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Abstract

We study a robust stochastic optimization problem in the quasi-sure setting in
discrete-time. We show that under a lineality-type condition the problem admits
a maximizer. This condition is implied by the no-arbitrage condition in models of
financial markets. As a corollary, we obtain existence of an utility maximizer in
the frictionless market model, markets with proportional transaction costs and also
more general convex costs, like in the case of market impact.
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1 Introduction

An agent participates in the market by buying and selling options. If we denote the
portfolio by H, i.e. the holdings of the agent at time ¢ by H;, then after T steps and
liquidation of the portfolio, he or she will have amount V(H) on the bank account. In-
stead of moving arbitrarily in the market, we ask ourselves whether the optimal portfolio
process, or strategy, of the trader exists. When talking about optimality, we need to
specify a preference relation on the set of final wealths or states of the bank account.
The preference we will be considering is the robust utility preference

H = (Hy,...,Hr_1) — Ii)rémeP [U(V(Hoy,...,Hr_1))], (1.1)
where the utility function is given by U and 8 denotes a collection of probability mea-
sures.

The use of robust utility preference is motivated by the fact that the true probability
measure might not be known. So, instead of considering the utility maximization with
respect to one measure, that we guess to be the correct one, we consider a family of
probability measures that are possible. We then talk about model uncertainty: it is
not known which of the probability measures is the true one, but hopefully, the class
of probability measures we are considering is big enough to contain the true one. The
optimal strategy for the robust utility maximization problem is giving ‘the best possible
performance’ under ‘the worst probability measure’.
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Instead of specifying the market model and analyzing the robust utility maximization
problem, it will be easier to consider a more general model. The advantage of doing this,
beside simpler notation, is the fact that not every utility optimization problem is of the
type: maximizing the robust utility of terminal wealth. One can, for instance, consider
the problem of optimal consumption stream. We will, thus, consider the following robust
optimization problem

sup inf BT [V (Hy,...,Hr—1)]. (1.2)
HeM PP
The goal of this paper is to show the existence of a maximizer H for a general class
of concave functions ¥. In Section B we will provide examples showing that this more
general problem indeed contains the robust utility maximization problem. The examples
include the liquidation value of the strategy H at maturity 7' in frictionless market
models, but also with proportional transaction costs and even more general costs.

Concerning the set 3, there are two cases that prompt different approaches. If the
set P is dominated, i.e. there exists a probability measure P such that every measure
Q € B is absolutely continuous with respect to P, there is a plethora of approaches to
obtain existence of optimizers. A simple one, that works under our set of assumptions:
start with the maximizing sequence of strategies and pass, using Komlos type lemma
(see e.g. [8, Lemma 9.8.1, p.202]), to a convergent sequence of convex combinations. The
limit of this sequence, thus, needs to be the maximizer. One can also apply dynamic
programming, like in [22], to obtain existence under relaxed set of assumptions, or a
duality argument, see [19].

If the set P of probability measures on 2 is not dominated, the set of approaches
to establish existence becomes very limited. Many approaches of the dominated case do
not transfer over to this one; for instance, there is no analogue of a Komlos-type lemma.
So, the simple argument for existence provided above does not work anymore. Also, the
duality approach is, to the best of our knowledge, not applied here. What remains is the
dynamic programming approach. For that reason, the setup we are working is in needs
to be carefully laid.

Robust utility maximization was already considered in the literature. The closest
to our work in discrete-time is [I8]. There, it has been shown existence of an optimal
strategy in the frictionless market model where the utility function is defined on the
positive half-line. This work is essentially the robust analogue of [22]. For more results
concerning the robust utility maximization problem in a nondominated framework, we
refer to [2, 4, [7, @, [12] 15, 16, 17, 26]. To the best of our knowledge, robust utility
maximization in the nondominated setting for financial markets with friction has not
been studied yet.

The main tool for proving existence is dynamic programming. Dynamic program-
ming is an approach that replaces the multi-step decision problem with a series of one-
step decision problems. If one can solve, i.e. prove existence of optimizers of the one-step



problems, then one gets existence in general, by using those one-step optimizers in se-
quence. In order to be able to apply the approach, we need to first work in the setup
that is suitable for measurable selection. The formulation of a robust market from [6]
turns out to be appropriate for our needs. We will follow the formulation of dynamic
programming in [I1].

How does one establish the existence of the optimal strategy in the one-step models
that we need to solve? One approach, taken in [I8] and [22], is to set up the problem in
such a way that the set of strategies in the one-step problems one obtains is compact.
Indeed, under a suitable no-arbitrage condition, having a frictionless market model with
utility function defined on the positive half-line implies this compactness, up to the
projection on the predictable range.

To consider utility functions that are defined on the whole real line, for example the
exponential utility function, one needs to resort to convex analysis. Theorem 9.2 in [23]
provides the necessary condition. When considering utility maximization in a one-step
market model, this condition turns out to be just the no-arbitrage condition; we will
prove this statement in the course of the paper. In our general setting, the condition
that will serve as a no-arbitrage condition will be the following

the set K:={HeH | U™(Ho,...,Hr—1) > 0%-q.s.} is linear, (1.3)

where here ¥ denotes the horizon function of the concave function ¥; see Section [2
This condition coincides with the robust no-arbitrage condition in the frictionless market
model. The main step, indeed the main technical obstacle in the proof of our main result,
is to show that the ‘global’ condition ([[L3]) satisfy a ‘local’ version at each time step.

The remainder of this paper is organized as follows. In Section 2, we introduce the
concepts, list the assumptions imposed on ¥ and state the main results. The examples
of robust utility maximization in different financial markets with friction are given in
Section 3. In Section 4, we introduce and solve the corresponding one-period maximiza-
tion problem. The problem of finding a maximizer reduces to a question of closedness
property of the hypograph of the function over which one maximizes. The result [23]
Theorem 9.2, p.75] provides an answer to the above question and explains the sufficiency
of the condition (IL3]). In Section 5, we introduce the notion needed in our dynamic pro-
gramming approach and explain why this leads to the existence of a maximizer in our
optimization problem ([2]). The proof is then divided into several steps, which heavily
uses the theory of lower semianalytic functions.

Notation For any vector z € R written out as x = (xoy...,x7—1), where z; € R¢
for each i, we denote the restriction to the first ¢ entries by z' := (xg,...,2;_1). For
y € R we denote by x -y the usual scalar product on R4



2 Optimization Problem

Let T € N denote the fixed finite time horizon and let 2; be a Polish space. Denote by
Q! := Q} the t-fold Cartesian product for ¢t = 0,1,...,7, where we use the convention
that Q0 is a singleton. Let F; := (p B(Q))F be the universal completion of the Borel
o-field B(2); here B(Q!)F denotes the P-completion of B(€2*) and P ranges over the set
M () of all probability measures on (¢, B(2!)). Moreover, define (Q2, F) := (QT, Fr).
This plays the role of our initial measurable space.

For every t € {0,1,...,T — 1} and w! € Q! we fix a nonempty set P (w!) C M (1)
of probability measures; 33;(w’) represents the possible laws for the t-th period given
state w!. Endowing 901 (£21) with the usual topology induced by the weak convergence
makes it into a Polish space; see [3] Chapter 7]. We assume that for each ¢

graph(;) := {(w', P) |w' € QF, P € Py(w')} is an analytic subset of QF x 91 ().

Recall that a subset of a Polish space is called analytic if it is the image of a Borel
subset of a (possibly different) Polish space under a Borel-measurable mapping (see
[3l Chapter 7|); in particular, the above assumption is satisfied if graph(B;) is Borel.
The set graph(P;) being analytic provides the existence of an universally measurable
kernel P, : QF — 90t () such that Py(w!) € Py (wh) for all w! € Qf by the Jankov-von
Neumann theorem, see [3, Proposition 7.49, p.182]. Given such a kernel P, for each
t €{0,1,...,T — 1}, we can define a probability measure P on 2 by

P(A) ::/ / 1A((U1,...,CUT)PT_l(Wl,...,LW]“_Hd(UT)---PO(d(Ul), Aef)
91 Q1

where we write w := w’ := (wy,...,wr) for any element in Q. We denote a probability

measure defined as above by P = Py ® -+ ® Pr_1. For the multi-period market, we

consider the set

B = {P0®’-’®PT_1‘P,§(') emt(-),t:O,...,T—l}gfml(Q),

of probability measures representing the uncertainty of the law, where in the above
definition each P, : Q! — 991;(Qy) is universally measurable such that P;(w') € P (wt)
for all w! € QL.

We will often interpret (2!, F;) as a subspace of (£, F) in the following way. Any
set A C Q' can be extended to a subset of Q7 by adding (T — t) products of Qy, i.e.
AT = AxQy x - xQ € QF. Then, for every measure P = Py ® --- ® Pr_; € ‘B,
one can associate a measure P’ on (!, F*) such that P'[A] = P[AT] by setting P! :=
Ph®- @ P_.

We call a set A C Q PB-polar if A C A’ for some A" € F such that P[A'] = 0 for
all P € B, and say a property to hold JB-quasi surely, or simply B-q.s., if the property
holds outside a B-polar set.



A map U: QxR — Ris called an F-measurable normal integrand if the measurable
correspondence hypo ¥ : Q = R x R defined by

hypo ¥ (w) = {(m,y) eRT x R | U(w,x) > y}

is closed valued and F-measurable in the sense of set-valued maps, see [24] Definition 14.1
and Definition 14.27|. Note that the correspondence hypo ¥ has closed values if and only
if the function z — ¥(w, x) is upper-semicontinuous for each w; see [24, Theorem 1.6]. By
[24, Corollary 14.34], ¥ is (jointly) measurable with respect to F @ B(R?T) and B(R).
Classical examples of normal integrands, which are most prevalent in mathematical
finance, are Caratheodory maps; see [24, Example 14.29].

Denote by H the set of all F-adapted R%-valued processes H := (Ho, ..., Hp_1) with

discrete-time index t = 0,...,T — 1. Our goal is to study the following control problem
sup inf EX[U(Hy,..., Hr )], (2.1)
HeW PER

where ¥: Q x R — R is a concave and F-measurable normal integrand.

Recall that a function f from a Borel subset of a Polish space into [—o0, o] is called
lower semianalytic if the set {f < ¢} is analytic for all ¢ € R; in particular any Borel
function is lower semianalytic. A concave function f: R"™ — RU {—oco} is called proper
if f(z) > —oo for some z € R". We refer to [3] and [23] 24] for more details about the
theory of lower semianalytic functions and convex analysis, respectively.

The following conditions are in force throughout the paper.

Assumption 2.1. The map ¥ : Q x R — RU {—oo} satisfies the following
(1) for every w € Q, the map x — ¥(w,z) is concave and upper-semicontinuous;

)
(2) there exists a constant C' € R such that ¥(w,z) < C for all w € Q, 2 € R
(3) the map (w,z) — ¥(w,x) is lower semianalytic;
(4)

4) there exists h° € R an ¢ > 0 and a constant ¢ > 0 such that

U(w,z) > - YweQ VeeRT: |z -hr° <e. (2.2)

Remark 2.2. At first glance, Assumption 2.I}(2) may look to be rather restrictive.
However, it was shown in [I8] Example 2.3| that for any (nondecreasing, strictly concave)
utility function U being unbounded from above, one can construct a frictionless market
S and a set P of probability measures such that

= inf BY[U(x+ H « Sr)] <
u(z) sup inf [U(x )] < o0



for any initial capital z > 0, but there is no maximizer H. So already in the special
case of V(H) := U(V(H)) in the frictionless market, the existence may fail for utility
functions not being bounded from above.

Remark 2.3. The mapping ¥ satisfying Assumption 2.I]is a normal integrand. Indeed,
Assumption 2ZT(3) and [3, Lemma 7.29, p.174] imply that the map w — ¥ (w,z) is F-
measurable for every z € R recall that F is the universal o-field on Q. Therefore,
normality of W follows directly from [24] Proposition 14.39, p.666].

Remark 2.4. Assumption 2I[(4) is primarily a statement saying that the domain
dom ¥(w) of the mapping x — ¥(w, x) has an interior for each w € . It is even stronger,
since the strong lower bound on ¥ on the neighborhood of h° implies that every strategy
H € H satisfying ||H(w) —h°|| < € for every w € (2 satisfies also inf peqy EF[¥(H)] > —c.
This is a strong regularity condition that plays a crucial role in establishing measur-
ability of the objects arising in the dynamic programming procedure. More precisely,
if h° = 0, it implies that it is enough to know the market on the countable set of de-
terministic strategies H € Q%T; c.f. Remark It can certainly be relaxed, however
it is difficult to come up with a set of conditions on ¥ that could be checked a priori.
The most general sets of conditions should be stated in terms of objects arising in the
dynamic programming procedure; see Remark [5.2(3) and the proof of Lemma

Remark 2.5. We point out that our definition of a normal integrand ¥ varies from
the classical one in convex optimization as defined e.g. in [24, Chapter 14|, in the sense
that —W is a normal intergrand in classical convex analysis. As we are looking for a
maximum of a concave function, our definition of a normal function fits into our setting.

We now define the horizon function > : Q x R — RU{—o0} of a concave, proper,
upper-semicontinuous integrand ¥(w, ) by

o0 g L 1
U (w, h) = nh_)n;o E[\I/(w,x +nh) — ¥(w,z)] = éggg[W(w,x +nh) — ¥(w,z)]
where z € R is any vector with ¥(w,2) > —oco. Note that for any fixed w € Q,
the map h — ¥*(w, h) does not depend on the choice of = in the definition; see [24]
Theorem 3.21, p.87]. The mapping ¥*°(w,-) is positively homogeneous, concave and
upper-semicontinuous, see [24) Theorem 3.21, p.87|. If in addition, ¥ is normal, then so
is U, see [24], Exercise 14.54(a), p.673|.
Throughout the paper we impose the following condition.

the set K:={H € H|¥*(Ho,...,Hr_1) > 0P-q.s.} is linear. (NA(R))

We call it the no-arbitrage condition. Of course, the set H of adapted strategies is a
linear space, hence K is a subset of it and the definition makes sense. Note that the set
K is a convex cone; this follows directly from concavity of the map W°.



Remark 2.6. Naming the condition NA() a (robust) no-arbitrage condition is mo-
tivated by the following observation: consider a frictionless market with corresponding
price process S and let

T-1

U(H) =Y H - (Sey1—S) = H*Sr
t=0

denote the capital gains from trading in the market using strategy H € H, our notion
of NA(*B) coincides with the robust no-arbitrage notion in [0 [I8]. This follows directly
since linearity of ¥ in this situation implies that ¥ = W. Indeed, if K were not
linear, there would exist a strategy H € K such that —H ¢ K. But this implies that
H + Sp > 0 B-q.s. and there exists a measure P € P with P[-H * Sp < 0] > 0, i.e.
P[H + Sp > 0] > 0, which means that H is a robust arbitrage strategy in the sense of
[6] [18]; and vice versa.

Moreover, when the map W is of the form initially considered, i.e. given by

a sufficient condition (independent of the utility function U!) for ¥ to satisfy NA(B) is
V' satisfying the following condition

the set {H € H|V*(H) > 0‘B-q.s.} is linear.

This is a condition on the financial market model, where V(H) denotes the terminal
wealth when investing with strategy H. Indeed, let U be a nondecreasing, concave
utility function such that ¥ is not identically equal to —oco. Then by Lemma [T4]

T = {U (V(h) i V2(h) > —o0
—00 otherwise.

We claim that linearity of the set {H € H|V>°(H) > 0 PB-q.s.} implies linearity of
the set {H € H|U>®(H) > 0 B-q.s.}. To see this, observe that U>*(0) = 0, and
U is nondecreasing as U is so, too. Let H € H satisfy V>°(H) > 0 PB-q.s. By
the monotonicity of U* and as ¥ = U> o V*° this means that V*°(H) > 0 P-
q.s. By assumption on the linearity of the set {H € H|V>°(H) > 0 P-q.s.} we have
V>°(—H) > 0 P-q.s., which implies that U*(V>°(—H)) > 0 B-q.s.. Linearity of the set
{H € H|¥>(H) > 0 B-q.s.} now follows.

Generalized notions of no-arbitrage conditions in form of linearity type conditions
were already obtained in [20] 2I] for markets without uncertainty (i.e. where one fixed
measure P is given). Our no-arbitrage condition NA(*B) can be interpreted as an exten-
sion of linearity-type of no-arbitrage conditions to the robust framework.



The main theorem of this paper is the following.

Theorem 2.7. Let ¥ be a map satisfying Assumption 21 If the no-arbitrage condition
NA() holds, then there exists a process H € ‘H such that

inf EX[W(Hy,..., Hy_1)] = sup inf EP[U(Hy, ..., Hr_1)]. 2.3
ot [V (Ho 7-1)] sup tnf, (W (Ho 7-1)] (2.3)

We will give the proof of this theorem in Section

3 Examples

In this section, we give several examples of robust utility maximization in various mod-
els of financial markets fitting into the setting of Theorem P71 This was our initial
motivation for the abstract robust optimization problem.

Example 3.1. In this example, we analyze the robust utility maximization problem in
a classical frictionless market similar to [I§].

Let S = (S',...,5% be a d-dimensional stock price process with nonnegative com-
ponents being Borel-measurable and constant 53 = sé > ( for all j. Consider a random
utility function U: @ x R — R U {—o00}, i.e. U(w,") is a nondecreasing, concave func-
tion, which is upper-semicontinuous and bounded from above by a constant. Moreover,
assume that (w,y) — U(w,y) is lower semianalytic and w — U(w,y) is bounded from
below for each y > 0; the last two conditions are trivially satisfied if U: R — RU {—o0}
is a classical utility function independent of w satisfying U(y) > —oo for y € (0,00). We
define the mapping ¥ by

V(H)=U(x+ H * Sr),

where z > 0 is the fixed initial wealth of the trader. We want to show that ¥ we
just defined satisfies Assumption Il To that end, note that it is concave as ¥ (w, -) is a
compositum of a concave and a linear function. Also upper-semicontinuity is clear as U is
upper-semicontinuous and H — H ¢ St is continuous for every w. As the utility function
is bounded from above, the same holds for the mapping W. Due to the assumption on U
being lower semianalytic, the same holds true for ¥ being a precomposition of a lower
semianalytic function with a Borel function; see [3, Lemma 7.30(3), p.177].
To see that Assumption 2.I(4) is satisfied, set

x
B 2dTmaX{sé cj=1,...,d}

p:

and define the deterministic strategy hy := (hf’l, e ,hf’d) € R by

h?]:(T—t)p? fOI't:O,,T—l, j:l,,d



Let € < £. Tt is easy to see that any z € RIT satisfying ||z — h°|| < € is decreasing in
each of the components; i.e. the (deterministic) process (zg )te{o,....,7—1} s decreasing for
each j = 1,...,d. We claim that the corresponding capital gains z ¢ St at time T are
uniformly bounded from below. To see this, let z € H be one of such (deterministic)
strategies. Writing z_; = 0 = 2z, we obtain the corresponding capital gains

T-1 T
z ST = Z Zt (St—l—l — St) = —Z(Zt — zt—l) . St.
t=0 t=0

By assumption on nonnegativity of each stock price process S7 and the fact that the
strategy (2/)ieqo,..., 7—1} is decreasing, it follows that — Zle(zt —24-1) - Sy > 0. To see
that also —(z9 — z—1) - Sy is bounded from below, we use the definition of p to see that

oS

d d
: : : o 1 ,
—(z0 — 2z-1) - So = —Z(zé —21)S) = —ZzéS > —Zp<§ +T> sh > —x.
j=1

j=1

Thus, the claim holds true, i.e. for some constant 6, z + z * Sp > § > 0 for each (z)
satisfying ||z — h°|| < ¢, and each w. Therefore, ¥ satisfies Assumption 2.1k4), as we
assumed that w — U(w, ¢) is bounded from below.

Remark 3.2. Our main theorem is more general than the result from [I8] in a few
directions. First, we do not assume that the stock price process is adapted and therefore
also include e.g. the setup of [I4]. Moreover, we do not impose the assumption that
the utility function is defined on the positive half-line. This allows one to include, for
instance, the exponential utility function.

Remark 3.3. One models portfolio constraints by correspondences D;: Qf = R re-
quiring that H;(w) € Dy(w) Vw,t. Convex constraints D;: Qf = R? which are given by
Borel measurable, closed-valued correspondences are included in our model as long as
either D; = {h°} or D, has an interior in such a way that Assumption 2I](4) is satisfied.
However, one can read out from the proof of our main theorem that Assumption 21}(4)
can be relaxed for constraints, i.e. it is not necessary for the sets D; to include a ball
around h°, it is enough for them to have an open interior for the dynamic programming
with the criterion function

~
L

(I\I(w7 h) = \Ij(wv h) - XDy (w) (ht)
t

i
=)

to give the existence of a maximizer; here y4 denotes the convex analytic indicator
function for the set A = Dy(w) giving the value 0 if h; € A and oo otherwise.



Example 3.4. In this example, we consider the financial market from [10] with pro-
portional transaction costs. The mark-to-market value of the portfolio strategy H with
initial (fixed) capital > 0 is defined by

T-1
V(H) =+ Y Hy(Sis1 — Sy) — 6Si|Hy — Hy_y],
t=0

where we set H_; = 0. The one-dimensional stock price process (S;) is assumed to be
Borel-measurable and nonnegative starting at a constant Sy = sy > 0. The constant
1 > k > 0 indicates the amount of transaction costs. One then defines ¥ to be

for a random utility function U:  x R — R U {—o00} being defined as in Example 311
It is easy to check that the conditions of Assumption 2] are satisfied. Concavity and
upper-semicontinuity is clear by the fact that U is upper-semicontinuous, concave, non-
decreasing and V' is concave and continuous. Boundedness from above is clear by the
same assumption on the utility function U. The lower semianalyticity of W is fulfilled
as S is assumed to be Borel. Now, rewrite the value of the strategy as follows

T-1
V(H)=x— Si(k|Hy — Hy—q| + (Hy — Hy—1)) + Hr—1 St
=0
T-1
=x— Y Sif(Hi—Hy—1)+ Hr—15r,
=0

where the function f: h — k|h| + h is less than or equal to zero for all h < 0 by
assumption on the constant k. Define (hy)i=o,. 7-1 € R” and p as in Example B.1], and
choose ¢ < pmin{%, T(11+_:)}' We know from Example Bl that any H € H satisfying

||H — h°|| < e is positive and decreasing, hence

T—1
- Z Sif(Hy — Hy—1) + Hr—1S7 > 0.
=1

T(1-k)
1+k

Moreover, as € < p , it is straightforward to see that

—Sof(Hy — H_1) = —so(kHo + Hy) > —so(Tp+¢e)(1 + k) > —x.

Therefore, there exists a constant § such that V(H) > 6 > 0 for all w and all H
satisfying |[H — h°|| <e. Hence ¥ = U o V satisfies Assumption 2.1[4), as we assumed
that w +— U(w,d) is bounded from below.

10



Remark 3.5. In Remark we motivated the name ‘no-arbitrage’ for the condition
NA () by indicating that it coincides with the definition of robust no-arbitrage condition
introduced in [6]; we sketch a similar argument for the case of proportional transaction
costs. Questions of no-arbitrage in models with proportional transaction costs are usually
addressed in the setting of [13]. The fundamental contribution to the no-arbitrage theory
in the setup without model uncertainty was made in [25] where the concept of robust
no-arbitrage was introduced. More precisely, it was shown that its robust no-arbitrage
condition is equivalent to linearity of a certain set of portfolio rebalancings; see [25]
Lemma 2.6]. One can translate the example above to the framework of [I3]. Observe
that our condition NA(B) in fact generalizes the robust no-arbitrage condition of [25],
i.e. an equivalent formulation thereof, to this non-dominated setup.

Remark 3.6. The example above treated the mark-to-market value in the market. One
could equivalently consider the liquidation value of the portfolio H. Also, it is easy to
see that this is not restricted to proportional transaction costs, but can be extended to
more general transaction costs. The important thing is the condition Assumption 2.1J(4)
and the example above indicates where it comes up in the argument.

Remark 3.7. One could also consider (proportional) transaction costs in physical units.
We will only sketch this example. There are d risky assets in the market and the portfolio
of the trader is described by specifying at each time ¢ the number of shares in each of
the d risky assets. Going back to the original contribution of [13], one models trading in
the market by specifying in each time instance t = 0,...,7 — 1 how many shares H;" —b
of risky asset « to transfer to shares of the risky asset 5. Hence, a strategy will be a
matrix with adapted entries. The market mechanism, i.e. changes of the portfolio due

to a trade order, is given by a sequence of maps
Fp: QxR 5 RY

The interpretation is the following: after executing the order H at time ¢, the holdings
of the trader in physical units are going to change by F;(H). So, the portfolio of the
trader at the end of the trading period is given by

T—1
V() = S F(H)).
t=0
We also refer to [5].
Now, let the utility function be denoted U: R¢ — R, and define the map ¥ by
VU(H) =U(V(H)).

One can easily find conditions under which Assumption ] is satisfied. For instance:
the utility function U is bounded from above, concave, nondecreasing, and upper-
semicontinuous with respect to partial order given by an order cone ]Ri; the market

11



impact functions F; being continuous and concave with respect to the same partial order;
appropriate measurability conditions and boundedness conditions to obtain conditions

Assumption 2.1(3,4).

Example 3.8. In this example, we consider the optimal liquidation problem, an adap-
tation of the model introduced in [I]. The agent initially holds X > 0 units of a
security, which need to be liquidated by the time of maturity 7. The strategy H =
(Ho,...,Hp_1) denotes that the agent holds H; units of the security after liquidation
of the amount H; 1 — H; at time ¢; in the interpretation of [1] the agent liquidates this
amount between times ¢ — 1 and ¢. This liquidation yields (Hy;—1 — H;)Sy on the bank
account, where §t encodes the price achieved per unit of security, given the temporary
price impact of trading. Temporary price impact is modeled by the function g, writing
:S\t =Sy — g(Hy—1 — Hy), where Sy would denote the stock price at time ¢ where there is
no trading in the market. We set H_1 = X and Hp = 0. After liquidation the amount
on the bank account V(H) is given by

T
V(H) =Y (H_ — H)S,
. .
= Z(Ht—l — H;)S; — Z(Ht—l — Hy)g(He—1 — Hy)
=0 =0

~

T
XS + Hy(Sp41 — St) — Z(Ht—l — Hy)g(Hi—1 — Hy).
0

t t=

i
o

We assume that the function g is convex, lower-semicontinuous and nondecreasing, and
satisfies g(0) = 0. Moreover, we assume that g(x) < oo for all x > 0. Then the above
defines a concave market model. The first term above does not depend on the strategy,
the second one depends linearly and the last term is obviously concave; indeed, the
function = — zg(z) is, under stated conditions, clearly convex on x > 0.

Let U: R — RU {—o0} be a nondecreasing, upper-semicontinuous, concave utility
function bounded from above. Define the map ¥ by ¥(H) := U(V(H)). Clearly, ¥(w,-)
is concave and upper-semicontinuous as V'(-) is concave, upper-semicontinuous and U
is concave, upper-semicontinuous and nondecreasing. Boundedness from above follows
from the same assumption on U, and Borel measurability holds whenever the stock price
process (S;) is Borel.

We assume that the stock price process (S;) is bounded below by some constant
v <0, ie. Si(w) > for all w. We then show that Assumption 2I(4) is satisfied by the
model. Define the sequence that encodes constant rate of liquidation

he ::X(l—%), tefo,...,T -1}
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and choose ¢ < ﬁ Then, it is straightforward to see that for any (x;) satisfying

lx — h°|| < e, setting also x_; = X and zp = 0, we have

T T-1
V(m) = Z(xt—l —x4)S; — Z(xt—l —x)g(T-1 — T¢)
t=0 t=0
57X 5X 5X
—3UWJ)_aT+mg<aT+n>‘

Therefore, ¥ satisfies Assumption 211

4 One-Period-Model

The key technique of the proof of Theorem 2.7]is dynamic programming, i.e. backward
induction, where one optimizes the strategy over each single time step and then ’glues’
the single step strategies together. To that end, it is necessary to analyze the corre-
sponding one-period model first, which we do in this section. In the one-step case one
may prove the result in a more general setup than the multi-period case. For that reason
we first provide the setup for the one-period case.

4.1 Setup

Let © be a Polish space, F be the universal completion of the Borel o-field B(f2), and
P be a possibly nondominated set of probability measures on F.
We fix a function ¥: Q x R? — RU {—oc} and consider the optimization problem

inf EP[W(R)]. 4.1
sup fuf EV[U(R)] (4.1)

Throughout this section, we will work with the following conditions on W.
Assumption 4.1. The map ¥: Q x R? — RU {—oo} satisfies

(1) for every w € , the map = +— ¥(w, ) is concave and upper-semicontinuous;
(2) there exists a constant C' € R such that ¥(w,z) < C for all w € Q,x € R%
(3) the map (w,z) — ¥(w,x) is lower semianalytic;
(4)

4) the optimization problem is non-trivial, i.e. there exists a strategy h® € H = R¢,
such that infpegp Ep[¥(h°)] > —oc.

13



Remark 4.2. Let us compare Assumption LTl with Assumption 2.]of the general multi-
period case. First note that points (1), (2) and (3) are the same in both cases. In fact,
Assumption ILTI(3) insures that for every » € R? the random variable ¥(z) is measur-
able. This can be achieved e.g. by assuming the weaker condition of (w,x) — ¥(w,z)
being universally measurable; see [3, Lemma 7.29, p.174]. However in the multi-period
case, lower semianalyticity cannot be relaxed without losing the measurability setting
needed to be able to apply crucial measurable selection arguments; see the proof of
Proposition and Proposition .71 Assumption [4.1J(4) just requires that the optimiza-
tion problem is well posed, i.e. the value is not equal to —oo for all z € R%. The stronger
Assumption 2I(4) serves a different purpose; see Remark [£.2(3).

We work under the following no-arbitrage condition
the set K :={heR? | U>°(h) >0 $P-q.s.} is linear. (4.2)

The main result of this section is the existence of a maximizer for the one-period opti-
mization problem (4.1]).

Theorem 4.3. Let the no-arbitrage condition [2) and Assumption [{.1] hold. There
exists a strateqy h € R? such that

o~

inf Ep[W(h)] = inf Ep[¥(h 4.3
ot Bp{U(R)] = sup inf Bplw(h) (1.3

i.e. the optimization problem admits an optimizer.

4.2 Proof of the One-Period Optimization Problem

In the one-step case, one can prove the existence of a maximizer just by applying classical
arguments from convex analysis. Assumption .lis in force throughout this section. One
of the key elements of the proof is the following reformulation of [23] Theorem 9.2, p.75].

Proposition 4.4. Let f : R" — R U {—oc0} be concave, upper-semicontinuous and
proper, and let A : R™ — R™ be linear. If the set {z € R"|Az = 0, f>(z) > 0} is
linear, then the function

9(y) :==sup{f(z) |z € R", Az =y}

s concave, proper and upper-semicontinuous. Moreover,

97 (y) = sup{f~(z) |z € R", Az = y}.

Furthermore, for each y such that g(y) > —oo, the supremum in the definition of g is
attained.

14



Consider the function

®: h s inf EFC[U(R)].
Peyp

Observe that ® is concave and upper-semicontinuous as an infimum of concave upper-
semicontinuous functions; use Assumption 1 1,2) and Fatou’s lemma. It is also proper,
i.e. not identically equal to —oo, by Assumptiond.I|4). Moreover, we have the following.

Lemma 4.5. Let ¥ : Q x RY = RU {—oc} satisfy Assumption {1 Then

@(h) = inf BV [¥(h)

for all h € R

Proof. By concavity of ¥(w, ), the sequence n — 2 (¥(w, nh+ h°) — ¥(w, h°)) is point-
wise decreasing for every w, hence monotone convergence yields

o0 o l : P oN] s P o
o (h)_%ngn@gme (W(nh+ )] — inf BP[W(h )])

= inf —( nt (EP(W(oh + 1) — ()] + EP(U(0)]) — ft BV 0 (1))

: 1 : P o o
> — _
inf > inf (EV[¥(nh+h°) — U (R%))

. . 1 P o) _ o
_géfmnh_)ngon(E [W(nh+ h®) — W (h°)])

= inf BP[¥(h)

For the reverse inequality, we use Assumption [LT[2) and come back to the second line
of the above calculation to get

°(h) = i%&%(}%fp (EP[W(nh + h°) — W(h%)] + EF[W(h%))) —%BEP[W(M)])

< inf 1( inf (EP[U(nh + h°) — W(h°)]) +C—JygBEP[qJ(h°)])

neN N \ Pep
= inf ET[OU>®(h)).
Jnf BT 0 (h)

O

Proof of Theorem [{-3 The mapping ¥(w,-) is bounded from above by a constant C
for each w € Q. Thus U>*(w,:) < 0 for each w. From Lemma we know that
®>(h) = inf peg EX[¥*°(h)] and thus also ®>(h) < 0 for all h € R%.

Observe that ®>*°(h) = 0 if and only if h € K. Therefore, by the no-arbitrage
condition ({2), we see that the conditions of Proposition 4] are fulfilled for the linear
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map A : ]R‘i—) {0}, z— 0 and f = ®. Thus, Proposition 4] yields the existence of a
maximizer h, as (by choosing y = 0)

sup ®(h) = sup{®(h)| Ah =0} = sup inf EP[WU(h)] > inf EF[U(h°%)] > —oo.
heRd heRd pep pPep

O

Remark 4.6. Notice that in the above proof we did not require any structural properties
of the measurable space (£, F) or of the set 8 of probability measures. The only
important element of the setup is concavity of the map ¥. In particular, Theorem A3
remains valid for any measurable space (€2, F) when replacing Assumption [L.1](3) by the
assumption that the map (w,z) + ¥(w,x) is F ® B(R?)-measurable.

5 Multi-Period-Model

The key idea of the multi-period case is to adapt the techniques of dynamic program-
ming principle, developed in [I1], to the robust framework. We will use the setup and
measurability techniques developed in [6] and [18].

From this point on, Assumption 2.1]is in force as well as the no-arbitrage condition

NA(3) given by
the set K :={H € H|V>(H) > 0 P-q.s.} is linear.

The basic idea of dynamic programming is to reduce the maximization over the
set of strategies H to one-step maximization we encountered in the previous section.
Precisely, using the notation where for w! € Q! and © € Qy, w! ®; & stands for the
pair (w!,@) € Q! we define the following sequences of maps: set Wr := ¥ and for
t=T—1,...,0 and w' € QF define

O (w2 =  inf BP0 @ - 2T,
t( ) petf [Wip (w0 ® )]
Uy (', at) = sup (w2, ),

ZER

\Ilt(wt, ) i=cl \T/t(wt,-),

where by cl \T/t(wt, -) we denoted the upper-semicontinuous hull of the function z
\I’t(wt, x). The upper-semicontinuous hull of a function f: R™ — [—o00, o] is the smallest
upper-semicontinuous function (not necessarily finite) minorized by f; it is the function
whose hypograph is the closure in R x R of the hypograph of f, see [23] p.52].
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Remark 5.1. Let us give a rough sketch of an argument why one would consider the
recursion above. We will restrict our attention to the case with T' = 2. The optimization
problem we are considering is

sup inf EF[Wy(Hy, Hy)] = sup [Sup inf EX[W,(Ho, Hy)|.
Ho H1 PEY‘B HO Hl PE

After we evaluated the expression in the brackets, optimization over Hy will follow
the argument we provided for the one-step case. Let us, therefore, concentrate on the
optimization over Hy. First, calculate the conditional expectation of Wo(Hy, Hy) given
F1. By the definition of the probability measure as P = Py ® P;, we know that

EP0®P1 [\I’Q(HO, H1)|]:1](w1) = / \I’Q(W1 ® w9, H(], H1)P1 (wl, dWQ)
Qo
= EPl(W1)[\P2(w1 X1 H07 Hl(wl))]v
where the second equality is just change in notation. Hence, @1 is just

O1(wi,x0,71) = Pr(wr,2”) = inf  EN[Wy(2?)|Fi](wr),
PrePi(wr)
where the versions of the conditional expectation are defined via kernels P; € 9y (w1).
Coming back to the minimization over Hy, first use the tower property: for any strategy

H € H we have

inf EX[Uy(Hy, Hi)] = inf EP| inf EP[Uy(w @1 -, Hy, H
jnf [Wa(Ho, H1)] it et [Wo(wy @1 -, Ho, Hy)]

by the decomposability property. However, one would need to show that the expression
in the expectation is measurable. In particular, the above equation implies that

sup inf EF[Wy(Hy, Hy)] = sup inf EX[®,(-, Hy, Hy)).
H; pPep Hy pPep

It remains to show that

sup inf EP (I)l ,H(),Hl = inf EPO \:[Jl ',H() .
up inf 17 (@1( Ho. Hy) = inf "W (. Ho)
The inequality < is easy to see. Indeed, we have ®1(w, Hy, Hy) < ¥;(w, Hp) for each w,
Hy. To see the converse, it is enough to prove that the supremum in the definition of
P, is attained by some Fj-measurable random variable.
This formally derives the recursion we are considering for the maximization problem.
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Of course, the remark above does not constitute a proof to our main theorem, but
merely a sketch of an argument of why the recursion we are observing makes sense.
Indeed, the main part of the argument will be proving measurability and attainment of
maximizers in the one-step case.

Remark 5.2. Before going to the more difficult part of the proof, let us make a few
simple observations about the recursion defined above. The numbering refers to the
numbering in the Assumption 2.11

(1a)

(1b)

(2)

(3)

(4)

It follows directly from the definitions that the mappings ®; and ¥; are concave.
Indeed, we assume that U7 = W is concave, and [24] Proposition 2.9(b), p.43|
implies that ®; is concave as soon as Wyi1 is. Moreover, [24] Proposition 2.22(a),
p.51] implies that \I’t and hence also ¥, is concave as soon as ®; is. This holds for
each w! € Q.

For each w!, the map ®; is upper-semicontinuous in the second variable as long as
W1 is. The argument, which uses Fatou lemma and the uniform upper bound,
is given in the one-step case. Moreover, upper-semicontinuity of W; follows di-
rectly from its definition as an upper-semicontinuous hull of the proper concave
function U;. In Proposition [5.6)(i), we will show that also the function T, is upper-
semicontinuous for B-q.e. w’. This will then imply that U, coincides B-q.s. with
P,. The proof will be based on Proposition [£4] and a local no-arbitrage condition
which we will introduce in Definition [(.4]

Boundedness from above by a constant C' € R is obvious: take the same constant
C' as in Assumption 2.IJ(2) for the mapping W.

We will prove in Lemma 5.9 that ®, is lower semianalytic if ¥4, is. Semianalyticity
of U, is based on a density argument; see Lemma [5.111 The problem arises as the
supremum of lower semianalytic functions need not be lower semianalytic. Passing
to a supremum of a countable number of functions, i.e. maximizing over Q4 instead
of R? in the definition of W, preserves this measurability property. This is the
reason for condition (4) in Assumption 211

It is easy to see that the condition (2.2)) is satisfied for the mapping ®; as long as it
is satisfied for the mapping W;11 To see that the mapping ¥, needs to satisfy (Z2))
when the condition is satisfied by ®y, it is enough to notice that \it(wt,xt) >
®y(wh, 2t hY) for each (wh, zt) € QF x R¥, where h{ is the t + 1-entry of the vector
h® = (hg, ..., hq_,) defined in Assumption 2ZI[4). Then, as ¥; > U, by definition
of the upper-semicontinuous hull, ¥, satisfies ([2.2)).

Remark 5.3. We just argued in Remark 52 that the mapping 2 — ¥, (wh, x!) is concave
for each t and all w! € Qf and that ¥, (w', h°!) > —c for all wt, where h** € R% denotes
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the restriction of h° defined in Assumption [2T[4) to the first ¢ entries. Therefore, [24]
Theorem 2.35, p.59| provides the identity

j t .t — i \i t t 1— ho,t .
t(w7$) )\l/‘Inl t(w7)‘$ +( /\) )

We first need to show that if the mapping W satisfies the Assumption 2] then also
all of the mappings W; do for each t = 0,...,7 — 1. This has to be deduced from the
dynamic programming recursion. For that we first need some more terminology and
notation. For each ¢t € {1,...,T}, denote by H! the set of all F-adapted, R%-valued
processes H' := (Hy, ..., H;_1); these are just restrictions of strategies in H to the first
t time steps. Define the no-arbitrage condition up to time ¢, denoted by NA(R)!, for
the mappings (V) in the natural way, by saying

the set K':= {H' € H' | U°(H") > 0 P-q.s.} is linear.

Condition NA(*B)! is a statement about a set of strategies and as such cannot yet be used
to prove things that we need it for. What we need is a local version of the no-arbitrage
condition.

Definition 5.4. For each t € {0,...,7 — 1} and w' € Q! define a set
Ki(w') == {h € R*| U2, (W' @;-,0,...,0,h) >0 Py(w)-qs. }. (5.1)
We say that condition NA; holds if

the set {w' € Q' | Ki(w') is linear} has 9P-full measure.

To make a simple observation: let h be a universally measurable selection of K.
Then the strategy (0,...,0,h) € K1, where there are ¢ zeros in the previous expression.
Thus, it is clear that linearity of K is necessary for the no-arbitrage condition NA ()1

Proposition 5.5. Let t € {0,...,T — 1}. Assume that U1 satisfies Assumption [21].
If K s linear, then the local no-arbitrage condition NA; holds.

Having this result at hand, one can proceed as in the one-step case. The following
is a direct consequence.

Proposition 5.6. Let t € {0,...,T — 1}. Assume that Vi1 satisfies Assumption 2]
and that NA; holds. Then

(i) the map x* — \Tft(wt, xt) is upper-semicontinuous B-q.s.; in particular, it coincides
with ot — Vy(wt, 2t) for P-quasi every w.
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(ii) for every H' € H! there exists an Fi-measurable mapping Et :Qf = R? such that
&, (wt, Hf (wh), he) = Uy (wh, H (w')) for P-g.e. W' € Q.
The important step toward the proof of our main result is the observation that sets
K! behave well under the dynamic programming recursion.

Proposition 5.7. Let t € {0,...,T — 1} and let W, satisfy Assumption 2. If K+
is linear, then so is Kt.

The proof of the following Proposition will be done by backward induction.

Proposition 5.8. Foranyt € {0,...,T—1}, the function Wy satisfies Assumption[21]
and the local no-arbitrage condition NA; holds.

The proofs of Propositions [5.5H5.8 will be given in the next subsection.

5.1 Proofs of Propositions [5.5H5.8]

This is the technical part of this paper, and therefore is divided into several lemmas.
We first start with a useful lemma providing the relation between Wy, and ®,.

Lemma 5.9. Lett € {0,...,T —1}. If Vi1 satisfies Assumption[2], then so does @y
and for all (wt,2!1) € QF x RUHD e have

(I)oo t7 t+1 — . f EP ') t® . t+1 . 5.9
FOha) =t B G s at) (5.2

Proof. Conditions (1), (2) and (4) are clear by definition and were argued in Remark [5.2]
To see that (wf, x!T!) s &y (wh, 2'T1) is lower semianalytic, we first recall that the map
(WL ) s Uy (WL 2L s lower semianalytic by assumption. Also, the map

M (Q) x A x O x RUHD SR (Pwt, 0,2 = U (0 @ @, 28

is lower semianalytic as it is independent of the variable P. Consider the Borel measur-
able stochastic kernel & on Q; given 9% (Q) x Qf x R¥+1D) defined by

((Pwt,2*1), 4) i w(A| Pt a1 = PlA;

Borel measurability of the kernel follows from [3, Proposition 7.26, p.134] and [3, Corol-
lary 7.29.1, p.144]. Then, applying [3l Proposition 7.48, p.180| to x, we obtain that

M (Q) x O x RUHD LR (Pwt, ) BP0 (0f @ -, 2] (5.3)
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is lower semianalytic. By assumption, the graph of 93; is analytic. Therefore, we deduce
from [3 Lemma 7.47, p.179] that

(wt,:EtH) —  inf EP[\IJtH(wt R4 ',:Et+1)] = @t(wt,xtﬂ)
PePi(w?)

is lower semianalytic. Finally, by the same arguments as in the proof of Lemma 5] we
see directly that (B.2]) holds true. O

Before we can start with the proof of Proposition (5.5 we need to see that the set
valued map K;(w') has some desirable properties.

Lemma 5.10. Let t € {0,...,T — 1}. Assume that W;q satisfy Assumption 2. Then
the set-valued map Ky defined in (5.)) is a closed, convex, Fi-measurable correspondence
and the set {w' € Q' | Ky(w') is linear} € F.

00 . oy . . . t
Proof. As WP?, is concave, positively homogeneous and upper-semicontinuous in z*,

Ki(w!) is a closed valued convex cone for every w!. Observe that
Ky (W) = {2 € RY|2°(w',0,...,0,2¢) > 0}

By Lemma and Remark 23] ®; is a concave Fi-normal integrand, hence so is ®§°.
Thus, the set valued map K, is an JF;-measurable correspondence; see |24, Proposi-
tion 14.33, p.663| and [24] Proposition 14.45(a), p.669].

Finally, from K;(w') being a convex cone, we get that

{w e @ ‘ Ki(w') is linear} = {w' € O ‘ Ki(w') = —Ky(w")}.

By [24, Theorem 14.5(a), p.646], K; admits a Castaing representation {z,}. Then, we
see that
{w' € Q' | Ky(w') is linear} = ﬂ {wh] — 2, (Wh) € Ky(wh)}.
neN

That the latter set is F;-measurable now follows from [24] Definition 14.3(c), p.644| and
[24, Proposition 14.11(c), p.651]. O

Now we prove that if W, satisfies Assumption BI] linearity of K!T! implies NA;.

Proof of Proposition[21. Assume that NA; does not hold. Then by definition, there
exists a probability measure in 3 with its restriction to Q¢ denoted by P! such that the
complement of the set

Gpi={w' € Q' Ky(w') = Ky (w")}

satisfies P'[G¢] > 0. We claim that there is a strategy of the form H'TY = (0,...,0,h)
and a measure P € P such that H'™' € KL, but P, (—H™) < 0] > 0, ie.
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—H ¢ K1, The measure P, restricted to Q! will be defined as P! = Pt @ P,
for some selection P; of ;.

STEP 1: We prove that there is a Borel measurable set-valued map Ktp Ot = RY
that coincides with K; for Pl-a.a. wt.

Let {x,} be the Castaing representation of K;. By [3| Lemma 7.27, p.173] we can
modify each of these universally measurable selections x,, on a P'-nullset to get a almost
sure selections zf " that are Borel measurable. Define a new set-valued map

EP'(w') = {2 (w!) [n € N}.

The set-valued map K is Borel measurable by definition and K (w!) = Ky(w!) for
Pla.a. w'; this follows from [24) Proposition 14.11, p.651| and [24] Proposition 14.2,
p.644).

STEP 2: Define the set S; C QF x R? x 91 (Q4) by

S, = {(wt,h, P) ‘ he KP' (W), P e Pyw'), BY[U59, (! @ -,0,...,0,—h)] < o}.

We claim that this set S; is analytic.
To see this, write S; as an intersection of three sets:

By = {(w' k)| h e KF' (W)} x My (),
By = {(w',P)| P € Py(w')} x R,
B3 = {(wt7 h7P) | EP[\P?—?—I(wt Rt '707 s 707 _h)] < 0}7
and show that each of those is analytic.
The set By is Borel, as it is just a product of 9t (1) and the graph of Kft (W),
which is Borel, see [24] Theorem 14.8, p.648|.
The set By is analytic being the product of R% and the graph of 3;, which is analytic
by assumption.
To show that Bj is analytic, use the assumption that WUy, is a lower semianalytic

map. By [3| Lemma 7.30(2), p.177] also the map WY, is; it is defined as a limit of lower
semianalytic functions. By the same argument as in Lemma [5.9] we see that the set

{(W' oy by, P) € QF x RUTD s oy (1) | BP W55 (W' @4 -, —ho, ..., —hy)] < 0}
is analytic. Denote the above set by Eg. The projection

II: QH—l X Rd(H—l) X 9)21(91) — Qt X Rd X Dﬁl(Ql)
(W' 20, ..., 24, P) — (W', 24, P)

is continuous, and thus Borel. We deduce from [3| Proposition 7.40, p.165] that the set
B3 - {(wtaha P) S Qt X Rd X ml(Ql) ‘ EP[ ?-T-l(wt Xt '707 s 707 _h)] < O}
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is analytic, as
By — n(§3 N (2 x ({0} x RY) x Dﬁl(Ql))>.

STEP 3: The desired strategy can be obtained from the selection of ;.
Define the set

proj§; = {w' [ & N ({w'} x R x 9 (1)) # &},

which is just the projection of the set S; onto the first coordinate. Let us first show that
the sets proj Sy and G¢ are equal up to a P! nullset. Recall that the probability measure
P! was chosen at the beginning of the proof. Then, by definition of the sets G§ and S;
and as K = K, Pl-a.s., we have P![projS;] = P[G¢] > 0.

From Step 2, we know that S; is analytic. Therefore, the Jankov-von Neumann
theorem [3, Proposition 7.49, p.182] implies the existence of a universally measurable
map w' 5 (hy(w'), P(w')) such that (W', he(w?), Pi(w!)) € S; for all w' € projS;. On
the universally measurable set {h; ¢ K;} C Qf we set hy := 0 € R? to guarantee
that hy(w') € Ki(w') for every w! € Qf. In the same way, we can define P(-) to be
any measurable selector of P(-) on {h; ¢ K;}. Recall that {h; ¢ K;} NprojS; is a
Pt-nullset.

Finally, we claim for the strategy H'*! := (0,...,0,h;) € H!T! that H'T! € KL
but —H & K1, To see this, observe first that as hy(w') € K;(w?) for all w!, we have
by definition

U2 @ HHH W) 200 Pi(wh)-gs.

for all w?. For every P € ¢ denote its restriction to Qf by P! i.e. P! := P|g:. By the
definition of the set ¥ we have Pttl = Pt @ P, for some selector P, € B;. By Fubinis
theorem we get that every P € P8 satisfies

p[ ;ﬁ;_l(Ht—i-l) > 0] _ EPt(dwt) [pt(wt) [\I’?-?—l(wt R -,Ht+1(wt)) > OH — 1,

which proves that H*! € K1, To see that —H!™! & K1, define the measure P € P
by B B N

P=P'@P®P41® ®Pr_,
where P! is the measure introduced at the beginning of the proof, the kernel P; is the

one selected from S; above and ]38 € B, are any selections of P, for s : =t +1,...T — 1.
Recalling that Wp?; < 0, by definition of h we get

BP0 (-] = B (BRI, @ @~ W))] ] <0,

as ﬁ[proj Si] > 0. Hence —H'! ¢ K1 which gives us a contradiction to the linearity
of Kt O
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Now we will prove Proposition [£.6] which is, basically, a (measurable) version of
Theorem [1.3] stating the existence of a (local) maximizer in the one-period model at
time ¢.

Proof of Proposition[5.0. Recall that, by Remark .21 the map \I’t(wt,-) is concave,
proper with h°* € R in the interior of its domain for each w!. Hence by [24, The-
orem 2.35, p.59], we have for each w' that

toEY T T (gt Nt yypoit
\Ift(w,:n)—)l\l/‘mlllft(w,)\:E + (1 = A)h™).

To prove (i), we want to show that for B-quasi every w’ the mapping z/! — @, (wf, 211)
satisfies the conditions of Proposition [£4] with the linear mapping A being just the
restriction A(z!,z;) = z'. Fix an w' € Q. We deduce from the identity in (52
that ®5°(w’,0,...,0,2¢) > 0 if and only if 59, (w' ®; -,0,2;) > 0 Pe(wh)-q.s., i.e. if
7y € Ky(w'). We know from Proposition that NA; holds, which means that K;(w')
is linear for YB-quasi every w'. Thus, for “B-quasi every w!, the conditions of Propo-
sition 4] are indeed satisfied and hence W;(wt, ) is PB-q.s. an upper-semicontinuous
function. Moreover, from the definition of ¥;(w’, ) being the upper-semicontinuous hull
of Wy(w,-), statement (i) follows.

We now prove (ii). By Lemma 5.9 and Remark 23] we know that @, is an F;-normal
integrand. Having chosen a strategy H' € H!, |24, Proposition 14.45, p.669] yields that
the mapping ®*' (Wh ) = Py(wh, HY(w?), x) is a Fi-normal integrand, too. Therefore,
we deduce from [24, Theorem 14.37, p.664] that the set-valued mapping Y: Qf = R
defined by

T(w') := argmax &' (w, ")

admits an Fi-measurable selector Ty on the universally measurable set {T # (}. Extend
ht by setting hy = 0 on {T = (}. As we know from Proposition that NA; holds,
the attainment of the supremum in Proposition 4] gives that {T = (0} is a P-polar set.
Thus, the result follows, as V; = v, PB-q.s. O

Next, to see that Wy, satisfying Assumption 2. Ilimplies that W, does, too, it remains
to show that W, is lower semianalytic. To that end, we first need the following useful
lemma.

Lemma 5.11. Let g: R"xR™ — RU{—00} be a concave upper-semicontinuous function
having (x°,y°) € R™ x R™ in the interior of its domain. Then, the function

h(z) := ;lfml sup g(Az + (1= A)z°,y)

s upper-semicontinuous and satisfies

h(z) = lim sup g(Az + (1 —\)z°,y).
)\/‘ yeQm
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Proof. Define the function

h(x) :== sup g(z,y).
yeR™
Then, by [24, Theorem 2.35, p.59], h(z) = Clﬁ(l’), i.e. h is the upper-semicontinuous
hull of h; in particular, it is upper-semicontinuous. Now, denote by

domg = {(‘Tay) €R"™ x Rm‘g(l”y) > —OO},
domh := {z € R" | h(z) > —o0}

the domains of the functions g and %, respectively. We have to differentiate two cases.

CASE 1: Let 2 € dom k. Then for each A € (0,1) we have h(Az + (1 — A)z°) > —oo
and also
Dzt (1-xyze :=domgN{Az + (1 = N\)z°} x R™ # @.

Denote by IT: R™ x R™ — R™ the projection on the second component. The set 11D,
does not necessarily have a nonempty interior, but IIDy,(1_y)c has, by assumption
that an open ball around (x°,y°) is included in the domain of g. Hence using [24]
Theorem 2.35, p.59] yields

h(Ax 4+ (1 = X)z°) = h(Az + (1 — N)z°) = sup g(Az + (1 — M)z, y).
yeQm
Taking the limit as A * 1, using the upper-semicontinuity of A proves the claim in the
first case. _ N
CASE 2: Let ¢ dom h. In this case, there exists a A, € (0,1), such that h(Az +
(1—=XA)2°) = —oo for all X > A,. This implies that the set Dy, (1_))qo defined above is
empty for each A > A\, which yields the claim. O

Lemma 5.12. Fixt € {0,...,T — 1}. If Uiy satisfies Assumption 2.1, then the map
W, is lower semianalytic.

Proof. By Lemma [5.9] the map
O xR xR 5 R, (W, 2!, ) = O, 2t F)
is lower semianalytic. Lemma [EIT now yields

Ui (W', 2") = lim sup &y (w’, A2’ + (1 — M)A, 7).
A geqd
This implies that W, is lower semianalytic due to the fact that countable supremum of
lower semianalytic functions is again lower semianalytic and a limit of a sequence of

lower semianalytic functions is again lower semianalytic, see Lemma [3, Lemma 7.30(2),
p.178|. O
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Proof of Proposition[570. The structure of the proof is similar to the one of Proposi-
tion Assume by contradiction that K! is not linear. Then, there exists a probability
measure in 3 with its restriction to Q¢ denoted by P!, and H* € H? such that

UX(HY >0 P-qs. and PP (—HY) < 0] > 0.
STEP 1: We claim that there exists an F;-measurable map Et - QO — R? such that
OF(H' ) = UP(HY) Pgs.

Indeed, applying Proposition 4] to the function f(-) = ®°(w!,-) yields that the set-
valued map N B
M(w') == {h € R?|®°(w', H h) = U°(w', H')}

is not empty for PB-quasi every w’. Then, following the proof of Lemma E.6]ii) using [24,
Theorem 14.37, p.664] provides existence of an F;-measurable selector hy of M.

STEP 2: Let us show that H'™' := (H* h;) € H'™! satisfies U2, (H™!) > 0 P-g.s.,
ie. H't' e CHL

For P-q.e. w' we have that

0= U, H' (W) = o', HF (W) = inf  EP[UR; (o' @ HF(W))]

PeP(wh)

As every P’ € B satisfies P'|qi+1 = P'|r ® P/ for some selection P/ € §;, we obtain the
result directly from Fubini’s theorem.

STEP 3: We want to show that —H'™! ¢ K!*1. To see this, recall the probability

measure P! on Qf introduced at the beginning of the proof. We first modify H'* on a
Ptnullset to obtain a Borel measurable function HF 1. Consider the set

G, = {(wt,P) € Q' x My () | P e Py(w'), EP[U, (W' @ "_ﬁpt’tﬂ(wt))] < 0}'

Using the same arguments as in Step 2 and Step 3 of Proposition we get that Gy
is analytic, hence there exists an universally measurable kernel P; : Qf — M () such
that (w!, P;(w')) € &, for all w! € proj &;.

We claim that Pt[proj&;] > 0. To see this, observe first that B-q.s., we have for any
b € RY 2/ € R? that Wy(x') > ®y(af,2"). Hence, we obtain from [24, Theorem 3.21,
p.88] that P-q.s., we also have U (zt) > ®°(xt, 2') for any 2! € R%, 2’ € R, Therefore,
we have for P-quasi every w' that

TR (wh, —HY (W) > P(w!, —H W) = inf BP0, (W@, -, —H (W)
PeP(w?)

As PUU®(—HY)] < 0] > 0 and H*' = HP'+1 Plas. we conclude that indeed
Pt[proj &;] > 0. Finally, to see that —H! ¢ K*1 define the measure P € P by

P:=Ply®PoPuo- 0P,
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where we take any selector ﬁs € P, for s:=t+1,...T — 1. Then, by construction, we
have _ B

EP[w%, (-H" )] <0,
hence indeed —H'! ¢ KC'*!, which gives a contradiction to the linearity of X1, O

Proof of Proposition[7.8. We have shown that if U, satisfies Assumption 21 and !
is linear (i.e. NA(P)*! holds), then W, satisfies Assumption 21 and the local no-
arbitrage condition NA; holds. Moreover, we have shown that the linearity of IC/*!
implies the linearity of K! as soon as W, satisfies Assumption 21l As by assumption,
U = Uy satisfies Assumption 21l and NA(®B) holds, we see that Proposition [5.8] holds
by using backward induction. O

5.2 Proof of Theorem 2.7

The goal of this subsection is to give the proof of Theorem 27 which is the main
result of this paper. We will construct the optimal strategy H = (HO, . HT 1) €EH
recursively from time t = 0 upwards by applying Proposition b.6] at each time ¢, given
the restricted strategy H' := (Hy,...,H;_1) € H!. We follow m to check that H is
indeed an optimizer of (2.3).

Lemma 5.13. Let t € {0,...,7 — 1} and H't' € H'*'. Define the random variable
X (W) := & (wt, HT (W),

For any € > 0, there exists a universally measurable kernel Pf : Q' — 91 () such that
Pf(wh) € Pi(wh) for all Wb € QF and

X (W) +e if X(w') > —oo0,

1

EP O, (0 @ - H (W) < {0 .
—€ otherwise.

Proof. For any z't! € R4+ define the random variable

(I)wtﬂ(wt) — <I>t(wt,:17t+1).

By the proof of Lemma [£9] the map (w', P,2'*!) s EP (U (0! @4 -, 2'T1)] is lower
semianalytic. Moreover, by assumption, graph(3;) is analytic. Therefore, by [3, Theo-
rem 7.50,p.184], it admits a universally measurable kernel (w!,z'*!) s Pf(w!, z't!) €

P (w') satisfying

q)xtﬂ(wt) +e if @ftﬂ(wt) > —00,

1

Epte(wt’xt+1)[\lft+1(wt ® -, xt—i—l)] < .
—e~ otherwise.

Setting Pf(w') := P?(w!, H(w!)) yields the result, as X (w!) = &H (@) (1), O
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Now we are able to prove Theorem 2.71

Proof of Theorem [27] By Theorem 3] there exists ﬁo € R? such that

inf EF[WU,(Hy)| = sup inf EF[W,(z)].
anf (1 (Ho)] sup it [y ()]

By a recursive application of Proposition (.6l we can define an F;-measurable random
variable H; such that

inf BP0, (! @ - H' (W), Hy(wh)] = Ty (w!, B (w'™h)
PePi(wh)

for P-quasi-every wt € Qf, for all t = 1,...T — 1. We claim that HeMHis optimal, i.e.
satisfies (2.3]). We first show that

jnf, EP[Up(H)| > 0. (5.4)

To that end, let ¢t € {0,...,7 — 1}. Let P € B; we write P = Py ® -+ ® Pp_1 with

kernels P : Q7 — My () satisfying Ps(-) € Ps(-). Therefore, by applying Fubini’s
theorem and the definition of H

EP[\PH-I(ﬁ(b s 7ﬁt)]
= pPo® ®P1)(dw") [Ept(wt) (U1 (w0 @ ',]?It(wt_l),ﬁt(wt))]]

> E(P0®"'®Pt—1)(dwt)[P 1;31f( t)EP/ [\I’H-l(wt Xy -,ﬁt(wt_l),ﬁt(wt))]]
"ePi(w

_ E(p()@...@Pt,l) [\I/t(f‘\[t)]

— EP[wy ("),

Using this inequality repeatedly from ¢t = T — 1 to t = 0 yields EP[\I’T(I;T)] > Uy, As
P € B was arbitrarily chosen, the claim (54)) is proven. It remains to show that

U, > sup inf EP[U(H
O—HG%P@B (W (H)]

to see that H € H is optimal. So, fix an arbitrary H € H. It suffices to show that for
every t € {0,...,T — 1}

inf EX[WU,(HY] > inf EF[U,, {(H™). 5.5
Iygm (W4 ( )]_Iygm (W1 ( )l (5.5)
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Indeed, using the inequality repeatedly from ¢ = 0 until t =T — 1 yields
Vo = inf EP[Wq(H)].

Furthermore, as H € H was arbitrary and W = ¥, we obtain the desired inequality

Wy > sup inf EX[U(H))].
HeH PEP

Now, to prove the inequality in ([B.5]), fix an £ > 0. By Lemma [5.13] there exists a
kernel Pf : QY — 914 (Q1) such that for all w’ € QF

ER O, (W @ - HFH W) — ¢

< (— -1 v/ inf EP\I’ t . Ht-i-l t
< () BTt @ B W)

< (—eHvsup inf EPW (W@ -, H (W), 2)]
z€R4 Pey (Wt)

= (e H Vv, H (W).
Take any P € 9 and denote its restriction to Qf by P!. Integrating the above inequalities
yields

EP (=) v ()] 2 BP0 (H)] — e 2 inf B W00 (H)] - e
‘e

Letting € — 0, we obtain, by Fatou’s Lemma, that

EP[U,(HY] > inf EY'[U, 4 (HT).
Pep

This implies the inequality ([B.0]), as P € B was arbitrary. O

Appendix

Here we provide a simple fact about horizon functions of compositions. Let us first recall
the definition of the domain of a function f: R™ — R

dom f :={x e R"| f(z) > —o0}.

Lemma .14. Let U: R — RU{—00} be concave, nondecreasing, nonconstant and upper-
semicontinuous. Let V:R™ — R be concave, upper-semicontinuous and assume that
V(R™)NdomU # (). Then the function

UWV(h)) if hedomV

U:R" > RU{—-o0}, h— ¥(h):= )
—00 otherwise.
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s concave, proper and upper-semicontinuous. Moreover, W satisfies

¥(h) = {UOO(VOO(h)) if hedomV
—00 otherwise.
Proof. The first part of the lemma is obvious. The only thing requiring a proof is the
statement about the form of the horizon function W,
First, choose a point x € R"™ such that V(z) € domU; equivalently, such that
U(x) > —oo. Now, fix any h € R™. The mapping V is concave, hence

1
the sequence m +— — (V(z +mh) — V(x)) =: ay, is nonincreasing.
m
Denote its limit by a. Then, a > —oo if and only if A € dom V°°; indeed a = V>°(h).
Let us first estimate the horizon function ¥*° from above. If a,, = —oo for some
m, this implies by definition that W*°(h) = —o00, as (a,,) is nonincreasing. Now assume
that a,, > —oo for each m. Then

If h € domV®, then by letting m tend to infinity, the above estimate and upper-
semicontinuity of U™ yield U>°(h) < U*(V>°(h)). If h ¢ dom V°, then a,, diverges to
—o0, hence also U(ay,) tends to —oo as U is concave, nondecreasing and nonconstant.
By definition of the horizon function we have

U (am) < Ulam + V(z)) = U(V(2)),

hence also U (a,,) tends to —oo. This proves the desired first inequality.
To estimate ¥ from below, we only need to consider h € dom V>°. Indeed, we
know from above that ¥*°(h) = —oco whenever h ¢ dom V>°. So let h € dom V*°. Then

T (h) = lim ~(U(nan + V(z) — UV(2)) > lim ~(U(na+V(z) - UV(2))

n—oo M n—oo M,

= U=(V=(h)).
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