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NUMERICAL METHOD FOR NONLINEAR KOLMOGOROV PDES
VIA SENSITIVITY ANALYSIS

DANIEL BARTL, ARIEL NEUFELD, AND KYUNGHYUN PARK

ABsTrACT. We examine nonlinear Kolmogorov partial differential equations (PDEs). Here
the nonlinear part of the PDE comes from its Hamiltonian where one maximizes over all
possible drift and diffusion coefficients which fall within a e-neighborhood of pre-specified
baseline coefficients. Our goal is to quantify and compute how sensitive those PDEs are to
such a small nonlinearity, and then use the results to develop an efficient numerical method
for their approximation. We show that as € | 0, the nonlinear Kolmogorov PDE equals the
linear Kolmogorov PDE defined with respect to the corresponding baseline coefficients plus
€ times a correction term which can be also characterized by the solution of another linear
Kolmogorov PDE involving the baseline coefficients. As these linear Kolmogorov PDEs can
be efficiently solved in high-dimensions by exploiting their Feynman-Kac representation, our
derived sensitivity analysis then provides a Monte Carlo based numerical method which can
efficiently solve these nonlinear Kolmogorov equations. We establish an error and complexity
analysis for our numerical method. Moreover, we present numerical results with up to 100
dimensions to demonstrate our theory and support the applicability of our numerical method.

1. INTRODUCTION

Kolmogorov partial differential equations (PDEs) are widely used to describe the evolution of
underlying diffusion processes over time. These PDEs are applied in various fields, for instance
to model dynamics in physics and chemistry (e.g., [35,52,70]), to analyze some population
growth in biology (e.g., [37,39]) to model the evolution of stock prices in finance and economics
(e.g., [1,7,71]), or for climate modeling (e.g., [29,68]), to name but a few.

Consider the following' Kolmogorov PDE (see, e.g., [9,10])

(L1) Opv(t,x) + (b, Vyu(t,z)) + %tr(aaTDiv(t,x)) =0 on Dr;
. o(T,z) = f(x) on RY

with Dr := [0,T) x R%. One of the common modeling challenges arising throughout all fields
consists in finding the true drift and volatility parameters (b, o) to describe the underlying
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evolution process, which is usually unknown. Typically, one would either try to estimate the
parameters using historical data or choose them based on experts’ opinions. However, it is
well-known that model misspecification may lead to wrong outcomes which might be fatal, as
e.g., happened during the financial crisis in 2008 when financial derivatives were priced based
on solutions of (1.1) but with corresponding parameters which were not consistent with the
market behavior.

To overcome this difficulty of model uncertainty, a common approach is to consider a set U
of parameters (b, o), where each element (b, ) € U is considered as a candidate for the true but
unknown drift and volatility. Then, one uses this set of candidates U to describe the evolution
of the underlying process robustly with respect to its parameters by considering the following
nonlinear Kolmogorov PDE (see, e.g., [20,57,72])

Opo(t,z) + sup {(b, Vau(t,x)) + ltr(aaTD?Ev(t, x))} =0 on Dr;
(1.2) (b.o)eu 2

o(T,z) = f(x) on R%L

A natural choice for U we consider throughout this paper is to start with baseline parameters
(b°,0°) that one considers as first best estimates for the true but unknown drift and volatility
and then to consider the set

(1.3) B :={(b,o) € RY x R+ b —1b°| < e, |lo — o°||p < ne}

of all coefficients that fall within the (weighted by v, n € [0,1]) e-neighborhood of the baseline
coefficients, for some pre-specified ¢ > 0. Typical choices for v and 7 consist of (v,n) = (1,0)
representing drift uncertainty [12,50,51,53], (y,7) = (0,1) representing volatility uncertainty
[15,46,54,55,63], as well as (y,n) = (1, 1) for simultaneous drift and volatility uncertainty [43-45,
49]. We also refer to [11,40,64,65] for the connection of these nonlinear Kolmogorov PDEs (1.2)
with second-order backward stochastic differential equations.

The goal of this paper is to analyze how sensitive Kolmogorov equations are with respect to their
parameters b and o. More precisely, for small ¢ > 0 let v°(¢,2) denote the (unique viscosity)
solution of the nonlinear Kolmogorov PDE (1.2) with ¢/ := B° and let v°(¢,z) be the solution
of the linear one (1.1) with respect to the baseline parameters b° and ¢°. In this context, we
aim to answer the following questions:
- Can we identify and efficiently calculate the sensitivity 9.0°(t,x) = lim.yo 2 (v°(t,2)
—0(t,z))?
- Can we find a numerical method which can efficiently solve high-dimensional nonlinear
Kolmogorov PDEs of the form (1.2) with &/ := B¢ for small € > 07
In Theorem 2.7 we show that if f is sufficiently regular and satisfies some mild growth
conditions (see Assumption 2.1) as well as ¢ is invertible, then the following hold. For every
(t,z) € [0,T) x R as ¢ | 0, we obtain that

v (t,x) = 00(t, ) + e - 0.0°(t, ) + O(e?),

where 9.0%(t, z) is given by

T
0.0°(02) =B | [ 9l (o4 XD+l (5.0 4 X2) ol
t

xz =o|

Here
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- X2 :=b°s+ 0°W,, s € [0,T] is a stochastic process driven by a standard d-dimensional
Brownian motion (Ws)seqo,17,

— E[-|X? = 0] denotes the conditional expectation given X7 = 0,

—w = (w',..., w?) where each w' is the solution of the linear Kolmogorov equation

dsw'(s,z) + (b°, Vw' (s, x)) + %tr ((6°)(0°) " D2w'(s,2)) =0 on Dyr;
Wi (T, ) = Oy, f(z) on RY,

with Dy p = [t,T) X R?, and J,w stands for the Jacobian of w.

We highlight that Theorem 2.7 also provides a methodology to approximate the solution v®
of the nonlinear Kolmogorov PDE (1.2). Indeed, note that by the Feynman-Kac representation,
we have for any ¢t < s < T and 2 € R that

o°(t,7) = B[ f(w + X§)

Xy =0,

w(s, + X¢) = E|Vaf(z+ X + X7)

X‘g:o},

(Jow)(s, @ + X¢) = E | D2f(w + X2 + X¢)

)?;:0},

where )?;’ = 25 + 0c°W,, s € [0, 7], with (Ws)se[O,T] being another standard d-dimensional
Brownian motion independent of (Wy) sefo,7]- Therefore, we can implement the approximation
Y + £+ 9:0° of v by a Monte Carlo based scheme (see Algorithm 1) which is efficient even
in high dimensions (see Section 3 for our numerical results in up to d = 100 dimensions). We
provide an error and computational complexity analysis of our numerical scheme (see Theorem
2.9). Moreover, we present numerical results to support the applicability of our Monte Carlo
based scheme.

Related Literature. Since solutions of Kolmogorov PDEs and parabolic PDEs in general
typically cannot be solved explicitly and hence need to be approximately solved, there has been
a lot of efforts to develop such numerical approximation methods. We refer e.g. to [62,66,67] for
deterministic approximation methods (e.g., finite difference and finite element methods, spec-
tral Galerkin methods, and sparse grid methods) and to [25-27] for stochastic approximation
methods including Monte Carlo approximations. Recently, there has been an intensive interest
in deep-learning based algorithms that can approximately solve high-dimensional linear/non-
linear parabolic PDEs (e.g., [6,28,32,61]).

Sensitivity analysis of robust optimization problems have been established mostly with re-
spect to ‘Wasserstein-type’ of uncertainty by considering an (adapted) Wasserstein ball with
radius ¢ around an (estimated) baseline probability measure for the underlying process either in
a one-period model [3,8,22-24,41,42,48,56] or in a multi-period discrete-time model [5,34,60].
Moreover, in continuous time, [30,31] provided a sensitivity analysis of a particular robust util-
ity maximization problem under volatility uncertainty, whereas [4] analyzed the sensitivity of
general robust optimization problems under both drift and volatility uncertainty.

The contribution of our paper is to provide a sensitivity analysis of nonlinear PDEs of
type (1.2) and use this analysis to approximate those PDEs by some suitable linear PDEs as
described above, leading to a numerical approximation algorithm which is efficient even in
high-dimensions.
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2. MAIN RESULTS

Fix d € N and endow R? with the Euclidean inner product (-, -), and R4*? with the Frobenius
inner product (-, -)p, respectively. Let S? be the set of all symmetric d x d matrices. Then fix a
time horizon 7' > 0, and for any ¢ > 0 consider a nonlinear Kolmogorov PDE with the set B¢
given in (1.3)

1
Ot (t,x) + sup {(b, Vvf(t,x)) + = tr (UUTngE(t,x))} =0 on Dr;
(2.1) (b,0)€B 2

v (T,2) = f(x) on RY,

with Dy = [0,7) x RY, where f : R? — R corresponds to the boundary condition.
We impose certain conditions on the boundary f and coefficient 0 given in (1.3).

Assumption 2.1. The function f: R® — R is continuously differentiable. Moreover, its Hes-
sian D2f : R? — S¢ exists in the weak sense? and there are @ > 1 and Cy > 0 such that
ID2f(z)|lp < Cy(1+ |z]|*) for every x € RZ

Assumption 2.2. The matrix ¢° is invertible.

Remark 2.3. Assumption 2.2 ensures that Apin(0?), the smallest singular value of ¢° is strictly
positive; in particular for every € < Apin(0°) and (b, o) € B, the matrix o is invertible.

We further impose a condition on the solution of the nonlinear Kolmogorov PDE, which relies
on the notion of viscosity solutions (see Section 5.3 for the standard definitions of viscosity /
classical solutions of PDEs).

Assumption 2.4. For any ¢ > 0, there exists at most one viscosity solution v¢ of (2.1)
satisfying that there is C' > 0 such that for all ¢ € [0, T]
(2.2) Hm [v° (¢, z)|e~CoalzD)® = o,

|z] =00
Remark 2.5. It follows from [44, Proposition 5.5 that Assumption 2.4 is satisfied if, e.g.,
Assumptions 2.1 and 2.2 are satisfied and f is bounded and Lipschitz continuous. Furthermore,
if n = 0, i.e., there is no volatility uncertainty, then Assumptions 2.1 & 2.2 directly imply that
Assumption 2.4 holds, see [2, Theorem 3.5]. We also refer to [2, Remark 3.6] for a detailed
discussion on the growth condition (2.2).

Now we collect some preliminary results in the next proposition on the solution of the
nonlinear Kolmogorov PDE (2.1) together with the following linear Kolmogorov PDE defined
using the baseline coefficients b° and ¢ and the boundary condition 0,, f, i =1,...,d,

. . 1 ,
(2.3) Osw'(s,x) + (b°, Vw'(s,x)) + 3 tr ((0°)(0°) " D2w'(s,2)) =0 on Dyr;
wi(Ta $) = amf(‘r) on Rda

with Dy 7 = [t,T) x R%, where we note that f is the boundary condition given in (2.1).
The corresponding proofs for the following proposition can be found in Section 5.3.

Proposition 2.6. Suppose that Assumptions 2.1, 2.2, and 2.4 are satisfied. Then the following
hold:

2We refer to, e.g., [18, Section 5.2] for the definition of weak derivatives.
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(i) For any € > 0, there exists a unique viscosity solution v : [0,T] x R? — R of (2.1)
satisfying the growth property given in (2.2).

(ii) For any i = 1,...,d, there exists a unique classical solution w' : [t,T] x R* — R of
(2.3) with polynomial growth.

We proceed with our main result. To formulate it, denote by O(-) the Landau symbol and if
w’ is the solution to (2.3) with the boundary condition d,, f for every i = 1,...,d, let us define
w:[t,T] x RT — R and J,w : [t,T] x RY — R4 by

wl(s,z) VIwl(s, )
(2.4) w(s, ) = , Jow(s,z) = :

w(s, ) VIwl(s,x)
Note that under Assumptions 2.1 and 2.2, v° is the unique classical solution of the PDE (1.1)
with coefficients (b, o) replaced by the reference coefficients (b°,0°); see, e.g., [21,36,38]. In
particular, we have that w = V,0° and J,w = D?v° on Dy .

Finally, let X? = b°t + 0°Wy, t € [0,T], be defined on a probability space (2, F,P) with
respect to a fixed d-dimensional Brownian motion W = (W¢)¢(o,71-

Theorem 2.7. Suppose that Assumptions 2.1, 2.2, and 2.4 are satisfied. For every e > 0,
let v° be the unique viscosity solution of (2.1) satisfying (2.2), let w® be the unique classical
solution of (2.3) with polynomial growth for every i =1,...,d, and let w, Jyw be as in (2.4).
Then, for every (t,x) € [0,T) x R? as e | 0,

vE(t, ) = 0Ot x) + £ - 000t ) + O(e?),

where 9.v°(t, x) = lim. o 2 (v°(t, x) — v°(t, z)) is given by

T
0.0°(2) =B | [ (31 (ss+ XD+ 3o (5,4 X3) o7l ) s
t

X0 = o} :
with E[|X? = 0] denoting the conditional expectation given X7 = 0.

Remark 2.8. We actually show that the approximation is (locally) uniform in (¢,2): There
exists a constant ¢ (that depends on T', o, d and Cy given in Assumption 2.1, and the norms for
b°, 0°) such that for every e < min{1, Amin(c°)} (see Remark 2.3) and every (¢,z) € [0,T) x R?,

[o°(t, ) — (WOt @) + e - 00 (t, @) | < (1 + |x|*)e>.

Let us mention some basic properties of the sensitivity result given in Theorem 2.7, as well
as how it can be used to construct numerical approximations of the PDE (2.1), as explained
in Section 3 below. To that end, recalling the process X appearing in Theorem 2.7 with the
corresponding Brownian motion W, let )~(t° = bt + o"Wt, t € [0, 7], where W= (Wt)te[O,T] is
another standard d-dimensional Brownian motion independent of W. We remark the following
Feynman-Kac representations: for every (t,z) € [0,T] x R? and s € [t,T7, it holds that

o(t,2) = E[f(w + X3)

X7 =0),
(2.5) -
(s, + X2) =E|V, f(z+ X + X7)

)?;’:o]

Furthermore, denote by (J,w)®! for every k,I € {1,...,d} the (k,l)-component of J,w
defined in (2.4). If V, f is sufficiently smooth (at least continuously differentiable) and D2 f
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Algorithm 1 A Monte Carlo based scheme for v* and 9.v°.

1: Input: T > 0, b° € R%, ¢° € R¥X? f: R? - R (satisfying Assumptions 2.1, 2.2, and 2.4), (¢t,z) €
[0,T) xR, N € N, Mg, M1, Ms € N with My > M; and h > 0 (sufficiently small);
2: Generate:
(i) The uniform subdivision t; =t +iAt, i € {0,..., N} with At = %;
(i) Mo samples W(j) ~ N (0,Idga) (i.e., standard d-dimensional normal distribution), j € {1,..., Mo},
and My samples W(m) ~ N(0,1dga), m € {1,..., Ma};
(iii) (N + 1) x Mp samples X;(j) = b°t; + c°W(§)Vti, @ € {0,...,N} and j € {1,...,Mp} and
(N + 1) X My samples X;(m) := b°t; + JDW(m)\/E, 1€{0,...,N}and m € {1,..., M2};
3: Function v9, (¢, z; Mo):
Recall My realizations Xy (j), j € {1,..., Mo};
Return J\/LIO ;\/1:01 flx+ XN(9))
4: Function (851)0)mc(t,3[:;N7 My, Ma):
Recall N x M; realizations X;(j), i € {0,...,N — 1} and j € {1,..., M1}, and N x My realizations
X;(m),i€{0,...,N—1}and m € {1,..., Ma};
fori=0to N—1and j=1to M;
Compute @ (i, ) i= 1= Som2y Oup f(z + Xi(§) + Xn—s(m)) Vk € {1,...,d};
end

if V. f is continuously differentiable and has at most polynomial growth
fori=0to N—1and j=1to M;
Compute (Jw)"!(i,5) = 3= w2, Bupay f(@ + Xi(G) + Xn—s(m)) Vk, L€ {1,....d};
end
else
fori=0to N—1and j=1to M;
Compute {v\;z’l(i,j) = ﬁz 2%2:1 Oy, f(x+ X (5) + her + A?N,Z(m)) Vk,le{l,...,d};
Compute (Jow)* (i, ) := (@) (i, §) — @*(i,§)) Vk,1 € {1,...,d};

end
end
Return Y01 Aty M1 (4]@(6,5)| + 0l Tew(i, )o°llr)

is at most polynomially growing, then by [38, Theorem 4.32], (J,w)"! also has the following
Feynman-Kac representation: for (¢,z) € [0,T] x R¢ and s € [t, T,

(2.6) (Jow)* (5,2 + XO) = B | Oy f ( + XT + X5

X0 = 0} .

Otherwise, if V, f lacks that kind of regularity, we approximate (J,w)*! via a finite difference
quotient as follows: Let e¢; be a d-dimensional vector with value 0 in all the components except
for the I-th component with value 1. Then for sufficiently small A > 0,

1
(Jaw)* (5, + X2) = Opy e (5, + X2) 7 (w5, + X2+ D) — (5,2 4+ X7))

In particular, by (2.5) the approximation can be rewritten by
(Jow)™ (s, + X7)

(2.7) 1 - N
~ K [kaf(x+X§+X§’~+h~el) — O flz + X° 4+ X2)

X‘g:o}.

Hence, the exact value of 9.v° requires calculations of nested expectations.
Combining Theorem 2.7 with corresponding probabilistic representations for the functions
vY, w, and J,w given in (2.5) and (2.6) (or (2.7)), we derive a Monte Carlo based scheme to

implement both the sensitivity 0.v° as well as the approximated solution v° + € - 9.0° of the



nonlinear PDE (2.1) for every ¢ < min{1, Ayin(c°)} (see Remark 2.8). We provide a pseudo-
code in Algorithm 1 to show how it can be implemented?.

Moreover, we provide an error and complexity analysis of our numerical scheme. To that
end, let us introduce some notation.

Fix (t,x) € [0,T) x R, and let N € N (i.e., the number of steps in the time discretization
for 9.v°) and My, My, My € N (i.e., the number of samples for each expectation involved in v°
and 9.0") be given.

(i) Let t; :=t +iAt, i € {0,..., N} with At := L,

(ii) For i € {0,...,N — 1}, let fT’t, e ,fT,g be independently identically distributed (i.i.d.)
random samples of My realizations of X9 given X{ = 0. Furthermore, let £/ ... ,{t“
be i.i.d random samples of M; realizations of X given X? = 0 and E}m ,...,§M2 be

ii.d random samples of M, realizations of X% given X ¢, = 0, where &', and th are
independent for every m =1,...,M; and n=1,. Mg.

For a sufficiently integrable random variable Z, we set HZHLz = E[|Z|?]z.

Theorem 2.9. Suppose that Assumptions 2.2 and 2.4 are satisfied. Furthermore, assume that
f is three times continuously differentiable with its third derivatives having at most polynomial
growth. Let (t,x) € [0,T)xR% and &€ < 1A Ain(0°) be given. Denote for N, Mo, My, Ma € N by

D= e S fl@ 4 €y,
(2.8) N = o e S e SN Vaf (e €+ €7y )AL,
T = S g M |5k SN D2 f (€, + €7y )00 R AL
(i) Then as My, My, Ma, N — oo,

~0,(t,z ~2,(t,x
H”O(ta z)+e- 000t ) — (vM(gt te- (’YUN(thl)MQ + nvN(]t\41),M2))‘

= O(1/VN) + 0(1//Mp) + O(1/3/My) + O(1/+/Ms).

(ii) Denote by €(N, My, My, M) the computational complexity of the estimates given in
(2.8). Then, as My, M1, My, N — oo,

L2

Q:(N7 MOa Mla M2) = O(MO) + O(NMlMQ)

Remark 2.10. The Landau symbol O in Theorems 2.7, 2.9 depends on the parameters
t,x, f,T,b,0,d through a multiplicative constant. Our proof shows that this dependence is
of a low polynomial degree, and in particular not exponential in d.

3. EXAMPLES

We analyze two numerical examples to support the applicability of Algorithm 1.

3All the numerical experiments have been performed with the following hardware configurations: a Macbook
Pro with Apple M2 Max chip, 32 GBytes of memory, and Mac OS 13.2.1. While we implement the MATLAB
code only on the CPU, we take advantage of the GPU acceleration (Metal Performance Shaders (MPS) backend)
for implementing the PyTHON codes. All the codes are provided in the following link: https://github.com/
kyunghyunparkl/Sensitivity_nonlinear_Kolmogorov
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FIGURE 1. Comparative analysis between the approximated solution v° + ¢ -
0.v° and the actual counterpart v over varying e.

3.1. Example 1. Let us start with the following 1-dimensional example. Let d =1, T = 1,
W =1, 0° =1, f(x) = 2*, (t,2) = (0,0), N = 100, My = 2.4 x 105, and M; = My =
2.4 x 10*. Under this case, Assumptions 2.1 and 2.2 are obviously satisfied. Furthermore, since
Amin(0°) = 1, we can and do choose any € < 1.

As the function f = 2% is convex, the probabilistic representation for v given in (4.6) (that
will be proven in Lemma 5.6 and Proposition 5.9) ensures that v°(¢, z) is convex in z and hence
the corresponding nonlinear Kolmogorov PDE given in (2.1) can be rewritten by the following
quasilinear parabolic equation

o 2 ~
(3.1) 0% + wamva + 0°9,0° + sup (b@xva) =0 on Dr;
2 [B] <~ve
and v*(T,z) = z* on R, with Dy = [0,T) x R%. In particular, since the PDE (3.1) is linear in

4 is a polynomial, Remark 2.5 guarantees that

the second derivative and the boundary f = x
(3.1) admits a unique viscosity solution satisfying (2.2), which ensures Assumption 2.4 to hold.

Fig. 1 shows the comparison between v* and v° + ¢ - 9,v" with varying € < 0.1, in which we
obtain numerical results on v® by applying a finite difference approximation on the semilinear
PDE (3.1) (we refer to Code_1.m and Code_2.m given in the link provided in Footnote 3; based
on [33, MATLAB Code 7 in Section 3]) and obtain numerical results on v° + ¢ - 9.v° by using
our Monte Carlo based scheme given in Algorithm 1 (we refer to Code_3.ipynb given in the
mentioned link). As it has been proven in Theorem 2.7, we can observe in all the plots of Figure
1 that the error [v® — (v° + & - 9.0°)| of the approximation increases quadratically in .

Fig. 2 shows that the average estimates of v 4+ ¢ - 9.0° only have small variation with
respect to the number of Monte Carlo samples My, M7, My (as indicated in plots (b)-(d)), while
they first rapidly converge to and then stabilize at the benchmark estimate as the number of
discretization N increases to 100 (see plot (a)). Moreover, the L2-error curves exhibit rapid
decay (seemingly proportional to the inverse square root of the varying parameters) which
aligns with Theorem 2.9 (i).

3.2. Example 2. In this example we implement Algorithm 1 for several multi-dimensional
cases with another boundary: Let T' =1, f(z) = sin(X:?:1 x;), (t,z) = (0,(0,---,0)), N = 100,
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FIGURE 2. Stability analysis with respect to the model parameters N, Mo, M1, M>
in Algorithm 1. We fix ¢ = 0.1 and v = n = 1, and consider the basis parameters
N =100, Mo = 2.4 x 10° and M; = M, = 2.4 x 10, as specified in Section 3.1. In
each plot, all but one parameters are fixed (e.g. in the left hand image, Mo, M1, M>

are fixed and N is varied). The plots features blue lines to represent the average of

estimates v° + ¢ - .0 across 400 independent runs of the PYTHON code. Moreover,

the grey dashed lines depict the L? errors across the 400 runs, where the benchmark

for these errors is the average value (i.e., v° + & - 9:v° = 14.0601) under the basis

parameters.

My =2-10% and M; = My = 2-10*. Then for any dimension d € N, we randomly generate
b° € R4, 0° € R%*9 in the following way:
b0 = b/(2L, [b]), where b is a d-dimensional random variable such that* b' ~ U([0,1])
for every i € {1,...,d} and Z?:l |bf| # 0;
- 0%i= 5/(27:1(Zi:1 ck1)2)1/2 where ¢ = (6%!)1e(1,...,ay I8 a d x d-valued random vari-
able such that 5% ~ U([—1,1]) for every k,l € {1,...,d}, 7 is invertible, and (25:1(22:1

5k,l)2)1/2 7& 0.

Under this setup, Assumptions 2.1 and 2.2 are satisfied. Furthermore, since f = Sin(Z?:l x;)
is bounded and Lipschitz continuous, by Remark 2.5, Assumption 2.4 is also satisfied. Hence,
the corresponding viscosity solution of the nonlinear Kolmogorov PDE is unique. We further
note that unlike the semilinear form of the PDE (3.1) where the boundary function f is convex,
the corresponding Kolmogorov PDE under this setup is fully nonlinear.

To obtain a reference solution, denote by I' = (I'¢);c[o,7] @ 1-dimensional process satisfying
Iy =t+ W}, t €[0,T], where W! is a standard 1-dimensional Brownian motion independent
of W. Then, by the normalization in the parameters b° and ¢°, the following property holds:

for every d € N,
(3.2)

law of Z?Zl X%t = law of I.

Combined with (2.5) and (2.6) (noting that V. f = cos(Z?:1 x;))lgand J, f = — sin(zglzl i) Laxd
where here 1, denotes the d-dimensional vector with value 1 in all the components and 14xg

denotes the d x d-matrix with value 1 in all the components), this ensures the following char-

acterizations: for every d € N,
- 00(0,0) = Efsin(X¢_, X2 = Efsin(I'r)];

4We denote by U(Ja, b]) for a,b € R with a < b the uniform distribution with values in [a, b].
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Dimension (= d) |1 5 10 20 50 100
Avg. 0.51033 0.51028 0.51030 0.51062 0.51018  0.51052
o0 Std. 0.00038  0.00025  0.00020 0.00023 0.00032  0.00026
max |error| | 0.00085  0.00053  0.00036 0.00077 0.00075  0.00063
Avg. 0.45018 1.00558 1.42421 2.01173 3.18120  4.49794
(1,0) Std. 0.00267  0.00451 0.00977 0.00595 0.00869  0.01729
max |error| | 0.00449  0.00909  0.01751 0.01525 0.02036  0.04313
.00 Avg. 0.55718 1.24767 1.76609 2.49299 3.94644  5.58518
U (0,1) Std. 0.00360  0.00506  0.00940 0.00822 0.01327  0.02033
max |error| | 0.00729  0.00916  0.02340 0.01613 0.02719  0.04399
Avg. 1.00736 2.25325 3.19029 4.50473 7.12765  10.0831
(1,1) Std. 0.00217  0.00536  0.00679 0.00806 0.01324  0.02257
max |error| | 0.00390  0.01124  0.01379 0.01393 0.02740  0.05303
Amin(0°) | 100 021807 0.06382 0.01078 0.00235  0.00021
Runtime in Sec. (Avg) | 14.338  49.320  89.643 168.205 393.547  807.328

TABLE 1. Implementation of Algorithm 1 for several dimension cases. The average
(Avg.) and the standard deviation (Std.) of estimators for v° and 9.0° (with three
cases (v,7n) = (1,0), (0,1), (1,1)), and the average runtime in seconds are computed
across 10 independent runs of the PYTHON code. Furthermore, ‘max | error|” denotes
the maximum error of the estimators for v° and 9.v° over the 10 runs, where the
benchmark for these errors is the average value for the scaled solution of the d = 1

case according to (3.2)-(3.4) across the 10 runs.

- 9:0°(0,0) = E[fOT |w(t, X?)|dt] (when (v,7n) = (1,0)) is characterized by
B 17 |1 [eos (35 (200 + %2))| % = ] 1| ]

(3.3) ~ |~
—Vd-E [fOT (E [Cos(Ft n FT)‘Ft - 0} ‘ dt},

with X° appearing in (2.5), where we denote by L, i=t+ th, t € [0,7], a 1-dimensional

process with a standard 1-dimensional Brownian motion W' independent of W;

- 0.0°(0,0) = E[f; |15,w(t, X¢)o||edf] (when (v,m) = (0,1)) is given by

B3 [ i (s (3 55)) [ =] s ],

(3.4) —Vi-E UOT ‘]E {Sin(rt + fT)’ft = 0] ’ dt]'

Using the observations (3.2)-(3.4), we can obtain reference solutions for every d > 1 by calcu-
lating first the d = 1 case and then scale it with 1 (for v°) and v/d (for 9.v°).

Table 1 shows the results of several dimension cases based on 10 independent runs of a
PYTHON code (Code_4.ipynb) given in the link provided in Footnote 3. For each dimension d,
the coefficients b° € R? and 0° € R?*? are once randomly generated (as explained above) and
then kept for each of the 10 runs. The values for v° obtained from applying our Algorithm 1
are basically invariant and equal to 0.5103 (£0.0003) over the dimension d whereas the value
for O.v° increases proportionally to v/d for all three cases (v,1) € {(1,0),(0,1),(1,1)}, which
is consistent with our derivation in (3.2)-(3.4). Furthermore, the average runtime results show
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FIGURE 3. The running maximum for the error between the approximation of v°
and 9.v° across k runs with k € {1,...,1000}, where the benchmark for these errors
is the average value for the scaled solution for d = 1 according to (3.2)-(3.4) across

the 1,000 runs. (b°,0°) are generated randomly for every run and every d.

that though the complexity €(N, My, M7, Ms) grows quadratically in the number of samples
M; (as in this example we choose My = My; see Theorem 2.9 (ii)), the computation for high
dimensional cases (e.g., d = 50,100) is still feasible under our algorithm.

Fig. 3 shows the robustness of the estimators w.r.t. the input data / baseline coefficients b, 0.
Indeed, we randomly generate K = 1000 input parameters (b7, 07)%; and plot the increasing
function of £ < K that shows that maximum made error of the estimator over all j < k input
parameters. This functions grows very modestly (seemingly logarithmic), showing robustness
of the estimators.

4. PROOF OF THEOREM 2.7

We start by providing some notions. Let t € [0,7)), denote by C([t,T];R%) the set of all
R?-valued continuous functions on [t, 7], and set

Q= {w= (Ws)se[t,T] € C([t,ThRd) twe =0}

to be the canonical space of continuous paths. Let W := (Wst)se[t,T] be the canonical process
on Qf and FW' := (FWV

S

t)se[t’T] be the raw filtration generated by Wt. We equip Q! with the
uniform convergence norm so that the Borel o-field 7% on Qf coincides with 7V ", Furthermore,
let P be the Wiener measure under which W' is a Brownian motion and write IE]P%[-] for the
expectation under P§.

On (Qf, F{,FW" PL), consider X0 := (X5") sere,m) following the baseline coefficients b°
and ¢° and starting with z € R? | i.e. for s € [t, T},

(4.1) X5%0 = 3+ b°(s — t) + o°WL

Moreover, let L1 (R?) and Li' (R?*4) be the set of all FW -predictable processes L defined on
[t, T] with values in R? and R?*9, respectively. We endow L%!(R?) with the norm ||L||ps1 :=
EFO[[," |L|ds] and L' (RT%?) with || L] c1 == EF[[;" || L, [lwds].

In analogy, we define L% (R%) as the set of all R%-valued, ]F‘Wt’—predictable processes L
defined on [t,T] that are bounded P} ® ds-a.e. and set ||L|Lt. := inf{C > 0 : |Ls| <
C Py @ ds-a.e.} < co. The space L™ (R¥*?) of R¥?-valued processes is defined analogously
to LH>°(R%), with | - | replaced by || - ||r in the definition of HLHLtF,oo.
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For any (b, o) € L#>(R%) x Lh>®(R?*4), we define an Ito (FV', P})-semimartingal X7 =
(XL707) sep m) starting with z € R? by

(4.2) Xbmibo .= er/ budu+/ o dWl, s elt, T,
t t
and note that X4#0 = X4#0°.0% 5 ¢ [t T); see (4.1). Moreover, for any € > 0 and ¢ € [0,7),
denote by
(4.3) C=(t) == {(b,0) € L"®(R?) x Lp™ (R | (bs,05) € B° P @ ds-a.e.}
the set of all Fwt—predictable processes taking values within the e-neighborhood B¢ of the

baseline coefficients (b°,¢c°) given in (1.3).
Let us start by providing some a priori estimates for Xl}’m;b’a.

Lemma 4.1. For every p > 1, there is a constant C, > 0 s.t. the following holds:
(i) For all (t,z) € [0,T) x RY, we have that EFo[|X57°P] < C,(1 + |a|?).
(ii) For alle >0 and (t,z) € [0,T) x R, sup(, ,)ece (1) EPo [| X170 — xhmow] < ¢,ep,

Proof. We only prove (ii), as the proof for (i) follows the same line of reasoning.
Fix e > 0 and (¢t,z) € [0,T) x R%, and let (b, o) € C*(t). Then

T T
Xhmbe _ xhwio - / (b — b°)ds +/ (05 — 0®)dW.
t t

We estimate both terms separately. By Jensen’s inequality and the definition of C¢(¢),

t T p t T
EPO[ / (b —b")ds‘ ] < EP [(T—t)”l/ Ibs —b"|pds] < (T — t)PeP.
t t

Moreover, if cgpg,p > 0 denotes the constant appearing in the Burkholder-Davis-Gundy (BDG)
inequality (see, e.g, [14, Theorem 92, Chap. VII]), then

T T, [T /2
[ (o= arrawe]] < cone, 85 ([ o = ovlas)™]
t

EPo [
t
< eppap(T — t)p/2€p,

where the second inequality follows from the definition of C*(¢). Thus the proof is completed
using the elementary inequality (a + b)? < 2P(aP 4 bP) for all a,b > 0. O

Remark 4.2. By Assumption 2.1, the (weak) Hessian D2 f has at most polynomial growth of
order . In particular, there is a constant Cy > 0 (that depends on C} in Assumption 2.1)
such that for every (x,y) € RY,

f(y) = f@) = V] f@) (@ —y)| < Cp (L+[2* +[y|?) - |y — 2|

Moreover, V.. f and f have at most polynomial growth of of order o+ 1 and «+ 2, respectively.

Next note that if g: R* — R is any function with at most polynomial growth, then Lemma 4.1
implies that g(X%"*"7) is integrable for every (b, o) € C°(t). Therefore f(X5“ "), 8,, (X5 "),
|8wif(X%x;b’0)\2, ...are integrable.

Lemma 4.3. Suppose that Assumptions 2.1 and 2.2 are satisfied. For i = 1,...,d, let

w' : [t,T] x RT — R be the unique classical solution of (2.3) with polynomial growth (see
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Proposition 2.6 (i)). Let w : [t,T] x R — R? and J,w : [t,T] x R? — R¥*4 be given in (2.4),
let (t,x) € [0,T] x R, and set

(4.4) YT = w (s, XL, ZL" = Juw (s, X0"0) 0%, s e[t T

Then, for everyi=1,...,d,
vert = 0, (X — [ (ziTawt s e )

with Y4% and (Z4®) T denoting the i-th component of Y% and the i-th row vector of Z“%,
respectively. In particular, Y" = BFo [V, f(X5")FW' for every s € [t, T).

Proof of Lemma 4.3. Fix i € {1,...,d}. Since w® € CY2([t,T) x R?) (see Proposition 2.6 (ii)
and Section 5.3), an application of Itd’s formula ensures that for s € [¢, T,

T
w' (T, X55) — wi(s, XLo50) = / VIwi(r, XE0) godW!
T ) . 1 .
[ (ort 07+ 0 0 X0+  (0)(0) D X))

The second integral is equal to zero because w’ solves the linear Kolmogorov PDE given in (2.3).
Therefore, using the boundary condition w*(T,-) = 8., f(-) and the definitions of Y* and Z%®
given in (4.4), we conclude that for every s € [t, T,

T
(45) Yon = 0, (X — [z Taw,

as claimed.

The ‘in particular’ part follows by taking conditional expectations in (4.5). Indeed, by
Remark 4.2, 8,, f(X5"°) and Y;"" = w (t,z) are square integrable (because d,, f and w have
polynomial growth). Therefore, it follows from (4.5) that | T(Zﬁ’m’i)TdW;t is a square integrable
martingale.

Furthermore, since Y% = wi(s, X1%°) is FW¥'-measurable,

Y*St,m,i _ E]P’é |:Y'St,x7i

T
FV| = E [M(X;“‘”) - / (Zm)Taw

th]

= EP

(=]

|02 F(X57)

as claimed. O

7.

For sufficiently integrable R%-valued processes (Ls)se(t, 7] and (My)se(t, 1), define (L, M)pt gas
.= EFo [ftT<LS,MS)ds]. In a similar manner, we set (L, M)pt o455 = EPo [ftT<LS,MS>Fds] for

R¥*4_yalued processes.

Lemma 4.4. Suppose that Assumptions 2.1 and 2.2 are satisfied and let Y%, 2% be the
processes defined in (4.4). Then, for every e > 0 and (b,0) € C*(t), we have that

Efo {Vl—f(X%I;O) (X;w;b’a - X’fﬁz;o)} = (Vb — b))t ds + (24,0 — 0% ) Bt @ds,F-
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Proof. For i = 1,...,d, denote by (b’ — b"’i)se[tﬁT] and (0% — oo’i)se[tyT] the i-th component of
b — b° and i-th row vector of ¢ — ¢°, respectively. Using this notation,

d
VI A (x40 - XY = 30 (28 4 E)

i=1

T T
= Z (%f(X%“) / (b — b™")ds + O, F(X5) / (0! a"’i)dVVSt).
t t

i=1
It follows from Remark 4.2 that Z%% =% are integrable (noting that b — b° and o — o are
bounded uniformly). In particular,

d
E]P‘(t) [VIf(X;JI;O)(X;JI;b’U _ X%I ;0 :| Z (E]P’o —~b 2 + E]P’o [_U z])

=1

and it remains to show that
EPFo [Eb,i] _ <Yt,ac,z'7 bt — b07i>]P’6®ds and E]P’ [ ] <Zt , T, (O’i _ Uoﬁi)T>]P’6®ds
for every ¢ = 1,...,d. To that end, fix such .
We first claim that EFo [E0i] = (YB=i bl — b"’i>]p6®ds. Indeed, an application of Fubini’s

theorem shows that

T
7 (2] = [ [ [ pOep A 0k - )]
i
— EP

T
/1?“@fwﬂ@::W“%wfw%mw
t

where the second equality holds because Y, = EFo[,, f(X5) | FV'], s € [t, T); see Lemma 4.3.
Next, we claim that EF0[27] = (7t (gt — Jo*i)T>P6®d8. Indeed, by Lemma 4.3,

T T
(/(ﬁWFMW+ﬁmﬁ/<dfﬂmq.
t t
Further, by the It6-isometry,

T . T . . t
/ (Zo™") Taw! / (a;—ao’l)dWSt] =E"
t t

—_ <Zt,ac,z', (O‘i _ O-OVi)T>Pt®d87

and since Y, is F}V'-measurable (see (4.4) given in Lemma 4.3), EFo[v,"*" ft ol—o")dWl] =

0 by the martingale property of Wt. This completes the proof. O

EFo [Eo'z] — &P

EFo

/ (Zé’r’l)T(O'; _ UO’Z)TdS‘|

t

In Section 5.4, we shall show that if Assumptions 2.1, 2.2, and 2.4 are satisfied, then the
unique viscosity solution v® of (2.1) satisfies the following: For all ¢ < Apin(0®) and (¢, z) €
[0,T) x R, we have that

(4.6) v¥(t,z) = sup EPo [f (X%z;b"’)} ,

(b,o)eCe(t)

with v*(T, ) = f(-), see Lemma 5.6 and Proposition 5.9. The formula for v* given in (4.6) will
be crucial in the following proof.
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Lemma 4.5. Suppose that Assumptions 2.1, 2.2, and 2.4 are satisfied and, for every (t,x) €
[0,T) x RZ, let Y% Z5T be the processes defined in (4.4). Moreover, let o be as in As-
sumption 2.1. Then, there exists a constant c¢ independent of t,x,e such that for every e <
min{1, Apin(c%)} and (t,z) € [0,T) x R, we have that

v (t,x) — <v0(t,x) + sup ((Yt’x, b—b)prgas + (2570 - J°>p5®d5,F>> ‘
(b,o)€CE(t)

< (14 |z]*)e

Proof. Fix ¢ as in the lemma and recall the formula for v* given in (4.6); in particular v°(¢,z) =
B0 [f(X7")).
Next, using Remark 4.2, for any (b,0) € C°(t),

‘f(X;lx;b’a) _ f(X%,:c;o) _ VIf(X%:E’O) (X;lx;b,a _ X;ﬂ,ac;o)

< 6«f . (1 + |X%x;b,o}a n ’X;x;o‘a> ) ’X%x;b,o _ X%x;o 2

_. Ib,a

We claim that there is ¢ > 0 that depends only on a,éf (see Remark 4.2) such that
SUP (5, 0)cCe (1) EFo[1%7] < ¢(1 4 |#|*)e2. To that end, an application of the Cauchy-Schwartz
inequality together with the elementary inequality (1 +a+ b)? < 32(1 +a? +b?) for all a,b > 0
shows that

EPo [1%7] < €3 - B [1 + | xhEhe 2o \X%“fﬂ 2 s [|X;x?b"’ - X;"”;Oﬂ i

Moreover, we have by Lemma 4.1 that

. , 12
sup Ef DX;"“”J - X,fr’m’°|4] < Cy/%e,
(b,o)eCe (1)

where C} is the constant appearing in Lemma 4.1. Furthermore, as £ < 1, another application
of Lemma 4.1 together with the inequality (a+b)2® < 22%(a2®+b?®) for all a,b > 0 implies that

1

sup % L x4 g )

(bo)ece (1

1

< sup (1422 [|xph - Xp] 4 22+ )BT [|xge))
(b)ece (1

%

< (1 22900, + (22 4 1)Con (1 + \x|2a)) < (1422071 C0 + Caa) * (1+ [2]%),

where Cy, is the constant appearing in Lemma 4.1. Our claim follows by setting ¢ :=
Cp3C,/% (1 + 2204100 + Caa) /2,
Finally, combining all the previous estimates we conclude that

v (t,x) — [t 2) +  sup EFo [VIf(X%‘uO) (X;’“b"7 - Xf,lm;oﬂ
(b,o)eCe(t)

< (14 |z|™)e?.

Thus, the proof is completed by using (4.6) and applying Lemma 4.4. O
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Lemma 4.6. Suppose that Assumptions 2.1 and 2.2 are satisfied. Then, for every fized (t,x) €
[0,T) x R and ¢ > 0,

¢:= sup ((Yt’w7 b—b)ptgas + (2457, 0 — UO>P3®ds,F)
(b,0)€ECE(t)

= e (VI e + 025 g ) = 0.

The proof of Lemma, 4.6 follows from the norm duality between L"*> and %!, together with
the definition of C*(t). We present it for completeness.

Proof. Fix e. We first claim that ® < ¥. To that end, set C{(¢) := {b : (b,0) € C=(t)},
C5(t) :={o : (b,0) € C=(t)} so that C=(t) = C5(t) x C5(t). Using the Cauchy-Schwartz inequality
in R? and Holder’s inequality (with exponents 1 and oo),

T
sup (V4,0 = F)syoa < sup B | [ v0b, - b7lds
beCs(t) beCs(t) t

< Y5 e ey.

In a similarly manner,

T
t
sup (27,0~ 0*)pgoane < sup B | [ )27 el - o°lleds| < 12y n
oeCs(t) oeCs(t) ¢ F

The combination of these two estimates shows that indeed ® < V.
Next we claim that ® > U. Define 6* € L;’OO by
L {Zz’x/nzz»% it ||zt

‘F > 0;
O'S .
0 else,

which satisfies ||6*||Ltp,m <1and (Z/* %) = || Z5%||p. This implies that

(4.7) HZt’xHLgl =E" = <Zt’x75*>ﬂ>g®ds,}?-

T
/ <Z§’x, 6’:>Fd8
t

In a similar manner, we can construct some b* € L5 (R%) satisfying ||b*||Le. < 1 and

T ~
[ e s
t
Now define (b*,0*) := (b° + eyb*, 0° + eng*) € C°(t). Then, by (4.8) and (4.7),
> (VH7, 0" = b)prgas + (257, 0% — 0°)pomyds,F
=€ (’Y(Yt’ma b )pas + (207, 5*>P3®ds,F)

© (’YHYt’ﬂHIu’l +7I||Zt’$||m;'1) =V =

(4.8) Y57 || en = EFo

= (Y*, E*>P3®ds'

Proof of Theorem 2.7. Fix (t,z) € [0,T) x R? and let (Y Z%*) be the processes defined
in (4.4), that is, Y5* = w(s, X5%°) and Z0% = J,w(s, X1%°)g° for s € [t,T]. Then, by
Lemmas 4.5 and 4.6, we have for every ¢ < min{1, Apin(c”)} that

o (t,2) — (206, 2) + 2+ (Y e+l 287y ) )

where ¢ > 0 is the constant (that is independent of ¢, z, ) appearing in Lemma 4.5. The proof
follows from the definitions of the norms on L“!(R%) and L&' (R4*9)

< el + Jz|")e?,

and since the law of

)
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(X5"0) s, r) under Pf is equal to the conditional law of (z + X2)sepe, 7] under P given X7 = 0,
where (X?):eqo,1) is the process defined in Theorem 2.7. O

5. WEAK AND STRONG FORMULATION OF NONLINEAR KOLMOGOROV PDE

5.1. Semimartingale measures. In this section we adopt a framework for semimartingale
uncertainty introduced by [43,44]. For any (¢,7) € [0,T) x R¢, denote by

Q= {w = (ws)sepr) € C([LTHERY) twy = 2}

under which X* := (X!),c,7) is the corresponding canonical process starting in x. Further-
more, let FX' := (FX

- t)se[t’T] be the raw filtration generated by Xt. We equip Q%% with the
uniform norm |w||¢ oo := max;<s<7 |ws| so that the Borel o-field on Q"* coincides with ]—'%{t.
For t = 0, we set for shorthand notation X := X and ||w||oc := ||w]|0,c0. Denote by P(Q°%)

the set of all Borel probability measures on %%, For each p € N, set
(5.1) PP(QOT) = {]P’ € P(Q%) ’ / lw]|ZP(dw) < oo}
QO,m

to be the subset of all Borel probability measures on Q%% with finite p-th moment. Furthermore,
let C(Q%%;R) be the set of all continuous functions from Q%% to R and set

5.2 C,(Q%%: R :{ e C(N%*: R ’ = su M<oo}.

(52 AR 1= (€€ COR) [ oo, = sup 8

We equip PP (%) with the topology 7, defined as follows: for any P € PP(Q%%) and (P"),,en C
PP(Q%%) we have

(53) P" P asn—oo <« lim B ¢ =EP[¢] forall £ e Ch(Q%";R).

n—oo

Note that 7, is the topology induced by the p-Wasserstein distance, see, e.g., [69].

Recalling the set S¢ of all symmetric d x d matrices, denote by Si C S?% the subset of
all positive semi-definite matrices. Let Pgem be the set of all P € P(Q%%) such that X is a
semimartingale on (Q%¢, FO.¢ FX P). Moreover, let P2 be the subset of all P € Py, such
that P-a.s. BY <« ds and C? < ds, where BF and CT denote the finite variation part and
quadratic covariation of the local martingale part of X under P having values in R% and Si,
respectively (i.e., the first and second characteristics of X) and are absolutely continuous with
respect to ds on [0, T].

Furthermore, we fix a mapping S‘i 5 A — Az € R¥? g0 that it is Borel measurable and
satisfies Az (A2)T = Afor all A € S4, (see, e.g., [58, Remarks 1.1 & 2.1]).

5.2. Weak formulation and dynamic programming principle. For any ¢ > 0 and (¢,z) €
[0,T) x R%, define by

R {P“’“ B =0) =1 (. ()} € B }

for P ® ds-almost every (w,s) € Q% x [t,T]

where we recall that B¢ is given in (1.3).
In particular, under any P € P=(t, z), the semimartingale X is constant (taking the value z)
up to time ¢ and after that time its differential characterstics b¥ := dB” (P dd—csp satisfy the

ds ?
value constraint as the set B°.
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Moreover, recall the function f given in (2.1). For any € > 0, we define the value function
vE [0, T] x RE S (t,2) — 05, (t,7) € R by setting for every (t,x) € [0,T) x R,

weak

(5.5) Vsear () == sup BT [f (X7)]
PeP= (t,x)

€
and v5,.

(T,-) := f(-) on R%.

Lemma 5.1. For every p > 1 and € > 0, there is a constant C, . > 0 such that for every
(t,z) € [0,T) x R? and s € [t,T],

sup EF { sup |X, — :z:|p} <Cpe ((s — )P/ 4 (s — t)p).
PePe(t,x) t<u<s
Proof. Fix ¢ > 0, (t,x) € [0,T) x R%, and s € [t,T], and let P € P*(¢,z). Then under P,
the process X has the canonical representation X, = z + [, bfdr + ME*, where (ME*) cipm)
denotes (F¥,P)-local martingale part of (X;)sep 7 satisfying M;"" = 0 with its differential
characteristic ¥ satisfying the constraint as B%; see (5.4).
By Jensen’s inequality and the definition of P (¢, z),

/ b]}fdr‘p] < (s —t)P1EF [/ |bf|1’d7} < 2P(eP 4 |bOP) (s — t)P,
t t

where we use the elementary inequality (a + b)? < 2P(aP + bP) for all a,b > 0.
Moreover, by the Burkholder-Davis-Gundy inequality and the elementary inequality ||AB||r <

|Allr|| Bl for all A, B € R%,
s . p/2
([ 1 zas)
t

o 2
< cpap (22(2 + 0°)|2))% (s — tyP/2.

Our claim follows by using again the inequality (a+b)? < 2P(aP 4+bP) for all a,b > 0 and setting
Cpe 1= 2{27(&7 + 717) + o (22(2 + 10 [3)7/2). 0

E” { sup

t<u<s

P P,t|P P
]E |: sup |Mu :| S CBDG,p]E
t<u<s

(5.6)

Remark 5.2. Lemma 5.1 implies that P¢(¢,z) is a subset of PP(Q%%) for every ¢ > 0 and
p > 1; see (5.1) and (5.4).

Next, we present the dynamic programming principle for v¢, ., in (5.5) based on [17,47],
together with its regularity property.

Lemma 5.3. Suppose that Assumption 2.1 is satisfied, let € > 0, and let vS,.,, be defined
in (5.5). Moreover, let (t,x) € [0,T) x Re. Then, the following hold:
(i) For any FX -stopping time T taking values in [t, T

(5.7) Vit ) = sup  EF [050, (7, X7)] .
PePe(t,z)

(1) V5ony U8 jointly continuous.
Proof. We start by proving the statement (i). We claim that the set
(5.8) {(w,t,P) € Q" x [0,T] x P(Q*") | P € P(t,wy) }

is Borel. Indeed, since B¢ is Borel (see (1.3)) and the map ST 2 A — Az € R¥4 is Borel-
measurable (see Section 5.1), the same arguments presented for the proof of [19, Lemma 3.1]
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using the existence of a Borel-measurable map from Q%% x [0,7] x P(2%%) to the differential

characteristics of X given in [43, Theorem 2.6] ensure the claim to hold.

Furthermore, from [44, Theorem 2.1], the following stability properties of P¢(¢, ) also hold:

for any P € P¢(t, ) and FX-stopping time 7 having values in [t, T],

(a) There is a set of conditional probability measures (P,,),cqo.= of P with respect to FX such
that P, € P*(7(w), wr(w)) for P-almost all w € Q%;

(b) If there is a set of probability measures (Q,,),eqo.» such that Q,, € P*(7(w),wr () for P-
almost all w € Q%% and the map w — Q,, is FX-measurable, then the probability measure
P®Q(-) := [go.. Qu(-)P(dw) is an element of P (¢, x).

Therefore, an application of [17, Theorem 2.1| (see also [47, Theorem 2.3|) ensures (5.7) to hold.

Now let us prove (ii). Since vS,.. (T,-) = f(-) is continuous (by Assumption 2.1), we can
and do consider arbitrary (t,z) € [O,T) x RY. The continuity of v<_,,(t,-) follows from the
definition of v, given in (5.5). Indeed, since for every x,y € R?

U\fvcak(ta y) = sup EP |:f (XT)] = sSup EP |:f (XT +y— .’ﬂ) )
PePe(t,y) PePe(t,x)
by Remark 4.2 (with the constants p > 1 and ¢; > 0) and the elementary property (a + b)P
2P(aP + bP) for all a,b > 0, we have that

‘Usveak (t7 y) Weak (t .’17) |

< sw E[|f (Xr+y—a)—f(X0)]
PePe(t,x)

<, ){EP[\v;f(Xﬂ” y — 2] +012p(1+ |y—x|P+]EP[|XT|p]) : |y_x|2}.
PePe(t,x

From Lemma 5.1 together with the polynomial growth property of V. f, we hence have that
there is a constant cs > 0 (that depends on p, €, z, but not on t) such that
(5.9) [05cak (£ 9) = Viear (B, )| < €5 (ly — 2| + |y — «P?)

where we further emphasize that the above estimate holds for every ¢ € [0,7) and z,y € R%.
Now we claim that v$,, (-, ) is continuous. To that end, fix any 0 < v < T —t. By the
dynamic programming principle of v5,.,, (see Lemma 5.3 (i)), the following holds

vweak(t CL’) P ;ug )E |: weak(t"‘rqutJru)}.
ePe(t,x

Hence, we use again Lemma 5.1 together with the estimates given in (5.9) to have that

et ) — Gt + ) < sup B [[ofunslt o+ Xera) = oGkt + 2]
PePe(t,x

<c3 sup ( [\XtJrufx\] +EF [\XH_ fx|p+2D
PEPe(t,z)

o (Cuelu”? ) + Cpe (¥ +u?))

where C' ., C) . are the constant (with exponents 1, p) appearing in Lemma 5.1 (and in particu-
lar do not depend on z). Combined with (5.9), this ensures that v5, ., is jointly continuous. O
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5.3. Proof of Proposition 2.6. Let us introduce the notion of viscosity / classical solution
of (2.1) and (2.3). To that end, we introduce the following function spaces: for any t € [0,T")

- CY2([t, T)xR?; R) is the set of all real-valued functions on [t, T') x R? which are continuously
differentiable on [t,T) and twice continuously differentiable on R

- C’f B([t, T) x R% R) is the set of all real-valued functions on [t, T') x R? which have bounded
continuous derivatives up to the second and third order on [t,T) and R?, respectively.

Definition 5.4 (Viscosity solution (see [13,20])). Fix any € > 0. We call an upper semicon-
tinuous function v¢ : [0,7] x R* — R a viscosity subsolution of (2.1) if v¥(T,-) < f(:) on R?
and
1 T2
—0wp(t,x) — sup {tr (aa Dmgo(t,x)) + (b, Vzgo(t,x»} <0
(b,o)eBs

whenever® ¢ € C2?([0,T) x R%:R) is such that ¢ > v° on [0,T) x R? and ¢(t, ) = v°(t, z).
In a similar manner, the notion of a viscosity supersolution can be defined by reversing the
inequalities and replacing upper semicontinuity with lower semicontinuity. Finally, we call
a continuous function v® from [0,7] x R% to R a viscosity solution if it is both sub- and
supersolution of (2.1).

Definition 5.5 (Classical solution). Fix t € [0,7) and i = 1,...,d. We call a continuous
function w’ : [t,T] x R? — R a classical solution of (2.3) if it is in C*2([t,T) x R%;R) and
satisfies (2.3).

Lemma 5.6. Suppose that Assumptions 2.1 and 2.4 are satisfied and let € > 0. Then v, :
[0,T] x R? — R defined in (5.5) is a unique viscosity solution of (2.1) satisfying (2.2).

Proof. By Lemma 5.3, v, satisfies the dynamic programming principle and is jointly con-
tinuous. Hence, the same arguments as presented for the proof of [44, Proposition 5.4] ensure
that vg,.., is a unique viscosity solution of (2.1). Furthermore, as the function f has at most
polynomial growth (see Remark 4.2), Lemma 5.1 ensures that v5,,, has polynomial growth

with respect to x € R for all ¢ € [0, T]. This implies that v¢_,, satisfies (2.2) with some C' > 0.
Hence by Assumption 2.4, v¢_,, is the unique viscosity solution satisfying (2.2). ]

Proof of Proposition 2.6. The statement (i) follows directly from Lemma 5.6. Now let us
prove (ii). Note that V,f has at most polynomial growth (see Remark 4.2) and (b°,0°) are
constant. Furthermore, ¢° is non-degenerate (see Assumption 2.2). Hence, an application
of [36, Theorem 5.7.6 & Remark 5.7.8] (see also [38, Theorem 4.32]) ensures the existence of a
classical solution of (2.3). The uniqueness of the solution with polynomial growth is guaranteed
by [21, Corollary 6.4.4]. O

5.4. Strong formulation and its equivalence. In this section, we construct a set of proba-
bility measures corresponding to a strong formulation of the nonlinear Kolmogorov PDE given
in (2.1).

5Tt is well known that restricting test functions to either C?’S([O, T) x R4 R) or CH2([0,T) x R%; R) does not
affect the definition of a viscosity solution. In this work, we adopt Cb2’3([O,T) x R4 R) to align with results in
the literature stated in this form.
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Recall the process X**% defined on [t, T] (given in (4.2)) and denote by (z @y X¥%7) the
constant concatenation of X*®7 defined on [0, 77, i.e.

(5.10) (.’L‘ D¢ Xt"r;b’a)s = xl{se[o’t)} =+ X;’I;b’al{se[t’T]}.

Then using the set C¢(t) given in (4.3), we define a set of (push-forward) probability measures
as follow: for any € > 0 and (¢,x) € [0,7) x R?

(5.11) Q@ (ta)i=Q(taiC%) = {Pho (v @, X") " | (b,0) € C5(0)} € P@).

Remark 5.7. By the definition of (z@; X*%%7) given in (5.10), Q°(t, x) is a subset of P*(¢t, )
for every € > 0; see (5.4) for the definition.

Proposition 5.8. Suppose that Assumption 2.2 is satisfied. Let e < Apin(0®) (see Remark 2.3)
and (t,z) € [0,T) x R, Moreover, let P*(t,x) and Q° (t,z) be defined in (5.4) and (5.11),
respectively. Then, there exists QS (t,x) C Q° (t,x) such that its convex hull is a dense subset
of Pe(t,x) with respect to the T,-topology for all p > 1.

A variant of Proposition 5.8 already appears in [16], see Proposition 3.5 therein and its
proof. The difference to our setting is that in [16] the authors consider volatility only (i.e.
corresponding to b = 0) and weak convergence instead of the 7,-topology (i.e. consider only
bounded test functions instead of polynomially growing functions, see (5.3)). However, the
proof presented in [16] can be copied line by line: adding drift does not require any different
arguments at all, while the extension from weak convergence to 7,-convergence only requires to
change the application of the Hahn-Banach theorem in step 3 of the proof of [16, Proposition
3.5] from the space of bounded continuous functions to those with polynomial growth. For
convenience of the reader, we repeat the proof presented in [16] adjusted to the present setting
in Appendix A.

Recall the function f : R? — R given in (2.1) and the canonical process X = (X;)sejo.7]

defined on (Q%*, FO* FX). For any € > 0, we define the value function v5,o, : [0, 7] xR? — R
by setting for every (¢,z) € [0,T) x R4,
(5.12) Vstrong (t, ) == sup EF [f (X7)]= sup EPo [f (Xf,lx;b"’ﬂ

Pe Q= (t,x) (b,o)€ECE(t)

and VS, ong (T, +) := f(-) on R%. We call this the ‘strong formulation’ of modeling uncertainty of
X, which will turn out to be equivalent to the weak formulation vZ,, in the next proposition.

Proposition 5.9. Suppose that Assumptions 2.1, 2.2, and 2.4 are satisfied and let v, and
Vitrong b€ defined in (5.5) and (5.12), respectively. Then the following equality holds: for any
€ < Amin(0°) and (t,7) € [0,T] x RY,

U:trong(t’ I) = ’U\fveak(t? .17)

Proof. Recall the sets P*(t,z) and Q°(t,x) defined in (5.4) and (5.11). Denote by QF, (¢, z)
the subset of Q¢(¢,x) such that its’ convex hull is a dense subset of P¢(t, ) with respect to the
7,-topology for all p > 1 (see Proposition 5.8). Furthermore, P¢(¢,z) is a subset of PP(Q%%) for
every p > 1 (see Remark 5.2). Since for every ¢ € Cp,(Q2%%;R) the map PP(Q0%) > P — EF [¢]
is continuous and linear, it follows that suppcpe (s . EF [¢] = SUPpe 0 (¢,2) EF [¢]. Therefore, as
the function f has at most polynomial growth (see Remark 4.2),

v\eiveak(t’ ZL’) = sup EP [f(XT)} - sup EP [f(XT)} - vsetrong (tﬂ fﬂ)
PePs(t,x) Pe Qe (t,x)
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This completes the proof. O

6. PROOF OF THEOREM 2.9

For notational simplicity, throughout this section, we set Exo—o[-] := E[-|X{ = 0] for ev-
ery t € [0,7]. We adopt the same notation for the conditional variance and the conditional
expectation/variance given X°.

Remark 6.1. If f satisfies the assumptions imposed in Theorem 2.9 (in particular, its third
derivatives having at most polynomial growth of order & for some & > 1), D2f, V. f, and f are
continuous and have at most polynomial growth of order a + 1, a + 2, and a + 3, respectively
(see Remark 4.2). Furthermore, there is ¢; such that |V, f(y) — Vo f(9)| < ¢p(1 + |y[o+ +
|55+ 1) |y — g| for every y, 7 € RY.
Lemma 6.2. Let g : [0,T] x R? 5 R be Borel s.t. |g(t,x)| < cg(1 + |z|*) for every (t,x) €
[0,T] x R? for some ¢y, > 1. Let Xy and X? be the processes appearing in (2.5). Then there
is a constant C depending only on o, T,d,cy,b°, 0" such that

(i) Exo—olSUPyciay o 1X5 — X2 [2]% < Cs2 — 51)Y/2,

(ii) Exp=olsupseprr) l9(s,@+ X9)P12 < O(1 +|a|*),

(iii) Exo=olsupseinr) [Egoplg(s,x+ Xg+ X9)]27 < C(1+[a]*).

Proof. Since X2 = 1°(s —t) + (W, — W,) for s € [t,T] under X7 = 0, the BDG inequality
shows that for every p > 1,

1

P
Exo—o| sup |X;— X [P| <|[0°(s2 —s1) +Exe—o| sup |O‘O(Wu — Wsl)}p

u€[s1,s2] u€[s1,s2]
S Cp(SQ - Sl)l/za
where C), depends only on 7T,b°, 0" and the BDG-p-constant. In particular, (ii) follows by

choosing p = 2. Moreover, choosing s; = t, we have that EX§=0[|X3|”]% < Cp. Hence the
statements (ii) and (iii) follow from the growth assumptions made on g. O

Proof of Theorem 2.9 (i). Fix (t,x) € [0,T)xR?. The constants Cy, C1, . .. in this proof depend
ont,T,z,d, &b, o but not on My, N, My, M.

Step 1. We first claim that [[v°(¢,z) — ﬁ?v’[(ot’z)HLz < Co/v M.

Indeed, observe that v°(t, ) = Exg—o[f(z+X)] (see (2.5)). Thus, since f(z+&r,), ..., f(z+

]ng) are 1.1.d. random samples of f(z + X%) under X7 =0,
S0t ||? RS |
0 (L, o o
|o°t.2) - 5| =E H]EXSO [/ +x2)] - i ;—1: fla+ &) }

_ Varxp—olf(z + X7)] _ Co
My - My’
where the estimate on the variance follows from Lemma 6.2 because f has polynomial growth
of order at most & + 3 (see Remark 6.1)).

Step 2. Set v (B2 .= Exgzo[ftT |w(s,z + X2)|ds]. We claim that

~1,(t,x
(6.1) Hvl’(t’x) - UN,(Ml),Mg
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The proof of (6.1) consists of several steps.

Step 2a: For every N € N, set AR" := Zfigl Exo—o[|w(ts, z+X{ )[]At. Then, by the triangle
inequality,

t
‘,Ul,(t,w) — ALY

N-1 ;04
<3 [ Bl (sn X2~ w (6,24 X2) [[ds
i=0 Yt

and clearly ‘w (s,z+ X2) —w(t;,z+ X7) ‘ < T! 4+ 1I% where

I = (s, X9) = w (5,2 + X¢)

S

, Hi = ‘w (s,x—l—X{’i) —w(ti,x-i-Xtoi) ’

We estimate both terms separately. Since w(s,y) = E¢,_,[Vaf(y+ )}%)] for every y € R? (see

Xo=0
(2.5)), we have that for every i =1,..., N,
I = [Egoo[Vaflo+ X0+ X5) = Vo (o + X7+ X5)] |

And since D?f has polynomial growh of order & + 1 (see Remark 6.1), an application of the
Cauchy-Schwartz inequality implies that

Nl

1
~ o~ 212
Exp—o[l] < C2Ey, zo_ 0{(1+sup [+ X2 + Xg|*+) ] Exp—o||IX? - X7

SEti,tit1)

G

Thus, by Lemma 6.2, Exo—o]I ‘1< C3/V/N.
Next, by Proposition 2.6 (ii) (see also Lemma 4.3), applying (in that order) Itd’s formula,
Jensen’s inequality, and the Ité-isometry ensures that

< ]EXE’XE’:O [/t [ Jo w(u, x4+ X7, +X§)O’O||12:\du:|

wa(u,x + Xt"i + )Z';’)U

t;

Exo—o[Il}] = E

X2 X"—O|:

1
2

Finally, since J,w(s,y) = ]E);SZO[Dgf(y + X39)] (see (2.6)) and D2 f has polynomial growth of
order a+1 (see Remark 6.1), it follows from Lemma 6.2 that Exe—o [Hi] < Cyvs—t; < 05/\/N.

Step 2b: For every N, M; € N, set Bf\’,)le =Y ﬁl SM lw(ts,x + &§™,)|A. Recall that

Ab® was defined in Step 2a. Then, by the triangle inequality,

N—-1 M,y
HAivm - NM1HL2 < Exo=ollw(ti,z + X7)|] Z |w tix+&7 | At
=0 L2
N-1 o
Varxo 0[|w(tz,x+X )] CG
- At S )
i=0 My VM

where we again used that w(s,y) = Exo—o[V.f(y + X¢)], the polynomial growth of V, f, and
Lemma 6.2 to bound the variance.
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Step 2c: For every N, My, My € N, let 5]1\,(;\/;?]\/[ be given in (2.8) and recall that Bt N, Was
defined in Step 2b. Then, by the triangle inequahty

Z ZZkaZ, where

mlk:l

t,x ~1,(t,x)
HBN, — UN My M,

Mo
, 1 -
kymyio m m n
DMT L= ”wk(tivﬂﬁ + gti,t)‘ - ‘7M2 E Oz, f(x + fti,t + fT,n)
n=1

L2
Note that wy(t;, v +&7,) = Ego _o[0n, f(x+&174 +X3%)] and E}W o ,E%g are the i.i.d random
samples of )?% given X ¢, = 0, independent of &r'y,- Thus, by the tower property,
_ Varg, olldn @+ €8+ X0 11 o
(D, )" = E{E[ M, ft,-,t” < A
where the inequality follows from Lemma 6.2 and using the growth condition on f (see Remark

6.1). Thus | By, — 87 a, 22 < Cs/v/Ma.
The combination of Step 2a-2c¢ shows the claim in Step 2.

Step 3. Set v>(*?) .= IEX;;:O[IT |Jzw(s,x + X2)o°||r)ds]. We claim that

p2(tr) _ 52(6)
UN, ,M1,M>

1 1
+ )
(\F VM, VM
Indeed, the proof follows from the same arguments as presented for Step 2.

Combining the estimates established in Step 1-3 concludes the proof. (]

Proof Theorem 2.9 (ii). We note that for every N, My, My, Ms € N, the complexity €(N, My, My,
Ms) is given
&(N, My, My, My) = Mod + NM;(My + 1)d + NM; (M + 1 + d)d?
where
1. Moyd is the number of (d dimensional) random random samples for the Monte Carlo
approximation used in v, (t 2) = z\/llo i\iol flz+ flT’t);
2. NM;(M3 + 1)d is the sum of the number NM;Msd of samples for nested Monte Carlo

approximation and the number N M;d of Euclidean norm evaluations used in Ujlv(f\/f? My =

N-1
>i=o 1\/%2 |M22 1 Va f(a:—i—ft“ +§Tt)|At
3. NMy(Ms+d+ 1)d2 is the sum of: the number N M; Msd? of samples for the nested Monte-
Carlo approximation, the number NM;d® of the matrix multiplications, and the number

NM;d? of Frobenius norm evaluations used in UJQ\[(}:\/E)M2 = Zz]'\:ol Mi1 2%1:1 HJ\% 2221
Dgf(x + ‘fti,t + €T,ti)a [rAt.
Hence, this ensures Theorem 2.9 (ii) to hold. O
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APPENDIX
APPENDIX A. PROOF OF PROPOSITION 5.8

As explained in Section 5.4, Proposition 5.8 constitutes a minor generalization of the analog
result presented in [16]. In particular, the proof presented in [16] can be copied line by line and
requires only minor changes for our generalization, which are presented in detail here.

First, we introduce some notions, often employed in this section. Recalling the set B¢ given
in (1.3), we set for any € > 0,

(A1) Bt = {b: (b,0) € B}, B? = {o: (bo) € B}
so that B = B! x B2 and denote by
(A.2) Mgei RS 2 — Hgen(2) € BSY, Tgee : R 5 0 — Tgeo(z) € B2

the Euclidean projections into the convex, closed sets B5! and B2 respectively.
For every n € N and t € [0,T'), denote by t} := ¢+ %k for k =0,1,...,n. Furthermore,
for any P € P2 denote by b = dd—B: the first differential characteristics of X under P, and by

(A.3) of == (F)?

where f = d%" is the second differential characteristics of X under P. Then we define by 5™

and o™ piecewise constant processes defined on [t, T] such that

n—1 T
n (o} n k
D3 = ey 07+ D sepa, )y e lT_t/ bfds]v
k=1 t_
(A.4) - t,f
P,(n) .__ o n k P
o0 = ey 0%+ ) Noetap, )y Moo T_t/tn Usd%'
k=1 k—1

Remark A.1. Fix any € < Apin(0°) and recall P(¢, x) given in (5.4). Then under any P €
Pe(t, x), since ||of —o°||p < Amin(0°) P®ds-a.e., by Remark 2.3, there exists the corresponding
inverse matrix ((0) ')sep, ] P ® ds-almost every (w,s) € Q%% x [t, T]. Therefore, if we denote
by MPt .= (Mf’t)se[tj] the (FX,P)-local martingale term of (Xs)sept,m satisfying Mf’t =0,
an application of Lévy’s theorem ensures that for s € [t, T,

(A.5) wet = [(oh) tang
t

is a d-dimensional Brownian motion defined on [t, T] under P satisfying W, = 0.
For every € < Amin(0°) and P € P(t,z), the piecewise constant processes b* (") and ¢ ("),
n € N, given in (A.4) and the Brownian motion W¥* = (W) ¢, 7y given in (A.5) enable to

define X™() (that is defined on [0, T]) for every n € N by letting

(A.6) XPM =z @, (x+/ b ds +/ af’(")de’t> .
t t
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Finally, for any P € P(020%) denote® by #2(Q°*, FO- FX P) the space of all semimartingales
S defined on [0,7] such that
T 2
([ 1)
0

where N = (Ny)iejor) and A = (Ay)iejo,r) denote the (FX,P)-local martingale and F*-
predictable finite variation process of S, respectively (i.e., the canocial decomposition).

1/2

(A7) I1Sll32 := EF [(N, N)7]"/? + EF < 0,

Lemma A.2. Suppose that Assumption 2.2 is satisfied. Let € < Amin(0°), (t,z) € [0,T) x R?,
and P € P2(t,x). Let (X®(™), cy be the sequence defined in (A.6). Then X% converges to
X in H2(QV®, FOr FX P), d.e. asn — oo

[ XF4 = Xy = 0.

Proof. Let b be the first differential characteristic of X and o be given in (A.3). Using the
Brownian motion W% defined in (A.5), we have that P-a.s.

(A.8) X =z, (m—i— / beds + / aﬂdef’t) .
t t

That is, the canonical process X can be represented by an Ité (FX,P)-semimartingale with
constant x-path up to time t.
Recall ||-|[32 defined in (A.7) and (V") %)) n € N, defined in (A.4). By (A.8), Holder’s
inequality (with exponent 2) ensures that for every n € N,
T
[ e bfﬁdsl
t

T
[ llob — ofas
¢
In particular, by the definition of o™ () in (A.4), ftT ||af’(n) — 0% ||pds — 0 as n — oo for every
P

2

+ (T —t) E?

1
2

(A9) ||xP - X]|,. <EF
P

w € Q% Furthermore, since ¢*(™, ¢¥ are uniformly bounded, the dominated convergence
theorem implies that the first term of the right hand side of (A.9) vanishes as n — co. The

same arguments ensure that the second term vanishes. This completes the proof. O

Lemma A.3. Suppose that Assumption 2.2 is satisfied. Let € < Apin(0°), (t,z) € [0,T) x R,
and P € Pe(t,x). Let WPt and (X™(), cn be given in (A.5) and (A.6). Then for each n € N
and p > 1, the law of X®(") is contained in the Tp-closure of the convex hull of the laws of

(A.10) {x P (m + /75 p(s, Whhds + /t E”(S,Wp’t)de’t) ‘(u, v) € (0,1)" x (0, 1)”d2},

where for every (u,v) € (0,1)™ x (0,1)"% | pv : [t,T] x QF — B! and £V : [t, T] x Qf — B2
are adapted’ Borel functionals on QF.

Proof. Fix n € N and denote by ((AZ,]?,@ = (ﬁt)te[mT]yﬁ\D) another filtered probability space
which carries a d-dimensional Brownian motion W defined on [t,T] satisfying /V[Zt = 0 and
a sequence {(U¥, VF) | 1 < k < n} of (R? R¥?)-valued random variables such that the

6See, e.g. [59, Chapter IV.2, p.124] for the definition.

An adapted functional on Q is a mapping 0 : [t, T] x Q¢ — R such that 6(s, -) is F*'-measurable for every
s € [t, T] (noting that FW" is the raw filtration of the canonical process W defined on [t, T]; see Section 4). Sim-
ilarly, an (R%valued) adapted functional on Q¢ is a mapping © := (61,...,04)" : [t, 7] x Q' — R? such that
each 6;,i=1,...,d, is an adapted functional on Q?.
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components {(UZ"”', V]kl) |1 <k<mn;1<4,j,1<d} areiid. uniformly distributed on (0, 1) and

independent of Wt. For notational simplicity, set

U:=(U',...,U"), V= (V.. ., V"),

Recall (b7 % (™)) and X*(™) given in (A.4) and (A.6). For each k = 1,...,n, denote by
C([t,t7];RY) the set of all R%-valued, continuous functions on [t,#?] (recalling that t} = ¢ +

(T Y with k = 0,1,...,n). Then the existence of regular conditional probability distributions

guarantees that there exist measurable functions for every £ =1,...,n
0L : O([t. 7, RY) x (0,1)% — B, 02 : C([t, 17 R?) x (0,1)F" — B=2,
such that the random variables defined by

(A11) ™ (k):=e6! (A 7k,],U1,...,U’“), M (k) = 02 (Wq[t,tm,vl,...,vk)

satisfy

law of {Wt, B (1), (1), .., (B (n),a<n>(n))} under P
(A.12)
= law of {Wp’t, o5 Utn(")), e (b&(n)7 afd("))} under P.

Now for each (u,v) := (ul,...,u") x (v},...,0") € (0,1)" x (0,1)"%" and k =1,...,n, set
(A13) ™ (k;u) := O} (Wt|[t7tm7u1,...,uk>7 5™ (k;v) := ©2 (Wﬁ\[t,tm,vl,...,vk),

and denote by b and MW other piecewise constant processes defined on [¢,T] such that

n—1

DI = Laelnapy U7+ Y setep g, 0 (i),
k=1

8§n)w = 1{se[t tT]} o+ Z l{sE(t" ty o} 8(")(k;v).
k=1

With the notations in place, we define for each (u,v) € (0,1)"¢ x (0,1)"¢

(A.14) Xiwe — g @, (m—i—/ Rk “ds+/ (n vth>
t t

Note that for every k =1,...,n (see (A.11) and (A.13))
W) = (k) T (V) =50 ().
Then by the definitions of X and X (™iw? (see (A.6) and (A.14)) and the property given
n (A.12),
law of XUV under P = law of X% under P.

Furthermore, as the random variables (b( )(k),5™(k)) and (b(")(k u) 7" (k;v)) are uni-
formly bounded for every k = 1,...,n and (u,v) € (0,1)" x (0, 1)”d , by using the same
arguments given in Lemma 5.1, the following holds for every p > 1,

p} +E@ [ sup ’X}(");U’V’p] < 0.

(A.15) sup EP { sup ‘)?t(n);u’v
0<t<T

(u,0)€(0,1)m4 x (0,1)m4* 0st<T
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Therefore, an application of Fubini theorem and (A.15) ensure that for every p > 1 and
£ € Cp(Q9%;R) (see (5.2) for the definition)

(A.16) EP [g (XP’(")H —E° [g ()A(W%Uv")} < sup o {g ()?W%"’”)} < .
(u,v)€(0,1)md x (0,1)nd?
Furthermore, from (A.15), it follows that the laws of )?t(”);U’V and ()A(t(n);u’v), (u,v) € (0,1)"d
x (0, 1)”d2, belong to PP(Q2%7) for every p > 1 (that is equipped with the topology 7,; see (5.1)
and (5.3)).
Therefore an application of Hahn-Banach theorem guarantees that for eachn € Nand p > 1,
the law of X™(") is contained in the Tp-closure of the convex hull of the laws of

(A.17) {x @y (:I: +/ (s, Wds +/ E”(57Wt)dW;) ’ (u,v) € (0,1)" x (0, 1)"d2},
t t
where for every (u,v) € (0,1)" x (0,1)"@", v : [t,T] x Qf — B! and X? : [t,T] x Qf — B2
are adapted Borel functionals on Q.

Replacing Wt with W in the set (A.17) ensures the claim to hold. O

Define by G([t,T] x F;B5!) the set of all adapted, B!-valued, Borel functionals on Q.
Define G([t, T] x QF; B5?) analogously, with B! replaced by B2, and set
(A18) G<(t) = {(1 %) € G, T] x O BY) x G([1, T x 05 B°2)}
Proof of Proposition 5.8. Recall the Wiener measure P!, defined on (Qf, 7/, F"") under which
the canonical process W' = (W) (7] is a Brownian motion satisfying W} = 0 (see Section 4).
Moreover, recalling the set G°(¢) given in (A.18), we denote by
(A19)  DE(t) = {(b,a) ‘ (bs, y) = (pu(s, W), S(s, W?)) for s € [t,T], (1, ) € gs(t)},
and we define
(A.20) fan(t,0) 1= QU3 D) = {Bh o (w @y X50) | (b,0) € D)},

where X*%%7 is defined in (4.2).
From the definition of G°(t), it follows that D°(t) C C°(t) (see (4.3)). Furthermore, since
Q°(t,x) = Q(t,2;C%) (see (5.11)), by Remark 5.7 we have
sub(t, ) € Q°(t, ) € P(L, x).
Now let P € P4(t,z). Lemma A.2 ensures that X*(™ n € N, given in (A.6), converges
to the canonical process X in H2(Q0% 7%« FX P). Thus Lemma A.3 together with (A.19)
and (A.20) ensures that P is contained in the 7,-closure of the convex hull of Q% , (¢, ) for

sub

every p > 1. O
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