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NON-ASYMPTOTIC ESTIMATES FOR ACCELERATED HIGH ORDER LANGEVIN
MONTE CARLO ALGORITHMS

ARIEL NEUFELD AND YING ZHANG

ABSTRACT. In this paper, we propose two new algorithms, namely, aHOLA and aHOLLA, to sample
from high-dimensional target distributions with possibly super-linearly growing potentials. We establish
non-asymptotic convergence bounds for aHOLA in Wasserstein-1 and Wasserstein-2 distances with rates of
convergence equal to 1 + ¢/2 and 1/2 + ¢/4, respectively, under a local Holder condition with exponent
g € (0, 1] and a convexity at infinity condition on the potential of the target distribution. Similar results are
obtained for aHOLLA under certain global continuity conditions and a dissipativity condition. Crucially,
we achieve state-of-the-art rates of convergence of the proposed algorithms in the non-convex setting which
are higher than those of the existing algorithms. Examples from high-dimensional sampling and logistic
regression are presented, and numerical results support our main findings.

1. INTRODUCTION

We consider the problem of sampling from a high-dimensional target distribution
75(d6) o exp(—BU(6)) do, (1)

where 6 € R%, 3 > 0 is the so-called inverse temperature parameter, and U : R¢ — R is some (smooth
enough) function. The distribution 73 in (1) can be viewed as the invariant measure of the Langevin
stochastic differential equation (SDE) given by

Zo =0y, dZ,=—h(Z,)dt++/26-1dB,, t>0, )

where 6 is an R%-valued random variable, h := VU, and (Bt)¢>0 is a d-dimensional Brownian motion.
Thus, to sample from 73, one may consider using algorithms that track (2). Widely used algorithms of this
type include the unadjusted Langevin algorithm (ULA) (or the Langevin Monte Carlo (LMC) algorithm)
and the stochastic gradient Langevin dynamics (SGLD) algorithm, which are the Euler discretization
of (2). Theoretical guarantees for ULA and SGLD to sample approximately from 73 have been well
established in the literature under the conditions that the (stochastic) gradient of the potential of 7
is globally Lipschitz continuous and is strongly convex, see [2, 3, 10, 11, 13, 14]. Recent research
focuses on the analysis of ULA and SGLD under weaker conditions so as to accommodate a variety
of distributions. To relax the strong convexity condition of h, [6, 7, 32, 34, 38, 42, 45, 46] considered
replacing it with certain (local) dissipativity or convexity at infinity condition, and obtain convergence
results using techniques developed in [15, 16]. To relax the global Lipschitz condition (in ) and replace
it with a local Lipschitz (or Holder) condition, certain techniques need to be applied to modify the
algorithms (see, e.g., [21, 28, 30, 39] and references therein). This is due to the fact that the absolute
moments of the aforementioned algorithms could diverge to infinity at a finite time point [20]. In [4],
a taming technique proposed in [21, 39] is applied to obtain the tamed ULA algorithm (TULA) and
convergence results are obtained under a local Lipschitz condition. Several variants of ULA and SGLD
have been developed by applying the taming techniques while their convergence results are established
under relaxed conditions to accommodate 7g with super-linearly growing potentials [25, 26, 27, 29, 33].
We also refer to [1, 5, 8, 12, 19, 24, 31] for high-order Langevin algorithms, to [9, 17, 32, 35, 43] for
sampling guarantees under functional inequalities, and to [36, 44] for inverse problem sampling.

The algorithms mentioned above are first-order methods which make use of the (stochastic) gradient
of the potential of m5. The state-of-the-art rates of convergence of these algorithms in Wasserstein-2
distances are shown to be 1 in the convex case while they are 1/2 in the non-convex case, which are
obtained under certain conditions imposed on the Hessian of the potential. In [11], an LMC algorithm
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with Ozaki discretization (LMCO) and its variant LMCO’ are proposed, which are second-order methods
making use of the Hessian of the potential. It is shown in [11] that second-order methods improve on
the first-order methods in ill-conditioned cases. However, no improvements are made on the rates of
convergences of these methods in Wasserstein distances. In [40], a high order LMC algorithm (HOLA) is
developed by applying a taming technique to an order 1.5 numerical scheme introduced in [22]. HOLA
makes use of the third derivative of the potential of 73, and [40] shows that the rate of convergence of
HOLA in Wasserstein-2 distance in the convex setting is 3/2, which is higher than that of the first and
second-order methods.

In this paper, we mainly consider an algorithm that can be used to sample from 74 with a super-linearly
growing potential. To this end, we propose an accelerated HOLA algorithm (aHOLA), which is a variant
of HOLA in [40] obtained using a new taming factor. For completeness, we also propose an accelerated
high order linear LMC algorithm (aHOLLA) which is the counterpart of aHOLA in the linear case (i.e.,
in the case where the derivatives of the potential of 7z are growing at most linearly). Crucially, we
obtain non-asymptotic error bounds for aHOLA in Wasserstein distances under a local Holder condition
with exponent ¢ € (0, 1] and a convexity at infinity condition. Our results are applicable to various
distributions including, e.g., the double-well potential distribution, which cannot be covered by the
corresponding results in Wasserstein distances for HOLA in [40]. In addition, in the non-convex setting,
we obtain state-of-the-art rates of convergence of aHOLA in Wasserstein-1 and Wasserstein-2 distances
equal to 1 + ¢/2 and 1/2 + ¢/4, respectively, which improve the rates of convergence of the first and
second-order algorithms in the existing literature. We achieve similar convergence results for aHOLLA
under certain global Holder and Lipschitz conditions and a dissipativity condition. To illustrate the
applicability of our results, we use aHOLA and aHOLLA to sample from high-dimensional distributions
including a multivariate standard Gaussian distribution, a multivariate Gaussian mixture distribution,
and a double-well potential distribution. Numerical results confirm the theoretical improvement of our
proposed algorithms in terms of the rate of convergence in Wasserstein distances. Moreover, we present
a binary logistic regression example to show that aHOLLA can be used to sample from the associated
posterior distribution.

The rest of the paper is organised as follows. Section 2 presents the setting and assumptions together
with the main results for aHOLA where the target distributions have super-linearly growing potentials.
Section 3 presents the setting and assumptions together with the main results for aHOLLA where the
target distributions have at most linearly growing potentials. Section 4 discusses the related results in
the literature in comparison with our work to highlight our contributions. Section 5 illustrates numerical
results which support our main findings. Section 6 contains the proofs of main results in Section 2.
Finally, Appendix A contains the proofs for the auxiliary results in Sections 2, 5, and 6, while Appendices
B and C present tables summarising full expressions of all constants appearing in the statements for
aHOLA and aHOLLA, respectively.

1.1. Notation. We conclude this section by introducing some notation. Let (2, 7, P) be a probability
space. We denote by [E[Z] the expectation of a random variable Z. For 1 < p < oo, .£? is used to denote
the usual space of p-integrable real-valued random variables. Fix integers d, m > 1. For an R%-valued
random variable Z, its law on B(R?), i.e. the Borel sigma-algebra of R, is denoted by £(Z). For a
positive real number a, we denote by |a| its integer part, and [a] := min{b € Z|b > a}. The Euclidean
scalar product is denoted by (-, -), with | - | standing for the corresponding norm (where the dimension of
the space may vary depending on the context). Denote by |M|r and M T the Frobenius norm and the
transpose of any given matrix M € R%™ respectively. Let f : R? — R and g : R¢ — R be twice
continuously differentiable functions. Denote by V f, V2 f and Af the gradient of f, the Hessian of
f, and the Laplacian of f, respectively. Denote by &g : RY — R the vector Laplacian of g, i.e., for
all € R%, Ag(f) is a vector in R? whose i-th entry is Z;l:l agmg(i) (0). For any integer ¢ > 1, let
P(RY) denote the set of probability measures on B(R?). For i € P(R?) and for a -integrable function
f:R? = R, the notation p(f) := [ga f(0)p(d6) is used. For 1, v € P(R?), let C(y, v) denote the set
of probability measures ¢ on B(R??) such that its respective marginals are , v. For two Borel probability
measures ¢ and v defined on R? with finite p-th moments, the Wasserstein distance of order p > 1 is

defined as
_ N\ 1/p
W, (1, 1) ;:< inf //9—9|pg(ded9)> .
CeC(p,v) JRd JR



2. ASSUMPTIONS AND MAIN RESULTS FOR AHOLA

In this section, we introduce the newly designed aHOLA algorithm (5)-(7) to sample from 7 given in
(1). The aHOLA algorithm is a modification of the HOLA algorithm proposed in [40], which is motivated
by the order 1.5 numerical scheme of SDE (2) [22, Chapter 10]. We present the assumptions under which
our main results are established, and provide convergence guarantees in Wasserstein distances for the
aHOLA algorithm.

2.1. Setting. Let U : R — R be a three times continuously differentiable function satisfying
Jra €V ® df < oo for any 8 > 0 and denote by

h:=VU, H:=V?U, T:=A(VU)
its gradient, Hessian, and vector Laplacian, respectively. Furthermore, define, for any 5 > 0,

mg(A) = —fA — T
fRd (& BU(9) do

Let p € [2,00)NNand g € (0, 1]. Then, for any 7,5 € N, A > 0, and for any function f : R — R¥J,
we denote by

A € BRY). 3)

. £(9) d
1a6) = IS TGN )

The accelerated high order Langevin Monte Carlo algorithm (aHOLA) for SDE (2) is given by
GSHOLA — B, Hzli(l)LA _ HzHOLA 4 )\(Z)A(G?LHOLA) + \/WT//\(HZHOLA)ﬁnJrh neNy, (5

where A > 0 is the step size, § > 0, (&,)nen, are i.i.d. standard d-dimensional Gaussian random
variables, and where for all § € R,

M0) == —hA(0) + (A/2) (HA(0)1a(0) — B~ TA(0)) (6)

and

YM0) = /la — XHA(0) + (X2/3)(H\(0))? (7)
with |4 being the d x d identity matrix. We refer to Algorithm 1 for the implementation of aHOLA (5)-(7).

Remark 2.1. We note that, as mentioned in [11, 22], instead of taking the matrix square root as in (7),
PNO2HOYANE, L1 in (5) can be computed by considering the transformation

(1a = (/2)AHAB21O)) & + (VB/6)AHA(B"O)g, ®)

with (En)neNo and (&},)nen, being two independent standard Gaussian vectors independent of (£,)nen,
and 0 (see also Algorithm 2). This is due to the fact that (8) has the same distribution as (7).

Furthermore, we note that aHOLA (5)-(7) is developed based on the (tamed) order 1.5 scheme of
SDE (2), see [22, Chapter 10] and [41], which is a class of explicit numerical schemes obtained using
the Ito-Taylor expansion [37] and is given by

O = O = A (62) + (02/2) (A (O)ha (02) — B T(8)))

FV2AB7 11 — AW2ABLHA(0))E 41, n € Ny,

where 06\ =00, (§n)nen, is a sequence of i.i.d. standard d-dimensional Gaussian random variables, and
(€, nen, is a sequence of i.i.d. d-dimensional Gaussian random variables with mean 0 and covariance
(1/3)la. More precisely, for any n € Ny, &, = f:“ [ dB} ds, where B} := Byi/VA, t > 0. One
observes that the law of aHOLA (5)-(7) coincides with that of the algorithm (9) at grid points, i.e., for
each n € Ny, L(G2HOA) = £(0}). It is assumed throughout the paper that the R%-valued random
variable 0y (the initial condition) is independent of (&,)neng, (€n)neng, and (€,)nen,-

Crucially, the (tamed) order 1.5 scheme converges in the strong £?-sense with the rate of convergence
equal to 1.5 [22, 41], which is higher than that for the corresponding Euler and Milstein schemes. Hence,
we are interested in extending such a result to an infinite time horizon in Wasserstein distances under
relaxed conditions. To this end, we propose the aHOLA algorithm (5)-(7), which can be viewed as a
variant of the HOLA algorithm proposed in [40]. The key difference between the two algorithms is that
aHOLA adopts a newly designed taming factor defined in (4). This allows us to derive uniform in time

9)
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moment estimates in Lemma 6.3, and to establish the convergence result in Wasserstein-1 distance with a
desired rate of convergence as shown in Theorem 2.7 which cannot be achieved using HOLA [40].

Algorithm 1: aHOLA Algorithm (5)-(7)

Input: 5,0 > 0, d € N, measurable function U : R* — R, initialization 6, € R
Output: Estimator #2HOMA,
Set p, q, L, K}, K to be the constants given by Assumption 2.
Set a, b, r, 7 to be the constants given by Assumption 3.
Set Cop, C1, C5 to be the constants given in Theorem 2.7.
Set Amax := (14).
Fix A € (0, min {(6/(2C2))> +D Npaxc}).
Fix n > max {§~2/(+9(2C5)%/2+9 /Cy, 1/ (AmaxCo) } In(2C1 (E[|0p[*6P+V] + 1) /5).
Set ¢* := (6), > = (7).
Initialize 98HOLA <« Bp.
forn=0,--- ,n—1do
Draw &1 ~ N (0, 1g).
L Set eiﬁH—(l)LA — QﬁHOLA + )\¢)\<93HOLA> T W¢A(0gHOLA)£ﬂ+L
return §2HOLA

o X N AN R W N -

—
)

"
(8]

Algorithm 2: aHOLA Algorithm (5)-(7) — A Variant Using (8)

Input: 5,0 > 0, d € N, measurable function U : R? — R, initialization 6, € R?.
Output: Estimator #2HOMA,

1 Set p, q, L, K}, K to be the constants given by Assumption 2.

2 Set a, b, r,T to be the constants given by Assumption 3.

3 Set Cy, C1, C to be the constants given in Theorem 2.7.

4 Set Apax := (14).

5 Fix A € (0, min {(6/(2C2))> C+D Apaxc}).

6 Fix n > max {57/ (249 (2C5)2/+9 /C, 1/ (AmaxCo) } In(2C1 (E[|0p[*6P+V] + 1) /6).
7 Set ¢* = (6).

8 Initialize 93HOMA < 0.

9 forn=0,---,n—1do

10 Draw independent standard Gaussian vectors &H and & ;.

1| Set GO = GHOA L AGABMO) 4 /2N T (Ia — (1/2)AHA(B2O)) €

+ (VB/6)AHA(B3HO)EL .-
12 return §2HOLA

2.2. Assumptions. Let U : R? — R be three times continuously differentiable, and let p € [2,00) NN
and g € (0, 1] be fixed. Moreover, we impose the following assumptions.
We first impose a condition on the initial value 6.

Assumption 1. The initial condition 6y is independent of (&, )nen, and has a finite 16(p + 1)-th moment,
i.e., B[|0p|6P+D)] < oo

Then, we impose a local Holder condition on the third derivative of U.
Assumption 2. There exists L > 0 such that, foralli =1,....,d, 0, 9 e RY
V20D (6) — V2D (@) < L(1 + 0] + |0])72]0 — 0]“.
In addition, there exist Ky, Kg > 0 such that, for all § € R,
[R(O)] < Kn(1+101777), |H(6)| < Kr(1+[0]7717).
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By Assumption 2, we obtain local Lipschitz (or Holder) conditions and growth conditions on the
first, second, and third derivatives of U as presented in the following remark. The proof is postponed to
Appendix A.1.

Remark 2.2. By Assumption 2, for any 6,0 € R%, i =1,...,d, we obtain the following estimates:
V2R (9)] < Ko(1 + |6])PT92, (10)
VA (0) = VAD (@)] < Ko(1+ 6] + (0])7+7%0 — 0], (1)
(VA (@)] < Ky (1+ (0],
B(0) = KD (@)] < Ki(1 + 6] + (6]~ 10 - 6],
(KD (O)] < Ka(1+[0])7*7,
0(0) = T(O)] < d*>L(1+ (0] + [0)°~%0 — )7, (12)
| T(0)] < Ky a(L+|6])7F02,
where Ko := 2'=9max{L, V2R (0)|,..., |VZRD(0)[}, K; := max{Ko, |[VAD(0)],...,|VAD(0)|},
Ko := max{Ky, | (0)[,..., D (0) 4= max{d*2L,T(0)}.

Remark 2.3. One may notice that in Assumption 2, we assume separately growth conditions of h
and H, which could have been deduced directly by using the polynomial Holder condition of V2h",
i =1,...,d, as shown in Remark 2.2. The reason is that the stepsize restriction \max given in (14) is
reciprocally related to the growth constants of h and H (i.e., Ky, and Ky, respectively), thus, separately
imposing growth conditions allows us to optimize Amax. For example, consider the double well potential
Uug) = (1/4)\t9|4 (1/2)10)%, 6 € RY. In this case, it can be shown that, for any i = 1,...,d,
V2 (9) = 20e] + 20014 + 2e19 , where e; denotes the standard basis vector in R? with its i-th
element being 1. We have that, for any 6,0 € R?,

IV2h9(9) — V2D (@) < 6|0 — 0],

which implies, by following the same arguments as in the proof of Remark 2.2, that
1(0)] < 24Vd(1+(6%), [H(0)| < 12Vd(1+ [6]?).
However, since h(0) = 0(|0|> — 1) and H(0) = 14(|0|> — 1) + 2007, we have that
O] < 2(1+10F),  [H(0)] < 3(1+0]).

From the above calculations, we observe that the growth constants of h and H obtained by using the
expressions is much smaller than those deduced using the polynomial Holder condition.

Next, we impose a convexity at infinity condition on U'.

Assumption 3. There exist constants a,b > 0, and T € [0,7) withr := p + q — 1 such that, for all
6,0 c RY,
(0 —0,h(6) — h(0)) > al6 —B1(|6]" + |6]") — bl6 — 61*(|6]" + |6]").

Under Assumptions 2 and 3, we obtain a dissipativity condition on h. The explicit statement is
provided below and its proof is postponed to Appendix A.1.

Remark 2.4. By Assumption 3, for any 6 € R, we obtain
(6, n(6)) > ap|6|""* — bp,

where ap := a/2 and bp = (a/2 + b)RL™? + |1(0)|?/(2a) with Rp := max{(4b/a)'/("=7) 21/1},
Moreover; for any 6 € R? we have that

(6,h(0)) > ap|d|* — bp, (13)
where bp := ap + bp.

Furthermore, we obtain a one-sided Lipschitz condition on h as presented below. The proof is
postponed to Appendix A.1.
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Remark 2.5. By Assumptions 2 and 3, for any 0,0 € RY, we obtain
(0 —0,h(0) — h(B)) > —Los|0 — 0],
where LOS = \/&K1<1 =+ QROS)p+qi1 > 0 with ROS = (b/a)l/(rf?)‘

Remark 2.6. We comment on our Assumptions 1-3:

e Assumption I imposes conditions on the initial value 0y to make sense of the convergence upper
bounds in Theorem 2.7 and Corollary 2.8. In particular, the requirement that 6y has a finite
16(p + 1)-th moment is due to Lemma A.2 and (96), which is the minimal moment estimate
required on 0 to establish the aforementioned convergence results using our current proof
technique. We note that this condition can be easily satisfied by, e.g., constants or Gaussian
random variables, which are typically used for algorithm initialization.

o Assumption 2 imposes a local Holder condition on the third derivative of U, which allows
super-linear growths of derivatives of U (as shown in Remark 2.2) so as to accommodate a wide
range of target distributions including, e.g., the double-well potential distribution. In addition,
we impose growth conditions of h and H to avoid unnecessarily small stepsize restriction as
discussed in Remark 2.3.

o Assumptions 3 imposes a convexity at infinity condition on U, which is the same as [33, As-
sumption 3] and one may refer to [33, Remark 2.4] for a detailed discussion. This condition
implies a dissipativity condition of h as shown in Remark 2.4, which (together with Assumption 2)
ensures the existence of a unique solution to SDE (2), and which is crucial to obtain moment
estimates of the aHOLA algorithm. Moreover, it implies a one-sided Lipschitz condition as shown
in Remark 2.5, which is key in establishing convergence results in Wasserstein distances.

Note that, while our assumptions accommodate a wide range of distributions, especially those with
highly non-linear potentials, they exclude discrete distributions and some heavy-tailed distributions
including, e.g., the Cauchy distributions.

2.3. Main results. Denote by
Amax := min{1,ag", (19ap /240K, max{ Ky, K3 })?, (ap/120K2 K %)%, ap/(480K7 Ky)}. (14)

Under Assumptions 1, 2, and 3, we obtain the following non-asymptotic error bound in Wasserstein-1
distance between the law of aHOLA (5)-(7) and 7.

Theorem 2.7. Let Assumptions 1, 2, and 3 hold. Then, for any 5 > 0, there exist positive constants
Cy, C1, Co such that, for any n € Ng, 0 < A < A\pax,

W1 (L(2HOMAY 1) < Cre™COM(E[|6o] '8P D] 4 1) + CoAT9/2,

where Cy, Cy, Co are given explicitly in (37) (see also Appendix B). Furthermore, for any 3 > 0, 6 > 0,
if we choose

A < min {(5/(202)) %0, Ny}
n > max {5*2/<2+q>(202)2/<2+q> /Co,1 /()\maXCo)} In(2C1 (E[|6o[*6¢HD] + 1)/5),

then, we have W1 (L(62HOMA) 75) < 6.

Moreover, we can also obtain a non-asymptotic result in Wasserstein-2 distance between the law of
aHOLA (5)-(7) and 73 as presented below.

Corollary 2.8. Let Assumptions 1, 2, and 3 hold. Then, for any B > 0, there exist positive constants
Cs, Cy, Cs such that, for any n € Ny, 0 < A < Apax,

Wa(L(037O), mg) < Cae™ A (E[|0o [+ D] 4+ 1)1/ 4 CsA1/2Ha/

where Cs, Cy, C5 are given explicitly in (42) (see also Appendix B). Furthermore, for any 3 > 0, 6 > 0,
if we choose

A< min { (5/(2C5) Y4 Ao}
n > max {6~1/@F0 (205)/ 40 10y, 1/ (AmaxC) } In(2C (B60] 0] + 1)1/2/5),

then, we have Wo(L(62HOMA) m5) < 6.



The proofs of Theorem 2.7 and Corollary 2.8 are deferred in Section 6.

3. ASSUMPTIONS AND MAIN RESULTS FOR AHOLLA

In this section, we present the accelerated high order linear Langevin Monte Carlo algorithm (aHOLLA),
which is the counterpart of the aHOLA algorithm in the linear setting where the derivatives of U are
growing at most linearly. We provide assumptions under which convergence results of aHOLLA are
established, followed by the formal statement of our main results.

3.1. Setting. The setting in this case is similar to that described in Section 2 except that there is no need
to use tamed coefficients as in aHOLA (5)-(7). More precisely, with the assumptions and notation defined
up to (3), the aHOLLA algorithm is given by

@SHOLLA — 90’ @zl:’i_OlLLA — @zHOLLA_i_)\gb/L\in(@%HOLLA)_i_ /2)\671¢Gn(@%HOLLA)£n+1’ ne NO,

(15)
where for all § € R?,
Stin(0) := —h(6) + (\/2) (H(O)h(6) — 57'7(9)) , (16)
and
Ui (0) := Vla — XH(0) + (A2/3)(H ())>2. (17)

Remark 3.1. The corresponding order 1.5 scheme of aHOLLA (15)-(17) in the linear case is given by
OF =0, Ohy = O) = A(O)) + (3/2) (H(O)A(O)) - 571 1(O)))

+V2AB i1 — AW2ABTTH(O))E, 1, n €Ny,
Then, it holds that L(©2HOMA) = £(0©)), for each n € Ny,

(18)

We provide below the assumptions and main results for the aHOLLA algorithm (15)-(17).

3.2. Assumptions. Let U : R? — R be three times continuously differentiable and let ¢ € (0, 1] be
fixed. The following assumptions are stated, which can be viewed as counterparts to those stated in
Section 2.

We first impose assumptions on the initial condition 6.

Assumption 4. The initial condition 6y is independent of (&,)nen, and has a finite fourth moment, i.e.,
E[|6o]] < oo.

Then, we impose conditions on the first, second, and third derivatives of U.
Assumption 5. There exists L1 > 0 such that, foralli=1,...,d, 0,0 € R?,
V2D (6) — V2hD ()] < T1|0 — 0]°.
In addition, there exist Ly, Lz > 0 such that, for all 6,0 € R4,
[H(0) — H(0)| < La|6 — 0],
|h(0) — h(0)| < Ls|0 — 0.

Remark 3.2. By Assumption 5, for any 6,6 € R%, i =1,...,d, we obtain the following estimates:

V2 (0)] < Ko(1 + |6]%), [H(0)0] < Lslo],  |h(0)] < Ki(1+10]),
Y (0) — T (0)] < d*/*L.10 - 0], [Y(6)] < dLa,
where Ky := max{Ly, |V2h(D(0)],...,|V2R(D(0)|}, K; := max{Ls, |h(0)|}.

Finally, we impose a dissipativity condition on h.
Assumption 6. There exist constants @, b > 0 such that, for all § € R?,
(0, h(0)) >alo]* — .
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3.3. Main results. Denote by
Amax := min {1,1/a,@/ (161K, ), a/ (16K7), @'/ /(AL5K]) 2, a2 /(16 LK) 2 L. (19)

Then, under Assumptions 4, 5, and 6, we deduce the following non-asymptotic convergence results in
Wasserstein distances for aHOLLA (15)-(17).

Theorem 3.3. Let Assumptions 4, 5, and 6 hold. Then, for any 3 > 0, there exist positive constants
Clin,0s CLin,1, CLin,2 such that, for any n € Ny, 0 < A < Apax,

W1(L(O31OMA), 75) < Clinge” “n0 ™ (E[|6p|"] + 1) + Clin2 A 972,

where Clin 0, CLin,1, CLin,2 are given explicitly in Appendix C. Furthermore, for any 3 > 0, 6 > 0, if we
choose

A S min {(5/2C|_in72)2/(2+q),xmax} ’
n > max {(QCLin,2/5)2/(2+q)/CLin,07 1/(XmaXCLin,0)} In(2Cvin 1 (E[|60[*] + 1)/6),

then, we have W1 (L(©3HOLLA) 75) < 6.

Corollary 3.4. Let Assumptions 4, 5, and 6 hold. Then, for any 3 > 0, there exist positive constants
Clin,3; CLina, Clin,5 such that, for any n € No, 0 < A < Apax,

Wa(L(O3HOMA) ms) < Clinae™ Cns M (E[|6o]*] + 1)/2 + Cin sAV/2H9/4

where Clin 3, Clin 4, CLin 5 are given explicitly in Appendix C. Furthermore, for any 3 > 0, 6 > 0, if we
choose

A < min { (6/2C0n 5) /) R
n = max { (2CLins /)" Cling, 1/ RnaxClings) } In(2CLin a(Elldo|*] + 1)72/5),

then, we have Wo(L(©3HOLA) \15) < 6.

The proofs of Theorem 3.3 and Corollary 3.4 follow the same ideas as in the proofs of Theorem 2.7
and Corollary 2.8 explained in Section 6, and hence are deferred in Appendix D.

4. RELATED WORK AND COMPARISON

In this section, we discuss related works in the literature and compare them with our results in
Theorem 2.7, Corollary 2.8, Theorem 3.3, and Corollary 3.4. More precisely, we classify these results
based on two types of assumptions: (i) the curvature condition and (ii) the smoothness condition, and
then discuss the corresponding convergence guarantees.

Many works [2, 3, 8, 10, 11, 12, 13, 14, 31, 43] that investigate the sampling behavior of the Langevin-
dynamics based algorithms impose a global Lipschitz condition and a strong convexity condition on £,
i.e., there exist 71, L > 0 such that for all 6,8 € RY,

\h(0) — h(F)| < L|6 — 4], (Global Lipschitz continuity)
(h(8) — h(6),0 — 0) > m|6 — 0|>. (Strong convexity)

Under these conditions, [10] shows that the LMC algorithm requires 0] (d36=2) steps to reach a § > 0
precision level in total variation distance, while [2, 3, 11, 13, 14] prove that the (4-)mixing time' scales
as 5(d5 ~2) in Wasserstein-2 distance. Moreover, [43] obtains the convergence result in Kullback-Leibler
(KL) divergence with mixing time 6(d5 ~1) under the additional assumption that the target distribution
mg of the form (1) satisfies a log-Sobolev inequality. For the underdamped Markov chain Monte Carlo
algorithm (known also as the second-order Langevin algorithm), [8, 12] establish convergence results in
Wasserstein-2 distance with mixing time 5(d1/ 25=1). Furthermore, [31] proposes a third-order Langevin
algorithm and provides a convergence result in Wasserstein-2 distance for the algorithm to sample from
the distribution whose potential U is of a ridge-separable form [31, Eq. (1)]. It is shown in [31, Theorem
1] that the mixing time is O (d'/45~1/2).

IThe minimum number of steps required for an algorithm to reach within § > 0 of the target distribution in certain distance.
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However, the global Lipschitz condition and the strong convexity condition are restrictive in the
sense that they cannot accommodate key applications including, e.g., the problem of sampling from
the double-well potential distribution and from the posterior distribution associated with the Bridge
linear regression [18]. To address this issue, recent works focus on the relaxation of the aforementioned
assumptions:

(1) To relax the strong convexity condition, one direction is to replace it with a convexity at infinity
condition. [7] shows that, under the condition that U is strongly convex outside a ball of radius cg,
the LMC algorithm converges in Wasserstein-1 distance with mixing time 6(deo(cﬁ)5 —2).

Another direction considers to replace the strong convexity condition with a dissipativity
condition [6, 32, 33, 34, 38, 42, 45, 46]. In particular, [38, 45] establish convergence results
in Wasserstein-2 distance for the SGLD algorithm, requiring respectively 6(d(cspe54)*1) and
6(d(cspec5)_1) steps together with a large enough minibatch size to reach a § > 0 precision level,

where cspe > 0 denotes the spectral gap which scales as O(e*O(d)). Then, [6], and subsequently
[34, 42, 46], improve substantially the results in [38, 45] by removing the requirement on the mini-
batch sizes, and show that the SGLD algorithm reaches ¢ precision level within 5(60(d)5_2) and
6(60(‘”5*4) steps in Wasserstein-1 and Wasserstein-2 distances, respectively. These results are
further improved in [33] to O(e@§1) and O(¢°(9)§5-2), under a Hessian Lipschitz condition
on U. Moreover, for the LMC algorithm with drift 4/2, by assuming additionally a log-Sobolev
inequality on 7g, [32] obtains convergence results in Wasserstein-1 and Wasserstein-2 distances
with mixing times O (d3/2 (cigé )~1) and é(d(cié%)_l), respectively, where ¢ 5| > 0 denotes
the log-Sobolev constant.

In addition, a recent result [9] establishes a convergence result for the LMC algorithm in Rényi
divergence under the conditions that 75 has a Lipschitz log-gradient and satisfies a log-Sobolev
inequality with constant ¢ 5 > 0. It shows that the LMC algorithm requires 5(chS|(5 —1) steps
to reach a ¢ precision level.

(i1) To relax the global Lipschitz condition, one line of research focuses on sampling from distribu-
tions with (a mixture of) weakly smooth potentials [17, 35]. Under the degenerate convexity at
infinity condition, a c}V-dissipativity condition with c|Y> € [1, 2], and a c}'>-Holder condition
with eV € [V, 1], c¥¥S € (0, Y5 /2], [17] establishes a convergence result for the LMC algo-
rithm in Wasserstein-c!VS distance with a mixing time O(d(3e1” +(14ei®)ez®)/(e15ey®) 5—2c1% /3

with CXVS > 0. Then, [35] considers to relax the aforementioned conditions and replaces them
WS

with the following weaker ones: a Poincaré inequality with constant cp; > 0, a ¢;'>-mixture
weakly smooth condition with 0 < 23/> = E\Z’Vls < oo < @Sy < 1, and a ¢}VS-dissipativity

condition with E\INS > E\QNJ% Under these conditions, [35] obtains Wasserstein—é\{vS convergence

result with a mixing time 5(d(2+2(1+1/E\5VS)/E\INS)V(2+4/E\2NS+3E¥Y§V/7J)cF_,l(IH/E\évs)(5*26\1/\/5(”2/5\2/\/5))
with p > 1.

Another line of research focuses on sampling from distributions with super-linearly growing
log-gradients [25, 26, 27, 29, 33, 40]. [27, 29] propose the TUSLA algorithm which is a variant
of the SGLD algorithm, and establish convergence results in Wasserstein-1 and Wasserstein-2 dis-
tances with mixing times O(e?(¥§~2) and 5(60(“”5*4), respectively. These results are achieved
under a polynomial Lipschitz condition imposed on the gradient of U. [25, 26] propose another
variant of the SGLD algorithm, called THeO POULA, which possesses superior empirical perfor-
mance, and obtain similar convergence results to those in [27, 29]. In addition, [33] proposes
the mTULA algorithm, which can be viewed as a variant of the LMC algorithm. Theoretical
guarantees are established in Wasserstein-1 and Wasserstein-2 distances with improved mixing
times O (e9Ds=1) and 5(eo(d)5*2), respectively, but under a polynomial Lipschitz condition on
the Hessian of U. [40] proposes the HOLA algorithm that utilizes the third derivative of U. Under
the conditions that the third derivative of U is polynomially ¢g-Ho6lder continuous, ¢ € (0, 1],
and that U is strongly convex, [40] shows that the HOLA algorithm converges in Wasserstein-2
distance within O(e?(@§-2/(2+9)) gteps.

In Table 1, we compare our assumptions and results to those in the aforementioned works in (i) and (ii).
In particular, our Theorem 2.7, Corollary 2.8, Theorem 3.3, and Corollary 3.4 provide convergence
results for aHOLA (5)-(7) and aHOLLA (15)-(17) in Wasserstein-1 and Wasserstein-2 distances with
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mixing times O(¢?(@§~2/(2+9)) and O(C(@)§~4/(2+4)). The results are obtained under a polynomial
g-Holder condition on the third derivative of U (Assumption 2) and a convexity at infinity condition
(Assumption 3). The latter condition is weaker than the strong convexity condition imposed in [40],
hence allowing the application of our results to a broader range of distributions that cannot be covered
by [40, Theorems 1 and 3] including, e.g., the double-well distribution. In addition, our results improve
the rates of convergence obtained in [33], from O(e?@§~1) and O(ePD§~2) to O(eC(D§-2/(2+9)) and

O(eo(d)(5 —4/ (2+q)). These improvements are achieved due to the assumptions imposed on the high order
derivatives of U.
WORK CONVERGENCE RATE SMOOTHNESS | CURVATURE OTHERS DIST.
[7] 5(deo(cé>5’2) Lipschitz h Convexity at co | — W-1
[38] O(d(csped™) ™) Lipschitz h — Dissipativity W-2
[45] O(d(csped) ™) Lipschitz h — Dissipativity W-2
7 0@ 2
562” i 6’] OE o ; Lipschitz h — Dissipativity VWV—;
O(d> a
[33] ggeo(@g 3 Lipschitz h, H | — Dissipativity g;
[40] O(eo(d) 672/3) ]]:F}jf}%tfhm Strong convexity | — W-2
O(d?2(L28)~Y) — Dissipativity, LSI, | W-1
32 ~ “si Lipschitz h, H — ’ ’
2] O(d(c>L26)~1) 1pSCRtE &y LMC with drift /2| W-2
[9] O(dcis67 1) Lipschitz h — LSI Rényi
Thm 3.3, O(eP(D§—2/+a)) Lipschitz h, H, L W-1
Cor 3.4 O(cOD 5=/ 2+a)) g-Holder V20 | Dissipativity W2
= [ GBS+ elS) /(S WS WS 11 Degenerate con- | ws . . . . W-
[17] (0] 250 Holder h vexity at oo dissipativity s
20+1/2%5) ( 4 355",%)
(35] AE (H oy ) (Pt VS-mixture - eVS_dissipativity, | W-
} (1+1/ eff%) s2aWS (142/2YS) weakly smooth h Poincaré inequality | ¢y’
[25, 26, 0(ePD572) Polynomial Convexity at W-1
27, 29] O(eODg- 4) Lipschitz f yaeo | — W-2
O( OWd)g—1) Polynomial . W-1
33 C ty at —
[33] Ole 0(d) 5— ) Lipschitz h, F onvexity at co W2
Polynomial
O(d) s—2/(24q) Y ) : _ a
[40] O(ePD§ ) g-Holder V20 Strong convexity W-2
Thm 2.7, O(eo(d)éﬂ/@*q)) Polynomial . W-1
Cor 2.8 O(e0Dg—1/(2+a)) g-Holder V21 Convexity at co | — W2
TABLE 1. Comparison between our main results, i.e., Theorem 2.7, Corollary 2.8,

Theorem 3.3, Corollary 3.4 and results in other works. h, H, V2h(0) denotes the first,
second, third derivative of U, respectively.

5. NUMERICAL EXPERIMENTS

In this section, we illustrate the applicability of our results in Theorem 2.7, Corollary 2.8, Theorem 3.3,
and Corollary 3.4. We show that aHOLA (5)-(7) and aHOLLA (15)-(17) can be used to solve the problems
of high-dimensional sampling and binary logistic regression. We then compare the performance of our
algorithms with existing algorithms including LMC [11], LMCO’ [11], mTULA [33], and HOLA [40].2

5.1. High-dimensional sampling. We use aHOLA (5)-(7) and aHOLLA (15)-(17) to draw samples from
various distributions. More precisely, we consider the following high-dimensional target distributions:

(i) a multivariate standard Gaussian distribution with its potential given by

1
U(h) = §|9|2, 0 € RY, (20)

2The python code is available at https://github.com/tracyyingzhang/aHOLA.


https://github.com/tracyyingzhang/aHOLA
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(ii) a multivariate Gaussian mixture distribution with its potential given by

1
Uwyziw—aﬁ—bg1+mm—ﬂaa

where G € R? is a given vector with |a| > 1, and

(iii) a double-well potential distribution with its potential given by

)));

1 1
Uwyzzwﬁ—ﬁw% 6 e R%.

0 e RY,

11

21)

(22)

We note that the first two distributions in (i) and (ii) have potentials (20) and (21) whose gradients are
growing at most linearly, while the last distribution in (iii) has potential (22) whose gradient is growing
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super-linearly. We show in the following proposition that the examples (i) and (ii) satisfy Assumptions 5
and 6, and (iii) satisfies Assumptions 2 and 3.

Proposition 5.1. The functions U : R — R given in (20) and (21) satisfy Assumptions 5 and 6 while
that given in (22) satisfies Assumptions 2 and 3.

Proof. See Appendix A.2. U

For the numerical experiments, we set d = 100. The initial value 6y is set to be the null vector
in R? so as to satisfy Assumptions 1 and 4. This, together with Proposition 5.1, ensures that the
proposed algorithms aHOLA (5)-(7) and aHOLLA (15)-(17) can sample approximately from the target
distributions due to our main results. In addition, we set 5 = 1 and consider different stepsizes
A = {0.001,0.005,0.01,0.025,0.05,0.1}. The number of iterations n is chosen such that An. = 400 is
fixed. For each distribution and stepsize mentioned above, we run 250 independent aHOLA or aHOLLA
Markov chains and collect outputs from the last iterations of these Markov chains.

To illustrate the performance of the proposed algorithms, in Figure 1, we plot the normalised histograms
of the first components of the 250 samples generated using the method described above, and compare
the histograms obtained numerically with their corresponding marginal density functions which are red
lines superimposed on the plots. We note that the marginal density functions for the first component
of a multivariate standard Gaussian distribution, a multivariate Gaussian mixture distribution, and a
doubel-well potential distribution are given by
L ey

o) 5
\ 27

1 — (6 _g(1)y2 — (6 1a(1)2
o) 5 (e (OD—aM)2/2 | ~(OW+a )/2) ’;
221 ’ (23)
et Ld/2)  Jo~ o@D exp (<@ + (W) /4 + (2 + (01)?)/2) da

7 VA((d - 1)/2) S 2 Texp (~a? /4 + ¢/2) da |

respectively, where we denote by (1), a(1) ¢ R the first component of 0, & € R?, respectively, and where
I" denotes the gamma function. In addition, for the multivariate Gaussian mixture distribution, we set
|a| = 2 in the experiments with all its components being equal.

In Figure 1, we observe that the histograms obtained using samples generated by aHOLA (5)-(7) and
aHOLLA (15)-(17) are close to their corresponding theoretical marginal density functions. This illustrates
that the proposed algorithms can generate samples approximately from given target distributions with
appropriately chosen stepsizes. The numerical results support our main findings, i.e., Theorem 2.7,
Corollary 2.8, Theorem 3.3, and Corollary 3.4.

Moreover, we compare the sampling performance of aHOLLA and aHOLA with that of existing algo-
rithms including LMC [11, Eq. (2)], LMCO’ [11, Eq. (17)], mTULA [33, Egs. (6)-(7)], and HOLA [40,
Eqgs. (2)-(3)]. More precisely, we use aHOLLA, LMC, and LMCO’ to sample from the standard normal
distribution and the Gaussian mixture distribution given in (i) and (ii), and use aHOLA, mTULA, and
HOLA to sample from the double-well potential distribution given in (iii). Denote by 73", W%m, and Wg‘”
the marginal distributions of (i), (ii) and (iii), respectively, with their densities given in (23). We compute
the Wasserstein-1 distances between w%", w%m, Wg"" and their corresponding distributions generated by the
aforementioned numerical algorithms using 200 samples (collected from 200 independent Markov chains
in each setting). For the numerical experiments, we set 3 = 1,d = 100, 6y = (2,2,...,2) € R,
A = {0.025,0.05,0.075,0.1,0.25}, n = 1000/ \.

In Table 2, we present the first time (measured in number of iterations) the aforementioned Wasserstein
distances fall below a precision level of 0.1, while we present in Table 3 the best accuracy achieved by
each algorithm in Wasserstein-1 distance. We observe from Table 2 that, in most cases, the algorithms
incorporating third order derivatives, i.e., aHOLLA, HOLA, and aHOLA, converge much faster than those
utilizing only first and second order derivatives, i.e., LMC, LMCO’, and mTULA. Moreover, as illustrated
in Table 3, the approximated distributions generated by aHOLLA, HOLA, and aHOLA are much closer
to the target distributions in Wasserstein-1 distance compared to LMC, LMCO’, and mTULA, and the
distances become smaller when A decreases. These support our theoretical findings in Theorem 2.7 and
Theorem 3.3 that aHOLLA and aHOLA converge with a higher rate of convergence in Wasserstein-1
distance. Furthermore, in Table 4, we report the running time required to complete the task in each setting,
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while, in Table 5, we present the per-iteration cost for each algorithm. We highlight that the computation
time required by aHOLLA and aHOLA to complete each task is comparable to that of LMC, as it is not
computationally more expensive to compute the Hessian-vector product and the vector Laplacian in (6),
(8), and (16) than computing the gradient. The per-iteration cost for both aHOLLA and aHOLA scales as
O(d), which is the same as that of LMC, LMCO’, and mTULA. We note that the per-iteration cost for
HOLA is O(d?), which is due to the design of its taming factor that involves the computation of the full
Hessian matrix.

Standard normal distribution
A=025 A=01 A=0.075 A=0.05 X=0.025

LMC 8 25 32 56 78
LMCO’ 10 26 27 47 66
aHOLLA 11 26 40 45 151

Gaussian-mixture distribution
A=025 A=01 AX=0.075 X=0.05 X=0.025

LMC 14 42 103 72 207
LMCO’ 28 40 67 104 122
aHOLLA 14 43 77 146 104

Double-well potential distribution
A=025 A=01 AX=0075 A=0.06 X=0.025

mTULA NA NA NA NA 42
HOLA NA NA NA 4365 28
aHOLA NA NA NA 43 25

TABLE 2. (High-dimensional sampling) Number of iterations required for an algorithm
to reach within 0.1 precision of the target distribution in Wasserstein-1 distance. “NA”
implies the algorithm never reaches the 0.1 precision level within 1000/ iterations.

Standard normal distribution
A=025 A=01 X=0.075 AX=0.05 XA=0.025
LMC 0.0529 0.0449 0.0496 0.0444 0.0434
LMCO’ 0.0533 0.0534 0.0419 0.0387 0.0438
aHOLLA | 0.0484 0.0403 0.0491 0.0459 0.0382
Gaussian-mixture distribution
A=025 A=01 AX=0.075 AX=0.05 A=0.025
LMC 0.051 0.0454 0.0445 0.0406 0.0432
LMCO’ 0.051 0.0471 0.0465 0.0429 0.0436
aHOLLA | 0.0457 0.0419 0.0457 0.0421 0.0397
Double-well potential distribution
A=025 A=01 X=0.075 A=0.05 XA=0.025
mTULA 0.3169 0.1747 0.1353 0.1039 0.05
HOLA 1.2993 0.381 0.2513 0.0964 0.0224
aHOLA 0.2049 0.1337 0.1115 0.0795 0.0383

TABLE 3. (High-dimensional sampling) Best accuracy achieved among 1000/\ it-
erations, measured in Wasserstein-1 distance between the approximated distribution
generated by a numerical algorithm and the target distribution.

5.2. Binary logistic regression. We consider the problem of logistic regression [10] where we obtain
a set of data points {z;}~ | = {(2;,v:)})*; with 2; € R? denoting the feature vector and y; € {0,1}
denoting the binary label. Our goal is to estimate the conditional distribution of Y; given Z;, which is
equivalent to the estimation of the regression function f(z) = P(Y; = 1|Z; = 2), z € R%. In the logistic
regression model, f(z) is approximated by fg(z) = e!%2) /(1 + €(?2)). To estimate the parameter 6,
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Standard normal distribution
A=025 A=01 A=0.075 AX=0.05 X=0.025

LMC 6.38 14.33 19.01 28.52 56.88
LMCO’ 591 14.61 19.39 29.05 58.04
aHOLLA 6.55 16.23 21.63 32.32 64.53

Gaussian-mixture distribution
A=025 A=01 AX=0075 A=0.05 X=0.025

LMC 25.38 63.08 84.34 123.43 246.84
LMCO’ 25.55 63.21 84.23 126.50 252.15
aHOLLA 29.33 71.36 96.87 142.64 285.16

Double-well potential distribution
A=025 A=01 A=0.075 A=0.05 X=0.025
mTULA 18.27 46.58 60.77 92.99 185.56
HOLA 24.00 60.55 79.43 120.92 241.55
aHOLA 21.70 54.43 72.54 108.84 217.81

TABLE 4. (High-dimensional sampling) Running time (measured in seconds) for an
algorithm to complete 200 runs with each run consisting of 1000/ iterations.

LMC LMCO’ aHOLLA mTULA HOLA aHOLA
Od) O 0 O(d) 0O@d) 0

TABLE 5. (High-dimensional sampling) Per-iteration cost for each algorithm.

d=2 N =100 N =200 N =300 N =400 N =500
LMC 0.1261 0.0668 0.0361 0.0310 0.0194
LMCO’ 0.1579 0.0668 0.0439 0.0316 0.0232
aHOLLA | 0.1144 0.0942 0.0494 0.0327 0.0224

d=15 N =100 N =200 N =300 N =400 N =500
LMC 0.3834 0.2140 0.1355 0.1416 0.0938
LMCO’ 0.3896 0.2214 0.1563 0.1148 0.0881
aHOLLA | 0.4465 0.2121 0.1294 0.1142 0.0810

d=10 | N=100 N =200 N =300 N =400 N =500
LMC 1.0737 0.5184 0.3786 0.2641 0.2413
LMCO’ 1.0605 0.5249 0.4279 0.2533 0.2227
aHOLLA | 1.1439 0.6004 0.3787 0.2976 0.2305

TABLE 6. (Binary logistic regression) MSE between the true value and the Bayesian
posterior mean computed using 200 samples generated by an algorithm.

where 7 is a standard normal prior and p(y;|z;,6) is the likelihood function given by p(y;|zi,0)
(1 + e~ 0=))=vi(1 4 {02))¥i=1 Thus, the posterior takes the form

we adopt a Bayesian approach by sampling from a posterior distribution 7(8) = o (0)TIY_, p(vi|2:, ),

N N
m(df) ocexp q —[0]*/2 = > (1 —yi) (0, z) — > _log(1+e~@=7) 4 do, (24)
i=1 i=1
which satisfies the form of (1) with 5 = 1 and
N N
U®) =101%/2+> (1 —y:)(0,2:) + Y _log(1+ e =), (25)
i=1 =1

for all § € R%. We aim to use aHOLLA (15)-(17) to solve the logistic regression example described
above, and we show, in the following result, that our theoretical findings can be applied.
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d=2 N =100 N =200 N =300 N =400 N =500
LMC 19.55 22.85 26.72 30.30 33.80
LMCO’ 52.28 62.82 72.69 81.51 91.09
aHOLLA 66.50 79.88 93.01 106.05 118.14
d=5 N =100 N =200 N =300 N =400 N =500
LMC 19.93 24.88 29.32 33.70 37.97
LMCO’ 55.38 69.47 81.39 93.34 104.81
aHOLLA 69.98 88.84 104.65 120.30 136.19
d=10 | N=100 N =200 N =300 N =400 N =500
LMC 21.89 27.76 33.80 39.72 45.28
LMCO’ 60.19 76.62 92.72 108.89 124.09
aHOLLA 76.02 97.85 119.59 139.62 159.87

TABLE 7. (Binary logistic regression) Running time (measured in seconds) for an
algorithm to complete 50 runs with each run consisting of 100000 iterations.

LMC LMCO’ aHOLLA
O(Nd) O(Nd) O(Nd)

TABLE 8. (Binary logistic regression) Per-iteration cost for each algorithm. /N denotes
the number of data points used for each iteration.

Proposition 5.2. The function U : R? — R given in (25) satisfies Assumptions 5 and 6.
Proof. See Appendix A.2. O

For the numerical experiments, we set 0y = (2,2,...,2) € R? to ensure that Assumption 4 is
satisfied. Hence, Theorem 3.3 and Corollary 3.4 can be used to provide theoretical guarantees for
aHOLLA to sample from 7 defined in (24). Furthermore, we set 5 = 1, d = {2,5,10} and N =
{100, 200, 300, 400, 500}. For each pair of d and N, and for eachi = 1,..., N, we draw z; € R? from
a Rademacher distribution where each coordinate of z; takes the value of 1 or —1 with probability 1/2,
and the corresponding y; given z; is drawn from a Bernoulli distribution with parameter fy«(z;), where
0* is the true value set to be (1,1,...,1) € R% We generate samples from 7 using LMC [11, Eq. (2)],
LMCO’ [11, Eq. (17)], and aHOLLA (15)-(17). For each algorithm, we set the stepsize A = (.01 and the
number of iterations n = 100000, then we run 50 independent Markov chains and compute the sample
mean using the last 200 samples for each chain.

To compare the performance of LMC, LMCO’, and aHOLLA, we follow the approach described in
[10]. We compute the mean squared error (MSE) between the sample mean and 6* averaged over 50
chains, and report the results in Table 6. We observe that the error increases when d increases while it
decreases when IV gets large. All three algorithms produce accurate and comparable results, indicating
that they can be used to efficiently sample from the posterior distribution (24). Moreover, we present the
running time and per-iteration cost for each algorithm in Tables 7 and 8, respectively. These results show
that it takes less time for LMC to complete the experiment in each setting.

5.3. Conclusion. In this section, we illustrate the applicability of aHOLLA and aHOLA via two exam-
ples, namely, the high-dimensional sampling and the binary logistic regression. In the high-dimensional
sampling example, aHOLLA and aHOLA exhibit superior empirical performance compared to the other
algorithms in terms of the approximation accuracy measured in Wasserstein-1 distance. Crucially, the
significant improvement in the accuracy is achieved by introducing only negligible (or small) amount of
additional computation time. Thus, we recommend using our proposed algorithms for the problem of
sampling from high-dimensional target distributions, especially those with highly non-linear potentials.
Moreover, in the logistic regression example, we show that aHOLLA can be used to sample from a given
posterior distribution, but it would take more time to complete the tasks compared to LMC.
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6. PROOF OF MAIN RESULTS FOR AHOLA

In this section, we provide the proofs for Theorem 2.7 and Corollary 2.8. We first introduce auxiliary
processes which we use throughout the convergence analysis. Then, we provide moment estimates for the
newly introduced processes, which are followed by the detailed proofs for the main results. We postpone
the proofs for the results presented in this section to Appendix A.3.

6.1. Auxiliary processes. Fix § > 0. Consider the Langevin SDE (Z;):>¢ given by
Zo =00, dZ, =—h(Z,)dt+ /28" 1dB,, (26)

where (B;):>0 is a d-dimensional Brownian motion on (€2, F, P) with its completed natural filtration
denoted by (F)+>0. Moreover, we assume that (F;):>o is independent of o(6p). Under Assumptions 2
and 3, and by Remarks 2.4 and 2.5, we note that the Langevin SDE (26) admits a unique solution, which
is adapted to F; V o(fp), t > 0, due to [23, Theorem 1]. Its 2p-th moment estimate with p € N is
provided in Lemma A.1, which can be used to further deduce the 2p-th moment estimate of 73 (3).

For each A > 0, recall B} := By;/V/\,t > 0. Denote by (F})i>o with F := Fy, t > 0, its
completed natural filtration, which is independent of o (). Moreover, we denote by Zt/\ =y, t >0,
the time-changed version of Langevin SDE (26), which is given by

Zy =0y, dZ} = —-\n(Z})dt++/2)3-1dB;. (27)
Furthermore, we denote by (@)QO the continuous-time interpolation of aHOLA (5)-(7) given by
03 := 0o, dO} = AN (0}y)) dt + /2AB- 19 (0}y)) dBY, (28)

where ¢* and ¢ are defined in (6) and (7), respectively.

Remark 6.1. Similarly, denote by (52\ )t>0 the continuous-time interpolation of the order 1.5 scheme (9)
given by
t
d6; = ~Ahy(@),) dt + )\2/
2]

t
— )\\/2/\6—1/ HA(éfsJ)ng dt + v/2\6-1dB}
[¢]

with @3 := 0. We note that L(6)) = L(62HOLA) = £(6}) = 5(52), for each n € Ny.

(FA@)ha @) — 87 0A(O]))) dsat
(29)

Finally, for any s > 0, consider the continuous-time process (¢ )¢> defined by

A i=p e RYdG = —AR(GN) A+ V2A871dBY. (30)
Definition 6.2. Fix A\ > 0. Define T = T'(\) := |1/\|. Then, for any n € Ny and t > nT, define

=An Y AN
G =G E

6.2. Moment estimates. We first introduce the following Lyapunov functions: for each p € [2,00) NN,
define V},(0) := (1 + |0|?)P/2, for all § € RY, as well as v, (w) := (1 + w?)P/2, for all w > 0. We
observe that V), is twice continuously differentiable and satisfies:

sup [VV;(0)/Vp(0) < oo, lel‘im VVu(0)/Vp(8) = 0. (3D
OcRa —00

Furthermore, we denote by Py, (R?) the set of probability measures € P(R?) which satisfies
Jra Vol0) () < o0, i

Next, we establish moment estimates for (6;);>¢ given in (28). The results with explicit constants are
provided below. We note that for any p € [2,00) NN and t > 0, we have that E[|6}|%] = E[[??\Qp].

Lemma 6.3. Let Assumptions 1, 2, and 3 hold. Then, we obtain the following estimates:
(i) Forany 0 < A < Apax, n € No, and t € (n,n + 1],

E [@ﬂ < (1= A(t —n)apk) (1 — Aapk)"E [|60]2] + co (1 + 1/(apk))
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where the constants cq, Kk are given explicitly in (75). In particular, the above inequality implies
sup;>o E [\0?‘\2} <E [\90\2] +co(1+1/(apk)) < oc.
(i) Foranyp € [2,00) NN, 0 < A < Apax, n € N, and t € (n,n + 1],

E [@Fﬂ < (1= A(t — n)apk) (1 — Aapk)"E [|60%] + ¢, (1 + 1/(apk)),

where k is given explicitly in (75) and c,, is given in (83). In particular, the above estimate implies
supyo B [[0212%) < E [160]%] + ¢, (1+1/(aph)) < .

Proof. See Appendix A.3. (]

We provide below a drift condition for V), (defined in the beginning of Section 6.2), which is key to
obtain the moment estimates of (ft)‘ ’n)thT defined in Definition 6.2.

Lemma 6.4. Let Assumptions 1, 2, and 3 hold. Then, for any p € [2,00) NN, 0 € RY, we obtain
AVp(0)/5 = (VVp(0), h(0)) < —cva(p)Vp(0) + cva(p),
where cy,1(p) == app/4, cv2(p) := (3/4)appvy(My (p)) with
My (p) == (1/3 + 4bp/(3ap) + 4d/(3apf) + 4(p — 2)/(3ap3))"/%.
Proof. See [6, Lemma 3.5]. U

By applying Lemma 6.3 and 6.4, we obtain the second and the fourth moment estimates for (C_t)‘ s

Lemma 6.5. Let Assumptions 1, 2, and 3 hold. Then, foranyp € N, 0 < A < Apax, N € Ny, and
t > nT, we obtain

E[Vap(Gi")) < 20~ e Ao mints /21 16, 27] 4 2771 (c, (14 1/(apk)) + 1) + v, (My(2p)),
where k and ¢y, are given in (75) and (83) (see also Lemma 6.3) and My (2p) is given in Lemma 6.4.
Proof. See [33, Corollary 4.6]. U

6.3. Proof of main results. In this section, we present key results used to obtain Theorem 2.7. We
. . . : . . =\
consider establishing a non-asymptotic error bound in Wasserstein-1 distance between the law of ¢,

given in (29) and 7g, i.e., W1(L(0; ), 7g), forany n € Ny and t € (nT, (n + 1)T]. This and the fact that

W1 (L(02HOMA) 75) = Wy (E(@? ), mg) holds at any grid point yields the desired result. To this end, we

split W7 (£(7)), 73) by using the law of C"" defined in Definition 6.2 and Z}* given in (27) as follows:
Y —A =An =An

Wi(L(0;),m5) < Wi(L(8;), L&) + Wi(L(G), L(Z) + WiL(Z7)), 7). (32)

In the following lemma, we provide a non-asymptotic estimate for W5 ([,(5?), E(ZtA ™)), which can be
used to upper bound the first term on the RHS of (32).

Lemma 6.6. Let Assumptions 1, 2, and 3 hold. Then, for any 0 < A < Apax, 1 € Ng, and t €
(nT, (n+ 1)T, we obtain

_ \n . 1/2
WQ(E(H?), E(Ci‘a )) < )\1+q/2 <€_aD m1n{n,1/2}n/2C0EH90|16(p+1)] + Cl) ’
where k, Cy, Cq are given explicitly in (75) and (107).
Proof. See Appendix A.3. U

For the last two terms on the RHS of (32), we observe that they can be viewed as Wasserstein-1
distances between distributions of Langevin processes starting from different initial points. Therefore, to
obtain their upper bounds, we introduce a semi-metric which allows us to establish a contraction result
for the Langevin SDE (26) under our assumptions.

We consider the following semi-metric: for any p € [2,00) NN, p, v € Py, (R?), let

wiplv)i= int [ LA 800+ Vi(6) + Vy(0)5(d0. ). (33)
¢eC(p,v) JRd JRA

Then, we provide a result which states the contraction property of the Langevin SDE (26) in w1 ».
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Proposition 6.7. Let Assumptions 1, 2, and 3 hold. Moreover, let 0, € £ 2 and let (Z})i>0 be the
solution of SDE (26) whose starting point Zj, := 6, is assumed to be independent of Fo := 0 (| Uy~ Ft)
Then, we obtain .
wa(L(Z4), £(Z})) < ee~Swyo(L(0), L(6)), (34)
where the explicit expressions for ¢, C are given below.
The contraction constant ¢ is given by:

¢ := min{¢, cv1(2), 4cy2(2)ecy1(2)}/2,

where cy,1(2) 1= ap/2, cv;2(2) = 3apva(My (2))/2 with My (2) := (1/3+4bp /(3ap)+4d/(3ap8))"/?,
the constant ¢ is given by

6= <Jmco exp ((60\/5|-os/8 + \/8/(/8|-os))2)>_1 :

and € > 0 is chosen such that

e<1n (4cv,2<2>\/m /0 Y e <(S\/ﬁ|-os/8+ \/8/(5|-os)>2> ds)

with &y == 2(4cy2(2)(1 + cv1(2))/eva(2) — 1)V2 and &1 = 2(2cv2(2) /v 1(2) — 1)/2,
Moreover, the constant C is given by:

¢ := 2(1 + &) exp(Blosp /8 + 2&) /e.

Proof. We note that [16, Assumption 2.1] holds with k = Lpg due to Remark 2.5, [16, Assumption 2.2]
holds with V' = V5 due to Remark 6.4, and [16, Assumptions 2.4 and 2.5] hold due to (31). Therefore,
we can obtain (34) following the same arguments as in the proof of [6, Proposition 3.14] based on [16,
Theorem 2.2, Corollary 2.3]. In addition, ¢, ¢ can be obtained following the arguments in the proof of [27,
Proposition 4.6]. (]

-1

By using the above result and Wy < w2 (see [27, Lemma A.3]), we can establish a non-asymptotic
error bound for the second term on the RHS of (32). The explicit statement is given below.

Lemma 6.8. Ler Assumptions 1, 2, and 3 hold. Then, for any 0 < XA < Apax, 1 € Ny, and t €
(nT, (n + 1)T), we obtain

WaL(G), £(27) < NH/2 (e mintesor o/ R]gg] 0 +) 4 Gy )

4 s
Co:=¢|1 min{¢,apk,ap/2}/4 C 98p+11
2 C( +min{é,aDn,aD/2})e (Co+ )

C3 1= 2(&/&)e”? (C1 + 15+ 2% (cg (1) (1 + 1/(apk)) + 1) +18vyg(s1) (M (16(p + 1))))
(35)

with ¢, € given in Proposition 6.7, Co, Cy given in (107) (see also Lemma 6.6), K, Cg(,4.1) given in Lemma
6.3, and My (16(p + 1)) given in Lemma 6.5.

Proof. See [27, Lemma 4.7]. |

To obtain an upper bound for the last term on the RHS of (32), we observe that 74 is the invariant
measure of the Langevin SDE (27). Thus, by applying Proposition 6.7, we have that

W1(L(Z)),m5) < ee”Mwy o(L(0p), m5) < ee™ M [1 + E[Va(6o)] + /}Rd V2(9)776(d9)} - (36)

By using Lemma 6.6, 6.8 and (36), we can obtain an upper bound for each Wy (£ (#2HOLA)

as stated in Theorem 2.7.

,Wﬁ),n € Np,

Proof of Theorem 2.7. Substituting the results in Lemma 6.6, 6.8 and (36) into (32), forany 0 < A <
Amax> " € No, and t € (nT, (n + 1)T], we have that

_ . 1/2
W1(£(92\),7Tﬁ) < )\1+q/2 (67aD mln{n,l/Q}n/QCOEH@O‘16(p+1)] + Cl)

+ )\1+q/2 (6_ min{é,aDn,aD/2}n/4C2E[|00|16(p+1)] + CS)
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+ cem M [1 + E[Va(6y)] + /R ) Vg(e)wﬁ(de)]

< Crem O E]6o] Y] + 1) + CoAT2,
where
Co := min{¢, apk, ap/2}/4,

Cl — emin{é,aon,aD/Q}/4 |:C(1]/2 + C2 + ¢ (3 —|-/ V2(0)7Tﬁ(d0)>:| ; (37)
Rd

Cy = Ci/z + C3

with ¢, ¢ given in Proposition 6.7, x given in Lemma 6.3, Cy, C; given in (107) (see also Lemma 6.6),
Co, C3 given in (35) (see also Lemma 6.8). The above result implies that, for each n € Ny,

—A _
Wi(L(Br) ms) < Cre” O (E[|fp] ©P V] +1) + Coat 972,
which further yields, by setting n7" to n on the LHS and 7 to n/7" on the RHS, that
7)\ —
Wi(L(B,), 8) = Wi(L(0), m5) = Wa(L(O3O), mg) < Cre™ O (B[] P V] 1)+ CoAT2,
where the inequality holds due to nA < n/T. This completes the proof. U

By using similar arguments as in the proof of Theorem 2.7, we can obtain the upper bound for
Wa(L(92HOLA) 75), n € Ny, as stated in Corollary 2.8.

Proof of Corollary 2.8. To establish a non-asymptotic error bound for W (£ (#2HOLA)

the following splitting: for any 0 < A < Apax, n € Ng, and ¢ € (nT', (n 4+ 1)T7],
- —A =A\n =An
Wa(L(0;), mp) < WalL(0;), £(C)) + WalL(G), £(Z70) + WalL(Z]),mg). (38)

An upper bound for the first term on the RHS of (38) is provided in Lemma 6.6. To establish an estimate
for the second term on the RHS of (38), we use Wo < /2w o (see [27, Lemma A.3] for the proof) and
follow the same arguments as that in the proof of [27, Lemma 4.7]. Consequently, for any 0 < A < Apax,
n € Np, and t € (nT, (n + 1)T], we obtain that,

,T3), we consider

W2(£(ZZ\’H),£(Z?)) < Al/2+a/4 (e* min{é,aDn,aD/Q}n/8C4E1/2[|00’16(p+1)] i C5) 7 (39)
where
] o
— min{¢,apk,ap/2}/8 1/2 4p+5
Caz=ve <1 * min{é,aDm,aD/2}> ¢ <\/§CO +2 ) ’
Cs 1= A(VE/e)e/t (V2CY2 + 3V2 + 297 ey (1 + 1/(3pr)) + 1)'/2 (40)
+\/6Vi(/3?p+1)(MV(16(P + 1))))

with ¢, € given in Proposition 6.7, Co, C; given in (107) (see also Lemma 6.6), £, cg(,41) given in Lemma
6.3, and My (16(p 4+ 1)) given in Lemma 6.5. An upper bound for the last term on the RHS of (38) can
be obtained by using Wy < /2w 2 and Proposition 6.7:

Wa(L(Z)),m5) < V2ee™ 2wyl (L(6o), mp)
1/2
< V2ee /2 [1 + E[Va(60)] + / V2(0)7r5(d9)] : (41)
]Rd

Applying the results in Lemma 6.6, (39), (41) to (38) yields, for any 0 < A < Apax, 7 € Np, and
t € (nT,(n+ 1)T], that

_ . , 1/2
WQ(ﬁ(@?),ﬂg) < A1+q/2 <e—aD m1n{n,1/2}n/2C0EH90‘16(p+1)] + Cl)

+ )\1/2+q/4 (6_ min{é,aDn,aD/2}n/8C4El/2H90|16(p+1)} + C5>

. 1/2
+ \/%670\15/2 |:1 + E[VQ(@())] + /Rd Vg(e)ﬂ'lg(dg)]

< Caem PO (E]6o] P ) 4 1)1/2 4 CsAY /e,
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where
Cg = min{é, apk, aD/2}/8,

04 - 6rnin{(':,a|;)f<;,a|;)/2}/8

1/2
CH? 4 Cy+2e <3 +/ Vz(O)WB(d9)> ] ) (42)
R4

Cs = C* + G

with ¢, € given in Proposition 6.7, x given in Lemma 6.3, Cy, C; given in (107) (see also Lemma 6.6),
Cy4, Cs5 given in (40). This further implies that, for each n € Ny,

—A
Wa(L(0,),75) = Wa(L(0),75) = Wa(L(037O), mp)
< 046703)\n(EH90|16(p+1)] + 1)1/2 + C5)\1/2+q/4,
which completes the proof. O
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APPENDIX A. PROOF OF AUXILIARY RESULTS

A.1. Proof of auxiliary results in Section 2.

Proof of statements in Remark 2.2. We provide detailed proofs for inequalities (10)-(12), the other
inequalities can be obtained by using similar arguments. By Assumption 2, for any 0,0 € R%, i =
1,...,d, we have that

V2RO (0)] < [V2h1D(6) — v2hD(0)] + [V2hD(0)]
< L(1+[0)772[6]% + [V*h(0)]
< Ko(1+[0)772,
where Ko := 2% max{L, |V2h1(0)],...,|V2hr{®(0)|}. Moreover, fix §,0 € R, denote by g(t) :=
VA (th 4 (1 — 1)), t € [0, 1]. Then, by using the above inequality, we obtain that

IVAD(0) — VAD (9)] =

/1 V2RO (0 + (1 — 1)8) (6 — G)dt’
0

1
< / Ko(1 + [t6 + (1 — £)3])7 "9 2d¢|6 — G|
0
< Ko(1+ 10| +16))7T9726 — 0].

In addition, for any 0, § € R?, by Assumption 2, we have that

d d 2
Y(0) = X(0)] = (Z (Z@;g)h(“(e) - 0§u>h(i)(9))> )
i=1 \j=

1/2

1/2
. N —\2
(6) - 93, h(9)) )

INA
/N
IS
M~

=
=
=

IN

d 1/2
(dz V2 () — V2R (9)|%>
=1

d 1/2
< <d2 > Iv2h(9) — v2hW (9)|2>
=1

< d*2L(1+16] +10])77210 — 6],
which completes the proof. (]
Proof of statements in Remark 2.4. By Assumption 3, for any § € R?, we have that
(6, h(9) — h(0)) = al6](6]" — bloI|6T".
which implies that
(0, h(0)) > al0]"** — b]6]™"* + (0, h(0))

> al6]"*2 — bjo]"+2 — |{6, h(0)))

> (/2)[0+2 + ((a/4)[6]"2 = bl6]2) + ((a/4)|0]"*2 — alp|2/2) — h(0)?/(2a), (43)
where the last inequality holds due to the fact that yz < ey?/2 + 22/(2¢) for any y, 2 > 0 and £ > 0.
Denote by Rp := max{(4b/a)'/("=7) 21/7} > 1. We observe that for any || > Rp,

(a/4)0]"* = bloI™*2 >0, (a/4)|0]""* — al0]*/2 > 0,

and thus (43) becomes
(0,h(0)) > (a/2)|0]""* — |n(0)|*/(2a). (44)
Moreover, for any |0| < Rp, (43) becomes

(0, h(0)) = (a/2)|6]""* — (b + a/2)R5"™ — [A(0)[*/ (2a). (45)
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Combining (44) and (45) yields
(6,1(8)) > ap|6|"** — bp, (46)

where ap := a/2 and bp := (a/2 + b)RG™ + |h(0)[2/(2a) with Rp := max{(4b/a)/"=T) 21/7},
Moreover, by (46), for any 6 € R?, we observe that,

(6,h(0)) > ap|6|* - bp,
where bp := ap + bp. Indeed, for [] > 1, it holds that
(0, h(6)) > aplf|" — bp > ap|f|> — bp > ap|f|*> — bp,
while for |§] < 1, we have that
(6, h(8)) > ap|6|™* — bp > ap — (ap + bp) > ap|f|” ~ bo,

which completes the proof. U

Proof of statements in Remark 2.5. For any 0, (&= I@d, we observe that the result holds trivially when
6 = 0, and thus we consider only the case where § # 6. Denote by Ros := (b/ a)'/(=7)_ By Assumption
3, for any ||, |#| > Ros, we have that

(6 —6,h(0) — h(6)) > 0. (47)
Furthermore, we note that by Remark 2.2,
[1(8) — h(B)] < VdKy(1+16] +[6])74~" |6 —8].
Thus, for any |6, |#| < Ros, we have that
~(0—8,1(60) — h(@)) <10~ 8][1(6) — h(B)| < Los|0 B, (48)

where Los := vVdK;(1 + 2Rps)?t?~! > 0. In addition, for |#| < Ros, |#] > Ros, we consider the
following two cases:

(i) For |#| = Ros, |0] > Ros, we obtain (47).

(ii) For any |0 < Ros, |0] > Ros, there is a unique # € R? with |§| = |Ros| such that

G—ézceé(e_e)a é_éz(l_c€§)(9_§)v

where c, 5 € (0,1). Then, we obtain that

(0 —0,h(0) — h(8)) = (0 — 8, h(0) — h(0)) + (8 — 6,h(0) — h(B)) + (0 — 6, h(6) — h(B))
= (0= 0,h(0) — h(0)) + (cp5/(1 — c45))(0 — 0, h(0) — h(0))
> (1/cy5)(0 — 0, 1(6) — h(D)) (49)
> —(Los/cy5)l0 — 6] (50)
= —Loscygl0 — 0]
> —Los|0 — 6], D)

where (49) holds due to (47), (50) holds due to (48), and (51) holds due to c, 5 € (0,1).

Thus, for |§] < Ros, |#] > Ros, combining the two cases yield
(0 —0,h(6) = h(0)) > —Los|0 — 0. (52)

Finally, for |6] > Ros, |#| < Ros, we obtain (52) by applying the same arguments above. Combining
(47), (48), and (52) yields the desired result. U
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A.2. Proof of auxiliary results in Section 5.

Proof of Proposition 5.1. We first show that the potentials given in (20) and (21) satisfy Assumptions 5
and 6.

(i) For U given in (20), we have that, forany § € R% i = 1,...,d,
ho) =0, H®O)=1I1; V*h90) =o.

Then, we observe that Assumpticln 5 holds with L; = 0, q=1, Ly =0, and L3 = 1. Moreover,
Assumption 6 holds witha = 1, b = 0 since

(6, n(8)) = 6]*.
(ii) For U given in (21), we have that, for any 6 € R% i=1,... ,d,
. 2a
o) =6-a+ 1+ exp(2(f,a))’
4aa’ exp(2(0,a))
HO)=1;— ,
O =l e,

8aMaa (exp(4(6,a)) — exp(2(6,d)))

(1 + exp(2(0,a)))?
To show that Assumption 5 holds, we consider the following calculations. For any 6,0 € RY, we
have that

|h(6) — h(0)]

v2hD(9) =

. 2a
- |o- o+ ey~ (78 1+exp<2<e,a>>’)’
<107+ 2120 <, ) = exp(26,6))

(1+ exp(2(6,))(1 + exp(2(9, )
ma{exp(2(, 2D exp(20.)l1 —exp(210.5) - F.0))
(1+ exp(2(0, ) (1 + exp(2(0, @)))

< |0 — 0| + 4]a||(0,a) — (0, a)
< (1+40a®)lo - 3],

=160 — 0| + 2|al (53)

where the second last inequality holds due to 1 — e™* < z, for all # € R, and the last inequality
holds due to Cauchy-Schwarz inequality. Similarly, we have that, for any 6,6 € R¢,

|H(0) — H(0)]

— /a2 | exp(2(0, ) (1 + exp(2(0, )))* — exp(2(0, & Z)(l +exp(2(0, a)))?|
(1+exp(2(6,a)))%(1 + exp(2(6,a)))?
< 4faf? (1+ exp(2(0 + 0, a)))| exp(2(0, a)) — exp(2(0, a))|
(1+ exp(2(0,a)))2(1 + exp(2(0, a)))?
< 8lal’|o — 91,
where the last inequality holds due to the calculations in (53). Furthermore, we note that, for any
6,6 c RY,
V2D (9) — V2n((9)]
exp(4(0,a)) — exp(2(0,a)) exp(4(0,a)) — exp(2(0,a))
(1 + exp(2(0,a)))? (1+ exp(2(0, a)))?
(1 +exp(2(0 +6,a)))| exp(4(0,a)) — exp(4(0,a))|
(14 exp(2(6,a)))3(1 4+ exp(2(0, a)))3
(1+ 6exp(2(0 + 6,a)) + exp(4(0 + 0,a)))| exp(2(0, a)) — exp(2(0, a))|
(1+ exp(2(0,a)))3(1 + exp(2(0, a)))?

< 8laf?

< 8laf?

+ 8laf?

< 56[al*|o — 91,
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where the last inequality holds due to the calculations in (53). Consequently, Assumption 5 holds
with L = 56]@|4, q=1, Ly =8|al3,and L3 = 1 + 4|a|%. Now, we show Assumption 6 holds
witha =1/2,b = 1/2 Indeed, we have, for any § € RY, that
—exp(2(6,a)) ,, . o Lo 12 Loz (a2
0,a) > 10| — =(]0 =—(10]" — .
o e 0.8) = 0 = S0 + [af*) = 50 ~af*)
Finally, we show that the potential (22) satisfies Assumptions 2 and 3.
(iii) For U given in (22), by Remark 2.3, we have that Assumption 2 is satisfied with p = 2, L = 6,
q=1, K;, = 2,and Ky = 3. In addition, Assumption 3 is satisfied witha = 1/2,b=1,r = 2,
and 7 = 0. Indeed, for any # € R?, by noticing

h(6) = 0(j6P — 1),

(0, h(0)) = |0]” +

we obtain that

(0 —0,h(0) — n(B)) = (0 —0.016]* — 6 — (0]0]* — 9))
1 _ _ _ __
= 5<9 —0.0161* — 0161 + 616]> — 916]%)
+ = (e —0,0(01* - 010)* + 0|6]> — 0]6)*) — |6 — 0]
1 — — 1 — _
= S0P+ 10110 — 01 + S (101 — 101*)* — 10 - 6]
1 _ _ _
> (107 +101%)10 — 01 — |0 — 0%,
This completes the proof. U
Proof of Proposition 5.2. For U defined in (25), we note, forany # € R%, [ = 1,...,d, that
al al 2 al zi2] ef0%)
h(9)z9+;(l—yi)zi—;1+ew, H(G):Id—i_;(l—i—e(evm)y

N D, T, 0.z)(1 _ -(0,2)
2 (1) gy z; ziz; e (1—e )
VERT(0) = Z (1 + ef0:20))3

i=1
We first show that Assumption 5 holds. To this end, denote by
gi(t) = (' —e*)/(L+e)?, galt) :=e'/(L+e')?, gs(t) =1/(1+€"),
for all ¢ € R. We have that
jgﬂg\gé(t)l =suplg>(t)] <1, sup l92(t)] = sup [g1(1)] <1,

sup |} ()| = sup \et(l — 4et + th)/(l + et)4] <1,
teR teR

which implies, forall [ = 1,...,d, 8,0 € R?, that

V20 (9) — v2rO @)| = Zz 2z (1({0,2)) — 1((0, z)))| < Z |zi[*16 — 6],
\H(0) — H(§)| = Z ((0,2)) — 92((0, 20)))| < lezl 0 -9,
i=1

(0) = W) = |0 =0 = 3= a(0a((0:5) = () s<1+2|zi|2>|e—5\.
=1

Thus, Assumption 5 holds with Z; = SN | (24, To = 32N | 2]3, I3 = (1 +3V, |zz]2>
Moreover, to show that Assumption 6 holds, we note, for any 6 € R4, that

N

N (2. 0) N 2
(0.1(0)) = 107 + 3 (1 = )z, 0) — > s > o2 - (Z - yl-r|zz~|) /2-N
i=1 i=1 i=1
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This implies that Assumption 6 holds with@ = 1/2 and b = (Zf\il 11— yz’|2’z|> /2+ N. O

A.3. Proof of auxiliary results in Section 6.
Lemma A.1. Let Assumptions 1, 2, and 3 hold. Then, for any p € N, t > 0, we obtain that
E[|Z) 2] < e 0t E[|60[2] + 2(Bp + 8~ (d + 2(p — 1)))ME/ap < o0,
where Mg := (2(bp + 87 (d + 2(p — 1)))/ap) /2.
Proof. See [27, Lemma A.1]. O

Proof of Lemma 6.3-(i). For any 0 < A < Apax < 1 with Ay given in (14), t € (n,n + 1], n € N,
we define

Ab =0y + 2000t —n), Ep, = V208" 1NO) (B - B), (54)
where, for all § € R?,
M0) == —ha(0) + (A/2) (HA(0)hA(0) — B~1YA(9)), (55)
and

WN(60) = Vg — AHA(9) + (A2/3)(HA(6))2. (56)
By using (28) together with (54) — (56), and by noticing E [ nit =n t>} 0: } = 0, we obtain that
E [ 162 0] (57)
Further calculations yield the following upper bound for the second term on the RHS of (57):
E[[2)7 0r] = 2287'E [ (v* @B} - B @B} - BY) )| 6]

=208 'E [ (B} - B, (la = MA@ + (V/3)(HA@)°) (B} ~ BY))

B = 1802 +E |2,

ag}
d o
<2Ap7! (d(t —n) + A H O] = ) + (A2/3)| Ha(6) [R(t - n>>
i=1

<287 (t = n) (d+ WAH@)IF + 0/3) A @) (58)
By Remark 2.2, we have that, for all § € RY,

d 1/2 d 1/2

0| = (Z Wh(i)(Q)!2> < <Z K%(l + |9|)2(p+q1)> = \/&Kl(l 4 ’g|)p+q71,

i=1 i=1
which implies that, for any § € R?,
H ()¢ _ APHEO PG

IOl = g = T ajglete D = 1 gt (59)
ANV (14 o))
< 9ptq—1y-1/2
- 1+ [9](pFa—1) < 20PN VK,
Substituting (59) into (58) yields
E { ‘—‘nt 0; } < 2\87Ht —n) <d + 2K, + 22(p+q—1)dK%)
S 22 pta) )\ﬁ_l(t - n)d(l + Kl)g, (60)

where we use 1 4 20141 4 22(p+a=1) < 92042¢=3 | 92p+2¢-3 | 92(pta—1) < 92(p+a)~1 wjth p E
[2,00) NN and ¢ € (0, 1] to obtain the last inequality. To upper bound the first term on the RHS of (57),
we use (54) to obtain

8047 = G212 + 22 =) (2, 6M(B) ) + N2t =)0 @) (61)
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By using (55), the second term on the RHS of (61) can be estimated as follows:
(82, n(0Y) (\/2) (O3, H@)R(EY))
T +
~ /3 ~ 2/3
(1 + )\3/2|9m3(p+q—1)) (1 + )\3/2]9%\3(%11—1))
(V287 (B T@))

(1 1 A3/2’57/}L’3(p+q_1)> 1/3

(626" 00) = -

aD\gmerqul — bp 2AK L Ky (1 + |§é|2(p+q)>
) 0; i7" ~ 3/3
(1 * )‘3/2|9%’3(p+q71)) (1 + )\3/2|9,§|3(p+q,1))

ABLor 3Ky (14 |B) )

_I_
(1 +)\3/2‘§%‘3(p+q,1))1/3
TN A OAK K gy |02 +9)
- — 1/3 ~ 2/3
(1 x2@ =) T (14 A 2B ) (62)

+bp + 2K, Ky + 8712011 2K;
where the first inequality holds due to Remark 2.4 with » = p + ¢ — 1 and the fact that: for all § € R?,
OIH O)I17(0)] < KrErl0](1+ 0771 (1 + 10]°+7)
= Ky I(0] + 01777+ 0] + |00+ 9) < 4K Ky (1+ |6]¢F),
01T ()] < Ksal0](1+ 107772 < Kga(1+ [0)7F9" < 277972Kg (1 + (0],

where we recall from our assumptions that p € [2,00) NN and ¢g € (0, 1], and where the last inequality
holds since, for all § € R?,

(1 + )\3/2|9|3(p+q—1)>1/3 > 4—1/3(1 + )\1/2|0|p+q—1) > 4—1/3)\1/2(1 + ‘9‘p+q_1).

Similarly, the third term on the RHS of (61) can be upper bounded as follows:
(GO = | = ha(02) + (V/2)HA(B2)ha(67) — (A/2)87 1A (67)
= [A@)F + (V2 /HIHAG) PG + (/45721 (07)
= A (P (@), HAB)A) ) + A8 (na(B)), TA(B))
— (\/2)871 (HAO)m(02), 1A(0))) - (63)

By using Assumption 2, Remark 2.2, and the inequalities (u + w)? > 2°~1(u¥ + w?), (u + w)” <
2V’ +w), u,w >0,0<v<1,v>1,10F <1+|0]',0 € RY, k < I, we obtain

~ 2 ~
_ K2 (1+|6)]°T4 2K7 (14 (6,09

(1 i A3/2|5%’3(p+q_1)> 2/3

2[(]%@2‘20%11)

(1 + )\3/2|07Al|3(p+q71)>

(1 + )\3/2’5%’3(p+q—1)) 2/3

2
5 2K, (64)

02/ k3K (1+ ) (14 B’

(A2/4)| HA(O)ha(0)]? < = 173
(1 + )\3/2|97>i]3(p+q*1))
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N2 K2 K2 (1 + |52|2(p+q*1) + @,%Hq) + ,52‘4(%(1)*2)

< _ 473
(1 I >\3/2197§13(p+q—1)>

iy (14 B-)
<
4/3

(1 + )\3/215%13(/34-(1—1))
BNZK K7 |0 o+a) -2

— ~ 4
(1 + A3/2|e,§|3<p+q—1)> 2

+ 3K} K, (65)

~ 1\ 2(ptq—2)
(/48723 (1+ 162

(/)87 TA0)

IN

(14 2@ P

22(p+q)—7)\25—2K§ p (1 + |§;}|2(p+q—2)>

(1 + A3/2,§m3(p+q—1))2/3
22(p+Q)_6>\2ﬁ_2K§7d 1+ |§é|2(ﬂ+q—2)>

1+ A|GA[2(pt+a—1)
< 22(P+Q)*66*2K§7d, (66)

<

AKEK (14 |§7§|p+q>2 (14 (@r+1)
14+ )\3/2|¢97>l\|3(p+q71)
INK2K g (1 2ot 4 A prat 4 ‘gmg(p+q),l>
1+ A3/2|9) B(ota—1)
6AKZ Ky (1 + |§é|3(p+q)—1>
14 \3/2|9)3(p+a—1)
- GAK}%KH@P(H@A
T 1 A3/2|003(pHa—1)
ABLK Ky g (1 + |52|p+q> (1 n ‘gm)ﬁq—z
2/3

IN

A (@), HA @) B))

+ 6K,2LKH, (67)

IN

AB™Y(hA(B)), TA(67)

< > (1 Jr)\3/2,5%‘3(,0%171))
ABEK K3 420143 (1 + GNP 4 |gA|PTa2 4 ’5$’2(P+q71))
2/3

IN

(1 + >\3/2|§Qy3(p+q—1))
3)\ﬁ_1KhK3,d,2p+q_2 (1 + |§7/}|2(p+q—1)>

14 )\|§%|2(p+q*1)
< B KK3 4207, (68)

— (A2/2)57 (HA@) (B, TAE)))
~. ~ ~ +q—2
(2/2)8 KKK (14 07 ) (1+ 8te) (1+18))"
1+ >\3/2|§%|3(p+q—1)

<
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NEBTUK K 20707 (14 0210+ 4 [B)P 0 o |30+ ) (14 (83 2)

1+ A3/2|9A|3(p+a-1)
TN BV K K 200 (14 [t D)
1+ A3/2|9%|3(p+q—1)
Substituting (64) — (69) into (63) yields
A

<

< BT KpKs 20Tt

SNIK 3|00 a2
4/3

MO0 < - + 2K} + + 3K} K}

2/

(1 + )\3/2\5;)|3(p+q71)) (1 + )\3/2|§7>L\|3(p+q71)>

6AK 2K |03t —1
1+ A3/2|6)3(p+a—1)
+ BilKHKhK:g,dQ’DJFq*l.
Combining the results in (62) and (70), we obtain the following upper bound for (61):
2)\(t—n)aD]§mp+q+1 4)\2(t—n)KhKH\§7){|2(p+q)
~ 1/3 ~ 2/3
(1 4 )\3/2|9%|3(p+q—1)) / (1 + >\3/2|9é|3(p+q—1)> /
A2(t —n)2K2|0N200t0) XAt — n)3KZ K2|0) et -2
~ 2/3 ~ 4/3
(1 + )\3/2\9%\3(p+q—1)> (1 + )\3/2‘97)1\‘3(13—1—(1—1))
N3 (t —n)6K2K |0 Peta)—1
1+ >\3/2|§é|3(p+q71)
+ B7120t9 7Ky 4 4+ 2K7 + 3K K} + 6K7 Ky

+6KEKy + 22T 0=0872K3 | 4 BTLKG K 4201

A %)
’An,t|2 < |0n|2 -

FAE—n) (2bD 4K K

+ 22D OGE |  BG K 27T+ BT K KK 027 )

At — n)ap|fp| o~

=11-
<1+/\3/2|§;\L|3(p+q—1))1/3

102] — A\(t — )T} (0) + A(t — n)ci,

where for any § € R?
2(0) = ap|f|Prat! - NAK, Ky + 2K32)|9|(+a)
(1+)\3/2|9|3(p+q—1)) /3 (1 +)\3/2|9|3(p+q—1))2/i’)
NBSKHEZ|[1 D=2 NZGRZK |0 Pr+e) !
(1+A3/2|0‘3(p+q—1))4/3 1+)\3/2|§é|3(p+q71) ’

and where

= (2bD + 4K, Ky + B_12p+q_1K3’d + QK]?L + 3K]2{K}2L + 6K}%KH

+ 220 =0372KE | 4 BTLK K 42077 + B_lKHKhK37d2p+q_1).

(69)

(70)

(71)

We note that, for 0 < A\ < Apax < min{(19ap /240K, K)?, (19ap/240K7)2, (ap /120K 2K %)%/3,

ap/(480K2K )}, and for all § € R,
33(0) > 0.
Indeed, by using the expression of 3{‘, we have that, for all § € RY,

(72)

(38ap /60 + 19ap /60)|0]P+4+1 (1+ A3/2|0]3(+a-D) ! _ N4k, Ky + 2K2)|9|2(+)

~A
JH0) =
1( ) (1+)\3/2|0|3(p+q—1))2/3

| (ap/A0) 0Pt (14 NI HY) — AR Ko
(1+ )\3/2]9|3(p+q—1))4/3
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(a4} (14 X2t 0)* Y NGRR |90
1+ A\3/2|9|3(p+a-1)
(190,/60 + 1920,/ 120)N/210[200) — A4 Ky + 2K )00
(1 + )\3/2’9’3(;)4-(]_1))2/3
. (ap/40) W2 0|02 — N33 K K7 o] e
(1+ )\3/2|9‘3(p+q—1))4/3
+ (ap/80)A[OPPPHO =1 — N26 K2 K 57|0]3(P0)—1
1+ \3/2|9|3(p+a=1)

>

>0,
where the last inequality holds due to 0 < A < Ay ax. Substituting (72) into (71) yields

A(t — n)ap|@r|pra—t

A<t
(1 +)\3/2’§m3(p+q—1))

10M2 4+ A(t — n)cy.

1/3

In addition, since f(s) = s/(1 + A3/2s%)1/3 is non-decreasing for all s > 0, we obtain that, for all
|0] > My > 0,

‘9’p+q71 Mflﬂ-q—l Mp17+q—1

> > =
(1 + >\3/2‘6‘3(p+q—1))1/3 (1 R )\3/2M?(p+q_1)> 1/3 (1 N M?(p+q_1)>1/3

Denote by S;, m, := {w € Q: |02 (w)| > My }. The above inequality further implies that,
’A’?\l,t‘len,Ml S (1 - A(t - n)aDH) ‘57);‘21571,,M1 + )\(t - n)cl ]]'Sn,Ml :
Similarly, we have that
’A;\z,t\glsi,w < (1= At —n)apk) "émz]lswl + At — n)(apsM? + Cl)ls%,Ml'

Combining the two cases yields

AR 7 < (1= At = n)apk) |61 + A(t — n)(apkM3 +c1). (73)
Finally, by substituting (60) and (73) into (57), we obtain
E[16}2|02] < (1= A= m)apk) [ + At = n)co, (74)

where
o\ 1/3
K= MOTITL) (1 + Mm3leta ”) (with My > 0),
co := apkM? + ¢ + 22D 3714(1 + K,)?,

(75)
= (2bD + 4K, Ky + B_12p+q_1K3’d + QK]?L + 3K]2{K}2L + 6K}%KH

+ 22D OGIE 4 BTG K 27T+ BT K KK a2 ).
We observe that, for 0 < A < Apax < 1/ap,
1>1—At—n)apk >1— Aap >0,
then, by induction, (74) implies, for t € (n,n + 1], n € Ny, 0 < X\ < Apax < 1, that,
E [@F] < (1— At —n)apk)E [@ﬂ F At —n)c

< (1= At — mapr) (1= Aapk) B |21 ] + <o + Aco

< (1= At = m)apk) (1 — Xapr)” E [|02_sf*] +co + Aco (1 + (1 = Aapr))
<...
< (1= A(t —n)apk) (1 — Aapk)™ E [|60]*] + co (1 + 1/(apk)),
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which completes the proof. O

Proof of Lemma 6.3-(ii). For any p € [2,00) NN, 0 < A < Apax < 1 with Apax given in (14),
t € (n,n + 1], n € Ny, by using the same arguments as in the proof of [27, Lemma 4.2-(ii)] up to the
inequality before [27, Eq. (134)] and by using (28) with (54), we obtain that

0|

E (182127 2] < 18207 + 22 %p(2p — 1)| A% 7B 2],
A
Then, by using (54) and (56), we can obtain an upper estimate for the last term in (76) as follows:
— \2 P
7] - tys (@ - . (2 @) 3-8 ) |7

< (AT [la = NHA@Y) + (N2 /3) () B [|BY — B

(76)
Lty a2,

E |: “nt’Qp

< (A7 Mdp(2p — 1)(t = )3 (14 A HAGNIE + (A2/3)7 [ HA (O )

< A\t —n)(28 tdp(2p — 1))P3P

7N TN N~

L N@)E)
< A(t —n) (26~ dp(2p — 1))P3P~1 (1 + 2P<ﬂ+q—1>dp/2K§’)2 , (77)
where the last inequality holds due to (59). Substituting (60) and (77) into (76) yields
E (182127 3] < 1A% 2 + A = m)220 40 =3p(2p — 1)371d(1 + K1)* A 2772
+ At —n)ez(p),

where cz(p) = 22P74(B71d)P(2p(2p — 1))PT13r1 (1 + 2p(”+q*1)dp/2K’f)2. Next, we apply (73) to
obtain

(78)

p
A< At — n)apk) |02 + At — )(aD&M%+c1))

<
< (1+)\(t—n)aDﬁ/2)p La —)\(t n)apk)? |67
+(1+2/(\(t = n)apk))” " (A(t —n))P(apkM? + c1)P
< (1= Mt —n)apr/2)P L (1 — A(t — n)apk) |67
+ At —n) (1 +2/(apk))’ " (apaMF + c1)P
=h (P)ON +2 4 (p), (79)

where the second inequality holds due to (u + v)P < (14 ¢)P~tuP + (1 + e )P~ 1P, u,v > 0,6 > 0
with e = A\(t — n)apx/2, and where
Sho(p) == (1 — At — n)apr/2)P " (1 — A(t — n)apk),
&ni(p) = At =n) (1 +2/(apk))"™" (apaMT +c1)P.
In addition, we observe that by (79),
AR P2 <o = VIO T (0 — 1), (80)

and, in particular, when p = 2, (80) yields |A} ,|* < 62775(1)\57)1‘\2 + ¢, ;(1) which is exactly the upper
bound (73). By substituting (79) and (80) into (78), we have that

E[18}%]6)] <€ )IB)> +E),(p) + At — n)e=(p)
+ At = )22 p(2p — 1)57N(1 + Ky )? 81)
< (Bl —DIBP+E), 0 -1).

Denote by My (p) := (22(Ptrta)=1p(2p — 1)31d(1 + K1)?/(apk))'/2. For all || > Ma(p), we have
that

(Mt — n)apk/4)|0]% > (A(t — n)22PHPrD=1p2p — 1)371d(1 + K1)2/4)|6]2~2.
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Denote by S;, w1, (p) == {w € 2 : 0 (w)| > Ma(p)}. By using the above inequality, (81) can be further
bounded as follows:

E |[6}(*1s

ozt | )
< (L= At = n)apk/4) &, (p — 1)I6R[7s, 4, ) + (Eﬁ,t(p) +A(t - n)cE(p)> IS, o
+ At = )22 PO Ep(2p — 1B+ K)E (p — 1)Is,
— (At = n)apr/4) T, ( ~ Do *1s
+ (A(t — n)22eteta=Tpo, )87 14(1 + K1)2/4)Ei;7t(p _ 1)’5/\’2;3—2]15

< (1= At —n)apk) |0)|*1s

n,Ma(p)
n,Ma(p)
iy A=) [(14+2/(a0m)) ™ (a0AM3 +1)? + c=(p)
+ 2203y (9p — 1)51d(1 4 Ky)?

<(1 +2/(apk))P"% (apkM? + ¢ )P + MQ(p)zp_g)] Ie

< (1= At —n)apk) |62 PLS, o + A=) Ts (82)

n,Ma(p)

where
= (1+2/(apk))"" (apkM? + c1)? + ca(p) + 22D 3p(2p — 1)B71d(1 + Ky )?
x ((1+2/(apR))" 2 (apAME + €)™ + Ma(p)? ) |

9 (83)
c=(p) = 22774 (B7N ) (2p(2p — 1)) (14 200 D2 )
Mo (p) := (22PHPH01p(2p — 1)Fd(1 + Kq)?/ (apr)) /2
with x and c; given in (75). Similarly, by using (81), we have that
A2 0 Nt — 02 2P e — c
E [wt s, n} < (L= At =n)apk) 07 Tse,,  +AE=n)gplse, . (34)
Combing (82) and (84) yields the desired result. O

Lemma A.2. Let Assumptions 1, 2, and 3 hold. Then, for any 0 < A\ < Apax, p > 0,1t > 0, we obtain

E |8, - 0y[?| < A (7208 L0T 00, E]|6 |71 D] + Ty ) (85)
FAn - min{x C o
E [|Ct - Cm \QP} <A ( Aao mintr L/2HIC y | B [|6o]2P1PTD] 4 CALp) : (86)

where éAO,p and EAO,p are given in (87), and éAl,p and EAl,p are given in (88).

Proof. To show that (85) holds, we use the definition of (92\ )t>0 given in (29) and obtain that, for any
t>0,

E|o; - %]

_E ”_)\/ h/\(OLsJ)d5+/\ / (H)\(girj)hx(gi\rj)—ﬁ_lT,\@i\rJD drds
B 161 /1)

—\/2)3-1 HA 9m YAB ds + /208~ / dBA

(t] t]

—\ A 70
< 5% (A?pﬂ«: [!m(em)\zp} + XV |[H(@)) 7 s @) |

t
/ B}
1t]

2p

+ NP8 | [XA@) 7| + N (2871 VR {
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t s 2p
/ / dB? ds )
L¢) /1s)

< 5P )P (KEPE {(1 + @/L\tJ \P+Q)2p] + 5*2PK§f’d]E {(1 + @/L\tj |)2p(p+qf2)}

+ A28 NE | |HAB)) >

+ KPEGE | (1+ [0 7721+ [0 1) | + (287 (0 + 1)(d + 2p))7
+(0  ap+ D+ appr ([ + gy e]) )

< X5 (K2 + B, + KGPEGY + (67 (4p + 2)(d + 4p))" (1 + K77) )
« 24[p1(p+1) ( “9 4 p1(p+1)] + 1)

< P (e720mLIC 5, [0 | 710+D] 4 Cng)

where the first inequality holds due to (D>, w)® < v* > u’, v € N,y > 0, w > 0, the second
inequality holds due to Remark 2.2, Cauchy-Schwarz inequality, and the following inequality:

t
E ‘ / B}
[¢]

the fourth inequality holds due to Lemma 6.3, and where

2p
< max{d”, (p(d + 2p — 2))"} < ((p + 1)(d + 2p))?,

Caoy =522 16D (K0P 4 B20KCE 4 KPIGP + (7! (4p + 2)(d + 4p))"(1 + K77)) .

EAo,p = Caoyp (Corpi(p1) (1 +1/(apk)) + 1) .

The inequality (86) can be obtained by using similar arguments. More precisely, by using Definition 6.2
with (30), we obtain that, for any ¢ > 0,

[ A/ h(Co™)ds + /208~ / dB’\
1¢]
t n t
< 2% [ \ZE / |W(C2™) P ds / dB?
[¢] [¢]

< 9Py (Kh /LZ E (L4 G ] ds+ (287 (0 + 1)+ 2p>>P>
t

E[lc;"

2p
+ A\P(287HPE

< ¥ (2Kh /M Va1 (@] ds +2%(28 <p+1><d+2p>>p)

<\ (eanD min{s1/2}[1IC , | R[] 2MP1(0+D)] 4 EALP) ,

where the last inequality holds due to Lemma 6.5 and where

Calpi= 92p+[pl (P+1)—1K}2LP’

Caryp = Carp (Cpi(pen) (1+1/(apr)) + 1) + 27K 3vap 1) (My (2 [p] (0 +1)))  (88)
+2%(28 1 (p +1)(d + 2p))?.
This completes the proof. U

Lemma A.3. Ler Assumptions 1, 2, and 3 hold. Then, for any 0 < X\ < Apax, 1 € Ny, ,t > nT, we
obtain the following inequalities:

|

¢ - - -
A, (HE) = Ba@lsp) 1@y ds

2
] < )\3 (e_aDKn/QEAQEHeO|16(p+1)} +EA2) ’
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t ] ~
E {)\2/ H@) HHA(HLTJ))h,\(QL,,J)drds < A (e—aDm/QcAQEHeO|16(p+1>}+CA2),

t s 1 .
E {)\261 H@) / TA@), ) drds| | <A? (e’aD“”/QEAgEHHo|16(p+1)} +CA2>,
11 5]

E {)\\/2%’1 H(® / HA@),)dB) ds| | < AP (e*aDm/?éAzE[wo|16(P+1>}+EA2),

11
E
E {\/nﬁ / — H\(0}, J)) dB> | < A (e—aD“"/QEAQEHGO|16<P+1>} +EA2),
2:
{\/2)\5 ( (CLsJ )) dB}

< 22 (efaD min{n,l/Q}n/26A2E[|90|16(P+1)} + EA2) ,

|

E {)\/LtJ H(@, )h/\(eLsJ)

Ag—1 /L:J (T(@j) - TA@SJ)) ds

2
] < )\2+q (e—anen/QEAQEHeO|16(p+1)} + EA2) ’

2

L,
st [ r@as
2]
< )2 (efaDnn/26A2E[|90|16(p+1)} +EA2) ,
2

t t i
E{A H(C™AE™) ds| + (A8~ / (") ds
[t] [t]

< \2 <67aD min{r,1/2kn/2C , [0 |16+ 1] 4 EA2> ,

where C a9 and C A9 are given in (90).
Proof. We note that, by using (4), for any f : R? — R™7 i.j € N, § € R?,

(1 + /\3/2|9‘3(p+q71))1/3 -1 f(e)
|f(0) = [A(0)] = |( (1+ )\3/2‘9’3(p+q—1))1/3)

< A3/2|g3ta=)| £(0)). (89)

The inequalities can be obtained by using the following arguments:

(i) To show that the first inequality holds, by using Remark 2.2 and (89), we have that
2

gx?/wla[m(e )~ HA(BL)Pa (BL))?] ds

—A /L:J (H@?) - HA@TSJ)) ha(B,)) ds

t A\ A A
<2\ /LtJ E |:’H(03) - H(ﬂq)\%!h,\(ﬂsﬂﬂ ds

t
= —=A =
2 [ B[1H@) ~ @ ELE] &

t
<) /w [AKE(L+ (821 + [0 20218, — B PER(L+ [0 17)?] ds
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t
+ 22 /L | E Rl RGBT PR+ ] ds

t 1/2

< 2X2dKZK, / 38D (E [14 8,100+ 4 [, 00D )

t]
x (E [@j . |4D1/2 ds
+ MK /L ; 2190 VE [1 4 ("] ds
< A238(p D+ g2 [ (2e_>‘aD’thiE [|90|16(p+1)} + 2¢g(p+1) (1 +1/(apk)) + 1) i
<\ (e**aD’*L”EAo,zEH@o\8(’”1)] + EAQQ)W
4 AB216(0+D) 2 2 (6—AaDnLtJE [|90‘16(P+1)} + C(pen (14 1/(apk)) + 1)
< /\338(p+1)+1dK3K}2L <e—>\aDnLtJ(2 +Cao2)E [’90’16(p+1)}
25541 (1+1/(apr)) +2Cao2 + 1)
4 A3+ g2 f2 (e—AaDHLtJE [’90‘16(0-&-1)} + ca(pa1) (1+ 1/(apr)) + 1)

<\ (e*aD""/2€A2E [|90|16(p+1)} + EAZ) )

where the fifth inequality holds by applying Lemma 6.3 and A.2, the second last inequality holds
by using Cap2 < Cag,2, the last inequality holds due to A [t| > AnT > n/2, and where & is
given in (75),

Caz =323 (1 4+ Ko)2(1+ Kp)2(1+ Kp)* (1 + 8721 + L)2(1 + Kz )2
X (2 + max{Cao,2, Ca02¢: CA1,2: EA0,2+2q})

Caz =331+ Ko)?(1+ Kp)* (1 + Kp)* (14 8711+ L)*(1 + Ky 0)? (90)
X (2C8(p+1) (1+1/(apk)) +2max{Cao0,2,Ca0,2¢- Ca1,2, Cao,242¢} + 1

+ Vi6(p+1) (My (16(p + 1))))

with Ca0.» CA0.p» Calp» CAlp, p > 0, given in (87) and (88), and c,, My (p), p € [2,00) NN
given in (83) (see also Lemma 6.3) and Lemma 6.4.
(ii) To establish the second inequality, we apply Lemma 6.3 to obtain

2
| |
<X [ B (@@L P @) ] as

t]

t
<\ [B KA+ B By R RR B s
2]

t S
A - A
z? " H(0) LJHA(HLTJ))hA(gLrJ)deS

t
< MKLK? /
[¢]

< NIl K7 (2e 720 10|00 D | 4 2c5(, 1) (14 1/ (apr)) +1)

316(p+ 1) [1 4 |§2\|16(p+1) I ‘§i8J|16(p+1)] ds

< 23 <67aDnn/26A2EH90|16(p+1)] + EAZ) ,

where Cao and C A2 are given in (90).
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(>iii) To obtain the third inequality, we apply Lemma 6.3 and write
2]

t
< X572 [ B[+ B KE (1 By 20t ds
[t]

t
E {)\251 H(ej)/ TA(0)) drds
11 5]

o [ - -
<N [E[IH@)PTAO)P] ds

t
< )\452K%1K§,d/ 316(p+ 1) [1 4 ’52"16(p+1 4 ’9 ’16 p+1)} ds
[t]

< >\3316(p+1)6_2K§IK§7d (QQ—AaDnLtJE [|90|16(P+1)} + 2¢cg(p41) (1 +1/(apk)) + 1)

< 23 (efaDmn/26A2E[|90’16(p+1)] + EAQ) ’

where Ca» and Ca» are given in (90).
(iv) To obtain the fourth inequality, we use Cauchy-Schwarz inequality and Lemma 6.3:

|

2

t
E{)\\/Zkﬂl HO) HA(QM)dB ds
11

L]
/ dB}
L)
t

<2X870 [ B KL+ 002 (1 (8 e
[t]

t

§2A35‘1K}§/ 38<P+1>( [1+\9 166+ 1 g7, |16 ”“)Dm
11

X (E

1/2
/ dB) ds
L)

< A3BLKE 38+ D+2( 4 g) (Qe’AaD”LtJE [|90116(P+1)} +2c5(p41) (1 + 1/(apk)) + 1)

t
<2\ 1 | E
1¢)

—A —A
H(0) [ HA ) ds

2
ds

/ dB}
L]

4

< )\3 (e_aDKn/QEAQEHeO|16(p+1)} + EA2) ’

where C a9 and C A2 are given in (90).
(v) To obtain the fifth inequality, we apply Remark 2.2, (89), and Cauchy-Schwarz inequality:

Jonge

2
A
(QLSJ)> dB}

t]

[ —A —A

— 2287 LJE H(@) — HA@))F] ds

CE

1 t [ - —A 2 -1 ¢ =\ =\ 2

<u | E H(@) — HO,)R| ds+ 478 HE[!HwLSJ)—HA(eLSJ)F ds

t - t

t -
<4rp7! JE AR (1 + (8] + (B, )2 2(a; 97 2] ds

CE

t
Farg! /H E [Aglgisﬂapﬂ_l)df(%(l + |§isj|p+q—1)2] ds
t
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t _ _ 1/2
< 4)\5—1ng/ 38(p+1) (E [1+ ‘92|16(p+1) + ‘Qisj‘m(pﬂ)b /
[t]

< (B[8} -8, 1]) " as

t
+ AN BT AR / 216+t [1+\§fsJ\1G<P“>} ds
11

1/2
< )\B—1ng38(p+1)+2 (2€—AaDnLtJE [‘90|16(p+1)] + 2C8(p+1) (14 1/(apr)) + 1)
_ ~ 1/2
%< A (e—)\aDnLtJ CA072E[|00|8(/}+1)] + CAO,Q)
+ A%”dK%,ZlG(pH)H <€f)\aol~tLtJE [‘90|16(P+1)] + C8(p1) (14 1/(apk)) + 1)
< )\Qﬁ—ldK(2)38(p+1)+2 (e—)\aDn\_tJ (2 + Cag)E [|00|16(p+1):|
+2¢5(p41) (1+1/(apk)) + 2Caoz + 1)
+ 281K 21000+ +2 (6—,\aDnLtJE [‘90|16(p+1)] + Cs(prn) (14 1/(apk)) + 1)
< 22 (efaDnn/2€A2EH00’16(p+1)] + EAQ) ,
where the fourth inequality holds by applying Lemma 6.3 and A.2, and where C 55 and C A2 are

given in (90).
(vi) To obtain the sixth inequality, we use the same arguments as in (v):

2
E {W /H (H@" - HC) 4B

t
=287 [ E[HE") - HCR] as

t]
_ t =A\n =A\n _9)\=An AN
<ot [ E[akds @7+ G - T as

t _ _ 1/2
< 2\371dK> / 38(+1) (E [1+ "6+ 4 !Cfs’ﬁw(”“)D /
1t

A ZAng 1/2
< (B[ =) " as
< )\5—1ng38@+1)+1 (28(p+1)e—)\aD min{/{,l/Q}LtJE[‘Ho‘lﬁ(p—i—l)]

1/2
+98(p+1) (cs(pr1) (1 +1/(apk)) + 1) + 6vig(pe1)(My (16(p + 1))))

. _ - 1/2
)\ (e*)\aD min{x,1/2}|t] CA172E[|90‘4(p+1)] + CA1,2>
< )\26—1dK(2)316(p+1) (e—)\aD min{x,1/2}|¢] (1+Ca 2)E[|90|16(p+1)]
+cg(p+1) (1 +1/(apk)) + 1+ 2Ca1z + Vi6(p+1) (Mv (16(p + 1))))

< A2 (e‘aD min{n,l/Q}n/QEAzEHHO|16(p+1)] + EAQ) ,

where the third inequality holds due to Lemma 6.5 and A.2, the fourth inequality holds due to
Cala < EALQ, and where Ca- and C a5 are given in (90).
(vii) To establish the seventh inequality, we apply Remark 2.2, (89), and Cauchy-Schwarz inequality
to obtain
2]

|

Ag—l/L; (@) - 1:@)) ds
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<xp2 [ E[T@) - Ta@P] as

2 p—2 ! A D 292 ! i D
[t] t]
¢
<2X2672 | B [dPL20+ 0]+ 01 )220 - 0] ds
[t]

t
+2)2572 /L BRI o1+ [y 2042 ds

t 1/2

< 2)\252d3L2/ 38(p+1) (E [1 1 @2\‘16(,;“) 1 ‘gi‘sJ‘lG(p+l):|>

11
N 1
X (E [\es — 9| q}) ds
t
+2X872K2, / 21000 |1+ 7y, 100+ ds
11
1/2
< 25723238+ (26_)‘3D“L”E [\90|16<P+1>] +2¢5(p41) (14 1/(apk)) + 1) /
_ ~ 1/2
(20T g B[00 7214 + iz, /

+ XIB2KE 210 (mw0rl [[go 190 g, ) (14 1/ (apR)) + 1)
< )\2+(Iﬁ*2d3L238(p+1)+1

X (G_AaDHM (2 + €A072q)E [|90‘16(p+1)} + 2C8(p+1) (1 + 1/(aD/~s)) + 2EA0’2q + 1>
n /\2+q5_2K§,d216(p+1)+1 (e—AaDnLtJE [‘90‘16(/)4-1)] + C8(p+1) (1+1/(apk)) + 1)

< )\2+q <€—aoﬁn/2€A2EH90‘16(p+1)] + EAQ) ’

where the fourth inequality holds due to Lemma 6.3 and A.2, and Cao, C Ao are given in (90).
(viii) To obtain the eighth inequality, we apply Remark 2.2 and write
2]

|

< A2 /L;E IH@)PIR@ )] ds + 2287 /L;IE 1@ as

2
+

t
A [ H@)MA@) ds
[t]

S
)\B‘l/ Y(6,)ds
L¢]

t
<X [ B[KE@+ @R 7] ds

1t
t
22572 /L E (K3 (1 + 1220 72)] ds
SN (1+ Kp)?(1+ Kp)* (14 8712(1 + Ky g)?3160H)
t
x [ E[1+ @0 4 g 1] as
" . 5
S N1+ Kp)?(1+ Kp) (14 8712 (1 + Ky g)?3160HD
o (Qe*AaD”UJE [‘90|16(p+1)] + 28y (14 1/(apk)) + 1)

< )\2 <€_aDHn/2EA2E[|00|16(p+1)] + EA2> ’

where the fourth inequality holds due to Lemma 6.3, and where Caa, C A2 are given in (90).
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(ix) To establish the last inequality, we follow the arguments in (viii):

2

[t] t]
S N1+ Kp)*(1+ Kp)*(1+ 8712 (1 + Ky g)?3160+ D)

t
< [ E[1 7 ] as
t]

< N1+ Kp)(1+ Kp)*(1+ 8712 (1 + Ky g)?3160+ D)
% (28(p+1)ef)\a|3 min{n,l/?}LtJEHQO|16(p+1)]

E{A CHEMME ds| + g / (™) ds
L

|

+28(p+1) (cs(ps1) (1 +1/(apr)) + 1) 4 6vig(p1) (My (16(p + 1))))
< A2 (e—aD min{m,l/2}n/2EA2EH00‘16(p+1)] i EA2> 7
where the second inequality holds due to Lemma 6.5, and where Cas and C A2 are given in (90).
This completes the proof. (]
Corollary A 4. Let Assumptions 1, 2, and 3 hold. Then, for any 0 < X\ < Apax, 1 € Ny, ,t > nT, we

obtain the following inequalities:

E

t
h(@,) = h(@),)) + A /L , (FA@L) @) = 87 0A(0))) ds
2

t
~VNET [ @) 4B}
]

< N2 (e—aD“”/236€A2E[|90\16("*”] + 365A2) ,

@) @) - v [ HE) AR - <h<95>_h<efﬂ>

V20571 [ H@),) dBQ)

lt)

2
] < )\2 <6_aD min{n,1/2}n/272EA2EH00‘16(p+1)] + 726A2) ,

where Cao and EAQ are given in (90).
Proof. For any t > nT', by applying It6’s formula to h(@? ), we obtain, almost surely
A —A

t t s
W@ = @) = =A | HEIE)ds+ 5 | HE,) / RACHGNEEE
t t s

—NB” /H /TA(QM)drds

91
W ., " H@) /LSJ Hy(@),) dB> ds o
+ \/W/L; H(@)dB> + \57! /L; Y(0))ds
Similarly, applying It6’s formula to h(zz\ ™) yields, almost surely
BEM™) - ) =—A/ H(C s+ VT Hcs )dB)
92)

st [ e
[t]

)ds.
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(i) To obtain the first inequality, by using (91) with (Z}’Zl ul)2 <w Zle ul2, veN u >0, we
obtain that

|

A t

h@) — h(B) + A
@) - n(@) + /w

t
—V2A871 /LJ H\(8),)) dB
t

(FA@L) @) = 87 0A(O))) ds

|

_ t )
—=A
+6E [ [N [ H(®)) HA(GLTJ))hA(QLTJ)drds ]

< 6E {)\/L:J (H@?) - H/\@/L\sj)) h,\(g/L\sJ) ds

[t] Ls]
t s 2

_ = =
+6]E —)\2/6 1 LtJ H(GS)/LSJ T)‘(GLTJ)deS

2
t s
+6E ||—Ay/2081 H(ai)/ H\(0),)dB) ds
5]

t)

2

+ 6E \/W/

— H\(0},))) dB)
" )

. t ,
6E | N5~ TE) = T@)) d
i o LtJ( (05) = Ta( M)) s ]

< A2 (G_aDRn/236€A2EH90|16(p+1)] + 36€A2) ,

where the last inequality holds due to Lemma A.3.
(i1) To establish the second inequality, we use (91) and (92) to obtain

E[h(@ Rl — VA5 / H(C}:)) dB?
" 2
- (h(@?) — h(@)y) — v/2AB /L , H(@), deﬁ)
<2E |:h(Ct th V2AB~ / HCLS )dB

+2E|:

< 6E {A CHEMRE") ds

2

t
~1 T*)\,n
A3 /m @

2

—\ —\ t —\
W@) — h(B)) — V/2AF /L RCMEE
t

+6E|:

VAG ~H(CY)) 4B

LtJ
2
] + 12E

t]

2
ds]

b
Aﬁ‘l/ Y (6,)ds
[¢]

+ 6E

1

A A
128 |- [ H@)(@) ds
[t]
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t
t S

2
t s

F12E ||-A287! H(@j)/ TA(0),)) drds
11 1s]

2
+12E | |-A\/2081 LHH /H,\ GM)dB ds

2
F12E |[v/205-1 /L; (H(?i) —H(?fsj)) aB} ]

<1247 (e_aD min{r1/2n/2C [0S + EAQ)
+ 60 (6_aD min{1/2n/2C L[| 6|16+ + EA2>

< A2 (e—aD min{n,l/?}n/2726A2EH60’16(p+1)] i 726A2> :

—A
— H (@), J)) aB>

where the second last inequality holds by using Lemma A.3 with the fact that
2]
—A -\ )
=287 [ E[IH@) - HOL)R] ds

Jo ey
[t]

< A2 <67aD min{ﬁ,l/Q}n/?EAzEHHO|16(P+1)} + EA2>

as indicated in the calculations in (v) of Lemma A.3.

This completes the proof.

Definition A.5. Define 9t = (M), iy 5 RE x R — RI* by setting, for everyi,j =1,. ..,

) EEREE)

WD 0,0) = (VHCI@)0-T), 0,7 < R

Lemma A.6. Let Assumptions 1, 2, and 3 hold. Then, for any 0 < X\ < Apax, 1 € Ny, ,t > nT, we

obtain the following inequalities:

2
E | |\/2)5- / H(@fsj)—zm(@i,éfsj)) dBQ]

2]
A2+ (efaDHn/2€A2EH90|16(p+1)] + EA2> 7

E | [v/2)5-1 H)dBA

LtJ

IN

t

E [208- </u/u H@) ~ H@))) dB) ds, Hm(@i,eisj>d33>
t t

< )\2 (efaD m1n{n,1/2}n/21OCA2E[|00’16(p+1)] i 1OEA2> 7

where Cao and C A2 are given in (90).

Proof. To show the inequalities hold, we follow the arguments below:

(93)

2
] < \? (e‘aDmﬂEAQEHHO|16(p+1)] + EAQ) ; (94)

95)

(i) To establish the first inequality (93), by using Definition A.5, we observe that, for fixed §, 0 € R<,

|[H(0) — H(0) —Mm(0,0)[?
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\H(W — H)(§) — 9m@9)(9, 6)?

1 2
G (1h + (1 —1)0),0 — 8) dv — (VH) (@), 6 — 6)

/ Z IVH) (10 + (1 — v)0) — VH)(9))? dv|d — 6]
i,7=1

g/ Zd\v2h<i>(ye+(1—y)§) V240 (8)|2 dv|6 — ]2
0 =1

< 220" 2121 + || + [6]) 2P~ D |0 — >+ (96)
By using (96), we obtain that
2]

1 ¢ A —A —A ZA A
E| V28T [ (H@) - HO) - m0,,0),)) dB.
[t]
<rgtren? [ E [ g+ ) - 7] as
t]

_ —A N
— oG ) UH H(@LSJ)—m(es,etsJ)(F] ds
t

t
<AL / 2
11

( [\9 -9 \4+4qD/2 ds

1/2
< )\571316(P+1)d2L2 (ze*AaD”LtJE [|90’16(P+1)} + 2C8(p+1) (14 1/(apr)) + 1)

38(p+1)( [1+|9 |16(p+1 +|9 |16(p+1)D

B N 1/2
x At (6_’\3D”LtJ Ca0,2424[|6o[T7+21(0 ] 4 CAO’”Q(I)
< A (e_aD“"/QEA2EH90|16(p+1)] + EAQ) ’

where the third inequality holds due to Lemma 6.3 and A.2, and Cas, C A2 are given in (90).
(ii) To establish the second inequality (94), we recall Definition A.5 and use Remark 2.2 to obtain

!Mzw M es,etsj)ng
t

U
—22p7! {Z (THED @), 8, 9L3J>’2] ds
2¥)

t)

2

< / (K31 + [ )28, — 7] ds

1/2

< ABTdK3 / e+ (g [1 4 7 1o ) (B[ - 8y 1)) as

(t]
1/2
< /\BfldQK328(p+l)+1 (eﬂ\aonLtJE “00’16(%1)} + C8(p+1) (1+1/(apk)) + 1)
_ ~ 1/2
X A (fanDHM Cao2E[|60|3" Y] + CAo,z)
< )\2 (6_aDHn/2EA2E[|00|16(p+1)] + EA2> ’

where the third inequality holds due to Lemma 6.3 and A.2, and Ca2, C A2 are given in (90).
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(>iii) To obtain the third inequality (95), we use Definition A.5 and write the following

_ Loy A A
E |2)3 1</ / (H(CLTJ)—H(HLTJ)) dB)} ds, zm(es,etsj)ng
[t] /s 2]
bore =An A
</ / (H(CW) —H(Qm)) dB) ds,
[t] J/[s]
t Y s A\ N
/ VH(QLSJ),/ _)\h)\(el_rj)dr dBS
2] Ls)
Lo =An )
</ / (H(Cm) —H(em)> dB; ds,
[t] J1s]
t Y s r 5 A\ Y N
] VH(QLSJ), o] )\ H)\(HI_VJ)h/\(HLVJ)dVdT st
C r (0 r ) dBr ds,
</Lt /LSJ 7] 7] )
/ <VH(9fSJ),/ / —Azﬁ_lTA(H’L\VJ)dudr> dB§>
1 15) /1)
H Chh - H@),))) dB) ds,
</LH s v v )
t
/ <VH(0LSJ / w2 [ @) dB,j\dr> dB§>
2] ]
C r (9 r ) dBr ds,
o -t

/<VH9LSJ ), V/2AB8- / dBA> dB’\>
11 5]

Recall that (F});>0 is the completed natural filtration of (B;)¢>0. Then, we note that, for any
1,7,k =1,...,d, it holds that

(/m/ Fd) CL ZJ)(QL J)> d(Bﬁ\)(j) ds)
X </LtJ <8o<k)H( )(QM)/LSJ d(Bj)(k)> d(Bi‘)(j)>]

AV W3 (g
(H(J)(CM)—H(’J)(%J))ae('ﬂﬂ( )(GLtJ)

<= | [, [, // i >|f”
[t] J1s) [t] /s)

=2\87'E

+2X87'E

+ 2087 'E

97

+ 2087 'E

+ 2087 'E

=E

=E

x E

t t S
[ e=samo [ [ amy®asho
L] [t] /L]

(H( D)) — H ’J)(%J)) Dpirr H' )(GM)
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t
X t/E
[t]

=0.

s t s
/ d(BM® f@J] ds—/ sE [/ d(BM*
[t] t] t]
This implies that the last term in (97) is zero. Indeed, we have that
C H(0},,)) dB; ds,
< /thJ /L | lr J 7] )
t s
/ <VH(0?SJ),\/2)\[3—1/ dBj> dB§>
[t] Ls]
= (2)\5 3/2E ! (/ / g <LTJ ) (giﬂ)) d(Bi\)O) ds)
[t] 5 s]

t By H) (@), SdB,% &) aBMHD || =o.
x(;/m(;m @ [ am ) (B )]

Then, by using Remark 2.2 and (97) with the result above, we obtain that

t S
_ —\,n -
E [2)\3 1</m/u (H(CVJ)—H(QLTJ)) dB ds, . Sﬁ(es,GLSJ)dB;\>

27
f)\n —A
H(®,.)) dB}ds
[ Jo Gt -t

2
t S
+A%E /<VH(9fSJ),/ —h,\(G/L\TJ)dr> dB}
/1) L] |
t
+ ME /H<VH(9LSJ / / H,\GLVJ)h,\(HLVJ)dudr>dB’\
t

) t s T 2
/<VH(9’L\8J),/ / —T,\(Gi‘w)dudr> aB}
11 LsJ /1]
[ t
/ VH(B),) / N @},)dB) dr ) dB)
11 ls] Jlr]

<825 /m/u HECYR + [H@) )] drds

+)\2/WE Z ((vHED @), hA(ew)W] ds

)

2A67E

< 4AN?B72E {

2

+ MB72R

1

+ 2387 E

|

t] =1

+>\4/Lt E Z (<VHN @), HA(GLSJ)hA(0L8J)>1 ds
+ g2 {Z ‘< H®I( QLSJ) TA(9LSJ)>2] ds

11
t d

+2X%571 {Z <VH” (0}, HA(0),)) / ngdr>
i,j=1

2
]ds
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t
<82 | E [dK%I(l + 1S
1t

t
npe /M E [d2Kg(1 + [0 )2 K21+ |§f3J|P+q)2} ds

t
+ At /ME (K314 (B0 )22 KR (L + (B 172K+ (07072 ds

PR I (1 + (B ] ds

t
+X1p2 /L B[R+ Bl a1+ 0,212 ds

S s 2
/ / dB) dr
5] J1r)

ds

t
+2X3571 | E {d%(gu + @fsj N2t K2 (1 + @SJ |pra—1)2
L)

t
< 6)\2l872dK12r{316(p+1) / E [1 4 |Zi§7 16(p+1) 4 |§/L\SJ |16(p+1)] ds
t]

t
FIE + KYRE + 672K K0 [
[t]

t _ 1/2
23K K 2 28 DAL /m (E [1 n yefsJyw(p“)D (3(d +4)) ds

E 1+ 0], ds

< 6)\2I872dK12{324(p+1) (eanD min{ﬁ,l/Q}LtJE[|90|16(p+1)] + (CS(p+1) (1 + 1/(3DK,)) + 1)

+3vig(p+1)(My (16(p + 1))))
+ XK+ KR KR + B72KE 4+ p7 1K) dPKg2! 0D

X <e_)‘aDH\-tJE [‘90‘16@4-1)] + C(p+1) (1 + 1/(3D’%>) + 1>

< )\2 <€_aD min{ﬁ,l/Q}n/ZloéAZEHgO|16(p+1)] + 1O€A2) ’

where the fifth inequality holds due to Lemma 6.3, 6.5 and A.2, and Cao, C Ao are given in (90).

This completes the proof. (]

Proof of Lemma 6.6. By using the definitions of 9;‘ in (29) and Z? "™ in Definition 6.2, and by applying
It6’s formula, we obtain, for any n € Ny, t € (T, (n + 1)T1,

W3 L) LE™))
<E UG? Sy 1
t
2| [ (-2 @) - h@") as
t S
+2)E / ) <02 ~O" A , (HA@ ) (@) — 871 TA0),)) dr> ds]
—2\E /t <0§—g2’”,\/2,\5—1/s H,\(H’L\”)dB,f‘> ds
nT [s]
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:/nT (8, = ¢ (@], = h(@L.)) ) ds] .
/ntT <0? —Ci’",k/; <H/\(9LTJ)h/\(9/L\TJ) f TA(GLH)) ‘ > dS]
)

/nT <93 - W/ i HM)dB > v

By applying 1t6’s formula to h(@;\), we obtain (91). Substituting (91) into (98), applying Remark 2.5 and
Young’s inequality yield

+ 2)\E

+ 2)\E

+ 2)\E

+ 2)\E

—2)\E

70 [ () - @) m(efﬂ>d¢> dS]

gS_ZS’ 7)‘2 H(gj)
Ls] ]

0, — —-A H g Ty(0),,)dvdr )d
s Cs ﬂ 5] ( ) /LTJ )\( LVJ) v T> S]

HA(QLVJ)hA(HLuj)dVdT> dS]

|
@ >
|

/t
nT Ls]

A W/2A3-1 H / H\(@},)dB) dr> d]

R \

" V2Ag-1 HA(QM)) dB,%> ds]

LSJ

|
» >

_ Z;\n7 A31 . (T(@i‘) — T)\(é)m)) dr> ds]

S~
&
T~
|
@ >
|
|
n >
LS
>=
>
—
|
EV
N—
>=
—
|
TV
[l
SN—
\/
(oW
V2)
| I
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Q}d

t [ s 2
+>\/n E —A/L (@) ~ 13@})) @) dr ] ds

t

<ALos+6) [ B[ -0

nT

T 5]

t I s
+)\/ E|[)2 [ H®) HA(QU,J)hA(HLVJ)dudr ] ds
nT 1s] 7]

; B 2
+)\/ E |-\~ / H(O / T,\(GM)dudr ]d
nT

2
t s T
+/\/ E —)\\/2)\51/ H(ei)/ HA(?’L\VJ)dBﬁdr
nT Ls] L]

(99)

ds

+)\/nt E — [ (@)~ 12@,)) dr 2] ds

T Ls]

T

t —A e NNE

+2)E [/t < 208 / HA(QM)) dBj> ds].

T
We note that, by using (89), for any ¢t > nT’,
-\ -\ =X _ =X
E ’h(el_tj) _ hA(GLtJ)|2:| <E [)‘3|0|_tj‘6(p+q 1)K}21(1 + |9LtJ |P+q)2:|
< /\3K}2L216(p+1) [1 i ’0 |16 p+1)}
< N3K2916() (e—AaDKI_tJ]E [|00’16 p—&-l)} + C(pen (14 1/(apk)) + 1)

< 23 <€—anm/26A2EH60‘16(P+1)] + EAZ) , (100)

where the third inequality holds due to Lemma 6.3, and Ca», C A2 are given in (90). By using Lemma
A.3 and (100), (99) becomes

B t A =An
B[ -] <xctos+0) [ B[ -0 4
nT

_ ~ 101

+ 6)\2+q (e—aDnn/2CA2]EHHO|16(p+1)] + CA2> ( )

+\~Jl +325

where
t
31 (t) =2\ /T< " V2A871 LJ — H\(@),)) 93?(9,’?,6%)) dB?> dé’] ;

/t <9§—<5 /2B sm GT,GM)dBﬁ> ds]

T

with 9t defined in Definition A.5. By using Young’s inequality and Lemma A.6, we have that

t ~
SHOES / E[17; = Q"] ds + A2 (7208 2C B[00+ ) + T ) . (102)
nT
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To establish an upper bound for J3(¢), we recall the definitions of (5? )t>0 and (Z? "™)¢>0 given in (29)
and Definition 6.2, respectively, and consider the following splitting:

t
Bey=2 [ B <92—eisJ — i) VA8 /amemem dB?>
nT

:2)\/nTIE </H (A(h(gi’") — (@) + X /m (FA@)a@])) — B70AO])) ) av

—/\\/2)\5—1/ HA(Hi,,J)dB,§> dr,\/2/\6—1/ i)ﬁ(@j,@frj)dB;\>
] Ls]

t
:2)\/ E
nT

ds

ds

</sz (A(h(ei) —h(@,)) + X /m (Hx@fuj)hx@fm - 6‘11‘@@) dv

—AV/2X8- / H\(@},)dB ) dr, v/2AB8~1 J)dBA> ds
t s
+2/\/TE [</LJ)\<h(9iTJ) h HLT T, /20871 im 9 .0 7nJ)dB’\> ds—&-fjg"l(t),
where the first equality holds due to the following:
E <9f8J + O V/2AB / M@, dB’\>
(103)

=X =An
=E <0LSJ+CLSJ’ \V2A6~ /Qﬁ dB ‘FLSJ]>] 0,
and where
t s
3571@):%/ E </ ARCY™) = h(0))) dr, /208~ / Mm@ eLr dBj> ds.
nT Ls]

By applying Cauchy-Schwarz inequality, Corollary A.4, Lemma A.6 and (100), we further obtain that
¢
Jo(t) < 2A / E
nT

/2051 / HA(ef,,J)dm) dr
[r]

5 AN " - ZA N e
/LSJ)\<h(0r) h(GM)JrA/M (HA(QLVJ)hA(QLVJ) B TAW@))) dv

T

o7\ 1/2
( {mm /zmer,em )dB) ) ds

ey )

[ 20— 1@

97\ 1/2
( {\/2)\6 / M 9,,,% )dB} ) ds + 331 (t)
_ ~ 1/2
<2\ (X‘ (e_aD“”/236CA2E[|90|16(p+1)} + 36CA2))

nT

% ()? (e‘aD“”/QEAQIEHGo|16(p+1)] + EAQ))W ds

t _ ~ 1/2
+ 2 / (X7 (720" 2CpsE ]} |0 Y) + Cas ) )
nT
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_ ~ 1/2
" (>\2 (e—anin/QCA2E[|00|16(P+1)] i CA2>) ds+33,(1)
< 1423 <e*aD“"/2EA2E[\90\16<P+1>] + EA2> +33(8). (104)

At this stage, the task reduces to upper bound 3371(75). To achieve this, we apply Cauchy-Schwarz
inequality, Corollary A.4 and Lemma A.6 to obtain

t):2>\/ntTIE </;A<h(g“‘ T — V2N /H " dAB) — (h(?j)

ds

— /2871 dBA)) dr, \/2\3~ / M er,em dBﬁ>

LTJ

t
+2)\/ E
nT

Vit [ @7, de?>

L]
< 2>\/ (

</L JA\/W/ H(CY) - H@),)) dB) dr,

ds

/L J <h<<i" W@ - VAT [ B aB) - (h@)

7]

i

1/2
V22371 zm 0.9 dB> ds
r LTJ r

+ 2)\3 (e—aD min{n,l/Q}n/210€A2EH90|16(p+1)] + 1OEA2)

Vv dBA)> dr

LTJ

2

t . _ ~ 1/2
< 2)\/ ()\4 (e—aDm1n{n,1/2}n/272CA2E[|00’16(p+1)] + 72CA2)> /
nT

C ~ 1/2
X ()\2 (e—aofen/QCA2E[|90|16(p+1)} + CA2)> ds
+203° (eiaD min{s 1/2n/2C 5o B[00 + 6A2>

< 4403 <e—aD min{r, 1/2}n/2€ , ]| o [0+ 1)] 4 EA2> ‘ (105)
Substituting (105) into (104) yields
() < 5823 (6—aD min{x.1/2}n/2€ , e[| o 16(0+D)] 1 EA2> , (106)
By applying (102) and (106) to (101), we obtain that
2] d

A FAn 2 t 3 —am
E U@t -G ] < A(2Los + 7)/ E [|95 —C.
o+ G5AZ (o0 minnl /200/2€ Ry 90+ V] 4+ Cpy )

nT
which, by applying Gronwall’s lemma, yields
_ m  —am|2 .
Wg(ﬁ(ez\)’ﬁ(ci‘v )) <E |:‘02\ - C? :| < )\2+q <€—aD mm{ﬁ,l/Q}n/2C0EH90|16(P+1)] + Cl) ,

where « is given in (75) and

Co := 65e2L05T7Cpy,  Cq 1= 65e2L05T7Cp, (107)
with Cao, C A2 given in (90). O
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APPENDIX B. ANALYTIC EXPRESSION OF CONSTANTS FOR AHOLA

CONSTANT FULL EXPRESSION
Remark 2.2 Ko 21T max{L, [V2h(0)],...,|VZAD(0)[}
Ky max{Ko, VA (0)],...,|VAD(0)|}
K max{K1, |h(0)|,..., D 0)|}
Ks.a max{d*/ 2L, T(0)}
Remark 2.4 ap a/2
bp (a/2 +b)RLT? + |h(0)|?/(2a)
Rp max{(4b/a)t/ ("= 21/}
bp ap + bp
Remark 2.5 Los VdK1 (1 + 2Ros)?Fa~t
Ros (b/a)l/(rfF)
Theorem 2.7 Co min{¢, apk, ap/2}/4
Cr | eminteamma/2 /4 [CH/2 4 Cy 4 € (34 [ Va(0)ma(d)) ]
Ca C1? 4+ ¢y
Corollary 2.8 Cs min{¢, apk, ap/2}/8
Cl eminteansan/2/8 [/ 4 Cy 4 VIE (34 [ Va(0)ma(d0)) 7]
Cs %4 Cs
C ve (1 + min{e,aDLn,aD/z}) grintaorao/ay/e (‘/ic(l’/z + 24p+5)
Cs AVE/)e M (VRGP 4+ 3V 4+ 2% (eyey( + 1/(apk) + DY+
VBviet, 1) (My (16(p + 1))))
Lemma 6.3 K MgHa—ty (1 + Mi’(”“*”)1 ’ (with My > 0)
Co anﬁM% +c1 + 22(p+q>ﬁ71d(1 + K1)2
. 2bp + 4K K + 7120797 Ky g + 2K7 + 3K 3 K} + 6 K7 Kpr + 2200t 0-5372K2 | +
B KnKs3,a20T9 + B Ky Ky Ks 200!
c (1+2/(apk))" " (oM + c1)” + ca(p) + 22@TF070p(2p — 1)F7Nd(1 +
Y K1)?((1+2/(apk))?~? (apkMT + c1)P~" + Ma(p)*P~2)
c=(p) 22743 1q)P(2p(2p — 1))PH13P 1 (1 + 2p(p+q71)dp/2K117)2
Ma(p) | (229 1p(2p — 1) d(1 + Ki)*/(apk))"/?
Lemma 6.4 cv,1(p) | app/4
cv2(p) | (3/4)appvp(My (p))
My (p) | (1/3+4bp/(3ap) + 4d/(3apB) + 4(p — 2)/(3ap))"/*
Lemma 6.6 Co 65e205T7C
Cl 65€2L°S+7EA2
— 32D B (1 4+ Ko)2(1 + Kr)2(1 + Ku)*(1 + B7H2(1 + L)*(1 + Kz.a)?(2 +
Caz -
max{Cao,2, Cao0,2¢; Ca1,2, CA0,242q})
B 3B+ Kol + Kn)*(1 + Kw)*(l + 87YH%(1 + L2 +
Caz Ks,a)?(2cs(p+1) (1 +1/(apk)) + 2111&7D<{EA0,27 EAo,zq7 EAI,Q, EAO,2+2q} + 1 +
Vie(p+1) (Mv (16(p + 1))))
Caop | 52 PICHD (KRR 4 p=2PKEE, + KT RGP + (871 (4p + 2)(d + 4p))” (1 + K3)))
Caop | Caop (Corpi(orn) (14 1/(apk)) + 1)
GALP 22p+[P1<P+1)—1K5P
Car, C;u,p (flwpﬂ) (1+1/(ak) +1) + 2KP3va1000(Mv(2[p] (p + 1)) +
’ 27287 (p+ 1)(d+2p))®
Proposition 6.7 ¢ min{¢, cv,1(2), 4cv,2(2)ecv,1(2)}/2
_ -1
é ( 87 /(BLos)¢o exp <(éo\/ﬂLos/8 + \/8/(,6|_OS))2>)
€ 1A (4cvia(2)/2B7/Los [ exp ((s\//BLos/S + \/8/(5Los))2) ds)~
¢o 2(4CV’2(2)(1 + val(z))/CVJ(Q) — 1)1/2
61 2(2CV72(2)/CV,1(2) — 1)1/2
¢ 2(1 + &) exp(BLoscd /8 + 2¢o) /¢
Lemma 6.8 Ca e(1+ 7min{é,a§fc,a|3/2} emin{éapr,ap/2}/4 (Co + 28"“1)
Cs 2(8/¢)e?(Cq + 15+ 2% (cg(p11) (1 4+ 1/(apk)) + 1) + 18vi6(ps1) (My (16(p+1))))
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APPENDIX C. ANALYTIC EXPRESSION OF CONSTANTS FOR AHOLLA

CONSTANT FULL EXPRESSION
Remark 3.2 Ko max{Li,|VZR1(0)],...,|V*hD(0)[}
Ki max{Ls, |h(0)[}
Theorem 3.3 Clino | min{érin, a/2}/4
CLin,l 6min{éLinﬁ/2}/4 |:C|{|/n?0 + CLin,2 + éLin (3 + I]Rd VQ(G)TI’ﬁ(dG))}
Clin,2 C,{i/,fl + Clin,3
Corollary 3.4 Cling | min{éLin,@/2}/8
Clma | emnteunar2)/s [Cb/n %) + Clina + VZLin (3 + [a Va(0)ms(d6))" 2]
Clin,s CI{i/n?l + Clin,s
. ~ min{¢,,a 1/2
CL.n,4 vV CLin (1 + m) emin{éLina/2}/8 (CLin,O + 3)
Cuns | 4(Vedn/cun)en/ (CU2 +143(c2(1+ 1/a) + 12 + V3v*(My (4)) )
Lemma D.3 Co ﬁild (Zz + LKy + fzng1/2) M; 43¢ + 2ﬁ71d(1 + 33)2
o 26+ 203K, + 2K; + L3K /2 + B 2d° L5 /4 + 2LsK; + B d(L2Ky + L2LsK1/2)
M, 2(@B)"d(Ly + LoKy + LoLsKy/2)
Eg(p) + (1 + 2/6)10_1 (E1 + ﬂ_ld (L2 —+ L2K1 + L2L3K1/2) Ml)p —+ 22p—2p(2p —
A DB~ + Ls)*((1+ 2/a)" (€1 + B 'd (L2 + LKy + LoLsKy /2) My)P~! +
M2 (p)?2) B
e=(p) | 277 p(2p — 1)(267 dp(2p — 1)(1 + Ls)*)”
Ma(p) | (2%p(2p —1)B~'d(1 + Ls)*/a)"/?
Lemma D.4 cva(p) | ap/4
cv2(p) | (3/4)apvy(Mv(p))
Mv (p) | (1/3 +4b/(3a) + 4d/(3a8) + 4(p — 2)/(3ap))"/?
Lemma D.6 Clin,o 52e*L3%6Cq,
Clin,1 5262L3+GES2
s 271+ BTN+ L)'l + L2)’(1 + L)*(1 + Ki)?(1 + Ko)*(1 +
? max{Cso,2, Cso,2q, Cso,1445 Cs1,2j) B B B
< 27dN(1 4+ 7)1 + La)*(L+ L2)*(1 + L1)*(1 + Ki)*(1 + Ko)?(@2(1 + 1/@) +
82 max{Cso,2, Cso0,2¢, Cs0,14+¢, Cs1,2} + 1)
Csop | 10%(K}" + (LsK1)?)
Csop | Csop(@m(1+1/a) +1) + 5% (87 dLa)* + (287 (p+ 1)(d + 2p))* (1 + L3"))
Cs1,p 24fp1(1 +K1)2p
| Coup (@ (14 1/8) 4 1) 429171 (14 Ka) 3 1 (M (2[51) 4277267 (04 1) (d+
;P 2p))P
Proposition D.7 CLin min{quin,Evyl(Q),46\/72(2)&\/71(2)}/2
_ AN -
¢Lin <Q / 87T/(,8f3)(.:un70 exp <(Cun70 \/ﬂfg/S -+ \/8/(ﬂfg)) ) )
_ . — .\ 2 -1
€ 1A <4cv,2(2),/257r/L3 ot exp <(s\/ﬁL3/8 n \/8/(BL3)) ) ds>
Cino | 2(4ev,2(2)(1+evia(2) feva(2) — 1)'/?
CLin,1 2(2cv,;2(2)/eva(2) - I
CLin 2(1 + évin0) exp(BL3&l /8 + 26Lin0) /€
Lemma D.8 Clin,2 CLin (1 + m) emin{éina/2}/4 (CLin,o + 9) B
Cins | 2(€uin/ELn)e™™? (Clina + 9 + 9¢2(1 + 1/@) + 9va(My (4)))
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APPENDIX D. PROOF OF MAIN RESULTS FOR AHOLLA

We provide the proofs for Theorem 3.3 and Corollary 3.4, which follow the same lines as those for
aHOLA. We first introduce auxiliary processes which we use throughout the convergence analysis in
Appendix D.1. Then, we provide moment estimates for the newly introduced processes in Appendix D.2,
which are followed by the detailed proofs for the main results in Appendix D.3. We postpone the proofs
of the results in Appendices D.2 and D.3 to Appendix D.4.

D.1. Auxiliary processes. Fix § > 0. Consider the Langevin SDE (Z;);>( given by

Zy =0y, dZy=—h(Z)dt+ /28-1dBy, (108)

where (Bi)>0 is a d-dimensional Brownian motion on (€2, F, P) with its completed natural filtration
denoted by (F¢)+>0. Moreover, we assume that (F;);>¢ is independent of o(6p). Under Assumption 5,
it is a well-known result that the Langevin SDE (108) admits a unique solution, which is adapted to
Fi:V o(fy),t > 0. Its 2p-th moment estimate with p € N is provided in Lemma D.9, which can be used
to further deduce the 2p-th moment estimate of 75(6) o e V().

For each A > 0, recall B} := By;/V/\,t > 0. Denote by (F})i>o with F := Fyy, t > 0, its
completed natural filtration, which is independent of o (6y). Moreover, we denote by Zg\ =2y, t >0,
the time-changed version of Langevin SDE (108), which is given by

Zy =0y, dZ} = -An(Z})dt++/2)3-1dB;. (109)
Furthermore, we denote by ((:)g\)t>0 the continuous-time interpolation of aHOLLA (15)-(17) given by
6p := 0o, dO} = Ay, (O} dt + v/2AB- 14}, (O})) dBy, (110)

where cbl_m and wf‘in are defined in (16) and (17), respectively.

Remark D.1. Similarly, denote by (@;\ )t>0 the continuous-time interpolation of the order 1.5 scheme
(18) given by
—A —A t
d6; = —A(@},)) dt + AQ/ (H(ew) @) -8 T(@LSJ)) ds dt
Lt} (111)

~M2A81 [ H(®),))dB)dt + /28 1dB}

t]
with ©) = 0y. We note that £(©) = L(©HOLLA) = £(©)) = £(8)), for each n € Ny,
Finally, for any s > 0, consider a continuous-time process ((; ’v’)‘)t> s defined by
A=y e RY,dEUN = —AR(CYN) dt + /2A3-1dB). (112)
Definition D.2. Fix A > 0. Define T = T'(\) := |1/\|. Then, for any n € Ny and t > nT, define
o CtnT’éiT’/\-

D.2. Moment estimates. Recall the following Lyapunov functions: for each p € [2,00) N N, define
Vi (0) := (1 +10]2)P/2, for all § € R%, and moreover, define v,(w) := (1 + w?)?/2, for all w > 0. We
observe that V), is twice continuously differentiable and satisfies:

sup [VV;(0)/V,(0) < oo, lel‘im VVu(0)/Vp(8) = 0. (113)
OcRa —00

Furthermore, we denote by Py, (R9) the set of probability measures p € P(R?) which satisfies

Ji Vil6) (@) < oo. i
Next, we establish moment estimates for (©;');>0 given in (110). The results with explicit constants

are provided below. We note that for any p € [2,00) NN and ¢ > 0, we have that E[|O} %] = E[|@?|2p].

Lemma D.3. Let Assumptions 4, 5, and 6 hold. Then, we obtain the following estimates:



52 A. NEUFELD AND Y. ZHANG
() Forany 0 < A < Amax, n € Ng, and t € (n,n + 1],
E[I6}2] < (1= A(t—n)a) (1 - 3a)"E [|60*] + (1+1/a),
where the constant Ty is given explicitly in (139). In particular, the above inequality implies
supyo E [6}2] < E [|60f2] + o (1+1/a) < oc.
(ii) Foranyp € [2,00) NN, 0 < A < Apax, 7 € No, and t € (n,n + 1],
EI8}%] < (1= At = n)a) (1 - Xa)" E [|60*] + 7, (1+1/a),
where the constant T, is given explicitly in (147). In particular, the above estimate implies
sup;so E [|02%7| < E [160]*7] +7¢, (1+1/a) < oc.
Proof. See Appendix D.4. U
We provide below a drift condition for V}, (defined in the beginning of Appendix D.2).
Lemma D.4. Let Assumptions 4, 5, and 6 hold. Then, for any p € [2,00) NN, 0 € RY, we obtain
AVp(0)/5 = (VVp(0), h(0)) < —cva(p)Vp(0) +Cva(p),
where Tv,1(p) = ap/4, Tva(p) := (3/4)apvy(My (p)) with My (p) := (1/3 + 4b/(3a) + 4d/(3ap) +
4(p—2)/(3a8))"/2
Proof. See [6, Lemma 3.5]. O

By applying Lemma D.3 and D.4, we obtain moment estimates for (E{\’”)QNT defined in Definition
D.2.

Lemma D.5. Let Assumptions 4, 5, and 6 hold. Then, foranyp € N, 0 < A < Apax, 7 € No, and
t > nT, we obtain

E[Vay(G™)] < 20" e 2B |6 7] + 277 (€ (1 + 1/@) + 1) + 3va, My (2)),
where €, is given in (147) (see also Lemma D.3) and My (2p) is given in Lemma D.4.
Proof. See [33, Corollary 4.6]. U
D.3. Proof of main results. In this section, we present key results used to obtain Theorem 3.3. To this

end, we split W (E(@?), ng), forany t € (nT’, (n + 1)T] and n € Ny, by using the law of Zj’" defined
in Definition D.2 and the law of Z; A given in (109) as follows:

WA(L(87),m5) < W(L(8;), L(G™) + WA(L(G™), £(Z) + Wa(L(Z), 7g). (114)

In the following lemma, we provide a non-asymptotic estimate for W5 (E(@;\), 5(@’\”)), which can
be used to upper bound the first term on the RHS of (114).

Lemma D.6. Let Assumptions 4, 5, and 6 hold. Then, for any 0 < X < Amaxs N € No, and t €
(nT, (n + 1)T), we obtain

—\ “\.n —an 1/2
Wa(L£(8}), £(G) < A2 (7 M/AC 0 0B[60] ') + CLint )
where Ciin o, CLin,1 are given explicitly in (169).
Proof. See Appendix D.4. U

For the last two terms on the RHS of (114), we observe that they can be viewed as Wasserstein-1
distances between distributions of Langevin processes starting from different initial points. Therefore, to
obtain their upper bounds, we introduce a semi-metric which allows us to establish a contraction result
for the Langevin SDE (108) under our assumptions.

We consider the following semi-metric: for any p € [2,00) NN, p, v € Py, (R?), let

wi (s v) = inf //1/\|0 §()(1+ V,(0) + V,(8))C(d8, d6"). (115)
’ ¢eC(p,v) JRrd JRd

Then, we provide a result which states the contraction property of the Langevin SDE (108) in w1 2.
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Proposition D.7. Let Assumptions 4, 5, and 6 hold. Moreover, let 9(’) e L2, and let (Zé )t>0 be the solution
of SDE (108) whose starting point Z, := 0y is assumed to be independent of Fos := 0 (|~ Ft). Then,
we obtain
wi2(L(Z1), L(Z})) < ELine” ity 2(L(60), L(6)), (116)
where the explicit expressions for Cpin, CLin are given below.
The contraction constant ¢\, is given by:
éLin = min{@_in, EV,l (2), 46\/2 2)6CV1( }/2

where €y1(2) := @/2, Ty,2(2) := 3ava(My(2))/2 with My (2) := (1/3+ 4b/(3a) + 4d/(3a3)) "/, the

constant i, is given by

1
PLin = (\/ 8m/(BL3)ELin,o €xp ((CLin,O\/ﬁL3/8 + \/8/(5L3)>2>> ,

and € > 0 is chosen such that

e<1 <4CV2 )\/287 /s / " exp <( \/BLs/8+\/8/(8Ls >2) ds>_

with éLin,O = 2(46{42(2)(1 + EV71(2))/EV71(2> — 1)1/2 and éLin,l = 2(26‘/72(2)/6‘/71(2) — 1)1/2.
Moreover, the constant Ciy, is given by:

CLin := 2(1 + CLinyo) eXp(ﬁfi%CEin,o/S + 2€Lin0) /€

Proof. We note that [16, Assumption 2.1] holds with £ = L3 due to Assumption 5, [16, Assumption 2.2]
holds with V' = V5 due to Remark D.4, and [16, Assumptions 2.4 and 2.5] hold due to (113). Therefore,
we can obtain (116) following the same arguments as in the proof of [6, Proposition 3.14] based on [16,
Theorem 2.2, Corollary 2.3]. In addition, ¢;,, Cin can be obtained following the arguments in the proof
of [27, Proposition 4.6]. O

By using the above result and Wy < wq 2 (see [27, Lemma A.3]), we can establish a non-asymptotic
error bound for the second term on the RHS of (114). The explicit statement is given below.

Lemma D.8. Let Assumptions 4, 5, and 6 hold. Then, for any 0 < X < Amax, 7 € Ng, and t €
(nT, (n+ 1)T), we obtain

W, (,C(g:’\’”),ﬁ(Z{\)) < Al+a/2 (e’ min{éL;n,E/Q}n/4CLin72EH90|4] i CLin,3) 7
where

Clin,2 := CLin <1 + ) emin{ema/2}/4 (Cip 0 +9),

min{(’:L;n,a/2}
Clinga = 2(é|_in/<':|_in)eé“"/2 (CLin,l +9+4+9c(1+1/a) + 9V4(MV(4)))

with Ciin, CLin given in Proposition D.7, Ciin o, CLin,1 given in (169) (see also Lemma D.6), 3 given in

Lemma D.3, and My, (4) given in Lemma D.5.

(117)

Proof. See [27, Lemma 4.7]. O

To obtain an upper bound for the last term on the RHS of (114), we observe that 7 is the invariant
measure of the Langevin SDE (109). Thus, by applying Proposition D.7, we have that

Wi(L(Z)), 75) < ELine” My o(L(00), m5) < Epine LM [1 + E[Va(6o)] —i—/ VQ(H)ﬂ'ﬁ(de):|
Rd
(118)

@?LHOLLA)’ 77,(3)’

By using Lemma D.6, D.8 and (118), we can obtain an upper bound for each Wy (L(
n € Ny, as stated in Theorem 3.3.

Proof of Theorem 3.3. Substituting the results in Lemma D.6, D.8 and (118) into (114), for any 0 <
A < Amax, 1 € N, and t € (nT, (n + 1)T], we have that

_ _ 1/2
WA(L(®}),ms) < AT/ (e7™/4Cyin o1 001") + CLiny )
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+ )\1+q/2 <6_ min{éun76/2}n/4C|_in72E[|90’4] + CLin,S)

+ éLine_éLi”/\t [1 + E[Vg(eo)] + /Rd VQ(G)Wg(dQ)]

< Clinae” Qim0 D (E[|6p]4] 4 1) + ClinaA T2,

where
Clin,o := min{¢pin,a/2}/4,

Clin == emin{éin,a/2}/4 {Clmo + Clinz2 + CLin (3 +/ Va(0 7r5(d9)>] (119)

1/2
Cling = CLi/nJ + Cing3
with €y jn, CLin given in Proposition D.7, Ciin 0, CLin,1 given in (169) (see also Lemma D.6), Cyin 2, Cpin 3
given in (117) (see also Lemma D.8). The above result implies that, for each n € Ny,
—\ _c
Wi(L(©,7), m5) < Clinie”Ctno™(E[|6p[*] 4 1) + CLinoaA 72,

which further yields, by setting n7" to n on the LHS and 7 to n/7 on the RHS, that

Wi(L(O)), 75) = Wi(L(0)), m5) = Wi (L(OFOHA) my)

< CLin,le_CLin’O/\n(E[|00‘4] + 1) + CLin72)\1+q/27
where the inequality holds due to nA < n/T. This completes the proof. (]
We can obtain the upper bound for W(L(©3HOMUA) '75), n € Ny, as stated in Corollary 3.4, by
applying similar arguments as in the proof of Theorem 3.3.

Proof of Corollary 3.4. To establish a non-asymptotic error bound for Wo(L£(©2HOLLA)

sider the following splitting: for any 0 < A < Apax, 7 € No, and t € (nT, (n + 1)T7,

Wa(L(87), m5) < WalL(8;), L(G™) + WalL(G), £(Z) + WalL(Z), mg). (120)

An upper bound for the first term on the RHS of (120) is provided in Lemma D.6. To establish an estimate
for the second term on the RHS of (120), we use Wa <  /2w1 2 (see [27, Lemma A.3] for the proof) and
follow the same arguments as that in the proof of [27, Lemma 4.7]. Consequently, for any 0 < A < Apaxs
n € No, and t € (nT, (n + 1)T], we obtain that,

,T3), We con-

W2(£(Z~t/\,n),£(zt)\)) S )\1/24—(1/4 (6_min{él‘i"’E/Q}n/SCLin74E1/2[‘90|4] + CLin,S) , (121)

where
- 8 in{eLin.d 1/2
. = . 1 - mln{Clea/z}/S /
Clina \/ﬁ( + min{éLin,a/Q}) e (C ot 3)
Ciins := 4(v/&Lin/ELin )/ (cﬁ{,ﬁl +1+43(c(1+1/a) +1)/% + \/§v}/2(mv(4)))

(122)

with CLin, CLin given in Proposition D.7, Cyn o, CLin,1 given in (169) (see also Lemma D.6), C given in
Lemma D.3, and My, (4) given in Lemma D.5. An upper bound for the last term on the RHS of (120) can
be obtained by using W5 < /2w 2 and Proposition D.7:

Wa(L(Z)),w5) < V/2eLine N 2wl 12 (L(609), 75)
. 1/2
26 jqe M/ [1 + E[Va(bo)] + / VQ(@)T(ﬁ(dQ)] : (123)
R4

Applying the results in Lemma D.6, (121), (123) to (120) yields, for any 0 < A < Amax, 7 € Np, and
€ (nT, (n+ 1)T7, that

_ _ 1/2
W2(£(9;\),7T6) < Alta/2 <€7a"/4CLin,0EH90\4] + CLin,1>

+ )\1/2+q/4 (6_ min{éLin,E/Q}n/SCLin 4E1/2[|90|4] + Clin 5)
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1/2
Sesne 2 | L4 BIVA(60)] + [ Va(0)mata0)]

< Clinge” Cims T D(E[604] + 1)1/2 4 Crin sAV/2F9/4,

CLin,S = min{c’:Lin,a/2}/8,
. 1/2
CLin,4 — emin{éiin,a/2}/8 [Ct/n%o + Clina + vV 2CLin <3 + /d VQ(@)TI‘B(dH)> ] , (124)
R

1/2
Clins = CLi/n,l + CLin,5

with i jn, CLin given in Proposition D.7, Ciin 0, CLin,1 given in (169) (see also Lemma D.6), Ciin 4, Cpin 5
given in (122). This further implies that, for each n € Ny,

Wa(L(8)), 75) = Wa(L(O7), 75) = Wa(L(O3OA), m5)
< Clinge” s M (E[|6p[4] 4+ 1)/2 + CLin sAY/2H9/4,
which completes the proof. U
D.4. Proof of auxiliary results in Appendices D.2 and D.3.

Lemma D.9. Let Assumption 6 hold. Then, for any p € N,t > 0, we obtain that
2p 2

E[| Z} ] < e PUE[|60]*] + 2(b+ 87 (d+ 2(p — 1)))My /@ < oo,
where Mg := (2(b + 8~ (d + 2(p — 1)))/a) /2.
Proof. See [27, Lemma A.1]. O

Proof of Lemma D.3-(i). For any 0 < A\ < A\pax < 1 with Ayay given in (19), ¢ € (n,n + 1], n € Ny,
we define

A, = O+ A0 —n), En, = V2AF W8, (O)) (B} — BY), (125)
where for all § € R?,
Bin(0) 1= —N(0) + (A\/2) (H(O)R(0) — B7'Y(0)) (126)
and
Ui (0) := V/lg — NH(0) + (A\2/3)(H (0))2. (127)

Then, by using (110), (125) — (127), and by noticing E [(A:\l 415 t}‘ @A] = 0, we have that

E[16}2|6] = 130 + E [1Z0, 8)] (128)
The second term on the RHS of (128) can be further upper bounded as follows:
E[[E42 8)] = 2087 [ (v (O (B - BY), vt (O (B} - BY))| 8)]
= 287'E [(B) - B), (la= AH(8)) + (0/3)(H(8)))?) (B} - B)))| 63
<o\g! (d(t —n) + AL3d(t — n) + (\2/3)Tad(t — n))

<2087t — n)d(1 + L3)?, (129)

where the first inequality holds due to Remark 3.2. Next, to upper bound the first term on the RHS of
(128), we use (125) to obtain

Boal? = 182 + 20t = 1) (B, 6in(O) ) + A2(t — )| (O 2 (130)
By using (126), the second term on the RHS of (130) can be estimated as follows:
(02, 6n(8))) = — (6. h(O) ) + (1/2) (O, HONK®) ) — (A/2)87* (67, 1()))
< —a|O)7 + b+ ALKy (1+ [0 ) + (\/2)8dL|6))], (131)
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where the last inequality holds due to Assumption 6, Remark 3.2 and the following calculations: for all
0 € RY,
101 H (0)h(8)] < Ls|6||h(0)] = LsK1(|6] +16]%) < 2L3Ki (1 +[6]%).

To provide an upper bound for the third term on the RHS of (130), we write by straightforward calculations
that

08 ON 2 = | = h(O) + (V2)H(OA(B)) — (A/2)57 T(B))?
= (BN + (WO HONAONI + (A/4)872 1 ()
— A (R, HONK®Y) ) + 257" (h(O)), T(B)))
— (2287 (HO)AON), T(O))). (132)

We then provide upper bounds for each of the terms on the RHS of (132). By using Remark 3.2, we
obtain that

h(E2)]? < 2K7(1 +[©)?),
(\2/4)[H(O)h(O))[* < (>\2/2) Ki(1+ [03%),
(m) IO < (\/4)8 Qd%i,
A (R(O), H@ONR(OY)) < 2ALsKi (1 + 8P, (133)
Ve <h ), T(6) >§ B YLLK (1+|82)),
—(2/2)87 (H@)A(B)), T(6) ) < (A2/2)8~ dL,LsK (1 + |8},

Substituting (133) into (132) yields
—2 ~ =22 ~ _9 952
|60 (O < 2K((1 4 |03 ) + (W /2)L5Ki (1 + [O3) + (X*/4)872d° T,

+ ALK (1 + [B[2) + AF~ ALK (1 + [82]) + (\2/2)8~ AL LK (1 + [62)).
(134)

Combining the results in (131) and (134), we obtain the following upper bound for (130):
A0 417 < [ = 2A(t — n)a@O|* + A(t — n) (2)\ng1 +20KT + MK /2 + 2A2Z3R§) 1622
+A(t —n) (87 dLy + B YLKy + B 1L L3K:/2) |O)| + A(t —n) (25 + 203K,
+ 2K + ToK. /2 + B 2d2L0 /4 + 203K, + B dLoKy + B~ dLsLsKy /2)
= (1= At —n)@)|OAP — At — )3} (8) — At —n)T5 () + At — n)ci, (135)
where, for all 6 € R,
32(0) := (a/2)|0) (mﬂ;Rl 12K + MToKS /2 + 202K ) 0]
3(0) := (@/2)[0 — (5~ dLa + 5~ dLoKy + 5~ dLoLsK, /2) |0,

and where ¢ := 25+ 2L3K; + 2K + LaK, /2 + B~2d*T5 /4 + 205K, + BLK + - 1df2f3K1 /2.
We note that, for all § € R%, 0 < A < Amax < min{a/(16L3Ky),a/(16K}),a/3/ (ALK )1/3,
a'/?/(16LK7) /%),

31(0) = ((@/8 — 2LsKy) + (a/8 — 2XK1) + (/8 = N'LIK1 /2) + (a/s — 2X°LK7) ) 6] > 0.
(136)
Substituting (136) into (135) yields

[An o < (1= At = n)@)|BY = At — n)T5(6}) + At — n)es
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Denote by Ml = 2(65)71d(fz +IQK1 +IQZ3K1/2) and gnml = {w e 0 |(:j,);(w)] > ml} By
observing the fact that
3,(0) >0 = 0] > M,
we obtain the following:
A N _
]An7t|2]l§ <1 -At-n)a)|OnPls _ +At-n)eils .
n,Mq n,Mq n,M1
Similarly, we have that
- N _
|An,t’21§;,m1 < (1= At—- n)a)‘@legZMl + At — n)clﬂgi,ml
+ At —n) (B7'dLy + B7dLoKy + B dLaLsKy /2) My lge o
n,My

Combining the two cases yields

|Z7>\z,t’2 < (1 — /\(t — n)d)\éff + A(t — n)El + )\(t — n),@ild (ZQ —i—ngl + 1213R1/2) Ml.
(137)

Finally, by substituting (129) and (137) into (128), we obtain
E[182F]83] < (1= At = ma)|®)2 + At — n)eo, (138)

where

o =B 'd (Lo + LoKy + LoL3Ky/2) My + & + 287 1d(1 + L3)?,

€ = 2b+ 2L3Ky + 2K, + LoK. /2 + B2d%T5 /4 + 25K, + B d(ToKy + LoLsK1/2), (139)

My := 2(aB) " 1d(Ly + LKy + LoL3K; /2).
We observe that, for 0 < A < A\pay < 1/a,

1>1—-At—n)a>1—Xa>0,
then, by induction, (138) implies, fort € (n,n + 1], n € Ny, 0 < A < Amax < 1, that,
E[I8)] < (1= At = ma)E [|OF] + At = n)eo

<(1=A(t—n)a)(1-ra)E [@g_l\?] + 0 + NG

< (1=t —n)a) (1= X [|8) o] + 0+ Xeo (1 + (1 - X))
<...
< (1= At —n)a) (1 - Xa)"E[|6ol?] + & (1+ 1/).
which completes the proof. U

Proof of Lemma D.3-(ii). For any p € [2,00) NN, 0 < A < Apax < 1 with Apax given in (19),
t € (n,n+ 1], n € Ny, by using the same arguments as in the proof of [27, Lemma 4.2-(ii)] up to the
inequality before [27, Eq. (134)] and by using (110) with (125), we obtain that

~ ~ A _ A _ =A ~
E[16}% 8] < &), + 2% -p(2p — V)|, 72K [ |5}, | 63)]
5 ~ (140)
+ 22 (2 — 1)E [|5,,%| 6}].
Then, by using (125) and (127), we can obtain an upper estimate for the last term in (140) as follows:
— ~ _ ~1\2 .
(12|82 = x5y | (82 - B, (@) B2 - B ) | 8]

_ - =2 P| <
< @A8TE [ (1B) - BY? + ALs|BY - B + (W/3)L3|B) - BY2)'| €3]

IN

(2)‘/8_1)])(1 + f3)2pE |:|Bt>‘ _ B"%L\|2p:|
(2A8dp(2p — 1)(t — n))P(1 + L3)*
A(t=n)(28™ dp(2p = 1)(1 + L3)*)" (141)

VARVAN
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Substituting (129) and (141) into (140) yields
E 1022 ©3] < 187, + At = )22 2p(2p — 1B~ d(1 + La)* B, 172 + At — n)e=(p),
(142)
where c=(p) := 22 3p(2p — 1)(2871dp(2p — 1)(1 + L3)?)?. Next, we apply (137) to obtain
B0 < (1= At = )@ |82 + At = n)er + At —n)57'd (L + LoKy + LoLsK1 /2) My )
< (L4 At —n)a/2)’~" (1= At —n)a)” |0}
+ ( + 2/( (t — n) )) ()\( n))p(él + ﬁild (fg + ZQKl + fgngl/z) Ml)p
< (1= A(t-n)a/2)’" (1=t —n)a)|©)*
+ )\(t — n) (1 + 2/a)p ! ( ¢+ 8 14 (L2 +ZQK1 +Z213K1/2) Ml)p
= (PO + €3, (p), (143)

S

where the second inequality holds due to (u + v)? < (1 +¢&)P 1w + (1 + e )P~ 1P, u,v > 0,6 > 0
with e = A(t — n)a/2, and where

Shi(p) = (1= At —n)a/2)P " (1 - At —n)a),
Eﬁ,t(p) =Nt —n)(1+2/a)’ " (¢ + 87 'd (L + LoKy + LyLsKy/2) My)P.
In addition, we observe that by (143),
B 72 <, (p— DIOYP 2+ ), (p— 1), (144)

and, in particular, when p = 2, (144) yields \Zn7t|2 <) ,(1)|0} + € ,(1) which is exactly the upper
bound (137). By substituting (143) and (144) into (142), we have that

E[10}%] 3] <2, mIOM* +&,.(p) + At — n)ez(p)
(= )22 2p(2p = 1)B7N(1 + Ly)* (Sh(p — DIOMP 2 +E0,(p — 1))
(145)
Denote by My (p) := (2%Pp(2p — 1)3~'d(1 + L3)?/a@)"/2. For all |#| > Ma(p), we have that
(= n)a /D01 > (A(t = n)2%p(2p — )8 d(1 + Ty)?/4)|0 2,

Denote by S| Ma(p) (= (w0 €2 10 (w)| > May(p)}. By using the above inequality, (145) can be further
bounded as follows:

n

E 1615

—|e)
n,Mg(p)

< (L= At =n)a/A) e, (- 1IO)*Ls +(E0) + At —n)es(p) 1s

n,Ma(p) n,Ma(p)

+ At —n)22 2p(2p — 1)B71d(1 + L3) %) ,(p — 1)1

n,t
— (At =n)a/4) ) (p — 1|67 15

n,Ma (p)

n,Ma (p)
+ (At —n)2%p(2p — 1B~ d(1+ L3)*/4)e, ,(p — 1)|0}] 15

Sn, My (p)
S(L=A(t—n)2) [O)7Ls _  +A(t—n) [ez(p) + (1 +2/a)" "
n,Mo (p
x (€1 + B7'd (L2 + LaKy + LaL3Ky1/2) My)? + 2% 72p(2p — 1) 'd(1 + L3)”
x ((1 +2/a)P 2 (& + B d (Lo + LoKy + LoLsKy /2) M)t +m2(p)2p*2)} 15 .
n,Mg (p

< (1= A\t —n)a) \égppngnwp) +At—n)gls (146)

n,Ma (p)
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where
S i=c=(p) + (1 +2/a)" " (€1 + B 1d (Lo + LoKy + LaLsKy/2) My)P
+2%72p(2p — 1)571d(1 + Ly)?
x ((1+2/a)"™ (@ + 8744 (T + ToKy + LoLsKo/2) M)~ + Ma(p)72) , (147)
c=(p) =22 p(2p — 1)(26~ 1dp(2p — 1)(1 + L3)?)7,
Ma(p) := (2%Pp(2p — 1)8"d(1 + Ls)*/a)"/*
with €; given in (139). Similarly, by using (145), we have that

[y@t s ég} <=Mt —n)D) [O)Lg +AE-n)Gls . (148)
Combing (146) and (148) yields the desired result. O
Lemma D.10. Let Assumptions 4, 5, and 6 hold. Then, for any 0 < A < Apax, p > 0,t > 0, we obtain

E [@;\ - @i\tj |2p} <A (fmujéso,pEH@oF[ﬂ] + ESo,p) ; (149)
E (I = Gy < o (71072 B 100[271] + oy ) (150)

where Eso,p and ESD,p are given in (151), and ESl,p and ESl,p are given in (152).

Proof. To show that (149) holds, we use the definition of (@? )t>0 given in (111) and obtain that, for any
t>0,

E [@? - @itj ’2’)]

=K

t 9 s —\ —\ P
A mh(@m)dsm y H(H(@LTJ)h(@LTJ)ﬁ T(@m)) drds

—M/2M5- / H@LT YdB2 ds + /273~ /dBA

Ls] t

—\ N ot
< 5% (AQPE @] + XE [ LH (B h(B) )

t
+ \Pp=2PE [w@fﬂ)ﬁp} + N (2671PE { / dB}
1t

@fﬂ// dBAds )
1t) J1s]

<5\ (KB [(1+ (6] + (LK) [(1+ @) )* | + (57" dL2)>
+267 0+ D)(d+20)) + (267 Lo + 1)(d+20))°)
< X102 (R + (LK) (B [0, 7] +1)
+ P52 (5 HdL) % + (287 (p+ 1)(d + 2p))P + (287" Ls(p + 1)(d + 2p))P)
<P (e—WLtJEstE[|90|2fPH + Eso,p) ,

2p

+ AP (2871) [

where the first inequality holds due to (Zle up)® < o¥ Z;’Zl u’, v € N, uy > 0, w > 0, the second
inequality holds due to Remark 3.2, Cauchy-Schwarz inequality, and the following inequality:
t 2p
E ‘/ dBg| | < max{d”, (p(d+2p—2))"} < ((p+1)(d + 2p))",
2]
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the fourth inequality holds due to Lemma D.3, and where
p— 72 PR —
Csop := 107 (K" + (L3K1)?P),
Csop = Csoy (Cpy) (14 1/a) +1) + 5% (5L + (267 (o + 1)(d +20))(1 + T3))
(151)

The inequality (150) can be obtained by using similar arguments. More precisely, by using Definition
D.2 with (112), we obtain that, for any ¢ > 0,
t
/ dB)
t]

E I - i) = { A/ h@%wW/ dBA
+ A28 PR !
< 2PN (Kl” / E |+ Q)] ds + (287 o+ 1)(d + 2p>>P>
Lt)

2p

t]
t o~
< 2% (AQ’”E [ / [B(¢™)I?P ds
11

<N (23WK?’ /m Vo (Q™)] ds +27(28 <p+1><d+2p>>p>

< NP (e*)‘ELtJ/26314,E[|90|2{p1] 4 ESLp) ,

where the second inequality holds due to Remark 3.2 and the last inequality holds due to Lemma D.5 and
where

Cs1,p = 2"P1(1 + Kyp)*
Cs1p = Cs1,p (11 (1 + 1/@) + 1) + 2°P1(1 4+ K1) PBvapy (My (2 [p])) (152)
+2%(267 (p + 1)(d + 2p))".
This completes the proof. (]

Lemma D.11. Let Assumptions 4, 5, and 6 hold. Then, for any 0 < A\ < Amax, 1 € N, ,t>nT, we
obtain the following inequalities:
2

t | ~
E [)\ A (H(@j) . H(@fsj)) W@, ds| | <3 (e—an/QcSQEneOm + csz) :

t]

E
t ~
E{)@ HH(@Q) HH(@L,,J))h(@frJ)drds < A3 (e*E"/QEszla[woy‘*Hch),
t S

t s 1 .

E [ —a2p-1 H(@i)/ T(O),)drds| | <N (e_a”/QESQIE[|00|4] + cs2) :
11 5]

AW2A3 H(@Lr DdBMds| | <A (e—E"/QESQEHeOy‘*] + ESQ> ,

E { o H(@)

t] s
t ~
E {\/ 22871 " <H(92) - H(@isj)) dB}| | <2 (67an/2C32E[|90’4] + Csz) ;
t

HEY) dBY| | < A2 (71T 0] ) + Cs2 )
(t]

E{W

|

2_ _
S )\2+q (e—ﬁn/QES2E[|00|4] + ESQ) ’

AG! /L; (@) - T(@)) ds
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t 2 t 1 »
E {)\ H(O)(O],))ds| + 287" / T@))ds| | <A (e—ﬁn/QESQE[woﬁHcsg),
11 11

2]

t . - 2 t - ] -
E[A H(G™A(G™) ds| + A7 / T(E")ds| | <2 (7™ 4CoBlJ60[] + Cs2 ),
[t

where Cgy and Esg are given in (153).

Proof. The inequalities can be obtained by using the following arguments:

(i) To show that the first inequality holds, by using Assumption 5, Remark 3.2, we have that
. 2
= =\ =
E ‘—)\ /u (H@) - H@)) h(@})) ds
t
A

t -
— —A —A
<2 /m E[|H(@)) - H@G)PIh@])P] ds

t .
=2 =\ —A —2 -\
SAQ/ME[LQ@ ~ O PRI+ B2 ds

< 23/2A2<L2K1>2/;J (E[1+ @) (]2 -o1]) " as
< BT (I [100]1] + (1 +1/a) + 1)1/ ?

L ~ 1/2
X A (67)‘aw CSO72E[|00’4] + CSO,Q)

< N3(LoK1)? (71 (1 4 Coo2)E [[60]'] + (1 + 1/a) + Csop + 1)
<\ (6_5"/26521@ [160]*] + Es2> :

where the fourth inequality holds by applying Lemma D.3 and D.10, the last inequality holds due
to A [t| > AnT > n/2, and where

Cgo :=2"d*(14 87H)2(1 4+ L3)*(1 + L2)%(1 + L1)?(1 + K1) (1 4+ Ko)?
x (1 + max{Cso,.2, Cs0.24» Cs0,14¢> Cs1.2}),

Csp :=27d* (1 + 71)2(1 + Lg)* (1 + L2)*(1 + L1)*(1 + Kp)*(1 + Kp)?
x (€2(1 + 1/@) + max{Cso,2, Cs0.24, 50,144, Cs1,2} + 1)

(153)

with Cgg p» ESO,pa Cs1ps ist, p > 0, given in (151) and (152), and €, My (p), p € [2,00) NN
given in (147) (see also Lemma D.3) and Lemma D 4.
(ii) To establish the second inequality, we apply Remark 3.2 and Lemma D.3 to obtain
. 2
= =\
E [[\? . H(©Y) . H(@m))h(@m) drds

—A
<A /m [ECALCRZCRIERE
§A4/ [ 11+ e, y)]ds

t
< NTEK: /L , E [1 + |@fsj|2} ds

t
< MK / E [1+ |@fsj|4} ds
11
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< ALK (e—WJE [160]Y] + (1 +1/a) + 1)

< )\3 (676n/2652E [|90|4] + ES2> 5

where Cgo and ESQ are given in (153).
(iii) To obtain the third inequality, we apply Remark 3.2 and write

t s
E {)\Zﬁl H©)) / (6}, drds
11 1s]

2]
t
<aptf s 1H@)T@)P] ds
t
t
_ =2 =\
< \B 2/ E [L§|T(@sz)ﬂ ds
[t
< X (B 'LsdLy)?
<N (efan/2€S2EH9o|4] + 652) ’

where Cgo and ESQ are given in (153).
(iv) To obtain the fourth inequality, we use Cauchy-Schwarz inequality and Lemma D.3:

|

2
t s
AW2BL [ H@)) [ H®),))dB)ds
11 1s]

‘ 2

<2\%7! [ E|I3|H@),) / dB} | ds
1t] 5]
t [ s 2

<ox3g ! [ E|Ls /L dBM | ds

[t)
< 2\337 1 Tad
<\ (e*a”/QESQ]EH@o’ZL] + 682) )

s

where Cgs and ESQ are given in (153).
(v) To obtain the fifth inequality, we apply Assumption 5 and Cauchy-Schwarz inequality:

_ -\ —\
—2x87! ME [IH(@S)—H(@LSJ)@} ds
t
<osl [ E [dfg@j f@fsﬂ ds

11
< 2A5—1dL§/ (E [@ﬁ -6, |4D1/2 ds

1)
< 2257142 (e—mwfsozxa[woﬁ] n Esovg)

; 2

Yorey|

, (HE)—HEL) a5

t
1/2

< A2 (e_an/QEszE[|90|4] + ESZ) )

where the third inequality holds due to Lemma D.10, and where Cgo and 632 are given in (153).



63

(vi) To obtain the sixth inequality, we use the same arguments as in (v):

{\/m / H@GY)) dB)

2

e — |

=20 [ CE[H@) - HQDE] ds

t
<2 | E [d5|0" - O as
t

s\ 1/2
< 225~ 1dE? / (B I3~ &))" as
[t]
. B . ~ 1/2
< 2\2BdL; (e"\““J/QC51,2EH90\4] + CSl,?) /
< \? (B_En/4632E[‘90|4] + ES2) )

where the third inequality holds due to Lemma D.10, and where Cgs and ESQ are given in (153).
(vii) To establish the seventh inequality, we apply Remark 3.2 and Cauchy-Schwarz inequality to

obtain
2

t
<Xp2 ’ E|IT(6)) - 7O ds

<Xg7 [ E|PTY6; -8 ds
g

< X252 /LtJ (IE [@;\ B @isj |4qD1/2 N
t

_ i - 1/2
< N2H98-2BT2 (e Cgp 0, [|60]Y] + Cso2
1 b q b q

)\ﬁ—lfL; (T(@j) - T(@@)) ds

< A2t <6_En/2€SQ]E[|00‘4] n ESQ) ’

where the fourth inequality holds due to Lemma D.10, and Cgg, Esg are given in (153).
(viii) To obtain the eighth inequality, we apply Remark 3.2 and write
2
R
E {)\ " H(@s)h(@@) ]

t
—\
Vs A JRACHEE

< A2 /L ; E [Zim@fsj)ﬂ ds + \232d2L,

< | ; B [R3(1+ (6,2 ds + X26-2@°L

< A2 <4L§Kf /L ; E [(1 + |@fsj|4)] ds + 5—2d2L§>

< A2 (4Z§Rf (e_)‘aMIE [160]*] + € (1 +1/a) + 1) + B‘2dQZ§)

< N1+ T3)%(1 + K21+ F7 Y202 (1 + I)? (e—WJE [160]] + 22 (1+1/a) + 1)

A2 (e*ﬁ”/2ESQE[|90|4] + 682) ,

IN

where the fourth inequality holds due to Lemma D.3, and where Cso, 652 are given in (153).



64 A.NEUFELD AND Y. ZHANG

(ix) To establish the last inequality, we follow the arguments in (viii):
. 2
+ [A871 / T (¢ ds
(t]

2 [ 572152 ! A2 -2 272
<A (2L3K1/ E{(lﬂg \ )} ds+p7°d L2>
L£]

2

t o~ o~
E {)\ H(CM™A(CI™) ds

11
(2Z3K3 (2012 60]'] + 2 @2(1 +1/a) +1) + 3va(My(4)) + 5°dL3)

< N1+ L)1+ K)2(1 + 872 (1 + Lo)?

X ( SAalt/2E [16014] + & (1+ 1/a) + 3va(My (4))/2 + 2)

< A2 (e TR 0o]) + Cso)

2 [ 57212 ! A0 -2 272
<A (2L3K1/ E ViG] ds + 8 dL2>
)\2

where the second inequality holds due to Lemma D.5, and where Cg and Esg are given in (153).
This completes the proof. O

Corollary D.12. Let Assumptions 4, 5, and 6 hold. Then, for any 0 < \ < Amaxs M € No, ,t > nT, we
obtain the following inequalities:

A\ t

h@)) — h(@),)) + A
@) — h(@)) + /m

A

E LSJ)> ds

2
t
—\/2)\,81/ H(©),)dB
11

< A2 (e—ﬁn/%ﬁészlaneo\ﬂ 4 36682) :

G =BG — V2N Hcfs” )dB) (h(eb—h(@i”)

2

< A2 (6—6"/472652E[|9014] v 72632) :
11

— /20871 H @LSJ dBA>

where Cgo and 652 are given in (153).

Proof. For any t > nT', by applying Itd’s formula to h(@t)‘ ), we obtain, almost surely

t t s
h©)) —h(@)) = -\ [ HO)®))ds+ X [ H(@) / H(®],)h(O},)drds
11 11 1s]
t S
_ -\
—a2pt . H(GS)/M T(@m)drds

(154)
t s
~\20371 [ H(®)) [ H(®O},)dB)ds
LtJ Ls)
t
+/2)371 MNABY + 287 [ T(@))ds.
LtJ 1t]
Similarly, applying It6’s formula to h(zt)"") yields, almost surely
~ o~ t ~
WG = MCH ==X | H(E ") ds + \/W ™y dB)
L1 (155)

t o~
+ 287 [ Y (¢Mds
[¢]
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(i) To obtain the first inequality, by using (154) with (Z}’Zl ul)2 <w z;’:l ul2, veN u >0, we
obtain that

A\ t

h®)) - n®))) +)\/

A, A LA
" (H(@sz)h(Gsz) -8 1T(@LSJ)) ds
A
Vi [ H@) B

2
t]
2

i 2
+ 6E )\2/ H(© H(@LTJ))h(@LTJ)drds ]

E

) /L:J (H@) ~ H@)) h(B}y) ds

2
s

t
+6E | |-A287! H(@j)/ Y(©),)drds
11 5]

2
t s
+6E ||-av/2081 [ H@®) / H(®},)) dB) ds
5]

Lt)

2

t
+6E | |V2251 /w (H(@j) —H(@fsj)) aB

t)

. t )
+6E | |Ag71 (T(@j) —T(@fsj)) ds ]

< N2 <e—5”/2366521@[|00|4] n 36652) ,

where the last inequality holds due to Lemma D.11.
(ii) To establish the second inequality, we use (154) and (155) to obtain

E[h@” — —/2)871 H A” )dB)

t)
<o [

(h(@t (@) — /2751 H@LSJ dBA>
+2E !

2
t o~ ~
<6E [|-X [ H(CI™A(E™) ds

2

h(CM™) — — V22871 H L aB

t)

2
t
- = -\
h(©;) — h(O],) — \/2)\5—1/H H(O[,)dB}
t

+ 6E

t o~
Aot [ s
[¢] L]

|

2
+6E | |[\/2X3~ () dB
[ /M HE)) ]
2 : \ 2
F12E | |- [ H@O)HR®),)ds| | +12E |37 [ T@))d
‘ / . ] /LtJ ) ]
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; 2
vk (| [ 5@ [ HE)E),) drds ]
14 15

t s
+12E —/\2,81/ H(@j)/ (6}, drds
11 1s]

2
+12E ||—AV/2A8- /H H(@m)dB ds]

2

+12E | [v/2X871 /L; (H(@j) - H(@Q)) dB2

< 1207 (7 ™AT,ElJ6 '] + s ) + 6027 (7™ 4T[0 ] + Cs )
< A2 (6—6"/4726821@“90\4] + 72652) ,
where the second last inequality holds by using Lemma D.11.
This completes the proof. O
Definition D.13. Define M = (M), iy 4: R x R — R4 by sertting, for everyi,j =1,...,d,
Mm@ (9,0) = (VHE)(@),0 —6), 0,0¢

Lemma D.14. Let Assumptions 4, 5, and 6 hold. Then, for any 0 < A < Apax, 1 € Ny, ,t > nT, we
obtain the following inequalities:

2
t
E ‘\/m—l (@) - H(®,) - M(@?,0],)) dB
i 11 (156)
< AP (e_an/zészEH@olﬂ + €s2) ;
2
E ‘mw / M(@),8),)dB}| | <N (e—E"/QESQE[wO\“HE&), (157)
t
t
E |23~ </ / HE - (@@J)) dB ds, Dﬁ(@i,@isj)d3§>
1t] /1) 11 (158)

< /\2 (67(1"/45(:321[4:“90‘ ] + 5ng) ,

where Cgo and 652 are given in (153).

Proof. To show the inequalities hold, we follow the arguments below:
(i) To establish the first inequality (156), by using Definition D.13, we observe that, for fixed
0,0 € R,

|[H (0) — H(0) — (0, 0)[f

~—

|H®)(6) — HOD) (§) — m9) (9, 9)?

I
,M&

1

.

7.]
1 2
(VH®) (10 + (1 — 1)0),0 — 0) dv — (VH")(8),0 — 0)

Il
.M&

S—

1

.

5]

1 d
/ Z IVH) (10 + (1 — 1)0) — VH)(9))? dv|d — 6]
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1 d . .
< / S AV (00 + (1 — v)8) — V2hO (B)? dulo — B2
0 =1

< d&*°T2)0 — 92+, (159)
where the last inequality holds due to Assumption 5. By using (159), we obtain that

2

t
E { V2ABT /m (H(®)) - H®,) - M(®,,8],)) dB

o[ A ) ot o)
“ )R “H(@s>—H(GLSD—W@S’@LSJ)H -
10272 [ g6 B
< A8712d°L /w [, -8, "+ as
< AHi5 1242 (ffmwfso 1+4E[l60]"] + Cso )
< 1+q ,14+q

< )\2+q (e—ﬁn/QESQEHeOrl] + ESQ) ’

where the third inequality holds due to Lemma D.3 and D.10, and Cgo, 652 are given in (153).
(i1) To establish the second inequality (157), we recall Definition D.13 and use Remark 3.2 to obtain

2

t
E {\/mgl/ M(O),0],)dB
11

Lt d ii)a N = 2
—2xp7! ME|:Z’<VH( N(®1,),8, - 8)y)| | as

4,j=1

t
<28 2yg71 [ E [d?Kﬁ(H @fSJD?qy@ﬁ—@fSﬂ ds
11

a2 [ (2B (o[- o
< AFTPERG (IR [J0]1] +2 (14 1/a) +1)

o ~ 1/2
X A (e—)\aLtJ CSOQE[|90|4] + CS()’Q)

< \2 (e*a”mésﬁ“@om + ES2> ;

where the third inequality holds due to Lemma D.3 and D.10, and Cgg, Esg are given in (153).
(iii) To obtain the third inequality (158), we use Definition D.13 and write the following

t

t s - - N
E 2A/31< /m /L (H@ - H@ELy) aB s, /m m<@27@isj>d33>
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</LJ [ (5@ - 1@)) asras
/L ; <wz<@isp, /L ; —Ah(eiﬂ>dr> ng>
</L; L:J (H@) - H@,)) dB)ds,

/ ; <VH(9TsJ)= /] ; \2H (B}, )h(B), )dydr> dBSA>
</m /LSJ ~H(8),))) 4B} ds,

/L:J <VH /SJ /m 3B 1T<@M)dvdr> dB’\>
</LtJ /L (@) - HE])) aB)ds

/L:J <VH(@LSJ / ‘AW/ H@),) dBAdr> dBA>

</LtJ /L (@) - HEL)) aB)ds
/m <VH (O)). \/W/ dBA> dBA>

Recall that (F});>0 is the completed natural filtration of (B});>0. Then, we note that, for any
1,7,k =1,...,d, it holds that

( /m A HOD@Q) — HOD(@),)) (Bmms)

=2)\87'E

+ 2087 'E

+ 2087 'E

(160)

+ 2087 'E

+2\87'E

=E

=K

x E

X (/ (89<k>H( )(@LsJ)/ d@?)“’) dUB?)m)]
PN A i) = i5) B>
(B0~ HOD (@) Oy HOD (@)
¢ s (i t s N (K (i A
/ / d(B)W ds/ / A BV F
111 J1s) L] /1]
i A id) A ij) (@
(B0~ HOD (@) Oy HOD (@)
T R |
B 1) J1s)
(H(ZJ)(C@’J”)—H( )(G)M)> Ok H(”)(@LtJ)
t s ¢ ’
x t/ E / d(B)® | F, ds_/ sB / aE)"
t] [t] L .
= 0.

)



This implies that the last term in (160) is zero. Indeed, we have that

([ [ (- meh) amas
/m< H(®1,)), \/W/ dBA>dB’\>
E|> (/m / HED @y G a)(@m)) d(B)V) ds)

2\67'E

2)\6 5/2
=1

d . .
X Z/ (Zae(k)H(ZJ)(C—)iSJ)/ d(g;})(/’c)) ABMHD | | =o.
7j=1 [t] k=1 s

Then, by using Remark 3.2 and (160) with the result above, we obtain that

E (208~ </tj /sJ H(CY)) - H(®),, )) dBAds/ me> @fSJ)dB§>

2
[ [ (@ @) aspas ]

I 2
! = P
T XE /m <VH(@LSJ),/LSJ—h(@m)dr 4B

2
t s r
+AE /L <VH(6TSJ),/H LJH(@fyj)h(@’L\Vj)dudr> aB}

t)
2
/<VH@LSJ // (O}, dydr> dB}
11 5]

t s s
+2X387'E ‘/w <VH(®TSJ),/H - HH(@TVJ)dBﬁdr> aB

< 4N’B2E {

+MB72E

1

2

< 4N2B /m /LS |H ( gf” (@Lr)\ } drds

+/\2/MIE Z )<VH(”)(G)M) h(@fj)>2] ds

t d o 2
+>\4/L E|Y )<VH<W>(@TSJ),H(@fsj)h(@fﬂ)ﬂ ] ds

< 8A%3 2sz/ [yg \M@Mﬂ ds

+)\2/w [d Ko(1+[@),19)K (1+|@LSJ|)}

69
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t 2 -\ 22 -\
+ M /w E [dQKO(l + 0719’ LsK, (1 + (O] |)2] ds

t
+ M2 /MIE [d2R§(1+ y@fSJ\q)%ﬂfﬂ ds

/ dB) dr
5] J1r]

E Vi) +1+ 18 1"] ds

2

t
+ 23371 /m E {d%ﬁa +[00y19%L; ds

< 8\232dL /
[t]

t
AR 4 TR 4 BT R /m E[1+ 8] ds
2 5—1 210272 ! =2 4]\ V2
8N KT (E [1+ E D (3(d +4)) ds
t]

< 24\232dL, (e—WUJ/QE[wOE] + (@ (1+1/a)+1)+ V4(MV(4))

+ 202 (KY + I3K; + B 2T5 + 8\ I)d K,

x (2R 60| + & (1 +1/2) +1)
< A2 (e—ﬁn/456521[-«:[|90|4] + 5632) ,
where the fifth inequality holds due to Lemma D.3 and D.5, and where Cg», ESQ are given in

(153).

This completes the proof. O

Proof of Lemma D.6 . By using the definitions of @? in(111)and Et’\’" in Definition D.2, and by applying
It6’s formula, we obtain, for any n € Ny, t € (nT, (n + 1)T],

W(L(8}), LEG™)

t s
+2E [ | <@2 - QA /L NUCHECHEERICH) dr> ds]
t . s e
—2)\E [/ <@j — /20871 H(@irj)dBﬁ> ds
nT Ls]
t o~ o~
— x| [ (8) -3 n@) - @) as]
nT
rrt
—2)\E _/HT <@§ — O (@) h(@§)> ds}
I \ s (161)
/ 5]

w2 | [ <@5 =Qnn [ (H@LAE) - 571 @)) dr> ds]
nT

&) -y [ H(@mdgg> as|
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By applying It6’s formula to h(@;\), we obtain (154). Substituting (154) into (161), using Assumption 5
and Young’s inequality yield

—A “\n 2
5|6 - 3]
t o~
<2, [ B[} -3 as
t . S . . .
+20E / ) <®2— An /L | GICAE(CI) h(@imdr> ds]

[t S
+2)E / <@j —Om N2 [ H@) H(@M)h(@fyj)dydr> ds]
| Jn 5] 7]

[ et . s . r .
+2)E / <@§— An _y2g-1 H(@j)/ r(@fyj)dudr> ds]
i nT Ls] l7]

+2)E _/nt <@j— A\/W/ H(© /H@LVJ)dB’\dr>d]

T
[ rt
+2)E / <@§— " /2AB1 H(@fﬂ)) dB;\> ds]
|/ nT sz

[ et S
T N W —A —A
+2)E /n <@s Y ’ (T(@T)—T(GMD dr> ds

L\ )
< \2L; +5)/ E [\@2 - ggv”P] ds
nT
t [ s 2
-\ —A -
+)\/nTIE —)\/LSJ (H(@,,)—H(@M)) (@}, dr ] ds
t i 2
+A E ||A\2 H o )dvdr| | ds
- LSJ PLCH

t s r
_ =\ =
+>\/n E [|-\2571 . H(@T)/L (O}, dvdr| | ds (162)

r]

2
A [ Ell-av2281 | H@) H(@M)dB dr| | ds

nT [s] 7]

~+

4
&=

T Ls]

)\/ _wl ) (x@) -1@}))dr 2] ds

t o _ s B B
/nT <@§—<§’ ’W/w (H(@i)—H(@i,,J)) ng> ds],

+ 2)\E

By using Lemma D.11 and (162) becomes

t -
B (6] - &2 ds
+ 5AFTe (e_ﬁn/2fszE[|90|4] + ESQ)

+ 31 + J2,

o2 _
E[\@t—g’ ]sA<2L3+5>/T

(163)
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where

=A
1

31 () == 2)\E

/ t < SRVEIY R ~ H\(®},)) - M(®,,0],))) dBﬁ> ds],

T LSJ

t ~ J— —
/ <®2 - s/,\’nv \% 2>‘/8_1 / m(®j7 @f\rj ) dB1/“\> dS]
n Ls]

T

3)(t) := 2)E

with 90t defined in Definition D.13. By using Young’s inequality and Lemma D.14, we have that
t o~ — J— ~
T < A / E [y@j - g’ﬂﬂ ds + A2+ (aan/chQEerm + csz) . (164)
nT

To establish an upper bound for 53 (t), we recall the definitions of (@? )e>0 and (5{\’")20 givenin (111)
and Definition D.2, respectively, and consider the following splitting:

sé(t)—m/;ua <@§—@TSJ — V2281 Hsm@ @m)dB’\> ds
t s . . r . o o
=2\ / E K /L . <A<h< M) = h(®])) + N /L ) (H®,)r@],) - B71(@],)) dv
ds

—)\\/2/\6—1/ H(@i,,”dBﬁ) dm/mﬁ—l/ m(@i,@frj)d33>
7] ls]

_QA/n E K/L <)\(h(®f)—h(®1\rj))+/\2/ (H®, )@, - B71(@],)) dv

T s] 7]

AW2A81 / H(®},) dBﬁ) dr, /2AB 1 / M(®,,0,)) dB;\> ds + 354 (1),
7] ls]
where the first equality holds due to the following:
E <®is |+ O VAT / Mm®),0,)) dB?>
o (165)

Va1 [ m@ 8 an

Ls]

7)\ ~>\7
(ot e e

S

—%/ < (h(G™) = ?))dr,\/%@l/ 93?(@?,9?4)613?>
Ls]

By applying Cauchy-Schwarz inequality, Corollary D.12 and Lemma D.14, we further obtain that

\:Jg(t) <2\ /T <E /LS A (h(@;\) - h(@/L\rj) + )‘/T <H(@iuj)h(@?zd) - B_lr(@iuﬁ) dv

y Ir)
—\/2/\6—1/ H(@f,,deﬁ) dr
7]

and where

ds.

2] ) 1/2
2 1/2
]) ds +§;1(t)

<o [ (0 (e el +36Cs:))

x (E {\/2)\61/H?m(@?,®fd)d3ﬁ

X (V (e*ﬁn/ZESQE[yGO\‘*] + 652))1/ *ds + KAL)

—an/2¢F ~ =A
< 1207 (7T 00l"] + oo ) + T (0): (166)
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At this stage, the task reduces to upper bound 35\71@). To achieve this, we apply Cauchy-Schwarz
inequality, Corollary D.12 and Lemma D.14 to obtain

< /Lsx<h<?" — (S = VAT [ HG)AB) - (h®))

t

=A
J271(t) - 2A/ E
nT s

—h(@iﬂ)—\/ﬂﬁ—l/ H(@MdBﬁ)) dm/Qw—l/ m(@?,@[\rj)dBﬁ> ds
7] 1s]

t s r . o
+2)\/ E </ /\\/2)\6—1/ (H(CYT) ~ H(B),))dB) dr,

nT 1s] 7]

W/sm dB>

t
§2/\/ E
nT

— h(@},) —V2A3T /L’"J H(@iVJ)dB») dr

97\ 1/2

ds

ds

/A(h(?” BT — V225 H oy dB) — (h(éﬁ)
5]
9 1/2

‘\/2)\6 M @,4,@“%)(13A

+2)3 (e_an/45CSQEH90|4] + 5652)
VIS 4 c V2 o —anp2E 4. ¢ 1/2
<2A / (A (e*‘m/ 72Cs2E[|0o]4] + 72(:52)) </\ (fﬂm/ CsoE[|60]*] + ng)) ds
nT
+ 10\3 (eian/ﬁléngHeom + Esg)
< 3403 (e—an/“EsQE[wo\“] + Esg) . (167)
Substituting (167) into (166) yields
T2(t) < 46X (7™ TCey[|60] '] + Cs2) (168)
By applying (164) and (168) to (163), we obtain that
2 o2 _
E ’@t — O < A2 + 6)

nT
which, by applying Gronwall’s lemma, yields

t

E [@j - Egv"ﬂ ds + 52x2+a (e—a”/‘*ESQE[\eo\‘*} + 652) ,

W3 (L(©: ) (C{\n <E U@ - CtAn } < A2 (e_an/4CLin,oEH90|4] + CLin,l) ,
where B B
Clino := 52e*3706Cgqy,  Cping := 52*1370Cgy (169)

with Cgs, Cg» given in (153). O
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