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Abstract—In real-world decision-making tasks, it is critical
for reinforcement learning (RL) methods to be both stable and
robust. Maximum entropy RL methods typically generate a
robust policy with entropy augmented reward. While incorpo-
rating entropy into the reward offers the benefit of exploration,
it presents limited universal applicability and persistent conver-
gence difficulties, such as suboptimal policy stabilization and
unstable Q value update. From optimization, we define these
two issues as tremulous policy and spiky Q-function, investigating
their underlying causes and relationships. Analysis with this, the
maximum entropy principle leads to a spiky Q-function update,
which ultimately results in a tremulous policy. We thus introduce
a beta-symmetric Kullback-Leibler (KL) divergence objective to
mitigate such issues under the maximum entropy framework.
With this objective function, the tremulous nature of the policy
could be controlled with a large beta value. The spiky Q-function
could be avoided by annealing the entropy in the target Q value,
as the beta-symmetric KL divergence is an upper bound of
the original reverse KL divergence. Theoretically, we prove that
minimizing our new objective function results in a new policy that
presents an improvement in the Q value. Guaranteed by these
results, we ultimately derive the optimal policy by iteratively
updating the Q value and policy, and we call this method max-
entropy stable optimization (MeSO). Experimental results on
the Mujoco and Roboschool platforms demonstrate that our
algorithm maintains stability while offering better flexibility and
overall performance.

Index Terms—Maximum entropy, policy iteration, reinforce-
ment learning (RL) algorithm, sample efficiency.
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I. INTRODUCTION

N THE field of control decision-making, deep reinforce-

ment learning (DRL) based on the maximum entropy
principle has demonstrated remarkable capabilities compared
to traditional algorithms, exemplified by the emergence of
algorithms like soft Q-learning [1] and soft actor-critic [2].
Maximum entropy DRL algorithms encourage action explo-
ration [3], which may achieve stochastic optimality [4] with
noise and yield superior results. Furthermore, entropy, as a
measure of uncertainty [5], endows strategies that incorporate
entropy as a reward function with certain robustness [6],
making them highly deployable in real-world scenarios. It is
a valuable research direction [7], [8] to utilize the exploratory
properties of entropy.

Entropy is closely related to policy optimization [9], [10],
Q value update [2], [11], and exploration [12], [13]. Generally,
large entropy is beneficial for exploration but detrimental to
policy optimization and Q value update. Since reinforcement
learning (RL) requires extensive exploration, the maximum
entropy framework [3], [14] is regarded as a better choice
compared to random exploration. We aim to minimize the
negative effects of entropy on policy optimization and value
update within the maximum entropy framework to achieve a
stable policy.

However, previous methods [1], [2], [15] that focus on
pursuing maximum entropy overlook the potential issues asso-
ciated with it. We summarize these issues into two aspects. The
first aspect concerns the impact on the policy, which we define
as the tremulous policy. The max-entropy reward encourages
action exploration, resulting in consecutive actions that can
vary significantly, which directly causes tremulousness in
continuous control. The second aspect concerns the impact on
Q value update, which we define as the spiky Q-function. The
high variance in the estimation of entropy results in a high
variance of the target Q value, causing a spiky Q-function.
This indirectly influences the policy gradient, which is derived
by calculating the derivative of the Q-function with respect
to the action. These two issues exist in the schema of the
maximum entropy framework.

Inspired by the maximize entropy minimize cross-entropy
principle [16], it is prudent to consider some stability with
prior information rather than merely seeking to maximize
entropy. Constrained max-entropy ensures the robustness of
the policy while guaranteeing some stability. This consider-
ation becomes particularly crucial when attempting to apply
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algorithms to real robots [17], as opposed to merely simulation
environments.

Specifically, we propose beta-symmetric Kullback-Leibler
(KL) divergence, which is a variant of f-divergence, as a
solution for controlling the impact of entropy with the prior
information of Q value. Intuitively, with beta-symmetric KL
divergence, we not only consider maximizing the entropy
of the current policy but also minimizing the difference
between the entropy of the current policy and the entropy of
the prior distribution. Theoretically, this objective guarantees
policy improvement. It establishes a foundation for iteratively
performing policy evaluation and improvement steps, ensuring
the convergence of the policy. The impact of entropy on policy
optimization can be controlled through a parameter beta. On
the other hand, the policy derived by minimizing the beta-
symmetric KL divergence can improve the Q value not only
under the max-entropy framework but also under the original
RL framework. This implies that the impact of entropy on
Q value update can be eliminated by gradually reducing the
proportion of entropy in the target Q value.

Overall, we propose a practical algorithm, named max-
entropy stable optimization (MeSO), to better handle the
impact of entropy on policy optimization and Q value update
under the maximum entropy RL framework.

The experiments conducted across multiple environments
on Mujoco [18] and Roboschool [19] platforms, simulated
with Python by Gym [20], indicate that our algorithm achieves
higher sample efficiency and performs better in terms of final
performance. Through experiments involving the manipulation
of individual variables, it has been demonstrated that our
approach yields superior results with flexible control on the
impact of entropy. This experimental evidence validates that
the MeSO algorithm achieves stable policy optimization and
Q value update, leading to improved performance.

Contributions Our main contributions are as follows.

1) Analyzing two issues of instability in max-entropy RL,
which have been ignored by previous work.

2) Proposing the beta-symmetric KL divergence objective
for policy optimization to achieve stable policy optimiza-
tion in max-entropy RL.

3) Giving theoretical guarantees of convergence to optimal
policy with this novel objective.

4) Experimentally validating that our method improves the
stability and performance of the max-entropy-based RL
algorithm.

II. RELATED WORK

Entropy in RL is consistently mentioned in various main-
stream algorithms, but it is rarely studied as a primary subject.
We try to focus on related works from the perspectives of
stable Q value update and policy optimization, which have
remained consistent focal points in the research of entropy-
related RL algorithms.

A. Q Value Update

The methods for stable Q value update are all based on
improvements to Q-learning [21]. DQN [22] introduces an
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experience replay buffer to stabilize the learning of Q value.
Double DQN [23], [24] stabilizes the value update by a
decoupled target network. TD3 [25] enables stable Q-function
approximation with the minimum of two target Q values.
There are also some papers proposing separate estimators for
Q value and V value to achieve better stability of value esti-
mation, such as Dueling DQN [26]. Some methods attempt to
introduce entropy into the calculation of Q value to encourage
exploration but introduce instability. For example, G-learning
[27] proposes soft update with energy-based policy to reduce
bias in the Q value estimation. Then, soft Q-learning [1]
integrates entropy reward to an energy-based policy under the
maximum entropy framework. The SAC [28] algorithm further
regards entropy as the expectation of negative log probability
and introduces this log probability into the target Q value.
The improved SAC [29] algorithm stabilizes the Q value
update with on-policy samples. The maximum diffusion RL
method [13] incorporates the entropy of state transition into
the Q value to encourage state exploration. These algorithms
incorporate entropy into the calculation of Q value, but they do
not adequately address the stability issue, resulting in unstable
Q value updates.

B. Policy Optimization

Policy gradient methods typically offer explicit theoretical
guarantees for policy improvement, assuming small changes
in both policy and entropy. This includes policy gradient
algorithms based on approximate RL [30], as well as numerous
subsequent methods. According to the theorem of monotonic
policy improvement [31], in situations where the behavior
policy and target policy are similar, a stable policy improve-
ment can be ensured. The constrained policy optimization
[32], [33] algorithm introduces additional constraints on policy
change to guarantee policy improvement. The proximal policy
optimization (PPO) [34] algorithm excludes data with signifi-
cant policy differences during the gradient computation. Some
works minimize the KL divergence between the current policy
and a constructed Q value distribution, such as relative entropy
policy search [35], [36] and maximum a posteriori policy
optimization (MPO) [37], [38]. These methods work well in
discrete action spaces but struggle to handle continuous action
spaces. The SAC [28] algorithm addresses the entropy issue
by decaying the weight of stochastic policy gradients during
the learning process. However, soft policy iteration introduces
challenges in the Q value update, where the introduction of
log probability can lead to an unbounded Q value. MPO [37]
also considers stability through a KL divergence constraint
and approaches the problem from a maximum likelihood per-
spective. The subsequent V-MPO algorithm [38] reformulates
MPO into an online version, improving the stability of policy
updates. The tail adaptive f-divergence [39] modifies the KL
divergence used in the SAC to improve the stability of the
optimization process. The dual-clip PPO [40] further removes
data with tougher standards, while the soft-clip PPO [41]
algorithm retains all data but reduces the weight of data from
policies with large discrepancies, mitigating their impact on
the policy gradient. In a continuous action space, it is hard to
control the policy change.
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III. PRELIMINARIES

Consider a discounted infinite-horizon Markov decision
process (MDP), defined by the tuple (S, A, p, r, and y), where
the state space S and the action space A are continuous, and
the state transition probability p : S x A x § — [0, o)
represents the probability density of the next state. Given the
state s, € S and action a, € A at time step 7, we can get
the probability density of s,; € S. The environment emits a
bounded reward r : S X A — [Fmin, Fmax] On for specific state
and action pair. y is the discount factor, and its value is in
the range [0, 1), which makes the infinite accumulated reward
finite in mathematics.

A. Reinforcement Learning

The agent’s goal is to use interactions with the environment
to find the optimal policy m such that the objective J(m) is
maximized

max J(x) = By aq....or [Z Yr(s, a,)}
=0

s.t. 5o ~ po, a;r ~w(Cls), S~ pClsi,a) Ye>0. (1)

For brevity, we abbreviate Eg 4, ~x[] as E;[-]. Maximum
entropy RL [42] attempts to encourage exploration by pro-
viding entropy as a reward that incentivizes the agent to be
more optimistic when making decisions. Such an objective is
always solved by RL, which learns state—action value (named
Q value) and state value (named V value) by the Bellman
equation evaluated on a fixed policy. For a fixed policy «, the
Q value can be computed iteratively, starting from any function
Q:S x A — R and repeatedly applying the Bellman backup
operator 77 given by

T7Q (s a) 2 r(si,a) + ¥Ex [V (si41) ] 2)

where

V(s)) = E;[Q(s,a,)]. 3)

In current popular reinforcement learning algorithms, state
value or state—action value is involved in the objective function
of these algorithms to derive a new policy.

B. Maximum Entropy RL

Considering the entropy of policy H( - ), the maximum
entropy objective becomes

Er [Z Y (i) + oM (- |s,)>>] @)

t=0

where « denotes the entropy reward scaling coefficient. This
objective is solved by the Bellman operator with a modified
state value function given by

V(s) = E:[Q(si.a) — alog (n (s, a))] . 5)

State-of-the-art max-entropy-based methods [1], [2] often opti-
mize the objective in (4) to get a policy.
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IV. METHODOLOGY

We propose minimizing the beta-symmetric KL divergence
to optimize policy in the maximum entropy framework. Our
core contribution lies in addressing the challenge of stabilizing
maximum entropy optimization. We propose a solution based
on the beta-KL divergence, which, under mild assumptions,
guarantees monotonic policy improvement. In Section IV-A,
we discuss two issues of maximum entropy RL and provide an
intuitive illustration. In Section IV-B, we give the definition of
our new objective function and discuss related properties of it.
In Section IV-C, we prove that this novel objective guarantees
policy convergence in a tabular setting. In Section IV-D, con-
sidering parameterized Q-function with a neural network, we
compute the policy gradient with the new objective function
and analyze the impact of optimizing for entropy change. In
Section IV-E, we present a practical DRL algorithm.

A. Insight

The maximum entropy method incorporates policy entropy
as a part of the reward, encouraging action-level exploration
but relatively neglecting the stability of consecutive actions. As
shown in Fig. 1(a), encouraging action-level exploration results
in unsmooth trajectories. We aim to achieve stable trajectories
while maintaining diversity, as depicted in Fig. 1(b). The key
to achieving smoothness lies in the control of policy, where the
entropy seems to be the biggest factor in optimization. We first
discuss the sources of instability within the maximum entropy
framework. Entropy’s impact on the policy mainly exists in
two aspects: the direct influence on the policy and the indirect
influence through affecting the Q value.

1) Tremulous Policy: From the perspective of reward shap-
ing, refer to (2) and (4), entropy can be regarded as a part of
reward, and we can rewrite the right part of (2) as

r(s;,a,) +yaH (71'( : |Sz+1)) +YE [Q (Sz+1’at+l)] . (6)

augmented reward

Compared to maximizing the original reward function
r(s;, a;), maximizing the augmented reward can easily deviate
from the original objective and lead to excessive pursuit of
entropy, resulting in unstable or tremulous control. Maximiz-
ing entropy may accompany excessive exploration of actions,
whereas what we desire is trajectory-level exploration rather
than action-level exploration. Overly encouraging action-level
exploration makes continuous control for the robot unstable,
thereby impacting policy optimization.

2) Spiky Q-Function: The entropy augmented reward can
also be further decomposed and integrated into the Q value as
follows:

r(s,a) +vE [Q (St+l,ar+l) —alogn (at+llst+l)] . (7

Q value

In standard RL, we typically need to compute the next-step
Q value, E,,,,x[O(S:11,a;11)]. Due to computational consid-
erations, this expectation is often approximated by randomly
sampling an action to estimate the next-step Q value. However,
if we follow (7) to compute the target, low-probability actions
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(b) Max-Entropy with Stable Control

Fig. 1. Agent needs to explore to avoid the pond and reach the position of star. (a) Max-entropy RL methods encourage exploration to bypass the pond.
(b) On the basis of maximizing entropy, additional stability is considered to ensure smoother actions. While encouraging exploration, one should consider
the coherence of actions to achieve a more elegant long-term continuous control. The ideal target is that long-term entropy over the trajectory is encouraged,
while short-term entropy over action is discouraged. By following this smooth and shortened trajectory, the agent can reach the target rapidly while consuming

less energy.

can yield large negative values of log m(a,41|s;+1). From a sta-
tistical perspective, this can lead to the Q-function exhibiting
many sharp cusps, which are detrimental to both the iterative
update of Q values and gradient-based optimization of the
Q-function.

The core issue lies in the difference between (6) and (7).
The entropy term H(n(:s;+1)) is bounded, whereas the log-
probability term log m(a,41|s,+1) is unbounded.

B. Beta-Symmetric Kl Divergence

In RL, the Q value provides key information about how to
learn an optimal policy. Previous paper [1] has defined a target
distribution with Q value, which we name it as Q distribution.
For a given state s,, Q distribution is defined as

) —logZ(s)) ®)

where Z(s;) normalizes the Q value and can be derived by
summarizing the Q value over all actions.

Inspired by the symmetric cross-entropy objective for robust
classification [43], we give the definition of the beta-symmetric
KL divergence.

Definition 1 (Beta-Symmetric KL Divergence): Given a
state, with policy 7 and 7, the beta-symmetric KL divergence
is defined as

Dy (7 || mo) = Dxw. (7 || 70) +BDke (w0 [ @) (9)

reverse

mo( - Is) =exp(@'Qsy,

forward

where Dki (¢ || p) = X, g(x)(logg(x) — log p(x)) is the KL
divergence and 8 > O is a temperature coefficient. The sym-
metry is reflected in the use of the KL function. When g8 = 1,
it is completely symmetric in form and has a specific name
“Jeffreys divergence.” Since 7 is the posterior distribution we
aim to learn, the first term in the formula represents the reverse
KL divergence, while the second term represents the forward
KL divergence. Compared to the original Jeffreys divergence,
using the beta-KL divergence as the objective introduces a tun-
able parameter 8, which to some extent balances exploration
and exploitation—thanks to the differing emphases of the
reverse KL and forward KL divergences. While the maximum
entropy regularization based on reverse KL divergence encour-
ages moving as quickly as possible in a single step—allowing
large changes—the beta-symmetric KL divergence addition-
ally considers the coherence of movements. It limits large
action changes, thereby improving stability.

Compared to the reverse KL divergence, the beta-symmetric
KL divergence incorporates forward KL divergence, which has
the mass-covering property [39].

Remark 1 (Mass-Covering Property): The beta-symmetric
KL divergence aims to cover all modes of the prior distribution
to minimize the divergence. In contrast, reverse KL divergence
tends to focus on a single mode, potentially getting trapped
there. This can lead to neglecting other significant beneficial
modes of the true distribution.

The beta-symmetric KL divergence is a variant of
f-divergence; it naturally has the properties of f-divergence,
such as convexity.

Proposition 1 (Convexity of the Beta-Symmetric KL Diver-
gence): The beta-symmetric KL divergence is convex in the
pair of probability distributions (p, ), i.e.,

D (yp1 + A= p2 | var + (1 =) q)
< yDgKL (p1 [ 1) + (1~ V)DgKL (P2 | 92)
where (p1,q;) and (p2, g2) are two pairs of probability distri-

(10)

butions and 0 <y < 1.

Proof: An intuitive understanding is that the KL diver-
gence is convex, and then, the convex combination of two
convex functions is still a convex function. To prove the
convexity of the beta-symmetric KL divergence in the pair
of probability distributions (p,q), we will use the convexity
of the KL divergence. More details are available in the
Appendix.

Another point that needs to be noted is that one of these
two KL divergences decreases, and the other one will also
decrease.

Proposition 2 (Consistent Minimization Direction): Given
two Gaussian distributions, learnable distribution P and tar-
get distribution @, initialize P with a sufficiently small
variance. When the reverse KL divergence decreases,
the forward KL divergence will also decrease and vice
versa.

Proof: The relationship between reverse KL divergence
and forward KL divergence in optimization has been ignored
in the previous work. We demonstrate that assuming that
distribution P initially has low variance, as is typical in neural
networks, a decrease in one of these two KL divergences
also results in a decrease in the other, indicating consis-
tent minimization direction. For more details, please see the
Appendix.
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Aside from these properties, the beta-symmetric KL diver-
gence should have a faster constant convergence rate than the
reverse KL divergence in constant order when S > 0. This
can be verified if we assume that the two distributions have
consistent variances.! In this article, we will not focus too
much on this aspect.

C. Policy Improvement With Beta-Symmetric Kl Divergence

Let moq € I and Q™4 and V™4 be the corresponding soft
state—action value and soft state value, and the policy objective
function can be defined as

TSEE (- 18)) = D (R (- 180 || o (- 180) -

We want to discuss the policy evaluation and policy improve-
ment with this objective. Policy evaluation has been discussed
in the soft policy iteration theorem [2].

Lemma 1  (Policy Evaluation): Consider the Bellman
backup operator 77 in (2) with modified state value function
in (5) and a mapping Q° : S x A — R with | 4] < oo, and
define Q! = T7Q*. Then, the sequence QF will converge to
the soft Q value of 7 as k — oo.

Proof: Define the entropy augmented reward as

re(sna) 2 r(spa) +yaBs, o [H (7 (- Iss1))] AD

and rewrite the update rule as

O (s, a;) « rp(s,,a) + )’Es,+1~p,a,+1~n [Q (St+1, at+1)] (12)

and apply the standard convergence results for policy evalua-
tion [44]. The assumption |A| < oo is required to guarantee that
the entropy and cross-entropy augmented reward is bounded.

In the policy improvement step, for each state, we update
the policy according to

n’ = arg min],fKL (- 1s)). (13)
nell

In the policy improvement step, for each state, we update
the policy according to (13); then, we can drive a better policy.
Policy improvement consists of two steps: first, ensuring the
improvement of Q value and then making the policy similar to
the Q distribution. If the Q value converges, the Q distribution
will converge and the policy will also converge. The process
of policy improvement is formalized in Theorem 1.

Theorem 1 (Policy Improvement With Beta-Symmetric KL
Divergence): Let mqq € IT and let m,e,, be the optimizer of the
minimization problem defined in (13). Then, Q™ (s;,a;) >
Qr(s,, a,) for all (s;,a;) € S x A with |A] < oo.

Proof: We change the objective function of soft policy iter-
ation, from the reverse KL divergence to the beta-symmetric
KL divergence. According to Propositions 1 and 2, minimizing
the beta-symmetric KL divergence can lead to a decrease in
reverse KL divergence. We thus derive a new policy, which
guarantees that

Ea~rpe [ @ (81 81) = @ 10g Tney, (arls)] = VU (s,) . (14)

'A detailed proof could be seen here: https://stats.stackexchange.com/
questions/357798/rate-of-converge-of-kl-divergence-to-posterior
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Policy improvement is guaranteed by minimizing the beta-
symmetric KL divergence, and more details are available in
the Appendix.

In theory, the policy iteration alternates between the soft
policy evaluation and the soft policy improvement steps, and
it will provably converge to the optimal policy.

D. Policy Optimization and Q Value Update

We show the practical computation of policy gradient and
target Q value, which influences the policy optimization and
value update.

1) Policy Optimization: Consider the neural network
parameterized function, such as 6 parameterized Qg function
and ¢ parameterized policy 7y, and new policy is derived by
minimizing the J5X objective

Je@) = Byop [ Dy (1o (- 150 | 7 (- Is, )]
= E, [DﬁKL (ms (- Is) || exp (@' Qo(si, - ) —logZ (st)))]

= B, [Ba,-ry(-1s) [108 75 @yls)) — @' Qg (s1.8,) + Z (s))]]
+BEs, [Ea,~ng(-\s,) [_ log 74 (asls;) + a! Qg (s,a)-2Z (Sz)]]

where Z(s) = ). 16xp Qy(s;,a) and D is a replay buffer.
log Z(s;) is an additive constant and has no relation to param-
eter ¢, so, in fact, we also do not need to include it for gradient
computation.

We can sample actions from 74 to get an unbiased esti-
mation of V,J,(¢). Here, the reparameterization trick is used
to ensure a lower variance estimation. It is that a, = f4(e;;s,),
& ~ N(0, 1); the detailed form of the function Jois feless) =
He(S:) + €0 y(s;), where ug(s;) and o4(s;) are the outputs of the
policy network.

An unbiased policy gradient estimation can be derived by

Vodr (8) = Vy (logmy (als) — @' Qy (51, @)))
7o (a/ls,)
m(als;)
= Vg logmy (als,) + Vi logms (als) Vo fy (&551)

- O’_lane (s, a) Vaﬁfqb (&:81)
o (a/ls,)
m(als;)

Vg log ms (als;) (15)

V¢ IOg Tty (Cl|St) (16)
where s, is sampled from the replay buffer D and 7y(a,ls;) can
be approximated by exp(a~' Q(s;, a,) — log V(s;)).

Remark 2  (Stable Policy Optimization): We introduce
-V, log my(als,) into the policy gradient by beta-symmetric KL
divergence, which encourages the negative log probability to
be smaller, achieving policy optimization in a smooth manner

Ideally, mp(a;ls;) = n(asls,), to prohibit large value influences
the value of myp(a,ls,)/n(asls;), and the output is clipped to
[0.8, 1.2].

2) Q Value Update: In practical computation, since the
argmin operator is only theoretical, we consider minimiz-
ing the beta-symmetric KL divergence objective to obtain a
new policy. This change actually affects the iteration of Q
value. We propose surrogate function optimization, altering
the calculation of the Q-function target and decoupling policy
optimization from Q value update. This modification allows
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the influence of entropy on policy optimization and Q value
update to be controlled separately. Specifically, we use 7y, as
the target of policy optimization. By rewriting (8), we get

75 (- Is) =exp (@' Q(s, - )—logZ(s,).

There exists a distribution ﬂg, and @ < o/. When Q(s,a) > 0,
we have

Dia (7 || 75) = Diaw (v | 75)

where 7o (- Is) = exp (@' Q(s, - ) —logZ(s))).

This inequality can be derived by expanding the KL diver-
gence. The condition of Q(s,a) > 0 is easy to be satisfied.

Thus, Dk, (n || n‘é) is the upper bound of Dgp, (n “ n‘é’), and
DxL (ﬂ' H n‘é) decreases when Dgp (7 ” ﬂ‘é is minimized.

Referring to the proof of policy improvement, if Dgy, (7r H ﬂ‘é)
decreases, we can guarantee the improvement of modified QO
value. Referring to (14), we have

Ea e [Qﬂmd (s a;) — log mhew (ar|5t)] > VU (s,).

Similarly, referring to (12), a modified policy evaluation is
derived as follows:

O (si,ar) « r(s;,a;)
+ VEs i ~pasi~n [Q (St—H’ at+l) - logn (at-H ) St-H)] .

Remark 3 (Smooth Q Value): We introduce o’ to decouple
the Q value update and max-entropy reward, which were
connected with @ in the previous method [15]. As we can
adjust the value of @', then a large @ will not directly influence
the update of Q value. Thus, the update of Q value can be
flexible and smooth with a small o’.

In practice, the target Q value is estimated with the sampled
next state and action

A

O (sia) =r(s,a)

+ Y0 (Si+1.841) —ye' logm (aalsit1) . (17)

To learn the Q-function, we can minimize the mse loss
between the parameterized Q value and the estimated target
Q value

1 A 2
Jo (0) = Es,a)~D [5 (Qo (s1.2) = O (s1,2))) } . (18)
The gradient of the Q value with respect to 6 is

Voo (0) = VeQy (as,s,) (Qp (3,8,) — 7 (51, 2,)
-yQ (Sz+1, at+1) +ya’'logn (at+1|51+1)) .19

Up to this point, we have completed the derivation and
calculation of the policy optimization and Q value update.
Next, we will connect these key conclusions to form a concrete
method.
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Algorithm 1 MeSO

Require: Initial parameters 6,6, of the Q value function
and ¢ of the target policy 7.
1 Set the values of @, @', and 8. @ and @’ are automatically
tuned, while 8 remains fixed.
20 « 0,0 « 0,D « 0 {Initialize target network
weights and replay buffer}
for each iteration do
for each environment step do
a, ~ m(asls;) {Sample action from policy}
Sir1 ~  p(Serilss,a;) {Sample state from the
environment}
7 D «— DU{(ss, a;, R(s;,a;),8,+1)} {Store the transition
in the replay buffer}
8 end for
9 for each training step do

[N B S OV ]

10 sample batch transition (s;,a,, R(S;,a,),S,11) from
the buffer

11 update ¢ with @¢J,,(¢>) {Policy parameter update
with Eq. (15)}

12 compute target Q,-(s,, a;) for i € 1,2 {Target Q value
update with Eq. (17)}

13 update 6; with @QIJQ(QI‘) for i € 1,2 {Q parameter
update with Eq. (19)}

14 Automatically tune @ according to the setting in
paper [15], and set @’ = (1—training step/total step)-
a - a.

15 0; « 10, + (1 = 1)8;,0, « 16, + (1 — 7)6, {Update

target networks}
16 end for
17 end for
Ensure: 6,, 6,, ¢{Optimized parameters}

E. Practical Algorithm

In comparison to SAC, MeSO (refer to Algorithm 1) alters
the policy objective for the computation of policy gradient
(line 11) and the target Q value for value update (line 12).

The overall flow of the algorithm is roughly as follows.

1) In parameter initialization, Line 1, we initialize the
network weight for policy and Q-function.

2) In environment interaction, Lines 3-8, we use policy to
interact with environment.

3) In parameter update, Lines 9-14, we update the pol-
icy parameter by minimizing the beta-symmetric KL
divergence objective function and update the parameter
of Q-function by minimizing the prediction error of
Q value. In Line 10, we sample transitions uniformly
from the buffer. Line 14, the temperature coefficient @
is updated by minimizing the following objective:

Ly = —Eg q-p [@logmg (als) — aHage] -
For continuous action spaces, the target entropy Hiarget

is the number of dimensions in the action space.

V. EXPERIMENTS

To demonstrate the effectiveness of our algorithm, we
initially compared the results based on average episode returns
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(a) Humanoid (c) HalfCheetah

(d) Walker2d (f) Swimmer

Fig. 2. Six environments of Mujoco are demonstrated. In these tasks,
we need to control objects to move forward with different poses, such as
(a), (b), and (d) walking, (c) running, (¢) jumping, and (f) swimming.

(a) HumanoidFlagrun

(b) HumanoidFlagrunHarder

Fig. 3. Two environments of Roboschool are demonstrated. (a) Task for the
agent is to chase the red flag. (b) Agent will be attacked by the white cube
when chasing the red flag.

TABLE 1
DETAILS OF ENVIRONMENTS USED IN THIS ARTICLE

Mujoco environment ‘ state dim  action dim  episode length
Humanoid-v2 376 17 1000
Ant-v2 111 8 1000
HalfCheetah-v2 17 6 1000
Walker2d-v2 17 6 1000
Hopper-v2 11 3 1000
Swimmer-v2 8 2 1000
Roboschool environment ‘ state dim  action Dim  episode length
Flagrun-vl 44 17 1000
FlagrunHarder-v1 44 17 1000

with other baseline algorithms. Since our algorithm involves
not only stable update of Q value but also stable update
of the policy, we conduct ablation experiments concerning
our algorithm itself. We conduct experiments on Mujoco
and Roboschool physical simulations. The algorithms used in
the comparative experiments share the same neural network
architecture. The results are averaged over six random seeds,
and the time steps for all environments are set to one million
steps.

A. Experiment Setting and Baseline Algorithms

1) Environments: We do experiments on the Mujoco plat-
form and Roboschool platform. The detail information of
environments is provided in Table I. The task of each environ-
ment is demonstrated in Figs. 2 and 3. The hyperparameters
are in the Appendix.
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2) Baselines: We compared the four most well-known
baseline algorithms in RL, which have had a significant impact
on the field.

1) PPO [34] has been popular used in many discrete
control fields. It ensures policy improvement with mono-
tonic policy improvement theorem [31] under small
policy change. In continuous control tasks, encourag-
ing entropy hurts its performance due to large policy
change.

2) P30 [41] allows more policy change than the PPO
algorithm by considering more off-policy data but still
suffers from the entropy control issue.

3) TD3 [25] aims to address the issue of overestimation
of Q value in continuous action spaces. By improving
policy learning through better Q value estimation, it has
achieved excellent experimental results.

4) SAC [2] updates the theoretical framework of the policy
gradient algorithm and proposes the soft policy iteration
theorem, achieving excellent experimental results while
ensuring policy improvement.

5) DSAC-v2 [45] updates DSAC [46] with three refine-
ments: expected value substitution, twin value dis-
tribution learning, and variance-based critic gradient
adjustment.

B. Performance of Policy Optimization on Mujoco

We consider the mainstream stochastic policy gradient
algorithms, namely, the PPO algorithm and SAC algorithm,
as baseline algorithms, also include the deterministic policy
algorithm TD3, and also include a more recent algorithm, P30.
We believe that the success of an algorithm lies in the stable
control of entropy, where reasonable entropy affects both
exploration and policy improvement—both crucial aspects of
policy learning. We also include DSAC-v2 as a baseline
to provide readers with a clear understanding of the latest
advances.

As shown in Fig. 4, in the Humanoid environment, our
method can achieve a reward of 5000 around 0.4 million
time steps, which is approximately twice as fast as the SAC
algorithm. DSAC-v2 suffers from a little instability.

The TD3 algorithm performs moderately in the Humanoid
environment due to a lack of exploration. The PPO algorithm
struggles to achieve good results as it uses a fixed entropy.
In the HalfCheetah environment, DSAC-v2 achieves the best
performance. The advantages of our method are also evident,
as it achieves better results while being less sensitive to
random seeds. Moreover, Meso is not in conflict with the
DSAC-v2 algorithm, and combining the two could potentially
lead to further performance improvements. In the Swimmer
environment, our method gradually gains an advantage as
learning continues because the reward in the Swimmer envi-
ronment is delayed. It is a long-term reward; more interaction
data are required for the algorithm to adequately learn the Q
value function. In the remaining environments, our algorithm
performs slightly better. In general, it can be observed that
our method achieves more stable results while achieving better
performance.
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Fig. 4. General result compared with SAC and other baseline algorithms on Mujoco. The x-axis represents time steps, and the y-axis represents episode
return. (a) Humanoid-v2. (b) Ant-v2. (c) HalfCheetah-v2. (d) Walker2d-v2. (e) Hopper-v2. (f) Swimmer-v2.
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Normalized heatmap of consecutive action difference. The environment indices 0-5 represent the sequence of environments: Humanoid, Ant,

HalfCheetah, Walker2d, Hopper, and Swimmer. The x-axis represents the consecutive time steps of 50, and the color intensity indicates the magnitude
of the action difference, with 1 indicating the largest difference. The differences are first normalized within each environment setting. (a) MeSO. (b) SAC.

C. Policy Stability Comparison Between MeSO and SAC

We also compare the differences in consecutive actions to
verify whether the motion of our method is smooth. This com-
parison allows us to explore whether the algorithm encourages
action-level exploration.

As shown in Fig. 5, we compare the action differences
of 50x steps in six environments. Some results are easy to
distinguish, such as comparing indices 5 of Fig. 5(a) and (b),
which correspond to the Swimmer environment in Fig. 4.
Some comparisons of the results might not be very obvious
and require careful discernment, such as the comparison of the
results in the HalfCheetah environment. Overall, the results of
our method are relatively lighter in color, indicating a smooth
change in consecutive actions. This suggests that considering
the stability of the strategy has had a positive impact on the
coherence of the actions and that our algorithm better controls
exploration at the action level.

We also evaluated the final policies trained by SAC and
MeSO, recording the control reward separately in the Mujoco
environments to provide a standard quantitative metric. Each
algorithm generated six policies, and each policy was run ten
times; the control reward is the average over these ten trials.
The table presents a comparison between MeSO and SAC. For
each of the six environments, the value shown in Table II is
the maximum control reward among the six averaged control
rewards.

TABLE II
AVERAGE CONTROL REWARDS OF MESO AND SAC

Environment MeSO SAC
Humanoid -2.89 -70.37
Ant -358.07 -639.56
HalfCheetah  -348.82  -356.42
Walker2d -1.77 -2.05
Hopper -0.24 -0.61
Swimmer -0.04 -0.02

D. Exploration Change During Training

Our approach claims to achieve stable optimization under
the maximum entropy framework. It encourages greater
entropy during exploration to promote trajectory-level explo-
ration while considering smaller entropy (with extra parame-
ters 8 and ') in policy improvement and Q value update to
stabilize these processes. Therefore, we primarily compared
the changes in entropy during the training process of the MeSO
and SAC algorithms.

In Fig. 6, we present the average standard deviation of the
Gaussian policy. Unlike the direct comparison of continuous
actions depicted in Fig. 5, this figure empirically estimates
the average entropy of the policy for all states. This entropy
serves as an indicator of exploration at the trajectory level.
We observe that MeSO displays a larger standard deviation
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tion of Gaussian policy over all trajectories. (a) Humanoid-v2. (b) Ant-v2.
(c) HalfCheetah-v2. (d) Walker2d-v2. (e) Hopper-v2. (f) Swimmer-v2.
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Fig. 7. Learning curves of Q value in the six environments, the x-axis
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of Q value. (a) Humanoid-v2. (b) Ant-v2. (c) HalfCheetah-v2. (d) Walker2d-
v2. (e) Hopper-v2. (f) Swimmer-v2.

compared to SAC, resulting in superior trajectory-level per-
formance. MeSO controls the influence of entropy on policy
optimization and Q value update while encouraging policy-
level exploration. This approach promotes diversity in policy
exploration and leads to improved outcomes.

E. Q Value Difference Between MeSO and SAC

Generally, a higher Q value suggests that a better policy
can be attained, as Q values provide valuable gradient infor-
mation for policy optimization. However, exceptions exist. Q
values can sometimes be overestimated, which can impede
policy optimization by supplying inaccurate information for
the optimization process.

As shown in Fig. 7(a), (b), and (d), the corresponding Q
value of MeSO is better learned than that of SAC, resulting
in better outcomes as shown in Fig. 4. However, this view
does not hold when there is significant overestimation in
the Q value. For instance, in Fig. 7(b), (e), and (f), a large
Q value does not guarantee stable optimization of policy,
as these values are accumulated from the overestimation of
the target Q value. They appear larger but are not actually
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Fig. 8. How policy learning is indirectly influenced by entropy through the
target Q value? We tested the effect of different o’ s in three environments.
(a) Humanoid-v2. (b) HalfCheetah-v2. (¢) Swimmer-v2.
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Fig. 9. How policy learning is directly influenced by entropy? We

tested the effect of different 8’s in three environments. (a) Humanoid-v2.
(b) HalfCheetah-v2. (¢) Swimmer-v2.

beneficial for policy optimization. MeSO mitigates the impact
of overestimation on value learning by annealing the entropy
term in the Q value calculation, thereby accelerating policy
learning.

F. Result Analysis

As shown in Fig. 4, our algorithm performs relatively well
in the Humanoid, HalfCheetah, and Swimmer environments.
We are trying to analyze which hyperparameter has a decisive
impact on the algorithm’s performance. Additionally, these
three environments range from complex to simple, which
provides some reference value for our parameter settings.

1) Entropy on Q Value Update: Max-entropy methods
incorporate log probabilities into Q value iterations, which
indeed help with exploration. We are concerned about the
impact of the hyperparameter «’, which controls the contri-
bution of entropy to the Q value, on policy learning.

As shown in Fig. 8(a), large entropy (large o) involving the
target Q value clearly encourages exploration, leading to better
policy optimization. However, this is not always the case.
In some simpler environments, excessive entropy can cause
policy instability, as seen in the results of Fig. 8(b) and (c).
We can conclude that max-entropy methods are suitable for
exploration tasks, larger parameters can be beneficial in the
early stages of training, and the initial value of o’ should be
large when the environment is complex. As training progresses
and the policy approaches convergence, smaller parameters
should be considered. In our experiment, we linearly attenuate
o’ during the training process and achieve good results.

2) Entropy on Policy Optimization: Compared to the
impact of entropy on Q value, entropy has a more direct influ-
ence on policy optimization. We aim to study the effect of the
parameter 3 in the objective function on policy optimization.

As shown in Fig. 9, compared to not using our proposed
objective function (i.e., 8 = 0), appropriately using our method
can achieve better results. However, excessively large value of
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Fig. 10. General results compared with SAC in two more difficult control
tasks on Roboschool. (a) HumanoidFlagrun. (b) HumanoidFlagrunHarder.

B also does not improve policy optimization; instead, it can
lead to the policy lacking exploration and getting stuck in local
suboptimal solutions. As shown in Fig. 9(c), in the Swimmer
environment, § = 0.5 achieves the best results, while not using
or using excessively large S value makes the results unstable
in the later stages. In general, the use of 8 does reduce the
impact of entropy on policy optimization. In specific tasks, a
value of 8 between 0.5 and 1 can achieve better results.

G. Compared With SAC Algorithm on Roboschool

To verify the robustness of our algorithm in dynamic
environments, we tested it on more challenging control tasks.

We compare our algorithm with SAC on two more difficult
environments on the Roboschool platform. In the Humanoid-
Flagrun environment, the robot must run toward a randomly
generated flag. In the more challenging HumanoidFlagrun-
Harder environment, the robot is constantly bombarded by
white cubes. As shown in Fig. 10, our algorithm exhibits a
clear trend of performance improvement in the HumanoidFla-
grun environment. In the more challenging HumanoidFlagrun-
Harder environment, our method demonstrates stability. In this
environment, learning Q value becomes more challenging. The
soft O value of SAC degrades to the negative log probability.
As a result, the SAC algorithm essentially maximizes entropy,
losing the ability to maximize the environment reward and
resulting in deteriorating performance.

H. Limitation

While our approach is guided by certain theoretical princi-
ples, in its implementation, we propose several assumptions.
One crucial assumption pertains to smoothness, requiring the
stability of Q value learning. A failure in learning the Q values
could detrimentally impact policy learning, triggering a chain
reaction akin to the error propagation observed in Q value
updates during Bellman iteration. On the other hand, we have
not thoroughly explored the relationships between different
stability approaches. Stability in RL involves a wide range of
factors, and some methods proposed in the literature appear
to be rather tricky [47] and direct [48]. Our focus is primarily
on trajectory stability, which also brings some benefits to the
stability of the optimization process. However, the stability
of the optimization process may not provide additional gains
when combined with other stability methods.
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VI. CONCLUSION

In the long-term policy optimization process, stability is a
significant concern. We have identified instability issues within
the maximum entropy framework, namely, the tremendous
policy and spiky Q-function. The key to addressing these
issues lies in controlling the impact of entropy on policy
optimization. In this article, we attempt to stabilize the impact
of entropy on policy optimization by beta-symmetric KL
divergence. We theoretically validate the feasibility of this
method and experimentally verify its effectiveness. Based on
beta-symmetric KL divergence, we have updated the soft
policy iteration theorem and derived a new objective function.
This new objective function encourages exploration while
also mitigating the instability in the maximum entropy RL
framework. We conducted experiments on the Mujoco and
Roboschool simulation platforms, and the results demonstrate
that the proposed method not only enhances stability but also
facilitates policy learning under the maximum entropy RL
framework.

In the future, we will explore stable optimization with
deterministic policy. While the maximum entropy framework
ensures some exploration capability by using a stochastic
policy, balancing exploration and exploitation remains chal-
lenging. We believe that deterministic policy might offer
an ideal solution, though achieving stable optimization with
deterministic policies also presents its own set of challenges.

APPENDIX
PROOF OF PROPOSITION 1

Proposition 1 (Convexity of the Beta-Symmetric KL Diver-
gence). The beta-symmetric KL divergence is convex in the
pair of probability distributions (p, g), i.e.,

Dh (o1 + (=) pa | 7a1 + (1 =) o)
< VDgKL (pl ” 611) +( —V)DéKL (Pz H 612)

where (p1,q1) and (p,, g») are two pairs of probability distri-
butions and 0 <y < 1.

Proof: Consider two pairs of probability distributions
(p1,q1) and (p2,q2). We want to prove that for 0 < y < 1,
the following inequality holds:

(20)

SKL (yp1 + (1 =y) p2,yq1 + (1 = y) q2)
<¥SKL (p1,91) + (1 =) SKL (p2,q2) .

Substituting the definition of SKL and KL into the inequal-
ity, we have

2y

SKL (yp1 + (1 =¥) p2,yq1 + (1 = ¥) q2)
=KL (yp1 + (I =y) pallyqs + (1 =) g2)
+ B[KL (yq1 + (1 =y) @allyp1 + (1 =) p2)]
< yKL (pillg1) + (1 = y) KL (p2llg2)
+B[¥YKL (g1llp1) + (1 = ) KL (g2llp2)]
=y [KL (pillg1) + BKL (q1llp1)]
+ (1 =) [KL (p2llg2) + BKL (2l1p>)]

= ySKL (p1,q1) + (1 —=y) SKL (p2, ¢2) . (22)
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Equation (22) uses the convexity of the KL divergence.’
Thus, we complete the proof, demonstrating that the beta-
symmetric KL divergence is convex in the pair of probability
distributions (p, q).

A. Proof of Proposition 2

Proposition 2 (Consistent Minimization Direction): Given
two Gaussian distributions, learnable distribution P and target
distribution Q, initialize P with a sufficiently small variance.
When the reverse KL divergence decreases, the forward KL
divergence will also decrease and vice versa.

Proof: Let P and Q be two univariate Gaussian distributions
with parameters: P ~ /\/’(/1,,,0'%,) and Q ~ N(/lq,O%). The
value® of KL-divergence from P to Q is given by

(kg - :“ﬂ)z 1

KL OQ) =1lo ﬁ+g—’2’+——
B g(rp 20'[2, 20'%, 2"

Similarly, the KL-divergence from Q to P is given by

(Hq _“p)z 1

Tp 0'3
KL(Q || P)=1log— + + 752 7
T

2
oy 20 5

Let distribution Q be the target distribution, and then, we have

OKL(PQ) 1
T, 72 (g = 11p) (23)
OKL(QIIP) 1
T o), @

It can be seen that the partial derivatives of these two KL
divergences with respect to y, are in the same direction. Also

KLPIO) 1 o 050

25
oo, o) O'Czl 0',,0'3 (25)
2
OKL(QIP) _ 1 og+ (kg — 1) 6)
o o o-?,
2 2 2
:O-P_O-q_(/lq_'up). (27)

3
O—P

It can be seen that if a'f, < a'tzl, the partial derivatives of
these two KL divergences with respect to o, are in the same
direction. In practice, this assumption is usually easy to satisfy
because we do not need to make any assumptions about the
unknown distribution; we simply optimize the distribution P
with a sufficiently small variance.

B. Proof of Theorem 1

Theorem 1 (Policy Improvement With Beta-Symmetric KL
Divergence): Let mqq € IT and let my,e,, be the optimizer of the
minimization problem defined in (13). Then, Q™ (s, a,) >
Qru(s,, a,) for all (s;,a;) € S x A with |A| < oo.

Proof: We borrow a lot from the proof of soft policy
improvement theorem [2]. In this article, the main idea is to
modify the reverse KL divergence to the beta-symmetric KL

2https://statproofbook. github.io/P/kl-conv.html
3https://stats.stackexchange.com/questions/744O/kl—divergence—between—
two-univariate-gaussians
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TABLE III
MESO HYPERPARAMETERS

Parameter Value
Shared
optimizer Adam
learning rate 3.1074
discount () 0.99
replay buffer size 108
number of hidden layers (all networks) | 2
number of hidden units per layer 256
number of samples per minibatch 256
nonlinearity ReLU
target smoothing coefficient (7) 0.005
target update interval 1
gradient steps 1
SAC
Target entropy automatic tuning (c) method from [15]
MeSO
weight of forward KL divergence(3) 0.7
decay rate of entropy in target Q (o) a- (1 —rate) - w

divergence to ensure the method’s rationality. The ey can be
derived by

Tnew (- I80) = argmin Dr (7' CIs,) || 7o C(1s.))

_ - ySKL (s
= arg frnellr_ll I (71 (- |s,)).

It must be the case that JfﬁL(ﬂnew( - lsp)) < J,S,ﬁ]“(ﬂold( )

since we can always choose m,w = 7moa € II. Hence,
according to Proposition 1 and Proposition 2, we have

DKL (Taew( - I89) || mo( < Is0)) < D (moial - Ise) || mo( - Isy)),
and then, rewrite it in expectation form

Ea, ey [108 Tnew (@7ls) — @' Q™ (s;,a,) + log Z™ (s,)
< Bayoryg [108 od (ardsy) — @' Q7 (s, a,) + log Z™ (s,)]

and since the partition function Z™" depends only on the state,
the inequality reduces to

Eay -ty [ @108 ey (1ls)) — Q7 (51, a,)]
< Eayoryy @102 7oia (arls;) — Q74 (s,,2,)] .
Then, we have

Ea,~ﬂ“ew [Qm)ld (S, a) — CVlOg Tlhew (at|sl)]
> Eaongy [ Q™ (51, 2)) — @ log oiq (ayls)]

= Told (St) . (28)
Next, consider the soft Bellman equation
Qﬂ'old (Sl7 a[) = r(S[, af) + yESH»l"‘]’ [V””ld (St“rl)]
<r(s;,a;)+ YEs, i~p [Eaz+1~ﬂnew [Qnuld (SH’]’ a""])
—10g Mpew (az+1 ISH-I)]]
< Qﬂncw (St’ a[) (29)

where we have repeatedly expanded Q"¢ on the RHS by
applying the soft Bellman equation and the bound in (28).
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TABLE IV
INITIAL WEIGHT OF DIFFERENT ENVIRONMENTS

Environment Initial weight (w)

Humanoid

Ant

HalfCheetah

Walker

Hopper

Swimmer
HumanoidFlagrun
HumanoidFlagrunHard

SO = === 3=

C. Hyperparameters

Table III provides an overview of the common MeSO
parameters utilized in the comparative evaluation presented
in Fig. 4. We anneal the parameter @’ by set @/ = (1 —
current/total)-@-weight. In a specific task, to get the best result,
we set different initial weights of o’, as listed in Table IV.
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