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Abstract—Caches serve as the cornerstone of latency-sensitive
systems, yet a recently discovered phenomenon, so-called de-
layed hits, challenges conventional optimal caching algorithms,
rendering them incapable of guaranteeing minimal latency. To
fill this gap, in this paper, we pioneer a generic algorithmic
analysis for distributed caching under delayed hits, making three
contributions. Firstly, we analytically establish tight competitive
ratio lower bounds for both deterministic and randomized online
caching algorithms. Secondly, we develop a novel online caching
optimization framework by generalizing the Least Recently
Used (LRU) policy to distributed caching with delayed hits,
encompassing both deterministic and randomized paradigms.
Our key technicality is a timer-based data fetching scheme that
leverages query history to limit aggregate data retrieval latency.
We prove that our deterministic and randomized algorithms are
both asymptotically optimal. Thirdly, we conduct extensive exper-
iments on a real-world dataset to demonstrate the effectiveness
and superiority of our algorithms over state-of-the-art solutions.

I. INTRODUCTION

Caches are key components of the optimization toolkit for
memory-intensive and latency-sensitive network systems [1],
[2]. A fundamental problem arising in such cache-aware
network systems is the design and analysis of eviction and
scheduling policies to minimize aggregate latency [3]. In
its generic distributed setting, a backing store maintains the
complete set of unique data items, whereas multiple capacity-
constrained caches collectively store a subset of all the items.
Each request results in one of two outcomes: a cache hit or a
cache miss. For a cache miss, caches support both low-latency
peer-to-peer data retrieval and higher-latency data fetching
from the backing store. Instances of such a distributed setting
are ubiquitous across virtually all of today’s networked cache
systems, including but not limited to:

« Mobile edge caching systems deploy caches at edge servers
closer to end-users to reduce the delay in data retrieval from
central servers [4], enhancing Quality of Service (QoS) and
alleviating traffic congestion in the core network [5].

« Content delivery networks optimize content delivery by
caching frequently accessed data at geographically dis-
tributed edge servers [6], thereby enabling high-speed
streaming services and supporting large-scale web traffic [7].

« Data center networks cache frequently requested data at
local data centers to alleviate the load on core storage
systems, expedite data retrieval, mitigate /O bottlenecks,
and ensure the real-time execution of compute-intensive
tasks [8], [9].

While caches are of practically paramount importance for
optimizing latency across various distributed systems, the
design of caching policies has long been recognized as a
challenging problem in the literature [10]-[14]. Recently, a
phenomenon, delayed hits [1] — the third potential outcome
for requests — discovered to have a potentially significant
impact on caching performance, renders the problem even
more non-trivial. Concretely, delayed hits occur at a cache
in high-throughput distributed systems when multiple requests
for the same data item queue up before the item is fetched from
another cache or the backing store. Under delayed hits, the tra-
ditional caching objective of hit-rate maximization no longer
aligns with latency minimization, rendering conventional opti-
mal caching algorithms unable to guarantee minimal latency.
Hence, we argue that delayed hits highlight a significant gap in
the current understanding and practices of caching, urgently
calling for in-depth theoretical and algorithmic research to
address the associated challenges.

Despite the profound impact of delayed hits on caching,
research on this phenomenon remains limited [1], [3], [15],
[16], with no prior work studying delayed hits in the context
of distributed caching.

In this paper, we pioneer a generic algorithmic analysis
for distributed caching with delayed hits by investigating the
following research questions:

o QI1: What is the theoretical performance limit on the com-
petitive ratio for any deterministic or randomized online
caching algorithm?

e Q2: How can we design online caching algorithms to
approach or even achieve the performance limit?

To answer Q1, we analytically derive a competitive ratio
lower bound for any deterministic online caching algorithm in
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each having a storage capacity of K, and W and Z are the
latencies of data retrieval from a cache and the backing store,
respectively. We further extend our analysis to any randomized

online caching algorithm and characterize in Theorem 2 a
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To answer Q2, we develop a novel online caching al-
gorithm, termed Distributed Least Recently Used (DLRU),
which encompasses both a deterministic variant DLRUp and a
randomized variant DLRUg. DLRUp generalizes the classical
LRU policy to distributed caching with delayed hits. The
key innovation behind DLRUp, is a timer-based data fetching
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scheme that leverages query history to balance various types
of data acquisitions, limiting aggregate data retrieval latency.
DLRUR builds upon the core architecture of DLRUp but
mobilizes a marking-based probabilistic eviction policy. We
demonstrate the optimality of our algorithms through rig-
orous theoretical analysis. Concretely, we analytically prove
in Theorem 3 that DLRUp achieves a competitive ratio of

O ( ZK_E@ZVT/) and demonstrate in Theorem 5 that DLRUR

is O %)-competitive. Both algorithms are asymptot-
ically optimal by Theorems 1 and 2. Empirically, extensive
experiments on a real-world dataset demonstrate that DLRUp
and DLRUR outperform state-of-the-art solutions by at least
18% on average in terms of aggregate latency and competitive
ratio. Our work makes a technical step towards a better
theoretical understanding of delayed hits.

II. PRELIMINARIES

A. System Model

We consider a generic distributed caching system [17], [18],
as illustrated in Figure 1. A set S = {s;}M, of M geo-
distributed edge caching servers are fully connected, each
covered by a single Base Station (BS). The core network
interconnects these BSs to a remote central server s., which
maintains a set D = {d; }évzl of N distinct data items, each
normalized to unit size. Given a storage capacity of K, each
edge server can cache a subset of up to K data items from D.
In practice, the combined cache capacity of the M edge servers
is limited, implying that N > K M. Without loss of generality,
we assume that the system operates in discrete time steps. For
any edge server s;, fetching a data item from s. entails a
latency of Z time steps, while retrieving it from any other
edge server requires W time steps. Since data communication
among edge servers can be realized via high-bandwidth and
low-latency fronthaul links [19], [20], it follows that Z > W.

Requests to access data items arise at each edge server over
time, with each request targeting a specific data item in D.
At each time step ¢, the cache of an edge server s; currently
stores a set C'(s;,t—1) of data items and s; receives a request
7(s;,t) = d; seeking to access a data item d; € D.! If d; €
C(s;,t—1), then s; undergoes a cache hit, incurring 0 latency.
Otherwise, if d; ¢ C(s;,t — 1), there are two cases:

e Cache miss: If the service for the most recent request to d;
at s; was completed before ¢, r(s;,t) incurs a cache miss.

1. s; broadcasts acquisition queries for d; to all of its peers.

1.1. If any peer has cached d; at time step ¢, s; serves
r(s;,t) by fetching d; from that peer in W time
steps, incurring a W-miss with latency W.

1.2. If none of the peers have cached d; at time step ¢,
s; waits W time steps and then fetches it from the
central server s., resulting in a (W + Z)-miss with
latency W + Z.

"The notation 7(s;,t) refers to both the request itself and the data item
that the request aims to access from s; at time step t.
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Fig. 1: Illustration of our distributed caching framework with
delayed hits: the dashed arrows indicate distinct ways to
retrieve requested data items.

2. Alternatively, s; may opt to retrieve d; directly from s,
at time step ¢, leading to a Z-miss with latency Z.

e Delayed hit: If the most recent cache miss for d; at s;
occurred some X time steps ago and is still being processed
at time step t, r(s;,t) incurs a delayed hit.

1. If the most recent miss for d; was a W-miss, r(s;,t)
incurs a W-delayed hit with latency W — X.

2. If it was a (W + Z)-miss, 7(s;,t) results in a (W + Z)-
delayed hit with latency W + Z — X.

3. If it was a Z-miss, r(s;,t) incurs a Z-delayed hit with
latency Z — X.

In all cases, 7(s;,t) will be locally served on s; at the time
step t plus the corresponding latency. Whenever an edge
server s; encounters a cache miss for a data item, it should
select an appropriate method to fetch the item to minimize
latency, i.e., attempting to fetch it from peers or retrieving it
directly from s.. Conversely, once a set T (s;,t) of fetched
data items arrives at edge server s; at time step ¢, s; employs
T (si,t) to serve all types of requests for each item in 7 (s;, t).
These requests include both cache misses and delayed hits.
Notably, the cardinality constraint |7 (s;,t)| < 3 holds for all
t € [1,T], as up to 3 distinct fetched data items can arrive at
s; simultaneously at any time step.? Afterwards, s; evicts a set
e(s;, t) of data items from C(s;,t —1)UT (s;,t), updating its
cache as C'(s;,t) < C(s;,t—1)UT (s;,t)\e(s;,t). Notably, if
e(si,t) = T (si,t), then C(s;,t) + C(s;,t—1). This indicates
that our system setting allows bypassing, a feature commonly
found in classical caching models [15].

Fig. 1 illustrates an example with three edge caching servers
S1, S2, and sz to demonstrate our system model. A sequence
of requests arises from a user located near s3. Initially, s3 has
not cached data items d;, do, and d3, resulting in cache misses
for requests r(s3, 1) = dy, 7(s3,2) = do, and r(s3,3) = d3.
The fetching process for each item is as follows: (i) s3 requests
d; from both s; and s5. Since sy has cached d; at time step
1, it transfers a copy of d; to ss, classifying r(s3,1) as a W-
miss. (ii) Analogously, s3 requests do from both s; and s,

2Given |T (s;,t)| < 3, we without loss of generality assume that K > 3.



but neither has cached ds at time step 2. After W time steps,
s3 then turns to fetch dy from the central server s, classifying
r(s3,2) as a (W + Z)-miss. (iii) sz fetches d3 directly from
Se, classifying r(s3,3) into a Z-miss. The fetched items d,
ds, and dj3 arrive at sy at time steps W + 1, W + Z 4+ 2 and
Z + 3 respectively, which are all between time steps ¢; and ¢s.
Hence, r(s3,t1 — 2) has a W-delayed hit for d; with latency
W—l—l—(tl —2) =W —t1+3. ’/‘(33,tl —1) has a (W+Z)-
delayed hit for dp with latency W + Z +2 — (t; — 1) =
W + Z —t1 + 3. r(s3,t1) has a Z-delayed hit for ds with
latency Z +3 —t1 =2 —t; + 3.

B. Problem Formulation

To characterize our problem, we begin with two definitions.

Definition 1 (Request sequence). A request sequence R” (s;)
is a finite sequence RT(s;) = [r(si,t)]i_, at edge server
s; over T time steps. If 7(s;,t) = d; then data item d; is
requested on s; at time step t. If (s;,t) £ 0, then no data
item is requested (i.e., no request arises) on s; at time step t.

Definition 2 (Eviction sequence). An eviction sequence
ET(s;) is a finite sequence ET(s;) = [e(si, )], at edge
server s; over T time steps, where e(s;,t) is a set of data
items selected by s; to evict at time step t. If e(s;,t) = () then
no data item is evicted from s; at time step t.

With Definitions 1 and 2, our problem is given as follows.

Problem 1 (Distributed caching with delayed hits). Given
a problem input o = [RT(s;)]M,, we seek to develop an
online caching algorithm A that can output an eviction policy
O 4(0) = [ET ()M, minimizing the cumulative latency of
serving all requests in o.

C. Competitive Ratio

The competitive ratio is known as a pivotal metric for mea-
suring the performance of an online algorithm. For an input
o, we define OPT(0) as the latency incurred by the optimal
offline algorithm, and define A(o) as the latency incurred by
an online algorithm A. Following the standard in [3], [15], the
competitive ratio characterizes an asymptotic upper bound on
the worst-case ratio between A(o) and OPT (o).

Definition 3 (Competitive ratio). The competitive ratio of an
online caching algorithm A, denoted as CR(A), satisfies
Afo)
CR(A) > =—~_
(4) 2 OPT(o)
for every problem input 0. Notably, as A(o) > OPT(o) holds
Sor every o, it follows that CR(A) > 1.

III. LOWER BOUNDS ON THE COMPETITIVE RATIO

In this section, we first establish in Theorem 1 a lower bound
on the competitive ratio of any deterministic online caching
algorithm, and then extend this result to prove in Theorem 2
a lower bound for any randomized online caching algorithm.

A. Lower Bound for Deterministic Algorithms

Theorem 1. The competitive ratio of any deterministic online
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caching algorithm is ) (

Remark. We make the following two remarks.

o The established lower bound converges to Q(KMZ) as W
approaches 0, and it converges to QUK Z) as W approaches
Z. These observations are consistent with the results derived
for the single-cache model with delayed hits [15]. Our result
generalizes the previous bound to the distributed situation.

o We will demonstrate that the derived performance bound is
asymptotically tight by developing an algorithm approach-
ing the bound.

We prove Theorem 1 by constructing a hard problem input

o that not only minimizes the aggregate latency incurred by

the optimal offline algorithm OPT but also maximizes the

latency incurred by any deterministic online algorithm A. To
achieve this, we define two categories of requests:

« Pure request. A pure request accesses a data item d; once,
with no other request in W + Z time steps before and after
it. If a pure request leads to a cache miss (i.e., a W-miss,
a (W + Z)-miss, or a Z-miss), the latency accrued is W,
W+ Z, or Z.

« Bursty request. A bursty request accesses a data item d; for
W 4 Z successive time steps, with no other request in W+ 2
time steps before and after it. If a bursty request results in
a W-miss, the latency accrued is W + (W — 1) + --- +
1 =W((W + 1)/2, corresponding to one W-miss followed
by (W — 1) consecutive W-delayed hits and Z cache hits.
Similarly, the latency accrued is (W + 2Z)(W +Z +1)/2 if
the request incurs a (W + Z)-miss, and Z(Z + 1)/2 if the
request results in a Z-miss.

We construct a hard problem input o by combining pure

requests with bursty requests. Fig. 2 illustrates an input with

M = 3 and K = 3. Suppose that the initial cache C(s;,0)

of each edge server s; stores K data items, and the items in

different edge servers are all distinct. For each edge server s;,

its input sequence R (s;) comprises one pure request for a

data item d; not cached in s;’s initial cache C(s;,0), followed

by several bursty requests. R (s;) terminates when exactly K

distinct data items have been requested in the bursty requests.

Data items requested by these bursty requests are all selected

from the set C'(s;,0)U{d,}. Given that s; has a cache capacity

of K, there will always be a data item in C(s;,0) U {d;} not

cached by s;. Therefore, for any deterministic algorithm A,

the adversary deliberately makes each bursty request at s; for

the item in C(s;,0) U {d;} not currently in s;’s cache. For

instance, in Fig. 2, during the pure request for item dj at s,

if algorithm A accommodates d by evicting item d; from

s1’s initial cache C(s;,0), the first bursty request in R”'(s;)

will target item d;. The first (pure) request at s; asks for an

item not in the initial cache of any edge server. Meanwhile,
to minimize the aggregate latency incurred by OPT, for all

i > 2, the first (pure) request at each server s; arises after the

last bursty request at s;_; and is configured to target the same



item as the latter. For example, in Fig. 2, the pure request at
so and the last bursty request at s; both target the item d,,.

We now investigate the aggregate latency incurred by OPT
and A. In OPT, upon the first (pure) request at each edge
server s;, if s; evicts the data item not requested by any
subsequent bursty requests in R (s;), and maintains this
cache status unchanged throughout the following time steps,
s; will undergo a cache miss only on the pure request. In
the example of Fig. 2, if d, = dy, at the pure request for
item dy, s; accommodates dy by evicting d3 from its cache
and subsequently keeps this cache unchanged, thus incurring
a cache miss only on the pure request for dy. In OPT, the
pure request at the first edge server s; must be served by
accessing the central server s, incurring a latency of Z + W
or Z. For all © > 2, server s; can fetch the first requested
item from its preceding server s;_i, resulting in a latency
of W. Hence, OPT incurs an aggregate latency of at most
Z+W+(M-1)W=Z+MW.

In contrast, any deterministic online algorithm .4 will in-
evitably undergo a cache miss for every request in o, because
each data item requested in R”(s;) is precisely the one not
in s;’s cache at that time. Given that each request sequence
RT(s;) terminates when K distinct data items have been
requested in the bursty requests, BT (s;) contains at least K
bursty requests, among which at least K — 1 bursty requests
target data items never cached or requested by preceding
servers Sy, S, ...,S;—1. Hence, in algorithm A, at each edge
server s;, at least /{ —1 bursty requests are served by accessing
the central server s., each incurring an aggregate latency of
at least Z(Z 4+ 1)/2, i.e., including one Z-miss, (Z — 1) Z-
delayed hits, and W cache hits. For example, in Fig. 2, at so,
the bursty requests for data items dg and ds must be served
by accessing s.. Hence, the accumulative latency incurred by
Ais at least (K — 1)MZ(Z +1)/2 =Q(KMZ?).

Combining the above analysis leads to Theorem 1.

B. Lower Bound for Randomized Algorithms

Theorem 2. The competitive ratio of any randomized online
0 MZ?log K

caching algorithm is ST

We establish Theorem 2 by utilizing the same structure of
o as in the proof of Theorem 1, with a key modification:
each request at any edge server targets a data item that has
a probability of not being cached at the server. Technically,
consider any data item d; € C(s;,0) U {d;}, where d; is the
first data item requested in R7 (s;) at s;. We define p(d;) as the
probability that data item d; is not cached by s; at the current
time step. Given that |C'(s;,0) U {d;}| = K + 1 and s; has a
cache capacity of K, we have 3, c (s, 0)u(a,y P(di) = 1.

Intuitively, OPT can achieve the same aggregate latency as
analyzed in the proof of Theorem 1 by applying the caching
policy outlined therein. Next, we investigate the aggregate
latency incurred by any randomized online caching algorithm
A. For any data item d, requested in RT (s;) at s;, we denote
M(s;,d.) as the set of data items that have been requested in
the bursty requests of R”'(s;) before item d, was requested.

Request order: | 2 3 cececrccceretiiiiieiiiiinaan
Cache | pye bugy bugy gy
Server §; d,d,d; s dy
K distinct items requested pure buEgtybU\f,Sty """ bu\isty
Server 5, Ja:dg dy de dy|
K distinct items requested b b b
p\\lvre ursty u\jr/sty ...... u{/sty
Server 5; £2dsds dy |dy d, |

K distinct items requested

Fig. 2: A problem input o constructed in our proof.

1) If the aggregate probability °; ¢ vq(s, 4.y P(di) = 0, then
there must exist a data item d, € C(s;,0) U {d;} \
M(s;, d.) with probab.illity p(dg) > m .

2) If the aggregate probability ZdleM(Si,dg) p(d;) > 0, it im-
plies that there must exist an item dy € M(s;, d.) that has
a probability of p(dy) > 0. The adversary can repeatedly
request item dy until }-, c vy (s, 4.y P(di) = 0. Similarly,
there will exist a data item d, € C(s;,0)U{d; }\ M(s;, de)
with probability p(d,) > m

In both cases, the adversary makes the next bursty request

for d4. Hence, algorithm A4 incurs an expected latency of at

least K+1—\/\1/t(s,-,de)\ X Z(Z2+1) on the bursty request. Recall

that, under o, algorithm A must access the central server s,

to serve at least K — 1 bursty requests in each input sequence

RT(s;). With | M(s;,d.)| ranging from 1 to K, algorithm A

incurs an expected latency of at least €2 (@’H k| for the

K — 1 bursty requests at s;, where H refers to the K-th

Harmonic number. Hence, it incurs an aggregate latency of
Q (M2, ) = Q (MZ21og K). Theorem 2 is proved.

IV. ALGORITHM DESIGN: DLRU

The structure of performance bounds characterized in Theo-
rems 1 and 2 unveils a key insight in designing online caching
algorithms tailored to our problem: Without knowledge about
other peers’ cache contents, each edge server must rely on
historical information to minimize data retrieval latency.

A. Algorithm Overview

Our approach to algorithm design, termed Distributed Least
Recently Used (DLRU), is to integrate the aforementioned
design intuition with the classic LRU policy [21]. Motivated
by the provable optimality of the LRU in the single-cache
model [15], we develop DLRU to extend it to our distributed
caching model. Implementing this generalization, however, is
non-trivial because: 1) the LRU involves a single type of
data acquisition (i.e., fetching items from the central server
sc), while our DLRU needs to handle multiple types of
data acquisitions inherent in distributed caching systems; 2)
the LRU is not designed to handle concurrent data arrivals,
a common scenario in distributed caching systems where
multiple data items may arrive simultaneously at each edge
server. These limitations preclude the LRU from maintaining
its optimality in distributed delayed-hit caching. To tackle the
challenge, DLRU mobilizes two pivotal technicalities:

« Data acquisition strategy: DLRU introduces two timers
for each data item requested at an edge server, denoted



as TM' and TM?. TM! tracks the elapsed time since the
last successful data fetch from other peers; TM? tracks the
elapsed time since the previous failed attempt. By mobi-
lizing such query history information, DLRU dynamically
balances trade-offs among various types of data acquisitions,
minimizing the aggregate latency it incurs.

« Data eviction policy: To tackle the challenge of concurrent
data arrivals, which LRU cannot handle effectively, DLRU
refines the LRU by performing batch evictions at each
edge server while ensuring its cache remains fully occupied
throughout o, optimizing cumulative latency.

Both strategies are executed in an online manner, i.e., operat-

ing based on the problem input o available up to the current

time step, rather than the complete o over all T time steps.
DLRU encompasses both deterministic and randomized

variants. We refer to DLRUp and DLRUg as the determin-

istic and randomized versions of DLRU, respectively. Both

versions initiate by setting the cache contents across all M

edge servers to maximize coverage of D, i.e., the cache of

each edge server is full and the contents of different caches
do not overlap.

B. Deterministic Version of DLRU

Algorithm 1 presents the detailed workflow of DLRUp,
with lines 7-27 and 28-30 outlining the data acquisition and
eviction strategies, respectively.

1) Data Acquisition: From the system model, we make
two important observations: (i) Given that at most 3 distinct
fetched data items can arrive at an edge server simultaneously
at any time step, LRU guarantees that any cached data item
will persist for at least /3 time steps before being evicted. (ii)
The system ensures successful data retrieval within Z+W time
steps following any cache miss. To leverage these properties,
we introduce two timers, TM* [r (sl, t)] and TM2[ (84,1)], for
each requested data item 7 (s;, ) = d;: (i) TM'[r(s;, t)] tracks
the elapsed time since the last successful retrieval of data item
d; from edge server s;’s peers, and (ii) TM?[r(s;, t)] records
the elapsed time since the last failed attempt. By the above
properties, TM'[r(s;,t)] < K/3 indicates data item d; is
likely still present in the aggregate cache of s;’s peers at time
step t. TM?[r(s;,t)] > Z+W suggests data item d; has likely
been recached by s;’s peers at time step ¢. For a cache miss
on a request (s;, t) = d;, we distinguish the following cases:
1) If TM'[r(s;,t)] < K/3 or TM?[r(si,t)] > Z + W,

DLRUp attempts to fetch d; from s;’s peers. If this attempt

fails, DLRUp then fetches d; from the central server s..

2) Otherwise, DLRUp fetches d; directly from s..

Case (1) corresponds to lines 15-24 in Algorithm 1, whereas
case (2) corresponds to lines 25-27.

2) Data Eviction: Let T (s;,t) denote the set of fetched
data items that arrive at edge server s; at time step ¢. Given
that 7 (s;,t) < 3 for all 4+ € [1,M] and t € [1,7T] in the
system model, the data eviction policy may need to determine
not just one, but potentially multiple data items to be evicted
from one edge server at one time step. We then introduce
an enhanced LRU (E-LRU) function to determine which data

Algorithm 1 DLRUp, algorithm

1: Input: o = {[r(s;, t)]_ 1}z S ={s}

2: Output: Oprry(o) = [gT(sl)]i\/Il = { 52, Ni= 1}Z 1
3. Start with a maximum coverage of D by [, C(s;,0)
4: for each t € [1,T], s; € S do

5: T(si,t) < 0 > Initialize the set of fetched items
6: e(s;,t) <0 > Initialize the eviction set
7: for each t € [1,T], s; € S do > Data acquisition
8: At < max{r <t |r(s;7) =7r(s;,t)}

9: if {At} # () then > Timer update

10: TM! [r(si, )] < TM [r(si, At)] + (t — At)

11 TM?[r(s;,t)] « TM?[r(s;, At)] + (t — At)

12: else

13: TM'[r(s;, t)] < 0, TM?[r(s;,t)] < 0

14: if r(s;,t) incurs a miss then

15: it TM'[r(s;,t)] < & or TM?[r(s;,t)] > Z+ W
then

16: Attempt to fetch r(s;,t) from s;’s peers

17: if 7(s;,t) € UM, CO(si,t — 1) then > W-miss

18: Fetch r(s;,t) from s;’s peers

19: Add r(s;,t) to T(s;, t+ W)

20: TM! [r(s;,t)] < 0

21: else > (W + Z)-miss

22: Fetch r(s;,t) from s, at time step t + W

23: Add r(s;,t) to T (s, t+W + Z)

24: TM?[r(s;,t)] « 0

25: else > Z-miss

26: Fetch r(s;,t) from s,

27: Add r(s;,t) to T (si,t + Z)

28: 0+ |T(si,t)| > Data eviction
29: e(s;,t) < ELRU{C(s;,t — 1) U T (s;,t),0}
30: C(s;,t) + C(si,t — 1) U T (s, )\e(s“t)

t1}11

31: return Pppryu(o) = {[e(s;, t

items should be evicted from each edge server at each time
step. Specifically, we use #;[R7(s;),d;,t] = max{T < ¢ |
r(si,7) = r(s;,t)} to represent the last time step before time
step ¢ when data item d; was requested in R (s;) at server
s;. If no such time step exists, we set ¢;[R7(s;),d;,t] = —
The E-LRU function is defined below.

Definition 4 (E-LRU function). Given a set F of data items, a
, and a certain time step t, we sort
each data item d; € F in ascending order of t;[R” (s;),d;, t].
Let Fy be the sorted list. The E-LRU function ELRU{F, o}
returns a subset of F containing the first o data items in Fs.

Given Definition 4, the eviction policy is formally defined as
follows: At any time step ¢, if 7 (s;,t) # 0, s; uses the ELRU
function to evict |7 (s;, )| items from C(s;,t — 1) U T (s;,1)
(cf. lines 28-30 in Algorithm 1). DLRUp ensures that each
edge server’s cache remains fully occupied throughout o.




C. Randomized Version of DLRU

DLRUgR applies the same data acquisition strategy as its
deterministic version DLRUp, but mobilizes a probabilistic
eviction policy implemented through a marking mechanism.

Technically, DLRUR maintains a marking set J(s;) of
data items for each edge server s;. Initially, J(s;) = 0
for each edge server s;. When a data item is requested in
RT(s;) at s;, it is added to J(s;). If adding the item to
J(s;) would make the size of J(s;) larger than K, J(s;)
is reset to () before adding the item, which initiates a new
marking round. This process is repeated iteratively until o
terminates. At any time step ¢, for each edge server s;, if
T (si,t) # 0, DLRUR evicts | T (s;,t)\J (s;)| data items from
C(s4,t—1)UT (s;,t)\ T (s;) at random, i.e., adding these items
to e(s;, t); otherwise, it keeps s;’s cache unchanged. Similar to
DLRUp, DLRUR maintains a fully occupied cache for each
edge server throughout o.

V. THEORETICAL PERFORMANCE ANALYSIS

In this section, we analytically prove in Theorem 3 that

. .. . 2
DLRUp achieves a competitive ratio of O ZK-i{wTZVV s

demonstrate in Theorem 5 that DLRUp achieves a per-
2
formance guarantee of O (%) Both algorithms are

asymptotically optimal by Theorems 1 and 2.

and

A. Competitive Ratio of Deterministic Version of DLRU
Theorem 3. CR(DLRUp) = O ( KN 22 )

Z+MW

The fundamental challenge in proving Theorem 3 lies in
decomposing each request sequence R”(s;) into successive
subsequences such that each subsequence upper-bounds the
aggregate latency of DLRUp while lower-bounding that of
OPT. Our approach to decompose R (s;) builds upon two
critical insights:

o In DLRUp, the timer and the E-LRU function guarantee that
at any time step, the most recently requested item among
the K distinct items in each server’s cache is evicted last.

e« OPT will inevitably incur at least one cache miss on a
sequence of requests for K + 1 distinct data items.

Motivated by these two observations, our proof is methodically

structured into the following steps.

1) Sequence Segmentation: Our analysis commences by
partitioning every input sequence into consecutive segments,
each formalized as a contiguous interval of time steps. Con-
cretely, for each edge server s;, we refer to Sy[R7 (s;)] as the
g-th segment generated from its input sequence R” (s;). We
construct all segments from R7(s;) by iteratively assigning
each time step ¢ € [1,7] to a segment S,[RT (s;)] as follows:
o If t =1, assign t to S;[RT(s;)];

o Foreacht € [2,T],if t—1 was assigned to S,[R” (s;)], then
check whether the set of requests in S,[R” (s;)], combined
with the request r(s;,t), reaches size K + 1. If so, assign
t to the next segment S, 1[R7(s;)]; otherwise, assign ¢ to
Sq[R” (5:)]-

We say a data item d; is requested in segment S,[R” (s;)] if

there is some t € S,[RT (s;)] such that r(s;,t) £ d;.

Definition 5 (Fresh item). A data item is called a fresh item in
a segment Sy[RT (s;)] (g > 2) if it is requested in Sy[RT (s;)]
but was not requested in the preceding segment S,_1[R™ (s;)).

By the segment definition, we naturally have the following
propositions, from which Lemma 1 is subsequently derived.

Proposition 1. The first data item requested in Sy[R” (s;)] is
always a fresh item for g > 2.

Proposition 2. In any input sequence R (s;), each segment
except the last one includes at least K time steps, over which
exactly K distinct data items are requested.

Lemma 1. Given any segment S,[R™ (s;)] in input sequence
RT(s;), DLRUp ensures that once a data item is requested
in S4[RT (s;)], it will not be evicted by s; within S,[R” (s;)).

We prove Lemma 1 by contradiction. Suppose a data item
dj, which is requested in S,[R”(s;)], is evicted at some
time step ¢. within that segment. Then, |7 (s;,t.)| > 1 and
|C(si,te—1)UT (si,te)| > K+ 1. By Proposition 2, there are
at least | 7 (s;, to)| data items in the set C'(s;, t. —1)UT (s;, t.)
that are not requested in S,[RT (s;)]. According to the design
of DLRUDp, it prioritizes evicting the |7 (s;, t.)| least recently
accessed items among all items in C(s;,te — 1) U T (4, ) at
time step t.. Since d; is requested in Sy[R” (s;)], it must not
be among the items evicted by DLRUp.

2) Segmentation Aggregation: We next combine several
contiguous segments into a larger unit called a block. Specif-
ically, for any edge server s;, we define By[R” (s;)] as the
b-th block constructed from its input sequence R”(s;). We
construct all blocks from R”(s;) as follows:

o Bi[RT(s;)] starts with S;[RT (s;)];

« For each block B,[R” (s;)], we sequentially include con-
tinuous segments from R7T(s;) into B,[RT(s;)] until the
accumulative length of segments in B,[RT (s;)] is at least
W + Z. Then, we further add the next two segments to
By [RT (s)];

o The segment following B[R (s;)] becomes the first seg-
ment in the subsequent block By 1[R7T (s;)].

3) DLRUp Upper Bound: Now, we turn to derive an upper
bound on the aggregate latency incurred by DLRUp over any
block B[R (s;)], as stated in Theorem 4.

Theorem 4. For each block By[R™(s;)], the accumulative
latency Ly incurred by DLRUp over By[R™ (s;)] satisfies:
Ly <KW+ 2)5(W +2Z)+4)/2

Our proof begins by introducing a parameter ¢,.(d;) for
each data item d; requested in a segment S,[R7 (s;)]. Specifi-
cally, let ¢7(d;) denote the time step at which d; is requested
for the first time in S,[R7 (s;)]. We define t,.(d;) = t(d;) +
Lir(si, tr(d;))], where L[r(s;,t¢(d;))] is the latency of serv-
ing the request r(s;,t;(d;)) = d;. Hence, t,.(d;) denotes the
time step when d; becomes available at edge server s; to serve
subsequent requests at s,. Naturally, t,.(d;)—t¢(d;) < W+Z.
By Lemma 1, we derived the following lemma.



Lemma 2. Given any data item d; requested in a segment
Sy[RT (s:)], it holds that r(s;,ts(d;)) = d; € C(si,t) for all
t € Sy[RT (si)] such that t > t,.(d;).

With Lemma 2, we derive an upper bound on the aggregate
latency incurred by DLRUp, over any segment Sy[R7 (s;)].

Lemma 3. The accumulative latency Ls incurred by
DLRUp over any segment S,[RT(s;)] satisfies that:
Ls Ztesg[RT(si)] Lir(s;,t)] < L*K, where L* =
(2(W+2)—min{[Sy[R" (5:)]|,W+Z } +1) xmin{|Sy[R" (s:)]|,W+Z }

5 .

Let ¢, denote the maximal time step in Sy[R” (s;)]. To prove

Lemma 3, we consider two cases.

o tre(d;) > t,. This case 1mphes that t, —t;(d;) < tre(d;)—
tr(dj) < W + Z and t, — ty(d;) < |Sy[RT(s;)]|- The
maximum latency incurred by DLRUD in serving requests
for d; over Sy[R” (s;)]is W+2)+(W+Z—1)+- - -+(W+
Z — (t - tf( i))) < L*, corresponding to one (W + Z)-
miss followed by (tq—ty(d;)) consecutive (W +Z)-delayed
hits.

. tm(dj) < tq. This case implies that t,.(d;) —

o—ty(dy) < I, [RT (s:)]]. With t(d;)—t;(d;)
by Lemma 2, the maximum latency is (W +2)+
D+ +W+Z — (te
ing to one (W + Z)-miss followed by (¢,
consecutive (W + Z)-delayed hits.

By combining the above two-fold analysis, the latency of

serving requests for d; over Sy[R” (s;)] is upper bounded by

L*. Given that exactly K distinct data items are requested

in S,[R”(s;)], Lemma 3 is established by generalizing the

argument for d; to all the K distinct data items in S,[R” (s;)].
With Lemma 3, we proceed to upper-bound the latency

incurred by DLRUp over any block B,[R”(s;)], thereby

proving Theorem 4. Let p denote the number of segments in
block B,[RT (s;)], and let S/(By,) represent the j-th segment
in B,[RT (s;)]. By the block definition, p > 3, and

ty(dj) <
<W+2,
(W27~
(d;) —ts(d;))) < L*, correspond-
e(dj) — t5(dj))

p—2 p—3
Z‘Sj(Bb” >W+Z and Z|Sj(153b)\ <W+Z. ()
Jj=1 j=1
The aggregate latency Lp incurred by DLRUp over any block
By [RT(s;)] is

p—3
LE:Z Z L[r(s;,t)]

J=1teSi(By)

Y Y

J=p—2t€Si(By)

; (@)

(st

where the term -, g,) L[r(s;,t)] is the aggregate latency
incurred by DLRUp, over the segment S7(B;,). By Lemma 3,
we have 7, q;g,) LIr(si, t)] < L7K forall j € [1, p]. Hence,
the right-hand term of Equality (2) is at most

< spk < KWV D)W+ 2+ 1)

517

ZZ

=p—2teSi(By)

2
3)

where the last inequality holds since £* reaches its maximum
when min {|S7(B,)|,W + Z} = W + Z for all j € [p—2,p].

| o

By Inequality (1), the total length of the first p — 3 segments
in block B,[R”(s;)] is at most W + Z. The left-hand term
of Equality (2) attains its maximum when these segments all
have the same length, i.e., min {|S/(B)|, W + Z} = (W +
Z)/(p —3) for all j € [1,p — 3]. Thus, we have

W+ 2Z
Z > Llr(sit K(2(W+Z)— j3 +1)><
j=1teSi(By) P
W+Z _EKQW+2Z+1)(W +2) @
2 = 2 '

Combining Inequalities (3) and (4) leads to Theorem 4.
4) OPT Lower Bound: Next, we lower-bound the aggre-
gate latency incurred by OPT through the following assertion.

Lemma 4. For any input sequence R™(s;), OPT must incur
at least one cache miss in every block By[R” (s;)] except the
last one.

Lemma 4 can be proved by observing that: By Proposi-
tions 1 and 2, any block B,[R” (s;)] (excluding the last one)
in an input sequence RT(s;) at edge server s; involves at
least K + 1 distinct requested data items. Given that s; has
a cache capacity of K, it must experience at least one cache
miss among these K + 1 distinct data items.

5) Competitive Ratio Quantification: As the final step, we
combine Theorem 4 and Lemma 4 to analytically establish an
upper bound on the competitive ratio of DLRUp. Without loss
of generality, it suffices to consider the worst-case scenario
where the total number D of distinct data items requested
in the problem input o exceeds K M, and each block in o
involves at least K + 1 requested data items. This is because:
(1)if D < KM, both OPT and DLRUp can eliminate latency
by initially setting the combined cache contents across all M
edge servers to cover all the D requested items, and (2) when
an edge server encounters a block with fewer than K + 1 data
items requested, it incurs zero latency over that block if all
the requested items are already in its cache. Let () denote the
average number of blocks per edge server in 0. By Lemma 4,
OPT encounters at least QM cache misses over o, of which
at least D — KM must be served by accessing the central
server S., as the aggregate cache capacity across all M edge
servers is K M. Hence, the latency incurred by OPT over o is
atleast (D — KM)Z +(QM — D+ KM)W. By Theorem 4,

DLRUp(o) = MQLg

OPT(c) — OPT(o)

KQMW + Z)(5(W + Z) +4)/2
T (D-KM)Z+ (QM —D + KM)W

KMW 4+ Z)(5(W + Z) +4)/2

- (%)Z+(M—%)W

KMZ?
Z+MW)’
where the final asymptotic bound follows from two facts: (1)
D > KM, and (2) the problem input o is finite, so @ is
bounded. This completes the proof of Theorem 3.

R(DLRUp) =

(&)



B. Competitive Ratio of Randomized Version of DLRU

Theorem 5. CR(DLRUR) = O (242108 1).

To prove Theorem 5, we consider any segment Sy[RT (s;)]
in an input sequence R (s;). Let t; denote the maximal time
step in the previous segment S, 1[R7T(s;)]. Then, C(s;, )
denotes the cache contents of server s; just before Sy[RT (s;)]
starts. We denote by ) the set of data items requested in
Sy[RT (s;)] that are cached in C(s;,#;), and by U the set
of data items requested in S,[R” (s;)] that are not cached in
C(s;,t;). We have the following lemma.

Lemma 5. For any segment Sy[R” (s;)] in an input sequence
R”(s;), the accumulative latency incurred by DLRUR over
Sy[RT (s;)] is upper-bounded by |U|L*H .

We now present how to prove Lemma 5. Intuitively, |V U
U| = K. By the design of DLRUR, the latency-maximizing
Sy[RT (s;)] for DLRUR is the one where all data items in I/
are requested before those in V. In this scenario, before the first
data item d; in V is requested, DLRUR needs to perform |/
eviction operations. Since DLRUR evicts data items randomly,
we can analyze DLRUR as follows:

« For the first requested data item d; in V, the probability that
it has been evicted from s; over S,[RT (s;)] is [U|/K.

« For the second requested data item dy in V), if d; has not
been evicted, the |U/| evictions occur among the data items
in the set C'(s;, ;)\ {d1}. On the other hand, if d; has been
evicted, there are still |U/| evictions among the data items
in the set C'(s;,t;) \ {d1}, as evicting d; leads to a cache
miss occurring when d; is requested, which in turn triggers
an additional eviction. In both cases, the probability that ds
has been evicted from s; over Sy[RT (s;)] is [U|/(K — 1).

Generalizing this analysis to all data items in V, we can infer
that the probability that the ¢-th requested data item in ) has
been evicted from s;’s cache over Sy[R” (s;)] is [U|/(K —i+
1). Hence, the expected number of cache misses incurred by
DLRUR on Vis U] (5 + zg ++ -+ g=pprey)- As all items
in U are not stored in C(s;,¢;), DLRUR will inevitably incur
a cache miss for each item in Y. Since |U| = K — |V|, the
total expected number of cache misses incurred by DLRUR
over 8, [R7 (s:)] is [U|(% + 725+ + =) + U] =
|U|(Hx — Hyuy +1). By Lemma 3, the aggregate latency of
DLRUg over Sy[RT (s;)] is at most [U|(Hx — Hp+1)L* <
|U|L*H k. Lemma 5 is thus established.

Moreover, the results in [21] demonstrate that the optimal
offline algorithm OPT incurs an amortized number of |I/|/2
cache misses over Sy[R” (s;)]. Building on a proof framework
analogous to that of Theorem 3, Lemma 5 introduces three key
modifications to Equation (5): (1) the numerator is multiplied
by the parameter |{|, (2) the total number of cache misses
incurred by OPT is adjusted from QM to QM |U|/2, and (3)
the parameter K is replaced by H . Since |[U| < K, these
adjustments together complete the proof of Theorem 5.

VI. EXPERIMENTAL EVALUATION

We conduct experiments to compare the performance of
DLRUp and DLRUpR against state-of-the-art algorithms.

A. Evaluation Methodology

Datasets. We run our experiments on the Wikimedia
dataset [22], which comprises 21 upload data files and 21 text
data files. From this dataset, we sample 10,000 consecutive
text requests (i.e., 7' = 10,000) for each edge server.

Baselines. We compare the performance of DLRUp and
DLRUR with four baselines: LRU [21], CaLa [16], ARC [23],
and Landlord [24]. LRU prioritizes items by their most recent
use. CaL.a is the latest online algorithm under the single-cache
model with delayed hits, which schedules cached items via
a ranking function. ARC is a randomized caching algorithm
that balances recency and frequency to decide item eviction
probabilistically. Landlord is designed for online general file
caching, which maintains a credit value for each item and
evicts items with zero credit. For a fair comparison, we equip
these four baselines with two data acquisition strategies: (a)
each edge server first retrieves items from peers, and if it fails,
it requests from the central server s.; (b) each edge server
fetches items directly from s.. For clarity, we use subscripts
W Z and Z to denote strategies (a) and (b), respectively.

Experimental setup. Given that the feasibility of comput-
ing optimal offline algorithms in polynomial time remains an
open question, we employ the near-optimal offline solution
Belady-AD [1] to assess the competitive ratio of each simu-
lated algorithm. The default parameter settings are as follows:
K =5 M =3, 7 =250, and W = 5. All results presented
are the average of 100 experimental runs.

B. Experiment Result

Aggregate latency. The aggregate latency comparison is
presented in Figure 3. It is evident that as K increases, the
aggregate latency of each algorithm decreases linearly, while
it surges with growing M and Z. This is because a larger
cache capacity for each edge server enhances the hit ratio.
In contrast, increasing Z directly escalates the cumulative
latency of accessing s. incurred by each algorithm. Increasing
M boosts the number of edge caching servers and thus the
aggregate latency. Additionally, from Figure 3(c), we observe
that the aggregate latency of LRUz, ARC, Landlordy, and
Calayz remains stable as W grows. This is because these al-
gorithms fetch data items exclusively from s.. In comparison,
our algorithms DLRUp and DLRUR dramatically outperform
the baselines. Statistically, as shown in Figure 3(a), DLRUp
and DLRUR achieve an average reduction of at least 18%
in aggregate latency compared to all other algorithms. In
Figures 3(b), 3(c), and 3(d), the performance improvement of
our algorithms reaches roughly 30%. Furthermore, DLRUR, is
more sensitive to parameter changes than DLRUp, but it is
slightly superior to DLRUp.

Competitive ratio. Figure 4 presents the comparison of
the empirical competitive ratio, which is defined as the ratio
between the aggregate latencies of an online algorithm and the
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Fig. 4: Empirical competitive ratio of simulated algorithms under various parameter configurations.

near-optimal offline algorithm Belady-AD. Similar to Figure 3,
Figure 4 shows a substantial enhancement in competitive
ratio for DLRUp and DLRUpR over the baselines. Specifi-
cally, across various parameter settings, DLRUp and DLRUR
reduce the competitive ratio by at least 18% on average
compared to the other algorithms, while also exhibiting less
performance variation. From Figures 4(a) and 4(b), we observe
that the competitive ratio of each algorithm exhibits a linear
increase with K, while experiencing a slight growth with M.
In Figure 4(c), as W goes up, the competitive ratios of LRU 2,
ARCz, Landlordz, and Calay decrease rapidly, whereas
those of the others increase moderately. In Figure 4(d), the
competitive ratios of all algorithms grow with Z, but LRU,
ARC,, Landlordz, and Calay exhibit a steeper increase than
the others.

VII. RELATED WORK

Caches [25], [26] have been investigated extensively for
decades in both offline [10], [11], [13], [14], [21], [27] and on-
line settings [12], [28]-[30]. Recently, a phenomenon, known
as delayed hits, was unveiled by [1], which demonstrates
latencies beyond the scope of traditional caching models. For
optimization, [1] designed a near-optimal offline algorithm
tailored for classical caching with delayed hits. From a the-
oretical perspective, [15] established a tight lower bound of
Q(KZ) on the competitive ratio of any deterministic online
algorithm for delayed hits. Building on this foundation, [3]
demonstrated that the LRU algorithm achieves O(KZ)-
competitiveness under the single-cache model with delayed
hits, which is asymptotically optimal by the result derived
in [15]. Moreover, [16] extended the study of delayed hits to

the realm of online general file caching, which proved a lower
bound of (K Z) on the competitive ratio of any deterministic
online algorithm and a lower bound of Q(Zlog K) for any
randomized online algorithm. Armed with these findings, [16]
developed an algorithm with both deterministic and random-
ized variants. The deterministic version achieves a competitive
ratio of O(Z3/2K), whereas the randomized version achieves
a competitive ratio of O(Z3/?1log K).

VIII. CONCLUSION

In this paper, we have pioneered a generic algorithm anal-
ysis for distributed caching with delayed hits. We have estab-
lished competitive ratio lower bounds for both deterministic
and randomized online caching algorithms. We have devel-
oped a novel online caching algorithm, DLRU, encompassing
a deterministic variant DLRUp and a randomized variant
DLRUR. The key technique of these variants is a timer-based
data fetching scheme that leverages query history to limit
aggregate data retrieval latency. We have analytically proven
that both DLRUp and DLRUpR achieve competitive ratios
asymptotically matching the lower bounds derived. We have
conducted extensive experiments using a real-world dataset,
demonstrating that DLRUp and DLRUR outperform state-of-
the-art solutions by at least 18% on average both in aggregate
latency and in empirical competitive ratio. Looking ahead, our
vision is to explore several crucial yet unexplored problems
regarding delayed hits, including the complexity of optimal
offline algorithms.
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