ×A. We define for every t ∈ N0 the map

∆t : X ×A→ R

(x, a) 7→ Qt(x, a)−Q∗(x, a).

Note that indeed, as for all (x, a) ∈ X × A we have Qt(x, a) as well as Q∗(x, a) is finite (compare
(2.13)), we directly conclude the finiteness of ∆t(x, a) for all (x, a) ∈ X × A. Moreover, we obtain
by (A.3) and by using the relation γt(x, a,Xt) = γ̃t1l{(Xt ,at(Xt))=(x,a)} that
(A.4)

∆t+1(x, a) = (1− γt(x, a,Xt))∆t(x, a) + γt(x, a,Xt)

(
− (−ft,(x,a))

λtc(Xt+1)− εqλt −Q∗(x, a)

)

= (1− γt(x, a,Xt))∆t(x, a)

+ γt(x, a,Xt)1l{(Xt,at(Xt))=(x,a)}

(
− (−ft,(Xt,at(Xt)))

λtc(Xt+1)− εqλt −Q∗(Xt, at(Xt))

)
.

Next, we define for every t ∈ N0 the random variable

Ft(x, a) := 1l{(Xt ,at(Xt)=(x,a)}

(
− (−ft,(Xt,at(Xt)))

λtc(Xt+1)− εqλt −Q∗(Xt, at(Xt))

)
,

which by (2.13) is finite for all (x, a) ∈ X ×A. We consider the filtration (Gt)t∈N0 with

Gt := σ ({X1, . . . ,Xt}) , t ∈ N,

and G0 = {∅,Ω} being the trivial sigma-algebra. Note that, in particular, ∆t(x, a), γt(x, a) and
Ft−1(x, a) are Gt-measurable for all t ∈ N. Moreover, we have by (2.5) and by Proposition A.2 that

P̂x0,a − almost surely

∣∣∣∣EP̂x0,a
[Ft(x, a) | Gt]

∣∣∣∣

=

∣∣∣∣1l{(Xt,at(Xt)=(x,a)} · EP̂(Xt,at(Xt))

[
−(−ft,(Xt,at(Xt)))

λtc(Xt+1)− εqλt −Q∗(Xt, at(Xt))
] ∣∣∣∣

= 1l{(Xt,at(Xt)=(x,a)} ·

∣∣∣∣ sup
λ≥0

(
E
P̂(Xt,at(Xt))

[
−(−ft,(Xt,at(Xt)))

λc(Xt+1)− εqλ
])
−Q∗(Xt, at(Xt))

∣∣∣∣

= 1l{(Xt,at(Xt)=(x,a)} ·

∣∣∣∣ inf
P∈P(Xt,at(Xt))

EP

[
(ft,(Xt,at(Xt)))(Xt+1)

]
−Q∗(Xt, at(Xt))

∣∣∣∣.

Thus, (3.2), (A.2), and Lemma A.3 show that P̂x0,a − almost surely

∣∣∣∣EP̂x0,a
[Ft(x, a) | Gt]

∣∣∣∣

= 1l{(Xt ,at(Xt)=(x,a)} ·

∣∣∣∣ inf
P∈P(Xt,at(Xt))

EP

[
(ft,(Xt,at(Xt)))(Xt+1)

]
−Q∗(Xt, at(Xt))

∣∣∣∣

= 1l{(Xt ,at(Xt)=(x,a)} ·

∣∣∣∣(HQt)(Xt, at(Xt))−Q∗(Xt, at(Xt))

∣∣∣∣(A.5)

= 1l{(Xt ,at(Xt)=(x,a)} ·

∣∣∣∣(HQt)(Xt, at(Xt))− (HQ∗)(Xt, at(Xt))

∣∣∣∣.

Hence it follows with Lemma A.4 that P̂x0,a − almost surely

∥∥∥EP̂x0,a
[Ft(·, ·) | Gt]

∥∥∥
∞
≤ ‖(HQt)− (HQ∗)‖∞ ≤ α ‖Qt −Q∗‖∞ = α‖∆t‖∞,

where the norm ‖·‖ is defined in (A.1). Next, recall that Cr := max {1, maxy0,y1∈X , b∈A |r(y0, b, y1)|}.
Note that by (3.2), by the λc-transform from Definition 3.1, and since infx,y∈X c(x, y) = 0, we have
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for all t ∈ N0 that

(A.6)

(
−ft,(Xt,at(Xt))

)λtc (Xt+1) + α min
y′∈X

max
b′∈A

Q∗(y′, b′)

=

(
−r(Xt, at(Xt), ·) − αmax

b∈A
Qt(·, b)

)λtc

(Xt+1) + α min
y′∈X

max
b′∈A

Q∗(y′, b′)

≤

(
Cr − αmax

b∈A
Qt(·, b)

)λtc

(Xt+1) + α min
y′∈X

max
b′∈A

Q∗(y′, b′)

≤ max
z∈X

(
Cr − αmax

b∈A
Qt(·, b)

)λtc

(z) + α min
y′∈X

max
b′∈A

Q∗(y′, b′)

= max
z,y∈X

(
Cr + α min

y′∈X
max
b′∈A

Q∗(y′, b′)− αmax
b∈A

Qt(y, b) − λtc(z, y)

)

≤ max
z,y∈X

(
Cr + αmax

b′∈A
Q∗(y, b′)− αmax

b∈A
Qt(y, b) − λtc(z, y)

)

≤ max
z,y∈X

(
Cr + αmax

b∈A
{Q∗(y, b)−Qt(y, b)} − λtc(z, y)

)

≤ max
z,y∈X

(Cr + α‖∆t‖∞ − λtc(z, y)) = Cr + α‖∆t‖∞ =: M ∈ R,

and similarly, since c(z, z) = 0 for all z ∈ X ,

(A.7)

(
−ft,(Xt,at(Xt))

)λtc (Xt+1) + α min
y′∈X

max
b′∈A

Q∗(y′, b′)

≥ min
z∈X

max
y∈X

(
−Cr + α min

y′∈X
max
b′∈A

Q∗(y′, b′)− αmax
b∈A

Qt(y, b)− λtc(z, y)

)

≥ min
z∈X

max
y∈X

(
−Cr + α min

y′∈X
min
b∈A

(
Q∗(y′, b)−Qt(y, b)

)
− λtc(z, y)

)

≥ min
z∈X

max
y∈X

(
−Cr − α max

y′∈X ,b∈A

∣∣Qt(y, b) −Q∗(y′, b)
∣∣ − λtc(z, y)

)

≥ min
z∈X

(
−Cr − α max

y′∈X ,b∈A

∣∣Qt(z, b) −Q∗(y′, b)
∣∣
)

≥ −Cr − α max
z,y′∈X ,b∈A

(
|Qt(z, b) −Q∗(z, b)| +

∣∣Q∗(z, b)−Q∗(y′, b)
∣∣)

≥ −Cr − α‖∆t‖∞ − α max
z,y′∈X ,b∈A

∣∣Q∗(z, b) −Q∗(y′, b)
∣∣ =: m ∈ R.

We define C :=
(
4α2 +

(
2Cr + αmaxz,y′∈X ,b∈A |Q

∗(z, b)−Q∗(y′, b)|
)2)

< ∞. Then, by using

Popoviciu’s inequality on variances11 applied to the bounds m, M computed in (A.6) and (A.7),
and by using the inequality (a + b)2 ≤ 2

(
a2 + b2

)
which holds for all a, b ∈ R, we see for every

11Popoviciu’s inequality (see [34] or [38]) states that for all random variables Z on a probability space (Ω,F ,P)

satisfying m ≤ Z ≤ M for some −∞ < m ≤ M < ∞ we have VarP(Z) ≤ 1
4
(M −m)2.
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(x, a) ∈ X ×A that P̂x0,a − almost surely

Var
P̂x0,a

(Ft(x, a) | Gt)

= 1l{(Xt ,at(Xt)=(x,a)} ·VarP̂(Xt,at(Xt))

(
(−ft,(Xt,at(Xt)))

λtc(Xt+1)
)

= 1l{(Xt ,at(Xt)=(x,a)} ·VarP̂(Xt,at(Xt))

(
(−ft,(Xt,at(Xt)))

λtc(Xt+1) + α min
y′∈X

max
b′∈A

Q∗(y′, b′)

)

≤
1

4
(M −m)2

=
1

4

(
2α‖∆t‖∞ + 2Cr + α max

z,y′∈X ,b∈A

∣∣Q∗(z, b) −Q∗(y′, b)
∣∣
)2

≤
1

2

(
4α2‖∆t‖

2
∞ +

(
2Cr + α max

z,y′∈X ,b∈A

∣∣Q∗(z, b)−Q∗(y′, b)
∣∣
)2
)

≤

(
4α2 +

(
2Cr + α max

z,y′∈X ,b∈A

∣∣Q∗(z, b) −Q∗(y′, b)
∣∣
)2
)
·
(
1 + ‖∆t‖

2
∞

)
≤ C · (1 + ‖∆t‖∞)2 .

This means the assumptions of Lemma A.1 are fulfilled, and we obtain that ∆t(x, a) → 0 for

t→∞ P̂x0,a-almost surely, which implies, by definition of ∆t, that Qt(x, a) → Q∗(x, a) for t→∞

P̂x0,a-almost surely. �
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[31] Ariel Neufeld, Julian Sester, and Mario Šikić. Markov decision processes under model uncertainty. arXiv preprint
arXiv:2206.06109, 2022.

[32] Brian Ning, Franco Ho Ting Lin, and Sebastian Jaimungal. Double deep Q-learning for optimal execution. Applied
Mathematical Finance, 28(4):361–380, 2021.

[33] Kishan Panaganti and Dileep Kalathil. Sample complexity of robust reinforcement learning with a generative
model. In International Conference on Artificial Intelligence and Statistics, pages 9582–9602. PMLR, 2022.
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