Finiteness of Circulant Weighing Matrices of
Fixed Weight

Ka Hin Leung
Department of Mathematics
National University of Singapore
Kent Ridge, Singapore 119260
Republic of Singapore

Bernhard Schmidt
Division of Mathematical Sciences
School of Physical & Mathematical Sciences
Nanyang Technological University
Singapore 637371
Republic of Singapore

Abstract

Let n be any fixed positive integer. Every circulant weighing ma-
trix of weight n arises from what we call an irreducible orthogonal
family of weight n. We show that the number of irreducible orthogo-
nal families of weight n is finite and thus obtain a finite algorithm for
classifying all circulant weighing matrices of weight n. We also show
that, for every odd prime power ¢, there are at most finitely many

proper circulant weighing matrices of weight gq.



1 Introduction

A circulant weighing matrix of order v is a square matrix of the form

al a2 .. aU

Qy a1 R ¢ 2P
M =

a2 a3 .. al

with a; € {—1,0,1} for all i and MM?T = nI where n is a positive integer

and [ is the identity matrix. The integer n is called the weight of the matrix.

To study of circulant weighing matrices it is very convenient to use the
group ring language. Let C, denote the cyclic group of order v, and let g be
a generator of C,. A circulant matrix M as above satisfies M M7 = nI if and
only if XX (=1 = n where X is the element of the group ring Z[C,] defined by
X =Y ag and XY =37 a;g7". Thus a circulant weighing matrix of
order v and weight n is equivalent to an element X of Z[C,] with coefficients
—1,0,1 only and X XY = n. This is the formulation we will use in the rest
of our paper. Note that the weight of a circulant weighing matrix must be a
2

square as | Y a;|* = n.

The existence and structure of circulant weighing matrices has been stud-
ied intensively, see [3] for a survey, [18] for many related results, and [14] for
more background on weighing matrices in general. There are only a few in-
finite families [4, 11, 17] and sporadic examples [3, 5] of circulant weighing
matrices known. The spectrum of circulant weighing matrices of fixed weight
n, i.e. the set of positive integers v such that a circulant weighing matrix
of weight n exists, has been determined for n = 4 [12], n = 9 [1, 21], and
n =16 [5, 6, 13].

In the present paper, we study the problem of classifying all circulant
weighing matrices of fixed weight. A substantial difficulty that arises in this
context is that there is no obvious way to decide when two such matrices
should be viewed as “equivalent”. A usual, but only partially satisfactory,
approach is to restrict the attention to “proper” circulant weighing matrices.
A circulant weighing matrix X € Z[C,] is called proper if there is no g € C,
and no proper divisor w of v such that Xg € Z[C})].
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For some cases this is enough to get nice results: We will show that for
every fixed odd prime power n, there are only finitely many proper circulant
weighing matrices of weight n. However, such a result cannot be true in
general. For instance, let v = 2p where p is an odd prime. Let g respectively
h be elements of C, of order 2 respectively p. Then X =1+ g+ h — gh
is a proper circulant weighing matrix of weight 4. Thus there are infinitely
many distinct proper circulant weighing matrices of weight 4. But of course
these weighing matrices are “equivalent” in some sense and an attempted
classification of circulant weighing matrices of fixed weight should reflect
this. In fact, all these weighing matrices arise from the same “irreducible

orthogonal family” ({1+ g,1 — g}), a notion we introduce in this paper.

We will show that for every fixed weight n there are only finitely many
irreducible orthogonal families and that can give rise to circulant weighing
matrices of weight n and that every circulant weighing matrix of weight n
can be constructed in this way. This shows that, for any fixed n, there is a
finite algorithm for finding all circulant weighing matrices of weight n. Hence

we provide satisfactory framework for the classification of these matrices.

It should be mentioned that there is a close connection between the “or-
thogonal families” used in the present paper and the notion of “building sets”
introduced in the groundbraking paper of Davis and Jedwab [10]. In fact, if
we extend the notion of orthogonal families used in the present paper from
cyclic to abelian groups, a major result of Davis and Jedwab can be phrased
as an recursive construction of orthogonal families over abelian groups G
whose weight is equal to |G|. Though the result of Davis and Jedwab only
concerns abelian groups of relatively low exponent, the appearance of orthog-
onal families in the classification of circulant weighing matrices shows that

their main idea is relevant even for cyclic groups!

2 Main results

By C, we denote the cyclic group of order v. For a divisor w of v, we identify

the subgroup of order w of C, with C,,.



Definition 2.1 Let v be a positive integer, let w be a divisor of v, and let ¢
be a generator of C,. Every X € Z[C,] can be uniquely written in the form
v/w—1
X =) Xig' with X; € Z[C,,)].
i=0
If X;X; =0 for all ¢ # j, then we say that X is orthogonal over C,. We
say that a subset S of Z[C,] is orthogonal over C,, if every element of S is
orthogonal over C,,,.

Definition 2.2 Let v be a positive integer, and let B = {A;,..., Ax} be a
finite set of elements of Z[C,| with A; # 0 for all i. We call B an orthogonal
family over C,, if A;A; = 0 for all @« # j. We call B reducible if there is
a proper divisor w of v such that B is orthogonal over C,, and irreducible
otherwise. If Zle AiAl(-_l) = n where n is an integer, we say that B has

weight n.

Definition 2.3 Let v be a positive integer, let w be divisor of v, and let
B = {A, ..., Ax} be an orthogonal family over C,,. We say that X € Z[C,]

is a coset combination of B if X has the form

k
X = Z Aigi
=1

where g1, ..., gr are representatives of distinct cosets of C, in C,,.

The following is the main result of this paper. It shows that, for fixed
n, all circulant weighing matrices of weight n can be determined by a finite
algorithm.

Theorem 2.4 Let n be a positive integer.

(a) Every circulant weighing matriz of weight n is a coset combination of an

wrreducible orthogonal family of weight n.

(b) The number of irreducible orthogonal families of weight n is finite, and

they can be enumerated by a finite algorithm.

In the case where the weight is an odd prime power, we can go much

further. To formulate our result in this case we need some more terminology.
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Definition 2.5 Let B = {A, ..., Ay} be an orthogonal family over C, (recall
that this requires A; # 0 for all 7). We call B nontrivial if k > 2. We say
that B has coefficients —1,0, 1 if all A; have coefficients —1,0, 1 only.

Theorem 2.6 There is no nontrivial orthogonal family with coefficients

—1,0,1 of odd prime power weight.

Corollary 2.7 Letn be an odd prime power. Then there are at most finitely

many proper circulant weighing matrices of n.

3 Preliminaries

In this section, we introduce some notation and basic facts we need in the rest
of paper. Let G be a finite abelian group. We write o(g) for the order of an
element g of G. Let R be a ring. We will always identify a subset A of G with
the element 3 _, g of the group ring R[G]. For B =3_ _,b,9 € R[G] and
an integer ¢ we write B := > gecbeg’ and Bl =3 b, The elements
b, are called the coefficients of B. We call {g € G : b, # 0} the support of
B. A group homomorphism G — H is always assumed to be extended to a

homomorphism R[G]| — R[H] by linearity.

We denote the group of complex characters of G by G*. The character
sending all elements of G to 1 is called trivial. For a subgroup W of G, we
write W+ for the subgroup of G* consisting of all characters which are trivial

on V.

For a positive integer t, we write (; = exp(2mi/t).

We repeatedly will make use of the following elementary properties of
characters of finite abelian groups. For a proof, see [8, Section VI.3].
Result 3.1 Let G be a finite abelian group.

a) Let D =" _.d,g € C|G]|. Then

geqG

1 1
9 =15 > x(Dg™)

xeG*



for all g € G (Fourier Inversion Formula). In particular, two elements of

C[G] are equal if and only if all their character values are equal.

b) (Orthogonality relations) Let U be a subgroup of G. If x € G* is nontrivial
on U, then x(U) =0. If g € G\ U, then ) ;1 x(g) = 0.

c) If H is a subgroup of G and A, B € Z|G] with x(A) = x(B) for all
X € G*\ Ht, then A= B+ XH for some X € Z[G].

Lemma 3.2 Let G be a finite abelian group and D = ) ayg9 € Z[|G]. For
a subset S of G write DN S = des agg. Let U be a subgroup of G' and
h € G. Let x be any character of G. Then

X(DNUR) = IXU(?)| 3" xr(DrY)
TeU+

(here xT is the character which sends g € G to x(g)7(9g)).

Proof Using the orthogonality relations, we compute

doxrDr) = Y agxr(gh™h)

TeU+ TeUL geG

= Y agx(gh™) Y m(gh™)

geG TeU+

= ’UL‘ Z agX(gh_l)

gh—1leU

= XU D arx(k)

keUh
= x(W)UHX(DNUR).

This proves the lemma. [

This follows from part b of Result 3.1. [J

For a prime p and a positive integer ¢ let v,(t) be defined by p»®|| ¢,
i.e. p is the highest power of p dividing t. By D(t) we denote the set of
prime divisors of t. The following definition is the basis for the field descent

method [19] which we will use in the next section.



Definition 3.3 Let m, n be integers greater than 1. For ¢ € D(n) let

o e ) epmpgp i misoddorg=2,
' 4 Hpe’D(m)\{Q’q} p otherwise.

Set
b(2,m,n) = max % — 1) + vo(ordy,, —1; and
( ) qu(n)\{Q}{ ? q ) 2( }
b(r,m,n) = max v(¢"r = 1) + v, (ord,,
( ) €D} { (q ) ( q(Q))}

for primes r > 2 with the convention that b(2,m,n) = 2 if D(n) = {2} and
b(r,m,n) =1 if D(n) = {r}. We define

F(m,n) = ged(m H pb(pm"

pED

Note that F'(m,n) and m have the same prime divisors since b; is positive
for all i. We note the following important property of F'(m,n) which follows
directly from the definition.

Result 3.4 Let n be a positive integer, let P be a finite set of primes, and let
Q be the set of all positive integers which are products of powers of primes in
P. Then there is a efficiently computable constant positive integer C'(P,n),
only depending on P and n, such that F'(m,n) divides C(P,n) for allm € Q.

The following result was proved in [19].

Result 3.5 Assume XX = n for X € Z[(y] where n and m are positive

integers. Then

for some j.
The following is a special case of [16, Thm. B] (take n = p?).

Result 3.6 Let p be an odd prime, and let r and w be positive integers with
(p,w) = 1. Let G = (o) x H where o(a) = p" and H is an abelian group of
order w. Write § = o . Let P = (3) be the subgroup of G of order p. Let

7



t be a primitive root modulo p. Suppose D is an element of Z|G] such that
Ix(D)|? = p® for all x € G* \ P+ where b is a positive integer.

Then there are g € H with o(g)|(p — 1), h € G, e € {0,1}, X € Z[G],
and E € Z[H] such that

p—1 _
Dh=EY (eg)'8" + PX.

4 Proof of Theorem 2.4

The following is a slight modification of a special case of [15, Thm. 1]. Since
it can be proved in the same way as [15, Thm. 1] with minimal changes, we

skip the proof.

Result 4.1 Let v and n be coprime positive integers. Let A € Z[C,] with
AAY = n and let t be a positive integer coprime tov. Let o € Gal(Q((,)/Q)
be defined by ¢7 = C!. If o fizes all prime ideals above x(A)Z[(,] for all
characters x of C,, then there is g € C, with

(Ag)" = Ag.

Theorem 4.2 Let p be a prime, and Let v = p*w where a and w are positive
integers with (p,w) = 1. Let A € Z[C,] with AATY = n where n is a positive
integer. If p > 4" 4+ 1, then there is g € C, with Ag € Z[C,].

Proof Let g be an element of C, of order p®. Write
A=) A" (1)
i=1

with A; € Z[C,] and the a; are distinct elements of {ay,...,a,}. Since the

sum of the squares of the coefficients of A is n, we can assume s < n.

Claim Let x be any complex character of C,. Then there is a root of unity
n such that ny(A) € Z[¢y).

Write 3 = x(g). Note that 8 is a primitive p’th root of unity for some

nonnegative integer b. If b = 0, then there is nothing to show, so we assume
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b>1. By (1), we have
Zx LS (2)

By removing all terms with y(A;) = 0, if necessary, we can assume y(A4;) # 0
for all i. From (2), we get

S

n=x(A) = x(A)x(4;)p" . (3)
ij=1
Let p : Z[Cy|[Cpp] — Z[(yppp] be an epimorphism that sends a generator of Cpp
to (,». Note that the kernel of p is

[XP: X € ZIG[Cpl}

where P is the subgroup of C)» of order p. Taking preimages under p in (3),
we get
n+XP = Z X(A; e (4)
ij=1
where X € Z[(,][Cpp] and h is a generator of Cp». Note that the right hand
side of (4) has at most n* —n+ 1 nonzero coefficients since s < n. However, if
X P # 0, then the left hand side of (4) has at least p — 1 nonzero coefficients.

This is a contradiction, since, by assumption, p—1 > 4" > n? —n+1. Hence
X P =0 and thus

S

n= 3" x(A)x(A;)h" %, (5)

ij=1
Now assume s > 2. By [9, Thm. 1, p. 13| there is a positive integer t < p

and integers b; with
ta;

—=b+¢ 6
p (6)

with |e;| < (p — 1)7Y/%. Since s < n and p > 4" + 1, we conclude |¢;| < 1/4
for all . Write ¢; = ta; and e; = ¢;p Note |e;| < p/4 and that (6) implies

that e; is an integer for all . From (6) we obtain
¢; = e; mod p. (7)
Let e, the largest and e, the smallest e;. Since |e;| < p/4 for all i, we conclude
Cy — Cy E ¢; —¢j mod p (8)
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for all pairs (7,7) # (x,y). Applying the isomorphism of Z[(,][C,+]| defined
by h+— h* and ¢, — (, to (5) we get

s

=" x(AXAh . ©)

ij=1
Since x(A;) # 0 for all 4, and the difference ¢, — ¢, occurs only once mod
p, the coefficient of h®~% on the right hand side of (9) is nonzero. But this

contradicts (9). Hence s = 1, and this proves the Claim in view of (2).

Now let ¢t be an integer such that t = 1 mod w and the order of ¢ mod
pPis (p— 1)p" ' Let 0 € Gal(Q((ypr)/Q) be defined by Copp = Cupee Note
that o fixed Q({,). Hence Claim 1 implies that o fixes the ideal x(A)Z[(,]
for every character x of C,. Thus Result 4.1 shows that, replacing A by Ag

for some g € C,, if necessary, we have

AW = A4 (10)

Now write A = Efial X,g" with X; € Z|C,,] where at most n of the X; a
nonzero. Note that XZ-(t) = X, for all 7 and thus

p*-1 p*—1

> Xigh =) X' (11)
1=0 =0

This implies that X; = X if ¢ and j are in the same orbit of z — tx mod p°.
Note that all such orbits different from {0} have size at least p — 1. Hence,
if X; # 0 for some 7 > 0, then at least p — 1 of the X; are nonzero. Hence
p — 1 < n, a contradiction. Thus A = X, € Z[C,]. O

Lemma 4.3 Let v = wp® where p is a prime and a > 2, w > 1 are integers.
Let b be an integer with 1 < b < a, and let X = fi;b_l Xiq;a where
Xi € Z[Cyp]. If more than one X; is nonzero, then there is no root of unity

n such that Xn € Z[Cup].

Proof This follows from the well known fact that {1, (p, ..., Cg: 7b_1} is inde-
pendent over Q((yypr). O
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Lemma 4.4 Let v = wp® where p is a prime and a, w are positive integers.
Let X € Z[C,] with

XX <n
for all characters x of C,, for some constant n. Assume that for all characters
7 of Cy there is a oot of unity n(7) such that n(7)7(X) € Z[yw| where b is
an integer with 1 < b < a. Furthermore, assume p®~° > n.

c—b+1

Let ¢ < a be any positive integer with p > n. Then X s orthogonal

over Chey.

Proof Write

a—c_1

p
X= > X (12)
=0

where X; € Z[Cpe,y] and h is an element of C,, of order p®. We have to show
X;X; =0 for all i # j. Let x be a character of C, with x(h) = £ where £ is
a primitive p®~°*t/th root of unity for some f with b < f < ¢. Then

pafc_l

X(X)= > x(x)E (13)

i=0
with x(X;) € Z[(yupr]. Recall that a — ¢ > 1 by assumption. Now assume
that x(X;) # 0 for at least two values of ¢. Then, by (13) and Lemma 4.3,
we conclude that there is no root of unity n with nx(X) € Z[(,,¢]. But since

f > b, this contradicts the assumptions.

Let 7 be any character of C,,. Note that 7(h) is a primitive p2~¢*/th root
of unity for some f with b < f < ¢ if and only if the restriction of 7 to Z[Cje,]
has order divisible by p°. Hence, in summary, we have shown that for every
character 1 of Cpe,, whose order is divisible by p’, we have ¥(X;) # 0 for at

most one 7.

Note that the number of characters ¢ of Cpe,, of order divisible by p® is

w(p® — p®1). By what we have shown, we have
PY(X;X;) =0forall i#j (14)

for all these characters ¢. Since |x(X)| = y/n for all characters x of C,, we

have

V(X)) < vn (15)
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for all 4 by Lemma 3.2. Now assume that X; X, # 0 for some ¢ # j. Let
k € Cpey have coefficient = # 0 in X;X;. Then by (14), (15) and the inversion

formula,

1< |z| <
But this contradicts the assumption p“?*!' > n. Hence X, X; = 0 for all
1#£ 5. O

Definition 4.5 Let n be a positive integer, let {py,...,p,.} be the set of all
primes < 4" + 1, and let P = [[/_, p;- Let the constant C'(P,n) as defined
in Result 3.4 and write C(P,n) = [, p'. For each i, let ¢; be smallest

positive integer with p%~—%*! > n. We define

T(n) =[] »5
i=1

Theorem 4.6 Let n and v be a positive integers, and let X € Z[C,] such
that |x(X)|* € {0,n} for all characters x of G. Then X is orthogonal over
Cq where d = ged(T'(n),v).

Proof Let {pi,...,p.} be the set of all primes < 4" + 1. By Theorem 4.2
there is a divisor w of v of the form

r
w = Hp?i> Q; 2 07
i=1

such that Xg € Z|C,] for some g € C,. Hence we can assume X € Z[Cy).

Write T'(n) = [[;_, pi*. Let k be an integer with 1 <k < and let

k—1 r
wy, = (Hp?‘i“(a“c")> <Hp§”> .
=1 i=k

Note that w,+1 = ged(T'(n),w) is a divisor of ged(T'(n),v) = d. Hence it

suffices to show that X is orthogonal over C,, ;.

Claim X is orthogonal over C,, for k =1,...,r + 1.
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We proof the Claim by induction on k. Since w; = w and X € Z[C,] it
trivially holds for k = 1. Let g be a generator of C,,. Assume that the Claim

is true for some value of k. Thus

w/wg—1

X= > Xg (16)
=0

with X; € Z[C,,] and X;X; =0 for all 7 # j. Write

Xi= > YW (17)

fori=0,...,w/wy —1 with Y;; € Z|C

wisr] Where his a generator of C, . To

verify the Claim for k£ + 1, we need to show
Yi; Y = 0 whenever (i, 7) # (s,1). (18)

If ¢, > ag, then w1 = wy and there is nothing to show. Hence we can

assume ¢ < Q.

Now fix any i € {0, ...,w/w;—1}. Since |x(X)[* € {0,n} for all characters
x of Cy, we have |7(X;)|* € {0,n} for all 7 and all characters 7 of C,,. Let
C(P,n) = [,_, p¥ as in Definition 4.5. Let 7 be any character of C,,. Note
that pi* is the highest power of p; dividing wy1 since we assume ¢, < ay.
Since |7(X;)|? € {0,n}, by Result 3.5, there is a root of unity n(7) such that
T(Xi)n(r) € Z[szk’ckwk ]. Note that pZ’“ is the highest power of p;, dividing

+1

P %,y and that p* ™ > p by the definition of T'(n). Hence, using
Lemma 4.4, we conclude that X; is orthogonal over C, . This implies
Y;;Yie = 0 for all j # ¢ and all <. (19)

Let ¢ be any character of C,, and i € {0,...,w/wg — 1}. From (19) we
conclude that 1(Y;;) # 0 for at most one j. Now let i € {0,...,w/w; — 1},
i’ # 1. Then, by the same argument, 1/(Y;/;) # 0 for at most one j. Assume
that there are j, 5 such that ¢(Y;;) # 0 and ¢(Yi;;) # 0. Then ¢(X;) # 0
and ¥ (Xy) # 0 by (17). But this contradicts the orthogonality of X over
Cloy -

13



In summary, we have shown that ¢(Y;;Ys) = 0 for every character ¢ of
Cly, whenever (i,7) # (s,t). This implies (18) and concludes the proof of the
Claim. Taking £ = r + 1 in the Claim, we infer that X is orthogonal over
C

Wr41

and this proves the theorem. [

Proof of Theorem 2.4 Let v and n be positive integers and let X € Z[C,]
be a circulant weighing matrix of weight n. Let d be the smallest divisor
of v such that X is orthogonal over Cy. Then X = Zfi ‘é_lXigi where
X, € Uy, and g is a generator of C, and X;X; = 0 for all ¢ # j. Let ¢ be the
number of nonzero X;, i = 0,...,v/d — 1. There are integers ay, ..., a; such
that X = Z:i:l Xq;9". Furthermore, for every proper divisor w of d, there
is at least one X,,, i € {1,...,t}, which is not orthogonal over C,, (otherwise
X would be orthogonal over C,, in contradiction to the minimality of d).
Hence B = {X,,,..., X4, } is an irreducible orthogonal family and X is a

coset combination of B. This proves part (a) of Theorem 2.4.

For the proof of part (b), let B = {Xy,..., X;}, X; € Z[C,], be an irre-
ducible orthogonal family of weight n. If v does not divide T'(n), then all
X; are orthogonal over Cy for some proper divisor d of v by Theorem 4.6, a
contradiction to the irreducibility of B. Hence v divides T'(n).

Recall that 2221 XiXi(_l) = n by the definition of a orthogonal family
of weight n. Since the coefficient of 1 in XZ-Xi(fl) is at least 1, this implies
t < n. Furthermore, the coefficients of all X; cannot exceed y/n in absolute

value.

For every divisor v of T'(n), there are only finitely many ¢-subsets of Z[C,]
with ¢ < n and all coefficients bounded in absolute value by /n. Since T'(n)
has only finitely many divisors, this implies that there are only finitely many
irreducible orthogonal families of weight n, and they can be enumerated in
finitely many steps by brute force. This concludes the proof of Theorem 2.4.
U
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5 Some necessary conditions on orthogonal

families

Lemma 5.1 Let v and n be positive integers. If an orthogonal family over

Cy of weight n exists, then n is a square.

Proof Let {A, ..., Ay} be an orthogonal family over C, of weight n. Let xq
be the trivial character of C,. Then there is j with |xo(A4;)|* = n and xo(4;)

is an integer. [J

Lemma 5.2 Let " be a cyclic p-group, and let M; denote the set of elements
of I' of order p*. Suppose that M is a union of some M; and does not contain
the identity element of I'. Let j be the smallest positive integer such that M,
is contained in M. Then |M)| is not divisible by p’.

Proof Note that |M;| = p" —p'~! for i > 1. Hence |M| = p/ —p’~' + R where
R is divisible by p/. Thus |M] is not divisible by p/. O

Definition 5.3 Let v be a positive integer, and let B = {Aq, ..., Ax} be an
orthogonal family over C,. Let C}; denote the group of complex characters
of C,. We define

Ai={x €0, x(Xi) # 0}
fori=1,... k.

Remark 5.4 If x € A;, then X' € A; for any t relatively prime to v.

Lemma 5.5 Let B = {Ay, ..., Ay} be an orthogonal family over C, of weight

n and let A; be defined as above. Then each A; is a union of C(f)’n)—cosets.

Proof Let p be a prime divisor of v and write v = p"w with (p,w) = 1. Let
X, T € C¥ such that (p,o(x)) =1 and o(7) is a p-power that divides v/(n,v).
Claim If x € A; then x7 € A;.

Assume the contrary, i.e., x € A; and x7 € A;. Write C, = (g) x (h)
where g has order p” and h has order w. Let p : Z[C,] — Z[(y)[C)r] be the
homomorphism defined by p(g) = g and p(h) = x(h). Note that

YX=70p (20)
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for every character v of Cpr. Write B, = p(A;) for all i. Let v be any
character of Cyr. Since the A; are an orthogonal family, we have |y(B;)|? for
one ¢ and y(B;) = 0 for j # i. Let xo denote the trivial character of C.
Since x € A; and x7 € A;, we have |xo(B;)|> and 7(B;) = 0. Hence there is
a j such that xo(B;) = 0 and |7(B;)[* = n. Let T be the set of characters
of Cpr with |y(B;)|* = n. Note that, by Remark 5.4, T' is a union of some M,
where Mj, is the set of elements of Cy. of order p*. By the inversion formula,

the coefficient of 1 in BjBJ(_l) is

1 S
p > By = | Tin- (21)

’YGC;T

Since xo € T and 7 € T, Lemma 5.2 implies that |T| is not divisible by o(7).
As o(1) divides p"/(n,p"), we conclude that |T| is not divisible by p"/(n, p").
Thus n|T| is not divisible by p", contradicting (21). This proves the claim.

Now write v/(v,n) = Hle p;* where the p; are distinct primes. Applying
the Claim with the trivial character of C, for x and a 7 of order p}*, we
conclude that A; is a union of cosets of the subgroup of order pj* of C.
Repeating this arguments, we see that A; is a union of cosets of the subgroup
of order v/(v,n) of C¥. This proves Lemma 5.5. OJ

Corollary 5.6 Let v and n be coprime positive integers. Then there is no

nontrivial orthogonal family of weight n over C,.

Proof Suppose that B = {4, ..., Ay} is an orthogonal family over C, with
k> 2. As A; # 0, there is x € C with x(A;) # 0. Thus 7(A;) # 0 for
all 7 € C} by Lemma 5.5. Since A;A; = 0, this implies 7(Ay) = 0 for all
7 € Cr. Hence Ay =0 by Result 3.1, part a, a contradiction. [J

6 Building block families of odd prime power
weight

In this section, we prove Theorem 2.6 and Corollary 2.7. We need the fol-

lowing lemma which is a generalization of [7, Lem. 3.4].
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Lemma 6.1 Let p be an odd prime, and let r and w be positive integers with
(p,w) = 1. Let G = () x H where o(a) = p" and H is an abelian group of
order w. Let P be the subgroup of G of order p. Let c be any positive integer.
There is no A € Z[G] with coefficients —1,0,1 only satisfying

AA(—I) — pQC _ pQC—l‘P‘ (22)
Proof From (22) we infer

Ix(A)]? p* if x € G*\ P+,
X(A) = 0 ifye Pt

(23)

Let ¢ be a primitive element mod p. In view of (23), Result 3.6 implies

p—1 _
Ah=E> (eg)'a' + PX (24)

i=1
with h € G, E € Z[H|, e = %1, g € H, o(g9)|(p — 1), and X € Z|G].

We first show € = 1. Suppose ¢ = —1 and let x be character of G of
order p". Then xy € H+\ P+ and thus x := x(FE) is an integer x(g) = 1, and
X(P) = 0. Hence x(Ah) = = 37-!(=1)i¢" by (24) where ¢ = x(o?" ') is a
primitive pth root of unity. Note that 37— (—1)x(h)"" is a quadratic Gauss
sum of absolute value /p [22, Lemma 6.1]. Hence |x(A4)[* = |x(Ah)|* = pa®.
But from (23) we have |x(A4)[> = p*, a contradiction. This proves € = 1.

Let x € P\ (9)*. Then x(A4) =0 by (23) and

(g = L)) =0

by Result 3.1, part b. Thus x(PX) =0 by (24). Hence we have 7(PX) =0
for all 7 € G* \ (P{g))*. By Result 3.1, part ¢, we can write PX = P{g)Y
for some Y € Z[G]. Replacing A by Ah™! and using € = 1, we get
p—1 v
A=EY ga'"" + Plg)y (25)

i=1

from (24).
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W.lo.g. we assume that the elements in the support of Y are all from
distinct cosets of P(g). We will show that Y has coefficients —1,0, 1 only. If
k € G has coefficient z ¢ {—1,0,1} in Y, then every | € Pk has coefficient
z in P(g)Y. But since E)_ g'a!'?"" does not contain any full coset of P,
this implies that A has at least one coefficient equal to z. This contradicts
the assumption that A has coefficients —1,0, 1 only. Hence Y has coefficients
—1,0,1 only.

Now let p : G — G/P be the natural epimorphism and write g = p(g).
Note that p(A) = 0 by (23) and Result 3.1, part a. Hence we get
p—1
o(g)

0=p(A) = p(E)(g) +p(g)p(Y) (26)

from (25). Since the elements in the support of Y are all from distinct cosets
of P(g) and Y has coefficients —1,0,1 only, (g)p(Y") also has coefficients
—1,0,1 only. Thus (26) implies p(Y) =0, ie. ¥ =0, 0r o(g) =p—1. In
both cases (25) shows that both x; and z, are divisible by p — 1 where z;
respectively x is the number of coefficients of A equal to 1 respectively —1.
By (22) we have z; — x5 = |A| = 0. Comparing the coefficient of 1 on both
sides of (22) we get 11 + o = p** — p**~L. Hence z; = p**~!(p — 1)/2 is not
divisible by p — 1, a contradiction. [J

Proof of Theorem 2.6 Let p be an odd prime and suppose that a
nontrivial orthogonal family {A;, ..., A;} of weight n = p? over C, exists
where d is a positive integer. By Lemma 5.1, we have n = p* for some
positive integer c. Write v = p"w with (p, w) = 1. By Corollary 5.6, we have
r>1.

By Lemma 5.5, we can assume |y(A;)|* = n for all x € C; \ C;. Fur-
thermore, by Result 3.6, we have

with T € Z[C,,| and X € Z[C,]. Since {Ay, ..., A} is a nontrivial orthogonal
family there is 7 € C- with 7(A;) = 0. Thus 7(T') = 0 mod p by (27). Since
T € Z|Cpy) we have ¢(T) = 7(T') for all ¢ € C,-. This shows

»(T) = 0mod p (28)
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for all characters ¢ € C’pL. Let p: C, — C,/C, be the natural epimorphism.
By (28) we have k(p(T")) = 0 mod p for all characters x of C,/C,. Since
p(T) € Z[C,py,/Cp| and p does not divide |Cp,,/Cpl, this implies p(T)
0 mod p by Result 3.1, part a. Hence, in view of (27), we have

p(A1) =0 mod p. (29)

Now assume p(A;) = 0. Then x(A;) = 0 for all x € C; and |x(A1)]* =
n = p* for y € C, * \C’pL. Hence AlAg_l) = p** — p**~1C, by Result 3.1, part
a. But this is impossible by Lemma 6.1. Hence p(A4;) # 0.

Now let i > 1. Since x(A;) # 0 for all x € C; \ C;, we have x(4;) =0
for all these characters. This means that ¢(A;) = 0 where ¢ : Z[C,] —
Z[(yr|[Cy] is the homomorphism which sends a generator of C,r to (,r and
whose restriction to C, is the identity map. Note that the kernel of ¢ is
{XC, : X € Z|C,]}. Hence we have A, = X;C, with X; € Z[C,]. This
implies

p(A4;) =0 modp fori=2,.. k. (30)
Since A; # 0 and x(4;) = 0 for all x € C; \ C;, there is 7; € C with
7;(A;) # 0. This shows p(4;) # 0 for i =2, ..., k.

In summary, we have shown p(4;) = 0 mod p and p(A4;) # 0 for i =
1,...,k. Note that p(4;)/p, i = 1,...,k, are elements of Z[C,/C,] with co-
efficients —1,0,1 only since the A; have coefficients —1,0,1 only. Hence
{p(A;)/p:i=1,...,k} is an orthogonal family of weight p**~2 over Z|C,/C,].

Repeating this argument, we finally obtain an orthogonal family over a
cyclic group whose order is coprime to the weight of the orthogonal family.
But this is impossible by Corollary 5.6. [

Proof of Corollary 2.7 Suppose X € Z[C,] is a proper circulant weighing
matrix with X X (=1 = n where n is an odd prime power. By Theorem 2.4, X
is a coset combination of an irreducible orthogonal family B over C,, for some
divisor w of v. By Theorem 2.6, B has only one element, i.e., B = {A;} with
Ay € Z[Cy] and X = A;g for some g € C,. Since X is proper, we conclude
w = v. Hence { X} is also an irreducible orthogonal family of weight n. Since
there at most finitely many such families by Theorem 2.4, there are also at

most finitely many proper circulant weighing matrices of weight n. [J
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