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Abstract

In this paper we provide a quantum Monte Carlo algorithm to solve multidimensional Black-Scholes PDEs
with correlation for option pricing. The payoff function of the option is of general form and is only required
to be continuous and piecewise affine, which covers most of the relevant payoff functions used in finance. We
provide a rigorous error analysis and complexity analysis of our algorithm. In particular, we prove that the
computational complexity of our algorithm is bounded polynomially in the space dimension d of the PDE and
the reciprocal of the prescribed accuracy . Moreover, we show that for payoff functions which are bounded,
our algorithm indeed has a speed-up compared to classical Monte Carlo methods. Furthermore, we provide
numerical simulations in two dimensions using our developed package within the Qiskit framework tailored to
price continuous piecewise affine options with respect to the Black-Scholes model, as well as discuss the potential
extension of the numerical simulations to arbitrary space dimension.
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1 Introduction

It is well known that, under the Black-Scholes framework, the price of a financial derivative depending on d
underlying assets can be characterized as the unique solution of the corresponding d-dimensional Black-Scholes
PDE, with the terminal condition given by the derivative’s payoff function |10]. However, in the multidimensional
setting of the Black-Scholes model, there are no explicit expressions for the solution of the corresponding PDE, and
hence numerical methods are necessary to approximately solve these PDEs. It is crucial both from a theoretical, but
especially also from a practical point of view to provide a rigorous and comprehensive error analysis and complexity
analysis of these numerical methods. Indeed, while the precise error analysis allows, in the context of option pricing,
to precisely quantify the exact deviation between the numerical approximation and the theoretical option price, a
rigorous complexity analysis reveals how the computational cost of an algorithm scales with respect to the space-
dimension of the PDE. Ideally, one aims to design numerical algorithms whose error and computational complexity
can be characterized precisely, and whose computational cost grows only polynomially with the dimension d and
the reciprocal of the desired accuracy e.

Monte Carlo based algorithms have demonstrated both theoretically and practically to be efficient for pricing
multidimensional options under the Black-Scholes model. In particular, the computational complexity of Monte
Carlo methods typically does not grow exponentially in the dimension d and the reciprocal of the accuracy e,
see, e.g., [11]. Moreover, recently, deep learning based methods have been developed using neural networks which
can approximately solve the multidimensional Black-Scholes PDE [7], (9, [27} |35} 38]. However, to date, there is no
rigorous and comprehensive error and complexity analysis available for these algorithms, as the training of neural
networks consists of solving non-convex optimization problems for which there is no theoretical guarantee that the
optimization error can be controlled to be arbitrarily small [8].

In recent years, there has been a rapid development of numerical methods dealing with problems in quantitative
finance using quantum computers. The motivation comes from the fact that qubits, compared to classical bits, are
allowed quantum mechanically to be in a state of superposition, from which one anticipates that quantum computers
should be able to achieve much higher computational power than classical (super-) computers. We also refer to
[33] for a universal approximation theorem for quantum neural networks. The applications of quantum algorithms
in finance include portfolio optimization [63], the computation of risk measures such as Value at Risk (VAR) 73],
volatility modeling [6], optimal stopping 23], and option pricing, particularly in the Black-Scholes model [15, |29,
30, [45] 60, 62} [69, [75]. We also refer to the monograph [42] and surveys |26} 43, |54] for (further) applications of
quantum computing in finance. Moreover, [4l [5 [18] |21} 46] |50] proposed quantum algorithms to approximately
solve different PDEs than the Black-Scholes PDE used in finance for option pricing. Furthermore, recently, [19)
connected the theory of path signatures to matrix model distributions in quantum field theory, allowing them to
introduce the concept of quantum path signature feature map together with a corresponding quantum signature
kernel.

Let us discuss more in detail the various quantum methodologies developed to price financial derivatives under
the Black-Scholes model. [75] used quantum Generative Adversarial Networks (qGANs) for learning and loading
of probability distributions, including the multivariate log-normal distribution, and applied it to price financial
derivatives under the Black-Scholes model. Recently, [30] introduced Wasserstein qGAN (QWGAN) for learning and
loading of probability distributions employing the Wasserstein loss, and numerically demonstrated the advantage
over the standard qGAN methodology. [45] employed variational quantum simulation in order to solve the Black-
Scholes PDE. [29] proposed an innovative hybrid quantum-classical algorithm to approximately solve the one-
dimensional Black—Scholes PDE by exploiting its relation to the Schrédinger equation in imaginary time. More
precisely, they first transform the Black-Scholes PDE into the heat equation and then interpret its solution as a
wave function of the corresponding Schrédinger equation. To learn this wave function, they approximate it using a
sequence of parametrized quantum gates, where the approximately optimal parameters are obtained by solving a
suitable variational principle. However, as highlighted in [29], this approach requires an ansatz circuit that should,
on the one hand, accurately approximate the wave function, but on the other hand, allow for an efficient solution
of the associated minimization problem that determines the parameters. Consequently, it remains unclear how
to concretely construct such an ansatz circuit in higher dimensions. Moreover, since the underlying minimization
problem is non-convex, there is no theoretical guarantee of finding the optimal parameters. Furthermore, [60]
employed the unary basis of the asset’s value to design a quantum algorithm to price under the Black-Scholes
model.

Most literature uses quantum Monte Carlo methods to approximately solve the Black-Scholes PDE in order to
price financial options. More precisely, these works rely on the Quantum Amplitude Estimation algorithm (QAE)
[12] which estimates the expected value of a random parameter (see Section for a detailed discussion) based
on an extension of Grover’s search algorithm |[37]. Several variations of the Quantum Amplitude Estimation
algorithm have been proposed recently, see e.g. |1} 31} [32} 34} [47} |51} [56|, 59, |70} [72| |74]. Quantum Monte Carlo
methods can ideally achieve a quadratic speed-up [39], [49] compared to classical (i.e. non-quantum) Monte Carlo
methods. However, the quadratic speedup can only be achieved if there is a so-called oracle quantum circuit
which can correctly upload the corresponding distribution in rotated quantum form, without any approximation
errors (caused, e.g., from discretization and rotation), such that it is applicable to a quantum amplitude estimation
algorithm. This assumption however in most cases cannot be justified in practice, as highlighted, e.g., in |15} [75].



In this paper, we propose a quantum Monte Carlo algorithm for solving multidimensional Black-Scholes PDEs
with correlated assets and general payoff functions that are continuous and piecewise affine. This class of payoffs
encompasses most of the standard financial derivatives used in practice (see also Section . Our algorithm
conceptually builds upon the quantum Monte Carlo methods proposed in [15} |62} |69], which first encode the mul-
tivariate log-normal distribution and the payoff function in a rotated quantum form, and then employ a Quantum
Amplitude Estimation (QAE) algorithm to approximately solve the Black-Scholes PDE and compute option prices.

Our main contribution lies in a rigorous and comprehensive error analysis as well as complexity analysis of
our algorithm. To that end, we first introduce quantum circuits that can perform arithmetic operations on two
complement’s numbers representing signed dyadic rational numbers, together with its complexity analysis. This
allows us to provide a rigorous error and complexity analysis when uploading first a truncated and discretized
approximation of the multivariate log-normal distribution and then uploading an approximation of the continuous
piecewise affine payoff function in rotated form, where the approximation consists of truncation as well as the
rounding of the coeflicients of the continuous piecewise affine payoff function. This together with a rigorous error
and complexity analysis when applying the modified iterative quantum amplitude estimation algorithm [31] allows
us to control the output error of our algorithm to be bounded by the pre-specified accuracy level € € (0, 1), while
bounding its computational complexity; we refer to Theorem [I] for the precise statement of our main result.

In particular, we prove that the computational complexity of our algorithm only grows polynomially in the
space dimension d of the Black-Scholes PDE and in the (reciprocal of the) accuracy level e. This is in line with
classical (i.e. non-quantum) Monte Carlo methods, where the number of Monte Carlo samples required in order
to approximate the solution of the Black-Scholes PDE only grows polynomially in the dimension d and 7!, see,
e.g., [40]. Moreover, we show that for payoff functions which are bounded, our algorithm indeed has a speed-up
compared to classical Monte Carlo methods. To the best of our knowledge, this is the first work in the literature
which provides a rigorous and comprehensive mathematical error and complexity analysis for a quantum Monte
Carlo algorithm which approximately solves multidimensional PDEs. We refer to Remark for a detailed
discussion of the complexity analysis.

Furthermore, we provide numerical simulations in two dimensions for three different payoff functions. To
that end, we developed a package we named qfinance within the Qiskit framework tailored to price continuous
piecewise affine options with respect to the Black-Scholes model. Moreover, we discuss the potential extension of
the numerical simulations to arbitrary space dimension.

The rest of this paper is organized as follows. In Section [2] we introduce the main setting of this paper, present
our algorithm, and state our main theorem, as well as provide a detailed discussion of our complexity analysis. In
Section [3] we present our numerical simulations in two space dimensions as well as discuss their potential extension
to higher dimensions. In Section [4] we introduce and analyze all relevant quantum circuits we need in our quantum
Monte Carlo algorithm. In Section [5] we provide a detailed error analysis of the steps of our algorithm outlined in
Section Finally, in Section [6 we provide the proof of Theorem

Notation. We denote the set of real numbers and positive real numbers by R and Ry := (0, 00), respectively. The
set of natural numbers is denoted by N := {1,2,...}, and we use Ny := NU {0}. The set of complex numbers is
denoted by C, and we define i := v/—1. Moreover, we denote by I, the identity matrix in C2*2, whereas for each
n € N and matrix M we denote by M®" its n-fold tensor product. Furthermore, for each n € N we denote by
U(2™) the set of unitary matrices in C2"*2" i.e. matrices U € C2"*2" satisfying UUT = UtU = I$", where UT
denotes the conjugate transpose of U.

2 Setting and Main result

2.1 Black-Scholes PDE for option pricing

Let r € (0,00) be the risk-free interest rate, let T' € (0, 00) be a finite time horizon determining the maturity, and
let d € N be the number of assets. We consider the multiple-asset Black-Scholes PDE
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subjected to a terminal condition u(T,-) = h(-). Here, h : R — R represents the payoff function and u(t, )
represents the option price at time ¢ with spot price . The covariance matrix C = (Ci}j)gjzl € R¥*4 is assumed
to be symmetric positive definite with a Cholesky factorization C = oo ", where o € R%**? is the volatility matrix,
so that there is a unique risk-neutral measure (see, e.g., [14]). Note that the PDE has a unique solution
whenever h : Ri — R is continuous and at most polynomially growing, see, e.g., |35, Proposition 2.23, Corollary
4.5].



2.1.1 Geometric Brownian motion process for the price evolution of multiple assets

In the multidimensional Black-Scholes model, the prices of the d stocks under consideration are modeled by a
multidimensional geometric Brownian motion (GBM) having constant growth rate and volatility, see, e.g., [14].
We briefly describe the dynamics of the geometric Brownian motion process for multiple assets.

Let (2, F,P) be a probability space and let W = (W ..., W%) :[0,T] x Q — R? be a standard d-dimensional
Brownian motion. For a volatility matrix o € R4*¢ assumed to be invertible, let o1,..., 04 € R? denote the row
vectors of matrix o, and let 0 := |03z (ray. Let S = (S*,...,9%) : [0,T] x @ — R be the stock price process
governed by the following stochastic differential equation

d
dSZ:Sti(rdt+Zaidef>, fori=1,...,d, (2)
j=1
with some initial spot price Sy € R‘_i._. Here S; = (S},...,S¢) represents the values of each stock i = 1,...,d at

time 0 <t < T. Let R = (R',...,R%) : [0,T] x © — R? be the log-return process defined component-wise by
Ri =1n(S;/Si) for i =1,...,d. It follows from It6’s formula for all ¢ € [0, 7] that

d
AR} = (r — 07)dt + Y 0, dW{, fori=1,....d, (3)

j=1
with initial condition Ry = 0 for i = 1,...,d. Let i = (fi,...,M1q) € R? be a vector satisfying ji; = (r — %01»2)
for i = 1,...,d. From equation , it holds that Ry is a multivariate normal distribution with mean T i and
covariance T'C. Hence, by taking the inverse of the log transform, we observe that the law of the stock price process
St = Spexp(Ryr) is a multivariate log-normal distribution with log-mean T'fi and log-covariance T'C. In general,
for a given fixed initial condition (¢,z) € [0,7] x R%, there is a well-known formula for the probability transition

density function of St, subjected to the condition that S; = .

Lemma 2.1 (Density formula) Let d € N, let © = (z1,...,24) € RL, and let t € [0,T). Let pp = (1, .., pa) €
R? be given by pu; = In(z;) + (r — %03)(T —t) fori=1,...,d. Then, the stock price process St introduced by
conditional on Sy = x follows a multivariate log-normal distribution with log-mean p and log-covariance (T —t)C,

and the joint transition probability density function is given by

exp(— 575 (l0g(y) — 1) €~ (log(y) — )
(2m(T — 1))4/2(det C) /2 [, ys

p(y,T;(I),t) = ) (4)

where fory = (y1,...,yq) € RL, log(y) € R is given by

(log(y))i =In(y:), i=1,....d. (5)
Proof. See, e.g., Campolieti and Makarov |14, page 485-486]. 0

Throughout the paper we impose the following assumption on the covariance matrix C = Cj in dependence of
the dimension d.

Assumption 2.2 (Covariance matrix) There is a constant Cq € [1,00) not depending on the dimension d € N
such that for every d € N the corresponding covariance matriz C = Cyq = ((Cd)i,j)?,j:1 € R4 defined as in
satisfies for every i,j =1,...,d that

[(Ca)i

<. (6)

2.1.2 Continuous piecewise affine payoff functions

For any d € N, we consider a payoff function h : RY — R, which takes the stock prices Sp € R at terminal
time T as input. The option price u(t,z) € R at time ¢ € [0,T") given that the spot price satisfies S; = « € Rff_ is
characterized by the following Feynman-Kac formula (see, e.g., |14, Equation (13.33)])

u(t,z) = e "TOEN(Sy) | S =] =TT | h(y)p(y, T;,t) dy, (7)
R¢

where p(-, T; x,t) is the transition density formula given in Lemma In this paper, we consider payoff functions
restricted to the class of continuous piecewise affine functionsﬂ This type of function represents most of the payoff
functions seen in financial mathematics literature [52]; see also the examples below.

Hn particular, any continuous piecewise affine function is linearly growing, see, e.g., Lemma Hence the PDE has a unique
solution.



Definition 2.3 (continuous piecewise affine payoff) Let d € N. A function h : Ri — R is a continuous
piecewise affine function if it can be represented as

K

h(m) :Z@max{am -il}—‘rka :l=1,...,lk}, (8)
k=1

where K, I, € N and & € {—1,1} for k=1,..., K, and where ay, € R?, bri€R fork=1,....K,l=1,...,1I.

Throughout the paper we impose the following assumptions on the continuous piecewise affine payoff function
h: R‘i — R in dependence of the dimension d.

Assumption 2.4 (continuous piecewise affine) There is a constant Cy € [1,00) not depending on the dimension
d € N such that the continuous piecewise affine function h : Rf{_ — R defined as in satisfies both

maX{HakJ |ooa|bk,l| k= 1,...,K,l = 1,...,Ik} < Cg (9)

and
Kmax{[l,,IK} Sng (10)

Example 2.5 The list below contains examples showcasing that many popular payoff functions h : Ri — R used
in finance are continuous piecewise affine, see also [52, Appendiz EC.2]. In the following, we denote e; the i-th
unit vector in R%,

1. Call option on the i-th asset with strike k: setting K =1, & =1, 11 =2, a11 =€, a12 =0, by1 = —~K,
b1,2 =0, we have
h(x) = max{x; — k,0}. (11)

2. Basket call option with weights w and strike k: setting K =1, =1, 11 =2, a11 =w, a12 =0, by 1 = —k,
bi1,2 =0, we have
h(z) = max{w -« — k,0}. (12)

3. Spread call option: using setting 2., but by replacing a1 with a1 =7 ei*Zjezf e; forZ,7' C {1,...,d}
and TNZT =0, we have
h(m):maX{Zx—ij—n,O}. (13)
ieT jeT’

4. Call-on-maz option with strike k: setting K =1, & =1, 11 =d+1,a1;=€;, b1 =—k forallj=1,...,d,
ayqy1 =0, by 441 =0, we have

h(z) = max{z; — K,...,xq — K,0}. (14)

5. Call-on-min option with strike k: setting K =2, & =1, 6 =—-1, 11 =d, I, =d+1, a1; = ay; = —ej,
bij=0byj=rforallj=1,...,d, a1,q+1 =0, b1q+1 = 0, we have

h(x) = max{k — x1,...,k — 24,0} —max{k — 1,...,k — x4} = max{min{z,..., 24} — K,0}. (15)

6. Best-of-call option with strikes K1,...,kq: setting K =1, & =1, 11 =d+ 1, a1 = ej, bi; = —k; for all
j=1,...,d, a1,441 =0, by 441 =0, we have

h(x) = max{x; — K1,...,2q — Kq,0}. (16)

We note that all of the above examples satisfy Assumption provided that the coefficients (ax,,by) are bounded
by some constant Co € [1,00) uniformly in the dimension d, c.f. @

2.2 Brief Introduction to Quantum Computing

In this section, we briefly recall notions and concepts in quantum computing which we frequently use in this paper.
Classic references for this subject are the textbooks by Jacquier and Kondratyev [42] and Nielsen and Chuang [53].

Let H be a finite dimensional complex Hilbert space. A vector v € H, also referred as a state, is denoted by the ket
notation |v). The inner product of two vectors v,w € H is denoted by the bra-ket notation (v|w) := (v,w) € C.
Elements u € H* of the dual space H* are denoted by the bra notation (u|. The action of the dual vector u € H* on
a vector v € H is also denoted by the bra-ket notation (u|v). The action of a linear operator A : H — H on a vector
|v) is denoted by A |v). The operator A acts on dual vectors (u| € H* by the rule ((u]| A) [v) := (u| (A |v)) := (u, Av)
for all v € H which is also denoted by (u|A|v).

For the Hilbert space H = C2, we consider the n-fold tensor product Hilbert space H®" := H®--- @ H ~ C2".
We denote a state 1 € H®" by [)_, where the subscript n emphasizes the (log, )-dimension of the tensor product

n?’



Hilbert space H®". We use the orthonormal basis B, = {|i), : i = (i1,i2,...,4,) € {0,1}"} C C?", where
[7),, = li1) ® |ia) @ - -+ @ |in) = |i1) |iz) - - - |in), i € {0,1}"™. The basis B, is referred as the computational basis in
the literature. For example the standard orthonormal basis {|0),[1)} C H = C? is given by

=5 w=1]. )

The (single) qubit represents a unit of quantum information. An arbitrary n-qubit state |1),, is represented by
a normalized vector in C2" which can be described by a C-linear combination in the computational basis B,,, i.e.

), = > aili),, with > |a>=1. (18)

i€{0,1}n i€{0,1}"

The coefficients a; € C in are referred as probability amplitudes (or simply amplitudes) due to the fact that for
each |i), € B, we have that the square amplitude |a;|? = |(i[t), |? is the probability of observing that the state [t)
collapses during a projective measurement to the state |i),, , according to Born’s rule; see, e.g., [48, Chapter 2.5].

Qubits on a quantum computer are manipulated by a sequence of quantum gates. The state evolution of qubits,
according to the axioms of quantum mechanics, is unitary. Elementary quantum gates act on either one or two
qubits at a time. A quantum circuit is a finite sequence of compositions (and tensor products) of quantum gates
and wires (where each wire represents the identity operator I, € C2*2). Thus, quantum circuits correspond to
unitary operators, represented by unitary matrices in U(2™) C C?"*2"  where n is the number of qubits on which
the circuit acts.

Let us now define the set of elementary quantum gates, which allows us to describe an algebraic definition for
a quantum circuit.

Definition 2.6 (Elementary quantum gate set) We call any element of the set of 1-qubit and 2-qubits quantum
gates G C C?*2 U c2x2? defined by

G:= {X, Y, Z, H, P(¢), Ro(0), Ry (6), R.(0) : 6 € (0,27),0 € (0,471')} U {CNOT, SWAP} (19)

as elementary gates, where X := [(1) (1)} , Y= {? —01} , 4= {(1) _OJ denote the Pauli transformation gates,

H = % 1 _11} denotes the Hadamard gate, P(¢) := [(1) 6?4, ¢ € (0,27), denote the phase shift gates, and
R.(0) = exp(—i0X/2), R,(0) := exp(—i0Y/2), R.(8) := exp(—i0Z/2), 6 € (0,4r), denote the three families of
1 0 00 1 0 00

. 0 1 0 00 1 0
rotation gates, whereas CNOT := 00 0 1 and SWAP := 010 0 denote the Controlled-NOT gate
0 010 0 0 01

and the swap gate, respectively.

Remark 2.7 (Universality of G) We note that the set of elementary quantum gates G in is universal in
the sense of the Solovay-Kitaev theorem [53, Appendiz 3]. Moreover, the set G consists of quantum gates used in
practical quantum computing softwares, such as IBM’s Qiskit [58] and Google’s Cirq [29)].

Definition 2.8 (Quantum circuit) Let n, M, L € N. A quantum circuit Q acting on n qubits is a 2™ X 2™ unitary

matriz of the forrrﬂ
Q =
1

where (Gi1, G2, ..., Gz, C GU{L}, and [['_, dim(Gy,m) = 2" for alll =1,...,L. We define the following
quantum circust complem'tieﬁ:

(G1®G2®--®Gy) €U, (20)

L
=1

o M = number of elementary quantum gates used to construct quantum circuit Q, i.e.

ny

L
M:=> "> "1g(Gu). (21)

=1 j=1

e n = number of qubits used in quantum circuit Q, and

o L = depth of quantum circuit Q.

?Note that for any n € N and any Q;...,Q1 € U(2"), their product is defined by HlL=1 Q1 :=0195_1---Q291 € U(2™).
3The indicator function 1g for a non-empty subset S C H is the unique function satisfying 1g : H — {0, 1} such that Ig(z) = 1 if
z €S and Ig(x) =0if x € S.



Remark 2.9 (Depth) For any quantum circuit Q, we may bound its depth complezity by the number of elementary
gates in the quantum circuit. In this paper, we focus only on the number of elementary gates and qubits used in
constructing quantum circuits.

Remark 2.10 (Ancilla qubits) In most quantum circuits, auziliary qubits are used as additional memory to
perform necessary quantum computations but may not be used for the output. One calls these qubits ancilla qubits
or simply ancillas and denotes them by |anc),, where the subscript x usually indicates in the literature that the
amount of ancillas used are not specified precisely. The complexity of a quantum circuit is usually described by the
number of elementary quantum gates used, and the number of qubits and ancilla qubits used. For simplicity, we
count both qubits and ancilla qubits together as the number of qubits used in a circuit.

2.3 Quantum amplitude estimation algorithms

In this section, we briefly review quantum algorithms for solving the quantum amplitude estimation (QAE) problem.
Given an unitary operator A acting on n + 1 qubits, defined by

Al0),,10) = V1 = alto), [0) + Valir), 1), (22)

where the so-called bad state is |tg),, |0) and the good state is |¢1), |1), Brassard et al. introduced in [12] the
amplitude estimation problem where the goal is to estimate the unknown amplitude a € [0,1], which is the
probability of measuring the good state [11),, |1) according to Born’s rule. Let a = sin?(6,) for some 6, € [0, 3] so
that we can rewrite (22)) as

A0),, |0) = cos(8a) [¢0),, [0} + sin(0a) [¢1),, [1) - (23)

To achieve a quantum speed-up, they introduced in [12] the amplitude amplification operator (also known as the
Grover operator)

Q := AS,A'S,,, (24)
where Sy := I$" "1 — 20, ., (0], and Sy, := IF" ® Z. Note that for every k € N, it holds that

Q*A10),,10) = cos((2k + 1)8a) [¢0),, |0) + sin((2k + 1)8a) [¢1),, |1) , (25)

(c.f. |12 Section 2]). We observe that measuring boosts the probability of obtaining the good state to
sin?((2k +1)6,) which is larger than sin?(6,) when measuring directly, provided 0, is sufficiently small so that
(2k +1)0, < . Using quantum Fourier transform and a number of multi-controlled operators for QF  Brassard et
al. designed the QAE algorithm |12, Algorithm(Est_ Amp)] to estimate a with high probability using only O(e~1)
queries of A (see |12, Theorem 12]). It is noted that Brassard et al.’s algorithm enables a quadratic speed-up for
many approximation problems which are solved classically by Monte Carlo simulations under the assumption that
the corresponding distribution can be uploaded in rotated form . However, due to difficulties in implementing
large number of controlled unitary operators as well as the quantum Fourier transform (QFT) operator on quantum
computers, several variants of the QAE algorithm without using QFT have been proposed recently; see e.g., |1} [32,
34,147, |51} 56, |59, |70L |72, [74]. In this paper, we use the modified iterative quantum amplitude estimation algorithm
(Modified IQAE) [31, Algorithm 1] introduced recently by Fukuzawa et al. [31], which is a modification of the
IQAE algorithm presented by Suzuki et al. [70]. In brief, the Modified IQAE algorithm consists of several rounds

where for each round i, the algorithm maintains a confidence interval [9}1), 9181)] so that 6, lies inside this interval
with a certain probability. The confidence interval is narrowed in each subsequent round until the terminating
condition 6, — 6; < 2¢ for prespecified € € (0,1) is satisfied. The return output of the Modified IQAE algorithm is
the confidence interval [a;, a,] for a, where a; := sin?(6;) and a, := sin?(f,). The following statement is a direct
rephrase of the main results in [31].

Proposition 2.11 Let a,e € (0,1) and let A be an (n + 1)-qubit quantum circuit satisfying
A10),,10) = V1 —alvo), [0) + vValir), 1) (26)

where n € N, |g),, , [¥1),, are normalized states, a € [0,1], and where A can be constructed with N4 € N number
of elementary gates. Then, the following holds.

1. The Modified IQAE Algorithm [31, Algorithm 1] outputs a confidence interval [a;, a,] that satisfies
a & laj,ay), with probability at most «, (27)

where 0 < a,, — a; < 2¢. In particular, the estimator a := ‘“‘TJ“” of a satisfies

la —al <e, with probability at least 1 — «, (28)
2. the Modified IQAE Algorithm uses at most
62 21
62, () (20)
3 @

applications of A, and



3. the Modified IQAE Algorithm uses n+ 1 qubits and requires at most
T

e (8n% + 23 + Ny) (30)

number of elementary gates.

Proof. Ttem 1. and Item 2. are proven in |31 Theorem 3.1] and |31} Lemma 3.7], respectively. For Item 3., we note
that |31, Algorithm 1 Modified IQAE] uses quantum circuits Q%A which is defined by , where £ € N. Let us
construct the operator Q (c.f. (24)), as outlined in [61, Section 3]. We note that the operator Sy, be constructed
using one Z gate. By direct computation (or see [61, Figure 5]), the operator Sy satisfy the identity

So = XPUHD(IP" @ H)C™(X) (15" @ H)X®" D, (31)

where C"(X) is the generalized version of Toffoli gate, which uses the first n-qubits for control. The multi-control
gate C™(X) is constructed as a quantum circuit in |65, Theorem 2] using 2n? — 6n + 5 controlled X-rotation gates
CR,(0), where each CR,(f) gate can be constructed with 4 elementary gates by the following definition

CR,(0) = (I, ® R.(£))CNOT(I, ® R, (%))CNOT, (32)
see also the proof of Lemma Thus, by , the operator Sy can be constructed using
(n+1)+1+4(2n* —6n+5)+1+ (n+1) < 8n? +22 (33)

elementary gates. Finally, since the set of elementary gates is closed under inversion, the number of elementary
gates used to construct A' is the same as the number of elementary gates used for A. Hence, the number of
elementary gates used to construct Q is at most

Ng+ 1+ Nyg+ (802 +22) = 8n? + 23+ 2N 4. (34)

Next, by 31, Lemma 3.1], the integer k satisfies the bound 2k + 1 < J-. Thus, the number of elementary gates
used to construct the operator Q% A is at most

k(8n* +23 +2N4) + N4

=k(8n* +23) + (2k + 1)N 4

< (2k 4 1)(8n% + 23+ N4)
s

< —(8n? 4+ 234+ N,h).

< 45( n? + 23+ N4)

Remark 2.12 Let us remark the following on the Modified IQAE algorithm [31)].

1. The total number of rounds t € N in (31, Algorithm 1 Modified IQAE] is bounded by logs (72 ), see |31, Section
8.1]. For each round i =1,...,t, the quantum circuit Q% A is prepared on a quantum computer, where each
k; € N are found recursively by using the subroutine [31, Algorithm 2, FindNextK]. Note that each of these
quantum circuits require the same number of qubits as with the quantum circuit A. Moreover, each k; satisfy

2k; +1 < 1, [31, Lemma 3.1].

2. Since the number k; is the mazimum among the k;’s, we infer that (31, Algorithm 1, Modified IQAE] requires
the number of elementary gates used to construct the quantum circuit QA on a quantum computer in order
to run the Modified IQAE algorithm, which can be bounded by .

3. The query complexity (i.e. number of applications) of A in Proposition is defined to be the number of
times the operator Q is applied in the algorithm, which is

t
Z kN, (36)
=1

where N; is the number of measurements made on Q¥ A|0), |0) in round i. Hence, the query complexity of
A can be interpreted as the computational running time for the Modified IQAE algorithm. It was shown in
[31, Lemma 3.7] that this number is bounded by (29).

4. We emphasize that other versions of the QAE (or IQAE) algorithm offer essentially the same query complexity
(i.e. O(% ln(é)) up to logarithmic factors of =1). In this paper, we chose the Modified IQAE for the quantum
ampltitude estimation subroutine in Algorithm (1| since the bounds on the query complexities in [31|] were
explicit. We refer the reader to Section 3.2 in (28] for a detailed comparison for the query complezities of the
different QAE algorithms that are available in the literature.



2.4 Algorithm [1) and main result

In this section, we first present our quantum Monte Carlo algorithm named Algorithm [1] to solve Black-Scholes
PDEs with corresponding continuous piecewise affine payoff function . Moreover, we then outline Algorithm
and present our main result in Theorem [T} namely a convergence and complexity analysis of our algorithm.

Algorithm 1: Quantum algorithm for solving Black-Scholes PDEs with continuous piecewise affine payoff
functions
Input: € (0,1), € (0,1),deN, r,T € (0,00), (t,z) € [0,T) x R%, covariance matrix Cy € R4*?, and
continuous piecewise affine function

K
Ri Bw»—>h(w)zzgkmax{ak7l-as+bk,l:l:l,...,]k} eR
k=1

Output: Ut z€R
Set Cy,C4,C5 € [1,00) to be the constants given by Assumption H Assumption [2.4) and Assumption

[416] respectively.
2 Set

=

ny = [m,dﬂ, ng =1+ ﬂogg(czﬂ, myp = ’le,d,s—la mg 1= [m2,d,sm

where 1y g, M1,4,c,M2,4,e are defined in ([314))-(316]) in Proposition

3 Set

N = ‘ s Y= " 5= ‘ s and 6n21m2,k7l, nQ,mg,k,l - for k= 1 K, | = 1,. . .Ik.

Construct probability distribution quantum circuit P = Py using Assumption m (with n < ngq,
M <= My, € < gezpanrrr in the notation of Assumption .
2

'y

5 Construct continuous piecewise affine payoff with rotation quantum circuit Rj given by Proposition m

(With §< 85, Ak 1,5 — En%m2 (6n2,m2,k,l,j>7 bk,l < En%m2 (gng,mQ,k,l) for k = 1, ey K, [ = 1, ce ,Ik,
j=1,...,d in the notation of Proposition |4.24]).
onstruct the quantum circuit A = Ry (P ® B using the quantum circuits R;, an .
C he g ircuit A = Ry, (P I2®(N d(n1+m1))) g the q R d P
7 Set a = ‘“TJ“” using the output [a;, a,] from the modiﬁed iterative quantum amplitude estimation
algorithm [31, Algorithm 1 Modified IQAE] (with € <— 5, a <= @, Nspots < 1, and A < A in the notation
of [31, Algorithm 1]).

8 Return U o := 5~ tye (T (26 — 1).

(=)

2.4.1 Outline of Algorithm
The steps of Algorithm [I| can be briefly described into four parts as follows:

—_

. upload the transition probability function p(-,T;x,t) given in ,

[N)

. upload the continuous piecewise affine payoff function A : Ri — R given in ,

@

apply the Modified IQAE algorithm [31, Algorithm 1] to obtain an estimated amplitude @ € [0, 1],
4. rescale the estimated amplitude a to output fjt,:z: which approximates u(t, ) defined in .

More precisely, in order to apply the Modified IQAE algorithm in step 3, we first need to upload both the prob-
ability distribution function and the payoff function as quantum circuits. For the first step, we need to truncate
and discretize the distribution function on a grid. The corresponding parameters ni,m; € N encodes the grid
([-2m—1 2m=1t — 2™ 0 27™7Z)4  which is the support of the discretized distribution. Then, the truncated,
discretized distribution can be uploaded approximately on the quantum computer using the quantum circuit P,
introduced in Section [£:3] The corresponding parameter v is needed to renormalize the amplitude coefficients in
P \0) d(ny+m,) O [0,1]. We note that step 1 accounts for the truncation error, quadrature error, and distribution
loading error in Section [5} see Proposition [5.4] Proposition and Proposition [5.10} respectively.

In step 2, we discretize the coefficients ((LM7 bi,;) of the continuous piecewise affine payoff function onto a
grid. The corresponding parameter ne € N encodes the bounds on the coefficients while the parameter mo € N
encodes the rounding off accuracy level for the coefficients. We construct the quantum circuit Ry that encodes
the approximated continuous piecewise affine payoff in a phase amplitude using controlled Y -rotation gates. The
corresponding parameter s = s indicates the scaling parameter for the rotation circuit Ry, see Proposition
We account for the errors for approximating the payoff function A : Ri — R and the rotation errors in Proposition
and Proposition The quantum circuit A is then defined as the combination (i.e. composition) of the two
quantum circuits P and Ry, which enables us to apply quantum amplitude estimation (QAE) algorithms.
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Figure 1: Flowchart of Algorithm 1. (Top left) (1) Construction of the operator A using probability distribution operator P
and continuous piecewise affine payoff operator Ry. (Top right) (2) Construction of the Grover operator using the operator
A, oracle operator Sy, and phase flip operator So. (Bottom) (3) Illustration of the Modified Iterative Quantum Amplitude

Estimation algorithm to produce the final estimate Uy g.

In step 3, we apply the Modified IQAE algorithnﬁ [31] with A to get an output @ € [0, 1]. Then in the last step,
since the estimated amplitude @ given by the Modified IQAE algorithm is between 0 and 1, we need to rescale this
number to approximate the option price u(t,x). We account for the QAE error in Proposition

2.4.2 Main Theorem

Theorem 1 Lete € (0,1), a € (0,1), d €N, r,T € (0,00), (t,x) € [0,T) x R, and covariance matriz Cyq € R**?
be the input of Algorithm . Let u(t,x) € R be the option price given by with continuous piecewise affine payoff
h: Rfl,_ — R given by , let Assumption Assumptz’on and Assumption hold with respective constants
C1,05,C3 € [1,00), and let ¢, &1, &y, €3 € [2,00) be constants defined by

€= 202264012T262TT iiIll?J.)(.,d{17 z?}, (37)
¢ 1= 648C5 log,(c), (38)
€ = (1.6 x 108)CEC5 (27 1ogy (c)) ™12 (39)
€3 := (6.1 x 105)02c%. (40)
Then, Algorithm outputs ('_7257m € R which satisfies
lu(t, ) — Uy <e, with probability at least 1 — o, (41)
where the number of qubits used in Algorithm[1] is at most
¢1d?*(1 4 logy(de™)), (42)
the number of elementary gates used in Algorithm[1] is at most
o {1075, 4.754Ca} . =3(1 4 1og (de—1))max{(32Cs} (43)
and the number of applicationsﬂ of quantum circuit A in Algorithm |1 is at most
C3d" e In(Z). (44)

4We emphasize that the other QAE algorithms can also be used since the query complexities are essentially similar to [31], c.f.
Remark Ttem 4.
5c.f. Remark Item 3. for the precise meaning of number of applications.

10



Remark 2.13 Let us remark the following on the complexity of Algorithm/[1]

1. The bounds and on the number of qubits and the number of elementary gates in Algom'thm specify
the requirements on the quantum computer needed to run Algorithm . The bound on the number of
applications of quantum circuit A can be interpreted as the computational running time for Algorithm [1]

2. The O(¢73) running time complexity in can be attributed as follows.

(i) The truncation of the integral (7)) from R to the cube [0, M]? requires M ~ 2™ ~ O(e~'), see Propo-
sition [57)

ii) Since the payoff function h grows linearly, ||h|| (o a4y grows of order O(e~'). Hence we require the
((0,M)%)

1/2
scaling parameter s to satisfy s ~ O <<|h|35) > ~ O(e?), see Proposition|5.11}

Lo°((0,M)4%)

(iii) We use the Modified IQAE to output @ with accuracy es ~ O(e3) to obtain the estimate ([41)), see
Proposition . This implies the query complexity bound .

In the case where the payoff {unction h : R‘i — R is bounded uniformly in x € Ri, then the scaling
parameter s requires only O(e2), see (ii) above. This implies that the number of applications of A can be

reduced to O(e™ 2), which is a speed-up compared to classical Monte Carlo methods and recovers the complexity
observed in [69]. We highlight that the fact that an unbounded payoff function can lead to a higher complexity
has been already briefly outlined in (15, Equation (36)]. Moreover, we highlight that one cannot expect to
obtain O(e™1t), which would have meant to have a quadratic speed-up over classical Monte Carlo methods,
since one cannot expect to have an oracle which can perfectly upload the distribution and payoff function in
rotated form (see, e.g., or (13, Equation (16)]), as already pointed out, e.g., in [39].

3. We note from 7 that the number of qubits and elementary gates used in Algorithm |1 as well as the
number of applications of the quantum circuit A grow only polynomiallﬂ in d and e~'. This is in line with
classical (i.e. non-quantum) Monte Carlo methods, where the number of Monte Carlo samples required in
order to approximate the solution of the Black-Scholes PDFE u(t, x) only grows polynomially in the dimension

d and €71, see, e.g., [40)].

Indeed, let N € N be the number of classical Monte Carlo samples, let Y™ n = 1,...,N be N inde-
pendent samples of the stock price process St given that Sy = x (c.f. Lemma , and let uﬁc(t,m) =

E_Tj\f_t) 25:1 (Y ™) be the classical Monte Carlo approzimation of u(t, ). By using Markov inequality,
the linear growth property of the payoff function h under Assumption (see Lemma , and second mo-
ment estimates for the multi-variate lognormal distribution under Assumptz'on (see (228)) ), we see for any

prescribed accuracy € € (0,1) that

N
P (ju(t, ) — ul(t, @) > ) =P ( E[h(ST)|S; = 2] — % Z A(Y (™)| > 567-(T_t)>
E U]E[h(ST) | Sy =] — % 71:/:1 h(Y("))ﬂ (45)

<
= c2e2r(T—1)

20§d3 (1 + deQCsz e2rT maXi:l,..47d{1’ .1‘12})

Ne2e2r(T—1)

<

Therefore, for any confidence level o € (0,1), by choosing

20§1d3 (1 + dEZClzTZ e2rT maX¢=1,..4,d{1a x?})

N >
= ae2e2r(T—t) '

(46)

we can ensure that
P (|u(t,z) — ujic(t, )| > ) < a (47)

as required. Since each sample of Y'") requires d copies of standard Gaussian random variables, we conclude
that the total computational cost for a classical Monte Carlo method to approximately solve the multi-variate
Black-Scholes PDE is about Nd = O(d°~2).

4. The explicit constants 7 are not likely to be sharp since we did not optimize every inequality when
bounding the number of elementary gates used to construct the quantum circuits in Section[{.4}

...,a{lz:|} is uniformly bounded in d € N. This assumption is naturally fulfilled in
corresponds to the (squared) spot price of the i-th asset.

Sunder the additional assumption that max;—i,

: 2
practice, as x3

11



3 Numerical Simulations

In this section, we discuss the implementation of the proposed quantum algorithm, and illustrate its numerical
performance on three concrete European options introduced in Example in dimension two. We have devel-
oped a package we named gfinance using the Qiskit framework to implement our proposed algorithm. The
OptionPricing class within this package enables the user to input the stock parameters (i.e. volatility o, cor-
relation p, interest rate r, current time ¢, spot price S, and maturity T), select from any of the six classes of
continuous piecewise affine payoff functions h presented in Example together with its corresponding parame-
ters (i.e. weights and strikes), as well as specify the error tolerance ¢ in order to obtain an approximated value for
the solution u(t, ) of the PDE with payoff function h which corresponds to the fair price of the option h at
time ¢ given spot price S; = .

In our presented numerical simulations, we implement Algorithm [T] to approximate the expected option payoff
u(t, ) at time t = 0, see for the analytic expression. We used two assets with each asset having initial spot
price of x = Sy = 2.0, volatility of 0 = 0.4, an annual risk-free interest rate of » = 0.04, and a time to maturity
of T = 40 days, and where the assets are correlated to each other with a correlation coefficient of p = 0.2. These
asset parameters are processed to produce an expected future price of pg, := E[St] ~ 2.00879 with a standard
deviation g, ~ 0.267168.

All numerical experiments presented in this section were implemented using IBM’s quantum computing toolkit
Qiskit [58]. We utilized the LogNormalDistribution class from Qiskit to load the multivariate log-normal
distribution on the quantum computer. We discretize each asset price St using three qubits, hence into eight
distinct values on equally spaced points in the interval [max{us, —30s,,0}, s, +30s,.]. Namely, |000) is mapped
to max{ps, — 30s,,0} and |111) is mapped to pus, + 305, in the natural binary order.

The integration of the distribution loading quantum circuit and the payoff quantum circuit forms the quantum
circuit A, which is used as the input for the Quantum Amplitude Estimation (QAE) algorithm. We employ the
Modified Tterative Quantum Amplitude Estimation (Modified IQAE) in [31, Algorithm 1], with the parameters
a = 0.005 and € = 0.001; see Proposition For the numerical results, Estimated (mid) corresponds to ﬁt,m (see
line 8 of Algorithm [1] for the precise rescaling of @) whereas Estimated (high) and Estimated (low) correspond to
the same scaling as line 8 of Algorithm [I] but with respect to a,, and ay, respectively. All numerical experiments in
this section were implemented in Python using Qiskit on an Ubuntu 22.04 machine with a AMD Ryzen 9 5950X
@ 3.875GHz CPU with 64GB of RAM and Nvidia GeForce RTX3090 GPU. The source codes are available at
https://github.com/jianjun-dot/quantum-finance,

3.1 Basket Call Option

We consider the basket call option with two assets and strike x where the weight of each asset is set to one, i.e.,
h(z1,x2) = max{x; + z2 — &, 0}. (48)

The results of the algorithm across a range of strike prices are shown in Figure 2] We see that the esti-
mated expected payoffs align closely with the reference values, which are computed based on the probabilities
in LogNormalDistribution.

= Reference
® Estimated
0.40 1 {
=
£ 035 {
E T
o
]
by
a 0.30 1 o
bt
) t
E
0.25 E

T T T T T T T T T
3.62 3.65 368 372 375 378 381 384 387 39
Stnke Price k

Figure 2: Ezxpected payoff estimates from our proposed algorithm for the basket call option across a range of strike prices,
compared with the reference expected payoff. The tested strike prices are labeled on the horizontal axis.
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Strike Price x | Reference | Estimated (mid) | Estimated (high) | Estimated (low)
3.62 0.426180 0.427173 0.428978 0.425367
3.65 0.402294 0.404174 0.416717 0.391631
3.68 0.378408 0.379875 0.381912 0.377837
3.72 0.346561 0.350753 0.363412 0.338095
3.75 0.322675 0.322466 0.335617 0.309314
3.78 0.298789 0.300295 0.302123 0.298467
3.81 0.279313 0.276816 0.288819 0.264814
3.84 0.261602 0.269334 0.281401 0.257267
3.87 0.243890 0.246027 0.255811 0.236242
3.90 0.226178 0.224180 0.233560 0.214800

Table 1: Numerical results for basket call options

3.2 Call-on-min Option
We consider the two-asset call-on-min option with the following payoff function
h(z1,22) = max{min{zy, 2} — &, 0}. (49)

The performance of our proposed algorithm is evaluated across a range of strike prices, with the results shown in
Figure

u Reference

® Estimated
0.5 1

0.4 1

0.3 4

Expected Payoff

0.1

-

0.0 1 g - .

T T T T
1.33 145 157 169 181 193 205 217 229 241
Strike Price k

Figure 3: Expected payoff estimates from the algorithm for the call-on-min option across a range of strike prices, compared
with the reference expected payoff. The tested strike prices are labeled on the horizontal axis.

Strike Price x | Reference | Estimated (mid) | Estimated (high) | Estimated (low)
1.33 0.549242 0.549779 0.556598 0.542961
1.45 0.429959 0.429376 0.437922 0.420830
1.57 0.315390 0.313495 0.319649 0.307340
1.69 0.207789 0.208521 0.209452 0.207590
1.81 0.127052 0.128095 0.129009 0.127182
1.93 0.061264 0.072553 0.073112 0.071993
2.05 0.030753 0.031998 0.032863 0.031132
2.17 0.009879 0.011256 0.012077 0.010435
2.29 0.004124 0.005356 0.005689 0.005022
2.41 0.000863 0.001378 0.001902 0.000854

Table 2: Numerical results for call-on-min options

3.3 Best-of-call Option

The best-of-call option is the most complex option among the examples discussed, as it involves multiple assets
with multiple strike prices. Here, we consider a two assets, two strike prices best-of-call option, with the following
payoff function

h(z1,x2) = max{x; — K1, 22 — K2,0}. (50)
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We tested our proposed algorithm across a range of strike prices, with the results shown in Figure

I Reference
® Estimated
0.30 1
-
£ 0.25 1 -
; L4
&
-
U
3
Q. 0.20 1
g )
0.15 1 L I

T
1.8 1.9 2.0 2.1 2.2
Strike Price k

Figure 4: Expected payoff estimates from the algorithm for the best-of-call option across a range of strike prices, compared
with the reference expected payoff. The strike price of the first asset is fized, while the strike price of the second assets is
varied.

Second strike price fixed at ko = 2.01
Strike Price k1 | Reference | Estimated (mid) | Estimated (high) | Estimated (low)
1.74 0.317163 0.318514 0.324408 0.312619
1.80 0.275635 0.270604 0.280077 0.261131
1.85 0.246069 0.239256 0.248482 0.230031
1.90 0.217595 0.215355 0.223858 0.206853
1.96 0.193578 0.195811 0.203952 0.187671
2.01 0.173564 0.172656 0.183125 0.162187
2.06 0.159330 0.155583 0.161787 0.149379
2.12 0.142249 0.131429 0.142335 0.120523
2.17 0.134635 0.136207 0.145155 0.127260
2.22 0.127487 0.127613 0.136500 0.118725

Table 3: Numerical results for best-of-call options

3.4 Discussion on the numerical simulations and their possible extension to higher
dimensions

We see from the numerical results that the algorithm meets our performance expectations. Compared to the results
in |69, [73], our work extends the application to cover more complex call options, including multi-asset call options
such as call-on-min and best-of-call options. New circuits are constructed to handle these options, incorporating
components such as subtraction subroutines and comparison subroutines.

Currently, our implementation is limited to options involving two variables. Nevertheless, the framework can
be easily extended to multiple variables through the integration of multiple Q(comp) subroutines (later introduced
in Lemma for variable comparisons. To discuss the involving steps more in detail, let us consider, e.g., the
extension of the best-of-call option from two variables to three variables. The payoff function of the three variable
case is defined as:

M1, z2, x3) = max{z1 — k1,22 — Ko, T3 — K3,0} (51)
which can be decomposed into multiple nested two-variable comparisons:
h(z1,x2, r3) = max{max{max{x; — k1,22 — K2}, 3 — K3},0}. (52)

This approach systematically extends the circuit from the two-variable case. For each variable, an ancilla regis-
ter is added to load the corresponding strike price. Three different subtraction subroutines are applied on the
corresponding variable and its ancilla, resulting in three different registers with that stores |z1 — k1), |T2 — K2),
|z3 — k3). To determine the maximum of three registers, we can use two comparison operators. The first Q(comp)
operation compares registers |1 — k1) and |ze — ko), storing the comparison results in the ancilla register |c¢1). By
controlling on the results of the ancilla register [c1), a second Q(comp)(max{z; — k1,22 — K2}, 23 — K3) operation
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then compares the result max{z; — k1,22 — K2} from the first comparison with z3 — k3, and stores the result in
another ancilla register |c2). Using the outcomes of the two comparison operators Q(Comp) (1 — K1, 22 — K2) and
Q(comp) (max{zy — k1,22 — Ko}, 23 — K3), the largest value can be identified as outlined Table 4l Accordingly, by
controlling the circuit based on the comparison results, the appropriate register can be selected to compute the
expected payoff. By iteratively applying this nested Qcomp) strategy, the algorithm can be generalized to calculate
the payoff for any d variables.

For general continuous piecewise affine payoff functions, we expect a quadratic increase (ignoring logarithmic
factors) with respect to the dimension d in the number of qubits resource requirement due to the following two
reasons — the number of comparison operations required is O(d) under Assumption and the computation for
each affine sum (i.e. @ — aj; - @ + by in (B)) requires O(d) arithmetic operations and storage. We refer to
equation for the amount N of qubits needed to upload the (discretized version of the) continuous piecewise
affine payoff function, which under Assumption satisfies N = O(d?). This and line 6 of Algorithm (1] hence
imply that the amount of qubits needed for Algorithm [I| scales quadratically in the dimension d of the PDE.

We highlight that the presented steps involving nested Q(comp) can be similarly applied to other options pre-
sented in Example

However, current quantum computing hardware are still too nascent to handle complex computations involving
multiple variables. Thus, given the computational constraints, only two variables systems are implemented and
tested in the package. As compute power increases, we can use the method described to extend the circuit to
accommodate more variables.

ler) ———— |0

lcg) —————— ] B

|71) — - | B
Subtract Q(Comp) (531 — K1,T2 — /QQ)

|k1) — L 21 — k1) || B

|z2) — ] 1 Q(comp) (max{z; — k1,22 — Ko}, T3 — K3) [—
Subtract

‘K/Z> ] — |z2 — K2) | | -

|23) — B
Subtract

|K3) — B

Figure 5: Description of the circuit to compare three variables. The first Qcomp)(®1 — k1, %2 — ka) compares the subtraction
result stored in the register |k1) and |k2), and the result of the comparison is store in register |c1). The second comparison
Q(comp) (max{z1 — K1,T2 — Ko}, @3 — K3) is then controlled on the results from the first comparison, thereby selecting the
correct register for the second comparison. The result of the second comparison is then stored in |c2).

Measurement results for |c1), | Measurement results for |c2), | Maximal value
100 100 T3 — K3
100 010 T — K2
100 001 T — K9
010 100 T3 — K3
010 010 T1 — K1
010 001 r1 — K1
001 100 I3 — K3
001 010 1 — R1
001 001 1 — K1

Table 4: The measurement results for the corresponding Qomp) operations, and the identified mazimal value among the
three variables. The ancilla register |c1) holds the result for the first comparison Qcomp)(T1 — K1, T2 — K2) between 1 — K1
and x2 — k2, whereas |c2) holds the result of the second comparison Qcomp)(max{x1 — k1,22 — K2}, x3 — K3). For cases where
the two variables are equal, the first variable is selected as the maximal value. The ancilla results can locate the mazximal
value for computing the payoff in the subsequent parts of the circuit.
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4 Quantum Circuits

In Section we introduce the so-called two’s complement method for representing signed dyadic rational numbers
on a bounded interval using binary strings of finite length. These binary strings correspond to the grid points on the
truncated interval. The binary strings are represented by the qubits on the quantum computer, in the form of linear
combinations of the computational basis states |i),, = |i1) |i2) ... |in), where i = (iy,...,i,) € {0,1}". In Section
2] we describe how quantum circuits are constructed to perform arithmetic operations on two complement’s
numbers. In Section we assume that the discretized multivariate log-normal distribution can be loaded on the
quantum computer with complexities comparable to the estimates in [15]. In Section the approximate option
payoff function is loaded, by using quantum circuits that perform arithmetic operations on numbers represented
by the two’s complement method.

4.1 Representing signed dyadic rationals using the two’s complement method

The two’s complement method is a way of representing signed integers on a computer using binary strings, see e.g.
Chapter 2.2 [13| for an introduction to the subject. We first describe the representation of signed integers using
the two’s complement method. For a given n € N and for an integer # € [-2"~1,2"~! —1]NZ, we encode x in the

two’s complement method by a n-bit string denoted by (z,—1,Zn—2, - ,2o) € {0,1}™. The value of the integer =
is converted from the bit string (z,_1,--- ,2o) by the following formula
n—2
r=—x,_ 12" + Z x,2F. (53)
k=0

The most significant bit (MSB) is the bit z,_; € {0, 1} which determines the sign of 2. There are classical computer
algorithms for performing arithmetic operations (such as addition and multiplication) in the two’s complement
representation, such as the carry adder algorithm and Booth’s multiplication algorithm |13]. Numbers with a
fractional part can also be represented using the two’s complement method. This can be done by introducing
the radiz point (commonly referred as the decimal point in decimal expansion) to separate the integer part and
fractional part. The additional bits are mapped to the dyadics 27, m € N to represent the fractional part of a
number.

Definition 4.1 (Two’s complement representation) Let n € N, m € Ng. For m > 1, we define the following
set of (n,m)-bit strings by
Fn,m = {0’ 1}n X {07 1}m = {((mnflawnf% cee awO)’ (S(:,l, ce 7x*m)) € {07 1}n X {07 1}m}’ (54>

and the set of dyadic rational numbers on a closed interval by

Kpm = [-2"71, 2" 27| N2~ ™7 .= {—2n~ 1 —on~l po=m _on=lpg.9=m  on=l_g=my (55)

Further, we denote
Kn,m,-‘r = Kn,m N [0; OO), and Kn,m,— = Kn,m N (_007 O)a (56)
and we denote

From+ = {((0,2n—2,...,20), (T-1,. .-, T—m)) : Tp—2, ..., Ty € {0,1}}, and

Fom,— ={((1,zp—2,...,20), (T—1,.. ., Z—m)) : Tn_2,...,T_m € {0,1}}. (57)

If m = 0, we then use the usual signed integers K, o = [-2"1,2"=1 — 1] N Z and the set of n-bit strings
Frno:={(xn-1, - ,z0) € {0,1}"}, and define K, o + and F,, o+ analogously.

Definition 4.2 (Encoder and decoder maps) Let n € N, m € Ny. We define the encoder function which maps
the rational numbers to bit strings by

En,m : Kn,m — IFn,m

58
Y= ((Tp_1, Tn—2y-,20), (T—1,-- -, T_m)) (58)
where we define By, (y) = (Tn—1,Tn—2,...,20), (T_1,...,T_m)) recursively by
1, ify<o0,
Tn-1 = .
0, ify=0,
(59)

1a Zf 7‘Tn—12n71 + 2n72 S Y,
Lo — =
"2TN0, i —wali 27 4272 sy,
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and fork=n—-3,n—4,...,—m,

n—2
L, if—m, g2 4 ) @2 28 <y,
o = gy (60)
0, if—mp12"7+ > 320 428 >y
J=k+1

We define the decoder function which maps the bit strings to the rational numbers by
Dn,m : IF1’L,7n — Kn,m
n—2
((Tn—1,Tn-2y.- -, x0), (T—1,.. ., T_p)) — — X127 4 Z x2F.
k=—m
The sets F,, ,,, and K,, ,,, are equivalent in the following sense.

Proposition 4.3 (Bijection between (n,m)-bit strings and dyadics) Let n € N, m € Ng. The sets F,, ,,, and
Kom (c.f. Deﬁm’tion have the same finite cardinality, and the encoder and decoder functions B, », : Ky —
Fpm and Dy by : By — Ky (cf. Deﬁm’tion are bijective and inverses of the other.

Proof. For the first part of the statement, by observing that
Kom=1{j-2"":5=0,1,...,2""" " —1}u{—j-27™:j=1,...2""m1} (62)
it follows that
H#Kpym = 2277771 = 2727 = £({0,1}" x {0,1}") = #Fp m, (63)

where we denote by #A the cardinality of a set A. This shows that the two sets F,, ,, and K, ,, have the same
cardinality. Injectivity is clear from Definition[4.2] and bijectivity follows from injectivity since both sets have same
finite cardinality. O

In the later sections, we will use the notation ]thm =T, m x - xFy ,, for any k € N. The arithmetic algo-

k-times
rithms in two’s complement (TC) representation for signed rational numbers can be extended from the arithmetic
algorithms on the two’s complement signed integers. The modifying process is done by shifting the fractional bits
to the integer bits, applying the integer arithmetic algorithms, then shifting the integer bits back to fractional bits.
The proofs in the two following lemmas provide the extension procedure.

Lemma 4.4 (Addition in two’s complement) Let ny,n2 € N, and let n := max{ni,na}. Let B : F, o %
F., 0 = Fnt1,0 be the addition algorithm for integers represented in the two’s complement method. Then, for any
my,mo € No with m := max{my, mo}, there is a natural extension of the addition algorithm to the rational numbers
represented in the two’s complement method where B : Fy, i X Fry my = Frng1,m, such that for any x € Fp,
Yy € Fpy ms, there is an unique element x B y € Fy 41, that satisfies

rHBy= En+1,m(Dn1,m1 (‘Z‘) + Dn27m2 (y)) (64)

Proof. First, consider the case where both m; and mgy are positive. Let © = ((zn,—1,...,%0), (T—1,...,Z_pm,)) €
Froym, and ¥ = ((Yng—1,---5%0), W=1, -1 Y—my)) € Fry.m, be given. For every p,q,r € N with r > ¢, define a
left-shift operator 7, : Fp, , = Fp, 1.0 defined by

Trt ((Fp=1s- -, 20), (221, oy 22q)) = (Zp=1y -+, 20, =15+, 2—g, 0,...,0 ). (65)
——

(r — g)-times

Then, it holds that

T (T) = (Tpy—1, -, 20, Tty o, Ty - -y Tem) € Frym0, (66)
Tm(y) = (ynz—la e Yo, Y—1y s Y—mogy - - - ay—m) € Fn2+7rl,07 (67)
where x_ =0fork=m;+1,....mif my <mandy_; =0forl =my+1,...,m if me < m. Hence, we may

apply the integer addition algorithm and get an output 7,,(x) B 7., (y) € Fyt14m,0. Then, for every p,r € N with
r < p, we define a right-shift operator 7_, : Fp o — F,,_,.,- defined by

Tor o (Zp—1,- s 20) = ((Zp—1, -y 2r)s (Zr—1y -+, 20)) - (68)
Let 7, (x) B 7, (y) = 2 = (Zn+ms Zntm—1, - - - , 20), for some bit string z € F,,1,,11,0. Then, we have
Tem (Tm (2) B 1 (¥)) = ((Zntms 2ntm—1, -+ 2m)s (Bm—1,- -+, 20)) € Frg1,m. (69)

17



li1) |i3)

[i2) lia)
liz) li1)
lia) |i2)

Figure 6: An ezample for the quantum circuit for permutation in Lemma 4.8, with = = (13)(24).

Furthermore, it holds that Dy, 11, 0(Tim (2)) = 2Dy i, (2) and Dy 0 (T (x)) = 2™Dyyy m, (y). This implies that

z By =T m(Tm(@) BrmY) = T—mBEntm+1,0(2" (Dny iy (2) + Digms (9))) = Ent1,m Dy ima (2) + Digms (1))
(70)
Hence we have shown . The cases where m; and/or mq equals to zero follow analogously.
O

Lemma 4.5 (Multiplication in two’s complement) Letni,no € N, and letn := ni+ng. Let @ : Fp, oxFp, 0 —
Fr,0 be the multiplication algorithm for integers represented in the two’s complement method. Then, for any
mq, Mo € Ng with m := m1+meo, there is a natural extension of the multiplication algorithm to the rational numbers
represented in the two’s complement method where & : Fy, py X Fopy o — Fr oy such that for any x € Fp, o,
y € Fr, mo, there is an unique element x @ y € F,, ,,, where

B Y= EpmDnymi () - Diyms, () (71)

Proof. First, consider the case where both m; and ms are positive. Let = ((@n,,...,20), (T—1,.. ., Z—m,)) €
Frym, and y = ((Ungs - -5 90)s U=1, -+ sY—my)) € Fpy m, be given. Then, with the left-shift operator 7, defined in
in the proof of the previous lemma, it holds that 7,,(z) € Fy,4m,0 and 7, (y) € Fpytm,0. Hence, applying the
multiplication algorithm on integers we have 7,,, (2) BT (y) € Fpqm 0. This implies that 7_,, (7, () D70 (y)) € Frm.-
We verify that

Y= Tom(Tm(2) BTm(Y) = Tom (En—&-m,O(QmDm,ml(x) Dy () = En,m(Dnl,ml(x) Dy, (v). (72)

Hence we have shown . The cases where m; and/or mq equals to zero follow analogously. O

4.2 Quantum circuits for elementary arithmetic operations

We now describe quantum circuits for arithmetic and elementary operations (such as addition, multiplication,
comparison, absolute value), on qubit registers representing numbers in two’s complement method. There are
many quantum circuits for performing arithmetic operations with its quantum circuit complexities available in the
literature, see, e.g., 3120, (24} [64] 66, |71]. We first introduce in Lemmaan important quantum circuit to perform
permutations, which will be necessary for arithmetic computations in the later parts. We have included quantum
circuit diagrams in this section to visualize the construction of the quantum circuits for their better understanding.
For Lemma Lemma and Lemma we refer the reader to [66] for its quantum circuit diagrams.

Definition 4.6 (Cycle) ([25, Section 1.3, pg 29]) Let n,m € N satisfy 2 < m < n, and let {a1,...,am} C

{1,2,...,n} be distinct numbers. A cycle C := (a1as---am) s a permutation o : {1,2,...,n} — {1,2,...,n} such
that
ait1, ifj=a; forl1<i<m-—1,
O—(j) = ai, Zf] = Qm, (73)
jv Z.fjg{alw-'vam}
Proposition 4.7 (Cycle decomposition theorem) (25, Section 4.1, pg 115]) Letn € N and 7 : {1,2,...,n} —
{1,2,...,n} be a permutation. Then m can be written as a composition of disjoint cycleﬂ
7 =C1C2 - Cp = (a1a2 Gy ) (@ 41@my 42+ Amg) (G 410y 42+ Gy ), (74)
where k is the number of cycles, and {a; : j = 1,...,mg} C {1,...,n} are distinct integers. Moreover, the cycle

decomposition above is unique up to a rearrangement of the cycles and up to a cyclic permutation of the integers
within each cycle.

Lemma 4.8 (Quantum circuit for permutation) 1. Letn € N, and let 7 : {1,...,n} — {1,...,n} be a

permutation. Then, there is a quantum circuit T € U(2™) on n qubits such that for every |i), = |i1)---|in) €
{0,1}™, 4t holds that

Trliyy = Tr lin) - lin) = |in@)) - lingm)) » (75)

"We adopt the convention that cycles of length 1 will not be written.
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and that T, uses at most 2n? swap gates.

See Figure [0 for an ezample.
2. Let Q € U(2™) be a given quantum circuit such that for every |i), € {0,1}",
Qli), = > @i ljn) -+ lin) s (76)
J=(j1,---,Jn)€{0,1}™

where o j € C. Then, T, Q is also a quantum circuit such that for every |i), € {0,1}",

TeQli)y = Y ijliz)inm) - (77)

jefo,1}n

Proof. Firstly, we show, for any j,k € {1,2,...,n}, j < k, and for any n-qubit |i), = |i1)---|in) € {0,1}", that
there exists a quantum circuit 7. consisting of 2(k — j) — 1 swap gates where it holds that

Tiok 1), = lin) - lij—1) li5) [ijo1) - - lik—1) |ix) [ik41) - - |in)

. ) S ) . : (78)
= Jin) 1) k) i) - - lik—1) [i5) lik1) - - Jin) -
Denote by & := SWAP € U(2?) the swap gate which satisfy for all |i1) |i2) € {0,1}? that
S in) [iz) = liz) [i1) . (79)
If k—j=1, (i.e. k=j+ 1) then we simply set
Tjojm=L""oSa "7 (80)
If K — j > 2, then proceeding inductively set
k—j—1 k—j-1 ‘
Tion= [ " eserm™) [ @7 ese "™, (81)
=1 1=0

(c.f. Deﬁnition7 where we use the usual convention that I§$° = 1 € C and A®1 = A = 1®A for any A € U(2™),
m € N. By direct verification, we note that 7T; . satisfy for all |¢),, € {0,1}™ and that only 2(k — j) — 1 swap
gates were required in its construction.
Secondly, by the cycle decomposition theorem (Propositio7 the given permutation 7 can be written as a
1.7)

composition of disjoint cycles (c.f. Definition Proposition as
m=C1Cy - Cp = (102 Gy ) (g 410142 Gmy) (G +1Gmy 42 7 Gy (82)
where k is the number of cycles, and ay,...,am, € {1,...,n} are distinct numbers. Note by convention that each

of these cycles has length m; > 2. For each of these cycles C; = (am, ;41 am,), I = 1...,k, with mg := 0 we
construct the quantum circuits 7¢,, [ =1,...,k, via

mlfl
TC; = H 771i<—’ai+1 = 7:1ml—1<—>aml o '7:1ml_1+1<—>aml_1+2771m1_1<—>aml_1+1? (83)

i=my_1

where the quantum circuits 74, q,,, are constructed based on the first step of the proof (c.f. , , )
Finally, we construct the quantum circuit 7, via

k
Te=]]7c. =Tc. - Teu Te (84)
=1

Thus, (78), (82), (83), and imply that the quantum circuit 7 satisfies (75]). Moreover, we note that the total
number of quantum circuits of the form 7 (c.f. ) is my < n, where each of these quantum circuits requires
2la; — a;41] — 1 < (2n — 1) swap gates. Hence, the total number of swap gates used to construct 7, is at most
n-(2n — 1) < 2n%. Thus, we have proved the first statement of the lemma. The second statement of the lemma
follows directly from the fact that 7 is a linear operator. O

Lemma 4.9 (Quantum circuit for addition) (/66, Section 3.1, QNMAdd]) Let ni,ny € N, with ny > ns.
Then, there is a quantum circuit Qy on (ny +ng + 1) qubits such that for any a € Fyp, 0,b € Fp, 0,

Q) 1[0} (@), [0, = [aBO), 11 10),, - (85)

The quantum circuit Q4 requires ni + 3ny + 18 4 §(n2(2n1 — ng + 3)) elementary gates.
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|0)
‘a>n1+m1 1 }|b>n2+m2
|a H b) 4
(10) ) 4my
T Q) T
‘b>n2+m2 1
r |(1 &8 b>n1+'m1+1
AL [ S
10)

Figure 7: Circuit diagram for é(ﬂ in Corollary

Corollary 4.10 (Quantum circuit for addition with fractional part) Let ny,na, mi,mo € N, with ny+mq >
ng + mo. Let n = nqy + no, and m = my + my. Then, there is a quantum circuit Q(+) on (n+m+ 1) qubits such
that for any a € Fpyy pmy, b € Frpy s,

Q(+) : |a>n1+m1 |b>n2+m2 |O> = |b>n2+m2 ‘Cl H b>n1+m1+1 : (86)

The quantum circuit @(_,_) requires at most 29(n +m + 1)? elementary gates. See Figureljfor the circuit diagram.

Proof. By Lemma there is a quantum circuit 7, with at most 2(ny + my + ng + mo +1)2 = 2(n +m + 1)?
swap gates satisfying

7;1'1 : ‘a>n1+m1 |b>n2+m2 |0> = |0> |a’>n1+m1 |b>n2+m2 ‘ (87)

Note that by Lemma@, we can extend the addition operation B : 'y, 41,0 XFp4ms,0 = Frgma1,0 to B Fpy oy X
Fry ms = Frt1m where 7 = max{nq,ne} and /m = max{m,,mo}. This, the hypothesis that n; + m1 > na + mq,
and Lemma (with n; < n1 + m1, ny < ng + mo in the notation of Lemma imply that there exists a
quantum circuit Q) such that for any a € Fp, 1, , b € Fpyy m, that

Q(-i—) : |0> |a>n1+m1 |b>n2+m2 = |OJEE| b>n1+m1+1 |b>n2+m2 ’ (88)

and that the number of elementary gates required to construct Q4 is
(n1 +m1)? + 3(ny +m1) + 18 + L(na + m2)(2(n1 +my) — (n2 + mo) + 3). (89)
Moreover, by Lemma, @ there is a quantum circuit 7, such that
|a B )

— |b) |a BB b)

ni+mi+1 |b>n2+m2 na+ma ni+mi+1-

which uses at most 2(n +m + 1)? swap gates.

Define the quantum circuit Q(4) := Tr,Q(4)Tx,. Observe that (87), (88), and shows that Q(H satisfies
, and that the total number of elementary gates required to construct Q4 is at most

2(n+m+1)% + (ng +m1)* +3(n1 +m1) + 18 + L (no + m2)(2(n1 +my) — (na +mo) +3) + 2(n +m + 1)?
3
g2(n+m+1)2+(n1+m1)2+3(n1+m1)+18+(n+m+1)2+§(n+m+1)2+2(n+m+1)2

<@2+1+3+18+14+2+2)(n+m+1)>
=29(n +m+ 1)
(91)

O

Lemma 4.11 (Quantum circuit for multiplication) (/66, Section 3.5, QNMMul]) Let ny,ne € N, withny > ns.
Then, there is a quantum circuit Q(X) on (2n1 + 3ng + 3) qubits such that for any a € Fy, 0,0 € Foy 0,

Qi) #1000y, 4y [0}, 10D, 10), [0} = fanic) la @ B),, 1, [a), 1B),,, lamiC) s (92)

The quantum circuit Q(x requires (3(5n} 4+ n1) + 4n3 + 4ning + 6ny + 7) elementary gates.
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— —1 10) lanc) — —

|a’>n1+m1 1 J— I || I >|a“>nl—‘,-7n1
— 1100 m la@b), ] —

|b>n2+m2 1 | | _ >|b>n2-"—m2
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— — O — —
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[anc) o 4 omo 429

— 1 10), - I

Figure 8: Circuit diagram for é(x) in Corollary .

Corollary 4.12 (Quantum circuit for multiplication with fractional part) Let ny,ng,mi,mg € N, with
n1+mi > ng +ma. Let n:=ny +ng and m := my +my. Then, there is a quantum circuit Q) on (2n +2m +
ng +mo + 3) qubits such that for any a € Fp my, b € Fryomy,

Q(X) : |a’>n1+m1 |b>n2+m2 ‘0>n+m ‘0>n2+m2+3 = ‘a>n1+m1 |b>n2+m2 |a O b>n+m |a‘nc>n2+m2+3 ° (93)
The quantum circuit @(X) requires at most 61(n +m + 1)? elementary gates. See Figure@for the circuit diagram.

Proof. By Lemma there is a quantum circuit 7, with at most 2(2n + 2m + ny + mo + 3)? swap gates satisfying
for any a € Fy,, mm,, b € Fpy m, that

7;" : |a>n1+m1 |b>n2+m2 |0>n+m |0>n2+m2+3 — |0> |0>n+m |a>n1+m1 |b>ng+m,2 |0>n2+m2 |0>2 . (94)

Note that by Lemma we can extend the multiplication operation [ : Fpi 1m0 X Frytms,0 = Frim,o to
O : Foimy X Frym, — Fnm. This, the condition that n; + my1 > ng + mo, and Lemma (with ny
n1 +mi,ng < ng +my in the notation of Lemma [4.11]) imply that there exists a quantum circuit Q) such that
for any a € Fp, iy, b € Frpom,

Q(X) : |0> |0>n+m |a>n1+7nl ‘b>n2+m2 |0>n2+m2 |0>2 = |3,HC> ‘a’ ol b>n+7n |a’>nl+m1 |b>n2+m2 |a‘nc>n2+m2+27 (95)

and that the number of elementary gates required to construct Q) is at most
(%(5(7” + m1)2 + (n1 +mq)) +4(na + m2)2 +4(ny +mq)(n2 + ma) + 6(ng + ma) + 7). (96)
By another application of Lemma there is a quantum circuit 7, with at most 2(2n + 2m +ng +ma + 3)? swap
gates satisfying
Twr @ Janc) [a @ b),, .. \a>m+m1 |b>n2+m2 |anc>n2+m2+2 = laBb), ., \a>n1+m1 |b>n2+m2 |anc>n2+m2+3. (97)

We define the quantum circuit é(x) = Tr Q(x)Tx- Hence, , , and imply that the quantum circuit
Q(x) satisfy for all a € Fp, ;m,, b € Fy, m,. Moreover, the number of elementary gates required to construct

Q(x) is at most

1
2(2n+2m+ny +mo +3)> + 5 (501 + m1)? + (n1 +m1)) + 4(n2 + m2)® + 4(n1 + ma)(n2 + mo)
+6(ng +ma2) +7+2(2n 4 2m + ng + my + 3)?

5 1
S2~32(n+m+1)2+§(n+m+1)2+§(n+m+1)+4(n+m+1)2+4(n+m+1)2 (98)

+6(n+m+1)+7n+m+1)+2-3%(n+m+1)2
<(1843+14+4+4+6+7+18)(n+m+1)?

=61(n+m+1)%
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Figure 9: Circuit diagram for @(Comm in Corollary .

Lemma 4.13 (Quantum circuit for integer comparison) ([66, Section 3.4, QComp]) Let ni,ns € N, with
ny > no. Let n = ny 4+ ny. Then, there is a quantum circuit Q(Comp) on (n1 + no +4) qubits such that for any
a e Fnho, b e ]Fnz,O;
Q(comp) * 0) |a),,, [b),,, 10) [0} [0) — [a BID),, (D), |c1) |c2) |cs), (99)
wherd)
[1)10)10), if Dy, 0(@) > D, 0(b),
‘Cl> |CQ> |C3> = |0> |]-> |0> P Zf Dnl,(](a) < Dng,O(b)v (100)
10)10) [1),  if Dy, ,0(a) = D, 0(b).
(

The quantum circuit Q(comp) uses (n? +3n1 + 41 + n2(2n1 — ngy + 3)/2) elementary gates.

Corollary 4.14 (Quantum circuit for fractional comparison) Let ny,ng, my, me € N, withni+my > na+ms.
Let n = ny +no, and m = my +my. Then, there is a quantum circuit Q(comp) on (n+m + 5) qubits such that for
any a € Frpy oy, b EFryms,

Q(Comp) : ‘a>n1+m1 |b>n2+m2 |0>5 = |a>n1+m1 ‘b>n2+m2 |Cl> |02> |CS> |anc>27 (101)

where
1) |

le1) [e2) |es) = 410) 1)

|0) |

0)10),  if Dnymy (@) > Dy s (),
10, if Dinyomy (@) < Dig,ms (D), (102)
0)11), if Dy ma (a) = Dyy mes (b).

The quantum circuit @(Comp) requires at most 175(n + m + 1)? elementary gates. See Figure B for the circuit
diagram.

Proof. The construction of the quantum circuit @(Comp) consists of the following steps.

1. We first employ the permutation circuit 7, from Lemma so that

T @)y 4, 10) g my 1005 = 10)[0) @), 4, 10) 1 gmy, [0) [0} 10) (103)

In this step, the number of elementary gates used is at most 2(n +m + 5)2.

2. Next, we use the comparison quantum circuit Q(comp) from Lemma (with nq < ny +mq, ns < no +mo
in the notation of Lemma [4.13) to obtain

I3 © Qcomp) * 10) [0} |@), 11, [0, 1y, 10010} [0) = [0} |a B b)Y, 4y 11 10) sy ymy €1) [€2) [C3) 5 (104)
where |c1) |e2) |es) satisfy (102)). In this step, the number of elementary gates used is

(n1 + m1)2 + 3(7’L1 + ml) + 41+ (TLQ + mg)(2(n1 + ml) — (ng + mg) + 3)/2 (105)

8The notation a B b here refers to subtraction for a pair of two complement numbers, i.e., for any a,b € Frn,m, aBb € Fpy1m is
defined by En+1,m(Dn,7n(a) - Dn,nL(b))-
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|c) |c)

|0) % Ry(3) Ry(5) —— (By(0))°10)

D
Ay

Figure 10: Circuit diagram for CRy(0) in Lemma

3. We use the adder quantum circuit Q(+) from Lemma (with nq < n1 +m1 + 1, ny < no + mo in the
notation of Lemma [4.9)) to obtain

Q("r) ® I£®3 : ‘O> |(l 8 b>n1+m1+1 |b>n2+m2 |Cl> ‘CQ> |C3> = ‘(a B b) H b>n1+m1+2 ‘b>n2+m2 |Cl> |CQ> |C3> . (106)

In this step, the number of elementary gates used is
1
(n1+mq +1)°+3(n +mq +1) + 18+ 5((712 +ma)(2(ny + my + 1) — (na + ma) + 3)). (107)

4. As elements of Fy,, {2 ,, it can be directly checked that

1,1, any 15 10)s (@—1y vy amy))  if Doy om 0,
(G,E”))Bf\bz (( ) 7a’1 1 ao) (a 1 a 1)) 1 1, l(a’)< (108)
((Oa Oa Apy—1y--- 7(10), (a—la v 70“—WL1)) if D"17m1 (Cl) Z 0.
In the above expression, we treat the leftmost two bits as ancilla qubits and rewrite [(a Bb) Bb),, |, o =
|lanc), |a),,, ;.- We apply another permutation circuit 7 from Lemma [4.8|to obtain
Tx: |(aB0) B b>n1+m1+2 |b>n2+m2 1) le2) les) — ‘a’>n1+m1 |b>n2+m2 c1) |e2) [e3) Janc), . (109)

In this step, the number of elementary gates used is at most 2(n +m + 5)2.

The desired quantum circuit @(Comp) is constructed from the above steps. We note that the number of elementary

gates used to construct @(Comp) is at most

2(n 4+ m +5)% 4 [(n1 +m1)? + 3(ny +my) + 41 + (ng +ms)(2(n1 +m1) — (na +ma) + 3)/2]

1
+ [(n1 +my +1)% +3(m +m1+1)+18+§((n2+m2)(2(n1+m1+1)—(n2+m2)+3))]+2(n+m+5)2
3
§2~52(n+m+1)2+[(n+m+1)2+3(n+m+1)+41+(n+m+1)2+§(n+m+1)]

3
—|—[(n—|—m—|—1)2—|—3(n—|—m—|—l)+18—|—(n—|—m—|—1)2—|—§(n+m—|—1)2—|—2(n+m—|—1)2]+2-52(n+m—|—1)2

< (50 + 48 + 27 + 50)(n +m + 1)?

=175(n +m +1)%
(110)

O

Lemma 4.15 (Controlled Y-rotations) For any 6 € (0,4n), there is a controlled Y -rotation gate acting on two
qubits that performs the following operation

) |0}, ifc=0,

|e) (cos(6/2) 10) 4+ sin(0/2) 1)), ifc=1. (111)

CRy(0) : |c) |0) = [e) (Ry(6))°]0) = {

The quantum circuit to construct CR,(0) requires two R,(0/2) gates and two CNOT gates. See Figurefor the
circuit diagram.

Proof. The quantum circuit can be constructed by the following definition

CR,(0) = (I ® R,(0/2))(CNOT)(I, ® R,(6/2))(CNOT). (112)
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4.3 Distribution loading

The task of loading an arbitrary n-qubit state on a quantum computer is known generally to be a hard problem,
as highlighted, e.g., in [44]. However, in some cases, the problem of loading states representing certain probability
distributions on a quantum computer have been shown to be polynomially tractable. Grover and Rudolph have
shown an efficient method to load a discrete approximation of any log-concave probability distributions [36]. Zoufal
et al. have employed the so-called quantum Generative Adversarial Networks (qGANSs) for learning and loading
of probability distributions such as the uniform, normal, or log-normal distributions, including their multivariate
versions [75]. For these distributions, it has been shown empirically that the qGANs can well approximate the
truncated and discretized distributions, and the gate complexity of the qGANs circuits scale only polynomially
in the number of input qubits. Moreover, recently, [30] introduced Wasserstein qGAN (qWGAN) employing the
Wasserstein loss, and numerically demonstrated the advantage over the standard qGAN methodology. In [15],
Chakrabarti et al. constructed a quantum circuit for uploading the discretized multivariate log-normal distribu-
tions, where they used the Variational Quantum Eigensolvers (VQE) approach [55] to upload quantum circuits for
approximating the cumulative log-return process R{, defined in . It was estimated that loading the discretized
multivariate log-normal distribution requires O(Ld?n log,(¢71)) gates, where L € N is the depth of each variational
quantum circuit for approximating the Gaussian distribution and n is the number of qubits used in each quantum
circuit for approximating the Gaussian distribution, see |15, Appendix E]. Justified by the above examples in the
literature, we make the following assumption.

Assumption 4.16 (Loading of discretized multivariate log-normal distribution) Let n,m € N, and let
T > 0. For everyd € N and (t,x) € [0,T) x R‘i let pa(-, T;x,t) : Ri — Ry be the log-normal transition density
given by . Then, we assume that there exists a constant C3 € [1,00) such that for every d € N and ¢ > 0 there
exists a quantum circuit Pg. on d(n +m) qubits such that the number of elementary gates used to construct Py e
18 at most
C3d (n 4+ m)? (logy (e ~1))“® (113)
and that Pq . satisfies
Pd75 |O>d(n+m) = Z \% ﬁ”' |i1>n+m o |id>n+m ’ (114)

i=(i1,...,id)E]Fi’m’+

Y =1 (115)

icFd

with coefficients p; € [0,1] satisfying

n,m,+
and
~ -1
> B pim| < (116)
i€F; . 4
where

Pim = / pd(yaT; Z, t) dy7 Qi,m = [Dn,m(il)an,m(il) + 2—m) X X [Dn,m(id)a Dn,m(ld) + 2—m), (117)
Q

i,m

and

Y= Z Pim € (0, 1) (118)

i€rd

n,m,+

is a mormalization constant.

Remark 4.17 In case one uses the quantum circuit constructed in [15, Appendixz E] to upload the discretized
multivariate log-normal distribution, the corresponding constant Cs3 defined in Assumption can be chosen to
be C3 := max{2, L}, where L € N is the depth of each variational quantum circuit involved in [15, Appendiz E]
for approzimating the involved Gaussian distributions; we refer to (15, Appendiz E] for the precise construction of
their quantum circuit.

Remark 4.18 For general probability distributions, loading of its discretized probability density function (PDF)
remains one of the main problems in quantum computing. In the quantum computing literature, this step is also
referred to as quantum state preparation, and it is an important initialization step for many quantum algorithms
for pricing options. Recently, there has been new approaches to the quantum state preparation problem in the
literature, that are not related to the gGAN or VQE methods reviewed above. In [41], the authors considered the
quantum state preparation problem for probability distribution with smooth differentiable density functions, such as
the normal distribution, where they proposed an algorithm based on the matriz product state (MPS) approximation
method, and provide an error analysis and numerical convergence for the single-variate normal distribution. In
157], the author proposed a quantum binomial tree algorithm to approximate the option prices in a discrete time
setting. We refer the reader to [16] for a similar random walk based algorithm, and to [67] for a hybrid classical
quantum approach based on deconvolution methods for the quantum state preparation problem. However, to the
best of our knowledge, there seems not to be any result in the literature that provides rigorous upper bounds on the
quantum circuit complexities and as well as convergence for general multi-variate distributions.
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4.4 Loading continuous piecewise affine payoff functions

The goal of this section is to upload (an approximation of) the payoff function h : R? — R given in to a quantum
circuit. To that end, let K € N be the number of component functions of the payoff function h given in , and
fork=1,...,K,let hy : [0, M]? — R be (up to the sign) the corresponding k-th component of h given by

hi () zmax{aw-w—i-bk’l :l=1,...,Ik}, (119)

where aj,; € R4, br; € Rforl=1,...,I;. The parameters (ay,,br,;) are approximated by the two’s complement
method with binary strings of a suitable length. These binary strings are loaded on a qubit register using quantum
circuits with X-gates, see Lemma [4.19] Using the arithmetic quantum circuits that we have constructed in the
Section we construct a quantum circuit which computes the two’s complement-discretized version of the payoff
function hg(z). The discrete payoff function is then loaded by a controlled Y-rotation circuit, see Lemma and
Proposition We have also included quantum circuit diagrams in this section for the ease of understanding of
the involved quantum circuits.

|i1>n1+m1 |i1>n1+ml
|i2>7zl+m,1 |i2>n1+m1
d k
. Tx ®k:1 QEX)) .
|2d>n1+m1 |Zd>n1+m1
Tx
‘0>(d+1)(n2+m2)
|O>d(n+m) Xa,b ‘ ( BEIf:l g Zl) H b>n+m+d
Q) Tx
‘O>d(n2+m2+3)
10)4 |anc)
Figure 11: Circuit diagram for Qi’”’m in Lemma
Lemma 4.19 (Quantum circuit for affine sums) Let d,ny,ny € N, my,mg € No. Let n := ny + na, and
m:=my +msy. Let a1,...,aq4,b € Fpy m,. Then, there is a quantum circuit Qi’”’m on N qubits, where
N = d(m + ml) +(d+1)(na+ mz) +d(n+m)+d(ne +mo + 3) +d (120)
such that for any i1,...,iq € Fn, m,,
d,n,m ;
Q+n " |21>n1+m1 |Zd>n1+m1 |0>(d+1)(n2+m2) |O>d(n+m) |O>d(n2+m2+3) |0>d
. ) d . (121)
0 gy i)y oy | BB, (ar B12k)) B3O lanc),, ,
- n+m-+d

with p := d(2n2 + 2ma + 3) + (na + ma2) + (d — 1)(n + m), and where (Bﬂzzl(ak Hig)) Bb € Fyppm is the two’s
complement binary string representing the affine sum

d
<Z(D"2,mQ (ak) Dy oy (Zk))> + Duyoms (b) € Kn+d,mv (122)

k=1

(c.f. Definition . The quantum circuit Qi’"’m uses at most 563d>(n +m +1)? elementary gates. See Figure
for the circuit diagram.

Proof. The construction of this circuit involves the following steps:

1. We first load the given two’s complement binary strings ay, ..., aq,b € F,, , on the qubit register |0>(d+1)(n2+m2) =
10}y ms = 10) 1y 4 m, - To that end, we use the Pauli X gate to flip the bit 0 to 1 according the binary strings
ai,...,aq,b if necessary, to obtain the state

Xa7b : |0>n2+m2 e |O>n2+m2 = |a’1>n2+m2 e |ad>n2+7n2 ‘b>n,2+m2 ) (123)
where we define
d no—1 ngo—1
Kop = (@ X X‘“«(l)) ® ( & Xb(”) , (124)
k=1l=—mgo l=—mgy
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given the binary strings ax = ((ak(l));zo_l, (ak(l))l;l_mz) = ((ax(ng — 1),...,ar(0)), (ar(=1),...,ax(—mz2)))
€ Fpym, and b = ((b(ne — 1),...,b(0)), (b(-1),...,b(—mz))) € Fp, m,. Note that we use the convention of
X9 = I, for any unitary matrix X. We define the quantum circuit

-,Xva,,b — Ié@)d(nlerl) ® Xa,b ® Ié@(d(n+m)+d(n2+m2+3)+d). (125>
Hence, for any i1,...,iq € Fp, m,, we have

Xab 100)n 4y = [y s 10 (1) (matma) 10 drm) 10)d(ra-4ma+3) 10)a

: : (126)
= ‘Zl>n1+m1 e |Zd>n1+m1 ‘a1>n2+mg e |ad>n2+m2 |b>n2+m2 |O>d(n+m) |O>d(n2+m2+3) |O>d’
and the number of Pauli X gates used to construct the quantum circuit )?a,b is at most

. Next, we apply the permutation quantum circuit 7, from Lemma [£.8] to prepare for the upcoming d multi-
plications so that

7;? : ‘i1>n1+m1 T |id>n1+m1 ‘a’1>n2+m2 e |a’d>n2+m2 |b>ng+m2 |0>d(n+m) |O>d(n2+m2+3) |0>d

d
= ® ( |ik>n1+m1 |ak>n2+m2 |O>n+m |O>n2+m2+3) ® |b>’n2+m2 |0>d
k=1

= |i1>n1+m1 ‘a1>n2+m2 ‘0>n+m |0>n2+m2+3 e |id>n1+m1 |a’d>n2+m2 |0>n+m |0>n2+m2+3 |b>n2+m2 |0>d .
(128)

The number of swap gates used to construct 7 in this step is at most 2/N2.

. Next, for each k = 1,...,d, we apply the multiplication quantum circuit QE@) = @(X) from Corollary
(with nq < ni,ne < ng,my < My, ma < Mmao,a < i, b < ai in the notation of Corollary 4.12) on each
component ([ix),,. . 1@k) ny 1y 100 tm 1001, 4 m, 3) Such that

d d
(k) :
® Q(X) . ® ( |Zk>n1+m1 |ak>n2+m2 |O>n+m |0>n2+m2+3) ® |b>n2+m2 |0>d
k=1 k=1
d
= ® ( ‘ik>n1+m1 |a’k>n2+mz |ak o ik>n+m |anc>n2+m2+3) ® |b>n2+m2 |O>d (129)
k=1

= |i1>n1+m1 |a1>nz+m2 a1 & Z‘1>n-&-m |anc>nz+m2+3 e

e |id>n1+m1 |ad>n2+m2 |ad o Z'd>n-i-m |anc>n2+m2+3 |b>n2+m2 |O>d ’

The number of elementary gates used in this step is at most

d-61(n+m+1)% (130)

. We apply the permutation quantum circuit 7, from Lemma to prepare for the upcoming d additions so
that

X =

7;" : (|ik>n1+m1 |ak>n2+m2 ‘ak o 7:k>n-‘rm ‘anc>n2+7n2+3) ® |b>n2+7n2 ‘O>d
) . , , , (131)
>n1+m1 e |Zd>n1+m1 ‘al o ’Ll>n+m |a’2 o] 22>n+m |O> ‘a’3 o Z3>'n,~|»'m, |0> e

T |a’d o Z.d>n+m ‘0> |b>ng+m2 |0> ‘anc>d(2ng+2m2+3) .

U]
.
s

Here, we consolidate the qubits |a1),, ..., - --,|@d),, 1, in the ancilla qubit placeholder |anc);,,, +om,+3)
as we do not need them in the later computations. The number of elementary gates used for this step is at
most 2N2.

. We perform the following addition inductively on the sums for k =1,...,d — 1

k k+1
H: IFn-l—k:—l,’m X ]Fn,m — F7L+k,77u (la—al(al D il)a (ak-‘rl | ik-i-l)) = llial (CL[ | 7:l)a (132)

and the addition

d d
H: IF'n-‘,—d—lﬂn X an,mg — Fn-{-d,ma (l‘iﬂl(a’l | Z.l)7 b) = (l‘ial(a'l D Zl)) B b7 (133)
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(c.f. Lemma for definition of H). That is, we apply the quantum circuit QET) = Q(4) from Corollary

k
4.10| inductively for k = 1,...,d — 1 (with ny < n+k — 1, ng < n, my < m, ma < m, a l@ﬂl(al 84),

b < ag4+1 Eig41 in the notation of Corollary , and we apply the quantum circuit QEZ)) = Q4 (with

d
ny < n+d—1,ny < ng, my < M, My < My, a < lEﬁl(al [4;), b < b in the notation of Corollary [4.10

that
|i1>n1+m1 e ‘id>n1+m1 |a1 o] Zl>n+m |a’2 o Z.2>n+7n ‘0> |Cl3 o] i3>n+m |O> e

o Iad o 7:d>n+7n ‘0> |b>n2+m2 |O> ‘anc>d(2n2+2m2+3)

Q(l)
() . .
‘Z1>n1+m1 T |Zd>n1+m1 ‘02 o Z2>n+m,

2
H a Elil> |a3|21i3>n+m |0>
=1 n+m+1

“lad Bia) g [0) 10), 4 my 10) [A0C) 420, 4 2ms 43)

(2)
Q(+)

I — ‘i1>n1+m1 cee |id>n1+m1 ‘az ] i2>n+m |a3 K i3>n+m

3
Haq@ il>
=1 n+m-+2

e |ad o Zd>n+m ‘0> |b>77,2+1’n2 |O> ‘anc>d(2n2+2mz+3)

m— |i1>n1+m1 <o |id>n1+m1 |(12 [ i2>n+m |a3 ] i3>n+m s

d
loa @ iy | ) B 10) 8031 )
n+m-+d—1

(). . . .
‘Zl>n1+m1 o |Zd>n1+m1 ‘a2 G Z2>n-i-m |CL3 L] Z3>n-|-m T

o lad B9d) 4 10) 0y s

d
LT ST P—
n+m-+d

The number of elementary gates used for this step is at most
d—1
> 29[(n+m+k—1)+ (n+m)+ 1> +29[(n+m+d—1) + (nz +mg) + 1]

SO

(134)

k=1 (135)

< 29d - 4d*(n +m +1)?
= 116d*(n +m + 1),

where we use the fact that [(n+m+k—1)+ (n+m)+ 1) < 2n+2m+d)? < 4d*(n+m+1)? when k < d.

6. We consolidate the ancillary qubits by combining the qubits (labeled |as @ 42), ..., |aqg Eiq), |b)) under ancilla

qubits |anc),. The permutation circuit 7, from Lemma performs the following operation

T : |i1>n1+m1 e |id>n1+m1 |az B i2>n+m - lag 7:d>n-‘rm |b>n2+m2

n+m-+d

= |i1>n1+m1 o ‘id>n1+m1

d
(El a; @) B b> i A1) 4211+ 2548+ (s Fmz) +(d—1) (mtm)

d
(ZE:B1 a; i) B b> |anc>d(2n2+2m2+3)

(136)

The number of elementary gates used for this step is at most 2N2.

The resulting quantum circuit Qi’”’m is a composition of the quantum circuits from each of the above steps. To
deduce its gate complexity, we sum up the number of elementary gates used in each step. We note from the

definition of n,m € N and the definition of N in ((120) that
N :=d(ny +my) + (d+1)(ng +mg) +d(n+m)+d(nz +ma +3) +d

< [d+2d+d+3d+d)(n+m+1) (137)

= 8d(n+m+1).

Summing the number of elementary gates used in each step, we find that the number of elementary gates used in

total is at most
(d+1)(ng +ma) +2N? 4+ 61d(n +m + 1)? + 2N? + 116d*(n +m + 1)* + 2N?
<2d(n+m+1)+3-28d(n+m+1))*+61d(n+m+ 1)? + 116d*(n + m + 1)?
<(2+3-2-8 4614 116)d*(n +m + 1)*
= 563d*(n +m +1)%.
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|a>n+m - |a’>n+m
|b>n+7n - é(comp) |b>n+7n
Xcl,a Xc2,b Xcg,b
0y, — lanc),
|0>n+m My, (a, b)>n+m

Figure 12: Circuit diagram for Q?r’n";x) in Lemma .

O

Lemma 4.20 (Quantum circuit for maximum of two numbers) Let n,m € N, and let M, »,, : Fpy oy xFyp y —
Fp.m be a function defined by

Mn,m(aa b) = En,m (maX{Dn,m(a)a Dn,m(b)})a Va, be Fn,m- (139)

(max)

(c.f. Definition . Then, there is a quantum circuit Q" . on 3(n+m)+5 qubits such that for any a,b € Fy, 1y,

Q?,;gx) : |a>n+m |b>n+m |0>5 |0>n+m = |a’>n+m |b>n+m |anc)5 |Mn,m(a, b)>n+m ) (140)
which uses at most 1045(n +m + 1)3 elementary gates. See Figure for the circuit diagram.
Proof. The construction of this quantum circuit involves the following steps:

1. We use the comparison quantum circuit @(Comp in Corollary (with nq + n,ne < n, my < m,my < m,
a < a and b < b in the notation of Corollary [4.14]) to obtain

Qcomp) ® 1™ ™ 1) 41 1B) 0 1005 10) i+ 10) s [0) g 1) le2) €3} [anc) 5 [0) (141)

where
[1)10)[0),  if Dy m (@) > Dy (b),
le1) [e2) |es) = 10) [1) 10}, if Dy m(a) < Dr (D), (142)
0)0) [1),  if Dpm(a) = Dypm (D).
The number of gates used in this step is at most 175(2n + 2m + 1)? elementary gates.

2. Recall the Toffoli gate (also referred as the CCNOT gate) acting on three qubits such that for a,b,c € {0,1}
CCNOT : |a) |b) |c) + |a) |b) |c+ab mod 2). (143)

Here one refers |a) as the control qubit, |b) the target qubit, and |¢) the output qubit.

We apply (n + m) Toffoli gates on the control qubit |c;), target qubits |a),, ., and output qubits |0), .
More precisely, for a = ((an—1,-..,a0),(@—1,...,0_m)) € Fpym, we apply for each j = —m, ..., n—1 a Toffoli
gate Ce, ,q; = CCNOT (with a < ¢1, b < a;, and ¢ <= 0 in the notation of (143))

. le) |aj) 1), if c; =1 and a; = 1,
Cera; lc1) |ai)|0) — |e1) |aj) X1 |0) = 144
vy ler) ) [0) - fer) ag) X2 o) {|c1> N0 i (144
For each j = —m,...,n — 1, we apply the permutation quantum circuit 7; before and after each Toffoli gate
Cey,a;- We define the quantum circuit X, ; by
Koy =T (5" @ 15" @ IS @ I @ Copa, © I5™) T, (145)
which computes from ((141)) the following
|a>n+m ‘b>n+m |cl> ‘02> |C3> |a’nc>2 |0>n+m
’7’]- i
= 1@7) ot D) le2) les) Janc), 0),, 5 [e1) laz) [0) 10, ;
o, (146)

@)y D) l€2) les) lanc), [0),, 5y lex) fag) X147 [0} 10),,

T; cra;
= 10) g D) €1) [€2) [€3) [anc), [0),, 5y X%910)[0),,;
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where |&j>n+m_1 = |an—1) - |aj41)|aj—1) - - - |a—m). Finally, we define the quantum circuit X;, , by

n—1
Xeva = | Xerr (147)

j=—m

and we compute that

XCl;U« : |a>n+m |b>n+m |C]_> |02> |CS> |anc>2 |O>n+m

e e (148)
= |a’>n+7n |b>n+7n |Cl> |02> ‘C3> |anc>2 ® X |O>n+m .

j=—m

Note that the number of elementary gates used in this step is at most (n+m)[15+2-2(3(n+m)+ 5)?], since
each Toffoli gate circuit requires elementary 15 gates (see, e.g., [42, Section 6.3.5]), and each permutation
circuit uses 2(3(n +m) + 5)? elementary gates.

3. We repeat step 2 but by instead using the control qubit |co) with target qubits |b)
circuits X, ; similarly, and we compute that

. We define the quantum

n+m

‘X027b : |a’>n+m |b>n+m |Cl> |02> |C3> \anC>2 ® XClaj |O>n+m
o (149)

n—1

= |a’>n+m |b>n+m |Cl> |CQ> |CS> |anc>2 ® XC2ij01<lj |0>n+m

j=—m

4. We repeat step 2 but by instead using the control qubit |c3) with target qubits |b) . We define the quantum

n+m
circuits X, ; similarly, and we compute that
n—1
XCS,b : ‘a>n+m ‘b>n+m ‘Cl) |CQ> |03> |anC>2 ® XC2ij01aj |O>n+m
o (150)
n—1
= 1@ g D)y [01) [€2) [3) Janc), | Q) X P2 X2 X% o),

j=—m

Since the qubits |c1) [co) |c3) may only take one of the three possible values as in (142)), it holds for each j =
—m,...,n — 1 that
X, if Dy, m(a) > Dy (),

Xcabi xe2bi X1 — ’ ’ 151
{ij, if Dy m (@) < Dy (b). (151)

)

Thus, we have

n—1
(@) 1B €1) [2) [e3) anc)y | @) X °Ps X 20 X1 [0),

j=—m

b

&
o
=)
<
no
@
Il
|
T
>
&
S
3
+
3
=1
wj
3
3
&
\Y
)
2
3
=

a>n+m | >n+m |cl

)
a>n+m |b>n+ 1)
)

n+m) ) if Dy (a) < Dy (b), (152)

a

a

.

@), 4 |
@), 4 |
= ‘a>n+m ‘b>n+m ‘Cl> |CQ> |C3> |anc>2 ‘anm(a, b)>n+m .

b>n lc1) [c2) |e3) |anc), |a>n+m7 Dy m(a) >
n+m b>n+m |Cl> |C2> |03> ‘anc>2 |b>n+m ’ Dnvm(a’) S n,"l(b)5

The above output is equivalent where we treat |c1) |c2) |es) as ancilla qubits. We find that the total number
of elementary gates used is at most
175(2n +2m + 1) +3 - (n +m)[15 + 2 - 2(3(n + m) + 5)?]
<175-22(n+m+1)2 +3-15(n+m) +3(n+m)-2-2-5*(n+m +1)?
< (700 + 45 + 300)(n +m + 1)3
=1045(n +m +1)3.

(153)
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l91) g — l91) g — — 1) m

192) 4 — li2) i — — li2),,1
— 10), — e —
— 10) 4 — — —
— 18} 0 . — [i1)pym
. e T
] ‘0>n+m —
—] : T - — >|a’nc>(1—2)(n+m)+4(171)
] 61}, v I

i) — 0), R Ry -

[P — 0,00 L MunGin, i)

(max)

Figure 13: Circuit diagram for Q1™™ in Corollary .

Corollary 4.21 (Quantum circuit for maximum of I numbers) Let I,n,m € N. Let My ,, , IB‘,ILm
be a function defined by
MI,n,m(ila e ,i]) = En,’rn(maX{Dn,m(il)a DRI D7L,m(i1)})7 v(2.17 .. 7i1) S ]F{z,m
. . . . I,nm .
(c.f. Definition . Then, there is a quantum circuit Q(max) on N qubits, where
N:=In+m)+ I —-1)(n+m+5)
such that for any i1,...,ir € Fp ),
Inm |, ;
Q(n?a:; . |21>n+m T |’”>n+m |0>(171)(n+m+5)
i) g 1) e [81€) (19 (m) 5 (1-1) IMImm (815 -5 80))

which uses at most 118912 (n + m + 1)3 elementary gates. See Figure for the circuit diagram.
Proof. For any i1,...,i1 € Fy, ,n, observe that the function My ,, ,,, can be written recursively by setting

mp = il,

mo = M2,n,m(i1a Z.2)7

mg := My 5, (Mo, i3) = Mg, m (41, 92, 3),

my = Mo m(Mr—1,%7) = = Mrm(i,...,91).
With this setup in mind, we construct the quantum circuit QIY;';S as follows.

1. We first apply the permutation quantum circuit 7, from Lemma to obtain
Tx |i1>n+m T |i1>n+m |O>(I—1)(n+m+5)
= ‘i1>n+m ‘i2>n+m ‘0>5 0>n+m ‘i3>n+m ‘0>5 0>n+m |i4>n+m e |Z.1>n+m |0>5 |O>n+m .
The number of elementary gates used is at most 2/N2.
)
al

(with n < n, m < m, a + my, b < iy in the notation of Lemma so that

2. We apply inductively the maximum circuit for two TC numbers QEII; oy from Lemma for k=1,...
[20)
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(154)

(155)

(156)

(157)

(158)
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|i1>7l1+M1 — li1) |i1>n1+M1
|id>n1+7n1 - liq) |id>n1+7n1
— , 4 ) 4 |h1(2)) [h1(i))
o T 0 QMmoo Tho QU™ . 1 |~
0), { — . :
lanc)
— | (4)) QUi s (4))
0) — |0) lanc)
n+m-d 3 3
— |anc) |h()) 7)) mta

Figure 14: Circuit diagram for Qn in Proposition .

(1)

(max)

|i1>n+m |i2>n+m |anc)5 ‘MQa”am<i1’i2)>n+m ‘i3>n+m ‘0>5 ‘0>n+m T |i1>n+m |0>5 |O>n+m

= |7;1>n+m |i2>n+m |anc)5 |m2>n+m |i3>n+m |O>5 |O>n+m U |i1>n+m ‘0>5 0
(2)

(max)

>n+m

|i1>n+m |i2>n+m |anc>5 ‘m2>n+m |i3>n+m |anc>5 ‘M27n7m(m27 i3)>n+m |i4>‘rb+m |0>5 |0>n+m
= [i1) g [12) g [A0C) 5 [M2) iy [i8) oy lanC) (M), fid) o, 10)510) 10

o |i1>n+m ‘0>5 ‘0>n+m

(1)

(max)

|Z1>n+m |i2>n+m |anc>5 ‘m2>n+m |i3>n+m e ‘m1—1>n+m |i1>n+m |anc>5 |M27",m(m1—17 i1)>n+m

= |Zl>n+m |12>n+m |a’nc>5 |m2>n+m |Z3>n+m e |mI—1>n+m |ZI>77,+777, |a’nc>5 |ml>n+m .

The number of elementary gates used in this step is at most

I-1045(n +m +1)°. (160)

3. We consolidate the ancillary qubits by combining the following qubits: (I — 1) times of |anc),, and (I — 1)
times of [ma), ., -+, [m7_1),,,, under the placeholder qubit [anc);_ o), 1m)1ar—1)- The permutation
quantum circuit 7 from Lemma [£.8] performs the following operation

7;( : ‘i1>n+m ‘i2>n+m ‘anc>5 |m2>n+m ‘i3>n+m o |m1_1>n+m ‘Z1>n+m |anc>5 ‘m1>

. . . (161)
— |Zl>n+m |Z2>n+m T ‘Zl>n+m |anc>(I—2)(n+m)+5(l—1) |ml>n+m .

The number of elementary gates used in this step is at most 2/N2.

The resulting quantum circuit QI s ;n is a composition of the quantum circuits from each of the above steps. The

number of elementary gates used in total is the sum of the number of gates used in each step which is at most

2N? +10451(n +m + 1) + 2N?

=1045I(n+m + 1)* + 4[I(n +m) + (I — 1)(n +m + 5))?

<1045I(n+m+1)* + 4[I(n+m + 1) + 51 (n +m + 1)]? (162)
<1045I(n+m+1)3 +4-6*(I(n +m+1))?

< 118972 (n +m + 1)
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Proposition 4.22 (Quantum circuit for loading continuous piecewise affine component functions) Let
I,d,ny,na,my, ma € N. Define n := ny+ng, m:=mj+ms, and p := d(2na+2ma+3)+ (n2+msa)+(d—1)(n+m).
Let {ajji=1,... 1:j=1,....d: {01 }i=1,....1 CFpym,. Let hy: F"('illxml = Frotam, L =1,...,1 be functions defined by

d
hy(iy, ... iq) = jazal(al,j @i;) By, V(i,....ia) EFL .. (163)

let M1 pydm : Ffﬁd’m — Frnta.m be a function defined by

MI,n+d,m(i17 ey i]) = En+d,m(maX{Dn+d7m(i1), . 7Dn+d,m(il)})a V(il, e ,ij) S Fvlv,—i-d,m' (164)
Define h : le,ml — Frtdm by
h(’l,) = MI,ner,m(hl(i)ﬂ'"7hl(i)>v Vi = (i17'~~vid) € Ffrizl,ml’ (165)

Then, there is a quantum circuit Qn on N qubits, where
N:=dni+mi)+In+m+d+p)+ T —-1)(n+m+d+5), (166)

such that for any i = (iy,...,iq) € F4

niy,mi’

Qn 2 1i1) ey i)y by (O r(ntmtdetp)+(1—2) (ntmetd)+5(1—1) | O ntmta (167)

= ‘i1>n1+m1 T |id>n1+m1 ‘anc>1(n+m+d+p)+([—2)(n+m+d)+5([—1) |h(i)>n+m+d’
which uses at most 1065113d3(n +m + 1) elementary gates. See Figure for the circuit diagram.

Proof. The construction of the quantum circuit Qj, involves the following steps:

1. We first prepare the I affine sums h;(iy,...,iq) from , using Lemma {4.19}
For I =1,...,I, we apply the quantum circuits (Qi’?;’m)l:l,__’[ of Lemma [4.19
(with (d,n1,n2,m1,m2,a1,...,aq,0) < (d,n1,n2, m1, ma,ar1,...,a.4,b;) In the notation of Lemma [4.19)
followed by an application of the permutation circuit 7, from Lemma [4.8] where we compute

‘i1>n1+m1 e |id>n1+m1 ‘O>I(n+m+d+p) ‘O>(I—1)(n+m+d+5)
e : ~
‘21>n1+m1 T |7’d>n1+m1 ‘hl (Z)>n+m+d |anc)p |0>(I—1)(n+m+d+p) |0>(I—1)(n+m+d+5)

— |Zl>n1+m1 e ‘Zd>n1+m1 |0>n+m+d+p |h’1(z)>n+m+d ‘a’nc>p ‘O>(I—2)(n+m+d+p) |0>(1—1)(n+m+d+5)

Qd,n,'m ) ) . )
- ‘Zl>n1+m1 e |Zd>n1+m1 ‘h2(1)>n+m+d |anc>p |h1(z)>n+m+d ‘anc>p

! ‘O>(I—2)(n+m+d+p) |0>(I—1)(n+m+d+5)
= 100) 0,y i)y g O mdp 1P2(0) g a [P1(8)) gy g [a0C)5, (168)

’ ‘0>(I—3)(n+m+d+p) |0>(I—1)(n+m+d+5)

LI ‘i1>n1+m1 |id>n1+m1 1h1(2)) s mtd |anc>p

T |h2(i)>n+m+d |h1(i)>n+m+d |a‘nc>(I—1)p |0>(I—1)(n+m+d+5)

) ‘0>(171)(n+m+d+5) |anc>lp'
In this step, the number of elementary gates used is at most

I[2N? 4 563d3(n +m + 1)?]. (169)

2. Next, we compute the maximum value amongst the affine sums hy,...,h;. We apply the quantum circuit
Qlmtdm of Corollary (with I < I, n < d+n, m < m, i1,...,i; < h1(3),...,hs(i) in the notation of

(max)

Corollary 4.21]) where we have

|i1>n1+m1 T |id>n1+m1 |hl(i)>n+m+d T |h2(i)>n+m+d |h1 (i)>n+m+d

-10) (I-1)(n+m+d+5) |anc) Ip
Intd,m (170)

(max) . . . . .
|Zl>n1+m1 e |Zd>n1+m1 |hl(z)>n+m+d e |h2(z)>n+m+d |h1(l)>n+7n+d

|anc) (1 o) (nsmra)y+5(1—1) (8 ngmra [20€)
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fim) L i)

lio) — lio)
Tx

lin—1) * * * — lin-1)
[ - ) ]
0) — Rutao) H 0By (carzr 1) | 7 CRy(—a127—2) - cos(fg”) 10) +sin(f£;'>> 1)

Figure 15: Circuit diagram for Ry in Lemma .

In this step, the number of elementary gates used is at most

118972 (n +m +d + 1), (171)

3. We use the permutation quantum circuit 7 from Lemmaand we put the qubits |hr (%)), 4 pra 1P1(8)) imsa
under |anc), so that we have

‘i1>n1+m1 e |id>n1+m1 ‘hl(i)>n+m+d e |h1(i)>n+m+d
. |anc>(172)(n+m+d)+5(171) 12(2)) o gmta a0C) 1 (172)
Tr s . .
L |21>n1+m1 e |Zd>n1+m,1 |a‘nc>[(n+m+d+p)+([—2)(n+m+d)+5([—1) |h(l)>n+m+d .
We hence reach the desired state (167). In this step, the number of elementary gates used is at most
2N2. (173)
We note that
p=d(2ns +2ms+3) + (ne +mo) + (d — 1)(n+m) < 4d(n+m +1). (174)
Hence, we obtain that
N=dni+m)+In+m+d+p)+(I—-1)(n+m+d+5)
<dn+m+1)+Idn+m+1)+Ip+(d+5)I(n+m+1)

<(1+144+1+5)Tdn+m+1)
=12Id(n+m+1).

(175)

Thus, the total number of elementary gates used is at most

I[2N? +563d°(n +m + 1)%] + 11891*(n +m + d + 1)® + 2N?

= (I + 1)2N? +5631d*(n +m + 1)> + 1189I*(n + m +d + 1)*

< AIN? +5631d%(n +m + 1) + 11891%(2d)3(n + m + 1)3

< 4I(12Id(n +m + 1))* +5631d*(n + m + 1) 4+ 11891 (2d)*(n + m + 1)?
< (4122 +563 +1189 -2 I3d®(n +m + 1)3

=106511%d*(n +m + 1)°.

(176)

O

Lemma 4.23 (Quantum circuit for Y-rotation) Let n € N, m € Ny, ag,a1 € R, and let f(x) = a1z + ag for
x € R. Define

f(@) == foDym(i), VieF,mn,. (177)
Then, there is a quantum circuit Ry on (n+m+ 1) qubits such that for any i € Fyy,
R 18} 100+ 18), 4, [cos(F(8)/2) 10) +sin(f(2)/2) [1)], (178)

which uses 13(n +m + 1)® elementary gates. See Figure for the circuit diagram.

Proof. The quantum circuit Ry is constructed from the following steps:
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1. We apply the Y-rotation gate R, () with parameter 6 <— ag to obtain the state
L7 @ Ry (o) ¢ [i)y4m 10) = |8}, (cos(an/2) [0) + sin(ao/2) |1)). (179)

2. We apply the controlled Y-rotation gate CR, () of Lemma [4.15) “ on the qubit |i,—1) (with parameter 6 <«
-2n=1 control qubit ¢ < i, 1 and target qubit 0 < (cos(ag/2)|0) + sin(ag/2)|1)) in the notation of
Lemma “ ) to obtain
IS @ CRy(—a1 - 2% 1)« Jizp) -+ lio) -+ - |in—1) (cos(ag/2) |0) + sin(ag/2) |1))
iz - Jio) ++ [in—1) (cos((—a12" Yip—1 + a0)/2) |0) +sin((—a12" 'i—1 + ao)/2) |1))

(180)
_ ) i) (cos(ao/2) |0) + sin(a/2) 1)), if i1 =0,
|8} (c08((—a12" 1 + a0)/2) [0) + sin((—a12" " +a0)/2) [1)),  ifin—1 =1
3. Similarly, we inductively apply for k =n —2,...,0,...,—m the permutation quantum circuit Tgeyp,—1 from

Lemma the controlled Y-rotation gate C'R, () (with parameter 6 < a;2* and control qubit ¢ + i in
the notation of Lemma [4.15)), and another permutation circuit 7x«,—1 to obtain

lizm) i) -+ |in—1) (cos((—a12" Vip—1 + ao)/2) |0) + sin((—a12" in—1 + ag)/2) [1))

Inozonot, lizm) -« io) - |in—1) lin—2) (cos((—a12" Yip_1 + ag)/2) |0) + sin((—a12" "in—1 + ao)/2) [1))

CRy(a12"72) . ‘ . . e nel.
P |7,_m> s |20> s ‘Zn_1> ‘Zn_2> cos((a1(2 In—2 — 2 Zn—l) + ao)/2) ‘0>

+ sin((a1 (2" %in—2 — 2" Yip_1) + a0)/2) |1>)

Inozont, [i—m) - lio) *  lin—2) |#n—1) (cos((al(Q” %ip_o — 2" Yi,_1) 4+ a)/2) |0)

+sin((a1 (2" %in—2 — 2" Yip_1) + a0)/2) |1>)

n—2 n—2
D cos( it Y 2’%'k)+ao)/2) 0>+sin<(a1<—2"—1z'n1+ 3 2’%'k>+ao)/2> 1))

k=—m k=—m

= [0} [cO8(f(2)/2) |0) + sin(f(i)/2) [1)]
(181)

The permutation circuits 7, from Lemma requires 2(n + m + 1)? gates and the controlled Y-rotation gate
CR,(0) requires 4 elementary gates (c.f. Lemma |4.15)). Hence, the total number of gates required for circuit Ry is

I+4+n+m—12-2(n+m+1)%2+4] <13(n+m+ 1)3. (182)
Thus, we conclude the proof of the lemma. O

Proposition 4.24 (Quantum circuit for continuous piecewise affine payoff function with Y-rotation)
Letd € N, ny,na,my, mg e N, K €N, I,--- [ Ix €N, &,..., &k € {—1,1}, and s € (0,1). Define n := ny + nq,
m = my + ma, and p = d(2nz + 2mo + 3) + (n2 + ma) + (d — 1)(n +m). Let {ar1;}r=1,. Ki=1,.  Iij=1,..d>
{brith=t, xi=t1...1. CFpym,. Fork=1,... K, 1=1,... I, let hy; : F¢ — Fptam be functions defined by

ni,mi
. d . . d
hk’l(’t)l ]E:B (aliE]Zj)Bﬂbkl, VZ:(Zl,..., )EFnl my- (183)
Fork=1,....K, let §, € Fay be defined by a
k= E2,0(&k), (184)
let My mvdm Bt g — Fniam be defined by
My ngam (i, i) = Engam(max{Dpiam(ir), ..., Dnram(in)}), V(ir,... i5) €Fl (185)
and let hy, : Fﬁl my — Fntdam be defined by
hi(8) == My, nseam (hiei(3), .o hir, (3)), Vi = (i1,...,iq) €FS .. (186)
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(80 0y my — — M — — 1410 1y 4ms
lid) , +my — Qha — Qh, — - — Qnr lid) 1y +m,
4 HH H A H )t
] | | | T | I |h1(i)>n+7n+d
7:1'1 —
I A O S I S 2
Tos —1gm 0,
I Ol @) EE
‘ 1(4) @ §1>n+m+d+2
—_ .. — |anc>5
Trx )
L N
N — _XEZ_N_‘52>2
o) _
|0), | ... — ()D&,
—_ .. — |anc>5
E L ) S—
B e
(K)
Q) N F
— ‘h’K (1) B £K>n+m+d+2
— |anc)
10) &
Figure 16: Circuit diagram for Ry in Pmpositz’on (Steps 1-3).
Let h : Fil,ml — Frtdrx+1,m be defined by
. K _ . . . . d
h(i) := kEEl(gk B hi(3), Vi=(i1,...,ia) €Fy .- (187)
Let f: R = R be a function defined by f(x) = sz + 5, and define fiForarxiim — R by
f(i) == foDntarrs1,m(i), Vi € Fryarrrim: (188)
Then, there is a quantum circuit Rp on N qubits, where
K
N :=d(ny +my) + +2K(n+m+d+5),
(n1 1) ;% ( ) (189)
g =Irn+m+d+p)+ T —2)(n+m+d)+5(I;—1), k=1,... K,
such that for any i = (i1, ... iq) €FL
Rh : |i1>n1+m1 \id>n1+m1 |0>ql+..,+qK \0>2K(n+m+d+5) (190)

= ‘i1>n1+m1 T |id>n1+7n1 ‘anc>q1+--~+qK+2K(n+m+d+5)71 [COS(f(h(i))/Q) 0) + sin(f(h(i))/Q) |1>] )

which uses at most 16186 K3 (maX;@:Lm)K{Ik})S d3(n+m+1)3 elementary gates. See Figure and Fz'gurefor
the circuit diagram.

Proof. The construction of the quantum circuit Ry, involves the following steps:

1. We first prepare the K component functions hj using Proposition For k = 1,..., K, we apply the
quantum circuits (Qp, )k=1,....k of Proposition m (with I,d,n1,mi,n2,ma < I, d,n1,mi,n2, ma, a; <

.....
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li1) —
lia) — li1) LIV
|anc) —
|h1(2)) — lia) l2d) 1y
&) — |anc)
|hi(i) m &) — |hi(i) &) —
lanc) — ha(i) &) — Q)
|ha(2)) — = 10) — — — janc).
|€2) — |ha(i) @ &) ———— Q) =+
|ha(3) B &,) — |0) ———— —
janc) — : —
— [hac(i) B Ec) S e
| (2)) — |0) ] — x, — 1R(8) ymtar i1
|€x) — |0) — [cos(f(h(2))/2) |0)
|hi(3) D&k ) — +sin(f(h(3))/2) [1)]
|lanc) —
0) e —

Figure 17: Circuit diagram for Ry, in Proposition (Steps 4-6).

a1, and by < by in the notation of Proposition [4.22)) followed by an application of the permutation circuit
T from Lemma where we compute

‘i1>n1+m1 e |id>n1+m1 ‘0>Q1+“'+QK |O>2K(n+m+d+5)

= |i1>n1+m1 e |id>n1+m1 |0>q1 |0>n+m+d ‘0>q2 |O>n+m+d T |O>qK |0>n+m+d |0>K(n+m+d+10)
(9% . . .
)%1 ‘7’1>n1+m1 o |Zd>n1+m1 ‘anc>q1 |h'1 (Z)>n+m+d |0>q2 |O>n+m+d e |O>qK |O>n+m+d |O>K(’I’L+m+d+10)
Tey . . .

— ‘Zl>n1+m1 T |Zd>n1+m1 ‘0>q2 |O>n+m+d |anc>q1 |h’1(1’>>n+m+d T |O>qK |O>n+m+d |0>K(n+m+d+10)

h . . . .
< ‘7’1>n1+7n1 T |Zd>n,1 +m1 ‘a‘nc>q2 |h2 (’L)>n+m+d |a‘nc>q1 ‘h’l(/l’)>n,+7n+d e |0>’1K |O>n+'rn+d ‘O>K(n+m+d+10)

Qhn . . . .
= ‘7’1>n1+m1 T |Zd>n1+m1 |anc>qK |hK('L)>n+m+d T |a'nc>q1 |h’1(l)>n+m+d |0>K(n+m+d+10)
— |Zl>n1+m1 T |Zd>m+m1 |anc>q1+~~+qx [ha (Z)>n+m+d 10) |O>n+m+d+2 ‘O>5

: |h2(i)>n+m+d |O>2 |O>n+m+d+2 ‘0>5 e |h’K(i>>n+m+d |O>2 ‘0>n+m+d+2 |0>5 |0>K

(191)
In this step, the number of elementary gates used is at most
K
K -2N? 4+ " 1065113d° (n + m + 1)° (192)
k=1
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2. Next, we load the strings &, € F into the qubits |0), for k =1,..., K using Pauli X gates

|i1>n1+m1 T |id>n1+m1 |a’nc>q1+~--+qK |h1(i)>n+m+d ‘0>2 |0>n+m+d+2 |O>5
: |h2(i)>n+m+d |0>2 |O>n+m+d+2 |O>5 T |hK(i)>n+m+d |0>2 |O>n+m+d+2 |0>5 |O>K
= ‘i1>n1+m1 T |id>n1+m1 ‘anc>q1+~~~+qK |h1(l)>n+m+d |£1>2 |0>n+m+d+2 ‘0>5

: |h2(i)>n+m+d |E2>2 |O>n+m+d+2 |0>5 e |hK(i)>n+m+d |EK>2 |O>n+m+d+2 ‘0>5 ‘0>K :
(193)

The number of elementary gates used in this step is at most

2K. (194)

3. We perform K multiplication using the quantum circuit Q(X) = Q(X) from Corollary (with nq + n+d,
my < m, ng < 2, mg < 0, a < hy(i), and b + &, in the notation of Corollary fork=1,...,K)

|i1>n1+m1 e |id>n1+m1 |anC>Q1+~~'+QK |h1(i)>n+m+d ’El>2 |0>n+m+d+2 |0>5

: |h2(i)>n+m+d |E2>2 |O>n+m+d+2 |O>5 e |hK(i)>n+m+d |EK>2 |O>n+m+d+2 |0>5 |O>K
o
(x) .
|Zl>n1+m1 e |Zd>n1+m1 |a‘nc>q1+m+qK |h1( ) n+m-+d ’£1> |h1 L £1>n+m+d+2 |3,HC>

. |h2(i)>n+m+d ’Ez>2 |O>n+m+d+2 |0>5 T |hK( )>n+m+d |§K>2 |O n4+m4d+2 |0>5 |0>K

o) , ) _
O i1y L)y s 180 g T (D) s [E1)g [BAG) BELD L fane)

k() gmga €k ), [P (3) B 5K>n+m+d+2 lanc); |0) x

(195)
The number of elementary gates used in this step is at most
K-61(n+m+d+3)> (196)
4. We use the permutation circuit 7, to reorder the qubits for addition, where
[11) s iy s 130€) gy g TR (D) gy [€0), [PAG) B &), o Janc)s
AR ) s e )y [ ) I Ex), Ly lanc)s [0) ¢ o
L i)y i)y oy (A€ g, g K (g |ha(3) O €1>n+m+d+2 |h2(4) &1 €2>n+m+d+2 10)
ha(8) BEs), s iasn 0 [hic () BEx), 0y [0)10).
The number of elementary gates used in this step is at most
2N2. (198)

5. We perform the following addition inductively on the sums for k =1,..., K — 1
k k+1
B : Fotdtork—1,m X Fntarom = Fotdrotrm, ( 52 (hl( )D&, hia(3) B, ,) — EE (hi(3) B &), (199)

where we apply the quantum circuit Q) from Corollary [4.10] inductively for k = 1,..., K — 1 (with n; <
n+d+2+k—1,my < m,ng < n+d+ 2, me < m in the notation ofCorollarym so that

|i1>n1+m1 ’ |zd>n1+m1 |anc>q1+ “+qx+K(ntm+d+7) |h1 o §1>n+m+d+2 ‘hQ o €2>n+m-|—d-|—2 0)
‘h?’ o 53>n+m+d+2 ‘hK g §K>n+m+d+2 10)10)
(1) 2
(+) . N
1)y my )y 4y ‘anc>Q1+---+q1<+K(n+m+d+7 |h2 o f2>n+m+d+2 lEE (hu(?) & §I)>
n+m-+d+3
|h3( o £3>n+m+d+2 ‘0 ‘hK o] §K>n+m+d+2 ‘0> |0>
+ . . = . =
— |7’1>n1+m1 |Zd>n1+m1 |anc>q1+-~+qK+K(n+m+d+7) ‘h2(7') o £2>n+m+d+2 |h3(l) o £3>n+m+d+2
K _
) T E) | () ) ) )
n+m+d+K+1

=: |i1>n1+m1 T |id>n1+m1 |anC>Q1+~~~+qk+K(n+m+d+7)+(K—1)(n+m+d+2) |h(i)>n+m+d+K+1 0) .
(200)
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The number of elementary gates used in this step is at most

K-1
> 9[(n+mtd+2+k—1)+ (n+m+d+2)+1] (201)
k=1

6. Lastly, we apply the quantum circuit Ry from Lemma (with a1 < s, a0 < 7/2, n < n+d+ K +1,
m < m in the notation of Lemma [4.23)

|i1>n1+m1 T |id>n1+m1 |anc>q1+-~+qk+K(n+m+d+7)+(K71)(n+m+d+2) |h(i)>n+m+d+K+1 |0)

Rf . . .
? |Zl>n1+m1 e |Zd>n1+m1 |anC>Q1+~~+Qk+K(n+m+d+7)+(K—1)(n+m+d+2) |h(7’)>n+m+d+K+1 (202)

[cos(F(R(i))/2) [0) + sin(F(h(i))/2) [1)]
= 0 s i 1800) g or a5y -1 [0 (F(R(E)/2) [0) +sin(F(R(2))/2) 11)]

This is the desired state (190]). The number of elementary gates used in this step is at most

Bn+d+ K+1+m+1)> (203)

Note that p < 4d(n+m+ 1) (c.f. (174)), hence, for each k =1,..., K,

g = I(n+m+d+p)+ (I —2)(n+m+d)+ 5 — 1)
<Iiyn+m+d+4dn+m+1))+ I —2)(n+m+d)+ 5 — 1)
< I(dn+m+1)+4d(n+m+1)) + 6L d(n+m+1)
= 11Ld(n +m+1).

(204)

Hence,

K
N =d(m +m1)+2qk+2K(n+m+d+5)
k=1
<dn+m+1)+ K- max {I;}-1ld(n+m+1)+12Kd(n+m+1) (205)

< - . .
< 24K ki{lﬁ’f;({]’“} dn+m+1)

Thus, the total number of elementary gates used is at most

K
K -2N? 4+ " 1065175d° (n+m + 1)* + 2K
k=1
+ K -61(n+m+d+3)* +2N?
K—-1
+ Y 29[(n+m+d+2+k—1)+(n+m+d+2)+1°+13n+d+ K +1+m+1)°

k=1
2 3
<2-24°K3 (k_nllaxK{Ik}> d*(n +m+1)% + 10651 K (k_n?axK{Ik}> dB(n+m+1)> 42K
2
+61-42Kd*(n+m+1)? +2-24°K3 (k_nllaxK{Ik}> d*(n 4+m +1)?
+20K[3Kd(n +m + 1) + 3d(n +m + 1) + 12 + 13(4Kd(n + m + 1)) (206)

2 3
<2-24°K° (k_nllaxK{Ik}> d*(n+m+1)% + 10651 K (k_rIllaXK{Ik}> d(n+m+1)°+2K

2
+61-4°Kd*(n+m+1)% +2 - 24°K3 (knllaXK{Ik}> d*(n+m +1)?

.....

+29K[TKd(n +m+1)]* + 13 - 4°K3d*(n + m + 1)

3
< (2-24% 410651 + 2+ 61-4% +2-24% 4297 + 13- 43)K? <knllaXK{Ik}> d(n+m+1)>

ceey
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5 Error analysis

In this section, we provide the detailed error analysis of the steps of Algorithm [I] outlined in Section We
begin the error analysis with a few basic lemmas.

Lemma 5.1 (Lipschitz constant of continuous piecewise affine functions) Let h: R? — R be a continuous
piecewise affine function given by , Let Assumption hold with corresponding constant Cy € [1,00). Then,
h: R‘i — R 4s Lipschitz continuous with Lipschitz constant

K
= < C2d3
L Zlggk{\\ak,z\\w}\/ﬁ_ C3dz, (207)
i.€. ,
Ve,y €RY: |h(x) - h(y)| < C3d2 ||z — y|2. (208)

Proof. Following the proof of Lemma 3.3 in [52], the continuous piecewise affine function h : R‘i — R admits the
following representation:
al -x+b, ifxey,

Ba)={ (209)
a,-x+b;, ifxeQy,

where J := H,i{:l I € N and the coefficients {a’, ) : j =1,...,J} are of the form

K K
aj = kaalml;;a bj = ngbk,l;7 (210)
k=1 k=1
for some I} € {1,2,...,I;} (the specific choice of index I}, can be found in the proof of Lemma 3.3 in (52]), and
where €1, ...,Q; are polyhedrons whose union is Ri. Note that some of these sets 2; can be empty. We claim
that
v,y eRY: [h(z) - h(y)| < lgljag,{lla}lloo} V||l — yll2. (211)

Let z,y € RY be fixed. Consider the line segment from @ to y given by the set T := {y(t) := x+t(y—=) : t € [0,1]}.
If the line segment I lies entirely in one of polyhedron €2;,_, then by linearity of i in €2;, and the Hélder’s inequality,
it follows that

Ih(@) — h(y)| = laj, - (@ —y)| < llaj, llcllz — ¥l < max {llaj]o} - Vi||z — y|s. (212)
In the general case, the line segment I' may be contained in some n > 2 polyhedrons Q;,,...,; , such that

there are n + 1 points {v(to),v(t1),...,v(tn)} C T’ with a partition {0 =: t¢ < t; < --- < t,, := 1}, satisfying
Y(tm) €5, NQy, . form=1,...,n—1. Again by the same argument, it holds for all m = 1,...,n — 1 that

|h(’7(tm)) - h(w(tmfl)” = ‘a;'m ' (’Y(tm) - V(tmfl))‘ < ”a;‘m oo(tm - tm,1>\/g||$ - y||2 (213>

Hence, summing over m, we have

|h(x) = h(y)| < D lla), lloo(t; = tj-1)Vd]z -yl

(214)
< 4 . — .
< s {5 o} Vil —
Thus, the claim (211]) is proven. Next, by (210), it follows that
K
/
4 < .
Jmax {[lafllc} < ]; o {llanfloo} (215)
This, (211)) and Assumption concludes the lemma. O

Lemma 5.2 (Linear growth of continuous piecewise affine functions) Let h : R‘i — R be a continuous
piecewise affine function given by . Let Assumption hold with corresponding constant Cy € [1,00). Then,
forall x € Ri, it holds that

[h(@)| < C3d= (1 + ||a]l2). (216)
Proof. Note that Lemma [5.1] and an application of the triangle equality shows that
|h(@)] < [h(@) = h(0)| + [h(0)] < C3d? [ll2 + [A(0)]. (217)
Moreover, by and Assumption we have for all k =1,..., K that
|h(0)| < K -max{|by|: 1 =1,...,Ix} < C3d. (218)

This and (217) implies (216)). O
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5.1 Step 1: Truncation error bounds

Lemma 5.3 Let Y be a log-normal random variable with parameters p € R and o2 € (0,00). Let Z be a standard
normal random variable. Then it holds that

(i) for all k € N,

k252

E[Y*] = ettt (219)
(ii) for ally € [0,00) that
1 12
P(Z >y) < Ee—%. (220)
Proof. Ttem (i) is proven in |2, Chapter 2.3], and Item (ii) is proved in [17, Eq. 6]. O

Proposition 5.4 (Truncation error) Let ¢ € (0,1), d € N, r,T € (0,00), and (t,x) € [0,T) x RL. Let
h: R‘i — R be a continuous piecewise affine function given by . Let Assumption and Assumption hold
with respective constants C1,Cy € [1,00). Let p(-,T;x,t) : Ri — Ry be the log-normal transition density function
given by ([{). Let My, € [1,00) satisfy

5 _ 22
My, =203d2e 1e*T 2T max {1,22}. (221)
’ i=1,...,d

Let u: [0,T] x R‘i — R be the option price given by

ult, ) = e 7T / hy)p(y. T: @, 1) dy, (222)

d
RY

and for every M > Mg, let upr+o € R be the truncated solution given by
aseai= "0 [ )ty Tiw.0) dy, (223)
[0,M]4

Then, the truncation solution satisfies the following estimate
lu(t,x) — tnm ] <e. (224)

Proof. Let & = X4 := (T —t)Cy € R¥? and p = pug € R? denote the log-covariance and log-mean parameters
for the multivariate log-normal random variable Y with the probability density function p(-,T;,t) given by

Lemma Using Lemma 222), (223)), the fact that e~ "(T=" < 1, and Cauchy-Schwarz inequality,

Jult, @) — daree] =T

h(y)p(y, T @, t) dy — / h(y)p(y, Ts 2. t) dy
R [0,M]d (225)

< C2d3E[(1+ Y 2)2]Y2P(Y ¢ [0, M]4)/2,

where

P oM = [ T dy (220)

Let X = (Xy,...,X4) ~ N(u,X) be the multivariate Gaussian random variable and recall that X; = In(Y;) for
i=1,...,d. Using Lemma (i), we have

d d d
E[|YI3] = Y E[Y?] =Y E[>] =) et (227)
i=1 i=1 i=1
where p; = In(z;) + (r — 302)(T — t) and 0;; = %;;. We use the bound e*** < max;—1,...q{1,2?}e*”T and
2% < e2CiT° by Assumption and conclude that
E[|Y ]3] < de”PT e max (1,27}, (228)

By Cauchy-Schwarz inequality, we have (1+Y]|2)2 < 2(1+|Y||). Also, note that max;{1,2?}/2 = max;{1, |z;|}

and 1 < de2?iT" 2T max, {1, 22}. Combining the above bounds, we arrive at

E[(1+[[Y|2)%)"/? < 202 max {1,]ail}. (229)

=1,...,

Hence, we have
2m2
lu(t, @) — tnrm| < 205d%eC1T e _Erllaxd{l, lzi|} - P(Y ¢ [0, M]4)Y/2, (230)
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Moreover, for all i = 1,...,d, we have the inclusions
{Vi < M} ={X; <In(M)} 2 {[X; — pi| < In(M) — pi}. (231)

Note that since M > M, . > e*, we have that In(M) > u,;. By Sidak’s correlation inequality [68, Corollary 1], we
have

d d
P (ﬂﬂX pil < In(M ) H ({I1Xi = pil <In(M) — pi}), (232)
i=1 =1
and hence,
d d
P(Y ¢ [0, M]) =1-P (ﬂ{m < M}) < 1= JTPUIXG — il < (M) = pi}). (233)
i=1 i=1
Denote by Z the standard normal random variable. Using Lemma [5.3] (ii) and Assumption we have
In(M) — _(nOMD)—py)? _ (M) —pp?
PUIX; — ] <In(M) — pi}) = 1—ap(z > DI Z#ey oy 7w g e (234)
Oii

Moreover, using In(M) > 0 and M > My, > max;—1__q{1,z2}e*TetC: IT% > 21 4CTT? o have

In(M) > 2u; + 4C3T?

= (ln( )) (2u; +4CFT?) In(M)

= (In(M))? = 2u; In(M) + pi2 > 4AC*T* In(M) + 2

= (In(M) — p3)? > 4C?*T? In(M) (235)
T

_ (In(M)—p;)?

e 77 <M2

Using Bernoulli’s inequality, that is (14 2)% > 1 + dz for any z € [~1,00), and the fact that —M~2 € [~1,0), we
have

P(Y ¢ [0,M])) <1—(1—-M24<adM2 (236)

Thus, by (230), (236]), and (221]), we conclude that
lu(t, @) — liar.o] < 202d3eCTT 6T max {1 ] [}M " < 20245 eC1T omax {1 |ei[}M; ! <e (237)
O

5.2 Step 2: Quadrature error bounds

Proposition 5.5 (Quadrature error) Let d € N, r, T € (0,00), n € NN {2,3,...}, m € N, and (t,x) €
[0,T) x RY. Let M € [1,00) be defined by M :=2""1. Let h : Rf_ — R be the continuous piecewise affine function
given by (8)). Let Assumption hold with corresponding constant Cy € [1,00). Let p(-,T;x,t) : RT — R, be the
log-normal transition density given by . Let Uy 1. € R be the truncated solution given by

Ut = e~ r(T—1) / h(y)p(y, T;x,t) dy, (238)
[0, M]d

and let Uy m t2 € R be the truncated quadrature solution given by

Tt = e T Z h(G)Pj.ms (239)
jekd

n,m,+

where for j = (j1,...,7d) € Kfl’m’+ (c.f Definition ,

pj,m = / p(y7T7w7t) dy7 and Q]m = [jhjl + 2—m) X X [jdyjd + 2—m) (240)

G m

Then,
Un b — Unmta] < Cod?27™, (241)
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Proof. Let [],, : RT — (27™Z)4 be a function defined by

12"y ] [2™ya]
m= ey , 242
= (U5 o (242
where |-] is the floor function. With this function, it holds for every j € Kﬁ’m’ 4 that
Yy € Qj,ma [y]m =7 (243)
Moreover, since
0,M"= || Qjm (244)
JGKn ot
is a disjoint union of sets, it follows that
Ut =€ 7070 " / p(y, T; @, 1) dy = e”“(T’”/ h(Yln)p(y, Tsa,t)dy.  (245)
[0,M]4
JGK” ot
Furthermore, observe that
vy eRY, |y — [ylnlh <d27™ (246)
Hence, by definition of 4, ¢ 5 in | 238), ([245)), by the fact that e~"(T—%) < 1, by the Lipschitz continuity of h(-) in
Lemma [5.2) n by Assumption -, 240)), and by the fact that p(y,T;,t) is a probability density function supported
on R4 ¢, we conclude that
e~ Tl <0 [ hly) — by (o, i) dy
[0,0]4
247
<[ Chdly - hnlhpl. i 0 dy (247
[0,0]4
< Cid?2~™.
O

Corollary 5.6 (Truncation and quadrature errors) Let ¢ € (0,1), d € N, »,T € (0,00), and (t,x) €

[0,T) x ]Rd Let u(t,x) be the option price given by (7). Let h : Rd — R be the continuous piecewise affine function

gwen by . Let Assumption 2.2 m and Assumptwn hold wzth respective constants Cy,Cq € [1,00). For every
€ (0,1), let My, € [1,00) be given by ([221). For every n,m € N satisfying

n>1+logy(Mg./2), (248)
m > log,(C3d*(e/2)™) (249)

let Wy m i,z e the truncated quadrature solution given as in (239). Then
Iu(t7 33) - a’rL,m,t,:z:| S g. (250)

Proof. By (248]), it holds that
M :=2""t > 2"t > My . (251)

Let Uy, ¢, be the truncated solution given by (238). By Proposition (with € < /2 and M <+ 2"~ in the
notation of Proposition , it follows that

u(t, @) = i 0| < /2. (252)
Moreover, by (249)), it holds that C3d?2~™ < ¢/2. Hence, by Proposition it follows that
|ﬂn7t@ — an’m7t72| S 5/2 (253)

Thus, (250) follows from triangle inequality. O
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5.3 Step 3: Approximation error bounds for payoff function

Lemma 5.7 (Sublinear property of the max-function) Let e > 0, n € N, and let (a;)!_q, (a;)"; C R satisfy
foralli=1,... n:
lai —a;| <e. (254)

Then,

max {a;} — max {a;}| <e. (255)
i=1,...,n i=1,...,n

Proof. Let i € {1,...,n} be arbitrary. The fact that a; < max;—; . ,{a;} and (254) imply that

Q; — ‘HllaX {dj}gai—dif |ai—di\ SE. (256)
j=l...,n
Since ¢ was arbitrarily chosen, taking maximum over ¢ = 1,...,n yields
max {a;} — max {a;} <e. (257)
i=1,...,n Jj=1,...n
Repeating the argument by symmetry concludes (255)). O

Proposition 5.8 (Approximating payoff function) Let d € N, r,T € (0,00), (t,xz) € [0,T) x RY, n;y €
Nn{2,3,...}, and my € Ng. Let h: ]Ri — R be the continuous piecewise affine function given by . i.e.

K
h(z) = kamax{ak,l cxtbgyl=1,..., I} (258)
k=1

Let Assumption hold with corresponding constant Co € [1,00), and let no € NN {2,3,...} be defined by

For every ma € Ny define the function [, : R — 2727 by [x]m, = Lz;,ffj, x € R. For every ms € Ny,
k= 1, A ,K, and | = 1, A ,Ik, deﬁne 6n2,m2,k,l = (6n2,m27k,l71, e ,anz,m%k,l,d) S Rd and bng,mg,k,l eR by
Ay oo kil = [(Qk1)ilme, 1=1,...,d,
Bnzms [(ar.)ilm, (260)
brg ma ke, i= [Ok,ilmas
and define the function i~zn27m2 :RY R by
~ K ~
Py ma (®) 3= Y & max{@ny my k- T + by my ks 11 =1, I} (261)
k=1

Let Up, m, .2 € R be the truncated quadrature solution given as in (239). i.e.

anl,?nl,t,m = —r(T=Y Z h(J)pJ,ml (262)

: d
JGK'rLl,'ml »+

For every mg € Ng let Uny myny,mete € R be the truncated quadrature solution with an approzimated payoff
function given by

aﬂ17m17n27m27t72 = eir(Tit) Z En27m2 (j)pj,ml (263)

5 d
JeKnl.nLl,«F

Then, for every my € Ng it holds that (Gny.my. k1) Onsma k1) € Kfﬁj}ng and that
[y it — Unymanssmasta] < Cod?2M7™2, (264)
Proof. By Assumption [2:4] it holds that
V=1, K¥i=1,.. Ixg,¥i=1,...,d: |(ax)il,|bri] < C. (265)

Hence, by Definition (260), and (261)), it follows that (&nz,mz,k,l,gn%m%k’l) € ngﬁnz. Furthermore, observe
that
Ve>0: o= [cm,| <272, (266)

Hence, forall k=1,...,K,l=1,...,I;,and « € ]Rff_, it follows that

\akyl -+ bk,l — (&m,m?,m - T +Z712,m2,k,l)‘ < (d + 1)27m2 max{l,max{(m)i r=1,... ,d}} (267)
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Moreover, since K, ,, C [-2"171,2"171] (c.f. Definition , it follows for all k =1,..., K, 1 =1,..., I that
Vi €K vt lan g+ bt — @ngima kit - G+ bngomg get)| < (d+1)2m7127m2, (268)
Hence, by Lemma [5.7] it holds for all k = 1,..., K that
Imax{a;-j+bpi:l=1,.., I} = max{@nyms ki G+ bromspi 1L =1, ., [} < (d+1)2 71272 (269)
Hence, by Assumption it follows that

Vj € K4 D) = Pgme (3)] < K(d+ 1)2m7127m2 < Cyd?2m ™2, (270)

ni,mi,+

Furthermore, since e "(T=t) <1 and

0< > pim =/ p(y, Tix,t)dy <1, (271)
jEKd . [0,2"1_1]d
ni,miy,
we conclude that
|an17m1,t7w - ﬂnlam17n27m27tam| < C2d22n1_m2+16_r(T_t) ’ Z Pjmi = C2d22n1_m2' (272)
jeKilv"“lv‘*’
O

Corollary 5.9 (Truncation and quadrature with approximated payoff errors) Let ¢ € (0,1), d € N,
r, T € (0,00), and (t,x) € [0,T) x RL. Let u(t,x) be the option price given by (7). Let h : RE — R be the
continuous piecewise affine function given by . Let Assumption and Assumption hold with respective
constants C1,C5 € [1,00), and let ny := 1+ [logy(C2)]. For every n € (0,1), let My, € [1,00) be given by (221).
For every ny, my, me € N satisfying

ny > 14logy(Myc/3), (273)
my > logy(C3d*(/3)7 ), (274)
my > 1+ logy (Mg, 3) + logy(Cad®(e/3) ™), (275)

let Uny my na,ma te € R be the truncated quadrature solution with an approxzimated payoff function be given by (263).
Then we have that
|u(t7m) - am,ml,nz,mmtﬂﬂ' Se (276)

Proof. Let @in, m, t,« be the quadrature solution given by (239). By (273), (274), and Corollary [5.6] (with € < 2¢/3
in the notation of Corollary , it follows that

[u(t, &) = Un, my t2| < 26/3. (277)
Moreover, by Proposition (with mg < mg in the notation of Proposition and (275)), it follows that

< Chd?2m ™2 < /3. (278)

|un17m1,t7w = Uny,my,ng,mo,t,x

Thus, the conclusion follows from the triangle inequality.
O

5.4 Step 4: Distribution loading error bounds

Proposition 5.10 (Distribution loading errors) Let e € (0,1), d € N, r,T € (0,00), and (t,x) € [0,T) x RY.
Let u(t, ) be the option price given b. Let h : Ri — R be the continuous piecewise affine function given by .
Let Assumption and Assumption hold with respective constants C1,Cs € [1,00), and let ng := 14 [logy(Ca)].
For every n € (0,1), let My, € [1,00) be given by and for every ny,my € N let {pj,:j €KL .} C0,1]
satisfy

> Bim=1 (279)
jeKzl,nLl,«F
and .
~ -1
Z Djn = Pjom| < Wa (280)
jeKilﬂﬂl-ﬁ—
where for all = (41,...,74) € Kﬁl,mlﬁw
Pama ::/ p(y, Tsx,t)dy, Qjm, = [J1,J1 +27"") X -+ X [Ja, Ja +27), (281)
Qj,mq
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and
yi= Y pim €(0,1). (282)
jeKilmﬂd—

Moreover, for every ni, mi, me € N satisfying

ny > 14logy(Mgc/a), (283)
1 > logy(CRP(/4) ), (254)
s > 1+ logy (Myo/a) + logy (Cod®(2/4)), (255)

let }Nlnzmw : RY — R be given by ([261), and let Un, mynpmapte € R be the truncated quadrature solution with
approzimated payoff and loaded distribution given by

ﬂnl,ml,nQ,mz,p,t,w = Veir(Tit) Z ﬁj,s/4hn2,m2 (.7)7 (286)
jeK;{l,m’+
Then,
[u(t, ) = Uny my no mapital < € (287)

Proof. Let Un, my,np,ma.t.e € R be the quadrature solution with an approximated payoff function be given by (263]).
Note that by Corollary (with € < 3¢/4 in the notation of Corollary , it holds that

|U'(t7 :L’) - ﬂnl,ml,ng,mg,t,m| < 35/4' (288)

Moreover, by Lemma and (270)), it holds for every j € K¢ Lmy 4 that

iz s ()] < [R(F) = T s (3)] + [
< Cpd?2™ ™2 + C3d(1 4+ ||7]h)
< Cod?2™M ™2 4 C2d(1 4 d2™ 1) (289)
< Cod?2™ ™2 4 C2dP2™
< C2d?mt,

Hence, by (263) and (286)), using (280), the fact that 0 < v,e~"(T=Y) < 1, and the above estimate, we have

~ ~ —r(T—t T . ~ -1
|un1,m1,n2,m27t,m - Un1,m1,n2,m2,p,t,m| <~e ( ). 'e]Kr?aX |hn2,m2 (.7)| : Z |pj,e/4 - pj,ml‘
J ny,my,+ jeKzl.ml,Jr (290)
<e/d.
Thus, the conclusion follows from triangle inequality. O

5.5 Step 5: Rotation error bounds

Proposition 5.11 (Rotation error) Let ¢ € (0,1), d € N, r,T € (0,00), and (t,x) € [0,T) x R%. Let u(t, )
be the option price given by . Let h : Ri — R be the continuous piecewise affine function given by . Let
Assumption [2.9 and Assumption hold with respective constants C1,Co € [1,00), and let ny := 1+ [logy(Cs)].
For every n € (0,1) let My, € [1,00) be given by (221)), for every n1,m1,ma € N let {pj, :j € K& .} C[0,1]

satisfy
Z Pig =1 (291)
FEKG oyt
and 0
~ -1
Z 1Djn = Pjmal < Wa (292)
jeKil,m,l,ﬁ»
where for all j = (j1,.-.,Ja) € K‘ihm17+,
Dj,ma 52/ p(y. Ty, t)dy,  Qjm, = [j1,50 +27™) X -+ X [Ja,ja +27™"), (293)
Qj,‘ml
and
yi= Y pim €(0,1), (294)
jEKiLML_*_
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let 544, € (0,00) be defined by

,_ n
T g 29

let hpymy @ RY — R be given by [261), and let an, ny.my.mam € [0,1] be the amplitude given by

~ Tng.ms(G) | T
anhnz,mhmzﬂ? = Z pjﬂ? Sln2 <5dn§2(3) + 4) . (296)

s cd
JGKM,mlHr

Moreover, for every ny, mi, me € N satisfying

ny > 1+logy(Mgyc/s), (297)
my > logy(C3d*(e/5)7 1), (298)
ma > 1+ logy(Mo/5) + logy(Co?(e/5) ), (299)

let Uny my no,mo.pate € R be the truncated quadrature solution with approzimated payoff and loaded distribution
with rotation given by

Uny iy na,ms,prast,a 2= 5_176_7‘(T_t)(2a - 1>7 (300)
where here
$ 1= 54./5, and a4 = Qny nymy mase)5- (301)
Then, the following holds:
(i)
ﬂnl,ml,ng,mz,p,a,t,w = 5_1’76_T(T_t) Z ﬁj,s/S sin (5hn2,m2 (.7)) : (302)
S S
(it)
|u(t7 :13) - ﬂnl,m17ﬂ2,m2mva7t,w| <e (303)

Proof. First, recall the trigonometric identity that for all x € R

1 1 1
sinz(g + %) =1- 0052(2 + %) =1- 5(1 +cos(z +7/2)) = 5 + 3 sin(x). (304)

This, (296),(300), and the fact that >, ya Dj./5 = 1 imply that

ny,mi,4

N I _ o (P G) | T
un1,m1,n2,m27p7a»t@ =5 1,}/6 T(T t) Z pj’6/5 |:2 Sln2 (52#2(.7) * Z) - 1:|
jerL m
1mt N (305)
— 5y (T Z Dj.e/s sin(ﬁhn%mz(j)),
jeKil,ml,+

which proves Item Next, for the proof of Item note that by Taylor expansion, one has for any x € [—1,1]

the estimate
||

3 5
jsin(z) —al < (BF + 5F + 2+ ) <falfle— 1+ 4 + 3]) < | (306)

Moreover, since |ﬁn2,m2 (4)| < C3d?2m+1 (c.f. (289)), by (295), it holds for all j € K¢ . that

n

|5/ yms (3)] < V/€/5 < 1. (307)
This, (306]), , and the fact that |hy, m, (7)] < C2d22™+1 hence ensure for all j € K¢ 4 that

ni,mi

575105 (3)) = STonzns (3)] < 5 5 (3)F = 82 P (5 < /5. (308)

Let here Un, m, ,ns,ma.pt,e € R be the truncated quadrature solution with approximated payoff and loaded distri-
bution given by
anl;rnl o, ma,p,tx ’Ye_T(T_t) Z ﬁj,a/Shnz,mz (J) (309>

s ced
JEK"LML-%—

This, (308)), , and the fact that

0<ye 0 Y B <1 (310)
FEKE oyt
imply that
[Uny my na ma.pote = Unyma g, mapatael < €/5. (311)
Furthermore, by Proposition (with € 4 4e/5 in the notation of Proposition (5.10)), it holds that
[u(t, @) — Uny my e map el < 4€/5. (312)
Hence, the conclusion follows from the triangle inequality. O
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5.6 Step 6: Quantum amplitude estimation error bounds

Proposition 5.12 (Combined errors) Let e € (0,1), d € N, r,T € (0,00), and (t,x) € [0,T) x RL. Let u(t, x)
be the option price given by . Let h : Ri — R be the continuous piecewise affine function given by . Let

Assumption and Assumption hold with respective constants Cq,Cs € [1,00), and let

ng =1+ [logy(Co)]

For everyn € (0,1), let Mg, € [1,00) be given by (221). Let nq 4., M1,d,c, M2,4,c € (0,00) be defined by

Nide ‘= 1+ logQ(Md,E/G)y
Mi,de 1= log2(022d2(5/6)_1),
Ma,q,e =1 +10gy(My./6) + logy(Cod®(/6)71).

Moreover, for every mi,mi,ma € N satisfying n1 > Ni,de, M1 = Mide, and Mo > Mo g, let {ﬁj,e/s

Kﬁl)m17+} C [0,1] satisfy
Z 5_1‘,5/6 =1
je]K;{WL+
and .
> Biese = il < GCR@ T
je]Kgiwnh+

where for all j = (j1,...,jq4) € K2

ni,mi,+’

pj,m1 ::/ p(va7w7t) dy7 Qj,ml = [jlvjl + 2—m1) X X [jdajd _'_2—7711)7
Q

G,ma

and

yi= > pim €(0,1),

. d
JGK'/LI,'ml 4+

_ , /6
5= 8d,e/6 1= (CZd2ami+1)3’

let s =54./6 € (0,00) be defined by

let E,LQ,,M :RY — R be given by (261), let a = Uy ng mi,ma,e/6 € [0, 1] be the amplitude given by

T T
A = Onyng,my,ma,s,e/6 -= Z Pje/6 sin? (7“’;”2 + 1)

c KR
JeK"lﬂ"lHr

let 4 € [0,1] satisfy
£S
_al< =2
la=al< 15

and let Tj‘t,m be the approximated solution given by
(',7,572 =5 lye T (23 — 1).

Then, ~
|u(ta CC) - Ut,m‘ <e.

(313)

(314)
(315)
(316)

1 J €

(317)

(318)

(319)

(320)

(321)

(322)

(323)

(324)

(325)

Proof. Let here tUn, m,.ny,ma,p.a.t.e € R be the truncated quadrature solution with approximated payoff and loaded

distribution with rotation given by

~ o1 —r(T—t1
Uy o ma patie =8 v T (2a — 1),

By Proposition item (ii) (with € < 5¢/6 in the notation of Proposition [5.11)), it holds that

|u(tv :B) - ﬂnl,mhnmmzalhaat@l < 58/6'

Using 0 < ye~"(T=% < 1 and (323), it follows that
|an1,m1’ﬂ2,m27:ﬂ7a’t,m - ﬁt,m' < 25_1|a' - CAl| < 5/6'

Hence, we conclude (325)).
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6 Proof of Theorem [

In this section, we provide the proof of Theorem

Proof of Theorem[1] First, let ny,ne, mq, ma, N,v,s be defined as in line 2-3 of Algorithm [I] and set n :=n; +no
and m := mq + mo. Let h : ]F;’lh’ml — Fridrk+14+m be defined as in (187), and let p := d(2n2 + 2m2 + 3) and

N, {qx}£ | € N be given by (189) from Proposition By Assumption it holds that

P ‘0>d(n1+m1) = Z \/E|i1>n1+m1 T ‘id>n1+m1 : (329>
i cpd

zeF"lﬂ”l »+

Hence, together with Proposition [4.24] the circuit A := Ry (P @ ISN =M FmI)Y gatisfies

Aoy = > VB liD) g, o Vi m, 1A0) g,y ras (b sy —1 08 (F(R(6))/2) [0) +sin(f(h(4))/2) |1)]

i€eF

ny,miy,+
= Z Di COS(f(h(i))/Q) |i1>7L1+m1 "'|id>n1+m1 |anc>q1+~-~+qK+2K(n+m+d+5)—1 10)
icFd
ni,mi,+
+ Z pisin(f(R(8))/2) i1}, 1, * i)y my [B0€) g, 4 g ok (ntmtass)—1 1)
i€lFd
ny,mq,+

VT —alvo)y_q 10) + Valb)y 1),

(330)

where as in Proposition , f: Frtd+r+1m — R is defined by f(z) = foDnjark+1,m(i) and f(z) = sz + T,
and a € [0,1] is given by

a:= Y pisin*(f(h(i))/2). (331)

icFd

ni,mi,+

By Proposition and Proposition we note that the function ?anm given in (261) coincides with the function

Dy td+k+1,m(h) when restricted to the domain FZI m,- Using this and Proposition (with € + sazpgmer in
’ 2

the notation of Assumption [4.16f), we have

~ . sDyaykr1m(h(i)  m
a = Z Pi Slnz < - 9 B + Z = Qny ny,my,ma,s,e/6s (332)
PR 4

where Gy, 5y mi ms,s,c/6 i defined in (322). By Proposition the output @ from line 7 of Algorithm [1] satisfies
the bound
la —a|] <es/12, with probability at least 1 — a. (333)

Thus, the estimate follows from Proposition Next, we count the total number of qubits and elementary
gates used to construct circuit A. Let Mg, /s be the constant given by (221), and note that
5
Mges6 = 6cd2e™". (334)

Moreover, recall that for any v € R, one has [v] < v+ 1. Hence, by (314)-(316) and the bound on Mj .6, we have
the following bounds

n1 = [n1,0,] < 2+ logy(My.0/) = 2 + logy(2 - 3ed3e), (335)

ns < 2+ logy(Ca) < 2+ logy(c2), (336)

my = [myac] <1+ logy(Cad?(e/6)™1) <1+ logy(2 - 3ed?e™1), (337)

my = [maae] < 2+ logy(My/6) + logy(Cod®(e/6) ™) < 2+ 1og2(2232c%d%s*2). (338)
Furthermore,

n4+m+1=ny4ns+mp+mg+1<8+logy (2434 cd% 1) = log,(273%c*d%*). (339)

By Proposition and the fact that 4 = R,(P ® I?N_d(nﬁml)), the quantum circuit A uses N qubits, where
N is given by (189). Using the upper bound (205)) for N, Assumption and (339)), we thus have the following
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bound on the number of qubits used for the circuit A

N < 24K - _maXKIk-d(n—Fm—l—l)

<24C5d -d(n+m+1)

< 24C5d? log, (2734 c* d% %)

< 24C5d? (log,(273%) + 4logy(c) + 9log,(de ™))
< 24C5d*(14 + 41ogy(c) 4+ 9logy(de™1))

< 24C5d? - 2Tlogy(¢) (1 + logy(de ™))

< 648C5 log,(¢)d? (1 + logy (de™1))

=: €1d*(1 + logy(de™1)).

(340)

Next, we count the number of elementary gates used to construct the quantum circuit A, which will be denoted

by N4. By Assumption the number of elementary gates used to construct P is at most (113)) with (n < nq,

M < M1, € & gezpamrrr 0 the notation of Assumption [4.16). Hence, using (335) and (337), the number of
2

elementary gates used to construct P is bounded by

Ca(ny +ma)“*d“ (logy (6~ C5d*2" +1)) s

= Cs(ny +my)d% (log, (6C2d%e™1) 4+ ny 4+ 1))

9 5 341
< C3(3 +1ogy(223%c2d272)) % d% (logy(2 - 3ed*e 1) + 3 + logy (2 - 3ed2e7 1)) (341

9
= C3d% (logy(2°3%c2d272))% .
By Proposition Assumption (2.4]), and the bound (339)), the number of elementary gates used to construct
Ry is estimated by at most
16186 K3 (max{Ty, ..., I}) d*(n+m + 1)* < 16186(Cad)?d® (logy (273" c*d% ). (342)

Hence, summing up (341]) and (342)), the number of elementary gates used to construct quantum circuit 4 is at
most

9
N < C3d®s (logy (2°8%c2d2272))2%5 + 16186(Cad)®d® (logy (273" ¢ d% ). (343)

Next, we count the number of elementary gates used in line 7 of Algorithm [I} which by Remark [2.12] Item 2.
coincides with the number of elementary gates used to construct the quantum circuit Q** A in the Modified IQAE
algorithm. Note that this number is also the number of elementary gates used in Algorithm [I| Using and
, the number 5! is bounded by

1 1 3 \? 13 3 19
st = (6e7H(C3d?2mT1)?)2 < V67 200d <23+1°gz<6‘d26 >> =223%Cyc2d 4 e 2 (344)

Thus, by using Proposition Item 3. (with A + A, ¢ + e5/12, n + N — 1, and N + N4 in the Notation
of Proposition [2.11]) together with (340) and (343)), we conclude that the number of elementary gates used in
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Algorithm [1] is bounded by
T
iz

(8N? 423 + Ny)

<27 BrCocd e [8(24C2d? logy (273 d% 1)) ” + 23
+ Cyd% (logy (2732222 2))2C4 + 16186(Cd)?d? (log,(278% ¢ d% )" ]

< 212—3337TC§103dmax{10.75,4.75+Cs}€—3 [8 . 242(10g2(2734c4d96_4))2 +93
+ (1og2(2532c2d%a—2))203 + 16186 (log, (273%c*d% 4))” ]

< 212*3337T0303dmax{10‘75’“5*03}5*3 [8 - 242 (1ogy (273%) + 4logy(c) + 9)° (1 + logy(de™ 1)) + 23
+ (logy(2°3%) + 2logy(c) + %)QCS (1 + logy(ds 1))

(345)
+ 16186 log,(273%) + 41og,(c) + 9)3 (1+ logQ(dafl))ﬂ

13

<2237 [8 24% ((14+4+9) 1og2(c))2 +23 + ((8.24 2+ 4.5) logy(c))**
+ 16186((14 444 9) IOgQ(C))3i| Cgcsdmax{lo.75,4.75+03}8—3(1 + log2(d€—1))max{3,203}
13

<9273 3377[8 242 £ 23414 16186}

] 05103 (271Og2(c))max{3,203}dmax{10.7574.75+03}5—3(1 + 10g2 (dg—l))max{B,QCg}

< (1.6 x 108)0303 (2710g2(c)>max{37203}dmax{10.75,4.75+03}873(1 + IOgQ(dsq))max{&zcg}
—. dimax{10.7574.75+03}€—3(1 + 10g2(d€_1))max{3’203}.

Lastly, we count the number of applications on A. Using (with € + e5/12 and « <+ « in the notation
Proposition [2.11)) and bound for 5% (c.f. (344)), the number of applications on A is at most

13 3 19 3
62121 (21) < 621222 3°Coc2d 4 e P In (2) < (6.1 x 10°)Coc2d" e 2 In(2L) =: €3d" P *In(2L). (346)
m

7 Conclusion

In this paper we have developed with Algorithm [I] a quantum Monte Carlo algorithm to approximately solve
multidimensional Black-Scholes PDEs. The contributions of this paper are the following.

First, our algorithm allows the payoff function to be of general form and is only required to be continuous
piecewise affine. From a financial point of view, this is not very restrictive, as most European options are continuous
piecewise affine, see also the various relevant examples provided in Example[2.5] This extends the existing quantum
algorithms which typically require the continuous piecewise affine payoff function to be either one-dimensional or
to be a basket option.

Moreover, we provided a mathematical rigorous error and complexity analysis of Algorithm [I} which we see as
our main contribution of the paper. This allows us to prove that the computational complexity of the algorithm
only grows polynomially in the space dimension d of the PDE and the prescribed reciprocal of the accuracy
e. In addition, we see that for continuous piecewise affine payoff functions which are uniformly bounded, the
computational running time of Algorithm |1 scales 0(5*3/ 2). Therefore, compared to classical (i.e. non quantum-
based) Monte Carlo algorithms which scale O(¢72), we indeed have proved that Algorithm [1| provides a speed-up.

Furthermore, we have developed a package we named gfinance within the Qiskit framework which can be
used to run Algorithm[fJon a computer for the case d = 1,2. The OptionPricing class within this package enables
the user to input all parameters of the underlying stocks, to choose the class of continuous piecewise affine payoff
functions within the ones presented in Example [2.5] as well as to specify to error tolerance level. We numerically
demonstrated the applicability of our algorithm in this low-dimensional setting. Moreover, we have discussed the
scalability of our algorithm by explaining how one could extend our code for the general d-dimensional setting. We
also highlighted that the limitation of the numerical simulation are not caused by our developed Algorithm [I} but
due to the limited quantum computing hardware currently available.

We emphasize that the outline of Algorithm [T} namely to approximate the solution of the Black-Scholes PDE
via its Feynman-Kac representation by first uploading the transition probability of the underlying (log-normally
distributed) SDE, followed by the uploading of the payoff function, and then applying a Quantum amplitude
estimation algorithm to estimate the solution of the PDE is not new and has been already applied, e.g., in |15,
62, [69]. However, so far, no mathematical rigorous error and complexity analysis of such a quantum Monte Carlo
algorithm to solve Black-Scholes PDEs, or any quantum based algorithm to solve PDEs, has been provided in the
literature, which was the main goal of this paper.
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