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NON-ASYMPTOTIC ESTIMATES FOR TUSLA ALGORITHM
FOR NON-CONVEX LEARNING WITH APPLICATIONS TO NEURAL NETWORKS
WITH RELU ACTIVATION FUNCTION

DONG-YOUNG LIM, ARIEL NEUFELD, SOTIRIOS SABANIS, AND YING ZHANG

ABSTRACT. We consider non-convex stochastic optimization problems where the objective functions
have super-linearly growing and discontinuous stochastic gradients. In such a setting, we provide a non-
asymptotic analysis for the tamed unadjusted stochastic Langevin algorithm (TUSLA) introduced in Lovas et
al. (2020). In particular, we establish non-asymptotic error bounds for the TUSLA algorithm in Wasserstein-
1 and Wasserstein-2 distances. The latter result enables us to further derive non-asymptotic estimates for the
expected excess risk. To illustrate the applicability of the main results, we consider an example from transfer
learning with ReLU neural networks, which represents a key paradigm in machine learning. Numerical
experiments are presented for the aforementioned example which support our theoretical findings. Hence,
in this setting, we demonstrate both theoretically and numerically that the TUSLA algorithm can solve
the optimization problem involving neural networks with ReLU activation function. Besides, we provide
simulation results for synthetic examples where popular algorithms, e.g. ADAM, AMSGrad, RMSProp,
and (vanilla) stochastic gradient descent (SGD) algorithm, may fail to find the minimizer of the objective
functions due to the super-linear growth and the discontinuity of the corresponding stochastic gradient,
while the TUSLA algorithm converges rapidly to the optimal solution. Moreover, we provide an empirical
comparison of the performance of TUSLA with popular stochastic optimizers on real-world datasets, as
well as investigate the effect of the key hyperparameters of TUSLA on its performance.

1. INTRODUCTION

In this paper, we focus on non-convex stochastic optimization problems. More precisely, for positive
integers d and m, let U : R? x R™ — R be a measurable function and let X be a given R™-valued
random variable. We assume that E[|U (0, X)|] < oo for all # € R?, and define u : R — R by
u(f) :=E[U(0, X)], 0 € R%. We then consider the following optimization problem:

minimize R? > 0 — u(f) := E[U (0, X)). (1)

Our aim is to generate an estimator 6 such that the expected excess risk given by
Efu(f)] — inf u(f 2
[u(f)] ~ inf u(®) @)

is minimized. The optimization problem (1) is closely linked to the problem of sampling from a target
distribution 7g(df) o exp(—pfu(f))dd with 5 > 0, see [11], [12]. This is due to the fact that 7
concentrates around the minimizers of u for sufficiently large 53, see [26]. It is well-known that, under
mild conditions, the (overdamped) Langevin stochastic differential equation (SDE) given by

ZO = 00, dZt =—h (Zt) dt + V 25_1(31315, t> 0, (3)

where 6 is an R%-valued random variable, h := Vu, 8 > 0 is the so-called inverse temperature parameter,
and (By);>0 is a d-dimensional Brownian motion, admits 74 as its unique invariant measure. To sample
from the target distribution 73, one approach is to consider the stochastic gradient Langevin dynamics
(SGLD) algorithm introduced in [38], which is given by

050 =0, 053" = 0590 — AH (659, Xpn11) + V/2AB76np1, m € Ny,
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where A > 0 is the stepsize, (X, )nen, 18 an i.i.d. sequence of random variables, H : R?x R™ — R%isa
measurable function satisfying h(0) = E[H (6, Xo)] for each § € R, 3 > 0, and {&,, },>1 is a sequence
of independent standard d-dimensional Gaussian random variables.

The SGLD algorithm, which can be viewed as the Euler discretization of (3) with inexact gradient,
has been extensively studied in literature. Under the conditions that the objective function w is strongly
convex and the (stochastic) gradient of w is Lipschitz continuous, i.e., there exist positive constants M,
Lpip such that for all 6, 0" € RY, z, 2’ € R™,

(H(0,z) — H(0',x),0 — ') > M|0 — 0| (Strong convexity),
|H(0,z) — H(0',2")| < Lrip(|0 — 0’| + | — 2'|) (Lipschitz continuity),

or similarly (but slightly weaker conditions) that there exist positive constants M, L Lip such that for all
6,0 € R,

(h(0) — h(6'),0 — 0") > M|0 — ¢'|> (Strong convexity),

|h(0) — h(0")] < Lpipl0 — 0] (Lipschitz continuity),

[2], [4], and [13] provide non-asymptotic error bounds in Wasserstein-2 distance between the SGLD
algorithm and the target distribution 5. In particular, the results in [2] are obtained in the case of
dependent data stream (X, ),en,. Recent research focuses on the relaxation of the strong convexity
condition of . In [34] and [41], a dissipativity condition is considered under which non-asymptotic
estimates are obtained for the SGLD algorithm in Wasserstein-2 distance. By using a contraction result
developed in [19], [7] improves significantly the aforementioned convergence results in [34] and [41]
even without assuming the independence of the data stream. Moreover, in [43], a local dissipativity
condition is proposed, and non-asymptotic bounds are obtained in Wasserstein distances following a
similar approach as in [7]. Furthermore, [9] provide convergence results by assuming a convexity at
infinity condition of u based on the contraction property established in [18].

The aforementioned results in both convex and non-convex case are obtained under a global Lipschitz
continuity condition (in 6) of the stochastic gradient H. However, popular applications in machine
learning, especially those with the use of artificial neural networks (ANNSs), typically have highly
nonlinear objective functions, which results in super-linearly' growing stochastic gradients. It has been
shown in [24] that the Euler scheme with super-linearly growing coefficients is unstable in the sense
that the absolute moments of the Euler approximations could diverge to infinity at finite time point. As
many (stochastic) gradient descent methods can be viewed as Euler discretizations of SDE (3), their
application to super-linearly growing stochastic gradient is problematic, which is confirmed by the
numerical experiments in [30] for the SGLD algorithm. To cope with this problem, [30] considers the
use of a taming technique, see, e.g., [25], [35], [36], [5], and a tamed unadjusted stochastic Langevin
algorithm (TUSLA) is proposed, which is given by

03 := 00, Opy1 =00 — NHA(Op, Xpi1) + V2AB7 1,11, n €N,

where for all § € R, z € R™,

Hy(0,7) = —0:%)

1+ VA6

with A > 0 and » > 0. Non-asymptotic analysis of the TUSLA algorithm is provided in [30] in the
case of locally Lipschitz continuous H, and non-asymptotic results are obtained in Wasserstein-1 and
Wasserstein-2 distances with the rate of convergence equal to 1/2 and 1/4, respectively. However, in the
case of super-linearly growing and discontinuous H, theoretical guarantees for the TUSLA algorithm
have not been established in the existing literature. Hence, the results established in [30] cannot be
applied to optimization problems involving neural networks with ReL.U activation function.

To address the issue of H being discontinuous, one line of research considers certain continuity in
average conditions. Under such a type of condition, [20] and [6] provide an almost sure convergence result
and a strong L' convergence result, respectively, for the stochastic gradient descent (SGD) algorithm.
Another line of research focuses on the application of proximal operators. In [16], the Stochastic Proximal
Gradient Langevin Dynamics (SPGLD) algorithm is proposed, and a non-asymptotic error bound between
the Kullback-Leibler divergence from the target distribution to the averaged distribution associated with

LFO _

1 We refer to functions f:R* - R fork,j € N,tobe super-linearly growing if supgcgx = 0.
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the SPGLD algorithm is obtained under the condition that the potential of the target distribution is convex
(but no strong convexity condition is imposed). Furthermore, proximal operators can also be used for
the design of algorithms involving discontinuous gradient h. In [15], the Moreau-Yosida Unadjusted
Langevin Algorithm (MYULA) is proposed by using proximal operators and Moreau-Yosida envelopes,
and a non-asymptotic error bound in total variation distance is obtained under a convexity condition. In
addition, [31] proposes proximal type algorithms to sample from distributions that are not necessarily
smooth nor log-concave, which can be applied to regression problems with non-smooth penalties. There,
by using Moreau-Yosida envelopes, a convergence result in mean square of the proposed algorithm to the
smoothed target distribution is obtained, but without specifying relevant constants. It is worth noting that
the aforementioned results in [20], [6], [16], and [15] are established in the case where the (stochastic)
gradients are growing (at most) linearly, and hence cannot be applied to optimization problems involving
ReLU neural networks.

As an application of (1), we are interested in optimization problems in transfer learning with ReLU
neural networks, see, e.g. [23] and references therein. One concrete example? would be to obtain the best
nonlinear mean-square estimator by solving the (regularized) minimization problem:

. . Ui 2(r+1
0) := E[(Y — 900, 2))4] + ———— 0]V ) 4
min u(0) ;gﬁg( [( ( ))]+2(r+1)\ | ©)
where § € R? is the parameter to be optimized, Z is the R-valued input random variable, Y is the
R-valued target random variable, 1,7 > 0, and 91 : R? x R — R takes the form:

N0, z) := Wio1 (cz + bo) ®)

with z € R the input data, ¢ € R the fixed (pre-trained) input weight, by € R the bias parameter,
W, € R the weight parameter, o; the ReLU activation function given by o (r) = max{0,v}, v € R,
and 6 = (W7, by). One observes that the stochastic gradient H of the problem (4)-(5) is super-linearly
growing and discontinuous. Thus, the theoretical results for the TUSLA algorithm obtained in [30]
cannot be applied. To extend the applicability of the TUSLA algorithm to, e.g., optimization problems
involving neural networks with ReLLU activation function, we consider the case where H is super-linearly
growing and discontinuous. More precisely, we assume that H takes the form H := F + G, where
G :RIxR™ — R?and F : R? x R™ — R? The function F is assumed to be locally Lipschitz
continuous, and satisfy a certain convexity at infinity condition, while G is assumed to satisfy a “continuity
in average” condition. The precise formulations of the assumptions are provided in Assumption 1-4
in Section 2.1. For further discussions on the assumptions, we refer to the corresponding remarks in
Section 2.1. Under these conditions, non-asymptotic estimates in Wasserstein distances are established in
Theorem 2.9 and Corollary 2.10, while a non-asymptotic error bound for the expected excess risk (2) is
established in Theorem 2.11, which provides a theoretical guarantee for the TUSLA algorithm to converge
to a global minimizer. Detailed proofs are presented in Section 4. To illustrate the applicability of the
main results, we consider an example in transfer learning with the use of ReLU neural networks in Section
3.1, which can be viewed as a multidimensional version of (4)-(5). It is shown that the stochastic gradient
of the problem satisfies Assumption 1- 4, and numerical experiments support our theoretical findings.
Hence, in this setting, we show both theoretically and numerically that the TUSLA algorithm can solve
the optimization problem involving neural networks with ReLLU activation function. Moreover, we present
synthetic examples in Section 3.2 to demonstrate that widely-used machine learning algorithms, e.g.
ADAM, AMSGrad, RMSProp, and (vanilla) SGD, may fail to find the minimizer of the corresponding
objective function, which is due to the super-linear growth of the stochastic gradient. In contrast, the
TUSLA algorithm converges rapidly to the optimal solution. Furthermore, we provide in Section 3.3 an
empirical comparison of the performance of TUSLA with popular stochastic optimizers on real-world
datasets, whereas in Section 3.4, we investigate the effect of the key hyperparameters of TUSLA on its
performance. The proofs of the results in Section 3, i.e. Proposition 3.1, Corollary 3.2, and Proposition
3.3, are provided in Section 5.

We conclude this section by introducing some notation. Let (€2, F, P) be a probability space. We
denote by E[Z] the expectation of a random variable Z. For 1 < p < oo, LP is used to denote the usual
space of p-integrable real-valued random variables. Fix integers d,m > 1. For an R%-valued random

’The following example is presented in dimension one for the illustrative purpose. We refer to Section 3.1 for the
multidimensional setting.
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variable Z, its law on B(RY), i.e. the Borel sigma-algebra of R, is denoted by £(Z). For a positive
real number a, we denote by |a] its integer part, and define [a] := |a| + 1. The Euclidean scalar
product is denoted by (-, -), with | - | standing for the corresponding Euclidean norm (where the dimension
of the space may vary depending on the context). For any integer ¢ > 1, let P(IR?) denote the set of
probability measures on B(RY). For i € P(R?) and for a y-integrable function f : R — R, the notation

= Jga f(0)1(d0) is used. For p,v € P(R%), let C(u, ) denote the set of probability measures
C on B (R24) such that its respective marginals are u, v. For two Borel probability measures p and v
defined on R with finite p-th moments, the Wasserstein distance of order p > 1 is defined as

1/p
Wy (k. v) ._< inf //|0 0’|p(d0d0)> . (6)
ceC(p,v) JRd JRd

2. ASSUMPTIONS AND MAIN RESULTS

Let U : RY x R™ — R be a measurable function. We assume that E[|U (6, X)|] < oc for all § € RY,
where X is a given R™-valued random variable with probability law £(X). Assume that u : R? — R
defined by u() := E[U (0, X)], & € R, is a continuously differentiable function, and denote by h := Vu
its gradient. Furthermore, define

[ e Pu®ag

. d
ﬂ.ﬁ(A) T fRd e_ﬁu(g) d07 A € B(R )7 (7)

where we assume [ e Pul®) 49 < oo.

Denote by (G, )nen, @ given filtration representing the flow of past information, and denote by
Goo = 0(Upen, Gn)- Moreover, let (X;)nen, be a (Gn)-adapted process such that (Xp,)nen, is a
sequence of i.i.d. R™-valued random variables with probability law £(X). Let (&,)nen, be a sequence
of independent standard d-dimensional Gaussian random variables. It is assumed throughout the paper
that the R%-valued random variable 6 (initial condition), Goo, and (&n)nen, are independent.

The tamed unadjusted stochastic Langevin algorithm (TUSLA) is given by

00 := 00, Opyq =00 — XNH\(0p, Xpi1) + V2M67 16,11, n €Ny, 8)

where A > 0 is the stepsize, and § > 0 is the inverse temperature parameter. In addition, for all
6 € RY z € R™, let

H(0,x)
Hy(0,z) = —————, 9
where H : R x R™ — R takes the following form: for all § € R?, z € R™,
H,z) :=G(0,z)+ F(0,x), (10)

where G : R? x R™ — R% and F : R? x R™ — R are measurable functions.

2.1. Assumptions. In this section, we present the conditions required to obtain the main results. Let
g€ [l,00),7 € [q/2,00) NN, p € [1,00) be fixed. The following assumptions are stated.

We first impose conditions on the initial value 6 and the data process (X, )nen,. In addition, it is
assumed that [ (6, ) is an unbiased estimate of () for all § € R%, z € R™.

Assumption 1. The initial condition 6y has a finite 4(2r + 1)-th moment, i.e., E[|6o|*®™ V)] < oo. The
process (X,)nen, has a finite 4(2r + 1) p-th moment, i.e. B[| Xo|*? 1P| < co. Furthermore, we have
that h(0) = E[H (0, Xo)], for all § € RY.

Recall the expression of H presented in (10). In the second assumption below, we impose a “continuity
in average” condition on GG, which is weaker than a (locally) Lipschitz continuity condition. This concept
is proposed in [6, Eqn. (6)], and a similar continuity condition can be found in [20, H4]. Moreover, we
assume the function G satisfies a polynomial growth condition.

Assumption 2. There exists a constant Lg > 0 such that, for all 0,0 € RY,
E[|G(0, Xo) — G(¢', Xo)l] < L (L + 0] +0")* 10 — ¢'].
In addition, there exists a constant K¢ > 1, such that for all § € RY ,x € R™,
G(0,2)] < Ka(1+[=])"(1 + |0])7.
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Remark 2.1. One observes that Assumption 2 is slightly weaker than the conditional Lipschitz continuity
(CLC) property in [6, Eqn. (6)], as we consider i.i.d. data stream while [6] considers dependent data
stream. In addition, one may refer to [6, Remark 2.4] for the comments on the differences between [0,
Eqgn. (6)] and its similar condition [20, H4].
Furthermore, consider G = (G',...,G%) : RY x R™ — R with G', | = 1,...,d, taking the
following form:
N

GY(0,z) = Zgg(e,x)n{@l(@),@e[é(@)}, 0 € RY z e R™, (11)
j=1
where N € N, ¢ = (c,...,c,)) : R — R™ with cf,C : RY — R being Lipschitz continuous, where

gé- : R% x R™ — R are jointly local Lipschitz continuous functions, and where the intervals I ]l (0) take

the form (—oo,%é-(@)), (gé(Q), ), or (15(9),22(9)) with gé,%é : R? — R being Lipschitz continuous

functions. Let X = (X',..., X™) be an R™-valued continuous random variable. Foranyk = 1,...,m,
denote by fxrx , : R — [0,00) the density function of X* given X1, ... XF1 XktL XM Let
fxxix_o k=1,...,m, be continuous and bounded, and let ’fEkaxk‘X_k (z%|z_},) be bounded for any
x=(x1,...,2m) € R™ k=1,...,m. Then, Assumption 2 is satisfied in the following cases:

(1) The functions gé : R4 x R™ — R are jointly Lipschitz continuous, and for each = € R™, the
functions gé(-,a:) are bounded. Moreover, ¢\ (0) = 1, or ¢, (0) € (0,1), forall § € R4, k =
1,...,m. Real-world applications satisfying the aforementioned form include quantile estimation,
vector quantization (Kohonen algorithm), and CVaR minimization, see [6, Section 5] and [37,
Section 5.2] for detailed proofs.

(ii) The functions gé- : R? x R™ — R are locally Lipschitz continuous, and ¢ (6) = c¢* € R™ \ {0},
for all § € R We also refer to the optimization problem involving ReLU neural networks
introduced in Section 3.1.

Similarly, in the following assumption, we assume that the function F' satisfies a (joint) local Lipschitz
condition and a certain growth condition.

Assumption 3. There exists a constant Lp > 0 such that, for all 0,0 € R, z, 2’ € R™,
F(0,2) = F(9/,2') < Le(1+ 2] + [2/))"~ (1 + 0] + 10/)> (10 — 0| + |« — o).
Furthermore, there exists a constant K > 0 such that for all 6 € ]Rd, z € R™,
|F(0,2)] < Kp(L+[e])?(1+ [0

Remark 2.2. One notes that, in Assumption 3, we assume separately a growth condition of F, even
though a similar condition can be deduced from the local Lipschitzness of F'. The reason is that we aim
to optimise the restriction on the stepsize, i.e. Ap max With p € N given in (16), which is proportional to
the reciprocal of (a power of) K. For example, consider F(0,x) = c0|0|?' + x for all € R? 2 € R™,
where ¢ > 0,1 > q/2. Forany 0,0’ € R? z,2' € R™, by using

I = 02| < 28]+ 0/)2 40— 0.

one obtains the following:
|F(0,2) = F(6',2")] < (1+¢)(1+20)(1+ 18] + [6'))* (16 — 6'] + |« — 2')).

Here we see that Assumption 3 is satisfied with Lp = (1 + ¢)(1 4+ 21),p = 1,r = [, and moreover, it

further implies
[F(0,2)] < Kp(1+ |z)(1+ [0,

where Kp = 22(1 4 ¢)(1 4 21) + |F(0,0)|. However; by using directly the expression of I, one obtains
[F(8,2)] < Kp(1+ |z)(1+ [0,

where Kp =1+ c.

Remark 2.3. By Assumption 1, 2 and 3, one notes that E[G (6, X)), and E[F (0, Xo)] are well defined.
Moreover, one obtains for all, 0 € ]Rd, r € R™

[H(0,2)| < Kp(1+[a])’(1+ 0 ),
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where Ky := 2°" K + K. Furthermore, by Assumption 1, 2 and 3, it follows that h is locally Lipschitz
continuous, i.e. there exists a constant Ly, > 0 such that for all 0,6 € R,

[1h(0) — h(6")] < Ly(1+ 0] +10'))*"|0 — ¢/
where Ly, := Lg + Lr E[(1+ 2| Xo|)P~ 1] + L

)

In the next assumption, a (local) convexity at infinity condition is imposed on F.

Assumption 4. There exist measurable functions A : R™ — R4 B : R™ — R4 and 0 < 7 < 2r
such that the following holds:

() Foranyx € R™,y € RY,
(y, A(z)y) 20, (y, B(z)y) = 0.
(ii) Forall 0,0 € R% and x € R™,
(00, F(0,2) = F(0',2)) > (0 — 0/, A(x)(0 — ) (|0]*" +10/|")
— (00, B(x)(0-0))(0]" +16']").

(iii) The smallest eigenvalue of E[A(X)] is a positive real number a, and the largest eigenvalue of
E[B(Xo)] is a nonnegative real number b.

(12)

Remark 2.4. To understand Assumption 4, we first consider the following condition:

00, F(0,0) — F(8,2)) > (0 — 0/, A@@)(0 — 0) (0] +|0'"). (13)
In the case that r = 0, the function F' is globally Lipschitz continuous according to Assumption 3, and
the condition (13) becomes a local convexity condition which is the same as [2, Assumption 3.9]. It is a
“local” condition in the sense that (13) depends on the data stream x. One may refer to [43, Assumption 3]
and [37, Assumption 4] for local dissipativity conditions. When r > 0 (in particular, r > 1/2 considered
in our setting), the function F' is locally Lipschitz continuous and the condition (13) is nothing else than
an equivalent (local) convexity condition for a super-linearly growing function F.

The condition (12) presented in Assumption 4 is weaker than (13) since, for any r > 0,0 < 7 < 2,
(13) implies (12). For the illustrative purpose, consider a simple example F(0,x) = 03 — 0 for all
0 € R,x € R. Here, it is clear that F(0, x) does not satisfy the condition (13), however, Assumption 4
holds with A(x) =1/2,B(z) =1,r=1,7F =0, i.e.

(0 — ) (F(O,2) - F(O',2)) > (6] + |6'1*)|6 —0'[>/2 — 1§ — 6.
Moreover, for 6,0 > /2, it follows that
O—0)VF@O,z)—F,x)) > 10— 0’]2.

We note that Assumption 4 can be satisfied for a wide class of functions, for example, the regularization
term in (regularized) optimization problems. The proof of the following statement can be found in
Appendix A.1.

Remark 2.5. One example of F satisfying Assumption 4 is given by F(0,x) = nf|0)*,0 € R¢,z € R™,
withn € (0,1),1 > q/2, which can be viewed as the gradient of the regularization term in regularized
optimization problems, see (18) in Section 3.1. More precisely, in this case, A(x) = nl;/2, B(z) =
0,r=107r=0,a=n/2,b=0.

Under Assumption 1, 2, 3, 4, one can obtain dissipativity conditions for ¥ and h. The explicit statement
is presented in the following remark with the proof given in Appendix A.1.

Remark 2.6. By Assumption 1, 2, 3, 4 and the expression of H given in (10), one obtains, for all § € RY,
(0,E[F(0, X0)]) > ap|0]* ™ — b, (14)
where ap := a/2 and by := (a/2 + b)Ri"? + K2 E[(1 + | Xo|)?"]/2a with
Rp := max{(4b/a)/?r=") 21/(2r)},
Moreover, it follows that h satisfies the following inequality: for all § € RY,
(0,h(0)) > anl6]* — by, (15)

where aj, := 29Kg E[(1 + | X0|)?], b := 3(29T K¢ E[(1 + | Xo|)?]/ min {1, ar})9"2 + bp. One notes
that by (15), u has a minimum 6* € R% due to [27, Eqn. (25), (26)] and [3, Theorem 2.32].
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We can further obtain an one-sided Lipschitz continuity condition on h, which is stated in the remark
below. The proof of the statement is provided in Appendix A.1.

Remark 2.7. By Assumption 1, 2, 3, and 4 and the expression of H given in (10), we have, for all
6,60 € R, that

(0 — 6", h(8) —n(¢')) = —Lgl6 — 0",
where L := Ly (1 + 2R)* > 0 with R := max{1, (39" Lg/a)'/?r=a+1) (2p/a)"/ =7},

2.2. Main results. For any p € N, we denote

—mi min{(ap/Kr)? (ar/Kp)?/ 7D} 1 1 —
/\p,max = Imin {17 9(2;))2[(%(E[(lﬂXol)gpp])Q Yap’ 4a% } ) )\max . )\4r+2,max- (16)

Remark 2.8. One notes that \p max given in (16) decreases as p increases.

One may refer to Appendix A.l for the detailed proof of the above statement. Then, under the
assumptions presented in Section 2.1, the following non-asymptotic upper bound in Wasserstein-1
distance can be obtained.

Theorem 2.9. Let Assumption 1, 2, 3, and 4 hold. Then, for any 8 > 0, there exist constants Cy, Cy,Co >
0 such that, for any 0 < XA < Apax With Anax given in (16) and n € Ny,

Wi(L(0), mg) < Cre” X (E[|o[**+V] + 1) + Cov/A,
where Cy, C1, Cy are given explicitly in (47).

The result below provides a non-asymptotic estimate in Wasserstein-2 distance between the law of the
algorithm (8) and 7.

Corollary 2.10. Let Assumption 1, 2, 3, and 4 hold. Then, for any 5 > 0, there exist constants
Cs3,Cy, Cs5 > 0 such that, for any 0 < A < Apax With Anax given in (16) and n € N,

Wa(L(6;), 75) < Cae™ CA(E[|fo[*Cr V] + 1)1/2 + CsAM*,
where Cs, Cy, C5 are given explicitly in (51).

Let § = 97);, where 97); is the n-th iteration of the TUSLA algorithm given in (8). Then, by using
Corollary 2.10 and by applying a similar splitting approach as suggested in [34, Eqn. (1.5)], one
can obtain an upper estimate for the expected excess risk of the minimization problem (1) given by
E[u(6}))] — infpega u(#). The statement is provided below.

Theorem 2.11. Let Assumption 1, 2, 3, and 4 hold. Then, for any § > 0, there exist constants
Cs,C7,Cs, Cy > 0 such that, for any 0 < X\ < Apax With Apax given in (16) and n € N,

E[u(6))] — u* < Cre= M 4 Ce Y + Co /8,
where u* := infgcpa u(0), Cs, C7, Cg are given explicitly in (178) while Cy is given in (183).
The proofs of the main results can be found in Section 4.3.

Remark 2.12. One notes that the constants C1,Co, Cy, C5, Cy7, Cg have exponential dependence on the
dimension (as shown in Table 6 and 7) only due to the contraction result [ 19, Theorem 2.2] (see also
Proposition 4.6). In particular, if one could improve the aforementioned result and remove the exponential
dependence on the dimension of its constants, then all our constants would have at most polynomial
dependence on the dimension. Moreover, it has been shown in the simulation results in Section 3 that the
TUSLA algorithm converges rapidly to the corresponding optimal solutions. The explicit expressions of
all constants in the main theorems are also provided in Table 6 and 7.

3. APPLICATIONS

In this section, we apply our theoretical results to various settings. First, in Section 3.1, we present
an example with the use of ANNSs. In particular, we consider a single-hidden-layer feed-forward neural
network (1LFN) with ReLLU activation function where its input weight matrix is fixed which could be
either obtained from a pre-trained model or randomly generated. Then, in Section 3.2, we consider a
synthetic example where the TUSLA algorithm (8) outperforms state of the art optimizers when the
stochastic gradient fails to be Lipschitz continuous. We show in Proposition 3.1 and 3.3 that both
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examples satisfy Assumption 1-4, hence Theorem 2.11 provides theoretical guarantees for the TUSLA
algorithm to find the optimal solutions. Simulation results are provided for both examples which support
our theoretical findings. Section 3.3 provides an empirical comparison of the performance of TUSLA
with popular stochastic optimizers on real-world datasets such as the concrete compressive strength
dataset [42] for regression and Fashion MNIST [40] for image classification. Lastly, in Section 3.4, we
investigate the effect of key hyperparameters 3, r, A, as well as 7 (for, e.g., regularized optimization
problems with target functions of the form (18)), on the performance of TUSLA. Python code for all the
experiments in this paper is avilable at https://github.com/DongyoungLim/TUSLA_RELU.

3.1. Feed-forward neural network with fixed input weights. ANNs with fixed (pre-trained) pa-
rameters in the first layer are used in transfer learning and multi-task learning to reduce the com-
putational cost, see, e.g. [23] and references therein. In this section, we consider a 1LFN with
fixed input weights in the context of transfer learning. More precisely, let dy,m1, me € N, and let
N=M,...,0m2) : R x R™ — R™2 be the ILFN with its i-th element given by

d1
N(h,2) =Y Wio ((cj',z> +b{)>, (17)

j=1
where z = (2!,...,2™) € R™ is the input vector, c = (ij) € R4>™ is the fixed weight matrix,
bo = (b3, - ,bgl) € R% is the bias parameter, W, = (W) € R™2%% s the weight parameter, and

o1 : R — Ris the ReLU activation function, i.e., o1(v) := max{0, v}. Denote by [I¥;] the vector of all
elements in W7, then
0 = ([Wi],bo) € R?

with d := d;(1 + mg). Moreover, denote by ¢y the Frobenius norm of the fixed weight matrix c. We
assume that at least one element in each row of ¢ € R4 ™ is nonzero, i.e., for each J = 1,...,dq,
there exists K = 1,...,m; such that ¢/% #£ 0.
Optimization problem. We consider an m-dimensional random variable X = (Y,Z) with Y =
(Yil,...,Y™) e R™and Z = (Z!,...,Z™) € R™, where m := mj + msy. We aim to obtain the
best nonlinear mean-square estimator by solving the following (regularized) minimization problem:

minimize R% S 0 > u(f) := E[(Y — N(0, Z))?] + ——L— |92+, (18)

2(r+1)

where n > 0, r € [¢/2,00) NN with ¢ > 1 are given explicitly in Proposition 3.1.

Proposition 3.1. Let u be defined in (18). Let X = (Y, Z) be a continuously distributed random variable
with probability law L(X). Forany I =1,...,ma, K =1,...,m, let

fZK‘Zl,...,ZK_I,ZK‘H,,..,Zml,YI R — [0, OO)

be the density function of zK given Zv, ..., ZK-1 zEEL o zm Y For any I = 1,...,mo,

K =1,...,mq, assume that there exist constants C ;x C_'ZK > 0, such that for any z = (zl, 2™y e
R™ 4yl € R,
K 1 K-1 _K+1 I
fZK‘Zl,...,ZK_I,ZK‘H,...,ZWI,YI(Z |Z A %4 ,...,Zml’y ) SCZK’ (19)
K2 K| 1 K—-1 _K+1 my I ~
B fZK‘Zl7“"ZK717ZK+17M7Zm1’yz(z - , 2 yee 2y < COyk.

Moreover, let (X;)neny = (Yo, Zn)nen, be a sequence of i.i.d. random variables with probability
law L(X), and assume that E[|0p|*° + | Xo|*°] < oc. Furthermore, let H : R x R™ — R? be the
stochastic gradient of u which satisfies H(0,z) := G(0,z) + F(0,z) for all € R? and all z € R™
withz = (y,2), y = (y',...,y™2) € R™2 2z € R™, where the functions F and G are given by

F0,2) =00, G(8,z) = (GW111(0,1:),...,G (8,2), Gy (6, 2),.... Gy, (9,1:)), (20)
0

Wim2d1
wherefor I =1,...,mo,J =1,...,dy,
Gy (0, ) = =2(y" =N (0, 2))o1 ({¢,2) +b7) ,

me . 1)
Gbg(&a:) =2 E (v — N0, 2))Wi714,(2)
1=1
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with
Ay :={z e R™|(c”,2) + b] > 0}.
Fixq=4,r =2, p = 2. Then, the following hold:
(1) The function u is continuously differentiable, and Assumption I holds.
(ii) Assumption 2 is satisfied with
Lg = 55madi (1 + cp)* (14 Czmax + Czmax) E[(1+ [ Xo|)?]
KG = 8m2d%(1 + CF)Q,
where

CZmax = a Cyvs /7Y, Cpmax i= a Cyvs e’}
Z,ma: JanL--i(dl}{ Z J/C } Z,ma: JEJI[Ill,..?,(dl}{ Z J/C }
with vy = min{K € {1,...,m1}|c’E # 0} foreach J =1,...,d;.

(iii) Assumption 3 is satisfied with Ly = 5n, K = n.

(iv) Assumption 4 holds with A(x) = nly/2, B(x) = 0,7 =0,a =n/2,b = 0.
Proof. See Section 5. U
Corollary 3.2. Let y : R™ — R™2 be a Borel measurable function such that, for any z € R™, |y(z)| <
cy(1 + |2|%) with ¢, > 0,q, > 1. Moreover, let Z be an m-dimensional continuously distributed

random variable with probability law L(Z), let Y be an ma-dimensional random variable defined by
Y =y(2), and let X = (Y, Z). Furthermore, for any K = 1,...,my, let fzic71  zx-1 gri1  zm

be the density function of Z¥ given Z1,... , ZK=1, ZE+1 7™ Forany K = 1,...,mq, assume
that there exist constants Cyx , Cyx > 0, such that for any z = (z,...,2™) € R™,
K| 1 K-1 _K+1
fZK|Z1,...,ZK*1,ZK+1,...,Zml(Z |Z gy R , 2 + ,...,Zml) S CZK, (22)
K2 K| 1 K-1 _K+1 ~
‘Z ‘ qnyK|Z1’“_7ZK717ZK+1 Zml(Z ‘Z RO 4 ) 2 ,...,Zml) < Cyx.

In addition, let (X, )nen, = (Yn, Zn)nen, be a sequence of i.i.d. random variables with probability law
L(X). Assume that E[| Xo|*0%] < oo. Then, the results in Proposition 3.1 hold for u defined in (18) and
for H given in (20) and (21) but with p = 2q, and

CZ,max = JE?ll?j?(dl} {CZ (QCZVJ + 2qu_’ZVJ + 2quZUJ) /CJVJ} .

Proof. See Section 5. O

Simulation result. Denote by z = (2!, 2?) € R? with 2!, 22 € R. We aim to approximate the function
y(z) = |22t +222 = 1.52 on [0, 1] x [0, 1] using the 1LFN given in (17) with d; = 15,m; = 2,mg = 1.
In order to obtain the fixed input weight matrix ¢ € R4 *™1 in (17), we consider the following two
methods:

(1) In this approach, we obtain c using transfer learning. More precisely, we first train a two-hidden-
layer feed-forward neural network (2LFN) to approximate a function ¢ that is similar to the target
function y. Once the aforementioned 2LEN is fully trained, we obtain the trained parameters in-
volved in the 2LFN. Denote by WO* the trained input matrix of the 2LFN. Then, when approximating
the target function y using 1LFN (17), we set ¢ := WN/J

To illustrate the aforementioned procedures of transfer learning, we provide below a concrete
example. Consider the 2LFN 91 : R x R™ — R given by

da di
NO.2) =) Wy'oy (Z (Wi*or (W, 2) +35)| +6{) (23)
j=1 k=1

where 7 = (31,32) € R™, W, € R*m1 by e R by € R%2, W, € R2xd1 1, € R1%42 with
dy = 15, oy is the ReLU activation function, o2 is the tanh activation function, and where the
parameter 6 = ([Wo], [W1], [Wa], by, b1) € RY with d = dy(my + 1) + da(dy + 2). We aim to
use the 2LFN (23) to approximate the function (%) = —|z* + 222 — 1|2 on [0, 1] x [0, 1], and to
obtain the best nonlinear mean-square estimator by solving the optimization problem:

minimize R348 (f) :=E [(17 — N, Z))Z] + g ‘5‘8.
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Let Z = (Z',Z2) € R2. For the simulation, let Z!, Z2 ~ Uni(0,1) be independent, and we
generate 10000 independent samples (4., 2, ) 20900 with % Zn = (Z},22) and 4, = y(Z,,) for each n.
Moreover, we set

A=05 n=10"°% =10 (24)

with initial value 50 obtained using Xavier initialization [21], which is the default setting in Pytorch.
Figure 1 shows the training error for the 2LFN (23) with TUSLA. Figure 2 plots the true function
and the fitted curve. After tralmng the 2LFN (23), we obtaln the trained parameters denoted
by 6% = ([WO] [W1] [WQ] bo7 b*). Then, we set ¢ := VVO when approximating y using the
1LEN (17).

(i) Alternatively, one may consider using a randomly generated input weight matrix c. For example,
we generate each element in ¢ by using a standard uniform distribution. One notes that it has
been proved in [22, Corollary 3], [10, Theorem 5.1 and Corollary 5.4], and [33, Proposition 4.8]
that 1LFNs with randomly generated input weight matrix ¢ and input bias vector by possess a
certain form of universal approximation property. One may refer to [22], [10], and [33] for detailed
discussions on neural networks with randomly generated input weights.

Here, we aim to present the simulation results for the optimization problem (18) with 1LFN (17)
in the context of transfer learning described in (i), thus, we set the fixed input matrix ¢ := W{. Let
X =(Y,2) e R®withY € Rand Z = (Z',Z?) € R?, and let Z', Z? ~ Uni(0, 1) be independent.
We generate 10,000 independent samples (;,) 10900 = (yn, 2,) L00DO with 2n = (2}, 22) and y,, = y(zn)
for each n. Furthermore, we set the hyperparameters to be the same as in (24) with 6, obtained using
Xavier initialization. One notes that Assumption 1-4 for our main results hold in this setting due to
Corollary 3.2. Figure 3 shows the training loss curve for the 1LFN (17). Also, Figure 4 displays the true
function and the estimated values computed from the 1LFN (17). These results indicate that TUSLA can
be successfully used for solving minimization problems involving neural networks with discontinuous

activation functions like ReLLU.

3.2. Artificial example.
Optimization problem. In this example, we set d = m = 1. Consider the following optimization
problem:
minimize R 36— u(f) :=E[U(0, X)], (25)
where U : R X R — R is defined by
6%1 621 g3, 19| <1
U(e,:ﬂ) — ai {;L’S@} + a2 {$>9} + ’ | | —_ 50 (26)
(as|0| + a4)]l{a:§€} + (as|0| + aﬁ)]].{w>9} +6°°, 0] >1
with a3, aq, a5, ag € R satisfying
az =2a1, a4=—ai, as=2az, a;=—a (27)

for any fixed a1, a2 € R.
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Proposition 3.3. Let u be defined in (25) - (27). Let X be a continuously distributed random variable
with probability law L(X ), and denote by fx its density function. Assume fx is Lipschitz continuous with
Lipschitz constant Lx, and let fx be upper bounded by the constant cx. Moreover, let (X;,)nen, be a
sequence of i.i.d. random variables with probability law L(X ), and assume that E[|0p|*16+| X¢|1¢] < oo.
Furthermore, let H : R X R — R be the stochastic gradient of u that satisfies H(0,x) := F(0,z) +
G(0,x) forall 0,z € R, where

2a29 + 2(&1 - ag)@]l{xgg} + (al - (12)92fx(9), |(9‘ < 1,
F(0,2) = 300%, G(0,2) = ¢ 2(az + (a1 — a2)L{z<py)(Lip>1y — Lio<—1}) (28)
+(a1 — a2)(2|0] — 1) fx(6), 0] > 1.

Fix g = 3,r = 14, p = 1. Then, the following hold:

(1) The function u is continuously differentiable. Moreover, Assumption 1 holds.
(ii) Assumption 2 is satisfied with

Lg = (44 5cx +2Lx)(1 + |a1]| + |az|), Kg= (44 2cx)(1+ |a1| + |az]).

(iii) Assumption 3 is satisfied with Ly = 870, Kr = 30.
(iv) Assumption 4 holds with A(x) = 1514, B(x) = 0,7 = 0,a = 15,b = 0.

Proof. See Section 5. O

Simulation results. We provide two examples which demonstrate the non-convergence issue of the
existing stochastic optimization methods including ADAM, AMSGrad, RMSProp, and (vanilla) SGD
when the stochastic gradient H fails to satisfy the global Lipschitz condition, which is commonly assumed
in the literature. For illustrative purposes, we consider the optimization problem with super-linearly
growing gradients. Our numerical results show that TUSLA can successfully deal with these synthetic
examples for both input distributions with bounded and unbounded support, respectively.

Simulation 1. Set a; = 2, a2 = 1. Then, one observes that by using (25) - (27), the optimal solution of u
is attained at = 0 since U (6, x) > 0 forall §,2 € Rand U(0,z) = 0 for all z € R. We first present the
simulation results for the optimization problem (25) - (27) with input data X ~ Beta(2,2) and 6y = 4.
We solve the optimization problem using TUSLA, ADAM, AMSGrad, RMSProp, and (vanilla) SGD.
For ADAM and AMSGrad, we set e = 1078, 5 = 0.9, f2 = 0.999, and 0.001 as the stepsize, which
are suggested in their papers [8] and [28]. For RMSProp, we use the default settings in Pytorch, which
are 0.01 for the stepsize, and o = 0.99. We run TUSLA with A\ = 0.001 and 3 = 10'°. Figure 5 shows
that TUSLA finds the optimal solution after about 500 iterations whereas the other algorithms fail to
converge to the true solution even after 1,000 iterations. We also highlight that the vanilla SGD instantly
blows up in the presence of higher-order gradients. In addition, Figure 6 shows that the same problematic
behaviors are consistently observed with larger step sizes for ADAM, AMSGrad and RMSprop, implying
that the non-convergence issue cannot be simply resolved by adjusting the learning rate.
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Simulation 2. Set a; = 2, a2 = 1. We then present the simulation results for the optimization problem
(25) - (27) with X ~ N(0,1) and 6y = 5. In this setting, we employ TUSLA, ADAM, AMSGrad,
RMSProp, and (vanilla) SGD to find the optimal solution # = 0. Hyper-parameters for these algorithms
are the same as in Simulation 1. Figure 7 depicts that TUSLA reaches the optimal point already after
about 200 iterations. On the contrary, ADAM, AMSGrad and RMSprop do not effectively work. Figure 8
further illustrates the non-convergence issue of ADAM, AMSGrad and RMSprop with different learning
rates. Moreover, it is worth noting that TUSLA is convergent to the true solution even with larger step
sizes, implying that the stability of TUSLA is superior to the existing adaptive optimization methods in
the presence of super-linearly growing gradients.

3.3. Real-world applications. This subsection presents two real-world applications, image classification
on Fashion MNIST [40] and (nonlinear) regression on the concrete compressive strength dataset [42],
to demonstrate the empirical performance of TUSLA in comparison with other popular stochastic
optimization algorithms. For the experiments, we solve the following (regularized) optimization problem:

Ui r
‘9‘2( +1)

2(r+1) 29)

minimize R? 3 6 u() := E[((Y,N(0, Z))] + :
where £ : R™2 x R™2 — R is a loss function with mo € N, § € R? is the parameter to be optimized, Z
is the R™!-valued input random variable with m; € N, Y is the R"2-valued target random variable, and
M : R x R™ — R™2 is a neural network which will be specified later. Note that d and ¢ depends on

the structure of the neural network and the task of interest.



NON-ASYMPTOTIC ESTIMATES FOR TUSLA WITH APPLICATIONS TO RELU NEURAL NETWORKS 13

3.3.1. UCI regression data. We test the performance of TUSLA on the concrete compressive strength
dataset of [42], which is publicly available at the UCI machine learning repository °. The dataset consists
of 1,030 samples where each sample has 9 different attributes, e.g., age, and one target variable: the
concrete compressive strength. We aim to find the best estimator that predicts the concrete compressive
strength Y € R given the input variable Z € R? by solving the optimization problem (29) with the
squared loss function £(u,v) = |u — v|? foru,v € R, m; = 9, my = 1,and = 0.

In this example, we consider a 1LFN, which is defined as

NG, 2) := Waoy(Wiz +b1) + by,  (ILEN) (30)

where W7 € Rdlxml, by € Rdl, Wy € ngxd17 by € R™, 0 = (Wl, Wa, by, bg) e R? with d =
dy(my + mg + 1) 4+ ma, o1 is the ReLU activation function and d; is the number of neurons. Here, d; is
set to be 50 so that d is 551.

We randomly select 10% of samples as test set for the evaluation of the trained models and employ
TUSLA, RMSprop, ADAM, and AMSGrad to solve the regression problem. For ADAM and AMSGrad,
we search the optimal learning rate between {0.01,0.001} and set e = 1078, 8; = 0.9, B2 = 0.999. For
RMSprop, the learning rate is chosen from {0.01,0.001} where 3 = 0.99 and ¢ = 10~® are fixed. For
TUSLA, we use A = 0.5, 7 = 0.5, and 3 = 10'2 throughout the experiment. We train the models for
5, 000 epochs with 256 batch size. Each experiment is performed three times to compute the mean and
standard deviation of test loss generated by each optimizer. As shown in Table 1, TUSLA achieves the
lowest mean-squared error (MSE) in comparison with ADAM, AMSGrad, and RMSprop.

3.3.2. Fashion MNIST. We conduct image classification on Fashion MNIST dataset [40] consisting
of a training set of 60,000 images and a test set of 10,000 images *. Each sample of the dataset
(zi)?i’{)oo is a 28 x 28 pixel image, i.e., z; € R4, and is assigned to one of 10 different labels
l; € {0,1,...,9} describing T-shirt (0), Trouser (1), Pullover (2), Dress (3), Coat (4), Sandal (5), Shirt
(6), Sneaker (7), Bag (8), and Ankle boot (9). Then, the label variables are converted to vectors such that
Yi = [Yi0: Vit - il | € RO withy;j =1;-,,5=0,1,---,9,i=1,...,60,000.°

For image classification, we consider both the 1LFN (30) with 50 neurons as well as a 2LFN with 50
neurons on each hidden layer, which is defined by

N, z) := Wso1 <W4O’1(W3Z + b3) + b4> + bs, (2LFN) 3D

where 6 = (Wg, Wy, Ws, b3, by, b5), Wy € R50X784, Wy e RE)OXE)O, Wy € R10X50, bs € RSO, by € RSO,
bs € R0 and o is the ReLU activation function. Therefore, we have d = 39, 760 for the 1LFN (30)
and d = 42,310 for the 2LFN (31). Furthermore, the cross entropy loss is used, which is given by
lu,v) = — Zgl u; logv; for u = [ug, ug, -+ ,uig)" € R v = [vg,v9,-- ,v10] T € R, 7 is fixed
to 10~ for all experiments. The models are trained for 200 epochs with 128 batch size.

The hyperparameters for TUSLA are set as follows: A = 0.5, » = 0.5, and 3 = 10'2. We apply the
same hyperparameters used in Subsection 3.3.1 to tune ADAM, AMSgrad, and RMSprop optimizers.
Also, we decay the initial learning rate by 10 after 150 epochs.

Table 1 shows that the performance of TUSLA is slightly better than that of ADAM, AMSgrad, and
RMSprop in terms of test accuracy. Also, it is worth noting that TUSLA produces a very stable learning
curve compared to other optimizers as shown in Figure 9 and 10, confirming the effectiveness of the
taming technique.

3.4. Effect of 3, r, A\, and n on the performance of TUSLA. In this subsection, we perform a sensitivity
analysis to investigate the effect of the hyperparameters, 3, r, 7, and A on the performance of TUSLA.
We test experiments with the 1LFN on the Fashion MNIST dataset. We train the models for 200 epochs
with a batch size of 128 under different hyperparameter settings for the experiment with 53, r, and 7,
while we train the models for 2,000 epochs with a batch size of 128 for the experiment with A.

The inverse temperature 3 > 0 is a key feature of Langevin based algorithms, which helps the
algorithm to escape from local minima or saddle points. There is a trade-off between a large and small

3https://archive.ics.uci.edu/ml/datasets.php

4The Fashion MNIST data set can be downloaded at * https://github.com/zalandoresearch/fashion-mnist™ .

SFor example, the target variables for Trouser and Bag are [0, 1,0,0,0,0,0,0,0,0]" and [0,0,0,0,0,0,0,0,1,0]",
respectively.
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TABLE 1. Best metric score evaluated on the test set for concrete compressive strength
(Concrete) and Fashion MNIST datasets. We report average and standard deviation of the
best metric score on the test set from three repetitive experiments with different random

seeds. The numbers in parenthesises indicate the standard deviations.

Dataset Concrete Fashion MNIST Fashion MNIST
Model 1LFN 1LFN 2LFN
Metric MSE Accuracy Accuracy
TUSLA | 0.3386 (0.0467) 88.22 (0.09) 88.19 (0.13)
ADAM | 0.3861 (0.0315) 87.03 (0.03) 87.32 (0.23)
AMSgrad | 0.4165 (0.0010) 87.13 (0.22) 87.40 (0.09)
RMSprop | 0.3850 (0.0397) 87.70 (0.22) 87.99 (0.07)

inverse temperature 3. Intuitively, a large inverse temperature generates the solutions that explore the
local geometry, so called the exploitation. On the other hand, a small inverse temperature allows for the
solutions to jump drastically, leading to the exploration. To leverage the effects of 3, simulated annealing
methods for 3 is widely applied in sampling and optimization. In our experiments, we fix 3 as a constant
during the training. Table 2 shows that, for fixed other parameters A\ = 0.5, = 0.5, and = 1072,
TUSLA achieves the highest accuracy when 3 is large, namely 10® ~ 10'2. This is consistent with the
cold posterior effect in Bayesian deep learning which states that the model performance is improved
when a large inverse temperature J is chosen, see [1] and [39].
TABLE 2. Test accuracy for Fashion MNIST datasets with different 5. Other hyperpa-
rameters are A = 0.5, 7 = 0.5, and n = 1072,
B 10* 10 10% 1070 10™
test accuracy | 68.32 86.71 88.48 88.63 88.33

The hyperparameter r» > 0.5 controls the intensity of the taming function of TUSLA. We conduct
experiments with A = 0.5, 8 = 10'2, and different » € {0.5, 1, 2, 3} and summarize the results in Table 3.
It turns out that the choice of an appropriate r is a crucial factor for the performance of TUSLA. It is
encouraged to gradually increase r, as a large r can excessively suppress the gradient part in the formula

of TUSLA.
TABLE 3. Test accuracy for Fashion MNIST datasets with different r. Other hyperpa-

rameters are A = 0.5, 3 = 102, and n = 1075.

r 0.5 1 2 3
test accuracy | 88.33 87.27 82.72 79.28
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Next, we report the performance of TUSLA with different A € {0.5,0.1,0.05,0.01,0.005,0.001}
where r = 0.5, 5 = 10'2, and n= 107° are fixed. For the experiment, we use 2,000 epochs to ensure
all the models are fully trained. Then, we report the best test accuracy and the epoch at which the best
performance is attained. As shown in Table 4, it is observed that while the highest test accuracy is attained
with A = 0.1, the model with A = 0.5 reaches its best accuracy the fastest.

TABLE 4. Test accuracy for Fashion MNIST datasets with different A. Other hyperpa-
rameters are r = 0.5, 5 = 102, and n= 107°.

A 0.5 0.1 0.05 0.01 0.005 0.001
test accuracy | 88.69 88.81 88.66 88.24 87.96 86.83
bestepoch | 584 906 614 621 1153 1481

Lastly, we investigate the impact of 77, which controls the magnitude of the regularization term \0\2(”1) ,
on test accuracy. When the regularized term is incorporated in optimization problems, i.e., > 0 in (29),
overfitting can be reduced by forcing the neural network to have smaller values of its parameters which
leads to a simpler model. On the other hand, the deviation between the regularized and original objective
functions could lead to degrading the performance of the model. To balance this trade-off, one needs to
find an appropriate 7 numerically. Table 5 shows the test accuracy of TUSLA with different values of 7
varying from 10~ to 10~!. The other parameters are fixed as follows: A = 0.5, 7 = 0.5, and 3 = 10'2.
We observe that TUSLA generates the highest test accuracy when 7 is 1074,

TABLE 5. Test accuracy for Fashion MNIST datasets with different 7. Other hyperpa-
rameters are A = 0.5, 7 = 0.5, and 8 = 10'2.

n 10° 107* 1073 1072 107!
test accuracy | 88.33 88.51 86.04 80.84 71.84

4. PROOF OVERVIEW OF THE MAIN RESULTS

In this section, we present the main ideas of establishing Theorem 2.9, Corollary 2.10, and Theorem
2.11. We first introduce several auxiliary processes which are key for the analysis of the convergence
results. Then, suitable Lyapunov functions are defined, and explicit moment bounds are obtained for the
auxiliary processes. Finally, we provide detailed explanations of the proofs of the main results. All proofs
of the intermediate results are postponed to Appendix A.2.

4.1. Auxiliary processes. Consider the R?-valued Langevin SDE (Z;);>¢ given by
dZt =—h (Zt) dt + \ ZBfldBt, (32)

with Zj := 6, where (B;)¢>0 is a standard d-dimensional Brownian motion on (£2, 7, P). Denote by
(Ft)t>0 the completed natural filtration of (By):>0, which is assumed to be independent of G, V o (6p).
For each A > 0, denote by Z} := Z,;,t > 0, the time-changed Langevin SDE given by

Az} = —An(Z}) dt + /206-1d B, (33)
with the initial condition ZS‘ := 9, where B} := By;/ VA, t > 0. Note that (Bt)‘)tzo is a d-dimensional
standard Brownian motion. For each A > 0, denote by (F}');>0 the completed natural filtration of
(B)i>0 with F := F), for each t > 0, which is also independent of G, V o (6p). B

Then, define the continuous-time interpolation of the TUSLA algorithm (8), denoted by (05\)20, as

do} = —AH,\(éftJ,Xm) dt + v/2\6-1d B} (34)

with the initial condition 0_()\ := 0. One notes that the law of the interpolated process coincides with the
law of the TUSLA algorithm (8) at grid-points, i.e. £(6\) = £(6;), for each n € N.

S, U,

Moreover, denote by ¢,"",t > s, a continuous-time process defined by the SDE:
C;,q;,)\ —ve Rd, d(j,”u,)\ _ _)\h(cf,v,)\) dt + \/WdBtA

— or
Definition 4.1. For each fixed A\ > 0 and n € Ny, define Ct)"n = fT’G”T’/\, t > nT, where T =

T(A) = [1/A].
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4.2. Preliminary estimates. For each p € [2,00) NN, define the Lyapunov function V,,(0) := (1 +
0|2)P/2, for all § € R?, and similarly, define v, (w) := (1 + w?)P/2 for any real w > 0. Denote by
Py, (R?) the set of probability measures p € P(R?) satisfying [q V,(0) 1(df) < oco. Note that V;, is
twice continuously differentiable, and
[VV(0)] - VVp(0)
oo Vp(0) 7 it (0)

It is well-known that, under Assumption 1, 2, 3, and 4, and by Remark 2.6, 2.7, the Langevin SDE
(33) has a unique solution adapted to F; V o(6p), t > 0, see, e.g. [29, Theorem 1]. In addition, for each
p € N, the 2p-th moment of SDE (33) is finite, see Lemma A.1. Moreover, by using the same arguments
as in the proof of [14, Proposition 1-(ii)] together with Lemma A.1, it follows that the 2p-th moment of
g is finite.

In the following lemma, we provide moment estimates for (é?)tzo defined in (34). Moreover, by
considering a special case of F', a more practical stepsize restriction S\max is provided in (37).

=0. (35)

Lemma 4.2. Let Assumption 1, 2, 3, and 4 hold. Then, one obtains the following:
(i) Forany 0 < A < Al max With A1 max given in (16), n € No, and t € (n,n + 1],

E [@ﬂ < (1= At —n)arr)(1 — apr)"E [|602] + co(1 + 1/(apk)),

where the constants c, k are given explicitly in (132). In particular, the above inequality implies
sup;>o E []075)‘]2] <E UHOP] +co(14+1/(apk)) < oo
(i) Foranyp € [2,00) NN, 0 < X < A\ max With A\p max given in (16), n € Ny, and t € (n,n + 1],

E[I0712] < (1= At = napkh/2) (1 = Aapkh/2)" E [[00/%] + (1 +2/(arrb)).  (36)

where Hg := min{&(p),R(p)}, cg := max{cy(p), ¢o(p)} with the constants ¢y(p), &(p) and

¢o(p), k(p) given explicitly in (149) and (163), respectively. In particular, the above estimate
implies sup;o E [|67?7] < E [|60]] + cg,(l + 2/(apnf,)) < 0.
(iii) If F is a function only of 0, i.e. for any 6 € R, F(0,z) = F(0) for all x € R™, then for any
p€[2,00) NN, n € Ny, and t € (n,n + 1], (36) holds with 0 < A < Amax Where
2
Amax 1= min {1, aF4 ,i, 12 } . (37)
16KE ap’ da2,

Proof. See Appendix A.2. U

A drift condition is obtained for the Lyapunov function V},, which is one of the key assumptions in [19,
Theorem 2.2]. The statement is provided below.

Lemma 4.3. Let Assumption 1, 2, 3, and 4 hold. Then, for any p € [2,00) NN, 0 € RY, one obtains
AVp(0)/5 = (VVp(0), h(8)) < —cva(p)Vp(0) + cva(p),
where cy1(p) = app/4, cva(p) = (3/4)anpvp(My(p)) with My (p) = (1/3 + 4by/(3an) +
4d/(3an8) + 4(p — 2)/(3anB))"/*.
Proof. See [7, Lemma 3.5]. O
By using Lemma 4.2 and Lemma 4.3, one can obtain the moment estimates for the process (C?‘ "VisnT

defined in Definition 4.1. The following lemma provides the second and the fourth moment bound of the
aforementioned process.

Lemma 4.4. Let Assumption 1, 2, 3, and 4 hold. Then, one obtains the following:
(i) Forany 0 < A < A max With A1 max given in (16), n € Ny, and t > nT,
E[Va(G™)] < e~ minlerman/ 2RIV, (00)] + co(1 + 1/ (apk)) + 3va(My(2)) 41,
where cq, k are given in (132) (see also Lemma 4.2) and My (2) is given in Lemma 4.3.
(ii) For any 0 < A < A2 max With Ao max given in (16), n € No, and t > n'T,
E[V4(CM™)] < 2¢~ mindarsb/2an M\, (00)] + 2¢5(1 + 2/ (apkb)) + 3va(My (4)) + 2,

where cg, Iig are given in Lemma 4.2 and My (4) is given in Lemma 4.3.
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Proof. See Appendix A.2. O

4.3. Proof of the main theorems. We first present the key steps and results in proving Theorem 2.9.
To obtain a non-asymptotic estimate in Wasserstein-1 distance between £(6;\) and mg, we consider the
following splitting using the continuous-time interpolation of the TUSLA algorithm (8) given in (34): for
any n € Nyo,and ¢t € (nT, (n+ 1)T],

Wi(L(87), ms) < Wi(L(8), L(Z7)) + Wi(L(Z7), mg). (38)

Moreover, the first term on the RHS of the above inequality can be further split as follows by using the
auxiliary process @ "™ given in Definition 4.1: for any n € Ny, and t € (nT, (n + 1)T1,

Wi(L(6)). £(Z)) < W(L(B), L(G™) + Wa(L(G). £(Z)). (39)
In the following lemma, we provide an upper estimate for the first term on the RHS of (39).

Lemma 4.5. Let Assumption 1, 2, 3, and 4 hold. Then, for any 0 < \ < Apax With Apax given in (16),
n € Ny, and t € (nT, (n + 1)T), one obtains

) AT —aprin/d A =\ /2
Wa (L)), LEM™)) < VA (e PRACOE [Viars1) (60)] +01) ,

where Iig, Cy, C are given explicitly in (173).
Proof. See Appendix A.2. O

To obtain an upper bound for the second term on the RHS of (39), we consider the following functional:
forany p > 1, pu,v € Py, (RY), let

wiplr)i= int [ [ LA #0+ Vi0) + V()¢ (a0, (40)
¢eC(p,v) JRd JRd

The case p = 2, 1.e. wy 2, is used throughout the paper. For any 11, v € Py, (R9), the following inequalities

hold:
Wi(p,v) S wio(p,v), Walp,v) < 4/2wi2(p,v).

One may refer to Lemma A.3 for the proof of these inequalities.
By using [19, Theorem 2.2], one can derive a contraction property in w1 o with explicit constants as
presented below.

Proposition 4.6. Let Assumption 1, 2, 3, and 4 hold. Let Z}, t > 0, be the solution of (32) with initial
condition Z} := 0 which is independent of F, and satisfies 0y € L*. Then,
wy2(L(Zy), L(Z})) < ée™ %y 2(L(00), L(6))), (41)

where the explicit expressions for ¢, ¢ are given below.
The contraction constant ¢ is given by:

¢:= min{(ﬁ, Cv,1 (2), 4CV72(2)€CV71 (2)}/2, (42)

where cy,1(2) = ap/2 and cy2(2) := (3/2)apve(My (2)) with My (2) given in Lemma 4.3, the constant
¢ is given by

6= <Méo exp <(e0\//3LR/8 + ¢8/(BLR))2)>1, (43)

and € > 0 is chosen such that the following inequality is satisfied
-1

e<1n <4cm<2>m / "o <(S¢BLR/8 + ¢8/<5LR>)2> ds) (44)

with ¢o := 2(4cy2(2)(1 + evi(2))/evii(2) — 1)VY2 and éy = 2(2ev2(2) /cva(2) — 1)Y2
Moreover, the constant ¢ is given by:

¢ :=2(1 4 ¢g) exp(BLRES /8 + 2é0) /€. (45)
Proof. See Appendix A.2. O

The following result provides an upper estimate for the second term on the RHS of (39) based on the
contraction property in wy 2.
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Lemma 4.7. Let Assumption 1, 2, 3, and 4 hold. Then, for any 0 < \ < Apax With Apax given in (16),
n € Ny, and t € (nT, (n + 1)T), one obtains

AT —min{¢,arrkd/2,an}n/4 A S
WALG™), £(20)) < VA (e mintar/2en/ACy B (Vi 1) (60)] + Cs)

where /@ﬁz, Cy, Cs are given explicitly in (176).
Proof. See Appendix A.2. O
Finally, observe that by Proposition 4.6 and Lemma A.3,
Wi(L(Z)),75) < ée”Mwy 2(00, 5), (46)

where the above inequality holds due to the fact that 7 is the invariant measure of SDE (33), and where
¢ and ¢ are defined in (42)-(44) and (45), respectively. Combining (38), (39) together with the Lemma
4.5, 4.7 and (46) yields the desired upper bound in Theorem 2.9.

Proof of Theorem 2.9. Recall the definition of wy ,(u,v) with p > 1, p,v € Py, (R?) given in (40).
By applying Proposition 4.6, and by using the results in Lemma 4.5 and Lemma 4.7, for any ¢ €
(nT,(n+ 1)T],n € Ng, 0 < A < Apax With Apax given in (16), one obtains

Wi (L(67),ms) < Wi(L(87), L(Z])) + Wi(L(Z), mg)
< Wa(L(0}), L(G™) + Wi(L(G™), £(Z) + ee™Nwn o600, )

B _\1/2
< \/X (e—aFfigTL/ZlCOE [V4(2r+1) (00)] + Cl)

+ \/X (67 min{c’,apﬁg/Q,ah}n/4C_rQ E [‘/;1(2r+1) (90)] + ég)

+ ¢e N [1 + E[Va(60)] + /]R ) VQ(e)wﬁ(da)}

< Cre” QD (E[9o 4P HD] 4 1) + CyV/A,
where
Co := min{¢, apng/Q, ap}/4,

O = 22 1gmin{éapny/2an}/a [C*é/ r e (2 - / Vz(G)ﬂg(dG))] : (47)
R4

Cy =% + Cy
with ¢, ¢ given in Proposition 4.6, K,g given in Lemma 4.2, Cy, Cy given in (173) (Lemma 4.5), and Cy, C3
given in (176) (Lemma 4.7). The above result implies that for any n € Np,
Wi(L(O)r), 75) < Cre”CO"(B[|6p|* 1] + 1) + Cov/A.
However, we aim to obtain a non-asymptotic upper bound for the TUSLA algorithm (Gé)neNo. To achieve
this, we set n’I" to n on the LHS of the above inequality, while n on the RHS of the above inequality is
setto n/T with T = T'(X\) := [1/A]. Finally, for any n € Ny, 0 < A < Apax With Apax given in (16),
by noticing that n\ < n /T, one obtains
Wi(L(07), m5) < Cre X (E[|6o|** V] +1) + Co VA,
which completes the proof. U
Next, one can apply similar arguments to obtain the non-asymptotic error bound in Corollary 2.10.
Proof of Corollary 2.10. We consider the following splitting: for any t € (nT, (n + 1)T],n € Ny
Wa(L(0}), 75) < WaL(8)), LIG™)) + WalL(G™), L(Z))) + WalL(Z)), 7). (48)

An upper estimate for the first term on the RHS of (48) is provided in Lemma 4.5. Moreover, by using
that Wy < /2w 2 as presented in Lemma A.3, one can obtain non-asymptotic upper bounds for the last
two terms in the above inequality. In particular, for any ¢ € (nT, (n+ 1)T],n € Ny, an upper bound with

explicit constants for the second term on the RHS of (48), i.e., W5 (E(gtt)‘ ™), L(Z}\)), is given as follows:

FAT —min{¢,arkh/2,an}n/8 A S
WaL(G), £(2)) < A4 (e mintears/2enn/SCy (B (Vi 1) (60)]) /2 + G ), (49)
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where

k5 = min{#(2), #(2)},

Cy:= emin{éan/2an}/8\ /G ( 1 + 8 7 (6'01/2 + 2V/2), (50)
min{¢, arpks/2, an}

Cs = 4(Ve /&) (C1 + 2v/a( (1 + 2/ (arn)) Y/ + (3va(My (4))2 + 3v2)

with ¢, ¢ given in Proposition 4.6, (2), #(2) given in (149) (Lemma 4.2), Cg, Cy given in (173) (Lemma
4.5), cg given in Lemma 4.2 and My (4) given in Lemma 4.4. The details of the proof of (49) are omitted
here as the arguments follow the same lines as in the proof of Lemma 4.7.

Recall the definition of wy o(p, v), p, v € Py, (R?) given in (40). By using (48), (49), Lemma 4.5,
Lemma A.3, and Proposition 4.6, one obtains, for any ¢ € (nT’, (n 4+ 1)T],n € Ny,

Wo(L(6)), m5) < VA (e*apng”/‘lc_'o E [Virs1)(00)] + (71)1/ ’
LA/ (e_ min{é,apﬁg/Q,ah}n/804(E [‘/21(27"—‘,-1)(00)})1/2 i (75>
+ V26N (wy 5 (B, 7)) /2
<V (e—apng”/‘lC'OE [Vigarsn) (60)] + 01)1/2

+ )\1/4 <€7 min{é,aFfig/Q,ah}n/SC_v4(E [‘/21(21”+1) (00)})1/2 + é5>

. 1/2
+ \/%e—cAt/Q I:l + E[VQ(@())] + /Rd %(9)7Tf3(d9)j|

< C4B—Cg(n+1)(E[’90|4(27‘+1)] + 1)1/2 + 05)\1/4,
where

C3 := min{¢, apnﬁz/Q, an}/8,

Cy = 22r+1€min{é,apﬁg/2,ah}/8

1/2
03/2+C’4+\@(2+ Vz(ﬂ)m(d@) ] G

Rd
Cs =1 +Cs
with ¢, ¢ given in Proposition 4.6, K,g given in Lemma 4.2, Cy, C1 given in (173) (Lemma 4.5), and Cy, Cs

given in (50). Finally, for any n € Np, 0 < A < Apax With Ay given in (16), one notes that nA < n /T,
hence, it holds that,

Wa(L(07), 7p) < Cae” A (E[|6o[*C Y] + 1)1/2 4 Csal/*,
which completes the proof. (]

Recall that 74 is defined in (7). We denote by Z, an R<-valued random variable with £(Z.,) = T3,
and denote by u* := infy pa u(6), where u is defined in (1). Then, to prove Theorem 2.11, we consider
the following splitting for the expected excess risk:

Elu(8;)] — u* = E[u(6)] — E[u(Zx)] + E[u(Zx)] — u*. (52)
The result below provides an upper bound for the first term on the RHS of (52).

Lemma 4.8. Let Assumption 1, 2, 3, and 4 hold. Then, for any 0 < X\ < Apax With Apax given in (16)
and n € Ny, one obtains

E[u(6))] — E[u(Z)] < Cre %N + CsAl/*,
where Cg, C7, Cy are given explicitly in (178).
Proof. See Appendix A.2. U

By applying similar arguments as in [30, Lemma 3.2] and [34, Proposition 3.4], one can obtain an
upper estimate of the second term on the RHS of (52). The result with explicit constants is given below.



20 D.-Y. LIM, A. NEUFELD, S. SABANIS, AND Y. ZHANG

Lemma 4.9. Let Assumption 1, 2, 3, and 4 hold. Then, one obtains
Elu(Zoo)] —u" < Cy/B,
where Cy is given explicitly in (183).
Proof. See Appendix A.2. U

Proof of Theorem 2.11. Combining the upper bounds in Lemma 4.8 and 4.9 yields the desired result in
Theorem 2.11. U

5. PROOF OF RESULTS IN SECTION 3

Proof of Proposition 3.1. First, we obtain that the objective function defined in (17) - (18) is continuously
differentiable with

Oyrsu(f) = —2E [(Y! =00, 2)) o1 (¢, 2) + b7)] + Wi’ |6], (53)
m2

Bygu(0) = —2E > (Y- 0N(0,2) WiTLa,(Z)| + by |0 (54)
=1

forall § € R and forall I = 1,...,m9,J = 1,...,d;. One notes that (53) follows directly by the
definition of u in (17) - (18) and the chain rule. To show that (54) holds, we provide a proof for the
case m; = my = d; = 1 for the ease of notation (the same arguments can be applied for general
m1, ma,d; € N). To that end, one observes that by using (18), for any 6 € R2,

u(0) = E[(Y — N0, Z))*] + LWP(T—H)

2(r+1)
= - 2] L T g2+
E (v - Wior(eZ + )] + 510
=E [(Y2 — 2YWyo1(cZ + bo) + Wio?(cZ + bo))] + LW‘Q(T—H)'
2(r+1)
Then, one obtains
abou(e) = TO,I(G) + T(),Q(e) + nb0‘9’2r7 (55)

where for any 0 € R?,

To,1(0) := O, <—2W1/ /bo y(cz +bo) fy,z(y, 2) dZdZ/) ,

To,2(0) := O, (Wl2 / N (®2% + 2c2by + b3) f2(2) dz)

with fy 7 denoting the joint density of Y, Z and f denoting the density function of Z. One notes that,
foreach y € R,

y) +/Oo yfziy(zly)dz

bo

y) —ybofz)y <—b?°

Dy </ by y(ez + bo) fzy (2]y) dz) = ybofz)y (_b?o

c

— [, vzl

c

where fz)y denotes the conditional density of Z given Y. Note that for any by € R, it holds that

fr(y)dy < / () dy < oo,

— 00

[ vy Gl s

o0
inf / sup
6€(0,00) J— 00 ve[—6,6]
where fy denotes the density function of Y. Therefore, one obtains, by applying [17, Theorem A.5.2.],
that

Toa(0) =201 [ o, ( [ e+ w0zl dz> fr(w)dy = —2E [Wi¥ Lz /0]
c (56)
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Similarly, one obtains

Toa(0) = ~WER Sz (~2) + W} <2b%fz (~) + /  22f4(2) dz)

+Wf( fz +2bo/ fz(z )

=W} /O:) 2(cz +bo)fz(2)dz

=2E [WE(cZ + bo)Liz> by /c}] (57)
Substituting (56), (57) into (55) yields
Opou(0) = —2E [Wi(Y — W1(cZ 4+ b0)Liz5 1o /e}) L {25 b0/} ] + nbol6]*"
= 2B [Wi(Y =0, 2))L{z5so/c}] +11bol0]*",

which implies (54) holds. Moreover, since (X, )nen, is @ sequence of i.i.d. random variables with
probability law £(X), by the definitions of F, G given in (20), (21) and as H := F + G, we observe that
h(0) := Vu(0) = E[H(0, X)), for all § € R. Thus, Assumption 1 holds.

Recall that we assume at least one element in each row of the fixed input matrix ¢ € R%*™1 js

nonzero. For each J = 1,...,dy, denote by vy := min{K € {1,...,m1}|c’" # 0}, then ¢’/ denotes
the first nonzero element in the .J-th row of ¢. For Czv;,Czv; > 0 introduced in (19), we denote
by CZmax = max ;j{Cgzv; /¢’ }, Czmax = max;{Czv;/c’¥7}. Foreach I = 1,...,mq, K =
L...omy et fo  grot grer gmy yr(zh o 287 2EF 2™ gy be the joint density func-
tion of Zt, ..., ZzK—-1 ZK+1 7™ YT Then, to shorten the notation, we denote by
K I K1 K-1 _K+1 I
fZK|Z_K,YI(Z 2K,y ) = fzK|Zl,...,ZK—l,ZKH,...,Zml,YI(Z ER- y % + oo, 27 Y0,
I 1 K-1 _K+1 I

fZ_K,YI(Z—Kvy )= fZl,...,ZK—l,ZK+1,...,Zm1,YI(Z yeees R y % + ooy 2 YN,

Moreover, forany I = 1,...,mo, K =1,...,mq, 2 € R™,y € R™2, denote by
1 K-1 _K+1 -1 1 I-1 , I+1 -1

o= (2t TR ey e R™MTE Dy =yt Lyt T Ly ™) e R

To show that Assumption 2 holds, consider any § = ([W1],bg) € R%, § = ([W1],b9) € RZ For each
J =1,...,d;1, denote by

Ay = {z e R™|(c”, 2) +b] > 0}. (58)
Assume without loss of generality that ¢/*7 > 0, and b < b (the other cases can be obtained
analogously). Then, one obtains the following estimates:

(i) Forany J =1,...,dy, we have
E[|14,(2) —14,(2)|]
=E [1{(—&’—2# chZk)/CJVKZVJ<(—bg—zk¢” Tk ZK) JeIv

k
_b(] Zk#uJ

vy
/ /R ) /_b _Ek;ﬁu oIk ok fZVJ|Z_VJ,YI (ZVJ|Z7VJ’ yI) dZVJfZ_l,J,YI (vaw yI) dZ*VJ dyI-
m1—
This implies, by using (19), that

E[|14,(2) - 14,(2)|] <
(i) Forany I =1,...,mgo,J =1,....d1, it follows that
EY?|14,(2) = 14,(2)|]

CZJ

\bo — bJ| < Czmaxl0 — 0] (59)

12
=E [|Y | ﬂ{(_BJ_Z’# e VRV R G S SRy OV

Tk k
—by — Ykt ©

JVJ vy I d vy
Rm1-1 —bd 721@721/ cJk 2k fZVJ|Z7V YI( |Z—Vj7y ) z
1—
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X ‘y1’2foyJ,YI (Z—Vjvyl) dZ—VJ dyl‘
By using (19), the above result implies

E[Y?|14,(2) = 14,(2)|]
CZ
< T2 ) / Lo 0Bz i s, !
Cyzvy
= 2R (VIR 5 -
< Czmax E[|YT?] |0 - 0. (60)
(iii) Forany J =1, ..., d;, one obtains

E[|Z|*|14,(2) —14,(2)]]

=E |:(|ZVJ |2 +1Z_,, ‘2)1{ (b~ 29 [TI <2 (] =T, IR ZE) [TV}

Jk k
*b() Zk;&uJ

I
S L

X fZ,l,J,YI (Z_VJ7 Y ) dZ_I/J dy

]k k
_bo Zk#I/J

vy
vy I vy
//le 1/_b _Eksﬁuj clkzk nyJ‘Z_VJ’YI(Z |Z*V‘]’y )dZ

Jvg
X ‘Z_VJ‘ fZ,VJ,YI (z—VJ7 Yy ) dz—VJ dyl'
This implies, by using (19),

CZJ CZJ

E[|Z|14,(2) - 14,(2)|] < =57, 165 — bo|+
< CZ,max’bo — byl + CZ,max\bo — B E[|Z-0, ]
< (Czmax + Czmax) E [(1 +|Z)?] |6 - 6. (61)
One further obtains the following estimates for 91 given in (17):
() Forany I =1,...,ma, € R% z € R™ it holds that

|‘ﬁ1(9,z)’:iW{jal(<cj' ) ZW“( +b”) ()

Jj=1

16y — b | E 12—, ]

< le\(CF\Z\ +161)

<di(L+cp)(1+2))(1+|0])> (62)
(i) Forany I =1,...,mo, 0,0 € R%, one obtains

E[|%(0,2) — N (0, 2)]]

d1 dy
—E || W (7, 2) +8) 14,(2) = > W (45, 2) +8) 14,(2)

Jj=1 7j=1
< T1(0,0) + Ta(0,0) + T3(6,0), (63)

where

di dy
1(0.0) =E ||S_ Wl (¢, 2) +0]) 14,(2) =3 W ((,2) +¥) 14,(2)] |

J=1 J=1

T3(6,0) = E ZW ( ) ZW (07 Z+bj) 2],
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Further calculations yield

T1(0,0) = {

ZW{J ( (& Z>+b]) Ta,(

7=1

—iW{j ((cﬂ",Z> + bg) T, (

=1

< 3B |20+ ] Wi - ]|
j=1

< di(1+cp)E[(1+]Z])](1 +10] + 10])|6 — 6.

Moreover, it follows that

{zw<dz+w

<d1 (1+16] + 16)]0 — 4.

-

In addition, one obtains

- S (0 i),

ZW (07 Z+b”> N

i:: (cj Z+b]> A

< 2(1 +ep) (1 n ‘z}g”) ‘W{j’E {(1 +12)) (nAj(Z) - Jlgj(Z)H
j=1

di

<23 (1 +ep)(1+ 6] +16))°E [(1 +12)%) (nAj(Z) - ]lAj(Z)H .

=1

The above inequality implies, by using (59), (61), that

dy

T3(67 é) < 22(1 + CF)(l + ‘9’ + |é|)2CZ,max‘9 - §|

J=1

2)

Z)

Z)

|

|

|

dy
+23 (L4 ep) 1+ 0]+ 10))? (Czmax + Czmax) E[(1+12])*] 0 — 0]

< 4di1(1 4 cr) (Crmax + Crmax) E [(1+12)%] (14 (6] +10])2/6 — 4.

Substituting (64), (65), (66) into (63) yields
E [0, 2) — (0, 2)|]

< 6d1(1 + CF) (1 + C’Z,rnaux + éZ,max) E

(iii) Forany I = 1,...,ma, 6,0 € R%, one obtains

E[(1+2]) |00, 2) — N0, 2)|]

-E {(1 +120) 3o (¢, 2) +8) 14,

< T4(07 é) + T5(€7§) + TG(Ha §)7

[(L+1Z0)%] (1 + 6]+ 16])%16 — 6].

ZW (07 A +bﬂ)

1(2)

|

23

(64)

(65)

(66)

(67)

(68)

(69)
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where

di
Ti(0,0) =E |(1+12]) S Wi ((. 2) + b

=1

14,(2)

)

dy
S ((cj', Z) + bg) 14(2)
j=1

7j=1

T5(0,0) = E {(1 +12])

)

di
=Y (6 2) + B) 14,(2)
j=1

di

ZW{j(cﬂ ARR

7j=1

)
ZW{J ( (. Z) +b{)> 14,(2)
‘)

Ts(0,0) :==E |(1+12]) 14,(Z)

dy
=S ((,2) +5) 14,(2)
j=1

By using similar arguments as in (64), (65), straightforward calculations show that
Ta(0,0) < di(1+cp)E[(1+ |Z])](1 + 6] +16])|6 — 0],

T5(0,0) < di E[(1 + |Z])](1 + 18] + |6])|6 — 0.

Furthermore, one obtains

(70)

ZW{J ( (& Z>+bﬂ) 4,(2)

7j=1

T65(0,0) = E {(1 +12))

<S04 er) (14 8]) [ B [0+ 1207 |14y (2) ~ 14,2

<23 (1t en) (141614107 E [(1+1217) [10,(2) ~ 14,(2)

which, following the arguments in (66), implies
T6(0,0) < 4di(1+ cp) (Czmax + Czmax) E [(1+[Z])?] (1 + 16| + |6])?|60 — 6] (71)
Substituting (70), (71) into (68) yields
E[(1+|2]) |9 (0,2) -0 (0, 2)|]
< 6d1(1+ cp) (14 Czmax + Czmax) B [(1+[Z])?] (1 +16] + 10])%|6 — 6].
Forany I = 1,...,mo,J = 1,...,d;, one obtains the following estimates for GW{J, bez defined in
(21):
(i) Forany 6,0 € RY, by £(X) = L(Xj), it holds that
E HGW{J(G,XO) —GW{J(é,XO)H - HGWU 0, X) — Gyy1s (0, X H
=E[|-20v" —=0n(0,2)) (", Z) + b)) 14,(2)
2" =0, 2)) (", Z) + b)) 1 4,(2)]]
< T7(0,0) + Ts(0,0) + To(0,0), (73)

(72)
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where
T7(0,0) = E [|-2(Y' - 0 (0, 2)) (< Z)+b3) 1a,(2)
+2(Y! -0 (0, 2)) ((c’ +b0)ILAJ 2]
Ts(0,0) :==E [|-2(Y' -9 (9, 2)) (< L Z)+ b)) 1a,(2)
+20Y"T =00, 2)) (", Z) + b)) 14,(2)]],
Ty(0,0) :=E [|-2(Y" —9(0, 2)) (< ,Z) +03) 1a,(2)
20T =0, 2)) (", Z) + b)) 1 4,(2)]] -

By using (72), one obtains
T7(0,0) =E [|-2(Y" =00, 2)) (¢, Z) + b)) 14,(Z)
+o(v! —0(0,2) (¢, 2) + 5) 14, (2)]
<2(1+cp) (14 |0f)) E[(1+|2]) |0, Z2) — N0, Z)|]
< 12di(1 4 cp)® (14 Czmax + Czmax) E [(1+121)%] (1 + (6] + 10])*]0 — 0]
Moreover, by (62), and the fact that X = (Y, Z), it follows that
T5(0,0) = E[[-2(Y" = (0, 2)) (", Z) + b7) L4, (2)
oY - 0(6,2)) (", 2) +5]) 14,(2)]]
< 2B [([v'] + |0, 2)))] 5§ — 1]
<2E [(|X|+di(1+cp)(L+[X])(1+16))*)] |6 — 6]
<4di (14 cp)E[(1+|X))] (14 (6] +10])%16 — 4]
Furthermore, by using (62), and by applying Young’s inequality that 2ab < a? + b? for a, b > 0,

(74)

(75)

one obtains,
To(0,0) =E [|-2(Y" =00, 2)) ((¢",Z) + b]) 14, (2)

+2(Y! =018, 2)) ((” >+bo)11AJ 7)|]
<2(14cp) (1+[67]) E [(1+]2]) (]Yf|+\mf 0.2)]) |14,(2) = 14,(Z)|]
< +er) 1+ B ) E[Q+12D)7 [14,(2) = 14,(2)]]
+(1+cr) (14| E [|YI‘2|]1AJ(Z)—JLAJ(Z)”
+2(1+cp) (14 |b7]) E [1+|Z| ) | (0,2)]|14,(Z) — 1a,(2)]]
<20 +cp) (L+[bg]) E[|14,(2) = 14,(2)]]
+2(1+cp) (14 |b7]) E[12)? |]lAJ(Z)—]lAJ(Z)H
+ (1t er) L+ B E [V [14,(2) — 1a,(2)] |
+2d1(1+cp)® (1+[b7]) (L+10] + 10)*E [(1 +|Z))? |14,(2) — 14,(2)|] -
Applying (59), (60), (61), and the fact that X = (Y, Z), yields

T5(0,0) < 2(1 + cp)(1+10))Czmax|0 — 0]
+2(1+ ep)(1 +10]) (Czmax + Czmax) E [(1+12])%] |0 — 0]
+ (14 cp) (1 + 0)Czmax E [[Y?] 0 — 0]
+4dy(1+cp)’(1+ 0]+ 6)° E |14, ( Z)—]lAJ(Z)H
+4di(1+cp)*(L+ 0]+ 10])°E[|1Z) |14,(Z Z)|]

(

21

<51+ cp)(1+ 0] +10]) (1 + Czmax + CZmax) E [( + IXI) ] |0
(1
(1

-0

+4dy (1 + cp)*(1 + 0] + 10])3Cz.max|0 — 0]
+4di (1 +cp)?(1+10] +10)) (Czmax + Czmax) E [(1+Z])%] 10 — 0]
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< 13d1(1 + CF)2(1 + |0| + |0_|)3 (1 + CZ,maX + éZ,max) E [(1 + ‘X|)2] |9 - §| (76)
Substltutlng (74), (75), (76) into (73) and using L(X ) = L(X) yield, forany I = 1,...,ma,J =
.,d1, 0,0 € RY,

E HGW{J(Q,XO) — Gy1s(0, XO)H
<294 (1+ ep)2(1+ 0] + 18))° (1 + Camax + Czmae) E [(1+ [ Xa)?] 10— 8. (77)
(ii) Forany 6,0 € R?, by £(X) = L(Xp), it follows that
E HG,)({ (8, Xo) — Gy (8, XO)H

—E HGbJ(H,X) . GbJ(H_,X)H

” Z — (O, 2))Wi14,(Z +2Z — N0, 2)Wi'14,(Z)

< T10(0, 9) +T11(0,0) + T12(0,0), (78)

where

Tio(0,0) Z — NG, Z2))Wi'14,(2)

+2Z — NG, 2))Wil14,(2)

)

T11(0,0) 22 — N0, Z2))WiT14,(2)
+2§(Y"—W(§,Z))W"1AJ( 21,
=1
Ta(0,0) = ||-2 3 (v — (8, 2)Wi714,(2)
=1

m2
+2) (Y -0, 2))WiT14,(2)
=1

By using (67), one obtains

T10(6,0)

‘ 22 — NG, 2))Wi14,(2)

+2Z — NG, 2))WiT14,(2)

<2 |WY|E[|9(0, Z2) - N (0, 2)|]
i=1
< 12madi (1 + cF) (1 + CZmax + éZ,maX) E [(1 + |Z|)2] (1+10]+ |é|)3|‘9 - é‘ (79)

Moreover, by using (62), and that X = (Y, Z), we have

T11(0,0)

‘ 22 — NG, 2))WiT14,(2)

+2Z — NG, Z2))Wi14,(2)

)
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ma
<2y E[(|Y'|+ 06, 2)))] Wi - wi|

=1
<2 E[(IX]+ di(1+ )1+ X1 +16))%)] |6 - 6]
=1
< dmadi(1 4 cp)E[(1+|XD] (1 + 6] + 16))%|6 — 6] (80)

In addition, one obtains, by using (62),

T12(6,0) 22 — N0, 2)Wil14,(2)

+2Z — N0, 2))Wi{'14,(Z)

< 22 (Wi E [(|Y7] + |8, 2)|) [14,(2) = 14,(2)]]
=1

< 2% W LB (1+ ) [14,(2) = 14, (2)]
=1

£ ) W |B 70, 2)] [1,(2) - 14,(2)]
i=1

<23 W E[[14,(2) — 14,(2)|]

i=1
+2) ) |[W|E Y [14,(2) = 14,(2)]]

m2

+2d1(1+cp)(L+10)? Y (W[ E[(1+12)) [14,(2) — 14,(2)]]
=1

<23 W E([[14,(2) — 14,(2)|]

i=1
+2) 0 W E Y [14,(2) = 14,(2)]]

m2

+4di(1+ cp)(1+ 102D W E[|14,(2) — 14,(2)]]
=1

ma
+2di(1+ep)(L+10)* D |WIE (12 |14,(2) — 14,(2)]] -
i=1
This yields, by applying (59), (60), (61),
T12(60,0) < 2ma(1 + (6] + |0])Czmax|0 — 0]
+2ma(1 + 0] +10)Czmax E [[Y[?] 6 — 0]
+ dmadi (1 + cp) (L + 18] + 10)3Cmax|0 — 0]
+2madi(1+ cp) (1 +10] +101)° (Czmax + Czmax) E [(1 +|2])°] |0 — 0]
< 10madi (14 cp)(1+ 18] +10))° (1 + CZmax + Czmax) E [(1 + | X])?] |6 — 0]. (81)
Substituting (79), (80), (81) into (78) and using £L(X ) = L(Xy) yield, forany J = 1,...,d1,

E [ |Gy (6, X0) = Gy (8. X0)|
< 26mady (14 cp)(1+ 10| + [0])° (1 + Czmax + Czmax) E [(1 4 | Xo)?] 10— 6].  (82)
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By using (77), (82), one obtains, for any 6,0 € R?, that
E [|G(6, Xo) — G(6, Xo)|]

1/2
mo d1 B 9 dl B )
—E [ 3D |G (0, X0) — G0, X0)| + 3 |Gy (6, Xo) = Gy (9, X))
i=1 j=1 =
< 29madi (1 + cp)*(L+ 6] +10])° (1 + Czmax + Czmax) E [(1 + | Xo[)*] |6 — 6]
+26mad; (1 + cp)(1+10] +10))* (1 + Czmax + Czmax) B [(1 4 | X0])?] 10 — ]
< 55m2d%(1 + CF)2 (1 + CZ,max + C_VZ,max) E [(1 + ’XODQ] (1 + ‘9‘ + ’é|)3|0 — 9‘ (83)
Moreover, forany I = 1,...,ms,JJ = 1,...,dy, the following upper bounds can be obtained by using

the definition of GWIIJ, GbOJ given in (21):
(i) For any § € R?%, & € R™, one obtains, by using (62),
‘GW{J(O,@*) = |—2(y" — N (8, 2)or (¢, 2) +b])]|
<2(|y*| + [97(6,2))]) (1 + cr)(1 +|2]) (1 +]b7])
<2([y"| + da(1+er) (1 + [2[)(1+10])) (1 +er) (1 +[2])(1 + 1))
< 4dy(1+ ep)*(1+ |z])*(1 +10])°. (84)
(ii) Similarly, for any 6 € R?, z € R™ with z = (y,z) € R™2 x R™, one obtains, by using (62),

‘Gbg (0, x)‘ = ‘_2 D (= N0, 2)Wi 14, (2)
=1
<2 ('] + 90 2)]) (1 + W77
1=1

<2 (|y'| +di(t +ep) (L + |21 +16)%) (1+6])

i=1
< dmady (1 + cp)(1+ |z])(1 +10))%. (85)
The above results (84), (85) imply that, for any 6 € R?, z € R™,

G(6,2)| = fji]cw;j(e,x)(ﬁi\Gbgw,x)
j=1

i=1 j=1

1/2
’2
< dmadi(1+cp)*(1+|2])(1 + 10])% + dmadi(1 + cp) (1 + |2|)(1 +10))°
< 8madi(1 +cp)?(1+ |z])?(1 + 16])>. (86)
Therefore, for fixed ¢ = 4, p = 2, by (83), (86), one observes that Assumption 2 holds with
Lg = 55madi(1 4 cp)? (1 + Czmax + Czmax) E [(1+ | Xo)?], K = 8madi(1+ cp)’.
To show that Assumption 3 is satisfied, we apply the same arguments as in (106) - (108) to obtain, for
any 0,0 € R%, z, 7 € R™,
|F(0,2) — F(8,)| = |n016/" — ndld>"| < n(1+2r) (1+ 6] +18])* 10 — .
Furthermore, one notes that, for any § € R%,z € R™, |F(0,z)| < n(1+|0/**!). Thus, for fixed
r =2, p =2, Assumption 3 holds with Lr := 5n, K := 1.

Finally, by using the same proof as in Appendix A.1l, one notes that Assumption 4 holds with
A(z) = nlg/2, B(z) = 0,7 = 0,a = 1/2,b = 0. o

Proof of Corollary 3.2. Let § = ([W1],bp) € RS, § = ([W1],b9) € RY, and let A; be defined in (58).
One notes that under the assumptions in Corollary 3.2, the following result can be obtained. For any
I=1,...,m9,J=1,...,d;, we have

E[[Y'?14,(2) — 14,(2)]]
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1 2
=FE [‘y (2)] ]1{ 75‘]72]#” CJka)/cJuJSZVJ<(7bgfzk¢yJ Tk Zk) eV Ty

Tk K
—by — Thtvy©

JVJ
/le 1/ S, e’ s ly I(Z)\szmz,w(z”J]z_VJ)dz”JfZﬂJ(z_yJ)dz_yJ

vy

Tk _k
b ~Thp, e’z

T )
< [ s o GO+ B bz, (2, 42 (o o

vy

k
—by - Zk;éuJ ks

JVJ
< 2, / 1/— Tk 2k fZVJ|Z_VJ(z”J|z_VJ)dz”JfZ_VJ (2_y,)dz_y,
R™1-

b~ Skt
JVJ
—bg - Ek;ﬁuJ =k
/le 1/—b —z,#y & 2 Wfgvz_ ,J( ey,) A2 f7., (2-0,) dzoy,
JI./J

Since X = (Y, Z), by using (22), the above result implies
E[[Y'14,(2) — 14,(2)]]

20 CZJ _
fCJT| — by

J Jk _k
—bj 721@751/(] c/Mz

2 v 2
" 2qycy /]Rm1—1 /b({zk;uj ok 2k |ZVJ’ qy fZVJ‘Z*V ( ]‘Z_VJ) dZVJfZ ( ) dZ_
J—VJ

k
—bg — Zk;éuJ ks

JuI 9
w2 / / e o Tz, (2 e, A e P fy (o) da,
Rm1—1 Jl/JJ
20 CZ vy o _ J 2% ¢ CZ vy quzzJCZVJ

by — b3 | + T’Bo — byl + o E[1Z_0,[*®] by — b7 |

< (2020217 n 2%y CzCZVJ 2%y CzCZVJ

vy

. ) B [(1+ X)) 5 — o)

CJVJ CJI/J CJI/J

< CZ,maxE [(1 + ’X’)qu] ’0 - §|7

where
- 2 ~ J
CZmax = Jelha {c; (2Czvs + 29 Cgvs +29%Cgvy) ["} . (87)
The rest of the proof follows the same lines as in the proof of Proposition 3.1 (see Appendix 5), however,
one notes that, in this case, p = 2qy, and Cz nax is given by (87). O

Proof of Proposition 3.3. First, since for any a1, a2 € R,
a3 =2a1, a4=—a1, as=2a, ag= —as,
one notes that the objective function u defined in (25) - (27) is given by
0 — {930 +as0? + (a1 — a2)*Ellix<py), 0] <1,
0% + as|0] + ag + ((a3 — a5)|0] + (a1 — a6)) E[Lix <], [0 > 1,
which is continuously differentiable with
300% + 2a20 4 2(a1 — a2)0 E[1x<py] + (a1 — a2)0? fx (0),  |0] <1,
u'(0) =  300%° + (a5 + (a3 — a5) E[L{x<p]) (L (p>1} — Lgo<—_13)
+((az — as)|0] + (as — as)) fx (0), 0] > 1.

Since (X, )nen, is a sequence of i.i.d. random variables with probability law £(X), by the definitions of
F,G given in (28) and as H := F + G, we observe that h(f) := v/ (0) := E[H(6, Xo)], for all § € R.
Thus, Assumption 1 holds.

To show that Assumption 2 holds, one considers the following cases:
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(i) For |6], 0| < 1, one obtains
B[G(0, Xo) — G(3, Xo)|| = E[G(6, X) — G(, X)]
=E [‘2@29 +2(a1 — a2)01 x<gy + (a1 — a2)02fx(0)
- (zagé +2(ar — a2)0L y gy + (a1 — a2)” fX(é)) H

< 2lasl6 — 0] + 2lar — a2l E [0 x<py — O1ix <)

ot (88)
+ a1 — az[|6°fx (0) — 62 fx (9)].
By assuming without loss of generality that § < 0, one obtains
E |01 (x<gy — 51{xg9’}\] <E[|011x<gy — 01yx<py|] +E [|§1{X§e} - éﬂ{Xg@}’}
<10 — 0] + |0| E[1 {p< x<qy]
0
— 16— 0+16] [ fx(e)da
9
< 10— 8]+ cx|0]l0 —
< (T+ex)(1416]+10])]0 — 6] (89)

Moreover, it holds that
167 fx (60) — 0 fx ()] < 162 Fx (0) — 62 fx(0)| + |62 fx (8) — 67 fx(0)]
< ex(|0] + 101)[6 — 8] + Lx|0]*10 — 0]
< (ex + Lx)(1+[60] + |0])|0 - 4]. (90)
Substituting (89) and (90) into (88) yields
E[|G(8, Xo) — G(0, Xo)] < 2az[|0 — 0] + 2(Jaz| + laz])(1 + ex) (1 + 0] + [6])]0 — 0]
+ (Jar| + las|) (ex + Lx)(1 +16] + |6])%]6 — 6]
< (4+3ex + L) (L + |ar| + lazl) (L + (6] +[6])%16 — 6] (OD)
(ii) For |6],|6| > 1, one obtains
E[|G(0, Xo) — G(0, Xo)]]
— E[|G(9, X) — G(8,X)|]

=E [|2(a2 + (a1 — a2)Tyx<oy) (Lggs1) — Lyge1y) + (a1 — a2)(2/6] — 1) fx (6)
— (2(az + (01 = 02)Lx0) (Lo — Ligey) + (a1 — 02)(210] = 1 fx(0) ) |
<E[[2(a2 + (a1 — a2)lix <o) (Lgp>1y — Lip<—1})
—2(az2 + (a1 — a2)Lix<gy) (Lgs1y — Ligeoy H 92)
+E [|(a1 — a2)(2/6] — 1) fx(0) — (a1 — a2)(2]0] = 1) fx (9)]] -
One notes that as |6|, |6] > 1,
’]1{9>1} —Lipc1y — (Lgsry — 1{é<—1})‘ <10 —4. (93)

Then, by using (93), and by assuming without loss of generality that # < 6, one obtains
E [|2(a2 + (a1 — a2)Lix<p)(Lgp>13 — Lig<—13)
—2(az + (a1 — a2) L x <) (Lgs1y — 1{5<—1})H
< E []2(az + (a1 — a2)Lix<p}) (Lo>1} — Lio<—1})
—2(az + (a1 — a2)Lix <o) (Lgs1y — 1{5<—1})H

+E H2(az + (a1 — a2)Lix<gy) (Lggs1y — Lige—1y)
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~2(as + (a1 — @) x <)) Apsny — Lgeoy)|]
< 2(Ja| + 2|az))|6 = 0] + 2(la| + a2 ) E[[ L (x<0) — Lx<py ]
< 2(Ja1| + 2]a2|)[0 — 0] + 2(|a1| + [a2|) E[L g x<gy]

[%
=2(|a1!+2\a2|)|9—9+2(|al\+!a2|)/9 fx(z)de

< 4(Jax| + laz|)|0 — 0] + 2cx (Jaa| +[az)|0 — 6
< (4+2ex)(1 + |aa| +|az)|6 — ] (94)
In addition, one has that
E [[(a1 — a2)(216] — 1)fx(6) — (a1 — a2)(210] — 1) fx ()]
< E[[(a1 — a2)(2/0] = 1) fx(0) — (a1 — a2)(2]0] — 1) fx ()]
+E [[(ar - a2)(218] — 1)fx(6) — (a1 — az)(2l8] - 1) fx (8)]]
< 2cx(|ar| + faz2))|0 — 0] + 2Lx (lax| + [az|) (1 +[0])]0 — 6]
<2(ex + Lx)(1+ |a1| + |ag])(1 +10])|0 — 0]. (95)
Substituting (94) and (95) into (92) yields
E[|G(0, Xo) — G(0, Xo)]]
< (4+2ex) (1 + Jar| + laz))|0 — 0] + 2(ex + Lx ) (1 + |ar| + |az|) (1 + |0])]6 — 0]
< (44 4ex +2Lx)(1 + |ay| + |az]) (1 4 |0] + 16])]6 — 6. (96)
(iii) For |f] < 1, |6] > 1, one obtains
E[|G(0, Xo) — G(0, Xo)|]
— E[|G(0, X) — G(6, )]

=K [ ‘20,29 + 2(&1 — GQ)Q:H.{XSQ} + (a1 — a2)02fx(0)
— (2002 + (@1 = 02)1x <4)) (Lo — L)) + (a1 — 02)(210] = 1)fx(0) ) ||

<E H2a29 +2(a1 — a2)0lx<gy — 2(az + (a1 — a2)Lx<gy) (Ligory — 1{5<—1})H

_ _ 97)
+E[|(a1 — a2)0? fx (0) — (a1 — a2)(2l0] — 1) fx (0)]] -
One observes that as 0] < 1, |0] > 1,
0 — (Lggory — ﬂ{e’<_1})) <16 -4 (98)

Then, by using (98), and by assuming without loss of generality that # < 6, one obtains

|

<E [‘2(@ + (a1 — a2)Lix<p)0 — 2(az + (a1 — a2)Lix<a)(Lqgsry — 1{5<—1})H

+E [[2(a2 + (a1 — a2)L <o) (Lgony — Lgeoy)

E H2a29 +2(a1 — a2)01x<py — 2(a2 + (a1 — a2)Lix <)) (Lygs1y — Lige_ny)

—2(az + (a1 — a2) Lix<gy) (Ligs1y — 1{§<71})H
< 2(|ax| + 2|az))|0 — 0] + 2(Ja1| + |a2]) E[lgp< y <]
< (4+2ex)(1 4 |a| + |az2])|0 — 6], 99)

where the last inequality follows by using the same arguments as in (94). Furthermore, one notes
that

0% — (210] — 1)| = [|0]> — 2/6] + 1 + 2|6] — 2(0)|
< |61 = 1)*| +2]l6] - 16|

< |(16] = 1)?| +2[0 — 0]
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< 10| — 1|+ 2|0 — 0
< [16] - 11| + 2|6 — 9]
< 3/6 9], (100)

where the third inequality holds due to |#| < 1, while the fourth inequality holds due to |f| > 1.
Thus, by using (100), one obtains

E [|(a1 — a2)6” fx (6) — (a1 — az)(2/6] — 1) fx (6)]
< E [|(a1 — a2)62fx(6) — (a1 — a2)(2/6] — 1) fx(0)]]
+E [|(ar — a2)(218] — 1) fx(0) — (a1 — a2)(2/6] — 1)fx(8)]]
< Bex(Jaa] + laz)l6 — 8 + 2L (lar + a2l (1 + 18)16 — ]
< (3ex +2Lx)(1 + |a1| + |az|)(1 + |6])|6 — 6. (101)
Substituting (99) and (101) into (97) yields
E[|G (0, Xo) — G(0, Xo)|]
< (44 2ex)(1+|ar| + |az])|0 — 0] + (Bex + 2L x) (1 4 |ar| + |az]) (1 +10])[0 — 0]
< (4+5cx +2Lx) (1 + |ay| + |az|)(1 + |0] + 10])]|0 — 0] (102)
By (91), (96), and (102), one concludes that, for any 6, 6 € R,
E[|G(8, Xo) — G(6, Xo)[] < (4 + Bex +2Lx) (1 + |ar| + az])(1 + [6] + [8])]6 — 6].
Moreover, by the definition of GG in (28), one can obtain the following estimates:
(i) For |0] < 1, we have, for any = € R, that
IG(0,2)| = 220 + 2(a1 — a2)01 <py + (a1 — a2)8” fx ()]
< 2(Jar| + 2laz))|6] + ex (Jar| + |az])[0]?
< (44 ex)(1+ far] + [as])(1 + [6])2. (103)
(ii) For |0| > 1, we have, for any = € R, that
G0, z)| = [2(az + (a1 — a2)1(z<py) (Lo>1) — Lip<—1y) + (a1 — a2)(2[0] — 1) fx (0)]
< 2(Jaa| + 2[azl) + 2ex (las| + laz]) (1 + [6])
< (44 2x)(1+ lar] + lazl)(1 + [6]). (104)
By (103), (104), we obtain, for every 0, z € R, that
G(0,2)] < (4 +2cx)(1 + |aa| + |aa]) (1 + |6])*.

Thus, since ¢ = 3 and p = 1, Assumption 2 is satisfied with

Le=(4+5cx +2Lx)(1 + |aa| + |az]), K= (44 2cx)(1+]ar] + laz]).  (105)
Next, we show that Assumption 3 is satisfied. For any 6, § € R, define
ft):= @0+ (1 -t))* 1, teo,1], (106)

which implies that B B
()= 2r+1)(t0 4+ (1 —)0)* (6 — 6). (107)
Then, one obtains

(1) = ()] = |62+ = g2+ | = \ / (2 10+ (1— 00 (0 — ) o

<@r+1)(10]+10)* |0 - 4]
One notes that » = 14. Then, by using the above inequality, one obtains the following: for any 6, 0 € R,
andany x € R, |F(0,7) — F(0,z)| = |[300% — 306%°| < 870(1 + |6| + |6])?3|6 — 0|. Moreover, it holds
that |F(0,x)| < 30(1 + |0]?°). Thus, Assumption 3 is satisfied with Ly = 870, K = 30.
Finally, one can show that Assumption 4 is satisfied with A(x) = 1514, B(x) = 0,7 = 0,a = 15,b =
0 by using similar arguments as in the proof of Remark 2.5 (see Appendix A.1). (]
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APPENDIX A. PROOF OF AUXILIARY RESULTS

A.1. Proof of auxiliary results in Section 2.1.

Proof of statement in Remark 2.5. For any § € R,z € R™, consider F(,z) := nf|0|* with €
(0,1),1 > q/2. Then, one obtains,

d
(00, F(0,) ~ F(0' Z(zz — 6 (Brl0 e;e’%)

=1

I
N3
Tﬂg

((6: = 002161 + (6 — ohyor (0" — 1o/
1

-
I

(0= 86101 — 19/ + (6, - 010"

+
N3
1M~

1

I
N3
M=

((6: = 8261 +16'1*) + (l6:” — 64 (6 — 16'1*))

=1

n Ui
=510 = 0'P(101 + 10'*) + S (10 — o' (1 — 101
> (0 -0, A(x)(0 - 0)(|0] + |0'*),
where A(x) = nl;/2, B(x) = 0 for all z € R™, and moreover, r = [,7 = 0,a = n/2,b = 0. O

Proof of statement in Remark 2.6. We first prove inequality (14). By Assumption 1 and 4, one obtains,
for any 0 € R,

(0, E[F(0, Xo)]) > (0, E[A(X0)]0)|0]*" — (0, E[B(X0)]0)|0]" + (0, E[F(0, Xo)])
> alf* 2 — b]6]"T2 4 (6, E[F(0, Xo)]).

Therefore, by applying Young’s inequality, Assumption 3, we obtain
= 1
(6, E[F (6, Xo))) = al6[r+2 — bl6]™2 — 210 — K3 E[(1+|Xo|)). (109)
a

By using 0 < 7 < 2r, r > q/2 > 1/2, it follows that, for 6 € RY,

B 4b 1/(2r—7)
%|0|2’"+2—b|9|7"+2 >0 o |9 >< ) :

a
and moreover,
Zw\?rﬁ - 3\9\2 >0 o |0 >2Y@).

Denote by Ry := max{(4b/a)'/(?>r=7) 21/2")} > 1. For || > Ry, (109) hence becomes
1
(0. E[F (6, Xo))) > 5107 — 5o K3 E[(1+[Xo])), (110)
while for |0| < Rp, it follows that

F a 1
(6, BLF (6, Xo)]) > ~blo"** — 2|6 — - K3 E[(1+ | X0

1
o K3 E[(1 +]X0))]
(b n ) R iKFE[u X)) (111)

> bRy - QR% =

Finally, by using the estimates in (110) and (111), one obtains

(0. E[F (0, X0)]) > ar|0]* ™2 — bp, (112)
where ar 1= a/2 and bp := (a/2 + b) R + KZE[(1 + | Xo|)%]/(2a) with

Rp = max{(4b/a)'/(?r=7) 21/(2)}
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Recall the expression of H in (10). Then, Assumption 1, 2, (112) and Cauchy-Schwarz inequality
imply, for any 6 € R?,
(0,1(0)) = (0,E[G(6, Xo)]) + (0, E[F (0, X0)])
> ap|0)7*? = bp — 27K E[(1+ | Xo|)?](1 + [6]7+1). (113)
To prove (15), it suffices to show that
ap|0*"*? — bp = 27KGE[(1 + | Xol)?](1 + |0]77") > anl0]* — by
for some ay,, by, > 0. Set
ap == 2KGE[(1 4+ |Xo|)?], by =321 KGE[(1 + |X0|)”]/ min {1,ap})?"* + bp.
Then, one observes that for |0| > 29 Ko E[(1 + | Xo|)?]/ min {1,ar} > 1,7 > q/2 > 1/2,
2012 + 26y, fap > |0 + 10|92 + 2by, Jap
> (277 KG E[(1 + | Xo|))/ min {1,ar})|0]?
+ (27 K E[(1 + | Xo)?)/ min {1, ar})[0]**!
+2(3(2" KG E[(1 + [ Xol)”)/ min {1, ap })**2 + br) far
> 2(29KaE[(1+ | X)) 01 /ar + (29T Ko E[(1 + | Xo|)”)) 1097 /ar
+ 27 KG E[(1 + | Xo|)?]/ar + 2br /ap
=2a3|0|*/ap + 27T KG E[(1 + | Xo|)?](1 + |0|”"") Jap + 2bp/ap.  (114)

Similarly, for |§] < 2971 K¢ E[(1 + | X0|)?]/ min {1, ar}, it follows that

20612+ + 20y fap > 2 (3 (277 K BI(1 + | Xo|)]/ min {1, ap}) ™

> 229" KG E[(1 + | Xo|)?]/ min {1, ar})?/ar
+ (21 KGE[(1 + | Xo|)?]/ min {1, ar})?"%/ap + 2br /ar

> (2T K@ E[(1+ | Xo|)?]/ min{1,ar})|0]*/ar + 27" Ko E[(1 + | Xo|)?)/ar
+ (2 KG E[(1 + | Xo])?]/ min {1, ar})|0]7" Jar + 2bF /ar

> 2 K E[(1+ | Xo)")I0]? far + 277 Kg E[(1 + | Xo|)*] /ar
+ 27 K G E[(1 + | Xo])?]10191 Jap + 2bp /ar

= 2a3|0)?Jar + 29T Ko E[(1 + | Xo|)?)(1 + 10)9TY) Jap + 2bp/ap, (115)

—f—bF) /ap

where the first inequality holds due to 2|§|?"*2 > 0, and the second inequality holds as ¢ > 1. Thus, by
using (114) and (115), one concludes that, for any 6 € R4,

21012 + 201 Jap > 2a,|0]? Jap + 27T KGE[(1 + | Xo|)?)(1 +16]7") fap + 2bp /ar,
which implies, by multiplying ar /2 on both sides of the inequality, and by rearranging the terms
ap|]"*2 — bp — 21K E[(1 + | Xo|)?)(1 +0771) > an|0]* — by
Finally, combining (113) with the inequality above yields the desired result. U

Proof of statement in Remark 2.7. By using Assumption 1, 2, 4, the expression of H in (10) and Cauchy-
Schwarz inequality, one obtains, for any 6, 6’ € R¢,
(0 —0',1(0) — h(8))
> (0 — 0/, E[A(X0)](0 — 6)) (101" +1¢'[") — (0 — 6, E[B(X0)](0 — 6))(16]" +6']")
+ (0 — 0", E[G(0, Xo) — G(¢, Xo)])
> a0 +16'1*)10 — 6'* = b(|6] + 16[")|0 — 0'|* — L (1 + 6]+ [6')* 10 — &'
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g(W!Q’” +10'PN)|0 — 0’1 —b(10]” + [6'") 10 — 0"

+ = (]0|27“ +16')2")|0 — 0> — 392 L0 — 0’2 (116)
§(I9|2T + 101270 — 0P = 37 2L (10]7 + 10')7 [0 — '

For 0,0 € R%, 0 < 7 < 2r, one observes the following:

gwma —OPE—blof 1002 >0 < |0 > (

~ 1/(2r—7)
STl — 0P b 00 e 1] > (2b> ,

_2LG

|9\27“\9 -2 Cl-0rP>0 < |9\><

—2L q—lL 1/(2r)
%|9’|2T\9—9’\2 3 Gye vP>0 < |e’|>(3 G> ,

%IGIQT\G — 02— 39 2LGl01 0 — 02> 0 = |6 >

39-17p, 1/(2r—q+1)
%ye'me O3 20| - 02> 0 = |0] > ( - G) .

One notes that (37! Lg/a)'/?") < max{1, (37" Lg/a)"/>"=471)} due to the fact that 2r > ¢ > 1.
Define R := max{1, (37! Lg/a)"/ =41 (2b/a)'/(r="} and denote by B(0, R) the closed ball
with radius R centred at the zero vector in R. Then, for 0,6’ ¢ B(0, R), one obtains, by using (116),

(O — 0, h(0) — h(8)) >0, (117)

while for 0, 0" € B(0, R), it follows, by applying Remark 2.3,
— (0 —0',h(0) —h(B)) <|0—0h0) —h@)| < Lglo -0, (118)
where Lg := Lp(1 + 2R)*. For the case § € B(0,R), & ¢ B(0,R), ie. |0] < R,|¢0'| > R,

it is straightforward to see that the inequality (117) holds when [0| = R, |0’ | > R; moreover, for
0] < R,[0'| > R, there exists a unique 6 € R? which lies at the intersection of the boundary of the ball
B(0, R) and the line segment between 6, ¢’, such that @ — = cg g/ (0 —6') and 0 — 0" = (1—cp /) (0 —0'),
where ¢y ¢ € (0,1). Then, one obtains, for |§| < R, |¢'| > R
(0 — 6", h(0) — h(6"))
> (0 —0,7(0) = h(0)) + (0 — 0,h(0) — h(8)) + (6 — ', 1(0) — h(B)) + (0 — 0, h(0) — h(0)))
= (60— 0',1(0) — h(B)) + ( 00y 1) (0 —0',h(0) — W), (119)

1 —cyp

where the equality above is obtained by using 6 — 0 = ¢ g:(6 — 0') /(1 — cg o). One notes that the second
term on the RHS of (119) is greater or equal to zero due to (117). Thus, it follows that

(0 —0',h(0) — (@) > (60—, h0) —h(D))

= —6979/LR‘9 - 6/‘2
—Lg|0 — 0%,

where the second inequality holds due to (118), and the last inequality holds due to cg ¢ € (0,1).
Applying the same arguments to the case § ¢ B(0, R), #’ € B(0, R) completes the proof. O
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Proof of statement in Remark 2.8. For any p € N, recall the definition of A, nax given in (16). It

suffices to show
min{(ar/Kr)?, (GF/KF)Q/(QP*U}

20\ 2
9(7) KR(E[(1+[Xo|)%e])?
decreases as p increases. To this end, one first observes that the denominator of the fraction in (120) is
positive and it increases as p increases. Then, for 0 < ap/Kpr < 1, one obtains that, for any p € N,

min{(ap/Kr)?, (ap/Kp)?*V} = (ap/KF)? > 0
whereas for ap /Kp > 1, we have, for any p € N,
min{(ap/Kr)?, (ar/Kp)* ™} = (ap/Kp)* =1 > 0,

which decreases as p increases. Thus, one concludes that (120) decreases as p increases. U

(120)

A.2. Proof of auxiliary results in Section 4.
Lemma A.1. Let Assumption 1, 2, 3, and 4 hold. Then, one obtains, for any p € N, t > 0,
E(|Z}) < e P E|60[*7] + 2(b + B~ (d +2(p — 1)) M5"* /ap,

where Ms == (2(by, + B~1(d + 2(p — 1)))/an)'/?. In particular, the above result further implies

sup BI|Z2 %) < BI00l] + 2(bn + 57 (d + 2(p = D)M" e,

t>
Proof. Consider the function f(z) := |2|?", z € R%, p € N. Denote by V f and V2 f the gradient and
the Hessian of f, respectively. One observes that, for any z € R%, p € N, Vf(2) = 2pz|2|?*~2 and
V2f(2) = 2p|z|?P~214 + 4p(p — 1 ]z]zp*‘lzzT with I; denoting the identity matrix and 2" denoting the

transpose of z. Recall the definition of (7} )e>0 given in (33). For any ¢t > 0, by applying Itd’s formula to
f(Z}) = |Z}?, one obtains, almost surely

d|ZM% = | —(Vf(Z), \W(Z))) + = Tr<\/2)\ﬂ ) TV2F(Z) (V2087 1y) )]
+(VF(Ze),V/2A8-1dB})

= —2p\N(Z} W(ZM) | Z} P72 dt + 2p(Z), /208~ 1dBY) | 2] |2
+2pAB37H(d + 2(p — 1))| 2P 2dt,

where Tr(A) and AT denote the trace and the transpose of a given matrix A, respectively. Then,
integrating both sides and taking expectation yield

t
EHZN?P] = EHQOPP] _ 2p)\/0 E[(Z;‘, h(Z;‘)HZ?‘Zp_Q] ds

+ 23+ 20— 1) | B2 s,

where the expectation of the stochastic integral is zero by applying standard stopping time arguments (see,
e.g., the proof of Lemma 4.4). This further implies by differentiating both sides and by using Remark 2.6,

d

3 EIZ27) = —2pAE[(Z), M(Z D2 72) + 2pAB7H(d + 2(p — 1) B[ 277

—2papAE[|Z}?P] + 2pA(by, + B7H(d + 2(p — 1)) E[| 22?72, (121)

For any 0 € ]Rd, one notes that
— papA|01*? + 2pA(by + 871 (d+ 2(p — 1)) 10 % < 0

- 1/2 122
|9|><2<bh+/31<d+2<p—1>>>> | (122)

an

-

Denote by M; := (2(by, + 871 (d +2(p — 1)))/ap)"/? and S; pr, == {w € Q : |Z}(w)| > Ms}. Then,
by (121) and (122), it holds that
d

T E[|Z}*) < —2pap AE[|Z] [ Ls, . ] + 20A(bn + 871 (d +2(p — 1)) E[| 27| ?Ls, ,, ]



NON-ASYMPTOTIC ESTIMATES FOR TUSLA WITH APPLICATIONS TO RELU NEURAL NETWORKS 37

— 2pap AE[|Z) [P Ls; | ]+ 2pA(bn + 871 (d +2(p — D) ENIZ* 1s; |, ]
< —puAE[ 20715, ., | - 200 NE[| 2P Is; |
+ 2pA(by + BH(d + 2(p — 1)) M2P 2
< —pan\E[| 2} ¥] 4 2pA (b + B (d + 2(p — 1) M3,
This implies, by multiplying eP*** and by integrating on both sides of the above inequality, that

EHZ?‘QP] < e~ vant E[|90’2p] +2(by + ﬂ_l(d—i— 2(p — 1)))M2p Q/Gh
Finally, it follows that

sup E[|Z2 %) < B|60l]) + 2(bn + 5 (d + 2(p = D)M" /a,

t>

which completes the proof. (]
Proof of Lemma 4.2-(i). For any 0 < A\ < A\j yax, t € (n,n + 1], n € Ny, define

AN, =0 — ANHA0), Xni1)(t —n), EN, = V2AB-1(B) — BY). (123)
By using (34), one obtains,
h] =E [l

E[16) O] + 2A(t — m)d/B. (124)

Moreover, by using Assumption 4 and Remark 2.6, one further calculates, for any 0 < A < A1 max,

- GO Xpi1) + F(O), X))\ | 5
_|pA12 _ - A n» 3n+ ny» <An+ A
B (1402 2] = 1928 - 20 - | (), ST e
G0N, Xpi1) + F(O, Xpy1) |
+A2(t —n)?E ’ n 7
e L+ VG [r
<12 — 2X\(t — n)(ar|0p*"** — bF) L A= |03 E [|G(07, Xn+1)]| 03]
- L+ VA L+ VAR
E[|G(6), X)) ?|0)]  E[|F(0), X,i1)?] 0]
+2)\2(t—n)2 U (n’ _—‘rl)| | n] + U (n _—0—1)’ } n] ‘
(1+VA[G[*r)? (1+VA[f[*r)?

The above estimate further yields, by using Assumption 2, 3, the following bound:

QCLF‘ngrJrQ

A <|On? = At —n)——A——— 4 2)\(t —n)b
B 1A% 8] <100 = A =) R+ 2~ b
7t — 2 KGR0+ X)) (14187
L+ VA2 (125)
(e P EBE [0 X)) (14 )
(14 VAR
2t =2 R E[+ X)) (1 + 67[)

(1 + VAIB[r)?
Moreover, one notes that, the fifth term on the RHS of (125) can be upper bounded using the following
inequality: for any € R, 7 > ¢/2,0 < A < AM,max < 1,
ALH0PT)  _ AA+1OPY) A+ AA+[01*) _ 2+ M0/ _
(L+VAB2)2 = LHA0F = 14 A0 — 14+ A07 — 7
This and (125) imply that

B B 2 ‘Q_A‘QrJrQ
E[|Amt| ‘en} < |62 — At n)71+ﬁ‘9%‘2T+2)\(t n)br
21 KGR (1 + | Xo])?] 169!
+At—n — n + 29I\t — YKo E[(1 + | Xo|)?
( ) T ( JKG E[(1+ |Xo])”]

+ 22N\t — )’ KEE [(1 + [ Xo])*]
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LAKEE [(1+ [ Xo|)] |65+
(1+ VA3 [?r)?
= (017 = At —)|0, PT7(6,) — A(t — n)T5\(0y) (126)
+ 2X(t — n)bp + 277N (t — n) Ko E[(1 + | Xo|)”]
+ 220Nt — )’ KGE [(1+ |Xo])*] + 4N (t — n)*KFE [(1 + | X0])*] .
where for all @ € R\ {(0,...,0)},
—

+ A2(t—n) +AN(t =)’ KR E [(1+[X0])*]

L ([ apl0P*? 207 KGE[(1+]Xo|)?] |07
Tf‘(@) . < - 9

RN 1+ /|62
and moreover, for all § € R9
ap\9|2’”+2 AN(t — n)K%IE [(1 + |X0|)2P] \9]4”2

A L .
B0 = R (1 + VA2

127)

Then, for all § € R?
aplf]?+? — 27 KG E[(1+ |Xol)) 67 > TCjof*r+?
22 KL [(1 + | Xo|)7]\ /@t
PN ’9‘>< G [( +| 0|)]> )

ar

Denote by My = (292K E [(1 + |Xo[)?] /min{1, ap})?/(?=4+1). Then, for all |#] > Mo, by using
the inequalities above, one obtains
ar|0* S apME"

A
e > 2(1+ VA7) ~ 2(1+ M)’

where the last inequality holds due to 0 < A < Aj ymax < 1 and the fact that f(s) := s/(1 + v/\s) is
non-decreasing for all s > 0. Furthermore, one observes that for all € R% and for all A < M max <
az/(16K(E [(1+ |Xo])*])?),

aF|9|2r+2 + \/XaF|0|4T+2 _ 4)\(t _ n)K%E [(1 + |XO|)2p] |9|4r+2

(128)

T3(0) =

(L V)2
_ VAapl|'m+ — KR E [(1+[Xo))] 6]+
- (1+ VAl
> 0. (129)

Denote by x := M2 /(2(1 + MZ")), and S, a1, = {w € Q : |0)(w)| > Mp}. Inserting (128), (129)
into (126) yields, for 0 < A < A1 max,

E[1A%121s, 0| O2] < (1= At = m)apm)OrP1s, yyy + Alt = )erls,

where ¢; := 2bp + 27T K E[(1 4 | Xo[)?] + 227 K2 E [(1 + | Xo|)*] + 4KZE [(1+ | X0[)?]. In
addition, one obtains, by using the definition of 77 (6) given in (127),

A2
E 1A% s,

O] < (L= Mt = m)apm)|hPLs; , + A - n)erls;
+ At —n)(aprMg + 20 K E[(1+ | Xo|)?] Mg 1se

n,Mg "
Combining the two cases yields
E [|A27t|2 ‘g} < (1= At — n)aps)| @ + At — n)es, (130)
where
¢y =1+ apkMZ + 27T KG B [(1 + | Xo|)?] MIT. (131)

Thus, one can conclude from (124) that, for t € (n,n + 1],n € Ng, 0 < XA < Af max,

E|10:72|02] = E[1),

ég] YNt —n)d/B < (1 — At — n)aps)|822 + At — n)co,



NON-ASYMPTOTIC ESTIMATES FOR TUSLA WITH APPLICATIONS TO RELU NEURAL NETWORKS 39
where
K= MG/ (2(1+ M§")),
Mo = (292 KgE [(1 + | Xo[)*] / min{1, ap})"/ @ —a+D),

2 +1 +1 (132)
co:=2d/B+ aprMy + 29T KqE[(1 4 | Xo|)’] M{™ + 2bp
+ 2T KGE[(1+ [ Xo|)f) + 22 K E [(1 + | Xo[)*] + 4K E [(1 +|Xo|)*] .
This further implies, for t € (n,n + 1],n € Np, 0 < A < Aj max < 1, that
E [\92‘\2] <(1=At—n)apk)E [|§2|2} + At —n)co
< (1= At - n)apk)(1 — Aapk) E [@_ﬂ Al maxCo + Aco
< (1 =Xt —n)apk)(l — Xapk)*E Déﬁ,ﬂﬂ +co+ Aep(1+ (1 — Xapk)) (133)
<.
<(1=At—n)apk)(1 —aprA)"E []90\2] +co(1+1/(apk)),
which completes the proof. O

Proof of Lemma 4.2-(ii). For any p € [2,00) NN, 0 < XA < Ap max, t € (n,n+ 1], n € Ny, recall the
definition for A;\L’t and Ef‘m in (123). To obtain the 2p-th moment estimate (with p € [2, c0) N N) of the
TUSLA algorithm (34), one writes
Pl —
g

E[16)77 03] =E[ (1822 +2(A%, Zh0) + 2),P)

—E | |27 03] + 20 B [ 180, 72(A0,, 20| 6]
P! = = ;
+E > g AR P (204 1 ER )2 R 1P O
k1lko!lks!
k1+ko+ks=p
{k1#p—1}n{k27#1}
L {k1#p} i
<E[1a),%|0)] + 2B 18,7724 . 20| 8)]

2p
2p b _
£ () e[l 8]
k=2

2p 2p
30 () = [1ad e es] .
k=2

where the inequality above holds due to [7, Lemma A.3]. This and the fact that =7 , is independent of

—E ||}

A) pand 2 =) n.¢ 18 independent of 0}, t € (n,n+ 1], n € Ny, yield
B [10)|8)] < [1a)%] 6] + Z (Z B (1AL

p—2
r . 2p2p71 2p — 2 —2-l|=
B [jad 02_+Z o (7 ) B [ (1l 12
9“]

B (=]

g

- e 2p—2 _
<E[|a),#|8)] +p2p - VE [(\A A+ 2T L

<E[182,7] )] + 2% 3p(2p - DE 14} 272

+ 2% p(2p — 1)E |2}, 7|
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S E |:|A7>\17t’2p‘ é’r);] + 22p—2p(2p — 1))\(t - n>dﬂ_1 E |:|A7>\17t’2p_2‘ 52] (134)
+ 27 4(2p(2p — 1)PHH(dBTIA(E — n))P,

where the last inequality holds due to [32, Theorem 7.1]. The first term in (134) can be upper bounded in
the following way:

E[1a)7]0)] = E

(1822 = 22t = ) (@, HA(0, Xs1)) + MA@, X 1) (E = )[2)” |6

— B — 2= AP 2E [(@ @ X)) | B
pil oA |2k (_ _ oA
DY k1!k2!k3!E[|9”| (=2X(t = n)(03;, H (07, Xn11)))"
ki1+kao+ks=p
{k1#p—1}n{ko#1}
{k1#p}

X [NHA(Op, Xpy1)(t — n)[?Fs

ég}
< |BAP? = 2pA(t = m)| BN 2R (B, HA(B), X)) | 8]
2p 2p
3 (P R [BEHNE K- 1] 2],
k=2

where we apply [7, Lemma A.3] to obtain the last inequality above. Moreover, by Assumption 2 and
Remark 2.6, the above estimate further yields
9‘,2}

_ _ - GO X))+ F(), X i)
E A)\ 2p 9/\ < 9/\2p_2)\t_ 0>\2p 2E|:<9>\’ ny 3n+ " Uno n+
12227 8] < 1031 — 2pA(t — )16 ) VT

+3° () [t @ e -]

B - oN|2r+2
s|e,é|2p—2pA<t—n>|ez|2p—2(“F'9”' o)
L+ VIO
L 2 A~ KGR+ X020 4 )
1+\f‘9>\‘2r

+Z< > [|0A2p *INHA(O), Xng1)(t — n)|*

Next, for any § € R?%, & € R™, denote by

‘n] . (135)

G(0,x) F(9,x)
G 9, = F 97 = —_—
)\( CB) 1+\/X‘9’27" )\( l‘) 1+\/X‘9’2T

To obtain the optimal stepsize restriction \p max, we estimate the term in (135) using Assumption 2, 3 as
follows:
2p
2p AN 2p—k ) k| g
S () [P NG, Xor) =) | 03]
k=2

SZP(%)WP Nt =) E [ (Ga@O, Xnet) | + | EAO X)) 81

k=2

2p 9
_ Z ( p>|0/\|2p k)\k

=2

k—1

Z( >|GA X)L (@, X!
=

o

m]

(136)
20\ =y 9, _
5> (7 )\ew Nt = ) B [|FA@, Xon)*
k=2
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By Assumption 2, 3, one notes that for any 6 € Rd, meR™, 2 <k < 2p,

k—1 k

(z)’G“G’@"“"\Fmamw
=0

k—1
= < )!G (0, 2)[F ! FA(0, )| + |GA(0, 2)|*

=1

k—1 ’
. <>K‘“ L) T e ) s N ) O
= 1+ V0P 1+ VAP

L BEQ+ |2+ Jop™

(1_|_\/X‘9’2r)k

k—1 - )
< k gak—ql+1-2 prk—lpl (| ok 1+ |g|a(k—1) 1+ |g|@r+D)
= ¢ Kp(l+|z|) PP —

= (L VAP (1 VAR

1+ 0|7

+ 29V KCE (1 4 | |)P*

kol
—_

l

o~
Il

1
o 14 AF/2|9)ak

—k/20qk—1 1k
AR/290k =1k (1 4 |g)) e

+

k—1
kY, _ -
<> <l>)\ RO ET K (1 + )M (1 + [0])' + A2 KE (1 + [P

x> o~
—_

k
()72 b il 0+
=0

kN \ —k/20qk—qit1—2 k1 ok L AETD2|gjatk=D) 1 4 \L/2|g| (2Dl
<3 (G )t R (e S g * g

41

137)

where the third inequality holds due to (u + v)® > u® + v® foru,v > 0,5 > 1 and A < A\, pax < 1,

while the last inequality holds due to the following inequalities, for 2r > ¢ > 1,

1+)\(k—l)/2|0|q(k—l) _ 1+)\l/2’9|(2'r+1)l

!
1+ AE=D/2|g|2r(k=D) — ™ 1+ A/2)g2rt — 201+ 101
Inserting (137) into (136) together with Assumption 2, 3 yields
2p
2 o _ _
S (;) E [[032 A @, Xt — )| 2]
k=2
k-1 )
< Z < )W n)* ( )zquglK;E (1 Xol)t] (1 82+
1=0

B ok—1pk | (1 X, NPk (1 g |k(2r+1)

i\ (1 + VAl

P)o2%1(2p — DA(t — n)(1+ Kp)?PE [(1+ [ Xo])?*] (1 + 182 )
)

P
p
(2
p
2p
+>

o\ o 2K [(14 [ X)) (B
( >“t‘" (L + VAR
(

k=2
ca(P)A(E = n) |0~ + ca(p)A(t — n)

2\ 2 _
< ( ) P29 D)A(t — ) K2 (1 + Kp)?PE [(1+ [ Xo) ] (1 + 822
_l’_
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2 — O\ |2r
+ f: <2p> Ne(t — n)k2k KR E [(14 [ Xo|)P*] 1052 +2
o\ F (1+ VA6 ’

where c3(p) := (2:)222”(‘“'1)])(227 — 1)Kép(1 + Kp)* E [(1+4 |Xo|)?*]. By substituting the above
estimate back into (135) and by applying Young’s inequality, one obtains

B B 6/\|2r+2
E A)\ 2p9)\ <9)\2p_2)\t_ 9)\21)2&}7"
10| 82] < 18P = 2pX(e = mlON 2 2 T
L 2P =) KG B[+ | Xo)?] |62~
L+ VA
2 - o\ |2r
+ i (21?) At~ n)ka KR E [(1+ [ Xo|)*] |6
o\ A (1+ VIR
+ At = n)(2pbr + 2T pEGE[(1+ | X)) (L + 05 7)
+ es(P)A( = )| + cs(p)A(t — n)
= |00 = A(t = )P T (0) — At = n) (T3 (0) + J3(07))

i (138)
+ At —n)(2pbr + 27 pKGE (1 + [ Xo|)?] + c3(p)),
where for all € R%, p € [2,00) NN,

TN0) = ap|0" 297pKGE[(1+ | Xo|)?] 107"

SR TVAVVIEE 1+ VG ’
13(0) o ST = (L VRGP 2y + 2T R G E ((1+ X))+ ca(p) O

2 1+ V|02 ’

2 - T

70) = 22T SR (00 ooty 2B PO

’ L+ VA0 i \ K (1+ VG

Next, we aim to choose a large enough constant M (p) > 0, such that for |0] > M;(p), J{ (0 ) and J3(0)
are nonnegative. To obtain an explicit form of such a constant, one notes that, for all § € R,

_ a
ap|6*" — 2 pEGE((1+ 1 Xol)] 017" > <16

r— 139)
202 K B [(1 + | Xo|)?] 1/(2r—q+1) (
0| > M = '
& 10> Moo= ( o )
Moreover, one observes that, for all § € R?,
a f—
?F|9|2p+2r _ (2pr + 2q+1ngE [(1 + ‘Xo‘)p] + Cg(p))‘9’2p+2T 15
140
& 0] > Mya(p) = 4pbr +29?pKG E [(1 + [ Xo|)?] + 2¢3(p) (140)
) * aF ,
and
a/ p—
7F|9|2p+2r — (2pbp + 2‘1+1pKGE [(1+ | X0])"] + 03(p))‘9‘2p 15
(141)

Apbp + 29 2pKG B [(1+ | Xo)?] + 2 1@+
o o> D o (242G Y+ 200)
ap
Denote by M (p) := (4pbp+29T2pKg E [(1 + | Xo])?]+2¢c3(p))/ min{1,ap} > 1. Itis straightforward
to see that, for 2r > ¢ > 1,p € [2,00) NN,
Mi(p) > max{Mi o(p), M1,1(p), Mi1,2(p)}- (142)
Thus, for all § € R%, |0 > M;(p), by (139), (142), it holds that
ar|]*" — 29" pKGE[(1 4| Xo|)*] [6]9~"
1+ V6>

Ji () =
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aF|0|27“

~ 2(1 + VA|0)2)
ap(Mi(p))*
~ 2(1+ (Mi(p)*)
= apk(p), (143)

\%

where &(p) := (M1(p))*"/(2(1 4 (M1(p))*")), and the last inequality holds due t0 0 < A < A max < 1
and the fact that f(s) := s/(1 4+ v/As) is non-decreasing for all s > 0. Similarly, for all || > M (p),
it follows that J3(0) > 0. Indeed, for all § € R%, |0 > M;(p), A < A\pmax < 1, by using (140), (141),
(142), one obtains

ap|6]*+* — (1 + V") (2pbr + 27 pEG E[(1 + | Xo|)”] + c3(p))[61P "

A
J5(0) = TRV

o apl0PT — (14 [012")(2pbe + 277 pKe E[(1 + [ Xo|)?] + cs(p)) 0]~

- 1+ VA0

_ap|0P1? /2 — (2pbp + 29T pKG E[(1 + | Xo])*] 4 3(p))|6]*P !

B L+ V02

N ap|0[*12"/2 — (2pbp + 27T 'pKG E[(1 + | Xo|)?] + c3(p)) |02 2!

14+ VA0

> 0. (144)

Furthermore, it follows that, for any 6 € R,

2p 2p+2r 2r\k—1
2p — 2)ap|0/T2 (1 + V|0
P (2p = 1)(1+VX[6)?7)
B (2kp))\k—1(t _ n)k_12k_1KlI§~E [(1 + |X0|)pk} |9|27‘k+2p>
(14 VAlgPr)-
i( 2p — 2 aF‘9‘2p+2r(1+Ak 1) /2‘9‘27«1@ 1))
=2
¢

(2p = 1)(1 + VAlg]?r)k
)/\k 1 )k—12k—1K§E [(1 + |X0|)pk] |0‘2rk+2p
(14 VAG[2)k )
2 — 2 aF)\ (k—1) /2|9|2p+2rk
( (2p — 1)(1 + V/A|9|2r)k
2]5 /\k 1( )k 12k 1Kk E [( + ’XODpk] |9‘2rk+2p
B (1+VA|g|2r)k )

Then, direct calculations yield that J3\(6) > 0 when

2

(ap/Kp)**1
9(215)2/%—1)[(%([@ [(1 4 | Xol)Pk])2/ (=1

A< A(p) =

for each 2 < k < 2p. The above inequality further implies, a possible choice of the stepsize restriction
(independent of k) would be:

min{(ap/Kr)?, (ap/Kp)¥ =D}
9(%0) K3 (E[(1+ | Xo])#7))?

A < )\p,max < )\(p) =

which is a lower bound of \¢(p), i.e. A(p) < Ap(p), forall 2 < k < 2p. Thus, for all § € RY,

0 <A< Apmax S Ap) = J3(0) > 0. (145)



44 D.-Y. LIM, A. NEUFELD, S. SABANIS, AND Y. ZHANG

Denote by S,, v, (p) = {w € Q : |6 (w)| > Mi(p)}. Substituting the (143), (144), (145) into (138)
yields, for any 0 < A < A\p max

E [\A?L,t|2pls

0| < (1=t = )arr)2*1s, .,
+A(t = n)(2pbr + 27 pKGE[(1+ | Xol)’] + e3(p))Ls

n, M1y (p)

n,Mq(p)’

and moreover, by (145), one obtains, for any 0 < A < A\, nax,
E [|A2,t|2pﬂsc

n,M1q(p) é’;}]
< (1T—=X(t- n)aFR(p))|‘§2|2p15n,m(p>
+ At —n)(api(p)(Mi(p)? + 29 pKo B [(1 4 | Xo|)”] (Ml(p))2p+q_1)ﬂsi,m<p)
+ A(t =) 2pbr + 27 PR E[(1 + | Xo|)?] + c3(p)) (1 + (M (p)) ™) 1se

n,Mq(p)’

Thus, one obtains, for p € [2,00) NN,

E[]A), >

ég} < (1= A(t = n)apk(p))|Oy[* + A(t — n)ea(p), (146)
where

ca(p) = api(p)(Mi(p))™ + 27 pKG E[(1 + | Xo|)?] (M (p)) P~
+ (2pbr + 27 pEG E [(1+ | Xo)”) + es(p) (1 + (Ma(p) ™).

Moreover, one notes that, co < c¢4(1) with ¢g given in (131). Thus, by using (146) and (130), it holds
that, for any p € [2,00) NN,

E 182,72 03] < 1021772 + At = m)ea(p — 1). (147)
Substituting the upper bounds in (146) and (147) into (134) therefore yields
E[16)1%] 03] < (1= At = n)apm(p) |02 + 22~2p(2p — DA(t = n)d5~!|B)*

+ At = n)ea(p) + 277 %p(2p — DN (t — n)?dB 'ea(p — 1)
9P (2p(2p — 1)PPABIAE — )P,

One notes that for any # € R¢
(1= At = n)ap®(p))[0* + 2% 2p(2p — DA(t — n)dB~ 0P~ < (1 = A(t — n)ark(p)/2)|6]*"

2%~ p(2p — 1)dj~! ) v
apk(p) '

< |0 > (
(148)

Denote by My(p) := (227~ !p(2p—1)dB~" /(ark(p)))"/? and S, rr, () 1= {w € Q1 |0} (w)| > Ma(p)}.
Then, by (148), it follows that

E 16} *1s

O] < (1= At = )ari(p) /2|0 1s, ) + Al = R)es(p)s, -

n,Mao (p)
where c5(p) 1= c4(p) + 2277 2p(2p — 1)dB tea(p — 1) + 22P=4(2p(2p — 1))PTL(dB~1)P. Furthermore,

E 16} 1s;

n, Mg (p)

ég} < (1= At —n)api(p)|0}*lss 4+ At —n)es(p)Ls

n,Mg(p) :L,]\/IQ(Z))
+ At —n)2%2p(2p — 1)dB ™ (Ma(p)) P *Lse .

Mg (p)

By combining the two cases, one obtains, for ¢ € (n,n + 1],n € No, 0 < A < A max.

E[1627] 8)] < (1= At = m)ari(p)/2)0)% + At — n)ao(p),
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where

Rp) = (M () /(201 + (M ()))),
(1) = (4pbr + 22K E (1 + | Xo))?] + 2¢5(p))/ min{1, ar},
(0) = e3(p) + 27 2p(2p — 1)d5~ (Ma(p)? .

Ma(p) = (2% p(2p — 1)d5 "/ (arr(p))V,
(p) == ca(p) + 2% 2p(2p — 1)dB 'ea(p — 1) + 22774 (2p(2p — 1))PTH(dB )P, (149)
() = arR(p)(Mi ()% + 2 pKGE (1 + | Xol)?] (M (p))2H~

T (2pbr + 20V PKGE[(1+ | Xo])?] + es())(1 -+ (Mi(p) 1),
2
s(p) = (2;’) PP p(op — 1)KZ(1+ Kp)PE[(1+|Xo)?]

Therefore, by noticing <(p) > K(2), for any p > 2, and by using similar arguments as in (133), one can
conclude that, for ¢ € (n,n +1],n € Ny, 0 < XA < Ap max,

B[10}%] < (1= A(t = n)ari(2)/2) (1 = Aar#(2)/2)" E [[60*7] + co(p)(1 + 2/ (ari(p))).
(150)

Finally, for any p € [2,00) NN, denote by mlﬁ, := min{k(p), <(p)} and cg := max{co(p), co(p)},
where %(p), ¢o(p) are given in (163). The above inequality further implies, for ¢t € (n,n + 1],n € Ny,
0<A< >\p,max’

EI07177] < (1= At = markh/2)(1 = Aapkh/2)" E [[00]] + (1 +2/(arri)),
which completes the proof. U

Proof of Lemma 4.2-(iii). We have established an upper estimate for the 2p-th moment (with p €
[2,00) N'N) of the TUSLA algorithm (8) under the condition that 0 < A < A, max With A max given
in (16). One may notice that A, nax 1S quite restrictive for practical implementations when p is large.
Thus, in this subsection, we will show that, in some special case of F, the 2p-th moment of the TUSLA
algorithm (8) can be obtained under a relaxed stepsize restriction.

We assume in this subsection that for any § € R?, ['(#, z) = F(6) for all z € R™. One notes that for
F satisfying Assumption 3, it further satisfies the following growth condition: for all § € R?,

|F(0)] < Kp(1+ 0. (151)
Moreover, for F satisfying Assumption 4, we have that by Remark 2.6, for all § € R?,
(0,F(0)) > ap|0* ™ — bp. (152)

2
~ a 1 1
A = mi 17 £ » T
max mm{ 16K ap 4@}

as presented in (37). To establish the 2p-th moment estimate (with p € [2, 00) N N) under the condition

that 0 < A < Amax, We apply the same arguments as in the proof of Lemma 4.2-(ii) up to (134), then,
we adopt a different method to obtain an upper bound of E [|A>‘ |2p‘ GA] Forany 0 < A < Amax With

)\max given in (37), t € (n,n + 1], n € Ny, recall the definition of A>‘ + given in (123). One notes that,
for0 < A < S\max, by using Assumption 2, (151), (152),

Denote by

2, ’§A‘2r+2

[

297 K (1 + | Xpa ) (1 +162197)
L+ Vg

22 K2 (1 + | Xng1])* (1 +162]%9)

(14 VA2

|AY 2 <1037 — At —n) 2A(t — n)bp

+ At —n)

+ A2 (t —n)?
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LAKE (141652

(1+VAGA*r)?
9 ap ’éé ‘27‘4—2

1+ V>

+ At —n)2 Ko(1 4 [ Xpi1])? + At —n)

+ A% (t —n)

<|0M* = At —n) + 2X\(t — n)bg

2T K (1 + [ Xnta])?105]
L+ V02
o AKE|OA"?

(1+ VAlgR[2r)?

+ At —n) 22 KE (14 | X1 )2 4 4Nt — n)2 K2 4+ A2 (t —n)

(153)

~ g [2r+2
< 0,,);2—)\t—naF|”7_—|—)\t—n 2bp + 4K ?
SIRP = N =) T+ Al = )@ 4K .

20 K (1 + | Xnpa])? |67+
+ Mt —n)22 K21 4 [ X )P + At —n nt n
(t = )2 2K (1 4 [ X2 + At —n) PR
= T3t (02) + J50 1 (07, Xng1), (155)
where for any § € R?, z € R™,
2r
\f|9|2r

T2 ni(0,2) == At — n)(2bp + 4KF) + At —n)22 2K (1 + |2[)*
2T Kg(1 + |=[)?|0] 7+
L+ V012 ’
where the inequality (153) holds due to the following: for 0 < A < Amax < 1,2r > ¢ > 1,
2 221K (1 + | Xna ) (1 +1071%) 221K (1 + | Xnia)* (1 + N0 [*)
(1+VA|6)>r)? 1+ |04
<At = n) 22 KE (L + | X ),
while (154) holds due to the fact that for 0 < A < Apax < a%/(lGK%),
ar|0)>r 2 At —n)AKZ|g|r+2
LV (VAP T

Moreover, one notes that for any nonzero 6 € RY, ¢ € (n,n 4+ 1], n € Ny, the stepsize restriction
0 < A < Amax < 1/(4a%) is chosen such that the following inequalities hold:

2r
2aF]0| <1
14+ V0|2
Then, for 0 < A < S\max, by using (155), one obtains
P
— p — _ — —
E[1a)>|6] => <k) (T O E [ (2, (8, Xu1))*| 0]

k=0

CLF’Q)\‘QT )P -
=(1-At—n 0P
( = i)

+ Z (i) (Jine(02))FE [(J;n,t@, X))

+ A(t—n)

N2t —n)

<A\t —n)

0<1—-A{t—n)

hS]

)

< <1 At — ar |0n" >\9AI2”
- 1+\f‘9>\|2r n
p
+Z<,€)A< n)¥3E GNP (2bp + 4K )

k=1
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47
p
+Z< ) 3k 12k(2q+2)K2k|9A|2p 2k [(1+ X, ’)2kpi|
=1
n i (7) ¢ 2B L o]0
= L+ VAR

ap|fy*"

=(1-\¢t— _ MNP — J (6 — T (6, 156
< ( n)2(1—|—\/X’07){’27")> ‘ n| G,n,t( n) 7,n,t( n) ( )

where for any § € R?,

9‘2r+2p
Tons(0) = At —n —aF|

53 (; )Ak gt 2O EE B [(1+ | Xo 7] o042

past (14 VX|6]?r)*

0‘27‘—4—2}7 p

P = Ay () n)F3F 1 (2bp + 4K 2)*|9|2(P—R)
7,n,t( ) ( )4(1+\/X’9|2r kz:: ( F ) | ‘

p

Z( ) 3k 12k(2q+2)szE [(1+ |X0|)2kp] ’0|2(p k)

k=

One notes that, forany § € R%, 1 <k <p,2r > ¢>1,
aF)\(k+1)/2|9‘2rk+2p

9p(1 + VAl

- ([p]/)ﬂ) (t —n)3" 12D KL E[(1 + [ Xo|)*]

(t—n)

)\(k+1)/2|9|k(q—1)+2p
(1+ Vg
)3p+12p(q+1)KP E [( + |X0|)pp] ) 1/(k(2r—q+1))

()
& 10 > Msox(p) :=( (/2]

ar

This implies for all § € RY, |0 > M3 0(p) := maxi<r<p{ Mz0x(p)},

p 2r+2p 2r\k—1
= A+ VAP

p Lop(g+1) zop AR
— 3p—19p(q K E[(1+ |Xo|)P]
({p/21>< ") ol ; (1+ Vg2 )k

|g|F(a—1)+2p

o At m) 32 AP LE XD )
- o A VAP
P \(k+1)/2)g|k(a—1)+2p
p —1op(g+1) 7P P A 4
— (t —n)3P~ 2PNV KL E (1 + | Xo])P?
<[ cEl ) ]; (14 VX|G)2r)*

- Zp: (t_n) aF)\(k+1)/2|9‘27‘k+2p
- 9p(1 + VA|G[2r)*

1
(k+1)/2|g|b(g—1)+2p
p —1lop(q+1) P poy A 0]
- t—n)3P 2PNV KL E[(1 + | X
(1) )= BRI Xl s

> 0. (157)

In addition, for 1 < k < p, 2r > g > 1, it folllows that

At — n)M - < P >)\(t —n)3P L (20p + 4K 2)P|012P7R) >
27p [p/2] "
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1/(2r+2k)
p(;0y) 3P 2 (2bp + 4K3)P
& 10> Mya(p) :=< S ,

0 2r+2p
arlPl™7 <( b >A(t—n)3p12p<2q+2>Kng [(1 4 [ Xo])*°] 10>~ > 0

M=) p/2]

)

p(
& 0] > Msk(p) :=< [o/2

P W)3117—&-2221)(q+1)[(épE [(1 + |X0|)2pp] 1/(2r+2k)
arp

0 2r+2p
apl0TT <( P >)\(t —n)3P 7 (2bp + 4K 2)P|9]2rH2P7R) 5 0

27p p/2]
1/(2k)
p(;0y0)3P 2 (2bp + 4K )P
& 0| > Ms3k(p) = ( [/2] ;

At —n)

af

2r+2
/\(t B n) CLF|9| +2p B p )\(t . n)3p712p(2q+2)K2pE [(1 + ‘XODQPP] |9|2r+2(p7k) >0
27p [p/2] “

1/(2k)
p( D )3p+222p(q+1)KépE [(1 + ’XODQpp]
o 161> Maas(y) = ( = o -

For all § € RY,

9| > M371(p) with
M3 1(p) == 1glg§p{M3,1,k(p), M3 2 k(p), M3 3k(P), M3.4k(P)},

the above inequalities hence imply,

p
9’2r+2p
JA(0) > At —n ar|
Pua0) 2 M=) 32 2B

P Ny gt o 209 (1 4 VRBPT)
<(p/21)w 3 be KN )

p —n p—1op(2q+2) 7-2p 2pp . ‘9’2@7]6)(1—1_\/}‘6‘27')
[p/ﬂ))\(t )3~ 1orCT R K2R [(1 + | Xo) }; L5 V)

p 2r+2p —n)3P—1(2 4K2)P|g|2(p—F)
ZZ<A(t_n) ar|f) _( p )A(t n)37~1(2bp + 4K3)7|0) )

27p(1 + V|6)?r) [p/2] 1+ V02
P 2r42
(IF|9| P
+ At —n
; et VA
< p ) A(t — n)3p—12p(2q+2)KépE [(1 + ’XODQPP] |0‘2(p—k)
[ 1+ \/X’9|2r

p 2r4-2p t— p—1(9p AK2\P|g|2r+2(p—k)
+) (At —n) a9 - < P )A( )37 (2bp + 4K3)"10)
- 27p(1 +VA0)2r)  \[p/2] 1+ Vg2

ap |0 | 2r+2p

3 (A(t 01+ VA
B < p ))\(t — n)3P 2P K2 [(1 + | Xo|) 0] 9|22 —F)
[p/2]

1+ VA9
=0 (158)
Denote by
(1p721)3" D (22p(q+1)KépE [(1+X0))2] + (1 + 2bp + 4K%)p)

Ms(p) := min{l,ar}

9
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R (p) == (M3(p)*/(2(1 + (Ms(p))*)) and S, az(p) == {w € Q1 |6 (w)| > Ms(p)}. One notes that,
for2r >q¢>1,pe[2,00)NN,

M3(p) > max{M3(p), M3,1(p)}- (159)
Thus, for |#] > M3(p), by using (159), and by substituting (157), (158) into (156), one obtains,

_ §>\|2r B
6 <<1—)\t—n ar|Onl” >932P11
} - ( )2(1 + V1622 | Sn,Mj(p)

< (1= At —n)apfi(p)) |05 1s

E||An,[*1s

n,M3(p)

n,M3(p)’

where the last inequality holds due to the fact that, for any fixed 0 < A < Amax, the function f (s) :==
/(1 + +/As) is non-decreasing for all s > 0. In addition, one obtains

E [|AA

0] < (1= At — myark(p)) B)™1s: -+ Alt — m)e(p)Ls:

n,M3(p) n, M3 (p) n,M3(p)’

where

ce(p) := api(p)(Ms(p))™

+zp:1 ( ) ( e+ g2 R [(1 + yxoy)%p} (205 +4K%)k> (Ms(p)) 2 ka1,

Thus, it follows that for any p € [2,00) NN,
E [!Aéﬂ] éz} < (1= A(t = n)api(p)) 05 + At — n)es(p)- (160)

Furthermore, one observes that co < ¢g(1) with c2 given in (131), hence, by using (160) and (130), one
obtains for p € [2,00) NN,

B[40, 20D| 03] < 1822 + At = m)eo(p — 1). (161)
Substituting (160) and (161) into (134) yields
E |16}

] < (1= At = mari(p) 182 + 22 2p(2p — DAt — n)ds~ |G

+ At —n)eg(p) + 2% 2p(2p — DN*(t — n)?dB 'eg(p — 1)
+2%74(2p(2p — )P (dBTIA(E —n))P.

One notes that for any # € R¢

- _ _ _ a /{
PR)IBP — 27~ 2p(2p — a5 0P > ) g

162
o s (PR ”Cwl)m. "
ark(p)
Denote by My (p) := (2219*11)(2110—l)alﬁfl/(apl%(p)))l/2 and Sy, ar,(p) = ={we: \HA( )| > My(p)}.

Then, by (162), it follows that
O] < (1= At = m)api(p)2) 00 Ts, 1y ) + ME = 1)e7(D) s, 1y,
where c7(p) := cg(p) +22P"2p(2p—1)dB g (p—1) +22P~4(2p(2p—1))P+1(dB3~1)P, and furthermore,

[‘9,\‘211

n,My(p)

E [|§§|2P15

+ At —n)er(p)lse

n, My (p)

92} < (1= At = n)ark(p))|0n*1s;
+ At —n)22P2p(2p — 1)dB ™ (Ma(p))* *1se

n,My(p)

n, My (p)

By combining the two cases, one obtains, for p € [2,00) "N, 0 < A < S\max,

E {1627 8)] < (1= At = m)api(p)/2)0) + At — n)eo(p),
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where

Rp) = (M3(p))*" /(2(1 + (Ms(p))™")),

V) ((p/21)3p+2 (22p(Q+1)KéPE [(1{_11_ 1 X0)27] + (1 + 2bp + 4[(%)?) |
min{l,ar}

co(p) = cr(p) + 27 7?p(2p — 1)dB™ (Ma(p)* 2,

My(p) = (2% 'p(2p — 1)dB~" /(ark(p)))"/,

cr(p) = co(p) + 277 ?p(2p — 1)dB~ es(p — 1) + 277 (2p(2p — 1)) (B,

co(p) = apk(p)(Ms(p))™

- k(2¢+2) 12k 2% 2p+k(g—1)
#3213t (e [0 o] + o+ ach) (o) -

This further implies, by noticing %(p) > &(2), for any p € [2,00) NN, and by using similar arguments as
in (133), that

E [|e‘§|2p} < (1= At —n)api(2)/2)(1 — Aari(2)/2)" E [|00]2] + éo(p)(1 + 2/(ari(p))). (164)

For any p € [2,00) NN, denote by f@f, := min{x(p), #(p)} and clﬁ, := max{¢(p), ¢o(p)}. Then, by
using (150), (164), one can conclude that, for t € (n,n + 1],n € Ny, 0 < A < Apax,

EI07177] < (1= At = markh/2)(1 = Aaprh/2)" E [[0]] + (1 +2/(arri)),
which completes the proof. U

Proof of Lemma 4.4. For any p € [2,00) NN, 0 < A < Alp/2],max With Arp 9] max given in (16),
€ (nT,(n+ 1)T],n € Ny, one obtains, by applying It6’s formula, that

EV(G")) = B0 + | EAA@/8 = MR, V@) ds
Ay L JorG dB;\>]

+E [ /n ; (Vv
=BV + [ EMAVEN/E =A@ TGN ds a6

To see that (165) holds, it suffices to show that E [ I [V V,,(Ca™)]2 ds] < oco. To this end, define

= inf{s > nT : |C_§‘ ™ > k}. Applying Itd’s formula to the stopped process Vgp(ft)‘ ) yields
¢

E[Vap(C2 )] = ElVap(B)p)] + /

E MV (C)/8 — AR, TVar(E,)] ds

t
<Cit [ (Aeva(n) BV + Aeva(2) ds
t

<Ct 40 / B[V (C, )]s

for some constants C(j, C7, C5 > 0 which are independent of 7;,, where the first inequality holds due to
Lemma 4.3, while the last inequality holds due to Gronwall’s lemma. By applying Fatou’s lemma, one
obtains, for any t > nT,

E[Vap(G")]) < lim inf E[Vap (7, )] < CTe ) < oo,

Since |VV,(0)|? < p?|V,(0)|? = p*Va,(0) for all § € RY, we have that

=[[ w@nea] <rE[[ @] <«
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as desired.
Then, differentiating both sides of (165) and applying Lemma 4.3 yield

SEVQ™] =B MAVLE™)/5 — MIE™), TG )] < ~Aeva ) BIE™)] + Aeva (o).

The above inequality further implies

E[V, (EM)] < e Xeva@)t=nT) B[y g2 ] 4 ng (1 _ e—)xcv,1(P)(t—nT)> '

By setting p = 2 and by using Lemma 4.2, one obtains, for any 0 < A < Aq max,

Cv72(2)
cv(2)
< e~ mindarsan/ZIN 1V, (00)] 4 co(1 + 1/ (ark)) + 3va(My(2)) + 1,

E[Va ()] < e va@E=D) (1 — qpm )" E [|60]%] + co(1 + 1/ (ark)) + +1

where the last inequality holds due to 1 — v < e™¥ for any v € R, moreover, k, ¢y are given in (132)
(Lemma 4.2), and My (2) is given in Lemma 4.3. By using the same arguments, one can obtain an upper

bound for E[V4 (™). 0

Lemma A.2. Let Assumption 1, 2, 3, and 4 hold. Then, for any 0 < A < Apax With Apax given in (16),
t > 0, one obtains

) ) —Aa I{u ~ s ~
E [|9tA - 9@4} < 22 <e Xarrylt/2G) | | [\90|4(2 +1>} + Cm) :
where Cy 1, C\ 1 are given explicitly in (166).

Proof. For any ¢ > 0, by using the continuous-time interpolation of the TUSLA algorithm given in (34),

one obtains,
E[w“ 7\ |4} E | A tH(@ Xr1)d +,/2A/t dB>
t = - A s|? [s] S “a s
(t] 1) Ls] 8 4]

< 8AE [|H(9_ftj , Xm)ﬂ +32d(d + 2)A2872,

4

where one notices that for any s € [[¢], ], t > 0, it hods that |s] = [¢| and [s] = |s] + 1 = [t]. Then,
applying Remark 2.3 and Lemma 4.2 yield, for 0 < A < Apax,

E |16} - 6] < 6 KHE[(1+[Xo) "] E [, "]
+ 64N K B (1 4 [ Xo|)*] + 32d(d + 2)A*572
< 6ANKLE [(1+]X0)"] (e 2 E (|05 + o1+ 2/ (apky40))
+ 64N K E [(1+ [ Xo[)*] + 32d(d + 2)\*8 2
< A2 (eanF,{thJ/QC—,OJE [|90’4(2r+1)} i 01,1) 7
where the second inequality holds due to 1 — v < e~ for any v € R, and where
Co1 = 64K 3 E [(1+ | Xo|)*],
Cip = 64K H E [(1+ [Xo)*] (1 + ¢y o(1 +2/(apsly, ) + 32d(d +2)372, (160

with K given in Remark 2.3, and cir L2 /ﬁ:ir 4o given in Lemma 4.2. O

Proof of Lemma 4.5. Recall the continuous-time interpolation of the TUSLA algorithm (6;);>0 given

in (34) and the definition of the auxiliary process (f{\ ™Yisnr,n € Nog, T := |1/A] given in Definition
4.1. By 1td’s formula, one obtains for any ¢ € (nT, (n + 1)T],n € Ny,

WELON), LG E[IG - 6P

=2z [ [ (2= hQ - 1@y Xea)) ds]

T
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— 9 / 'k [<§37" = 02 R(C) — (B))] ds
nT

_m/nt E[(Qn 0@ — h@))] ds

CEl
t
—2) / E|(
nT -
t
—2) / E|(
nT -
This implies, by applying Remark 2.7 to the first term on the RHS of (167), and by applying Young’s

inequality, i.e., 2uv < eu? 4 v2 /e with e = L for u,v > 0, to the second and the last term on the RHS
of (167),

(167)

,n

SR U )

21— 02, h(BYy) — H(B)y. X7a) )] ds

A A A A

M= B HON Xps) — HaO ) Xpap) )| ds

t t
B[ - 6F] < Lk [ E[Q" - BP] ds+ ALy / E (@) - n(@y)P| ds
t
+>\LR1/ [|H(9H, H)—H,\(GfSJ,XM)\Q] ds
nT
t

—2A E[< — 07y, (éfsj)—H(e_fstM)ﬂ ds

—2>\/ L 0L h@) — HB, H)ﬂ ds.

(168)

By using Remark 2.3 and Cauchy—Schwarz inequality, one obtains, for any s € (nT’, (n + 1)T],n € N,

E |[n(02) - h(BY))P| < LZE [(1+102] + 10} 1)*"162 - 82|

<I? (E [(1+|0A!+|9Lsﬂ) TD (E D@ Ls” D
< 347«—(1/2)L2 ( [1+ |9,\|8rJr |0LSJ|8TD1/2 <IE [@x LSJ| D 2. (169)

Moreover, for any s € (nT, (n + 1)T],n € Ny, by using Remark 2.3 and (9), the following estimate can
be obtained:

_ _ — 2
(L+ VG PV HOY X)) — HOY) X))

L+ VA, >

< AE |87 IH O, Xp)P]

N\ N\
E [’H(OLSPX[S]) - HA(0L8J7X|'S‘|)|2i| =

< X2KHE |(1+ | X[ )21+ 101 2) 60 ]
< N2KEE (14X )21+ 10 [7+)?]

< MEHE |(1+ X121+ 18[9 (170)
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Define a continuous-time filtration (H¢)¢>0 by Ht = .7-" VGV o(fy),t > 0. Substituting (169),
(170) into (168), and using the definition of (Ht )t>0 given in (34) yield

B[ ) < [ B[R] 0y
nT
+ 32N L /;T (B [1+102F + \éfsﬂ&“})m (B[ -8 D

t
+AN KLy /TIE [(1 + X)) (14167, |8T+4)} ds

! N\
—ZA/IEIE —6 L h@) — HE X)) ]| ds
- E[(Q =00 (@) — HOYy Xp)) | 1]
t
_2)\2/nTE < LJH/\(GLTJ, !—T1)dr7h(9f\sj)_H(efsj’Xf51)>] ds

12020571 / E
nT

For any r € [|s],s], s > 0, we have |r| = |s|,and [r] = |r| + 1 = [s]|. By using Remark 2.3 and
Young’s inequality, for any s € (nT, (n + 1)T],n € Ny, the fifth term on the RHS of (171) can be
estimated as follows:

171)

-E < LJH)\(QM , Xpp) dr, h(@tsj) (é[\sJ7Xf81)>]

< E|[H\O}, Xp)lIO}) — HOY, X ()]
<E[1H@, Xl (IO + [H@y, X)) |

< [In@P] + 28 10 X)P]

<E ( w(1+ 100 )2+ + R (0 )|)2] FARYE [(1+ X121+ 17 4)]
2(1+ Lp + Le)?E[(1 + 2|Xo|)*] E [(1 +107 1)4”2} + 2|h(0)|?
+ 8KHE [(1+ X D% (1 + [0+
<2HRR(1 4 Ly + Lo)2E [(1+ X)) E[(1+18YF7)] +20(0) .
+8KEE (14 [ Xpq)7(1+ 18 [ 4

Furthermore, one notes that the fourth and the last term on the RHS of (171) is zero, and X7, is
independent of éf‘s | for any s > 0. Therefore, it follows that, by substituting (172) into (171),

E |G — 0P
<4ALp /1t E [!E?’" - 92\2} ds
nT
43R L /t (B [1+ 1021 +18, \87"])1/2 (E[182 - o) |4D1/2 ds
t

T
soeryLg [ B[+ o] (12 07 )) a

t

+24T‘+4+2p>\2(1+LF+LG)2/

[ B[+ 1X0])] (1+E 10} 1] ) ds+ 4xn(0)?
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t
+ 16A K% /

[ E [(1+ | Xo))%] (1 +E [|§fsj\8r+4]) ds.

This yields, by applying Lemma 4.2, Lemma A.2, and by using the fact that 1 — v < e " forany v € R,
that

E[IG" - 6P

t
< 4)\LR/ E |G~ 8] ds + am(O)
nT

t 1/2
+3rl/2)2 2 / (14 2672 2B [J6o]*] + 26, (1 + 2/ (arrf, ) )
nT
_ _N1/2
> (e—AaFﬁg |_5J/20071 E |:|90|4(2T+1):| + Cl,l) ds

+ N (16K7(1+ L") + 272 (1+ Ly + Le)*) E [(1 + | Xo|)*]

t
% / (1 + eanpngLsJ/ZE [|00|8r+4] + CirJrZ(l + 2/(aF1§L+2))) ds
nT

t
< 4)\LR/ E [@m - 9’9\2] ds + 4A[R(0)[?
nT

+ 3N L L] /

n

t
# = _
(e_mm 21/2C0 1 B [Viaary1y(00)] + Cr1 + ch (1 + 2/ (apkt,)) + 1) ds
T

+ N (16K7 (1 + L) + 242 (1 + Ly + Le)*) E [(1 + | Xo|)*]

t
x / (1+eerm L2 ([0 ] + o (1 +2/(arK), 1)) ds
nT

t
< ALy /TE (12 = 2] ds + am(O)

— —apkin/d A 0
+ 3T ALI L, <e #524Co 1 B [Vigors1)(60)] + Cra + ci,(1+2/(apkh,)) + 1)
+MI6K (1 + L") + 27422 (1 4+ Lp + Le)*) E [(1 + | Xo|)*]

—a Iiﬁn
x (e [Viaran (00)] + a1+ 2/ (arn, 1)) + 1)
t
< 4L / E [|§§v" - 9’?\2] ds + he~4LR (e*aFHQ"/‘lCOE [Virs1)(60)] + (71) ,
nT

where the third inequality holds due to 1/2 < AT < 1, and where

k5 = min{7(2), 7(2)},

Co = ¢ilr (34”L%1L;316*0,1 + (16K F (1 + L") + 2720 (1 + Lp + Le)) E [(1 + | Xo|)*] )

Oy = Aln (34TLiL;; + 16K (1 + L") + 22 (1 + Ly + Lc)2>
x (Cra+ iy (14 2/(aprt,)) +1) + 4eER|(0)]?
(173)

with %(2), %(2) given explicitly in (149) and (163) (Lemma 4.2), C 1, C 1 given explicitly in (166)
(Lemma A.2) and cir, /@ﬂlr given explicitly in Lemma 4.2. Finally, by Gronwall’s lemma, one hence
obtains

~AT ) —apkin/aA A
E[IG" =6} < A (710 E [Vaarany(80)] +C1 )
which completes the proof. (]

Lemma A.3. For any p,v € Py, (R9), the following inequalities hold for w1 2 defined in (40):

Wh(p,v) <wiz(p,v), Walp,v) <4/2wia(p,v). (174)
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Proof. Consider two probability measures p, v € Py, (R9). Recall the definition of wi2(p, v) given
in (40), and the definition of W), (, ) given in (6). We prove the first inequality in (174). For any
¢ € C(u,v), one has

/Rd /Rd 10— 6'1¢(d0dd")

:/ / \9—9’\1{9—9'|>1}C(d9d9')+/ / 10 — 0'|1{16-911<13¢(dOAE")

R4 JRA R4 JRA

< / / (16] + 16 Ly g o1, (d06) + / / 16— 0/)(1+ Va(0) + Va(#')) L o_g<1,C(d66)
R4 JRA Rd JRA

< /Rd /Rd(l + Va(0) + Va(0))11p_pr>11¢(d0dE’)
+ /Rd [ 16— 011+ Va(6) + Va(#)Ljg-1<1)¢ (4940
= /Rd /Rd[l A0 = O')(1 + Va(8) + Va(8')) Lijo_g>11¢(d0A0")
+ /Rd /Rd[l A0 —0'](1 4 Va(0) + Va(0')Ljo—p<13¢(dOAE")
_ /Rd /Rd[l A0 — O()(1 + Va(8) + Va(6'))c(dOd8").

By taking infimum over ¢ € C(u, v), the above inequality yields W1 (, v) < wq 2(, /).
Moreover, the second inequality in (174) can be obtained by applying similar arguments. For any
¢ € C(u,v), one obtains

/ 1o #'c(d6a0)
Rd
- / 0= 0 PLg0-mon0(@0d8) + [ [ 10 =0P L0 picipC(aoas)
Rd JR4
< [ ]2+ WP 0-msncanasy + [ ] 10— 01061+ DL g Cla8a)
< [, ] 204 %200 + Va®)) 1oy 6(d0a8)
Rd JR4
b [ [ 208010+ Val6) + Va(®) Lo 6(2009)
R R
=2 [ [ A= 810+ Va(0) + Vo)1 01211 0(800)
w2 [ [ LA10= 80+ Va(6) + Vo)1 0011y C(2000)
R R
:2/ / (LA 10— @()(1 + Va(6) + Va(6))C(d0d0").
R2 JR4
By taking infimum over ¢ € C(u, v), the above inequality yields W (i, v) < 2wy 2(u, ). O

Proof of Proposition 4.6. One notes that [19, Assumption 2.1] holds with x = L due to Remark 2.7.
[19, Assumption 2.2] holds with V' = V5 due to Lemma 4.3. Moreover, [19, Assumption 2.4 and 2.5]
hold due to (35). Thus, [19, Theorem 2.2, Corollary 2.3] hold under Assumption 1, 2, 3, and 4 . Then,
(41) can be obtained by using the same argument as in the proof of [7, Proposition 3.14].

To obtain the explicit expression of the contraction constant ¢ for SDE (32), we apply the same
arguments as in the proof of [19, Theorem 2.2] but replace i(r) in [19, Eqn. (5.14)] with

_B / " ds +20()r, (175)
4 Jo
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where k = Lp as explained above, Q)(¢) is given in [19, Eqn. (2.24)], and replace [19, Eqn. (2.25)] with

(4eya(2)e) ! > 6/&/ exp( / undu—i—ZQ(e)(s—r)) drds.

Then, one can derive an explicit expression for ¢, which is given by

¢ = min{g, cv1(2), deva(2)ecva(2)}/2,
where cy1(2) := ap/2, cy2(2) == (3/2)apva(My(2)) with My (2) given in Lemma 4.3, and where ¢

is given by
Ro s s
= ﬁ/ / exp </B/ urk du + 2Q(€)(s — r)) drds,

where Ry is given in [19, Eqn. (2.29)]. Furthermore, € € (0, 1] is required to satisfy

1> 28ey5(2 /R1 / exp < / ur du + 2Q(€)(s — r)) drds,

where R; is given in [19, Eqn. (2.29)]. To simplify the expressions for ¢ and €, we follow the proof of [7,
Lemma 3.24], and thus (42), (43), (44) can be obtained.

To obtain an explicit expression for ¢, one first notes that, by using (175), [19, Eqn. (5.4)] becomes:
for any r € [0, Ra,

rexp(—BrR3/8 — 2Q(€)Ry) < ®(r) < 2f(r) < 2®(r) < 2r.
Then, in view of [7, Eqn. (60)], and by applying the same arguments as in the proof of [7, Lemma 3.24],
one obtains B ., B
Cy = C11/Cro < &:=2(1 + R2) exp(BK1R;5/8 + 2R2) /e,
where Ry 1= ¢o := 24/4cy2(2)(1 + cv1(2))/eva(2) — 1, Ky = L, and € is given in (44). O

Proof of Lemma 4.7. The proof follows the same idea as in the proof of [7, Lemma 3.18], the details are
provided for the explicit constants. By using Definition 4.1, Lemma A.3, Proposition 4.6, one obtains, for
any t € (nT, (n+ 1)T],n € Ny,

WL, £(Z)))

<ZW1 LG LG

kT9 A ET,C0F1 A
<Zwu R (g )

n

IN
o>

e—é(n—k)/zwlg([’(é]i\j“) LG )

i: ek 2y (L0, L(ENEY)) [1 + {E[V4(9_1§\T)]}1/2 + {E[V‘*(E’;\ik_l)]}lﬂ] ’

k=1

IN
>

where the last inequality is obtained by using (40), Cauchy-Schwarz inequality, and Minkowski inequality.
This further implies, due to Young’s inequality, Lemma 4.5, 4.2, and 4.4,

WL, L(27)) Ze =R (LOp), LG )

+3VRE YD e 0N 14 BV + EVA(GE)
k=1

< \f)\éze—é(n—k)/ze—(k—nmin{amg/z,ah}/z(co +12) E[Vy(2r41)(60)]
k=1

+ xf 75 (C1+ 12 (1 4 2/(apkh)) + 9va(My (4)) + 15)

< Fon-o mm{c‘@F%/Qvah}/2<éo +12) E[Vigar-1)(00)]
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+2VA(E/é)e?(Cr + 1264 (1 + 2/ (apkh)) + 9va(My (4)) + 15),

where the last inequality holds due to 1 — e™* > se™® s € R. Finally, one notes that e=*¥(y 4 1) <
1+ a7, forany @ > 0,y > 0, hence, by using the inequality with o = min{¢, apffg/2, ap}/4 and
y = n — 1, one obtains

FAT —min{é,aprh/2,anIn/4 A e
W(L(GM) L) < VA (o7 el 2 A E [V, i) (60)] + Ch)

where

k% = min{&(2), 7(2)},

_ o 4 _
Cy 1= emintearnt/2an}/ds (1 4 ﬁ (Co +12), (176)
min{¢, apks/2, an}

Cs := 2(¢/&)e?(Cy + 125 (1 + 2/ (aprh)) + 9va(My (4)) + 15)

with ¢, ¢ given in Proposition 4.6, %(2), £(2) given in (149) (Lemma 4.2), Cy, C1 given in (173) (Lemma
4.5), cg given in Lemma 4.2 and My (4) given in Lemma 4.4. O

Proof of Lemma 4.8. We follow a similar approach as in [34, Lemma 3.5]. Recall that h := Vu. By
Remark 2.3, for any 6 € R4, it follows that

[A(0)] < K E[(1+ [ Xol))(10] " +1).
Denote by Cs := Kz E[(1 + | Xo|)”], then, one obtains, for any 6,6’ € R,

1
u(®) — u(0) = /0 (h(t0 + (1 — 1)), 0 — ¢} dt

1
S </ (22r06(t2r+1’9|2r+1 + (1 . t)2r+1‘9/|2r+1) + C«ﬁ) dt) |(9 o 9/|

0

2% Ce 2% Ce .
< 10+ =101 + Cs ) [0 - 0. 177
< (BrpaloErt e 2O 4 o) o - (a7

Recall Zy, ~ 75 with 75(0) o< e =79 9 € RY. We consider the coupling P € C(L(67), £L(Zx)) such
that
W3(L(63), £(Zx)) = Ep[|0 — Zool?):
Then, by using (177) and Cauchy-Schwarz inequality, it follows that
E[u(67)] — Elu(Zs)] = Ep[u(fy) — u(Zs)]
2r 27
< 2 06 2 06
- 2r +2

(E[l6R1 )12 +

== (1202 4 Co ) Wa(£(02). £(Ze))

Finally, applying Lemma 4.2 and Corollary 2.10 yield

22 C , 12 ]
18] - Bfu(Ze] < (50 ( (B0 4 a1t 2w, 1)) 2 ) + o)

% |:C46703An(}E[|90|4(27'+1)] + 1)1/2 + 05A1/4i|
< C76706)‘n + Cg)\l/4,

where
Ce := Cs,
22r 5 "
Crim o (28 (14 1+ 2l )2+ 2 0) + G ) (I 4 )
227’06 N 2 o
Cs :=Cj <2T +2 ((EHG(/)\‘4 2]+ Cgrﬂ(l + 2/(‘1F’€ﬁ2r+1)))1/2 + ch/oo:47"+2> * CG) ’

Co == Kp E[(1+ | Xo|)"], (178)
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with Cs, Cy, Cs given in (51) (Corollary 2.10), ch 41 H%T 41 givenin Lemma 4.2, cz__ 412 denoting the
(4r + 2)-th moment of 73. O

Proof of Lemma 4.9. By using [34, Equation (3.18), (3.20)], one obtains

Elu(Z o1 e e o 46 — log C *
[U( oo)] —u = E - Rd C'nﬁ og C—,ﬂ—ﬁ — log T | — u
d ome(b, +d/B)\ logCr,
< —1 — _ 1
2608;( and 3 u, (179)

where C_',rﬂ = fRd e~Pu0) 40 is the normalizing constant. Then, to obtain an upper bound for the term
log C’ﬂﬁ /B, we follow the arguments in [30, Lemma 3.2]. Denote by 6* € R% a minimizer of u. By
Remark 2.6, we have that
0= (6", h(0%)) > apn|0*|* — by,
which implies that |#*| < /by, /ay. Moreover, one observes that, for any 0,6’ € R,
—Bu(0”) —u(0)) < 8

which implies, by using Remark 2.3,

1
—B(u(0*) —u() < p (/ Lp(1 =) (1 + [t0* + (1 — t)0] + |6%])*" dt> 0 — 6>
0
< BLu(1+2|6% — 0] + 2|6%)*|6* — 6]2/2.

Denote by Ry« := max{+/bn/an, /2d/(BLy)}, and B(6*, Ry~) the closed ball with radius Ry« centred
at * € R%. By noticing u* = u(6*), further calculations hence yield

log C_’m3 1 *
——=—u"+-1lo / A=) g9
5 B Jou

)

/1<h(t0* + (1= 1)) — h(67),0" — 6) dt

> _yr 4 L log/ o~ BLL(1H4Re)2710*62/2 4
- B B(6*,Ry+)

Ly 2r \ 9)do 180
= —u += I ,
R I <5C7> /B(e*,Rg*)f@( ) (150)

where C7 := Ly (1 + 4R9*22’" and fg denotes the density function of a Gaussian random variable © with
mean 6 and covariance (3C7)~11,. Therefore, applying Chebyshev’s inequality yields

| BC7R2, d d
P(|© —0"| > Rp«) =P | |© — 0" = < = 181

which, by substituting (181) into (180), implies,

log Cr, 1 < o >d/2 < d ) 1 1 < o )Wz
> —u*+ —1lo — 1— —— > —u"+=log| = | =—= . (182)
B 5" ( BCr BR3.C 5%\ 2 \se
Combining the results in (179) and (182), one obtains
Elu(Zso)] —u™ < Co/P,

d C b
Co = Cy(B) := ilog (C:: <Bdh + 1)) + log 2,

C7 := Lp(1 + 4Rp-)*",

Rg* = max{\/bh/ah, \/2d/(ﬁLh)}
In particular, we have that limg_,, Cy(5)/5 = 0. O

where

(183)
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TABLE 6. Analytic expressions of constants

Constant Full expression Dependence on d, 3
My(p)  /1/3+ 4bn/(3an) + 4d/(3anB) + 4(p — 2)/(3a15) O(1 + (d/B)"/?)
Lemma 4.3 cva(p)  anp/4d O(1)
cvia(p)  (3/9)anpvp(My (p)) O(1 + (d/B)*/?)
etlr (3472 [ 2164 K4, B [(1 + | Xo|)4
o (o] ] o)
+ (16Kf{(1 + LY 424420 (1 4 L 4 LG)2> E [(1+ |Xol])?*] )
Lemma 4.5
eAPr (3 L2LE! + 16K (1+ L") + 24920 (1 4 Lp + Lg)?)
G ><(64K}*{]E [(1+ 1Xol)*] x (1 4k, o(1+2/(apkh, ) O(1 + (d/B)*+2)
+32d(d +2)8~2 + b, (1+2/(apkh ) + 1) + 4eALR |1 (0))2
— . . — d
Cs emin{é.arnl/Zan}/4p (1 + +) (Co +12) o (ec(l+6>(l+ﬁ>)*
Lemma 4.7 min{é,aprh/2,a5}
_ o = day\ .
Cy  2(¢/&)e/2(Cr + 125 (1 + 2/ (apkh)) + 9va(My (4)) + 15) o (ec<1+ﬁ><1+ﬂ >)~
Co min{¢, apng/Z,ah}/ll
Theorem 2.9 C1 94r+1 min{é, aprh/2,a,}/4 [ ci/? Lyt (2 I fRd VQ(G)W@(d@))] o (ec 1+6>(1+ﬁ )
Cy OV Cy o (60(1+/3)(1 %))
Cy emin{é,apnd/2,a,}/8, /7 (1+ — ) (éé/z +29) o (ec (+8)(1+4) )
min{¢,apry/2,ap}
Cs (\[/c)ec/4(01/2+2\[( (1+2/(aF/£2)))1/2 (5V4(Mv(4)))1/2+3\/§) O(@C(l-‘rﬁ)(l-‘rﬁ))
Corollary 2.10 Cs min{é, aan/Q,ah}/S
s _ _ ay\,
Cu 227»+1em1n{c,apng/2,ah}/8 [03/2 + 4+ \/5(2 + fRd VQ(@)Wﬁ(dG))l/Q] 19) (eC(1+5)(1+E)>4
d
s G405 o (ec“ﬂ”(l*ﬁ’)*
Co  KmE[(L+]Xo])] o)
Cs Cs o)
227 C 1/2 _
pemma Cq Ca ( =) (1 + (B (1+2/(apr, )V + Cz/oo,4r+2) + CG) o (eC<1+ﬁ)(l+%))*

x (E[6o] "] + 1)

27 & T 1/2 _ ci+ 1+i .
Cy Cs (221”526 ((]]*:“‘9())\‘4 +2} + Cgr+1(1 + 2/(aF"iﬁ2r+1)))1/2 + CZ/ 4r+2) + CG) Ie) (6 (148)( 5))

Rg«  max{+/by/an,/2d/(BLyx)} O(1+ (d/B)*/?)
Lemma 4.9
27r
Cy  Zlog (“‘“#9) (2 + 1)) +log2 O (1+dog (C1+4)r(5 +1)))"

*C > 0 s a constant that may take different values at different places, but it is always independent of d and 3.
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TABLE 7. Constants in Lemma 4.2 and Proposition 4.6, and their dependency on key parameters

Key parameters

Constant
d B Moments of X
k€ (1/4,1/2) — — _
co O(1+d/B) O +d/B) O(E[(1 +[Xo])**])
Lemma 4.2
ki € (1/4,1/2) — — —
cf O+ (d/B)?) O(L+(d/B)P) O((E[(1 + [ Xo|)2re))platF1)
3/2 * d)p_16 \ 1
¢ (32ﬁ(1 +a72) (1 + %> / Liesc (ah,zbh,>(1+;8LR)(1+ﬁ)+ﬁLR) t
Proposition 4.6 B
*(a d)4_16_
é O(,/%(H—%)Qelzc ( h’b’L>(1+ﬁLR>(1+ﬁ)+ﬁLR>T
T C*(an,bn) = (1+2/an)(1 + an + bp).
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