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Abstract 

It is shown that every abelian relative (m,n,m - 1,(m 2 )/n )-difference set admits m 1 as 
a multiplier. 

1. Relative difference sets and multipliers 

A relative (m, n, k, ).)-difference set in a finite group G of  order mn relative to a 

normal subgroup N of  order n is a subset R of  G such that every element of  G \ N 

is represented exactly 2 times as a difference r -  r ~ with r, r ~ E R, and no nonidentity 

element of  N has such a representation. For instance, the set {0,1,3} is a relative 

(4,2, 3, 1 )-difference set in the cyclic group of  order 8. I f  n = 1 we call the relative 

difference set a difference set (in the usual sense). The investigation o f  (relative) dif- 

ference sets is of  interest in view of  the connection to symmetric designs, in particular 

to projective planes: A difference set G is equivalent to a symmetric design admitting 

G as a point regular automorphism group, see Beth et al. (1986). I f  2 = 1, this design 

is called a projective plane. Relative (n, n, n, 1)- and (n + 1, n - 1, n, 1 )-difference sets 

correspond to projective planes admitting quasiregular collineation groups of  type (b)  

and (d) in the classification of  Dembowski  and Piper (1967). We call relative differ- 

ence sets with parameters (n + 1, n - 1, n, 1) affine difference sets. We refer the reader 

to the recent survey (Pott, 1996) for more information on relative difference sets. 

Let R be a difference set with parameters (m,n,k,  2) relative to N and let q9 be 

the canonical epimorphism from G onto G/U,  where U is a normal subgroup of  G 

contained in N. I f  IUI = u, it is easy to see that ¢p(R) is a relative (m,n/u,k,u)~)- 

difference set in G/U relative to N/U.  We call ~p(R) the projection of  R. If  U = N, 

the image o f  R is a difference set in the usual sense having parameters (m,k,n;O. We 
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can therefore "classify" relative difference sets according to the underlying difference 
sets: Our relative difference sets are "extensions" of  difference sets. 

The affine difference sets and the (n, n, n, 1)-difference sets are extensions of  (trivial) 
(n + 1 , n , n -  1)- and ( n, n, n )-difference sets. Difference sets with these parameters exist 
in any group (take the group itself or the group minus an arbitrary element). Although 
these difference sets are quite trivial, the "lifting" problem is not at all trivial. On the 
existence side, it is known that cyclic affine difference sets o f  order n exist whenever 
n is a prime power (see Bose, 1942), therefore we have the following result: 

Result 1. I f  n is a prime power, then there exist cyclic relative (n + 1, ( n -  1 )/u,n, u)- 
difference sets fo r  every divisor u o f  n - 1. 

It is sometimes conjectured that the converse of  this result is also true. Several 
partial results in this direction can be found in Delsarte et al. (1971) and Jungnickel 
(1992): It is shown that for certain values of  n and u, no relative difference sets with 
parameters (n + 1, ( n -  1)/u,n, u) can exist. Multipliers play an important role in the 
proofs of  such non-existence results: I f  G is a multiplicatively written abelian group 
then a group automorphism z of  G is called a multiplier of  R if and only if there 

exists an element 9 E G such that 

z(R) := {z(r)  : r E R }  

is a translate R9 := {r9 : r E R} of  R. I f  z is o f  the special form 9 - - ~  gt, we say that t 
is a numerical multiplier. It is the content of  so-called multiplier theorems to provide 
sufficient conditions for the existence of  multipliers depending on the parameters of  
(putative) difference sets. The following result extends a multiplier theorem in Elliott 
and Butson (1966) (the version quoted here is contained in Arasu and Xiang (1996)). 

Result 2. Let  R be a relative (m,n,k,  2)-difference set in an abelian 9roup G o f  

exponent v* relative to N. Let  t be an integer relatively prime to v* and let kl be a 

divisor o f  k. We assume that t is a multiplier o f  the underlyin9 (m,k, nit)-difference 

set. Let  kl = pl e' .." ps e~ be the prime factorization o f  kl and k2 := kl/gcd(v*,kl) .  

For each Pi, we define 

Pi 
qi = li 

i f  Pi does not divide v*. 

i f  v* = pirui, (pi, ui) = 1. Here li is an integer 

such that (li, p i)  = 1 and li =-- p i f  mod ui. 

For each i, we assume the existence o f  an integer f i and a multiplier si such that 

siqi f i  :~ t mod v*. I f  k2 > 2, then t is a multiplier o f  R. 

We refer the reader to the literature for multiplier theorems for ordinary difference 
sets (which have to be known in order to apply this result). However,  if  R is a lifting 
of  a trivial difference set D, then all integers relatively prime to the group order are 
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multipliers o f  D. This is exactly the case which will be considered and it is in this sit- 

uation not necessary to know multiplier theorems for difference sets in the usual sense. 

Multipliers are a very useful tool for nonexistence proofs o f  difference sets, in par- 

ticular in connection with the following result (see Elliott and Butson, 1966). 

Result 3. Le t  R be a relative (m ,n ,k ,  2)-difference set where k is relatively pr ime  to 

mn. Then there is a translate R9 o f  R which is f i x e d  by all multipliers. 

2. The theorem 

We will focus on the case where the parameters of  the relative difference set have 

the form ( m , n , m -  1 , ( m -  2)/n). 

Theorem 4. Le t  R be a relative ( m , n , m -  1,(m -2) /n) -d i f fe rence  set  in an abelian 

group G relative to N. Then m - 1 is a lways  a numerical  multiplier o f  R. 

Proof.  For convenience, we write G multiplicatively. By replacing R by a translate 

R9, 9 E G, if necessary, we can assume R A N = 9. We set 

t = ( 1 - I h ~  (m-2)/n 
\ h c N  / 

Note t h a t  1-[hcN h IS an involution or 1, hence t 2 = 1. 

For 9 C G \ N, let 7(9) be the unique element of  R in Ng. Let r be an arbitrary 
element o f  R and define 

t t  : =  1 - I  r l r 2 1  
~1 "12 C R 
~ r ~  L E Nr 

We are now going to calculate t '  in two ways. From the definition o f  a relative 

difference set it is immediate that 

t t = tr m-2, 

On the other hand, we have 

t' = 1-[ r t T ( r - l r ' )  -1 = r - l ? (  r -1 ) 
r p C R 
~! j r  

as 7 ( r - l r  ' )  ranges over R \ {7(r-1)} if r '  ranges over R \ {r}. Hence 

r m 1 = rm-2 r = t t t - l r  = 7 ( r - l ) t  

for all r E R. Thus R (m- 1) = tR. [~ 

We note that this theorem is already contained in (Delsarte et al. 1971) for the cyclic 
case and n ----- 2. 
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3. Applications 

We will first show that our multiplier theorem does not follow from Result 2: 

Example  5. Result 2 shows that 9, 17 and 25 are multipliers o f  every abelian (16, 2, 

15, 7)-RDS: We take kl = 15, p l  = 3, p2 --- 5. Then 9 ---- 32 - 56 mod 32 and 

25 ~ 52 ~ 36 mod 32 as required. But it is not possible to get the multipliers 3 and 

5 using Result 2 since no power  o f  3 is congruent 5 mod 32 and no power o f  5 is 

congruent 3 mod 32. But our theorem shows that 3 and 5 actually are multipliers of  

every abelian relative (16,2,15,7)-difference set using the multiplier  15 in Result 2: We 

have 3 - - 3  mod 32 a n d 3 -  15 .57  mod 32. 

We can generalize this example and obtain the following corollary: 

Coro l la ry  6. Le t  R be an abelian relative ( m , n , m  - 1 , (m - 2)/n)-dif ference set. I f  

m - 1 = piq/  is the product  o f  two pr ime  powers,  then pi and qJ are both multipliers 

of R. 

Proof .  Let k be the order o f  q modulo mn (note that p and q are relatively prime to 

mn).  Then we use Result 2 with kl = m - 1. We have 

pi ~ pi rood mn, 

pi ~ (m - 1 ) .  q k - j  mod mn 

which proves the corollary. [] 

This corollary generalizes a result in (Delsarte et al., 1971). 

Finally, we will use our multiplier theorem in order to show that - 1  is never a 

multiplier  o f  a relative ( m , n , m  - 1,(m - 2)/n)-difference set. 

Corollary 7. A relative ( m , n , m  - 1,(m - 2)/n)-di f ference set  where n is odd cannot  

admit  - 1  as a multiplier. 

Proof .  First o f  all note that G has to be abelian since otherwise the map x ~ x -1 

is not a group automorphism. We may assume that R is fixed both by  the multiplier 

m - 1 and the multiplier  - 1 .  We choose x E R. Since R is fixed by  multipliers, we 
know that x -  1 and x m- 1 are also elements o f  R. But then x m- 1 ( x -  l ) -  1 = x m has a 

"difference" representation with elements o f  R. Since x m C N ,  this is only possible i f  

x m = 1. But it is o f  course possible to choose x in such a way that its order is not a 

divisor o f  m: Otherwise G \ N  contains only elements y with ym = 1, which is absurd 

i f n  is odd. [] 

Now let us look at the case that n is even. We may assume n -- 2 using a projection 

argument. Note that the projection o f  a relative difference set R has (at least) the same 
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mult ipl iers  as R. We  will  show that a relative ( m , 2 , m -  1 , ( m -  2) /2)-difference set 

cannot  admit  - 1  as a multiplier .  To see this, we use two results from the literature. 

The first is conta ined in  Arasu et al. (1990),  the second one in Jungnickel  (1990):  

Resul t  8. L e t  R be an abelian ( m , n , m -  1 , ( m -  2)/n)-d(f ference set in G relative to 

N w i t h R = R  (- l ) .  Then ( m - 2 ) / n  has to be even, 

Resul t  9. L e t  R be an abelian ( m , n , m  - 1,(m - 2 ) / n ) - d i f f e r e n c e  set in G relative to 

N where n is even. Then N is" not  a direct f a c t o r  o f  G. 

Resul t  8 shows that m = 2 mod  4 and Result  9 implies  that the Sylow 2-subgroup of  

G has to be cyclic of  order 4 i f  G contains  a relative ( m , 2 , m - 1 , ( m -  2)/2)-difference 

set with mult ipl ier  - 1 .  As in the proof  o f  Corollary 7, we may  assume that x m =- 1 

i f  x E R which is, again, impossible  (there are elements  in G I N  of  order 4). We 

summarize  this in the fol lowing theorem: 

Theorem 10. A relative ( m , n , m -  l , ( m -  2)/n)-di f ference set cannot  admi t  I as a 

multiplier. 

We note that there are several wrong  proofs of  this theorem in the literature (Arasu 

and Ray Chaudhuri ,  1985; Arasu et al., 1995; Jungnickel ,  1992). 

It has been  k n o w n  that no abel ian relative difference set can admit  - 1  as a mult ipl ier  

if  the under ly ing  difference set is nontr ivial ,  see Arasu et al. (1985).  in  v iew of  Theorem 

10, the only  interest ing case of  relative difference sets with mult ipl ier  - 1  which still 

has to be  considered is the case o f  relative (n ,u ,n ,n /u) -d i f f erence  sets. We refer the 

reader to Ma (1992)  for an invest igat ion of  this case. 
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