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NON-ASYMPTOTIC CONVERGENCE ANALYSIS OF
THE STOCHASTIC GRADIENT HAMILTONIAN MONTE CARLO ALGORITHM
WITH DISCONTINUOUS STOCHASTIC GRADIENT
WITH APPLICATIONS TO TRAINING OF RELU NEURAL NETWORKS

LUXU LIANG, ARIEL NEUFELD, AND YING ZHANG

ABSTRACT. In this paper, we provide a non-asymptotic analysis of the convergence of the stochastic gradi-
ent Hamiltonian Monte Carlo (SGHMC) algorithm to a target measure in Wasserstein-1 and Wasserstein-2
distance. Crucially, compared to the existing literature on SGHMC, we allow its stochastic gradient to be
discontinuous. This allows us to provide explicit upper bounds, which can be controlled to be arbitrarily
small, for the expected excess risk of non-convex stochastic optimization problems with discontinuous
stochastic gradients, including, among others, the training of neural networks with ReLU activation function.
To illustrate the applicability of our main results, we consider numerical experiments on quantile estimation
and on several optimization problems involving ReLU neural networks relevant in finance and artificial
intelligence.

1. INTRODUCTION

In this paper, we consider the nonconvex stochastic optimization problem
minimize R? 3 6 u(f) := Exp[U(6, X)], (1)

where U : RY x R™ — R is a measurable function and X is an m-dimensional random variable with
some known probability distribution D. Given a set of observations, our goal is to construct an estimator
6 such that the expected excess risk given by
E[u(6)] Gleand u(0)

is minimized. It is well known that computing an approximate global minimizer of u is closely linked
to sampling from the distribution mg(df) oc exp(—/pSu(f))dé which concentrates around the global
minimizers of u for sufficiently large 3, see [25]. Thus, the optimization problem (1) can be converted to
the problem of sampling from 7.

As 73 is the unique invariant measure of the Langevin stochastic differential equation (SDE) given by

Zy =10y, dZ;=—h (Zt) dt + v/ 25_1dBt, tc R+, 2)

where 6 is an R%-valued random variable, h := Vu, 8 > 0 is the so-called inverse temperature parameter,
and {B;},- is a d-dimensional Brownian motion, sampling from 7g can be achieved by employing
numerical algorithms that track (2), see [25]. One of the widely used method is the stochastic gradient
Langevin dynamics (SGLD) algorithm given by

0310 =0y, 350 = 030M0 —nH (0591 Xpi1) + V208 10,

where 1 > 0 is the step size, (X,,) neN, 18 the data sequence being i.i.d. copies of X, H is an unbiased
estimator of A, i.e., h(8) = E[H (0, Xo)] for any § € RY, called stochastic gradient of u, and {€n}neng
is a sequence of i.i.d. standard Gaussian random variables in R?. Recently, this method has been
popular in nonconvex optimization and Bayesian inference with well-established convergence results,
see, e.g., [4, 8, 11, 19, 24, 29, 35, 36, 40, 48, 52, 54] and references therein.

In this paper, we focus on an alternative method to tackle the problem of sampling from 7. We
consider the second-order (underdamped) Langevin SDE given by

dVi = —AVi dt — h (0y) dt + /25~ 1d By, 3)
46, = V; dt,
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where (0, V1), cR, are called the position and momentum process, respectively, and v > 0 is the friction
coefficient. Under suitable assumptions, SDE (3) admits a unique invariant measure (see, e.g. [38])

75(0,v) x exp <_5 <u(9) 4 ;W)) . 4)

We note that the marginal distribution of (4) in 6 is exactly the target measure 7g, thus, sampling from (4)
in the extended space while only considering the samples from the first coordinate (i.e., from ) is
equivalent to sampling from 7g. We consider the stochastic gradient Hamiltonian Monte Carlo (SGHMC)
algorithm given by

Vol =Vo, Vil =Vi—=nhVi]+HO], Xns1)] + V2908 Eny1,
0g := 6o, 0511 =05 + 0V,

where 17 > 0 is the step size. Note that while SGLD can be viewed as the analogue of the stochastic
gradient in Markov Chain Monte Carlo (MCMC) literatures, SGHMC can be viewed as the analogue of
stochastic gradient methods augmented with momentum. Several numerical studies have demonstrated
that SGHMC algorithm is superior over SGLD algorithm in term of robust updates w.r.t. gradient
estimation noise, see, e.g., [10, 31, 47]. Theoretical results for the SGHMC algorithm (5) have been
established under the condition that the stochastic gradient is assumed to be (locally) Lipschitz continuous,
see, e.g. [1, 6, 21]. However, these assumptions fail to accommodate discontinuous stochastic gradients
used in practice, such as the signed regressor, signed error, sign-sign algorithms, and optimization
problems involving neural networks with ReLU activation function, see, e.g., [17, 18, 30]. To tackle
these problems, we consider the case where H is discontinuous and only satisfies a certain continuity in
average condition (see Assumption 3 below). We then provide non-asymptotic results in Wasserstein-1
and Wasserstein-2 distance between the law of the n-th iterate of the SGHMC algorithm and the target
distribution 7g. This further allows us to provide a non-asymptotic upper bound for the expected excess
risk of the associated optimization problem (1).

To illustrate the applicability of our results, we present three key examples in statistical machine
learning, namely, quantile estimation, optimization involving ReLLU neural networks, and hedging under
asymmetric risk, where each of the corresponding functions H are discontinuous. Numerical results
support our theoretical findings and demonstrate the superiority of the SGHMC algorithm over its SGLD
counterpart, which align with the findings of [9, 10, 47].

We conclude this section by introducing some notations. For 1 < p < oo, LP is used to denote the
usual space of p-integrable real-valued random variables. For an integer d > 1, the Borel sigma-algebra
of R is denoted by B (Rd). We also denote all non-negative real numbers by R... For a positive real
number a, we denote by |a| its integer part, and define [a] := |a] + 1. For any matrix M € RP*P,
denote by diag(M) := (M1, . .., Mp,) the vector of the diagonal elements of M, and denote by M "
its transpose. Denote by I, the p x p identity matrix. We denote the dot product by (-, -) while | - |
denotes the associated norm. The set of probability measures defined on space (Rd, B (]Rd)) is denoted
by P (R?). For an R%-valued random variable X, £(X) and E[X] are used to denote its law and its
expectation respectively. We denote by Ny the non-negative integers including zero. For p, v € P (Rd),
let C(u, v) denote the set of probability measures I" on B (R2d) such that its marginals are y, v. Finally,
for any p > 1, we denote by P, (R?) the probability measure in P (R?) with p-th finite moments. For
anyp > 1, u,v € P (Rd), we denote the Wasserstein distance of order p > 1

1/p
s _ P /
Wy (p,v) == FEICI(I;E,V) </Rd /Rd ‘9 6 ’ r (d9,d9)> .

2. SETTING AND ASSUMPTIONS

&)

2.1. Setting. Let U : R? x R™ — R, be a Borel measurable function, and let X be an R™-valued
random variable defined on the probability space (€2, F,[P) with probability law L£(X) satisfying
E[|U(,X)|] < oo forall § € RY. We assume that u : R? — R defined by u(#) := E[U(0, X)],0 € R,
is a continuously differentiable function, and denote by h := Vu its gradient. In addition, for any 5 > 0,
we define

e—Bu(0)

mp(df) := T e P01 df

dé, (6)
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where we assume f]Rd e P40 4 < co. Denote by (Gn)nen, a given filtration representing the flow

of past information, and denote by Goo := 0(|J,,cry, Gn)- Moreover, let (X, )nen, be a (G,,)-adapted

process such that (X,,),en, is a sequence of i.i.d. R™-valued random variables with probability law

L(X) and let (§),,cy, be a sequence of independent standard d-dimensional Gaussian random variables.
In this paper, we consider the SGHMC algorithm given by

Vol i=Vo, Vil =V =0Vl +H(O), Xn1)] + V29087 Enta, (7)
0y =00, O, =00+nV (8)

where 1 > 0 is the step-size, v > 0 is the friction coefficient, 3 > 0 is the inverse temperature parameter,
and E [H (0, Xo)] = h(0) for every 6 € R%. We assume throughout the paper that the R%-valued random
variables 0, Vp (initial condition), G, and (&, )nen, are independent. Moreover, we assume that 6y and

Vp satisty E [|90|4} +E [%14} < .

2.2. Assumptions.

Assumption 1. The function H : R? x R™ — R? takes the form of
H0,z) =F(0,x)+ G0, ),

where

() F : RY x R™ — R? satisfies that there exist L1, Ly > 0 and p > 0 such that for any
0,2),(0,2") € RT x R™,

|F(0,2) = F(6',2")] < (1+ || + |2"))"(L1]6 — '] + Lafz — 2')).

(i1) q : RY x R™ — R4 is measurable and bounded in 0, i.e., there exist a measurable function
K1 :R™ — (0,00) such that for any (0, z) € R x R™,

GO, 2)| < Ki(a).
Remark 2.1. By Assumption 1, we have
[H(0,2)] < (1+ |2)*F(La]0] + La) + Fi(),
where F,(z) := 2|K1(0)| + | K1 ()| + | F(0,0)].

Assumption 2. The process {Xn}, ey, is i.i.d. with E [|Xo[**™D] < oo and E [|K1(X0)*] < oo,
where p > 0 and K : R™ — (0, 00) is introduced in Assumption 1.

Assumption 3. There exists a positive constant L > 0 such that, for all 9,6’ € R¢,
E [|H(6, Xo) — H(0', Xo)|] < L[ —¢'].
Remark 2.2. By Assumption 3, we have
|1h(0) — h(6)| < L|0 — ¢,
which implies, by leting 0’ = 0, that
[h(0)] < L|0] + [R(0)].

Assumption 4. There exist measurable functions A : R™ — R gnd B : R™ — R such that the
following hold: for any (0, z) € R? x R™,

(i) (0,A(x)0) > 0and (F(0,2),0) > (0, A(x)0) — B (z),
(ii) The smallest eigenvalue of E [| A(Xo)|] is a positive real number a > 0 and E [| B(Xy)|] = b > 0.
Remark 2.3. By Assumption 1, 2, and 4, we have
(h(0),0) > d'|0* ~ ¥/,
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Remark 2.4. By Remark 2.2 and 2.3, for any 0 € R<, we obtain,

(1(6).6) > 20(u(6) + 16]2) — 240/5,

where A, 1= g(Z)\u(O) + 2A\L|h(0)| + V') and X\ := min {1 a,}.

47 L2 |h(0)|+ 2%

Detailed proofs of the remarks in this section can be found in Appendix A.

3. MAIN RESULTS AND OVERVIEW

We first define

2 A\ Kz A
Y 3 7}>07 ©)

=min 1, —, —, —/, —
Thmax min { 2K1 K2 oK
where 7 is introduced in the SGHMC algorithm (7)-(8), A is deNﬁned in Remark 2.4, the constants K71,
K>, and K3 are explicitly given in (55), (56), and (57) whereas K is explicitly given in (74).

Then, under the assumptions presented in Section 2.2, we obtain the following non-asymptotic upper
bound in Wasserstein-2 distance.

Theorem 3.1. Let Assumption 1-4 hold. Then, for any 3 > 0, there exist constants C7,C5,C5,C7 >0
such that, for every n € Ng, 0 < 1 < Dmax With Nmax defined in (9), we obtain

Wa (L (03, V) 7g) < Cin'l? + O/t + CeCim,

where C5, C3, C3, and C} are made explicit and are summarized in Table 1.

R . . 2 4 In(3C%
In particular, for any € > 0, if we choose 7 < min {95?, 81€T§4’ nmax} andn > n(3¢3/¢) )

2 4
* 3 € €
Ciming 5o g1opT Mmax

then we obtain Wo (L (07, V;)!) , 75) < e.
Also, an analogous result in Wasserstein-1 distance can be obtained.

Corollary 3.2. Let Assumption 1-4 hold. Then, for any 3 > 0, there exist constants C7, C5, C5 > 0 such
that, for every n € Ny, 0 < n < Npax With Nmax defined in (9), we obtain

Wi (£ (03, V1) 7s) < Cin'/? + Cpe i,

where CT, C3, and C3 are made explicit and are summarized in Table 1.

. . . 2
In particular, for any € > 0, if we choose n < min | —S, Nmax ¢ and n > max o , —w
401 € 05 3 Tlmax

then we obtain W1 (,C (Gn, Vi ) ) <e

4072 1n(203 /¢) In(2C3 /e) }

By using the convergence result in Wasserstein-2 distance as presented in Theorem 3.1, we can obtain
an upper bound for the expected excess risk E[u(6;))] — infycpa u(h).

Theorem 3.3. Let Assumption 1-4 hold. Then, for any B > 0, there exist constants C7,C3,C%,C5 > 0
such that, for every n € Ng, 0 < 1 < Nmax With Nmax defined in (9), we obtain

_ - 8eL A
Elu (6M] — inf w(0) < C*nt/? *pl/4 | Frxe—Cinn 71 I el
[w(0n)] = inf u(9) < Cyn = + Con /™ + Cy togls oo (g T )
where C,Cy, C%, and C are given in Table 1.

In particular, for any € > 0, if we first choose § > max {16d dd 1og (72/\%52/\) <’\“(0)+)‘Llih(0)‘+b//2 + 1)) }

€4 4C* .
then choose n < min 7—*2, =1, Mmax ¢ and n > In(4C5/c) , then we obtain
16CT<7 256C7% C* mi 2 4

4 mm 16CF2 7 256C51 Thmax

E [u (67)] — infpepa u(f) < e
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3.1. Related papers and discussion. In this section, we compare our work with the most related
ones [1, 6, 21].

In [21], the authors provide a non-asymptotic upper bound in Wasserstein-2 distance between the
law of the SGHMC algorithm (7)-(8) and of the underdamped Langevin SDE (26) being (9((61/ 44

n'/4) (nn)3/? \/log(nn) + (nn) /1), where § > 0 is the gradient noise level independent of the stepsize
and n is the number of iterations. [6] improved the upper bound for SGHMC in [21] significantly to an
order of O (64 4 n'/4) in the sense that it does not depend on the number of iterations. The results
in [6] and [21] are obtained under the same set of assumptions [21, Assumption i-v]. [21, Assumption
ii] assumes that H is (global) Lipschitz continuous in € uniformly with respect to x. In our case, in
Assumption 1, we split H into two parts, i.e., H = F' 4+ G, where F' is jointly locally Lipschitz continuous
and G is only required to be measurable, without assuming any continuity assumption. In particular,
we do not impose H to be continuous. Instead, we only assume H to satisfy a continuity in average
condition so as to allow discontinuous H in Assumption 3. By allowing H to be discontinuous, we can
cover important optimization problems involving neural networks with ReLU activation function as well
as quantile estimation. [21, Assumption iii] assume the dissipativity assumption (which comes from
the theory of dynamical systems, see [43]) whereas we impose a weaker local dissipativity condition in
Assumption 4 to allow the dependence on the data stream. In addition, [21, Assumption v] requires the
finiteness of an exponential moment of the initial value, while we require only polynomial moments of
the initial value in Assumption 2.

We highlight that, under [6, 21, Assumption i-v], the authors obtain non-asymptotic upper bounds that
cannot be made to vanish by selecting an arbitrarily small step size 7 > 0, since > 0 is predefined and
independent of 7. However, under our Assumptions 1-4, our non-asymptotic convergence bounds can be
made arbitrarily small by choosing appropriate parameters.

We now compare our work with [1]. [1] provides convergence results in Wasserstein-2 distance under
the assumptions [1, Assumption 2.1-2.4]. In [1, Assumption 2.1, 2.2], the authors assume that the
stochastic gradients are unbiased with finite moments which are the same as our Assumption 2. [1,
Assumption 2.3] states a local Lipschitz condition of H in x and a global Lipschitz condition in #, while
we split H into two parts F' and GG in Assumption 1. More precisely, we assume F' being jointly local
Lipschitz continuous and G only being bounded in 6 without requiring it to be continuous. Furthermore,
we only assume a continuity in average condition of H in Assumption 3, which allows for discontinuous
H. In [1, Assumption 2.4], authors assume a local dissipativity condition whereas we have similar
assumption in Assumption 4. Under our Assumptions 1-4, we obtain similar convergence results as
those of [1] with the same rates of convergence in Wasserstein distance. However, we highlight that our
results are applicable to optimization problems with discontinuous stochastic gradients, which can not be
covered by the results in [1].

Moreover, we comment on our Assumption 3. Assumption 3 is similar to [7, Eq. (6)] and [20,
42], which allows for discontinuous H for the corresponding stochastic gradient descent (SGD) and
SGLD algorithms. However, we note that the analysis of the SGHMC algorithm involves studying the
underdamped Langevin diffusion and its associated discrete time scheme on R2?, which necessitates the
use of different techniques compared to those employed in [20, 42].

Furthermore, from a technical point of view, we adopt a splitting procedure similar to that of [1, 6] in
order to upper bound the Wasserstein distance between the distribution of the SGHMC algorithm and the
unique invariant measure 7z of SDE (3), see (34). However, due to the different setting and assumptions
compared to [1, 6], we develop different techniques to upper bound the terms in the splitting (34).
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4. APPLICATIONS

In this section, we apply the SGHMC algorithm together with our theoretical results to several problems
relevant in practice, including quantile estimation and regularized optimization problems involving neural
networks in order to illustrate the convergence properties and wide applicability of the SGHMC algorithm
for optimization problems with discontinuous stochastic gradient. In Section 4.1, we apply the SGHMC
algorithm to quantile estimation, covering the Gaussian distribution, logistic distribution, and Gumbel
distribution. Then, in Section 4.2, we apply the SGHMC algorithm to train ReLLU neural networks in
order to solve certain regularized optimization problems. First, in Section 4.2.1, we provide an example
involving the use of a two-hidden-layer feed forward neural network in the transfer learning setting,
where (part of) its weight and bias parameters are sourced from a pre-trained model. Transfer learning is
the improvement of learning in a new task through the transfer of knowledge from a related task that has
already been learned, which is widely employed especially in the network-based tasks, see, e.g., [23] and
references therein. Moreover, in Section 4.2.2, we apply the SGHMC algorithm to solve the problem of
hedging under asymmetric risk, where the SGHMC is used to train the neural networks. Datasets are gen-
erated from the discrete-time version of the multidimensional Black-Scholes-Merton (BSM) model. We
further conduct numerical experiments on regression and classification problems on real-world datasets,
see Section 4.2.3. Crucially, we show that the quantile estimation and optimization problem in the transfer
learning setting satisfy our Assumptions 1-4, hence Theorem 3.3 provides a theoretical guarantee for
SGHMC to solve the optimization problems under consideration. Furthermore, by providing comparisons
of SGHMC with other optimizers including SGLD, TUSLA, ADAM, AMSGrad, and RMSProp, we
demonstrate numerically the superior performance of the SGHMC algorithm. The Python code for all the
experiments in this paper is available at https://github.com/LuxLiang/SGHMC _discontinuous.

4.1. Quantile Estimation with L2-Regularization. Quantiles are frequently used to assess risk in a wide
range of application areas, such as finance, nuclear engineering, and service industries (see [2, 13, 26, 49]
and references therein). In this example, our goal is to identify the quantile ¢ € (0, 1) of a given random
variable under certain distributions, which is also studied in [3, 16, 20]. To this end, we consider the
following L>2-regularized optimization problem:

minimize R? 3 0+ u(0) := E[I,(X — 0)] + \.|0)?, (10)

where X is the input random variable, § € R? is the parameter to be optimized, A, is a positive
regularization constant, and

Zq(s) = (q - ]l{s<0})87 s €R,
with 0 < g < 1. Then, for any (0, z) € R x R, we define H(0,z) := G(6,x) + F(0, z) with

F(0,r) :=2\0, G(0,7):=—q+ Lliz<p)- (11)

Proposition 4.1. Assume that X has bounded density with respect to the Lebesgue measure on R and
has finite fourth moment. Then, the optimization problem (10) with its associated stochastic gradient
defined in (11) satisfies Assumptions 1-4.

Proof. See Appendix D. O

Therefore, by using Theorem 3.3, we can, for any given precision level € > 0, construct an estimator
using the SGHMC algorithm, which minimizes the corresponding expected excess risk.

For the numerical experiments, we estimate quantiles for several target distributions, including Guassian
distribution A (u, o), Logistic distribution L («, 3), and Gumbel distribution G (u, 3) with respect to
corresponding parameters (u, o), (c, 3), and (u, §). We note that the true g-quantile values for Logistic
and Gumbel distributions are o + [ log ﬁ and p — B In(— In q), respectively, which we use to obtain
the optimal values for the comparison with our numerical results. These true values are recorded as Q*
in Table 2. For initialization, we set 6y ~ N (0,1),v9 ~ N (0,1), 8 = 10'°, v = 0.5, A, = 1072,
n = 1073 (satisfying the step restriction given in (9)). The experiments are run using 5 different
seeds that control the randomness of initialization and sampling. In Figure 1, by taking Logistic
distribution (o« = 0, 8 = 1) as an example, solid lines in the left graph show the mean of the path of
E [u(6,)] — infpepa w(#) with ¢ = 0.95, while the shaded regions indicate the range over the random
seeds. Moreover, the reference line in the right graph has a slope of 0.5 and the dashed line shows that
the rate of convergence of the SGHMC algorithm is 0.594, which aligns with our theoretical results.
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FIGURE 1. Expected excess risk of the optimization problem (10) by using SGHMC
and SGLD algorithm (left) and the rate of convergence of the SGHMC algorithm based
on 100000 samples (right).

q=0.95 q=0.99

Q" Qseimc  Qscip Tsonmc  Tsoip Q" Qsoumc  Qsap  Tseame  Tsop

Np=-10=1) 0.645 (88(5;71) (88?(9)) 0.079s  0.111s 1.326 ((1)31(1)) (ég?g) 0.078s 0.372s

N(p=10=2) 4.290 (3(3)2(9)) (3(2)23) 0.695s 1.848s | 5.653 ((5)?52) (ggig) 1.830s 5.011s
N (p=3,0=05) 11.224 (1;713307) (111310207) 2.209s  5.316s | 14.632 (114936709) (13403070’; 6.828s 15.769s

L(a=0,6=1) 2.944 ((2)(9)32) ((2)(8)23) 0.584s 1.817s | 4.595 (341"(5;) (g;gg) 2.497s 6.134s

La=-1,8=1) 1.944 ((l)g?g) ((1)(7)22) 0.432s 1.766s | 3.595 ((3)?);2) (3?;2) 2.615s 6.160s
L(a=-3,=3) 5.833 (g;?i) (SZ;Z)) 26.656s 56.744s | 10.785 (110849603) (150244606) 86.582s  210.637s

G(np=0,=1) 2.970 ((3)8(2)2) ((2)3;(2)) 0.815s  2.048s | 4.600 (géll-gg) (g;ié) 2.690s 6.234s
G(np=0,=2) 5.940 (8?23) (;?88) 18.831s  37.833s | 9.200 ((8)232) (?gg(l)) 53.861s  130.092s
G(p=1,=2) 6.940 (8(8)82) (6080571) 16.806s 36.883s | 10.200 (ggig) (gggg) 55.363s  131.361s

TABLE 2. Quantile Estimation for several distributions.

One notes that the samples from 75 is generated by running the SGHMC algorithm with n = 1075, In
Table 2, to compare the performance between SGHMC and SGLD, we denote by Qsgamc and Tsgumc
the numerical approximations of the values of the corresponding optimization problem (10) using the
SGHMC algorithm (7) and (8) and their running time', respectively, whereas QsgLp and TsgLp are the
corresponding values and running time for the SGLD algorithm. Each approximation and running time in
the table are obtained based on 5 different seeds and at most 107 iterations followed by its mean squared
error shown in brackets. We notice that, compared to the SGLD algorithm, it requires less time for the
SGHMC algorithm to converge. In addition, the results obtained by SGHMC have lower mean square
erTor.

4.2. Solving regularized optimization problems using neural network. In this section, we consider
optimization problems involving neural networks, which includes transfer learning, hedging under
asymmetric risk as well as regression and classification problems on real world datasets.

4.2.1. Transfer Learning. In transfer learning and multi-task learning, neural networks with pre-trained
parameters are employed to reduce computational costs (see, e.g., [34] and references therein).

IThe running time is computed as follows. We first select the random seed and calculate E [u(0r)] — infycpa u(6). Once
E [u(0r)] — infycpa u(0) is less than € = 0.0001, we record the total time that the algorithm runs. Finally, we average all the
results over different seeds.
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In this subsection, we analyze the following optimization problem using neural networks in a transfer
learning setup. Let di,da, m1,mo € N, and let N = (‘ﬁl, . ,‘)”(m2) : R4 x R™ — R™2 be the
two-hidden-layer feed forward neural network (TLFN) with its j-th element given by

da di
W(0,2):=> Wioa (D [f(W*)or (W5, 2) + F(0)] + 1), 5 € {1,--- yma},  (12)
n=1 k=1
where z = (zl, ce zml) € R™1 ig the input vector, o1 : R — R is the ReLU activation function, i.e.,

01(v) := max{0,v}, and o2 : R — R is the sigmoid activation function, i.e., o2(v) := 1/ (1 +e"),
Wy € R4*™m1 and Wy € R™2%42 are fixed weight matrices?, by € R% and b; € R%, and W, € Ré2*
are parameters over which we optimize, f : R — R is given by f(v) := ctanh (v/c) with some® ¢ > 0.
Then, the parameter of the neural network (12) which needs to be trained is given by

0 = ([W1],bo,b1) € R (13)

with d := dj + da + dida, where we denote by [IV;] the vector of all elements in W;. Moreover, we

denote by cyy, := max {Wéj } and cyy, := max {sz }, and assume that at least one element in each
T/’J z’]
row of Wy € R4*™ ig nonzero, i.e., for each K = 1,...,d,, there exists [ = 1,...,m; such that
WEL £ 0.
Our goal is to address the following optimization problem:

minimize RY3 60— u(0) :=E [\Y — N0, 2)[?] + M\ 161, (14)

where Z is an R™! -valued input random variable, Y is the corresponding R™2-valued target random
variable, # € R? is the parameter defined in (13), and A, > 0 is the regularization constant.

Proposition 4.2. Let X = (Y, Z) € R™2 x R™ with m := my + ma be a continuously distributed
random variable. Assume that, forany I = 1,... ,my,J = 1,...,my, the density function of Z' given
Zv ..,z zH o Z2m Y denoted by

le‘Zl7._721717zl+17_._7zm17yJ R — [O, OO)

satisfies, forany I = 1,...,m1,J = 1,...,ma, that there exist constants C,1,C 1 > 0, such that, for
any z = (zl,...,zml) eR™ ¢/ € R,
1)2 I .1 I-1 141 my o J ~
‘Z ‘ lelzl’“.7zl—17zl+17.“’Zm1,YJ (Z ’Z yeees R y % yee s R lvy ) < CZI7 (15)
I 1 -1 _I+1 J
le|Zl7m7zlfl7zl+17_”’Zm17y.] (z |25, 2 2 2y ) < Cyr.

Let F,G : R? x R™ — RY be defined, for all (0, x) € R x R™ withx = (y, 2), y € R™2, 2z € R™, by

F(0,z) :=2\0, G(0,z):= (GWIH"" Gy,

1
(16)
where forevery K =1,...,di,N =1,...,do,

Guyp0.2) = ~2 3 (57 (6.2 W5 Ver (fj VS ((We2) + 706 )| + 6 ) £

j=1 k=1
d1
Nk k- k N K- K
(1 (35 [romim () s )] ) ) o (24 00
k=1
(17)
2Later in the application resolved in section 4.2.1, Wy and W will correspond to the fixed parameters which were transferred
from a previously solved optimization problem.

3We note that it makes sense to apply f to bo and W from a practical perspective, see [33, 41], and as a consequence, the
optimization problem (14) can be shown to satisfy our Assumptions 1-4, see Proposition 4.2.

130, Gy (0,2), -+, Gyy (8,2), Gy (0,2), ..., Gy (e,x)) :
1 0
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o ftrue e true
prediction prediction

FIGURE 2. True and prediction values for original learning task involving (18) (left) and
new learning task involving (12) (right).

G (6, ) ——22 Y — (0, 2) ZWJ o2 (i L wiE)en (W 2) + £0)) | +b?>

k=

x (1—02 (dz e ((W.2) + 106) ) | +b’f>>f(WfK)f’(b?)11{<Wg«,z>+f<bg<>>0},

k=1

dy
Gy (0, ) ——22 Y — (0, 2)) Wi oy (Z [f(wlNk)a1 (<W0K‘,z>+f(b’5)ﬂ +b{V>

k=1

><<1—02 (i [f(w1 Jor (<W§',z>+f(b’g))]+b{v>>.

Then, the optimization problem (14) satisfies Assumptions 1-4 with corresponding stochastic gradient
H:=F+G.

Proof. See Appendix D. O

Corollary 4.3. Let Y be an mo-dimensional random variable defined by Y = y(Z), where y : R™ —
R™2 is a Borel measurable function satisfying |y(z)| < ¢y (1 + |z|P) with ¢, > 0,p > 1 for any
z € R™. Forany I = 1,...,mq, let fz1171 711 gi+1  zmi be the density function of Z! given
Zb, ..,z 2 2™ and assume that there exist constants Cy1,Cyr > 0, such that for any
z= (zl,. ..,zml) e R™

max{‘zl|2 , ‘zf}p, |zl|p+2} fzi1z21, 711 7141 zm (zI | 2t ..., 20 I ,zml) <Cyi,

fZK|Z1,.,,7ZI_1,ZI+17..,,ZT”1 (ZI | Zl, cee g R %4 yoee ,Zml) < Czl.

Then,the optimization problem (14) satisfies Assumption 1-4 with corresponding stochastic gradient
H := F + G defined in (16)-(17).

Proof. See Appendix D. O

Simulated data. Set d; = 30,d, = 30,m; = 2,mp = 1. We denote by z = (2',2?) € R? with

z!, 2% € R. We aim to approximate the function y(z) = — 1.2z 4 0.92% — 0.8‘2 on [0, 1] x [0, 1] using

the TLFN defined in (12). To this end, we consider the following method to obtain the fixed parameters
((Wo] , [Wa)):
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(i) First, we define the three-hidden-layer feed forward neural network (ThreeLFN) N : RIxR™ —s
R™2 with its j-th element given by given by

ZWJ gg<zw (Zl[wl (<W(;c,z>+z;g)}+z;7>+bgw), (18)

where Zz = (2"1,73 ) e R™ W, € Rhxm1 1, € Ré2xdr 1, ¢ Rds*d2 Ty € R™m2%ds }
R by € R%, by € R% with d; = dy = d3 = 30, 0 is the ReLU activation function, o5 and o3
are tanh activation functions, and where the parameter is

o= (] ] o] ] ) <

with d = dy (my 4 1) + dy (dy 4+ 1) + ds (dz + ma + 1).
(ii) Then, we train the ThreeLFN to approximate the function (2 ‘22 +2:2 1. 5| on [0, 1] x
[0, 1], that is, we aim to solve the following optimization problem

minimize R 6§ u(d) = E [\y(z’) —m(, Z')\Q] A6, (19)

where Z = (Z t 7z 2) € R2. Note that (19) corresponds to a similar task (but not the same)

as our goal is to approximate the Borel function y. For the simulation we generate 10000
independent samples g, = § (%,) with 2, = (2},22) for 2!, 22 ~ U(0, 1) being independent
and split the dataset into subsets including training set (80 %) and validation set (20 %). Moreover,
wesetn = 1072\, = 1075, 3 = 108,y = 0.5, and obtain the initial values 0o using Xavier

initialization (i.e., the default setting of PyTorch, see [22]);
(iii) Once the ThreeLFN (18) is fully trained, we obtain the trained parameters 0* = ([WJ 1, (Wi, W3],

(W], 53, bt b§) Finally, we let Wy := W, W := W5 be the fixed weight parameters in
TLEN (12).

Now we proceed to approximate y using TLFN (12). The initial value of 6 is obtained by using Xavier
initialization (see [22]). Let X = (y(Z),Z) € R* withY € Rand Z = (Z',Z?) € R? where

Z', 7% ~U(0,1) are independent input random variables. We generate n = 10000 independent samples

(zi)isy = (yi, zi)iy with 2, = (2},22) and y; = y (2;) = — }1.2,2} +0.92% — 0.8!2. One notes that

Assumptions 1-4 hold in this setting due to Corollary 4.2. Figure 2 shows the true functions (in blue)
and the approximated functions (in orange). These results indicate that SGHMC can be used for solving
minimization problems involving ReLU neural networks in the transfer learning setting.

4.2.2. Hedging under asymmetric risk. Hedging is a major concern in finance, both from a theoretical
and a practical point of view. Theoretical foundations for continuous-time hedging are well-established
(see [27], for instance). However, in practice, hedging can be performed only at discrete time points,
which yields a residual risk, namely, the tracking error. The major problem is to obtain hedging policies
that minimize this error. To this end, this subsection adapts a deep learning approach proposed in [45]
to solve hedging under asymmetric risk. We view the given hedging problem as a Markov Decision
Process (MDP) and then approximate the optimal policy function of the MDP using neural networks. We
use SGHMC to train the neural networks and compare its performance with other popular optimization
algorithms.

We assume that the financial market is defined on a filtered probability space (Q, {Fr} 520 , IP’) with

Fo = {0,Q} where p € N assets (S}f);::loz}{ can be traded at discrete time points, i.e., 0 = ty <
t1 <ty <...<tg_1<tg =T for some fixed finite time horizon 0 < T' < co. We are interested
in hedging the claim hx € Fg at time 71" using the p different hedging instruments. We denote by
R € RP, k=0,---, K — 1, the excess return vector of the p risky assets between the period (¢, tx+1]
which are Fj,; -measurable, whereas the constant risk-free return is denoted by R¢ € [0, c0). For any
k=0,..., K —1, we consider the following (discrete-time) multidimensional Black-Scholes-Merton

model for the excess return R:

-1
Ry, = exp ((ﬂ + 33— 3 diag (22T)> A+ \/ZEek> — Ry1,
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D, M \ 5,5 50, 50 5, 10 50, 60
K 5 50 5 60
Wo 1 1 1 1
So 1 1 1 1
vy 0.5 0.5 0.5 0.5
r 0.03 0.03 0.03 0.03
A 1/40 1740 1/40 1740
D [0, 1]P [0, 1]P [0, 1]P [0, 1]P
A =0.1 A; = 0.01 A = 0.01 A; = 0.01
X fori=1,2 fori=1,...,25 fori=1,2 fori=1,...,25
Xi=0.2 Xi = 0.05 Xi = 0.05 Xi = 0.05
fori=3,4,5 fori = 26,...,50 fori=3,4,5 fori = 26,...,50
> i = 0.15 > =0.15 i = 0.15 > =0.15
;= 0.01fori #j i = 0.001 fori # j | iy = 0.01 fori #j Xy = 0.001 for i # j

TABLE 3. Parameters for optimization problem (22).

where 7 € [0,00),1 = (1,...,1) € RP, X € RP*"™ m > p, A € R™ A > 0is a constant rebalancing
time period, €;, k = 0, ..., K —1, are i.i.d. m-dimensional Gaussian vectors with mean 0 and covariance
Iy, ie., g ~ Np, (0,1,), and Ry := exp(7A) denotes the risk free return. In this setting, the excess
returns {Rk}kK:_O1 are i.i.d.. Note that the market is complete when m = p and XX is invertible
and incomplete when m > p. Moreover, denote by W, € R the wealth of the portfolio and S, =
(S ,i, Sy Slf ) € RP? the equity prices at time point ¢;. To model this as an MDP, we define the state process
(8k)k=0... 1 BY Sk = (Wi, Sk) € R!*P and denote by D C RR” the set of possible actions representing
the proportion of current wealth invested in each risky asset. Then, forany £ = 0,1,..., K — 1, the
evolution of the equity prices between the time points k£ and k& + 1 is Sp11 := Sk (1 + Ry) and the
evolution of the wealth is given by

Wit = Wi ((gk (s) , Bi) + Ry),

where g;.(+) : R™*P — D (being measurable) is the investment control policy function on p risky assets
at time point .

In this setting, we are interested in finding the hedging instrument selection of p risky assets which
minimizes the loss function of the residual risk. The loss function minimization problem can be written
as an MDP problem as follows:

2
(1= Sign(Wie — ki) (Wi = h)?
min &k (sg) == min E

bl
905K —1 905 JK —1 2

S.t. Sk41 Z(Wk+1,3k+1) = (Wk ((gk (Sk) ,Rk> + Rf) , Sk (1 + Rk) ), k=0,1,..., K —1,
(20)
where Sign(y) := 1,50 — 1y<0, hx = h(Sk) is the claim for some measurable function h : RP —

. . . . 1—~Si 2,2
[0,00), and 7y € [0, 1) is the penalization parameter. Note that the loss function £ (y) := %,

y € R, is asymmetric when v > 0, which penalizes losses (i.e., when Wx — h < 0) more than profits.

Following [45], we solve the MDP problem (20) by employing standard feed forward neural networks
to approximate each of the investment control policy functions gi(-). We denote by G, the set of standard
feed forward neural networks with two hidden layers, which is given explicitly by

G, ={f :R"? 5 R? | f(z) = tanh (W3z + b3) ,z = o (Way + b2),
y =0 (Wiz +b1), Wi € R”UFP) Wy € RV Wy € RP*Y by, by € RY, b3 € RP},

where v denotes the number of neurons on each layer of the neural network, tanh(z), for any x € R?,
is the hyperbolic tangent function at = applied componentwise, and o (y) := max{0,y},y € R, is the
ReLU activation function applied componentwise.
Forany k =0,1,..., K — 1, denote by g; (-;0)) : R'™P — RP the approximated policy function at
time ¢, using a neural network with its structure defined in with (21), where 6, := (b1, b, b3, [Wh], [Wa], [W3)]) €

21
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settings are summarized in Table 3.
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R (1+2+v+p+2)+P denotes the parameter of the neural network. Then, the MDP problem (20) can be
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approximated by restricting g, (-;0;) € G, :

(17 SignOMEN (G:0) — b)) (WA (G:0) — )
min &k (sp) ~ meinE

90;--,9K—1 2

2

= 64 ),

(22)
where ¢ := (sg, Ry, - .., Rx—1) denotes the vector of the initial state variable and all the returns through-
out the trading time horizon [0, 7'], and where s/}\(/N (¢;0) is recursively defined, for k = 0,1,..., K — 1,

by

st (G:0) = WY (¢:0), Siaa) = (w,éw (¢:0) (g (sM™V;61) , R) + Ry), Sk (1+ Ry, )

(23)
where gy, (;01) € G, is the approximated policy function with G, givenin (21)and § = (6, ...,0x_,) € R?
is the parameter for the neural networks withd := K (v (1 +p+v +p+2) +p).

We set the claim hg := max { P S}( - K, 0}, where K is the strike price. Different settings of

the Black-Scholes-Merton model for simulations are summarized in Table 3. Similar to [45], the models
are trained for 200 steps with a batch size of 128. Each step involves generating 20000 training samples,
requiring [20000/128] = 157 iterations per step for model training. Subsequently, 100000 test samples
are used to compute the test residual error. Furthermore, three different hidden sizes v are tested for
each experimental setting. For p = 5 : v values are {1,5, 10} with m values {5, 10}; for p = 50 : v
values are {1, 5, 10} with m values {50, 60}. For SGHMC, optimal hyperparameters are selected from
n = {0.5,0.1,0.05,0.01}, v = {0.5,1,5}, and 8 = 10'2. For SGLD and TUSLA (see [30, 32]), we
choose hyperparameters among 7 = {0.5,0.1,0.05,0.01} and 3 = 10'2. For ADAM, AMSGrad, and
RMSProp, the best learning rate is chosen among = {0.1,0.05,0.01} with other hyperparameters set
as default.

Figure 3 and 4 plots learning curves for all optimization algorithms across various configurations in
complete and incomplete markets. As depicted, the SGHMC algorithm generally outperforms SGLD and
TUSLA in this task. Furthermore, the SGHMC algorithm achieves comparable performances to ADAM,
AMSGrad, and RMSProp.

4.2.3. Real-world datasets. In this subsection, we apply the SGHMC algorithm to solve optimization
problems using real-world datasets. More precisely, we consider a regression problem using concrete
compressive strength dataset (see [53]) as well as an image classification problem using FashionMNIST
(see [50]). We then compare the performance of SGHMC with other popular optimizers including ADAM,
AMSGrad, and RMSProp.

We consider to solve the following optimization problem:

minimize R? 5 0 — u(f) := E[L(Y, N, 2))] + A |0]%, (24)

where £ : R™2 x R™2 — R is a loss function with ms € N, 6 € R? is the parameter over which we
optimize, Z € R™ is the input random variable, Y € R™2 is the target random variable, and N is the
neural network given by:

NG, 2) := Waoy (W12 + by) + by, (25)
where W, € RO4*X™i 1, € R™2%4 b ¢ R4 and by € R™2 are the parameters, i.e., § =
([Wl], [WQ], b1, bQ) € R4 with d = dl(ml + mo + 1) =+ mo.

Regression. In the regression example, we explore the performance of SGHMC in solving (24) using
concrete compressive strength dataset*, which includes 1030 instances and each sample has 9 attributes
(consisting of 8 quantitative input variables and 1 quantitative output variable) with no missing values.
For the numerical experiments, we set m; = 8, mo = 1, d; = 50 and thus d = 501. Our goal is to find
the best estimator that predicts the concrete compressive strength Y € R given the input variable Z € R
by solving the optimization problem (24) with the squared loss function £(u, v) = |u — v|? for u,v € R.
In our experiments, we divided 10% of the dataset as a test set and employed the SGHMC, ADAM,
AMSGrad, and RMSprop algorithms (see, e.g., [28, 44, 51]) with three different seeds. We trained the
models for 5000 epochs using a batch size of 256. For ADAM, AMSGrad, and RMSProp, we searched

“Dataset is available in https://archive.ics.uci.edu/dataset/165
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FIGURE 5. Mean squared error for concrete compressive strength dataset (left) and Test
accuracy curve for Fashion MNIST (right).

for the optimal learning rate within the range of {0.01,0.001} whereas the other parameters are set as
default.

Classification. In the classification example, we set m; = 784, ma = 10,d; = 50 and thus d = 39760.
We consider to solve (24) with the neural network defined in (25) and the cross entropy loss given by
€ (u,v) == =371 ujlogvj for u,v € R™2. We use the Fashion MNIST dataset® comprising of 28 x 28
images of 70000 fashion products from 10 categories with 7000 images per category. The training set
has 60000 samples and the test set has 10000 samples. Each sample is assigned to one of ten different
labels. Then, the label variables are defined as y; = [y; 0, - ,yi,g]T € R'9, where Yij = Lj—iabel;»
1 =1,---,60000. We train the models for 200 epochs with a batch size of 128. Also, we decay the
initial learning rate by 10 after 150 epochs.

As shown in the left plot in Figure 5, the SGHMC algorithm achieves the lowest mean squared error
compared to other optimizers. The right plot in Figure 5 shows that the performance of the SGHMC is
slightly better than ADAM, Amsgrad, and RMSProp in terms of test accuracy. Our results show that the
SGHMC algorithm can outperform the SGLD algorithm in many applications and achieve comparable
performance to popular optimizers on learning tasks involving real-world datasets.

4.3. Conclusion of numerical experiments. We considered applying the SGHMC algorithm to various
applications to justify our theoretical results. For the empirical experiments on quantile estimation in
Section 4.1, SGHMC outperforms SGLD by having a smaller expected excess risk and a shorter training
time under different settings. In Section 4.2.1, the numerical results show that SGHMC can be used for
the training of ReLU neural networks in the transfer learning setting. Moreover, for the hedging problem
under asymmetric risk described in Section 4.2.2, SGHMC outperforms SGLD and TUSLA in different
scenarios while it achieves comparable test scores to ADAM, AMSGrad, and RMSProp. In addition, as
discussed in Section 4.2.3, for regression and classification problems on real-world datasets, SGHMC
demonstrates better performance compared to other optimizers in term of the test mean-squared error and
test accuracy.

In summary, SGHMC achieves (at least) comparable results to existing algorithms including, e.g.,
ADAM, AMSGrad, RMSProp, SGLD, and TUSLA, while its performance is backed by theoretical
guarantees as described in Theorem 3.1, Corollary 3.2, and Theorem 3.3.

SDataset is available in https://github.com/zalandoresearch/fashion-mnist
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5. PROOF OF MAIN THEOREMS

5.1. Introduction of auxiliary processes. We first define the underdamped Langevin SDE (0;, V;):er
given by
AV = — (Vi + h (6,)) dt + \/2vB~1d By,
do, = Vidt,
where h := Vu, v > 0 is the friction coefficient, § > 0 is the inverse temperature parameter, and
(Bt)icr, 1s a standard d-dimensional Brownian motion adapted to its completed natural filtration denoted
by (Fi)ser, - We assume that (F¢),cp, is independent of Goo V (6, Vo).

For each > 0, we consider the scaled process ((/', Z;') := (0, Vi) with (0, V3)ser, defined in (26).
It can be written as follows:

Az = —n (vZ{ + h () dt + \/2ynB~ dBY,
dCt = nZZ?dt7

(26)

27)

with the initial condition Zg = Vp and ¢y := 0p, where Bf = ﬁBnt' We denote the filtration of
(B?)teﬁh by (fzv)teR+ = (Fyt)ser, » and we note that (.7-"1577)t€R+ is independent of G V o (6p, Vo).

Next, we define the continuous-time interpolation of SGHMC as

AV = =0 (3 + H (01 X)) e+ /2y,

do; = 77VLZJ dt,

with initial value Vg’ := Vp and 90 = c9_0. "l_"he process (28) mimics the recursion (7) and (8) at grid
points in the sense that £ (6, V;)) = L (92, \vAl ), for each n € Ny.

Furthermore, we define the auxiliary process (Cf w7y ’“’”’") as
t>s

(28)

Az = < (320 4 b (GM) ) b+ v/29mB T dBY,
défyU'vUJI — an’uvvandt

28,u,0,Mm 58, U,V
u7 ZS’ ,U,M

with initial conditions (s’ = .

Definition 5.1. For any 0 < 1 < Nmax With Nmax given in (9) and n € Ny, set T' := |1/n] and define

~nT,07 ~AnT,0"

— Ct nT? nT’77 Z;],TL — Zt nT> 'n,T777 (29)

We note that, by above Definition 5.1, the process (¢;"", Z/ "™)¢>n7 is the underdamped Langevin
process (27) starting at time nT" with (6, V).

5.2. Preliminary moment estimates. In this subsection, we provide preliminary results which are
essential for proving the main results. To this end, consider the following Lyapunov function defined for
any (6,v) € R? x R? by

V(0,v) = fu(f) + %2(\9 + 7 4 [y T2 = A9)3). (30)

Denote by 1 the probability law of the initial state (6, V). Note that E [V(6p, V)] < oo, since we
assume E [|90\4] +E [|V0|4} < 00

Lemma 5.2. Let Assumptions 1-4 hold. Then, we have
Jaz2a V(0,0)110(d6, dv) + ¢EAe

>0

supE |6,?| < C§ = , (31)
20 o) <5 %(1—%)672
df, dv) + He
E[[Vi]?] < ce = Jrza VO, 0)o A 32
supE [|Vi/?| %(1_%” (32)

Proof. See Appendix B. U
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Lemma 5.3. Let Assumptions 1-4 hold. Then, we have, for any 0 < 1 < Nmax With Nmax given in (9),

that
4(d+A.
supE “9”‘2} <Cp = fR2d V(0,v)po(dé,dv) + ¥’
e §(1—2X)872
4(d+A¢)
2 : Jgza V(0,0)po(df, dv) + =5
supE “an‘ } <C, := o .
>0 T(1—2))3
Proof. See Appendix B. .

Lemma 5.4. Let Assumptions 1-4 hold. Moreover, for any 0 < 1 < Nmax With Nmax given in (9), set
T := |1/n]. Then, we have, for any 0 < 1 < Nmax With Nmax defined in (9), that

- 6, v)po(d, dv) + 2ekAc)
sup  sup E[\Cﬁ’"ﬂs&::fﬂwv( W)to(dh, dv) + THTE

neNo t€[nT,(n+1)T] $(1=2X)By2 33)
_ Vo, d6, dv) + 2dAe)
sup sup E “Zf"ﬂ <(Cz:= fRQd ( U)luo( v) A
n€No te[nT,(n+1)T) (1 =203
Proof. See Appendix B. O
Lemma 5.5. Let Assumptions 1-4 hold. Then, we obtain, for any 0 < 1 < Nmax With Nmax given in (9),
that
sup E [V* (6], V)] <E[V? (6, v0)] + — := Cy,
keNg YA

sup E [VQ (_f’k,Zf’kﬂ <Gy,
keNy

where CY, is given by (83).
Proof. See Appendix B. O

Next, following [15, 40], we provide the contraction property of the underdamped SDE in the semi-
metric defined below. For any (0, v), (6/,v") € R? x R%, we denote by:

r((6,v), (#',0)) = ac ‘9 — 9" + |9 — 0+t (v— ’U’)! ,
p ((0,1}), (0',1/)) =g (7“ ((9,1}), (¢, v/))) . (1 +eV(0,v) + eV (9/,2}/)) ,

where o, and €. are appropriately chosen positive constants (see, e.g., [15, Theorem 2.3]) and g :
[0,00) — [0,00) is a continuous, non-decreasing concave function such that g(0) = 0, ¢ is twice
continuously differentiable on (0, R;) for some constant R; > 0 with right-sided derivative ¢/, (0) = 1
and left-sided derivative ¢’ (R;) > 0, and g is constant on [R;, c0). For any two probability measures
u, v on R%¢, we define

Wp(ru’ V) = E[p((elavl)v(92vv2))]'

inf
(01,V1)~p,(62,V2)~v
We note that p and W, are semi-metrics but not necessarily metrics.

Proposition 5.6. Let Assumptions 1-4 hold and let the initial value of the scaled underdamped Langevin
SDEs (0, V;) and (0;,V]) be (6o, Vo) ~ p and (6}, V) ~ v, respectively. Then, there exist constants
¢, C > 0 such that, foranyt > 0and 1 <p < 2,

W, (L (01, V2), L (0,,V])) < CW,(p,v)/Pe ¢,
where the constants ¢ and C are given in Table 4.

Proof. By using Remark 2.2 and Remark 2.4, the Assumption 2.1 of [15] is satisfied. Hence, the result
follows by applying the same argument as that in the proof of [6, Theorem 4.1]. (]
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Constant Full expression

. —1
C§  faea V(0,0)po(dO,dv) + e (1(1—2))82)

Lemma 5.2
CE fa2a V(0,0)p0( d6,dv) + TEA= (L1 —20)8) 7!
Co  fyea V(0,0)p0( 0, dv) + HEEAD (L(1 - 22)892) 1
Lemma 5.3
Co fp2a V(0,0)po(d6,dv) 4+ 2HA) (11 _2x)p)-1
Ce Jpoa V(O,0)p0(dh, dv) + 24D (L(1 - 22)892) 1
Lemma 5.4
Cz fa2a V(0,0)p0(d6, dv) + 2EA) (11 _23))-1
Cy Jp2a V2(0,v)po(d6, dv) + ?g
Q.2
o (Cv +267 (d+ Ac) (w0 + D) + 45 (5 4+ 2E2) €7 4298 (72 + (d+ 40) (L + 2 )) 04)62”
sva 374(v+5LIE[ (14 X0 2P D) A(Autd)
Lemma 5.5 (274c +29d + Gmax{ T(-2x)’ L (1—2x)2 YE [V (60, Vo) + =)

p 2@+ (E[(1+1X0)?¢*D] L3+ E[F2 (X0)] ) BV (60, Vo)] + 2255D)5 4 167242 + 484242
+(96 (1+3)% (1RO +4LLE [(1+]Xo))* P+ ] + 4B [F2 (X0)]) +64 (1 + 3)°

x (LgE [(1+ 1Xo) D] + E [P (X0)] ))62 + (907dL3E [(1 4 | X0])*¢ V)] + 907dE [F? (X0)] ) 8

‘ 5y ™0 {/\CLVﬂ:Ai/ze’AcL'y*Q,Aime*Ac}

: 1/pg2/p+Ac/ 1+ max{l’Ri)iz} 2 —1—1.—1 v
1o, 2V /pe/pihe/p L td— | max 1,4W(1+2ac+2a6)(d+Ac)ﬁ vy~ le

Proposition 5.6 Ac 15*2 (1+2ac+2a2) (d+ Ac) Ly X711 —2)) 71

e e/ (d+ A

R 4-(6/5)/2 (14 2ac +2a2)"/? (d+ Ac)Y/2 B=1/2y=1 (A — 2x2) 1/

ae (1+A;1) Iy 2> 0

TABLE 4. Explicit expressions of the constants in Section 5.2.

5.3. Proof of main results. To provide a non-asymptotic upper bound for W), (L (é? , Vt") ,7?5) for
p =1, 2, we first consider the following splitting using the scaled process given in (27): for any n € Ny
andt € (nT, (n+ 1)T7,

Wy (L(0],V)") . 78) < W (L (00, V") . LG, Z7")) + Wy (L (GM", Z1") , L£(¢, Z1)

4
Wy (£ 2) 7). oY
Note that (éf , ‘_/;7) defined in (28) can be viewed as a continuous version of the first order Euler scheme
of (¢"", Z{"™) with stochastic gradient. We consider the corresponding L*-distance and employ the
synchronous coupling to obtain an estimate for the first term on the RHS of (34). To upper bound the
second term on the RHS of (34), we view £ (("", Z""™) and L ((/!, Z}') as the laws of the time-changed
process (27) starting from different initial pomts T hen, applying the contraction result in [6, Lemma
5.4] and letting p = 1,2 yield the result. We note that, as 7g is the invariant measure of the second-
order (underdamped) Langevin SDE in (26), £ (C;7 , Zf ) and 75 can also be viewed as the laws of the
process (26) from different initial points, i.e., from (6, V) and a random variable distributed according
to 7g, respectively. Therefore, the last term on the RHS of (34) can be upper bounded by the same
approach as that for bounding the second term.

We establish upper bounds for each of the terms on the RHS of (34). The results are presented below.
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Proposition 5.7. Let Assumptions I- 4 hold. Then, for any 0 < 1 < Nmax With Nmax given in (9), n € Ny,
andt € [nT,(n+ 1)T) with T := |1/n], we obtain

Wa (L (07, V") . L (M. Z0™)) < Cin'?,
where CT is given explicitly in Table 1.
Proof. See Appendix C. O

Proposition 5.8. Let Assumptions I- 4 hold. Then, for any 0 < 1 < Nmax With Nmax given in (9), n € Ny,
andt € [nT,(n+ 1)T) with T := |1/n], we obtain

Wi (L (G, 27 LG Z0) < C'l? Wa (£(GM", Z07) LG Z0)) < Cin'l,
where C* is given in (95) and C3 is given explicitly in Table 1.
Proof. See Appendix C. O

Proposition 5.9. Let Assumptions I- 4 hold. Then, for any 0 < 1 < Nmax With Nmax given in (9), n € Ny,
andt € [nT,(n+ 1)T) with T := |1/n], we have

Wi (E (C?a Zg) 777—5) < Cge_cgnt, Wy (‘C (CZ?7 Ztn) aﬁ-ﬁ) < Cge_c‘tnt»
where C3, C3, C3, and C} are explicitly given in Table 1.
Proof. See Appendix C. U

Proof of Theorem 3.1 and Corollary 3.2. First, by using Proposition 5.7, 5.8, and 5.9, we obtain, for
anyn € Ngand t € [nT, (n+ 1)T) with T := |1/n], that

Wa (L (67, V") ,7i5) < Cnl/? 4 oyt 4 cgeCimiT,
which implies
Wa (L (O, Vi) 1 7s) < Cin'/? + G/t 4 e imT,
To obtain a non-asymptotic upper bound for the SGHMC algorithm, we set nI" to n on the left-hand

side of the above inequality, while n on the RHS of the above inequality is set to n/T". Hence, for any
n € Ng, 0 < 1 < Nmax With Ny ax given in (9), one writes

W (£ (62, V1), 7) < Cin'/? + CinM/* + Cje=Cimn, (35)
Similarly, for Wasserstein-1 distance, we obtain
Wi (L (67,V,7),75) < (C* + CF)n'/? + CgeCim, (36)

Moreover, for any € > 0, if we choose 1 and n such that n < Thmaxs C’_fnl/z < €/3, C§n1/4 < €/3,
and Ce~Ci™ < ¢/3, where npmay is given in (9), then W (E (02, VT?) ,7?5) < €. This further

e? et

implies that » < min {W’ 81C37 2 Thmax

} and nn > m(so#/e) Therefore, one can write n >
4

In(3C% /¢)
62 64
9C32781C5% Thmax

* )2 n * n * — —
and n > max { i@ +Clc)*€; (203 /6), 16537702 /) }, then W1 (E (6’2, VT?) ,7?5) <e. O
3 3 Tmax

2
. Similarly, f > 0, if h d hthatny < min ¢ ——,
imilarly, for any € if we choose 17 and 7 such that < mm{ll(Cwa)2 nmax}

C} min

To provide a non-asymptotic error bound for the expected excess risk, we proceed with the following
decomposition:
Elu(07)] — inf u(0) =Efu(0;)] - E[u(f)] +Efu(fo)] — inf u(0), 37)

fcRd OcRd
Ti

T2

where 6, is distributed according to m3. We note that 7; depends on the sampling behavior of the
SGHMC algorithm, which relates to the error in Wasserstein-2 distance between the law of the SGHMC
algorithm and 7g. 73 is about the concentration property of g and becomes small when the temperature
parameter 3 > 0 is large. The following proposition presents a bound for 7; under our assumptions.
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Proposition 5.10. Let Assumptions 1-4 hold. Then, for every B > 0, there exist constants Ct,Cy, C%, Cf >
0 such that, for any n € Ng and 0 < 1 < Nmax With Nmax given in (9), we have

E[u(0])] — E[u(fs0)] < Cin'/2 + Cin*/* + Cye i,
where O, ~ mg and Cf := Cf (LCyp, + |h(0)|) with Cy, := max (C§,Cy), for i = 1,2,3 and
Cy = C}, and where CT, C3, C3, C} are given explicitly in Table 1 while C§ and Cy are given
explicitly in Table 4.
Proof. See Appendix C. U
Next, we bound the second term 75 as follows.

Proposition 5.11. Let Assumptions 1-4 hold. Then, for any 8 > 0, we have

fu(6)] — inf u(6) < 2‘; log (’YQ/\(SleEQ)\) (‘j; + 1)) ,

where A, is explicitly given in Remark 2.4.

Proof. See Appendix C. (]

Proof of Theorem 3.3. Substituting the results in Proposition 5.10 and Proposition 5.11 into (37) yields

the desired non-asymptotic upper bound. Moreover, for any ¢ > 0, if we choose (3, n, and n such

it . G2 < /4, Ciphl < efd, CheCint < e, nd 3 log (sl (4 +1))

€/4, where nmax is given in (9), then E [u (6s)] — infycpa u(f#) < €. Calculations yield that n
. 2 4 In(4C% In(4C%

min { e gy s | and o > B -

6072 2m00T

<
<

, which implies that n >
C_'I min
Y2A(1-2X)

is achieved if we choose § > max { 1§2d2, 4—€d log (72/\?5{2)\) (’\"(0)+>‘L(|1h(0)|+b//2 + 1)) } Indeed, for

Furthermore, we recall that A, := S(Au(0)+AL|h(0)[+b'/2), then, % log (L (% + 1)) <e/d

any 3 > 0, we have

d | 8eL A, 1
zﬁ%Qmu4m<d+>>

4 o (7 8eL | (Au(0)+)\L\h(O)|+b’/2 +1>> + g (34 1)

d 23

< ;% (;l log <72A(ief 2N <Au(0) RO 1)))
<e€/8+¢/8=¢/4,

where the second inequality holds due to log (3 + 1) /8 < 1/y/B+1 < 1/4/f for any 3 > 0.

L4
2v/B
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APPENDIX A. PROOFS OF SECTION 2
Proof of Remark 2.1. By using Assumption 1, we obtain, for any (0, z) € R? x R™,
[H(0,2) — H(0,0)] <[F(0,2) — F(0,0)| +|G(0, ) — G(0,0)|
(1+ [2))?(La|0] + Lofa|) + K1(0) + Ki(x)
<(1+ [2)PFHL1[0] + L2) + K1 (0) + Ky (2).
Hence, letting F (x) := 2K1(0) + K1(z) + |F(0,0)
H(8,2)] <(1+ [2])?* (L1]6] + L) + 2K1(0) + K (x) + |F(0,0)
—(1+ [2]) 1 (La]6] + L) + F. ().

, we have

Proof of Remark 2.3. By Assumption 1 and 4, for any (6, z) € R x R™, we have
(0, H(0,2)) =(0, F(0,x)) + (0, G(0,2))
>(0, A(2)0) — B(z) — K1()]6)].
Then, by using Assumption 2 and Cauchy-Schwarz inequality, we obtain
(0,h(0)) >alf]” — b —E [K1(Xo)] |0]
1 _

>alf|? — b— 210]> — —(E [(K1(X0))])2

>alof? b - 210 - (B [(K1(X0))))

=d'|0> =V,
where @/ := % and b’ := b+ 5-(E [(K:1(X0))])?. O

Proof of Remark 2.4. Denote by w(t) := u(tf),t € [0, 1]. Note that for any § € R%, @/ (t) := (6, h(t)),
and

< [ ionmeoyiar a8)
1
< / BIL(t16] + |1(0)])dt
0
L
=162 + Lin(o)]0].

where the second inequality holds due to Remark 2.2. Define A := min {}1, L“/} By

using (38) and Remark 2.3, we have, for any § € R?, that
(n(6),0) > a'0]* — ¥/

>2/\(L+L|h()|+ )|0|2 v

2
=22 (5 6+ LIBO) Il = LNl + LI+ 107 ) v

Y

2
2) (u(e) —u(0) — LIR(0)|16] + LIA(0)]|6]> + 74|e|2> — Y

> 23 (uw) —u(0) — L) + - rer?) y

_9) <u(9) + 742|e|2> - 2‘2“

with A, := §(2>\u(0) + 2AL|h(0)| + ¥'), where the last inequality holds due to |§] < 1+ |6)]2. O
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APPENDIX B. PROOFS OF SECTION 3

Proof of Lemma 5.2. Recall the Lyapunov function defined in (30), i.e., for any 6, v € R?,

V0,0 = Bu(6) + 570+ 37 ol + ol — NP,

Now we define the operator
A=~y +h(0), Vo) + 787 Ay + (v, Vo). (39)

Following similar arguments as in [15, Lemma 2.2], by using Assumption 4, Remark 2.2, and Remark 2.4,
we have

AV < vy(d+ Ac = AV).
Indeed, by using (39), we have that Au(0) = (v, h(0)), A|0]> = 2(0, v), and

Log o2y 1 —1,12 2 12 d [v[>  (n(0),v)
A(Gh10R) = =30 ), Ty o) + Ao = - R B,
1 L2y 4 (h(0), vy +0)
A<2|9+7 v’>_75 v '
This implies that
_ W(d_ -1 -1 i_@jh(@),v)_ >
AV(0,v) = 5{v, h(0)) + =, e (h(6), (vy™" +0)y >+'yﬁ T A0, v)

1
< <d + A = ABu(0) — 7287 (101" + 227 ol + 2<9,v—1v>)>

<7 <d + Ac = ABu(9) iw% (1= N)10F + 21y ol* + 2<9,71v>))

=(d+ Ac = AV(0,v)),
(40)
where the first inequality holds due to Remark 2.4, and the second inequality holds due to 0 < A < %.
Moreover, by applying 1t6 formula, we obtain

4 (V0 V) = My V{0, Vi)t + AV (0, Vi)t + ¢! (ﬁvt + /32”@) V2y5-1dB,.
Hence,

t t
V(G Vi) < V(6o, Vo) +(d + Ao) / Medt — / s <ﬁVs + @9) V2B 1B, (1)

0 0

Note that by Remark 2.2, SDE (26) has a unique strong solution. By [37, Theorem 5.2.1], for every
T > 0, we have that

Hence,

E

8V, + %95

[ 5
0
E [ /0 " s <B’y(s) + @9@)) \/?st} ~o.

For each ¢ > 0, denote L(t) := E [V(6;, V;)]. By using (41), we obtain

T
E U (IVs]? + 164]%) ds] < oo.
0
2
2
st] < 00,

implying

L(t) < L(0)e ™" + # (1 - e‘“f) : (42)
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In addition, note that

V(0,v) = Bu(f) + §72(!9 +y P+ [y TP = A0+ o — o))

4
> Bu(f) + %2(!9 +y7 o + Iy ol = 2010 + P 4 ]y o)
43)
38 - - (
= Bu(8) + S72(1 = 20)([0 + v o + [y o)
2 2
> max {Bgu — N0, %(1 - 2A)|wu\2} .

Thus, combining the above result (43) with (42) yields

d+ A
G- mp <EW 60,10 + T
Ié] d+ A

T 2NE||V;]12 < E[V (60, Vo)] + X

O

Proof of Lemma 5.3. By using Remark 2.1 and the fact that X is independent of 0" and V,’, we have

E [|H (0], Xi1)P] < 2B | (1+ X2V L0] 2| + 4B [(1+ [ X 2D LE + F2 (X))

- [|92|2E [(1 + [ X )20V L

9,@” +4E [(1 X202 4 FQ(XO)}

= 213E [(1+ | Xo) 2D E[|671%] +4L3E [(1+|Xo)*?+D)] + 4E [F2(Xo)]

= LiE [|0]*] + C4,
N _ (44)
where L = 2L3E [(1 + | Xo[)2*TV]], Oy = 4L3E [(1 + | Xo|)2**V] + 4E [Fi(X0)?]. Recall the
SGHMC algorithm given in (7) and (8), and using (44) yields

E [[Vil’]

E [|(L —ym)Vy! = nH (60}, Xy11)|?] + 29057 d

= (L=y)’E V"] = 20(1 — y)E [(V", h(O])] + n°E [|H (0], Xp41)*] + 29087 'd

< (1= 0)%E [[V12] = 20(1 = m)E [V k(6] +0* [LE[6]%] + G| +29m87'd,

where the second equality holds due to the fact that X}, is independent of 6} and V" , and that )
E [(V,, H(6], Xr11))] =E [E [(V", H(}, Xies1))|07, V,]]] = E [(V,], h(6]))] -

Moreover, denote U; := U (0} + tnV"),t € [0, } We observe that U’ (t) = (h(6} + tnV;"),nV}"), and

that, by using (8), u(8), ;) — u(f})) = a(1) — (0 fo @/ (t)dt. Thus, by Remark 2.2,

1

u(@],,) —u(@)]) < (h(0) + V") — h(6}),nV,])dT

» S— |

< / (8D + V) — RO [V dr
0

1 (46)
< / Lr|nV,)?dr
0
L
= 5772|an|2'
The above result implies
L
E [u(0},1)] = E [w(B)] < uE [(h(6]), V)] + 5 n* Vi1, (47)

Then, notice that
E [|67,11*] = E[|163°] +20E [(67, V)] + n’E [[V}'?]. (48)
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Furthermore, by (7) and (8), we have that
E (670 + 27 Vi [*] =B {10 + 271V = H (6], X)) [*] + 207167 nd
=E W92+-7‘1VZW2]-2n7‘1E[<924-7‘1V?7h(92)ﬂ

+ 1Py 2B [|H (0, Xpsa)[F] + 29708 (49)

<E||07+ V| - 20T E (0] + VLR (60)]
4oty (ZlE [\agﬂ + 51) 2y 1pg

where the last inequality holds due to (44). Next we define, for any k£ € Np,

va(r) = PO g [y 4 0 47V e - ] G0
By using (45), (47), (48) and (49), we have
M(k+1) — My(k) =E [U(6], )] —E [U(6])] + 742 (E[16] 1+ Vi P =E[16] + ' VIP])
L@ v - B ) - 22 € [0 ) - E )
< nE [(h(67), Vi)] + %ﬂa AR Zf( =2y E [0+ VL R (00)]

o (7 2 = -1, 3~ 1
+iPy 2 (LE|]* + Cr) + 29708 1d> + (=2 + ) (VP

1 - N
+ 7 (—200 = mE [V ()] +n? | L4E (10712 + Ci | + 2ymB~d)
2)
-2 (B [ V) + R (V).
Then, we obtain
77251
2

Mak +1) = Ma(k) < 22 [(h(8]), V)] - 208 [(ao]), 0] + 8 [0712) - Lk [(0.7)

2

L m Pt M Cuip? )
- L E V]2 g
+<2 2 T 1 [IVP] + =~ + B
7 )"7377 712 _1

< = AR [u(0)] = = E [165°] + Acymf

Ln* v | ¥*n* P 2

- 5 Tt E [[V7?] + ==E [(h(8]), V}

+(2 2+ 4 4 [’k’]+2 [<(k>7k>]
772Z1

+

2 A 51 2 B
E[lo7%) - LPE [0, V] + S5 + s,

2 2

(51
where the last inequality holds due to Remark 2.4. By using 0 < A < 1, we obtain

2
v - -
My(k) = E [uwz) + 0 (16712 + 29O V) + 202V — NpP)
" 2 g 1 2
<E [u(0])] + LE [071%] + 3E (67, Vi) + 5E V1],
which implies, by rearranging the terms, that

2
TR ({67, )] < —Mo(k) + E [UED) + 2 E 16717 + SE V7P (52)
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Combining the result in (51) and (52), we obtain

2 2
_ L _
My(k +1) < (1= Xym)Ma(k) + Ay~ + ZLE[(h(6]), V)] + LE [67]7] + B~

+ =5 -

Co? (D P NP Ay E V7]
2 2 4 4 2 k

2
< (1= MM () + Ay + L (L2 + LE ] + 2 ) + 1m8a

Cin® (L oy PP M277 Ny P 2
“n _ N g v
2 + 2 2 + 4 4 + 2 * 4 VP

_l’_

2
< (1= Myn) Mo (k) + AymB~" + <7L2+L> E[1677] + 2 (h(0)2 + yns~d

2
Cii* L (L ¥ My
_ o0 *EV”Q
t— gt - ) BV

(53)
where the second inequality holds due to Remark 2.2 and (a, b) < (\a%ﬂ witha = h(0)) and b = V',

and where the last inequality holds due to 0 < A < i. By (43) and the fact that max {a,b} > “T*'b,
a,b € R, we have that

2

Mo (k) > max{é(l—Q)\)E [1672] , (1 —2)[E [V }}

, 1 (54)
> 15120 [I67P] + (1 - 20)[E [V
By denoting
1 E 2 L S .
Kl::max{ 21_‘_7 , +12 2 *2 , (55)
2 (1 —2N) s(1—2))
we have that
- 2 2)\
2K1n*Ms(k) > n*(Ly +~vL*)E [1671*] +n*(L + 5 - 7 + ) INAHE
This, together with (53), yields
Ma(k +1) < (1 —~yAn+ Kin*)Ma(k) + Kon® + K3,
where
h0))? + C
Ky = 7|()|2+1 (56)
and
K3 :=~(d+ A)B7L. (57)
Therefore, for 0 < 7 < min {%, %} and n < 2/ (implied by n < 2/~ and A < 1/4), we have
A 1— (1 — 20m)k 4
My(k+1) < <1 — 7277> Ms(k) + 2K3sn < M3(0) 4+ 2nK3 ! (( WQM)) < M>(0) + —)\Kg
T\s T T2
(58)

By using (54) and (58), we hence obtain
V(0,v)po( d6, dv) + HHA)
5(1=2X0)82 ’

Jigza V(0,0)p1o( 9, dv) + LA
Ii—205 |

sup E [‘92‘2} <Cy: fRQd
>0

suplE “anﬂ <(C,:=

>0
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Proof of Lemma 5.4. Recall the process (Et ")
for any n € Ny, we have

t>nT

0 X7 d+Ac
E [V, Viip)] + 5
s(1—2)0)372
By using the expression of M (k), k € Ny, defined in (50), we have

sup E [‘@7’”‘2} <

te[nT,(n+1)T]

E (V{0 V)] = BMa(nT) < B30(0) + -85 < 51a(0) + 22 E D i,
which implies that,
] DO v
te[nT,(n+1)T] 3(1—=2X)p~2 g(l — 2X) 392

Hence, we conclude that

5(d+Ac)
=n,n 2 fRZd 9 v /‘I’O(de d'U) A
] s - e

and Lemma 5.2, we obtain

sup sup
n€Np te[nT,(n+1)T]

Similarly, recalling the process (Z;"") .

BV (O, V)] + 45
1(1 =203

sup E [‘Zf"ﬂ <
te[nT,(n+1)T]

By using (59) yields

2] _ BM(0) + S(d+4c) _ Jeza Y o(df, dv) 4 244

o0, , V)
sup B UZt I(1—2x)8 %(1 208

te[nT,(n+1)T]

Therefore, we have

5(d+Ac
(d@, d’U) + % '

sup sup E [‘Ztnnﬂ <Cy fR2d
n€Ng te[nT,(n+1)T)

defined in Definition 5.1. According to Lemma 5.2,

(59)

O

Proof of Lemma 5.5. In this proof, we follow a similar strategy to the proof of Lemma 5.2. Denote by

A= (L= = nH (0], Xpi1),  AF =00 +77'V! = 'nH(6}, Xi11).

Recall SGHMC algorithm (7) and (8). By using (8), we obtain
107,17 = 167] + 20(07, Vi) + 0P|V,

Moreover, by using (7), we have

VL ? = [ALP +2v/207/B(AL, Eryr) + 227§k+1

= (L= V)P = 20(1 =) (V! H(O}, Xpir)) + 177 [ H (6], X))
+2v 2777//8<A11w k1) + 2?51“1
We further note that
167, + 7 VAP =100+ VY =y T H (0], Xper) + 7 29n/ B
=107+~ VP + 3g|€k+1|2 =20y N0+ VL H (O], X))

+2¢/2y7 187 AR, Gea) + Py H (6], X))
Using (46), we obtain that

Ln
w(07, 1) —u(0]) < n(h(0]), V1) + =~ V1.

(60)

(61)

(62)

(63)

(64)
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Denote by
2

1
2k ::% 27_15_177<A27§k+1>+§ 207/ B{AL, k1) (65)

and for the ease of notation, we denote by Vi, := V (6}, V;!). By using (61), (62), (63), and (64), we
obtain

2
g - _
Veyr = Vi)/B=U0] 1) —U@B]) + T 167,y + VP =100+ VP
2
i _ _
+ 1 [|’Y 1Vk77+1’2 — |y 1Vk77|2 - )‘(|92+1‘2 - “92‘2)]
L 2 ,72 2 ~ ~
< n(h(6), V) + S IVIP + M&MP =2y O]+ TV H O X))

_ 1
oy Qerz,XkH)F] i1 [<—2m VIR — 201 — ) (VY HO), Xisn))

4
2 H 977 X 2 2"7,7 2 72)\ 977 n 2 712 »
+ 07| H (0, Xi+1)] +7’§1@+1! e (2000, Vi) + ?[VI1P] + 2
Y L e/ e )
< =00, HOL X)) + (o0 V0 + (5 = 54 T = 2 e
UR 2 v 2 (o
+ ?\H(QZ,XHM + B [Ek+1]” + <2 —77) (Vi H (O, Xiy1))
2
Y
- (01, V,]) + 2.
(66)
Using the fact that 0 < A < % and the expression of Lyapunov function (30), we have that
i 7 2 1 2
—5(02, V) < =Vi/B+U®O)) + sz’ + §\V,j\ . (67)

Hence, substituting (67) into (66) yields
Vi1 = Vi)/B < —%<927H(927Xk+1)> +n(h(0)) — H (O}, Xis1), Vi)

(B _m P A A
2 2 4 1 2

2
n _
)P+ T HOL )P+ 905 e

+ Ln2 <V77 H(en X ) Y A~ U (07 ’73)‘77 o" 2 »
5 (Vi H (0% Xin)) = YAV /B + XU (0F) + == 161" + T
Then, by rearranging the terms, we arrive at

Vit /B < (1= ) Vi/8 = L0, HOL X)) + 1 (A(O) ~ H(O}, Xi). Vi)

Ly om0 n*PA A U -
+(2—2+ ot ) P+ S HH O X))+ mB T Gl

2 3)\
+ DV H O, X)) + XU 6) + 601 +
m nm
= (1= An)Vi/ 8 = -6 hB])) + GH h(6]) — H(6] Xies)) + n(h(6]) — H(6} Xien). V)

L2 2,.2 22)\ )\
+(77 Mo A A

-+

2
n —
T T TR ) R 6L )+ 5 e

2 3)\
+ DV H O, X)) + XU 6) + L6017 +
n '73>\77 712 —1 ny n n 7
< (X =yA)Vi/B = MU (8)]) — TI%I + 08 Ac — 7<9k, H(0], Xi41) — h(6]))

my Ly my % n*h A
+77<h(02)+(2_1>H<927Xk+1)7vkn>+<2_2+ e a1 70
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2
_ A
+ TN H O, Xns1) 2+ 0B nua + MU (0]) + 00 + 2,

where the last inequality holds due to Remark 2.4. Then,
Vier1/8 < (1= yAmVie/ 8 + B~ Ae = ZL(OL H(O, Xiy) = h(6])

L 2 2 2)\ by
n<h<ez>—H<ez,XkH>,v:>+(;7—”;ﬂ; - 2

2
+ %|H(925 Xir )P+ B i1 > + Sk + %< (0}, Xit1), Vi)

< (L= V/B+ B~ Ac — *<92, () Xi1) — R(0]))

L 2420\
n(h(O7) — H(07, Xps1), V) + (” B e S el S e U B ) VAR

"
2 2 4 4 2

2 2
(5 + TG X)) + B i + T,
(68)
where the last inequality holds due to (a, b) < , for a,b € R%. By using (43) and the fact that

max {z,y} > (z +y)/2, for any z,y > 0, we obtain

Jaf +[p[2
< 2

VO], V") /B > max{’YS (1—2X)[67)2, (1 _ 2)\)|V"|2}

) (69)
Y
> 2 (1= 202 + (1 - 20V
Denote by ¢ := (1 — yAn) and
Ly | 7’0 n**A | Py
b (1+ PIE [+ [Xo)2e0]) (5 + 5 — B2 4 1)
1 ‘= Imax 12 5 1
(1—2)) (1 —=2))
The result in (69) further implies
5 L 2 2,2 2 QA
26K Vi/B > 26 (1+ 2 ) E |(1+ X)X L3162 +20 S+ E -T2+ T2
2 2 4 4
(70)
Then, by using Remark 2.1, (65), (70), A < 1, and the fact that &1 is independent of A} and A? , we
have that
E [Vii1/8%16}, V,]
< ¢*Vi/B% + 201/ 8 (nwﬂ‘lfla + B d+ (E 1 +1Xol) ”“)] L3 |67
Ln? 2420
+2E [(1 + |X0|)2(P+1)} L2+ 2E [F2(Xy)] > + ( ;7 + 477 i Z + ’747) |V”|2>

+E (777[3 4.+ (92, hO)) — H(0), Xp11)) +n(h(0]) — H(O], Xi41), Vi)
L oy 0 A MmN e, (000 i
) - e T3V \H (o), X
* ( 2 > T 1 Ty Ty Vi'l" + 5 T |H (6], Xps1)]?

9
+ B ey [ + Ek) 9L,V

< (6% + 20K1m%) VE/B* + 2001/ 8 (mﬁ‘lAC + B d 4?2+ 7) (B [(1+ X)X D] L3+ E [F3<X0>])>
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(nvﬂ 4+ (927 —H (0}, Xy41) + h(6)) + n(h(6)) — H(6}, Xp+1), V)

L2 2,2 2,2\ A
+<;7_n;+7477 —”Z * ;ner) VI +9mB™ €k + B

~ o vy,

+
/N
3
S
+
=

2
2
7) (04 X PEDLGL? + 21 + | X2 )23 + 2F2(Xppa) ) )

. . . . la]?+]b]?
This further implies, by using (a, by < =

E [V /82108, V]

< (¢2 + 2¢Kln2> V2/B% + 20V B (nvﬁ_lAc +ynB~d

,forany a,b € R4, that

Fop ) (B4 X)) 2+ B [F200)) )

my _
+E (mﬁ Ao+ D |9"|2 (7“7) (RO + [H (0], Xpt1)|?) + 1B €k |2
Ln* vy 72772 7YX Xm0y Y e
dd I 01 - Ty ¥
+<2 5+ TR R SRR | AL

2
2
+ (772+M> (<1+\Xk+1|>2<f’“>L%|922+2<1+|Xk+1|>2<P+1>L§+2F3<Xk+1>)) 6.V |-

By using Remark 2.1 and 2.2, we have
E [V /82108, V]

< (02 +20K107) VE/ 5 + 201/ 8 (nvﬁ_lAc+w75_1d+n2(2+7) (B @+ X2 D] L3 +E [F2<Xo>])>

+E

_ nmy gl
(mﬁ A+ T 4 (14 ) (2L2102|2 +2/h(0)]?

+ 2(1+ [ Xt POV LG + (L + | X )2V LE + 4F3(Xk+1)> + 187 €]

-+ - + -+

> ny 0% n**A Mmoo Py o 5
LA NI VAR >
+< 2 2 4 4 2 3 T Vel 5

+n*(1+ O Vi

2
(0 X PP DL + 200+ Xl P 25 + 2F3<Xk+1>))

= (8% + 20K10%) V(B + 20m(y A +1d)Vi/ B + 20m* (2 + ) (E [(1+ | X2V L3 + E [F2(Xo)] ) Vi/ B

tE +2 (14 2) (L2 + (1+ [ Xt )*H1D))

4

(77/5 (VA + VI&ks1]?) + |6} (

I (L ) (1 K L2+n\V"\2< )

2

Pl R e IS 1 2/A(0)]% + 4(1 + | Xpy1 )2V L3 + 4F2(X
PP (B T2 1) oy (14 2) (21BO) 4 40+ X [P+ AP (X)

2
#7211+ | X)X L3 + FE(Xk+1>>> o vy,
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k 2 k
By using the fact that, for any integer k > 2, (Z Xi) < kY X2, we obtain
i=1 i=1
E (V21 /800 V) < (02 + 20K00%) VB2 + 20ma V) B2 + 200761 Vi B+ 128728 + 0?16}y
Sk

+ 0107 es + n? [V es + |V es + nPes + n'es + 8E | 57|07, V)

(71)
where

Gi=yAc+ad, b= 2+7) (B [(L+ X000 13 + E [F2(X0)] ),
Go = 1672 A2 + 4842d?,
5= o7t 24(249)° (4 + LAE [(14+1%]) 0]
2
3 :=8 (1 + %) L%E [(1 + \Xo\)4(p+1)} :

2 A 2
Gi=2(1+M =77, & :=2<L+72W+7> ;

&5 =96 (1+ %)2 (1R(O)[* + 4Z3E [ (1 + | X} +V)] + 4B [FA(X0)] )

&5 = 64 (1 + %)2 (LgE [(1 + [ Xol) et ] +E [Ff(xo)}) .

Next, recall the expression of A}, A2 defined in (60) and of X, in (65), k£ € Ny. We note that

22 <8 AL P& ? + 3B AL €t )
< B M1 P (Vi —n (W + HOF, Xioi1)) |2+ 2100 + vV — gy L H (0], X)) [?)
< B M1 ? (20— ny) 2 VT2 + (2+ 30P) [ H (0], Xper1) | + 3716712 + 3]V])?)

< B s ? (2(1 S PIVIP (24 3) (3L%<1 X 200
T 3L3(1+ [ Xy 20D +3F2<Xk+1>) +372|92\2+3|vk"|2),

where the last inequality holds due to Remark 2.1. Then by taking expectation, using n < 1 and
and the fact that & is independent of X1, Vk and 02, we obtain

Q\l\')

B (52167, 1) < o ta (SR + (372 + 153 [(1+ xal e+ ] )

+ 15L2E [(1 + |X0|)2<P+1>] + 15E [F2(X)] >
Applying (69) to the inequality above yields

v
E [Z3]67, V] gﬁgcﬁ 85" (72)

5yd  37d(y2+5L3E[(1+] Xo|) 2P H+D)) - 2 2
o T2 and 7 1= 120yd L3R [(1+ | Xo[)*P+] +
120dE [F2(Xo)]. Substituting (72) into (71) and by using 7 < 1, we obtain

where ¢g := 8 max {

2

E D;g“/ﬁz‘@n’ an] < <¢2 + 2¢K1772) ,6’2 52

C % Ui
P11 + &) + P IV (@ + ) 005 + ) e

+ (2061 + 06)5277 +20n%61 Vp/B + -
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Next, by using (69), we have
1 1
/5% 2 e { (1= 20, 50 - 20

1 1
(1 =202 4001* + = (1 — 203V

>
—128 32
This implies that
~ 2
E Vi /82100 V) < (6 + 20K+ G’ ) VB + (2081 + E6)uVi/ B + 260 61Vi/ B + 2
+772(55 +¢é5) + %57,
C3+C3 Ca+Cq

where Cg := max { — } By taking expectations on both sides of the above inequal-

35 (1-2X)29%7 5 (1-2))2
ity and by using the fact that = 1 — Ayn and ¢ < 1, we obtain

E Vi) < (1 — M+ K 772) E V7] + éonE V] + 2¢180°E [Vi,] + n°és

(73)
+1° (&5 + &5)8° + nér B,
where . .
K :=2K; +¢cg (74)
and c¢g := 2¢; + ¢g. By using (59) and n < 1, we obtain
E[VEa] < (1= M+ Kn?) E VY] + D,
where D := &yé19 + 261103 + &2 + (G5 + é5)3% + &7. Since n < 2)‘17(, we obtain
Ayn
E Vi) < (1 - 2) E [Vi] +nD,
which implies
E[Vi] <E[V§] + o Cy. (75)
We claim that, for all € R?, we have that
a o b L 5
31017 = 5 log3 < u(9) < u(0) + 516 + |1(0)] |6], (76)

Indeed, by using Remark 2.2, we obtain
1
() — u(0) = / (0, h(10))dt
0
1
< [ elibesar
0

1
< /0 6] (tL|6| + |h(0)]) dt.

This in turn leads to I
u(f) < u(0) + 5\9!2 + |R(0)[|6].

Next, we prove the lower bound. To this end, by taking ¢ € (0, 1) and using Remark 2.3, we write
1
u(6) = u(ch) +/ (0, h(t0))dt
(6, h(t6))dt

(a'|to]> — V) dt

2
= 26)]9|2 +b'logec,
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which by taking ¢ = 1/+/3 leads to the bound. By using (76), we have
L 1 12 142
V(O,0) < 5 (518 + 100161 +u(®)) + 3677 (j0 470 + |y - NoP)

L
<4 <2||e|2 + h(O)]j6] + u(0)> + 387 (2087 + 2ol + [0l - Al6P)

[h(0)?
2L

(77)

1 _ _
<p <L!0|2 + u(0) + > + Zﬂff (2]0|2 + 2y 2|v\2 + "y 11)}2 — /\|0\2)

Blh(0)?
2L

< (BL+ 587 108 + 3610 + pu(0) +

Taking square on both sides for (6, v) = (6p, Vi) and taking expectation yield

2\ 2
EW] <E [((BL + ;&f) 100]* + %5|V0|2 + Bu(0) + 5“;(2)! ) ]

2 9 h(0 2
<48z + DB [ol"] + 28 [[Vol*] + ag2u(0)? + g2 MO0 78
2 9 h(0 2
< 5% (max{a(z + ). 3 (B 00l + B 1)) + du(op + 230
Note that according to Assumption 2, the RHS of (78) is bounded.

To obtain the second inequality, for every n € Ny, we denote by z A y := min {z, y} for any z,y € R
and define the stopping time

r o= inf {t € [kT, (k + 1)T] : ‘v (c*, Z;i”“)) >nfA(k+1)T, (79)
It is clear that 7,, 1 (k + 1)T. By using

v (G, 20k,

=V (01 Vir) "‘/k nAY <Cs/\7'n s/\Tn> Likr<s<r,yds + \/W/ Vy V CsATn _S/\Tn) 1pr<s<r,}dBY
and applying It6 formula to the stopped process V2 ( AT ZfA’T > one obtains

V2 (GHE 2%

= V2 (O, Viiy) + 20 / ;( (o, Zut, ) AV (CU, 285, ) + 2087 (W (SO, Z?ATn))2>ﬂ{kTgsgm}ds

+2v/2ymB- / C s 208, ) OV (G5, 205, ) Vs <asn, ) ABY.

(80)
By using (30), we obtain, for any #, v € R, that
VoV (0,v) = pv+ %0,
which implies
2 22, B o
VoV (0, 0)]° < 28%0° + ——6%. (81)

By taking expectation on both sides of (80), using (40), (81), and the fact that
2
k
|:/ )V (Cs/\’rn Zg}\’%) v V (Cs/\’rn Zg/\'m) ‘ I[{kT<s<‘rn}d$:|
B 9 n2~282 [t B
< 2n252/ E UZQAkT ]l{k’T<S<Tn}:| ds + 72 / B [
kT kT

Conr
t B 2 2212 t _ 2
§2n252/ EUZQ’“‘ ]ds+” S / E Ugnk‘ }ds<oo,
kT 2 kT

2
1{kT<s<Tn}} ds
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where the last inequality holds due to (33) in Lemma 5.4, we obtain that
2 k)
|:V (Ct/\Tn ZZ]/\Tn ) :|

=E[V? (0, V)] +2n /t [ (QAM Zg/\kr ) AV (Cs/\fn _s/\an) ]l{kT<s<‘rn}:| ds
t

camst [ 8| (0 (025, 28)) Liarcacn | s

<E V2 (0, V)] + 207 (d + A) / Hv (cwn Zg/\k,n)

| as + 202 /k B[ (a2 ) as

t
+8777/8/ E |: Z;Z/’\Tn ]]'{kT<S<Tn}:| d5+277/873/ |:<S/\7’n ]]'{kT<S<Tn}:| ds.
kT
Note that
2 1,9 -1,,12 —1,.12 2
V(0. 0) < 8 (101 + hO110] +u(®) ) + 187 (10477 0]+ |37 "o]* + AloP?)

! (82)
hO)P

2L

<p (||9|2 + [h(0)]0] + U(0)> + 1572 (2|9|2 + 2y u]? + \V‘IU\Q + A|9|2)
<8 (L\@P +u(0) +

1 _ 112
) 302 (310 + 207210 + |yl

Blh(0)?
2L

<p (L + irﬁ) 6]° + %ﬁm? + Bu(0) +
where the second inequality holds due to A < 1/4. By using (82) and nT" < 1, we obtain
E V2 (G, 205, )|
B [V 0L ) + 22 0+ 40 (9u0) + D8O o [ 8 [v2 (a2t 228, )] s

2L -
t
+2nvf3 (’yz+(d—|—Ac) <L+272>) /kTE[

< Cy,

et as+amsas Savan [ l|zef]as

where the last inequality holds due to (33) in Lemma 5.4 and Gronwall’s lemma, and where

Cy, = <CV + 267y (d + A.) <u( )+ |h2L’2> + 293 <4+ Z (d+AC)> Cy

(83)
2 3 2 2)y
+2968 (v + (d+ Ap) L+47 Ce )e™.
By letting n — oo and using Fatou’s lemma, one obtains
E|[v(a* Z’?v’“)f < tim E|V (G 20k )‘2 <
t 2t = nSFoo t/\Tn tATh = Yy-
Then the desired inequality follows by taking the supremum. (]

APPENDIX C. PROOFS OF SECTION 5.2

Lemma C.1. Let Assumptions I and 2 hold. For any 0 < 1 < Nmax With Nmax given in (9) and any
k=1,...,TwithT := |1/n]|, we obtain

sip sup  E[|n (") — H (G Xuria) [!] < om,
neNte[nT,(n+1)T|

where oy := 8L36.+166,6, :=E [(1 + | Xo| + |E [Xo][)* | Xo — E [XOHQ] and 6, == E [K? (Xo) + K} (E[Xq))].
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Proof. Let Hy := Fb V Gl¢)- By using Assumptions 1, 2 and [7, Lemma 6.1], we obtain

B[ @) — 1 @, Xur )]
=E [E [|n (6") ~ H (0" Xurss)[* | Hor ]|
= [E [ [ <9""Xnm)l’HnTJ—H(é?’",xmfmnfﬂ

<4E [ [ |H (0], Xprsx) — H (0] E [ Xnrik | Har)) }2 | HnTH
<AE[E[((1+ \XnTHcl + B[ Xnrik | Harll)’ Lo | Xk — B[ Xorir | Harl|
(

+K1 nT—l—k) + Kl (E [XnT—i-k ’ HnT]))2 | /HnT}]
<BIZE [(1+ | Xo| + [E[Xo])*” [ Xo — E[Xo]?] + 16E [KF (Xo) + K7 (E [Xo))]
:8L20Z + 166,

where 7, .= E [(1 + | Xo| + |E [Xo])¥ | X0 — E [XO]]Q] and 6, == E [K2 (Xo) + K2 (E[Xo))]. O
Proof of Proposition 5.7. First, we note that
o _ _ _ _ 1/2 _ _ 1/2
Wa (£ (8.7, £(Gm2m) <E[j -] ARl -zen ] @

To bound the first term on the RHS of (84), we start by using the definition of (éf, Vt") in (28) and
(¢"", Z"") in Definition 5.1, and by employing the synchronous coupling, to obtain

t
o= < [ VL - Zemds.
nT
This implies, by using Cauchy-Schwarz inequality, that

sup E[‘éﬂ—fg’”ﬂgn sup /u “VH—ZZ"

nT<u<t nT<u<t
} ds.

A o

2
] ds,

Next, we set for any ¢ € [nT', (n + 1)T1,

Vo -z | < |V -

0o o 2 [ () -]

/,:T (0, Xpap ) = (C2™) | as

vl v -z

t
< Vﬂj -V +fy77/ ’VLZJ — Znn

<V -V +777/ ’VLZJ -z
t

”LT‘H( y X7) - h@ﬂ\dHnMT (@) = (&) s
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We take the squares on both sides and use (a + b)? < 2(a? + b?) twice to obtain

_ 2 b - ? i
v -z <aliy = e ([ vy = zzmias) an?| [ [y @) as

+ 4n? (/ntT H (g?st(s]) - h(éfsj)‘ ds)2

_ B _ t
<alvy - +4M</ Via Zg’anS)Hn/ 1@ - RG]

T ay? (/; (a1, Xra) = ne@r, )| ds>27

where the last inequality holds due to Cauchy-Schwarz inequality and 7" < 1. Then taking expectations
on both sides and by noticing that X[, is independent of 0?8 | and (""" , we obtain

2} < 4E UVLZJ - Vt”ﬂ + 44%n </ “ s ZQ’"\Q} ds>
</ B (0, Xa) - h(é@)‘ds)zl
wan [ 8 [lua - n )| o

nT

_ _ 12 t _ _
<4E UVL’ZJ — } + 4% </nTIE 17, = z22] ds>

/1 _ znmn
IEDVM Z!

+ 40°E

(85)

t 2
2 0"
+ 4B </nT H (8], X)) - h(ew)‘ds) ]
t _ 2
+477L2/ E{H?SJ—CQ’" ]ds
nT

Note that for any £ > 0, we have

t t
Vit =V _WV/UJ Visyds _n/LtJ H (04}, Xps7) ds + \/W(B? B Bf”) '

By using Remark 2.1 and n < 1, we therefore obtain

o[l -] -2

< 37292C, + 6 L3E [ (1 + | X020 Gy + 1202 L3E (1 + | Xo )20+

+120°E [F2(Xo)] + 618~ 'd
S oy,

2

t
WV/H VLJdS"‘r??/H (HLSJ,X[S])CIS— \/2’77]5_1( B[]tj)

where oy := 3720, + 6E [(1 + | X0o|)2P*V] (CyL? + 2L3) + 12E [F2(X)] + 675~ 'd. By applying
Gronwall inequality to (85) and using 1" < 1, we arrive at
2
d3> ]

</n; H (81 X1a) — h(A,)

t _ 2
+nL2/ E“GTSJ—CQ” ]ds),
nT

2 2
<ci| oyn+n°E

/" _ 7nn
E “VM Z
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2
where ¢; = 4e*?”. Next,

t
sup E [‘éz — Z{]"ﬂ < T}/T]E UVLZ‘J -z

nT<u<t

Jas

<cinl? sup / “%/J "

nT<s<t
wert [ 8| [ (0 x00) <1 02)] 0

To obtain an upper bound for the first term on the RHS of (86), we observe that

s _ t _ 2
sup / E UG?S,J S, ]ds —/ E UG’[S,J _/mn ]ds/
nT<s<tJnT nT
t
</ sup EUHLUJ C_LG
nT nT<u<s’
t 2
S/ sup E “9” 77’”} }ds’
nT nT<u<s’

Then, we bound the last term on the RHS of (86) by partitioning the integral. For any s € [nT ] and
t € [nT,(n+ 1)T], we denote by K := |s — nT'| and have

/nT 2 (7)) — 1 (A X))

2
] ds’ + cinoy (86)

2
] ds.

2
} ds’ (87)

ka+RK

where

S

M LS Rt P A e R A e

By taking squares on both sides, we obtain

K 2 K K k—1 K
ZIk+RK :Z’Ik’2+2§:z Ik, Z<Ik7RK>+’RK‘2-
k=1 k=1 k=2 j=1 k=1

Define the filtration Hy = FJ, V Gls),nT < s < (n+ 1)T. We have, forany k = 2,...,K,j =
1,...,k—1, that

E [(Ix, ;)]
=K [E [(Ik, Ij> ’ HnT+j”

nT+k a _ nT+j _ _
([ o o) - @]as, [ (@ ) - n @] o ) s

T+(k—1) nT+(j—1)

=E|E

=E

nT+k _ _ nT+j B B
([ Bl ) < n @) or] o, [ (@ Xes) @] )
nT+(k—1) nT+(j—1)

=0.
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Similarly, we have E [(I), Rx)] = 0 forall 1 < k < K. Then,

[

| @ Xe) ~n (@] @S

2
]ds

T
t | K nT+k B B 2
= / Y E / [ (075") — H (05", Xprak)| ds'| || ds
nT |1 nT+(k—1)
t s 3 3 2
o [V TG R e PRy o 55
nT nT+K

t [ K nT+k - - )
< / [Z / E[\h(eg;") — H (07", X)) }ds’] ds

T |2 I nT+(k-1)

/T /T+K [ (857) — H (6] "n’XnT+K+1)’2} ds'ds

<T?*0y +Topy,

where the last inequality holds due to Lemma C.1. Substituting (87) and (88) into (86) yields

t
2] < einoy + einL? / sup E [‘9” C”’”ﬂ ds’

nT nT<u<s’

sup E [‘52 — C_ﬁn

nT'<u<t

+ 617]3 (TZO'H + TUH)
t

< cinoy + 0177L2/ sup E WZ — @S’”ﬂ ds’
nT nT<u<s’

(89)

+canog + 61?720H7

where we used 771" < 1 in the last inequality. Next, we consider the second term of (84). To this end, we

write
/:T {H (g?st M) —h (5;7’”)} ds

Then, by taking the expectation on both sides and by using 7" < 1, we obtain

/ntT[ (61, X1) = (@) ds

The second term on the RHS of the above inequality can be bounded as follows:

‘/ LJ’ ) (CM)}S

Substituting the result into the second term of (90) yields

t
w5ty -2

+n

2

_ _ t _ _ 2
i) <o a2 o
n

(90)

2
<Toyg+opg.

E [“_/;7 — Zf’"ﬂ < 2’y277/ UV" — Znmm } +20Hn + QUHTZQ,

which implies

t

sup E “VJ — Z;}”ﬂ < 27277/ sup E UVJ — ZZ’"|2} ds + 2051 + 2051°. 1)
nT<u<t nT nT<u<s
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Then by combining (89) and (91), we have
sup {IE [\éﬂ - Egn‘z] } + sup {E DVJ - Zgn‘z]}
nT<u<t nT<u<t

t t
< cmLZ/ sup E [‘éz — 53"\2] ds’ + 2727]/ sup E [‘VJ - Zg’"ﬂ ds
nT nT<u<s’ nT nT<u<s
+ oy + cinog + cinou + 20n + 200
t
< (e L* + 272)77/ sup {IE UGZ - Cﬂ’n\z} } + sup {E “VJ —Znn

nT nT<u<s nT<u<s

|} as

+ (Clav + 2ciog + 40’H) n.
Finally, applying Gronwall’s lemma yields

sup {E [\9_2 - Egnﬂ } + sup {E UVJ zm| } } (croy +2ci0m + 4opm) erlP 2%y, Crn,
nT<u<t nT<u<t
92)

where C7 := \/ (cioy 4+ 2c10 + 40’H)661L2/ 247 Therefore, combining (84) and (92) yields the
desired result, i.e.,

Wa (L (67, V), £ (&M, Z8™)) < Cin/2.
O

Proof of Proposition 5.8. Let p = {1,2}. By using the triangle inequality, Proposition 5.6, and [6,
Lemma 5.4], one obtains

W (2 G2 @) < YW (1 (@4, 204) e (@) 20

kT80, Vilem  5kT,000, Vi 2 (k— 1)T0(1c YAl (k YLl (k= I)Te(k T (k HT"
W(( beien o MT)i(Q 4

3 ||M:
=

KT,00,.,Viln  SkT,00, V0, KT IRt k=t o KTy Z 1y
W ( (Ct NN Zt kT Y kT 77) ’£< Crr nth (k—1)T*“(k—1)T

k=1
< O T IWI (2 O Vi) £ (G 2
k=1
< Bmax {1+ aey )P e KD (14 2 B2 V2 (01, V)] + 2 EY2 [V (T, 20 1/p
kT " kT kT ZkT

k=1
W (0 Vi) (G 20T

< (Bmax {1+ aer ) C (1 2Oy 4 e Ch) P (i) Y e,

k=1
(93)
By using the facts that 1 — n < 7T < 1 and |1/n] > 1, one obtains
—1 1
i e—c’n(t—kT) < nze—c'nkT < 1 . < 1—3*0'(11*71) ne (07 nmax/Q)
TS T l—e T a1 € [Tmax/2, Nmax]
1 1
<
S a9 T o e 12 (94)
1
<
>~ ma.X{ 1_ 6_6/27 1— e_é'ﬂmax/Q}
1

<

- 1 — e_énmax/z ’
Substituting (94) into (93) and letting p = 1 and p = 2 yields
Wi (L (G, 20") LG Z0) < Ot 2 W (L(G, Z0M) £(¢]L 20)) < Can'l,



39

where
~ 3C) max {1 + a, 7*1}

c*:
1 — efclnmax/2

Ct (14ec(Cy+Cy)) (95)

and

B CQ\/SH]&X{]. + o,

C3:
2 1 — e_CQnmax/2

V_l}\/C{ (1+ec(Cy+CL)).
O

Proof of Proposition 5.9. We note, by [15], that A(r) < min {r, h (R1)} < min {r, R;}, for any r > 0,
which implies that

P ((3371)), (x/,v’)) < min {r ((J:,v), (x’,v/)) ,Rl} (1 +eV(x,v) + eV (z’, v/))
<R (1+eV(z,v) +ecV (2/,0)).

Hence, by using (77), we obtain

W (ko, Tg)
2
<t e (804 55 [ 0Pualas,0) 435 [ ofotas o) + pua + 2520 )

mhm)r?) |

1 3
+Rieo (8L + 152 / 1627 5(d6, dv) + 5/ lo|?75(d6, dv) + Bug +
2 RQd 4 RQ(Z 2L
(96)

Moreover, by using [40] and the fact that
exp (=8 (3|v]* +u(9))) dodv

7 v) = = (2m5
) = e (=5 (o + ue))) doa ~ )

—a/2 exp (=B (5|v]? + u(6))) dodv
Jra exp (—Bu(0)) do ’

97)
we obtain
/
[ Jorao. < ZEUE
R2d a
and
/ v|?75(d0, dv) = (27751)_d/2/ ]v\Qe*m”‘Z/zdv =d/p. (98)
R2d R4

By using (97), (98) and Assumption 2, the RHS of (96) is bounded. By using Proposition 5.6 and letting
p = 1, we obtain

441 (E (C)?v ZZ?) 777—,3) Scle_qntwp(,u()a 7?,3)7
<CjeCmt

where C5 := C1W, (10, 7g) and C3 := c;. Similarly, by letting p = 2, we have

Wo (L (¢, 2, 7g) <Coe™ " /W, (10, 75),

<Cje i,

where C3 := Co\/W, (1o, 73) and C} := ca.
Proof of Proposition 5.10. We denote by m, 5 := L (0, V;,') and write

E[u (07)] — E [u (60)] = /

» u(@)wzﬁ(de,dv)—/ u(f)ms(do, dv).

R2d
Note that we have
|h(0)| < LI6] + [h(0)],
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hence by using similar arguments to that in [39, Proposition 1], we obtain that
1
ul02) — (b)) = | [ (Bl + 10} — 0:2)). 07 — O}t
0
1
< [ Whlbo -+ 2007~ 8:00) 07— Ol
0
1
< LI6— 0ncl [ 1631+ (1= 06yt + [B(O)]18] — 0
0
1 1
= 1 (31601 + 5101 ) 162~ O]+ OV — Ol
Then taking expectation and using Holder inequality yields
| / w(O) ,(d9, dv) — / ()5 (A0, dv)| < (LCy + [R(O)]) Wo (7 5. 75)
R2d R2d
where C),, := max (fRQdW 2 5(d6,dv), [peal0*ms(d6, dv)). By using Theorem 3.1, we obtain

E [u (0)] ~ Eu(0)] < (Lo + [A(O)]) (0¥ + Cn'/* 4 Cge= i)
U

Proof of Proposition 5.11. Denote by p(6) := e~ /A for § € R? the marginal density of 75, where
A = f]Rd e Pu0) 40 is the normalization constant. Let 0* be a point that minimizes u(0), i.e., u* :=
mingerd w(f) = w (6*), which exists by Assumption 4, see, e.g., [5, Theorem 2.32]. We note that

E [u (6 r 1 e e ) 10 tog A | — 99
)~ =5 (= [ i tor S0 —togA | — ©9)

where the first term on the RHS is the differential entropy of p(6). To upper-bound the first term on the
RHS of (99), we estimate the second moment of 0 first. By using Proposition 5.6 and letting p = 2, one
obtains

Wa (L (6, Vi) . 75) < Cae™ /W, (L (60, Vi) . 7).

which implies W (£ (0¢, V;) , 7g) 2% 0. Note that convergence of probability measures in Wasserstein-
2 distance is equivalent to weak convergence plus convergence of second moments (see, e.g., [46, Theorem
7.12]). Thus, by using (42), (43), and Fatou’s lemma, we obtain

d/8 + A,
E[16=°] = Jlim E16,°] < W

By using the fact that Gaussian distributions maximise the differential entropy over all distributions with
the same finite second moment [12, Theorem 9.6.5], we obtain

e—,@u(@) e—ﬁu(e) d 167T€(d/5 + Ac/ﬁ)
_ <2 :
[ e < e (MR )

(100)

Moreover, since 0* is a minimizer of u, i.e., u (6*) = mingcpa w(#), this implies Vu (8*) = 0. By using
Remark 2.2, we have

1
—B(u(07) — u(h)) SB/O <h(t¢9*+(1t)0)h(@*),&*@)dt',

1

<p (/ L(1—t)9—9*y2dt>, (101)
0

SBM
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Then, we can lower-bound log A by using (101), one writes

log A = log/ e P9 qp,
R4

= —Bu* +log / Al —u®)qg,
R4
(102)

BL|6—0*|2
> —Bu”* —|—log/ e” 2z db,

where the last inequality holds due to the fact that | j;o e~ dy = \/g for any @ > 0. Substituting (100)
and (102) into (99) yields

/Rd u(6)m(d6) — min u(6) < 2d5 log <72A(81652A) (“C‘; + 1)) .

APPENDIX D. PROOFS OF SECTION 4

Proof of Proposition 4.1. Assumption 1 holds with p = 0, L1 = 2\, Lo = 0 and K;(x) = 2. Assump-
tion 2 is satisfied by construction. Denote by fx the density of X and denote by ¢, the upper bound of
fx. Then, Assumption 3 holds with L = 2 (A, + ¢;). Indeed, we have, for any 6, 6’ € RY, that

E[|H (0, Xo) — H (¢, Xo)|] <2A\|0 = '] + E [|L{xo<y — Lixo<ory|]
§2)\7«‘9 — 9,‘ +E [1{9’§X0<0}] +E [1{9§X0<9’}]

9/

[
<IN |0— 0] + ’/ Fro @) de| + || fx, (2)da
0/

<2\ + ) |0 — 0.

Furthermore, Assumption 4 holds with A(x) = 2\, I; and b(z) = 0, which implies a = 2\, and
b=0. O

Proof of Proposition 4.2. For N = 1,--- | da, we denote by

oy o (32 500 (i 2) + )] o)

k=1
We claim that h(0) := Vu(f) = E[H (6, Xo)]. Indeed, for K =1,--- ,dyand N = 1,--- ,dg, we have

mo )
Oyypvrculf) = —QE[Z (Y7 —ov(9,2)) WiNed (1 — oY) FWNE Yoy (WIS, Z) + f(bg))] + 2\, WiVE,
j=1
mo da
Oyreu(l) = —QE[Z -W(6,2)) Y Wi"o5 (1 03)f(Wan)f’(bg)ﬂ{<wg(~,z>+f(bg<)>0}} + 2X,b,
=1 n=1
By u(f) = —21@[2 (Y7 =00, 2)) WiNol¥ (1 —ad) | + 22,0,
j=1

We note that the partial derivative of v with respect to W; and b; are obtained by using the chain rule.
Next, we provide a proof for Op,u(#) under the case m; = mg = d; = da = 1 for the ease of notation,
which could be naturally extended to m1, ma, dy, d2 € R. In this case,

w(9) :=E[|Y — N0, 2)]*] + A |0]?
=E[|Y — Waoa (f(W1)o1(WoZ + f(bo)) + b1) |*] + A0
=E [Y? - 2YWaos (f(W1)o1(WoZ + f(bo)) + b1) + Wias (f(Wh)o1(WoZ + f(bo)) + b1)] + A0

Then, one obtains
8170’&(9) = Tbo,l(e) + Tb(),g(e) + 2A.-bg, (103)
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where
Tyo1(6) = On, (—2% / h / " yon (F (W) o (Woz + £ (bo)) + b1) fz(y, 2)dz dy)

with fy, 7 denoting the joint density of Y, Z, where fz denoting the density function of Z, f7y- denotes
the conditional density of Z given Y, and where

- s
Ton2(0) == W0y, ( [y @OV (Woz 4 £ () +00) Frtide+ [ ™ (3 b) fz<z>dz> .
For any # € R?, we have
Jzol(e)
— —2Widh, < | v ( | on 7 )y (Waz + £ b)) + ) fZ|y<z>dz) () dy)
0 0 ,%
— 2o, ([ ([0 V) Wz 4 7 o)+ 00) etz [ 2 00) v (1) ) ).
e (104)

Denote by o2 := o9 (f (W1) (Woz + f (b)) + b1). By using |o2 (1 —o2)| < 1, |f(v)] < ¢, and
|f'(v)] <1, we obtain, for any by € R, that
TRy BT 921 =0) VL) o+ )y (2| )y < |ty < .
Thus, by using [14, Theorem A.5.3], we have

Tia(0) =22 [ o | PR FOV)F o)y (=) 0) o

= —2E [YWaos (1 — 02) f (W1) [/ (00) Liwyz+f(be)>0}) -

Similarly, one obtains

o)

o5 (1= 02) fFW1) f'(bo) fz)y (2)dz = 2B [N(B, Z)Waos (1 — 03) f(W1)f'(bo)] -
(106)

f(bg)
Wo

Tho 2(0) = 2W3 /
Substituting (105) and (106) into (103) yields
abou(e) = —2E [(Y — ‘ﬁ(@, Z)) Waoa (1 — 0’2) f (Wl) f/ (bo) ]l{WOZ+f(bO)>O}] + 2A-bg.
In addition, since (Xp),,cy, is a sequence of i.i.d. random variables with probability law £(.X), by the
definitions of F, G given in (16) and as H := F + G, we observe that h(0) := Vu(0) = E[H (6, Xo)],
for all € R. Thus, Assumption 2 holds. Assumption 1 holds with p = 0, L; = 2\,, Lo = 0. Indeed,
we have, for any 6,6’ € RY, 2,2/ € R™, that
|F(0,2) — F(0,2")| <2X. |6 —¢|.
We then proceed to show that Assumption 3 holds. To this end, we note that, for any j = 1,--- ,mq and

(0, 2) € R x R™, that

d2
(0.2) < Y W3] < dery, (107)
n=1

o (dz e (W 2) + £08)) | + b?)

k=1
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where we recall that cyy, := max {W;j } By using (107) together with the fact that |o2(v) (1 — o2(v))| < 1,

)

we obtain, for any (6,z) € R4 x R™, K =1,--- ,dyand N = 1,--- ,do,

‘Gbg‘f (9, 33)’
ma  do

<23 Y IWSFVEE)] (197 ]1o% (1= o3|+ 19V (0, 2)llo (1= o)1) [ £ (bo)| L s 2y 1 poiy»0)
j=1n=1

ma  da

< 2220 (CW2|yK] + CWQ\mj(evz)D ]1{<W(f<‘,z>+bé(>0}
j=1n=1

ma  dp

<23 (cemly| + daccdy,) < Ca,, (1+ 2]),
j=1n=1

where C(;bo := 2madacew, (1 4 dacyy,). Similarly, we have that

Gy (0,2)] < 2% (17 W3] o2 (1= o) | + [0 (6, ) [WE| o (1= o))
j=1

ma

<23 (ew, [v/] + dochs) < Ci, (142l
j=1

where Cg, = 2macw, (1 + dacw,). By using (107) together with ‘W(]Kz‘ < cwys ‘WgN‘ < cwy, for

K=1,---,dy,i=1,--- ,m;,N=1,--- de,and j = 1,--- ,mg, and that | f'(v)| < 1 forany v € R,
we obtain, for any (6, z) € R x R™, that

‘GWNK (0, w)‘

<22(‘y“WJN“02 1= o8) |+ [0, 2)] [WE™| |08 (1= o)) o (W, 2) + )| |5/ (W

< 22 (cws 7] + daciy,)
=1

< 2macew, (1 + dacw,) (1 + [y]) (macw, + ¢) (1 +[2]) < Cayy, (14 |2])%,

((Wg*,2) + f(bg)) ﬂ{<w§~,z>+f<b5<)>0}‘

where Cgy,, 1= 2macw, (14 dacw,) (micw, + c). Thus, for any (6,z) € R? x R™, we have that
|G(0, 2)| < did2Cy,, (1+ |z|)? +d1Cq,, (1 +[z|) +d2Ca, (1+ [2]) =: K;(x), thus Assumption 1
is satisfied. Next we show Assumption 3 holds. To this end, note that for any 6, 0 := ( [Wl] , bo, 51) € R4,
we have

E[|H(0,X)—-H(,X)]

)

< 2>\r|0 _é‘ +E [‘Gb1(97X) - Gb1(§7X)|] +E [|Gbo(97X) - Gbo(évX)H +E [|GW1(07X) - GW1(§’X)|] :

(108)
Foreach j = 1,--- ,mo, we denote by
di - B
= ZW%”@ (Z Ve (W 2) + £68)) | + b’f) ,
k
and forany N = 1,--- , do, we denote

o3 o (32 [0 (w2} + 0)] 430 ).

k=1
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To upper bound the second term on the RHS of (108), for any j = 1, - , mo, one writes

o HGb{v(H,X) — Gy (@, X)H

m2 m2

<2E Z (0, 2)) WiV el (1 - ad) Z (9, 2)) WiVed (1 -ad)

2 .
< 2F z\ww]ng\\o—;V<1—a;V>—a§<1—a§>|

=
+2E |y JN“W 0, Z)oy (1— o) = (8, 2)a) (1- )|
j=1
< 2w, 3 <E V9] |0 (1= o) — &5 (1— o) || + B[990, Z)0} (1 - o) — (3, ) (1 - &1)]] >
Jj=1 %rl To
(109)

To obtain an upper bound for ¥; and %5, we proceed by calculating estimates for several quantities
that will be useful throughout the proof. To this end, recall that we assume at least one element in each
row of the fixed input matrix Wy € R4 *™ is nonzero. For each k = 1,---,d;, denote by v}, :=

min {i € {1,...,m1} | W}’ # 0}, then Wéﬂ F denotes the first nonzero element in the k-th row of W.

Assume without loss of generality that Wéw’“ > 0, and b§ < bf, which implies that f(b§) < f(bk) since f

is a monotone increasing function. Moreover, forany i = 1,...,m1,7 =1,...,mg, 2 € R™ y € R™2,
denote by
Z_; = (zl, e zi_l, z“‘l, ... ,zml) € le_l, Y_j = (yl, ... ,yj_l, yj+1, .. ,ym2) S ng—l’
whereas for each k =1, --- , d;, we denote by
Ay = {z e R™ <W§',z> + F(F) > 0} , A= {z € R™ <WO’“',Z> + F(BE) > 0} . (110)
Then we have, foreach k =1,...,dy,j =1,--- ,mo, that

E[|14,(2) - 14,(2)]]

- E |:ﬂ{ (_f(glg)_zi¢“k Wé”Zi)/Wé“’kSka<( (bk) ZzivK WKZZZ)/WIW’“}
—FOF) =i, WE'

’Wk ) . .
//R 1 /f(b ky— 27& szzz fZ Vk|Z_ vk,YJ ( | Z—vkay]) dzkaZ,Uk,Yj (Z—vkay]) dz—vkdy]‘
ml 2 'U

This implies that

Cka

o |[S(86) = F(B6)| < Canal6 — 0, (111)
0

E (|14, (2) - 14, (2)]] <
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where the last inequality holds due to | f’(v)| < 1, where we recall Czv; is defined in (15) and C max :=

max { SVZ,:U’Z . Furthermore, we have, foreachk =1,--- ,dyand j = 1,--- , mo, that
0

E|12P [14,(2) - 14,(2)]

Z0 2_2)1 ] Nk N
l:(’ ‘ + ‘ 'Uk‘ <7f(bk)7zi¢vk W(])ClZ/L)/W(f: kSka<(7f(b§)7Zi;fuk Wlezz)/W: k

ki
bO) Zz#’uk WOZ ‘

’“’k . ) .
//le 1/f<bk> Zz# wgis |2 P fzonizy, v (B | e v?) d2% f7 v (o y) Az dy?

_f(bo) Sistv whkizt

kvk . .
/ /]R 1 / f(b = 7& . Wk’LZ'L fZUk ‘Z—Ukyyj (ka | Z_Uk7 y ) dzvk ‘Z_'Uk ’ f.Z_U]‘c7 (Z_Uk7 y]) dz_vkdy]‘
my— 1FU

This implies that

) éZ“k 1k Czr 2 by
B (12 [140(2) = 14,2)] < T f00) = 10|+ 7 ® 122 ] [0 s@)]
< C(Z,ma»x

where we recall Czv, and Czv, are defined in (15) and Cz ypax = max { T (szk + CZ%) } <1 +E [|Z|2} ) )
0
Similar calculations yield

E[[Y7][14.(2) - 14,(2)]]

=k [‘Yj‘ 1{(—f@k)—zi¢v W ZF) W <20 < (= F O~ i, Wé”z'c)/w(f“’“}}

ki
bO) Ez;évk le ‘

kvk . . . .
//le 1/ mk fzvk|z,vk,yz ( Ve | Z—vkayj) dz"* |yj‘ fZ,vk,yj (Z—vkay]) dz_y, dy’.

f(b )— Ez#vk
k”k

This implies that

Cyzvk
bk — b ‘// J v dz_,, dy’
0 — Y% S } ’fz,vk,w (Z kY ) Z—uy, y’ (113)

Wk’l)k
< C'Y,max

E[[Y7]|14.(2) - 14,(2)]] <

where Cy,max 1= max { SVZ% }E [[Y'|]. Then one writes, foreach k = 1,--- ,dy and j = 1,--- ,mo,

kvp,
0

that
E [yyjy 12 |14,(2) - Jlgk(Z>H

=k DY” (’ka|2+|Z*“k|2) 1{(—]‘(55)—2#% W21 ) JWy R <20 < (= F )~ T, W ZT) Wy }

bO) Ez#vk W()

Ic'uk . .
/ /R ) /f(b ky s # L Whis |2 k| fZ”k|Z,vk,YJ ( | 2y Y )dzvk ‘y |fZ,1,k, (Z*’Uk’y]) dz_y, dy’
ml 1FvV

7f(b0 Zz#vk W(é“ ‘

kvk . .
//le 1/f(b) zmk wpisi Szon1220000 (B | 2o ) A= |y 12 fz ., v (20 y) dzmudy?.




46 L. LIANG, A. NEUFELD, AND Y. ZHANG

This implies that

. Czvr ; =
E (V9128 [14,(2) ~ 15,2)] < B (VI |708) — 7(@6)] +
0
S C?Yﬁmm‘e__é‘

Czo
Uk
W,

E (120 [Y7]] | £(85) - £ (@)

(114)

where Czy,max := max { fVZ“k + Gz } 1+E[Y]) (1 +E [m |Z|2} )

kvp, Wk
0 0
Now we proceed with upper bounding ¥; in (109). Since |o5(6)| < 2 for any § € R, we have
|o4(0) — 04(6)| < 2|6 — 6|. This together with the fact that | f(v)| < c for any v € R ensures that

o2 (1= 02') = 32" (1= 7))

8 on i (= 409)] 1 - 35 00 (04-2) 100 -3
k=1 —

<2l =237 () o () () = () (1)
v fon (o) o ()] () - (527
(115)

Then by using (111) and (112) together with the fact that |z| < 1 + ||* for any € R, we obtain, for
each N =1, ---,do, that

E[loy (1-02') -2’ (1-a2)]]

dy
<200 -0 +2¢) (‘Wé““lﬁ: [1Z]|14,(Z2) = 14,(2)]] + cE[|14,(2) - 1Ak(2)}]>
k=1

+ 2308 [14,2)] (o) = (86))] s (W | B 021+ ¢) (Wi — Wi
k=1 k=1

dy

<2(1+cdi)|0—6]+ 2cz <mchOE [|Z|2 14,(2) — ILAk(Z)H + (c+micw,) E[|14,(2) — 14,(2)|] >
k=1
d1
+23 " (miew E[Z]) + ) [ — Wi
k=1

< 2(1+cdy) |0 — 8] + 2ed; <mlcwocz,max e+ micw) c]l,max> 10— 8] + 241 (miew, E[1Z]] + <) 6 — 6]

‘= Umax,1 ‘9 -6

)

(116)
where Cmax,l =2 (1 + Cd1)+26d1 (mICWOCZ,max+(C + mlcwo) C]l,max) +2d; (mchOE HZH + C).
Moreover, by using the fact that |z| < 1 + ]:1:|2 holds for any z € R, (113) and (114), for z € R, we
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obtain

E[[Y7|]o3 (1 =03) a5 (1-03)]]
dy

<2E Y| |0 - 0] + 23 <‘W§"E (V9|12 [14,(2) = 15, (2)|] + B [|Y7| [14,(2) — ]lAk(Z)H>
k=1

+2c:§:1@ 1Y) |1, (20 |1 (8) = £ (85))] +2:§: (|we[E (Y] 121] + & [[y7]] ) [Wi — Wi

dy

<2E[Y]]|0— 0] +2¢> (mchOE 1Y711Z2]|14,(Z) = 14,(2)|] + B [|Y7||14,(2) — 14, (2)]] )
k=1
+2ediB[|Y ] |0 — 0] + 2dy (macew, E[|Y]|Z]] + cE[|Y]) |0 — 6]
<C )
(117)
where

Chax,2 = 2E [|Y|]42cdi (mi1cw,Cy max + (¢ + micw,) Czy max) +2cdi E [|Y || 4+2d1 (miew E[|Y | | Z]] + cE[|Y]]) .
Furthermore, by using (112) and (111), we have

E“ZHUéV(l—Uz)—Uz (1-a)]]

< 2E(1Z}|6 — 6| +ch (\w@\m 121 [14,(2) = 14,(2)]] + B [121]14,(2) = 14,(2)]] )
k=1

+26dzlE 121 12,2 | £ (o) - £ (2)] +2§: (W |E[12P] + [1211) Wi - Wi
k=1 k=1
< Cmax,S }9 - é‘ )

(118)
where

dy
Cmax,S =2 HZH—l—QCdl < (mchO + C) CZ,max+CC]l,maX) +2CZ E [’Z”—I—le (mchOIE [‘Z‘Q] + cE [|ZH) .
k=1

To obtain upper bound for Ty, we proceed to calculate the upper estimates of the following quantities. By
using the fact that |04 (v)| < 1 and |f’(v)| < 1 for any v € R, we have, for each j = 1,--- , mo, that,

|9V (0,2) — 9V (6, 2)|

dy d1
o2 <Z LF W)Yoy ((Wy's2) + f(05))] + b?) — 03 (Z [FOV %)y ((WE2) + F(BE))] + b?)

k=1 k=1

< |wgr

dy

dq
Z [FOV)ay (W, 2) + FO5)] + 07 =Y [FVTF)or ((W57, 2) + £(56))] + b7
k=

k=1

<y |\wg"

3 ] (1 3003 o (0255 8) - (02) 1 6)
Y[ (W 2) + £ @) V) - 7))
k=1

da dy dy
<cw, Y (yb;l =B+ > (W 2) |1a,(2) = La, (2)]| + €D | £ (b8) 1a, (2) = £ (5) L4, (2)]

n=1 k=1 k=1

(W a1+ o) ) = 7 (7))

dl dl

< cw,da ’9 — @’ + emyew, cw, da Z || ’]lAk(z) — ]lgk(z)’ + 02d20W2 Z ’]lAk(z) — ]lgk(z)|
k=1 k=1
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d1 de di

+ cdaew, Z |b§ — bE| + cws Z Z (micw, 2| + c) [W* — W]
k=1 n=1k=1

This implies that

|9V (6, 2) — (0, 2)|

d1 dl
< cwyda |0 — 6] + emycw,cw,da Z |2] |14, (2) — ]lgk(z)‘ + Cdyeyy, Z 114, (2) — ]lgk(z)}
k=1 k=1
do dy
+cd20W2 —bk‘ —I—CWQZZ micew, 2| + ¢) ‘
k=1 n=1k=1
(119)
By using (111), (112) and taking expectation on both sides, we obtain
E[|9¥(0,2) — 2 (0, 2)|]
d1 dl
< ewyd2 |0 — 0] + emacwyewydz Y B [|Z]|14,(Z2) = 15,(2)|] + Pdacw, Y E [|14,(Z) - 14,(2)]]
k=1 k=1
d2 dy
+cdch2Z —bo‘ +CW2ZZ micw,E[|Z]] + ‘ ‘
k=1 n=1k=1
< Cmax,‘ﬂ
(120)

where Crnax,‘ﬁ = CW2d1 + lecWOCWledQCZ,max + Cd1d20W2 (C + mchO) C]l,max + 26d1d26W2 +

dydomy ey, cw,E [| Z]]. Furthermore, by using the fact that || < 1 + || holds for any - € R, together
with (111), (112) and (119), we obtain

E[|1Z] |9V (6,2) — (6, 2)|]

d1 dl
< ew, aE(|Z[] [0 — 0] + emacw,ew,dz Y E “le 14,(2) - ﬂﬁk(Z)|] + oo, Y B [|Z][14,(2) = 14,(2)]]
k=1 k=1

2 1
+ cdaew, Z]E 1215 = 35|+ ewa 30 3 (mueweE [12F] + cB11Z))) [k — Wik
n=1k=1

<C

(121)
where Cmaxzm = CWZdzE [|Z|]—|—Cd1dQCW2 (mchO + C) CZ,maX—FCledQCWZCLmaX—I-?CdldQCWQE [|Z|]—|—
dydymy ey, cw, E[| Z)?]. By using (107), (111), (120), and the fact that |02 (v) (1 — 02(v))| < 1, we have,
foreach N =1,--- ;doandj = 1,--- ,mg, that

H‘ﬁj 0, z) (1 ) 0 (0, 2)y (1- )H
<E[[9(0,2) N(l—%) W(0,2)5 (1-52)|] +E[[W(0,2)75 (1-55) -0 (0,2)53" (1-52)]]
< dyew, E HO'Q (1-09)—ad (1- 55)|] + E H‘ﬂj (0,2) — N (0,2)]]

< Cmax,4 }0 - é‘ )
(122)
where Chax 4 := dacw, Cmax,1 + Cmax,m. Substituting (117) and (122) into (109) yields

E HGb{V(e,X) ~ Gy (e‘,X)H < Conaxin (123)
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where Crnax b, := 2¢1w,M2Cmax,2 + 2¢1w,M2Cmax,4. Next, we calculate the upper bound for the second
term of (108). We have that
B [|Gye (6, %) = Gige (6, )|

mo  do
< 2wy » Y < Y705 (1 —a5) f (W) £/ (b0) Lag (2) — Y65 (1 —a5) f (W) £ (b6°) 14, (2)]]
j=1ln=1
R0, )31 - o) (W15) 1 (0) Ly (2) — W0, 205301 = o) (W7%) 1 () 15,,2)]) )
< Tyy3 + Toga + Tog5 + T 6 + Thy,7,

where

meo  do

Thy = 2cw, > E[[Y7F (W) £ (b)] o5 (1= 05) La, (Z) — a5 (1 - 55) 14,
=1 n—=1

],

mo  d2

T4 —2CWzZZE (Y7115 (1= a5) La ()] [ (WP) 1 (bg') = 1 (W) 1 (Bo)) ]

ma  da

Ty = 20w, D Y E[|F (W) £/ (0 ) 1ax (2)] |V (8, 2)05 (1 — 05) — W (8, 2)55 (1 — 53],
j=1n=1

mo  do

Too =2cw, Y D B[V (0, 2)a (1= 08) La (D[ £ (W) £ (06°) — £ (W) 1 (66)1]
j=1n=1

ma  d2

Ty, o= 20w, ¥ Y _E[|9(0, 2)55 (1 —65) f (WT) £ (06)| |14 (2) = 15,.(2)]] -
j=1n=1

To upper bound T}, 3, we use | f(v)| < cand |oa(v) (1 — 02(v))| < 1 to obtain

mo do

Tho 3 < 2ccw, ZZ <E[\w‘\ 03 (1 —08)1a,(Z) — oy (1 —05) 14, (2)]

j=1n=1
Y| 12|l (1 — o) — ah (1 —53>|D

mo  da

<2CCWQZZ< (V7| |14, (2) - 11K(Z)\+\Yj“ag(l—ag)—&g(l—&g)ﬂ>

j=1n=1

< 2CCW2d2m2 (CY,maX + Cmax,?)

where the last inequality holds due to (113) and (117). For Tj, 4, by using |62 (1 — &2)| < 1, |f(z)| < ¢,
|f'(x)] < 1and|f”(x)| < 2/cforany x € R, one writes

ma  do

Thou < 26w, Z ZE Y7 1f (WER) £ () = f (W) £ (89)|]

mo  do

<2emy 3 3 B[S (W17 (00) = 7 (86) [+ Y7L LF () [ 1f (W) = f (W)

j=1n=1
< bewymadaE (Y]] |6 — 6.

For Ty, 5, by using | f(v)] < ¢, |f'(v)] < 1, and (122), we have that

mo  d2

Tyo5 < 2cewy ¥ Y E[|W (0, Z)0% (1 - 03) — (0, Z)a5 (1 — 55)|] < decwymadaCruaxa [0 — 0]
j=1n=1
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For Ty, ¢, by using |72 (1 — 72)| < 1 and (107), we obtain that

ma  d2

Ty < 2dacly, 3 B[S (W) £/ (b6) = 1 (W) £ (b°)|] < 6madiefy, |6 — 0]
j=1n=1

For Ty, 7, by using |52 (1 — 72)| < 1, |f(v)| < ¢, |f'(v)] < 1,(107), and (111), we have that

ma  da

Thor < 2ew, )y E[[WV(0,2)55 (1—a3) f (W) £ (0)] |14k (2) — 14, (2)]]

j=1n=1
2 2 ]
< 2emadseyy, Cimax ‘9 — 9‘ .
By using the results above, we obtain

E HGbK 0.2) — Gy (0, :c)H < Couaeo |0 — 8], (124)

where Cmax bo 1= QCCV[/2 domys (Cymax + Cmax 2)+66W2 modslE HYJ H +4CCW2 mgdngaX 4+6m2d26W +
2cm2d2cW C'1,max- Then, denoting by 01 =0 (<W0 ,Z> + f (bK)) and & 01 =0 (<W0 ,Z> + f (bK)),
by using | f/(v)] < 1, |f”(v)| < 2/cand |of| < micw, |2| + ¢, we obtain

E HGWNK(e ) — GWlNK(é,x)H

2 (B 0¥ ot ot (- 03) o (1= oB) | + B [1¥7] I3 (1= 33 o — o]

—i—EHU{(H‘ﬁZQ Z)02 (1—02) N (0, 2)aY (l—UZ)H—l—EH‘ﬁJ 0,7)73 (1—02)’}01 65’]

UWH% ( a3 )| o] |F W) = [ ()]
AR LI UASEFUADTIN
§20W2§?<mchOEHYj]|Z||aéV(1aév) o) (1= 63 4B [[Y7] o8 (1 o) — o (1— o)
+miew, E[|Z] |0V (0, Z)0d (1—02)13 N (0,2)55 (1—353)|] :
+ B [|9(0, )0 (1— o) — mZ(;SZ) > (1—a)[J+E[[Y!]a) (1-32) |01 —a1']]
E[|9V(0, Z)53 (1—55)\7; —af] ;
%

2 _
+ E (mchOIE HY| |Z|] + cE [|Y|] + mldchOCWQE [|Z|] + CdQCWQ) ’0 — 9| ) .

To upper bound T3, by using (115), |f(z)| < ¢, |f'(z)| < 1, and the fact that |#| < 1 + |z|? holds for

any z € R, we have that

E[[Y7[12]]oy" (1= 02) =0 (1= a2)]]
dy

<2E[|Y7[|2]] 16 — 0] +2¢) <mch0E UYJ‘ Z| |14, (Z) — hk(Z)u + B Y] |14,(2) — 14,(2)]]
k=1

+ B [|V7] |2 [14,(2) — 14,(2)] | ) +2C§:E 171121114, (D)1 |7 (85) = 1 (%)
k=1

+ 23 (e [[¥7] 122 + & [[v7] 121 Wi Wi

S CT3,max w - 0_| ’
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where Cry max = 2E [|Y| |Z]] + 2cdi ((micw, + ¢) Czymax + ¢Cymax) + 2¢diE (Y] | Z]]
+2d; (mchOE [\Y\ yzﬂ T CE[Y]|Z]] ) For T4, by using (117), we derive that
E[[Y7] |03 (1=03) =05 (1= 05")|] < Cumax2 |0 0]

For T5, by using (107), (118), and (121), we deduce that

E [|1Z] |9(0, Z)02 (1 —02 ¥y - w(e 2)02 (1 —JéV)H
< C'T5,max |0 0' y
where C7y max := daciw, Cmax,3 + Cmax,zm. For T, we see that

Hmj 0 Z)O'Q (1 — 09 ) ’ﬁ](e Z)O'Q (1 —0'2 )H < CT6 max }9 9‘

where U7y max := Cmax,4. For T7, by using (114) and (113), we get
E (Y7 [((We, Z) + £ (00)) Lan(2) = (W5™, Z) + £ (b)) La (2)]]
< muew B [V 121 [14,(2) ~ 13, (2)]] + B [[V7] [1a (2) ~ 11, (D)) + E [[¥7] | () — 7 (55)]
< micw,E [|YJ’} 1Z)* |14, (Z) — 11AK(Z)}} + (micw, + OB [|Y| |14, (2) — 14,.(2)|]

+E[[YI] [ () — f (b0 ]
< C'T7,max |0 - g' y

where O max = cw, Cy Zmax + (¢, + ¢)Cymax + E[|[Y]]. For Ty, by using |f(v)| < ¢, |f/(v)] <
1, (111), and (112), we notice that

E[|9V(0,2)5 (1—55)|lor — o]
< doew, B [[ (W5, Z) + f (05)) Lage (2) = (Wo™, Z) + £ (bg)) L4, (Z)]]

< dae, (mlcwo (E[[14k(2) = 1L, (2)]] +E 127 |14, (2) = 14, (2)]]) +E [ 65| [1ak (2) — 14, (2)]]

+E (|15, (2)]£05) - 165 )
< CTg,max |0 - 0_| )
where Cry max = dacw, (Mi1cw, (Chmax + CZmax) + ¢C1 max + 1). Finally, we obtain

E HGwlNK(e, a;) - GwlNK(é,fE)H < Cmax,Wl |0 — é} y (125)
where Cmax,W1 = 20W2m2 <mch0 CTg,max + CCT4,max + mchOCT5,max + CCTG,maX + CT7,max +

CTg,max+CT9,max> and CTg,max = % (mchOE [|Y| ‘ZH + cE [|YH + mldQCWOCWQE HZH + Cd20W2).

Then, Assumption 3 holds by substituting (123), (124), and (125) into (108). Furthermore, Assumption 4
holds with A(z) = 2,1, and B(z) = 0, which implies a = 2, and b = 0. Therefore, the optimization
problem (14) satisfies Assumptions 1-4. O

Proof of Corollary 4.3. Let § = ([W1],bo,b1) € R%, 6 = ([W1],bo,b1) € R% and let Ax and Ak be
defined in (110). One notes that under the assumptions in Proposition 4.2, the following result can be
obtained. Foreachk =1,--- ,dyand j =1, .- ,mo, we have

E[[V7]|14,(2) = 15,(2)]]

_ j
=E [}Y | 1{(4(5’@)_2#,} WEZE) Wy <20 < (= FO5) =S 40y, WEZF) W™ }
7f(b0 Zz#vk W{C
k”k )
[ ] o @] Fzniz, (B | 20 ) A% f7, (20) deoy,
R™m1-1 f(b k

Zz#uk 0
kvk
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—F ) =iy, W=
Wk'uk
< /Rm 1/ 0 kvk ’Cy (1+ ‘Z|p)‘fZ”k\Z, ( Vg ’ Z_y )dz“kfz (Z_vk)dz_,uk
-

f(b )— Z'L;ﬁvk

kv
Wo

—F ) =iy, W2
Wk'uk
< 0 cyl fzon17 2% | 2y, ) d2¥ f2 Z_y, ) dz_
- /le—l /_f(bg)—Zi?ﬁvk W(I)Wk | y| 12w ( | Uk) Tk ( Uk) v
W(])wk
—F(b)— Zz;ﬁvk Wizt

p v v
/]Rm1 1 /f(bk) Doy, Wi kvk |Cy| |Z| fZUklzka (Z * ‘ Zﬁvk) dz ku*'”k (Zivk) dzka.

kvk

This implies that

E[|Y7|[14,(2) — 14,(2)[]
< ley] (OZ -

—1 )~ ka wiis!

bk_bo‘ 2 1/R 1/f(bk> Sieo, W'k 1247 fzoniz_y, (B | 2o) 2% f2_,, (2-0,) A2y,
mi— 7 Uk

kv
Wo

ki
bO) Ez;ﬁvk Wll ¢

kvk
+2p 1/]Rm 1/ Icvk fZUk|Z_”k (zvk ‘ Z_Uk)dzvk ’Z—'L}k‘p fzka (Z—'uk)dz_yk>
1—

FOE) =Sty W,
Czvy,

< eyl [ ——
Wy'k

k:'uk
< CYZ ,max

whv

bo—bo‘+2pls/jk (1Z—0, 1] ‘bk—b()’)

where the first inequality holds due to |z + y[P < 2P~ (|2’ + |y|P) for any 2,4 € R and p > 1

and where Cy, max = mgx{(l +2071) WZU’“ + 20~ 1;}"’“ } ley| (1 +E[|Z|?]). Furthermore, by
0
using (112) and |z +y[P < 2P~ (|z|P + |y|P) for any 2,y € R and p > 1, we derive, for each

k=1,---,diandj =1,---,meo, that
E[[Y9]121 [14,(2) - 14,(2)]]

=E |:‘Y]‘ (‘ZP) ]]_{(_f@lg)_zl#vk WUkiZi>/W:kaka<<_f(bloc)_zi¢vk W ZZ'L)/Wk“k}

—Ff) - zmk wist

< |Cy| /m /f(bk) Ez#v szzz ‘Z|2 |]‘ + |Z|p’ fZUk‘Z_Uk (ka | Z_'Uk)dzkaz_vk (Z_Uk)dz_vk

kvk

— 8- Z#% wi'st

< |Cy|/m /f(b[))k Zz;ﬁ W’”z" ‘ | fZUk|Z (ka | Z_Uk)dzkaz—vk (Z_'Uk)dz_vk

7f(b0> Zz;ﬁvk WO 2t

kak: 19
ol [ [ g B Tz, (2 4 (o) dey

kvk
O

7f(b0 Zz#uk W(éc

< |Cy| </Rm 1/ bk) Ez# szzz ‘Z k’ fZUk|Z (Z'Uk ‘ Z—vk)dzkaz—vk (Z_vk)dz_vk
1-
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7f(b0 Zz;éuk VVCIJCZ ‘

kvk
2
4m ) /f(b ky Ez;&u ki i vak‘vak (ka ’ Z—vk)dzvk ‘Z—vk’ fzka. (Z_vk)dz_vk
1-

ki
bO) Ez#vk VVOZ ’

+2p+1/R 1/ 1)~ z¢ whizi Eiias fzoez_,, (2% | 20) d2% fz_, (2-v,) dz—y,
ml K2 ’U

—Ff)— zmk wgs

kvk
1 +2
+ 277 /Rm 1 /j(b . Z#vk whisi fZUHZ_uk (2% | 2_y, ) d2"F |Z—”k‘p fZ_% (Z—vk)dz—vk)
1=

< eyl ( (1+20+1) VC[% + (B [17-0, ) + 2B |12 f{ii) =
0 0

S CYZ2 ,max

kvg

C v 2 21\ C, v
where Cy,_, max = |¢y] max { < (1+2041) ﬁi + (E [|Zy } +9rtlR [‘Z\’“ D sze) } Then,

the rest of the proof follows the similar lines as in the proof of Proposition 4.2. U
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