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Abstract

Similar-dissimilar (SD) classification aims to train a binary classifier from only similar
and dissimilar data pairs, which indicate whether two instances belong to the same class
(similar) or not (dissimilar). Although effective learning methods have been proposed for
SD classification, they cannot deal with online learning scenarios with sequential data that
can be frequently encountered in real-world applications. In this paper, we provide the first
attempt to investigate the online SD classification problem. Specifically, we first adapt the
unbiased risk estimator of SD classification to online learning scenarios with a conserva-
tive regularization term, which could serve as a naive method to solve the online SD classi-
fication problem. Then, by further introducing a margin criterion for whether to update the
classifier or not with the received cost, we propose two improvements (one with linearly
scaled cost and the other with guadratically scaled cost) that result in two online SD clas-
sification methods. Theoretically, we derive the regret, mistake, and relative loss bounds
for our proposed methods, which guarantee the performance on sequential data. Extensive
experiments on various datasets validate the effectiveness of our proposed methods.

Keywords Similar-dissimilar classification - Unbiased risk estimator - Passive-aggressive
method - Online learning

1 Introduction

Ordinary binary classification usually requires a vast amount of fully labeled data for train-
ing an accurate classifier. However, such large-scale fully labeled data may not be always
available in some real-world scenarios due to the privacy, confidentiality, or security rea-
sons. To alleviate this issue, many researchers have investigated various weakly supervised
binary classification tasks, such as positive-unlabeled learning (Plessis et al., 2015; Cao
et al., 2022), positive-confidence classification (Ishida et al., 2018; Shinoda et al., 2020),
partial-label learning (Feng et al., 2020; Wu et al., 2022), similar-unlabeled learning (Bao
et al., 2018), unlabeled-unlabeled learning (Lu et al., 2019, 2020), and similarity-confi-
dence learning (Cao et al., 2021).
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This paper considers another weakly supervised binary classification task called similar-
dissimilar (SD) classification (Shimada et al., 2020), which aims to train a binary classifier
from only similar and dissimilar data pairs that indicate whether two instances belong to
the same class (similar) or not (dissimilar). Compared with fully labeled data, similar and
dissimilar data pairs could be easier to collect (Bao et al., 2018; Shimada et al., 2020). For
example, it would be difficult to directly predict people’s private or sensitive matters (e.g.,
religion and politics) because people may hesitate to give explicit answers to these matters.
However, it could be easier for people to provide an answer to the question “which person
do you have the same belief as”. Additionally, in identifying proteins (Tao et al., 2004), it
could be difficult for human to accurately distinguish identify whether a protein belongs
to a certain protein super-family due to complex and diverse amino acid sequences. Fortu-
nately, it could be easy to distinguish whether two proteins are similar or dissimilar since
the similarity of protein structure could demonstrates the similarity of proteins. It is worth
noting that although semi-supervised clustering (Li and Liu, 2009; Chen et al., 2022) can
deal with such pairwise similarity information, there is a significant difference between
clustering (Xu and Tian, 2015) and classification (Lu and Weng, 2007), and we focus on
binary classification in this paper.

For binary classification with pairwise similarity information, effective empirical risk mini-
mization methods have been proposed (Shimada et al., 2020; Bao et al., 2020). Although these
methods have achieved satisfactory performance, all of them work in a batch learning mode,
which cannot handle online learning scenarios with sequential data. In reality, we can fre-
quently encounter that the collected pairwise data is presented in sequence for massive practical
applications. Fortunately, online learning (Crammer and Singer, 2003; Crammer et al., 2009),
which learns with training examples arriving in sequential order, has been extensively stud-
ied. In online learning, the classifier will be updated incrementally after receiving new training
examples, so that the online learning methods do not need to require all training examples for
training an accurate classifier. However, there still remains an open problem that has never been
studied: how can we train an effective binary classifier from only similar and dissimilar data
coming in the online learning scenario?

In this paper, we provide the first attempt to investigate online binary classification from
only similar and dissimilar data (online SD classification for short). Our main contribu-
tions can be summarized as follows:

e We adapt the unbiased risk estimator of SD classification to online learning scenarios
with a conservative regularizer, resulting in an online gradient descent algorithm.

e By further introducing a margin criterion for whether to update the classifier or not
with the received cost, we propose two online passive-aggressive methods (with lin-
early scaled cost and quadratically scaled cost).

e We theoretically analyze the regret, mistake, and relative loss bounds for our proposed
methods, which guarantee the performance on sequential data.

2 Related work
2.1 Similar-dissimilar classification

Binary classification with pairwise information is a weakly supervised learning problem,
which has attracted increasing attention in recent years. It was shown (Bao et al., 2018) that
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a binary classifier can be successfully learned from similar data pairs (i.e., two instances
belonging to the same class) and unlabeled data by estimating the classification risk in an
unbiased manner (the resulting estimator is called unbiased risk estimator). Later, similar-
dissimilar (SD) classification (Shimada et al., 2020), which trains an effective binary clas-
sifier from only similar and dissimilar data pairs, was also investigated by empirical risk
minimization with an unbiased risk estimator.

Here, we formally define the problem of SD classification and introduce the pioneer
work (Shimada et al., 2020) that is most related to ours. Let Y € R? and ) = {+1,—1} be
a d-dimensional feature space and binary label space, respectively. Suppose the collected
dataset is represented as {(x;,x],s;)}"_, where s; = +1 indicates that x; and x/ belong to the
same class (i.e., y; = y) and s; = —l indicates that x; and x/ belong to different classes (i.e.,
y; # y;). With such a dataset, SD classification aims to train an effective binary classifier
f 1 X R that tries to accurately predict the label of any unseen example. The pioneer
study (Shimada et al., 2020) works by minimizing the following unbiased risk estimator:

L(f(x)) + L(f(x))) & [L(f () + L(=f(x}))
RS [—] = I CLT
i=1
where L(z) = —z), £(-) denotes a binary loss (e.g., the hinge loss), 7,

(z_) denotes the pr10r probablhty of the positive (negatlve) class, ng (n,) denotes the num-
ber of similar (dissimilar) data pairs and 7y = 72 Lt 72 (z = 2z, z_) denotes the fraction
of similar (dissimilar) data pairs. Hence the total number of data pairs n equals to ng + np,
and ng (np) can be calculated by ng/n (np/n).

There are also other studies on SD classification by using a surrogate risk estimator
(Bao et al., 2020) or dealing with noisy similarities (Maheshwara and Manwani, 2023). All
existing methods work in a batch or offline learning mode, which cannot be used in online
learning with sequential data.

2.2 Online learning

Online learning (Crammer and Singer, 2003; Kivinen et al., 2004; Hoi et al., 2021) aims
to learn an incrementally updated model from data arriving in sequential order. Here, we
introduce some supervised and weakly supervised online learning methods.

Supervised online learning methods update the classifier with fully supervised informa-
tion. Popular supervised online learning methods include the perceptron-based algorithm
(Freund and Schapire, 1999), the conformal prediction approach to the online binary clas-
sification with reject option (Kogak et al., 2016), the online universal classifier (Er et al.,
2016), the online active learning algorithm (Liu et al., 2015), the distributed online algo-
rithm (Dekel et al., 2012) and so on. In reality, it could be difficult to collect fully super-
vised data, hence a number of methods have been proposed to deal with various online
weakly supervised learning problems, such as online complementary-label learning
(Kaneko et al., 2019), online positive-unlabeled learning (Zhang et al., 2020), online learn-
ing with noisy data (Natarajan et al., 2013), and online partial-label learning (Wang et al.,
2020). However, it is hard to apply these methods to our online SD classification, because
they can not deal with the given data pairs. Therefore, we provide the first attempt to inves-
tigate online SD classification in this paper.
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3 The proposed methods

In this section, we investigate effective solutions for online SD classification. We first pre-
sent an intuitive adaptation of the unbiased risk estimator to the online learning scenario
with a conservative regularization term (Li et al., 2014). However, this intuitive method
suffers from the problem that the objective function could go to negative infinity (i.e.,
unbounded from below). To address this problem, we further propose two corresponding
improvements where one employs a linearly scaled cost and the other one employ a quad-
ratically scaled cost. Therefore, the two improved methods are expected to achieve better
performance than the original naive method.

3.1 Online gradient descent method

Following Shimada et al. (2020), we adopt the same generation process of similar and dis-
similar data. Let {(x,,x;,s,)}tT=1 be a sequence of examples (arriving in sequential order)
sampled from the data distribution of SD classification, where (x,,x;) and s, € {—1,+1}
denote the data pair and the similarity label (i.e., the data pair is similar if s, = +1 and
is dissimilar if s, = —1) received at the #-th round, and T is the total number of rounds
during the training phase. In this paper, we aim to incrementally update a linear classifier
f(x,) = w'x, for online SD classification.

Motivated by the unbiased risk estimator of SD classification in Eq. (1), we propose to
employ the following risk for the example (x,,x], s,) received at the #-th round:

I+s, o 1-—3
2 R+ 2
where RS = 75 (L(f(x))) + L(f(x]))) and RP = zp(L(=f(x,)) + L(—f(x!))). It is notewor-
thy that Eq. (2) may not be convex even if a convex loss function £(-) (e.g., the hinge
loss) is used. Fortunately, if the used loss function £(-) has the linear-odd property, i.e.,
?(z) — £(—z) = —z, we can easily verify that Eq. (2) is convex. As shown by previous stud-
ies (Bao et al., 2018; Shimada et al., 2020), among all the losses satisfying the linear-odd
property, the double hinge loss (i.e., £(z) = max(—z, max(0, 1/2 — z/2))) achieves highly
competitively performance. Hence we use double hinge loss as the surrogate loss function
in this paper. By substituting f(-) and L(-) with their expressions into Rrs and RP, we obtain

SD _
R =

R, @)

REw) = — ”Sﬂ [~ T, + W) + (o, — 2 (W) + cTD)]. (3
+ - -

p

T, —T_

RP(w) =

[ﬂ_(wat + wa;) + (7, — ﬂ_)(f(—wa[) + f(—wa;))]. 4)

By further leveraging the widely used conservative regularization in online learning (Li
et al., 2014; Zhang et al., 2020), we derive the following online update strategy:

. 1
Wiy = arg mmweWRtSD(w) + Z”w - wt”g’ (®)]
where RP(w) = %Rrs(w) + %R?(w), y is a positive penalty parameter, and WV is the

convex feasible set of w (which means w should be always updated within this set). Let
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L,(w) represent the right hand side of the equality in Eq. (5), then we can derive its gradi-
ent as follows:

VL,(w) = VRSP (w) + %(w -w,),

where VRSP (w) = 22 VRS (w) + =% VRP(w) and

g

VRYw) = s (£'w'x) + ' w'x))) — e (x, +x)),
VRD _ fl T f/ T,/ p7_ ’
Pw) =mp(¢'(—w'x) + ' (-w xt))” — (x, +x)).
L =T

Here, we list the specific values of #/(w'x,) and #’'(—wTx,) in Table 1. By setting V.L,(w) to
zero, the update rule can be expressed as

W1 =W, — ?’VRtSD(W)-

It is not surprising to verify that the above update rule is actually equivalent to the follow-
ing update rule:

t 1
w,.,, = argmin RPw) + —||w||?,
i = argmin ) BP0 + 5wl

which is exactly the follow-the-regularized-leader procedure with Euclidean regularization
(also known as the online gradient descent (OGD) algorithm) (Shalev-Shwartz, 2011). We
therefore name this method OSD-OGD for short.

Regret bound for OSD-OGD Here, we analyze the regret bound of our proposed
OSD-OGD method.

Theorem 1 Let Ly, ..., Ly be a sequence of convex functions such that L, is p-Lipschitz

with respect to ||-|l,. Let p satisfy the condition that lT ZIT:] ,o[2 < p?  Let

W, = argmin,gyy Z;l L,(w) be optimal hypothesis derived by batch learning (empirical

risk minimization). Suppose for every hypothesis w € W, it satisfies ||w|, < B and
B_ Then, we derive the following regret bound:

TE W
Z[TZI ‘ct(wt) - Zthl £;(W*) < Bp\/ﬁ.

The proof is provided in Appendix 1. From Theorem 1, we show that the regret bound
of OSD-OGD grows sublinearly with 7. Specifically, after a certain number of iterations,
the models obtained by our method could be close to the ideal solution w,.

Table 1 The specific values of T T T
wix, >1 -l<w'x, <1 wx, <-1
' wx)and ¢/ (—wx) = ! =
'wix,) 0 _%xt —x,
£'(-w'x,) x, i, 0
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3.2 Linearly scaled passive-aggressive method

There is an important issue in the above OSD-OGD algorithm. In Eq. (5), the value of the
whole objective function could go to negative infinity (i.e., unbounded from below) due
to a negative term in Rts(w), which means we may still focus too much on the example
whose cost R?°(w) is very small (even less than zero). As shown in previous works (Kiryo
et al., 2017; Lu et al., 2019), this problem would seriously degrade classification accuracy.
Inspired by the margin criterion that only focuses on examples with small margin, we aim
to focus more on examples with larger cost and no longer update the classifier parameter
when receiving examples whose costs become negative. In this way, we further propose an
improved online SD classification method that can well address the above issue. Specifi-
cally, at the #-th round, we propose the following update method:

W,y = argmin %llw - w,||§ + C¢, s.t. R[SD(w) <¢ E>0, (6)
wew

where C is a positive parameter that controls the influence of the slack term (i.e., £) on the
objective function. In other words, a larger value of C implies a more aggressive update
step (Crammer et al., 2006), and the classifier would not be updated (i.e., passive) if the
cost RtSD(w) is smaller than zero. Note that the cost RtSD(w) scales linearly with the slack
variable £. Therefore, the minimization of Eq. (6) results in a linearly scaled passive-
aggressive algorithm for online SD classification (OSD-LSPA for short). Interestingly, it is
also worth noting that the constraint in Eq. (6) plays the same role as the non-negative risk
estimator (Kiryo et al., 2017) in the training process. That is, Eq. (6) can be also equiva-
lently expressed as w,,; = arg minweW% [lw— wt||§ + Cmax{RlSD(w), 0}. To solve the prob-
lem in Eq. (6), we define the Lagrangian of Eq. (6) as follows:

L0, 7.6 = Sllw = w13+ CE + TR 9) - &) = 1. ™

Setting the partial derivatives of £,(w, 7, &, 1) with respect to w and & to zero, we can eas-
ily obtainw =w, — rVR[SD(w) and 7 + n = C. Then, we introduce the following equivalent
expression of RFP(w):

RP(w) =w VR®(w) + A,

where A is a constant. The above equality holds because RtSD(w) is a first-order function
with respect to w. Furthermore, we can derive the specific values of A so that the above
equality exactly holds under various conditions. We specially list all the specified values of
A under various conditions in Table 2. As can be seen from Table 2, we can easily verify
that under all the possible conditions, and we can always find a suitable value of A that
makes the equality RtSD w)y=w' VRtSD (w) + A true. By solving the problem of Eq. (7) with
respect to 7, we can obtain

A+ w] VR (w) .
IV ®

It is worth noting that the KKT conditions confine # and 7 to be non-negative, hence we
conclude that 7 and # should satisfy 0 < 7 < C and 0 < # < C respectively. By taking into
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Table2 List of specific values of A that make RSP(w) = A + wT VRSP (w)

swix, swTx! A R®(w) & VRSP(w)
>1 >1 0 RSP(w) = — 08Uty T (7 x4+ 7 x])
(=)
VR (w) = — SEE (1 x4 1 x)
>1 “1<-<1 Crrstonmy RPw)=A - ““;’Z;f:;”’“’wT(n_x, +3x))
VRPN =~ SRS rx, + 57
>1 <-1 0 RSP (w) = _“”;)(’Z;fj::”"f)wT(n_x, +m,x)
VRO (w) = — —(m’;(”,f;(,l,j 0% (1_x, + 7,x!)
<<l > 1 (1+S,)7fs:(|—~f,)7f[> RP(w) = A — ““Z’Z;_(ZWWT(%% +7.x')
VR0 = - SR G )
-1<-<1 -1<-<1 —(”Sr)”sz("‘“')”v RP(w)=A - “”’2)(’2+;’)”"WT(%JC, +3x0)
VRSP (w) = — B (L, 1)
-1<-<1 <-1 w RP(w)=A - WWT(%% + X))
) = O )
<-1 >1 0 RSP (w) = —““;’Z;f:;”’”’wT(mx, +7_x))
VRSP (w) = — R (1 x, + 7))
<-1 —l<-<1 Lation)m RPw) =A - ““g(”ﬂi;_(:;"%wT(mx, +3x)
VR = TS S e 4 37
< -1 <-1 0 RSP (w) = —“H;)('Z;_(Z;'%WT(”H‘: +m,x)
VRSP (w) = — ““’2’(’;;+j)”“(n+x, +m,x!)

account Eq. (8) and denoting the finally specified value of r at the #-th round as 7,, we have
the three cases:

.~ A+wT VRSP (w

7,=0, if ST

T pSD IV, (W)THZ SD
A+w VRPP(w) . A+w! VR® (w)

T, = —L L fo< —— "< C

= TIVRP I = RPwE ©)
. A+wTVRSD(w

7, =C, if A+w, VR W) >C

IVREPow)I12

For the above three cases, the first two cases can be easily verified. Therefore, we only
A+w] VRSO (w)
IVRP w)lI3

CIIVRPW)IIZ <A +w] VR (w). (10)

explain in detail how the third case comes. When > C, we obtain

Besides, we also know that the constraint in Eq. (6) must hold at the opti-
mum, and thus R®(w) <& By further considering that w =w, —zVR®(w) and
R3P(w) = wTVRS®(w) + A, we obtain

A+w] VRSP (w) — | VRSP (w)|[3 < &. (an
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By combining Egs. (10) and (11), we have (C — 7)[|[VRS®(w)||> < &. In this way, we can
conclude that £ > 0, due to 0 < 7 < C. According to the KKT complementarity condition,
we know that #& = 0 at the optimum. Since & is strictly positive, we get that  must equal
zero. Recall that 7 +# = C, which further ensures that ¢ = C. Therefore, the derivation
process of the third case is completed.

Integrating the three possible cases in Eq. (9) into a single equation, we obtain

, A+w]VRP(w)
7,=min| C,max | O, 5 )
IVRZwW)II5

where the detailed information of A and VR?®(w) is provided in Table 2. In summary, the
update method of our OSD-LSPA algorithm is presented as follows:

Wi =W, — TIVR[SD(W).

Mistake bound of OSD-LSPA Here, we analyze the mistake bound of our proposed OSD-
LSPA algorithm.

Theorem 2 Let E,(w,) denote whether the prediction with w, on x, is a mistake (i.e.,
E,w,) = [sign(w/x,) # y,]). Suppose ||VR[SD(w,)||2 <rforall t and R?°(w,) > G (G > 0)
if E,(w,) = 1. Then, for any vector v € W, the number of prediction mistakes made by
OSD-LSPA is upper-bounded by

T 1 7 T
- E,(w,) < max <E, E) (|IVI|§ +2C th] RtSD(v)).

The proof is provided in Appendix 2. Theorem 2 provides a direct bound on the number
of mistakes made by OSD-LSPA. From Theorem 2, we can observe that when G becomes
larger, OSD-LSPA would make fewer mistakes.

3.3 Quadratically scaled passive-aggressive method
We also propose another improvement that serves as an alternative for Eq. (6), which
makes the cost R[SD(w) scale quadratically with &, which results in a new objective function
as follows:
.1
W, = argmin §||w - w,||§ +C&, s.t. R[SD(W) <é. (12)
wew
Note that the cost RfD(w) scales quadratically with the slack variable &. Therefore, the
minimization of Eq. (12) results in a quadratically scaled passive-aggressive algorithm for
online SD classification (OSD-QSPA for short). It is noteworthy that the constraint £ > 0
is no longer required since &2 is always non-negative. To solve the problem in Eq. (12), we
define the Lagrangian of Eq. (12) as follows:
1
Lw,7.8) = Sllw = will; + CE + z(RP W) = &). (13)

By solving the problem of Eq. (13) with respect to 7, we obtain
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2C(A +w] VRSP (w))

2CIVRPw)|I2 + 1

where R°(w) = wTVRP(w) + A is used, and the possible values of A are provided in
Table 2. Note that the KKT conditions confine 7 to be non-negative. Therefore, we obtain
the following specified value of z at the #-th round:

( 2C(A + thVRtSD(w))>
T, = max .

07
2C||IVRSPw)|I2 + 1
In this way, the update method of OSD-QSPA is given as
Wi =W, — TIVR[SD(W).

Relative loss bound for OSD-QSPA We provide a relative loss bound for the OSD-QSPA
method.

Theorem 3 Let {(x,,x;, s,)}tT=] be the received training pairs. Assume thatllVRtSD(wt)H2 <r
for all t. Then for any vector v € W, the cumulative squared loss of OSD-QSPA on this
sequence of examples is upper-bounded by

7 (RPw)) < (r2 + %) (||v||§ +2C ZLI(R,SD(v))z).

The proof is provided in Appendix 3. As shown in previous works (Crammer et al., 2006;
Kaneko et al., 2019), the cumulative squared loss serves as an upper bound of the number of
prediction mistakes.

3.4 Class prior estimation

As the fraction of similar data pairs 7 and class prior 7, may not always be available in online
learning. Thus, we provide the following steps to estimate 7gand 7.

Estimation of ng To empirically estimate 7, it is straightforward for us to consider an itera-
tively unbiased updated process. Specifically, let us denote 7, as the estimation of zg at the
t-th round. Then, we can obtain the following update rule:

A s,+1
(t— 1)7[5’[_1 + =

ﬁS,t = f’
where 7, is set to 0. However, according the equality zg = 72 + 2, we find that
7 =2(z, — 3)* + 5 > 0.5 holds for any 7. Note that x5 = 0.5 if and only if 7, = 0.5,
which is impossible to calculate the risk according Eqs. (3) and (4), since n, —z_ = 0.
Therefore, we further propose to correct 7, by the following rule:

= _[ As. #5,>05,
1T 05+¢, g, <05,

where e is set to 107 to ensure that 77, > 0.5.
Estimation of x,. To empirically estimate r,, we assume that the positive class prior
should be larger than the negative class prior, i.e., 7, > 0.5. Note that if 7, < 0.5, we can
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switch the role of positive class and negative class. Based on the equality 75 = 77 + 72,
the class prior x, at the #-th round can be estimated as

1+ /27, — 1

Tt )

4 Experiments

In this section, we conduct extensive experiments to demonstrate the effectiveness of our
proposed methods OSD-OGD, OSD-LSPA, and OSD-QSPA on various benchmark data-
sets (regular-scale and large-scale). Then, we provide the hyper-parameter analysis and the
influence of the round 7 on the performance of our proposed methods.

4.1 Experimental setup

Datasets We use nine benchmark datasets, including ionosphere, magic, phishing, spam-
base, steel-plates, wdbc, usps, pendigits, and cnae-9. These datasets can be downloaded
from the UCI Machine Learning Repository (Blake and Merz, 1998). We also use two
large-scale datasets, MNIST (LeCun et al., 1998) and Fashion-MNIST (Xiao et al., 2017).
The brief statistics of these datasets are provided in Table 3. Since usps, pendigits, cnae-9,
MNIST, and Fashion-MNIST are used for multi-class classification, we manually trans-
formed them into binary classification datasets. Specifically, for usps and pendigits, we
regard the even digits as the positive class and the odd digits as the negative class. For
cnae-9, the positive class is formed by “27, “4”, “6”, and “8”, the negative class is formed
by “17, “3”, “5”, “7”, and “9”. For MNIST, we divide the multi-class dataset into nine
binary datasets, including MNIST-Ovs1, MNIST-0vs2, ..., and MNIST-0vs9, which the “0”
digit is used for the positive class, and another digit is used for the negative class (i.e.,
one dataset for each digit “17...“9”). For Fashion-MNIST, the positive class is formed by

LTS

“T-shirt”, “pullover”, “coat”, “shirt”, and “bag”, the negative class is formed by “trouser”,

2

“dress”, “sandal”, “sneaker”, and “ankle boot”.

Table 3 Brief statistics of UCI

datasets for binary classification Dataset # Examples # Features # Classes
ionosphere 351 33 2
magic 19,020 10 2
phishing 11,055 30 2
spambase 4601 57 2
steel-plates 1941 33 2
wdbc 569 30 2
usps 9298 256 10
pendigits 10,992 16 10
cnae-9 1080 856 9
MNIST 70,000 784 10
Fashion 70,000 784 10
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Preprocessing For each dataset, we randomly sample 80% examples from the whole
dataset as training examples, and the rest 20% examples are taken as test examples that
are used to test the performance of the trained model. To convert ordinarily labeled
training data into similar and dissimilar data pairs, we first set the positive prior z, to
0.7 in our experiments, so that we obtain the fraction of similar (dissimilar) data pairs
g = ﬁi + 7% = 0.58 (7 = 1 — 27, x_ = 0.42). Then, we randomly sample pairwise simi-
lar and dissimilar data pairs following the ratios of 7 and 7. The training set for SD clas-
sification is constructed when no similar or dissimilar data pairs can be generated from
the ordinary training set. It is worth noting that the ratios of 75 and the class prior p, are
unknown in practice. Fortunately, we could estimate them by using the method provided in
Sect. 3.4. To precisely evaluate the performance, we report the mean classification accu-
racy with standard deviation over 10 trials.

Methods We proposed the following methods for online SD classification: OSD-OGD
(ours): A simple online algorithm combines the unbiased risk estimator of SD classifica-
tion and conservative regularization, and results in an online gradient descent algorithm.
The penalty parameter y is chosen from {10~!,1072,...,107%} on UCI datasets, and
{1073,1075,...,1071°} on large-scale datasets. OSD-LSPA (ours): An online passive-
aggressive algorithm with linearly scaled cost. The aggressiveness parameter C is chosen
from {1071,1072,...,107%} on UCI datasets, and {107>,1075,...,107'%} on large-scale
datasets. OSD-QSPA (ours): An online passive-aggressive algorithm with quadratically
scaled cost. The aggressiveness parameter C is chosen from {10~!, 1072, ..., 107} on UCI
datasets, and {107°,107°,...,10"1°} on large-scale datasets. We compare our proposed
methods with the following methods: A-Ramp (Jian et al., 2018): The online learning
with label noise by using an adaptive ramp loss (£(z) = min{1 — s, max{0,1 —z}}). The
setting of noise-resilient parameter s follows the original paper. Here, we use the binary
version of A-Ramp by treating similar data as positive data and dissimilar data as nega-
tive data. OBC (supervised) (Shalev-Shwartz, 2011): The online binary classification
with fully labeled data. The regularization parameter of OBC (supervised) is also chosen
from {107',1072,...,107°} on UCI datasets, and {107,107, ...,107'%} on large-scale
datasets. KM (MacQueen et al., 1967): The k-means clustering method with k = 2. For
KM, the pairwise information is ignored. CKM (Wagstaff et al., 2001): The constrained
k-means clustering method with k =2. CKM uses pairwise (dissimilar) information
as must-link (cannot-link) constraints. For the two clustering methods, the classifica-
tion accuracy is evaluated by 1 — min(r, 1 — r), where r denotes the error rate. For a fair
comparison, our proposed methods and OBC are trained with the double hinge loss (i.e.,
?(z) = max(—z, max(0, 1/2 — z/2))). Hence OBC can be regarded as the performance ceil-
ing of our proposed methods.

4.2 Experimental results

Performance on UCI datasets Tables 4 and 5 report the classification accuracy of differ-
ent methods on UCI datasets, using 100% and 25% of the training set to generate similar
and dissimilar data pairs respectively. The best performance is highlighted in bold and the
second best performance is underlined. From the two tables, we have the following obser-
vations: Our proposed methods clearly outperform the compared baselines, which implies
that our proposed methods are effective in handling online SD classification. Among our
proposed methods, OSD-LSPA has the same level of (maybe slightly better) performance
compared with OSD-QSPA, as they both are variants of the passive-aggressive algorithm.
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OSD-LSPA and OSD-QSPA outperform OSD-OGD in most cases, which supports our
motivation that OSD-LSPA and OSD-QSPA can address the problem of negative objective
function in OSD-OGD. Moreover, the performance of the noise-resilient method A-Ramp
is worse than our proposed methods. This observation indicates that even noise-resilient
online learning methods could not deal with the online SD classification problem, but our
proposed methods could effectively solve this problem. By comparing the performance of
our methods in Tables 4 and 5, we can find that the performance will be better if more
training data pairs (training rounds) are provided, which clearly supports our derived
regret, mistake, and relative loss bounds (in Theorems 1-3) that the bounds become tighter
if the number of training rounds 7 increases.

Performance on large-scale datasets Tables 6 and 7 report the classification accuracy
of different methods on large-scale datasets, using 100% and 25% of the training set to
generate similar and dissimilar data pairs respectively. The best performance is highlighted
in bold and the second best performance is underlined. From the two tables, we have the
following observations: OSD-OGD performs worse on large-scale datasets, which implies
that the negative objective in OSD-OGD causes a more serious negative impact on large-
scale datasets. OSD-LSPA and OSD-QSPA significantly outperform OSD-OGD and OSD-
LSPA performance the best in all cases, which can support that our proposed passive-
aggressive methods are effective in handling large-scale data. Interestingly, A-Ramp seems
not able to learn anything in all cases on large-scale datasets. This observation also indi-
cates that even noise-resilient online learning methods could not handle online SD clas-
sification on large-scale datasets. As shown in Tables 6 and 7, the performance of our pro-
posed methods will also be better if more training data pairs are provided, which supports
Theorems 1-3.

4.3 Further analysis

Parameter sensitivity We further conduct parameter sensitivity analysis of C (used in OSD-
LSPA and OSD-QSPA) and y (used in OSD-OGD) to show the effect of the parameter on
the proposed methods. As can be seen from Fig. 1, the parameters C and y have a great
influence on the performance. Firstly, exceedingly large or small parameters C and y can
significantly reduce the effectiveness of the proposed methods. Secondly, parameters C and
y for large-scale datasets (such as MNIST and Fashion-MNIST) would be smaller than the
UCI datasets since even a small parameter can effectively update the model on large-scale
datasets due to the high dimensions. These observations validate that a suitable learning
rate is the key to gradient update.

Increasing T As shown by Theorems 1-3, the performance of our online SD classifi-
cation methods is expected to be improved if the number of training rounds 7 increases.
To empirically validate such theoretical findings, we further conduct experiments on four
large-scale datasets (i.e., MNIST-0Ovs3, MNIST-0vs5, MNIST-Ovs7, and MNIST-0vs9)
by increasing 7. As shown in Fig. 2, the classification accuracy of OSD-LSPA and OSD-
QSPA increases steadily and tends to converge with the increase of 7. The classification
accuracy of OSD-OGD also increases when 7 is small. However, the performance of OSD-
OGD becomes unstable when T becomes larger, due to the influence of negative objective
function in OSD-OGD. These observations are clearly in accordance with our provided
Theorems 1-3.

@ Springer



Machine Learning

LOO0F0¥6°0 200'0F¥89°0 100°0F8L9°0 #00°0F00L 0 YE0'0FLSLO S10°0 ¥ 006°0 800'0FST6°0 LSININ-UOIYse]
100°0F266°0 £00°0F098°0 £00°0F526°0 T00'0FI0L°0 ST0'0F206°0 900°0 F 6L6°0 60009860 6SA0-LSININ
2000768670 LOO'0FZH80 700°0F088°0 LOO0FE0L0 0£0'0F€68°0 900°0 F 896°0 S00'0F€86°0 8SAQ-LSININ
100°0FS$66'0 L00'0F088°0 T00'0F€56°0 000°0F00L"0 020'0F9L8°0 9000 F 6L6°0 110°07986°0 LSAQ-LSININ
#00'0F586°0 L00'0F908°0 T00'0F9€8°0 800°0FS0L0 ¥20'0FLY8'0 0100 F 2560 LTI0'0F896°0 9SAQ-LSININ
100°0F986°0 110°0F09L0 T00'0F0SL°0 900'0F+0L°0 0S0'0F€+8°0 0100 F 2560 970'0+896°0 GSAQ-LSININ
100°0F666°0 010°0FL98°0 T00°0FEE6°0 010°0F€0L0 1£0°0F6L8°0 000 F 1660 700'0+266°0 #SAQ-LSINIA
100079660 £00'0F8£8°0 £00°0F2L8'0 900°0FT10L°0 ¥£0°0F588°0 #00°0 F 886°0 L00'0F686°0 €SAQ-LSININ
£00°0F066°0 S00°0F1¥8°0 #00'0FS68°0 €10°0FLOL0 920°0FSL8°0 6000 F S96°0 800'0F+86°0 TSAO-LSININ
000°0F000'T 200'0F9%6°0 100°0F686°0 000°0F00L"0 810°0FS€6°0 100°07866°0 100078660 [SAQ-LSINIA
(pastaradns) DO 3D W durey-v ano-aso vdSO-dSO VdST-dSO jeseIe(

sired Byep JR[IWISSIP PUB JB[IWIS 9)eIoudd 0] 19s Jururen ay3 Jo %001 Suisn Aq s)osejep 9[eds-3Ie[ UO PoYIAW Yord JO (PIsSFueaw) AJBINOOR UONBIYISSB]D 9 d|qel

pringer

As



Machine Learning

010°0F8¢6°0 S00°0F189°0 £00'0F8L9°0 100°0F00L°0 THO'0FLILO LT00 F 6880 110070260 LSININ-UOIYse]
100'0F166°0 €10°0F8$8°0 LOO'0F+26°0 S00'0FI0L0 ¥70°0FS88°0 810°0 F 996°0 T10'0+286°0 6SA0-LSININ
£00°0FL86°0 L10'0FZH80 T10'0F8L8°0 S00°0F10L°0 7S0'0F088°0 0200 F 956°0 ST10°079L6°0 8SAQ-LSININ
200°0F266°0 TI00FYL80 900'0F6+6°0 000°0F00L"0 910 0F€L8'0 120°0 ¥ 2S6°0 6000F€86°0 LSAQ-LSININ
£00°0+286°0 LTO'0F66L°0 020'0F¢H8°0 S00°0F€0L0 $S0°0F9¥8°0 0+0'0 F TT6°0 €20'0F956°0 9SAQ-LSININ
200°0F286°0 660'0F989°0 610°0F7L0 900'0F+0L°0 7S0'0FTE8°0 T°0'0 F €460 T10'0F296°0 GSAQ-LSININ
100°0F866°0 STO'0FILS0 600°0F1€6°0 #00'0F€0L0 LY0'0F6L8°0 LTO'0F TL60 710°07986°0 #SAQ-LSINIA
100°0FS66°0 600°0F€£8°0 110°0F€L80 £00°0F20L0 0S0°0F+88°0 9€0°0 F €560 620'0FLL6'0 €SAQ-LSININ
2000788670 Y10°0F6£8°0 910°0F268°0 800°0FI10L°0 ¥#0°0F8L8°0 ¥€0°0 F TH6°0 $10°0+8L6°0 TSAO-LSININ
100°0F666°0 LOO'0FEFE0 100°0F686°0 000°0F00L"0 T€0'0F9%6°0 £00°0 F ¥66°0 #00'0FS66°0 [SAQ-LSINIA
(pastaradns) DO 3D W durey-v ano-aso vdSO-dSO VdST-dSO jeseIe(

sared eyep JR[IWISSIP puE JR[IWIS 9)eIdUaS 0] 19s Suluren ay) Jo %Gz Suisn £q s)asejep 9[eds-98Ie[ U0 POyIaul [ord JO (PISFuRAW) AOBINJOR UONBIYISSR[) / d|qel

pringer

Qs



Machine Learning

magic spambase MNIST-Ovs3 MNIST-Ovs5
1.0
20.80 z 1.0 e z
A . goso | B P Femt
3 ™ 3 A g 7 Y 0.0 2NN
2075 il AT R 0.85 £ So.9 S \ g VAR
< s A g Fod 5 s 4 \ s 4 NN
k-] / 3 / S T \ s / A
3 | goeo) X Boslxr R PN
go701 / -4~ OSD-LSPA | o5l / ~&- OSD-LSPA | & |« ~A- OSD-LSPA | & |47 -4- OSD-LSPA
S X -%- OSD-QSPA | © ¥ -%- OSD-QSPA | 0.7 -5¢- OSD-QSPA So7 ->- OSD-QSPA
06516T 167 16 10~ 165 16 070167167 107 16 165 107 0= 10° 1077 10° 107° 107 0 10° 1077 10°° 10° 1071
c c c c
0 magic MNIST-Ovs3 MNIST-Ovs5
5091 o >
3 ! N g 3 A 2 \
g / . g ks .----a %os \ gos \
50.75 (,' T-e----e < 0.875 // e s \ H \\
2 / 7 0.850 20.7 o—e| 507 >
£ | ~e- 0SD-0GD | & -e- 0SD-0GD | © -®- 0SD-0GD | < -e- 0SD-0GD
07067162 167 16° 16° 10- 01 1072 10 10¢ 10— 10 0 10°° 1077 107° 10°° 1071 07 10° 1077 10°° 10°° 107
Yy Y Y Y
Fig. 1 The sensitivity analysis of parameters C and y
MNIST-Ovs3 MNIST-Ovs5 MNIST-Ovs7 MNIST-Ovs9
10 10 S0 10
3 z 3 3
g 8 g g
3 3 3 3
8 8 8 8
®os ® o8 ®os ®os
< c c <
S S S S
§ § g §
- —— 0SD-0GD £ —— 0sD-0GD £ —— 0sD-0GD £ —— 0SD-0GD
2 —— OSD-LSPA & —— OSD-LSPA & —— OSD-LSPA & —— 0SD-LSPA
°© —— 0SD-QSPA  ° —— 0SD-QSPA  ° —— 0SD-QSPA  ° —— 0SD—QSPA

o 1000 2000 3000 4000 o 1000 2000 3000 4000 0 1000 2000 300 4000 o 1000 2000 3000 4000
T T T T

Fig.2 The classification accuracy of our proposed methods when 7T increases

5 Conclusion

In this paper, we studied an interesting problem called online binary classification from
only similar and dissimilar data pairs (online SD classification for short). To the best of
our knowledge, this paper provided the first attempt to solve this problem. We proposed
three novel learning methods for online SD classification. Specifically, we first adapted the
unbiased risk estimator of SD classification to the online learning scenario with a conserv-
ative regularization term. Then, by further introducing a margin criterion for whether to
update the classifier or not with the received cost, we proposed two online SD classification
methods (one with linearly scaled cost and the other with guadratically scaled cost). We
theoretically derived the regret, mistake, and relative loss bounds for our methods, which
guarantee the performance of our methods on sequential data. Comprehensive experimen-
tal results on various datasets demonstrated the effectiveness of our methods.

There exists a subtle gap between the theoretical analyses and the empirical performance
of our proposed methods, due to the estimation error of the class prior. Therefore, in future
work, we plan to bridge this gap by incorporating the estimation error of the class prior to
the theoretical analyses. In addition, since there exist other important weakly supervised
learning problems apart from the SD classification problem, we also plan to develop effec-
tive online learning methods for other weakly supervised learning problems in future work.
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Appendix 1: Proof of Theorem 1

As we have shown, our proposed OSD-OGD algorithm actually employs the following
update method:

‘ 1
w,,, = arg min RP(w) + —||w]?,
i = argmin 3 RPO0) + 5wl

which is exactly the follow-the-regularized-leader procedure with Euclidean (Shalev-

Shwartz, 2011). As can be easily verified, the Euclidean regularization %llwll% is %

-strongly-convex with respect to ||-||,. Recall the assumptions that £, is p,-Lipschitz with
respect to |||, and %ZLI pt2 < p?. Then, by using the Theorem 2.11 in Shalev-Shwartz
(2011), we have that forw, € W,

T T 1 2 . 2 5 1 2 2
D L0 = B L0 S [ = min V1) + 770 < - lw, I + /7%

because min,,, ||v||> > 0 always holds. In particular, if for every hypothesis w € W, it
satisfies ||w||, < Band y = B/(pV/2T), we have

Z; Lw)— Z; Lw,) < Bp\/ﬁ,

which completes the proof of Theorem 1.

Appendix 2: Proof of Theorem 2
Following (Crammer et al., 2006), for some v € W, we define
A, =w, =I5 = w5

and consider upper and lower bounds of Z;T=1 A,. By initializing w, to zero vector and using
telescoping sum, we can obtain

T T 2 P
Do A=Y w3 = lwey —vIB)

2 2
= lwy =vll; = llwryy —vIl;

2
< [Il5-
Sincew, ., =w, — r,VR[SD(w), we can obtain

2 SD 2
A= llw, =vlly = lw, = 7, VRZ(w) = vl|;

=27,(w, —») VR®(w) — 22| VRSP (W) 3.
Since RfD (w) is A-convex, we have
A
RPW)—RPw) > v -w) VR P(w) + 5||v w3

Combining the above inequalities, we have
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T
WP > Y, 7 (2R ) = T VRP )3 - 2R (0). (14)

For OSD-LSPA, if a prediction mistake occurs, then R°(w)>G and
RISD(w,) —7,]IVR,(w,)||? > 0. Therefore, we can obtain

T T

> TRPw) < IbI3+2C ) RPo) (15)

Using  our  assumption  that  [[VRSP(w)[3<r* and the  definitions
A+w[ VRSP (w)

7, = min(C, max (0, ), RP(w,) = A +wVR®(w,), we conclude that if a pre-

IVRZP w13
diction mistake occurs then it holds that

. G? D
min <CG, r_2> <R (W)

Since Ztrzl E,(w,) denote the number of prediction mistakes made on the entire sequence,
it holds that

. G? T T
min <CG, 7) > Ew)< Y wRPmw). (16)

Combining Eq. (15) with Eq. (16), we conclude that

T 1 2 T
_ E,(w,) < max (E’ a) <||v||§ +2C thl R?D(v)>,

which completes the proof of Theorem 2.

Appendix 3: Proof of Theorem 3
Recall Eq. (14), we have
WIE= Y (2R 0w - 7 IVRow)IE — 2R0)).

Defining a = 1/4/2C, we subtract the non-negative term (az, — R;°(v)/a)? from each
summand on the right-hand side of the above inequality, to obtain

T
I3 > ), | (22RPw) = VR WIS - 27,8 ) — (az, = R () /a))

T
Z,:I (22,RP(w,) — T2 IVRSP(w,)||2 — 22,RP(¥) — (az,)?

2
—(R’SD(V)) +27,RSP(w)

a

= Z; (ZTerD(W,) - Tf(IIVR,SD(wt)Ili - %) - 2C(R§D(v))2).
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2C(A+w] VRSP (w))
2C|| VRSP (w)||2+1
clear that when RtSD(w,) <0, the classifier is not updated. So we consider the case that
R3P(w,) > 0. Then we obtain

Using the definitions 7, = max(0, ) and R®(w,) =w]VRP(w)+A. It is

(RSP (w,))
WiE = X | =5 - 20RP0)
EY

2C

Rearranging terms above, we can obtain
T RPN < (724 2 29 ST (RSP ())2
2 RPw)? < (P4 55 ) (I3 +2C Y RP)? ),

which completes the proof of Theorem 3.
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