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Computational intelligence has become an integral part of human society. Algorithms recommend
us news to read during breakfast, help us choose routes to reach workplaces, or suggest restaurants
to dine at; but, in the end, it is us – humans – who have the �nal word in these interactions. And
we choose as we please, driven by copious motives and goals. In many cases, we remain oblivious to
the fact that our actions eventually shape the entire society, in�uencing other people’s options and
decisions. From this interdependence of our behavior stems the need for a theory of greater human
interaction. And while traditional game theory o�ers an elegant body of work, its results are built
upon an inherently �awed assumption – the absolute rationality of decision-makers, which, as many
experiments in the past decades demonstrated, human psyché seems to show rather a lack of.
This thesis attempts to venture beyond this assumption and provides a series of results characteriz-

ing the implications of deviating from full rationality. To this end, it adopts perhaps the most widely
accepted model of limited cognitive abilities called the quantal response. Quantal response assumes
humans act stochastically, choosing actions with higher utilities more frequently. To aid in human
decision-making, we study domain-agnostic integration of quantal response into two celebrated in-
teraction archetypes: the models of commitment and coordination. These archetypes have been suc-
cessfully applied to many speci�c real-world scenarios, and computed strategies were shown to greatly
improve in e�cacy when behavioral models are incorporated. Yet, the methods developed for solving
these scenarios are not transferable to general models of commitment and coordination, where the
integration of bounded rationality has never been addressed until now.
Commitment is an ability of a single leading agent to in�uence the course of play even before the

interaction starts by publicly announcing a strategic behavior they will truthfully follow. In order for
the commitment to be respected by other agents, the so-called leader has to serve a prominent role in
society. The capacity to adopt this role is hence commonly reserved for established market leaders or
large governmental institutions. Under mild assumptions, the commitment was shown to bene�t the
leader greatly, and carefully crafted strategies may hence assist in optimizing social good in the entire
society. We show how to integrate quantal response into commitment models in order to account for
human-type behavior, we identify the problem’s computational complexity, and design algorithms
computing commitment strategies with guaranteed convergence and bounded error.
Coordination then further improves the agents’ strategic capabilities by letting them act upon their

interests not only based on the reasoning about the leader’s or their other opponents’ behavior, but
also by conditioning their strategies on external private signals. The process of selecting and revealing
the signals is traditionally entrusted to a mediator mechanism, referred to as the correlation device.
By optimizing the device’s public distribution over signals, coordination facilitates reaching socially
desirable outcomes previously considered unattainable. We investigate how quantal response a�ects
the topology of the solution space, how computationally di�cult it is to compute the solutions, and
design algorithms that traverse the solution space while optimizing the signaling structure.
We evaluate the scalability and robustness of all the introducedmethods onmultiple domains char-

acteristic to commitment or coordination scenarios. The reported results indicate that our methods
are su�ciently precise and surpass the contemporary state-of-the-art non-convex optimization solvers
by several orders of magnitude in terms of computation speed. We hope our e�orts may expedite the
adoption of game-theoretic methods for designing more e�cient and egalitarian systems.
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�Most importantly, it is a�ected
by a behavior of other humans.

� In otherwords, the players’ be-
havior is interdependent.
� T. Roughgarden. “Algorith-
mic game theory”. Communi-
cations of the ACM ��:�, ����,
pp. ��–��.

� I�����������

S ����� interaction is a cornerstone of human society. In contrast to solitary
species, the evolution of human civilization led to the development of spe-
cialized professions that complement each other, creating a wide range of in-

terdependent roles in our communities. A direct consequence of such a social order
is that a daily life of an individual is nowadays largely in�uenced by many external
factors�, rather than being in hands of the said person. For example, the morality
and legality of our actions is determined by local psychological and political climate
manifested through a changing legislation, and the values of goods we need to sus-
tain ourselves or labor we produce are a�ected by in�ation and situations on global
markets. And since humans could be driven by vastly di�erent motivations, pre-
dicting an outcome of di�erent social interactions remains conceptually di�cult.

Fascination and desire to understand such complex dynamics motivated the for-
malization of a mathematical theory of interactions, most commonly referred to as
game theory due to its focus on the simplest strategic representation of interactions:
games. Contrary to the popular belief, (mathematical) games are neither a simple
thought experiment, nor just a mean to super�cial self-amusement. Characterized
by distributing payo�s to players based on a combination of all their actions�, math-
ematical games are capable of modeling many real-world situations. These include,
but are not restricted to, scenarios in economics, social sciences, or security.� And as
contemporary literature shows, leveraging game-theoretic design and analysis tech-
niques in modern applications creates a more e�cient and socially just society.

Still, even with motivations and preferences reduced to mere payo�s, signi�cant
challenges prevail, with the most essential being how to identify e�ective strategies.
To this end, game theory builds upon three key aspects of games. First, the spe-
ci�c properties of domains; because in many games, using the game-theoretic math-
ematical apparatus facilitates identifying hidden structures and symmetries within
the games that further simplify formal analysis. Second, the strategic capabilities
of players; for example, being able to commit to a premeditated behavior before-
hand or condition the responses on actions of external mediators. Such options
signi�cantly widen the spectrum of players’ strategic possibilities, enabling them to
reach outcomes deemed unfeasible otherwise. Finally, the third aspect is the level of
players’ reasoning abilities. These include various modes of choice, subjective per-
ception of payo�s, or inability to perform certain actions. This thesis focuses on
the later two and studies properties and solving methods for games with players of
varying degrees of rationality and strategizing capabilities.
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� It is worth to note that while
insisting on full rationality
in purely human interactions
proved erroneous, the contem-
porary world relies, to a large
extent, also on human-machine
interactions. On the side of the
machine, this assumption still
has its merits.

� H.A. Simon. Administrative
behavior. Simon and Schuster,
����.

� C. F. Camerer. Behavioral
game theory: Experiments in
strategic interaction. Princeton
University Press, ����.

� These two models also moti-
vate the title of this thesis.

��� M���������
The earliest discoveries in game theory considered egalitarian, entirely rational play-
ers, based on the neoclassical model of homo economicus�. Pertaining to the assump-
tions of this idealized, self-interested economic consumer, the traditional game the-
ory took advantage of the mutual rationality and equal standing of all involved par-
ties to provide a rich and elegant body of work. The seminal result remains the in-
troduction of the concept of Nash equilibrium – a ubiquitous situation when no
player has an incentive to unilaterally deviate from their behavior.
The postulates ofNash equilibrium aremathematically beautiful, yet at the same

time unrealistically strong, oblivious to cognitive limitations of human decision-
makers. As Herbert A. Simon, by many considered the forefather of behavioral
economics, noted:

“. . . in the real world the human behavior is intendedly rational, but
only boundedly so, that there is room for a genuine theory of organi-
zation and administration.”

In his pioneering work,� Simon asserted that human decision-making processes are
intrinsically molded by limits on the players’ knowledge and computational capa-
bilities. These ideas, fusing the seemingly incompatible two-folded nature of hu-
man behavior – intended, yet bounded rationality – gave rise to the Carnegie school
of economics. In light of vast evidence accumulated over decades of psychologi-
cal decision-making experiments,� Simon’s arguments leave no room for doubt in
the contemporary scienti�c communities. It became increasingly evident that ad-
dressing limits of rationality leads to clearer explanations and better predictions of
outcomes of human interactions.

q

While the implications of deviating from full rationality have already been exten-
sively studied in the most straightforward, egalitarian situations based on the origi-
nal de�nition of Nash equilibrium, other celebrated models of interaction remain
mostly unexplored. Two models stand out as the most in�uential�: Stackelberg
equilibrium, in which one of the players has commitment power to lead the interac-
tionwhile the opponent(s) respond to the leader’s behavior, and correlated equilib-
rium, in which the players may coordinate their behavior through external private
signals. These situations enhance the players’ strategizing capabilities, which conse-
quently drives the modalities of their intended rationality.
The limited reasoning abilities of the players are then formalized though their

model of bounded rationality. One of the key takeaways from decision-making ex-
periments with human participants is the observation that instead of always choos-
ing the utility-maximizing option, human players tend to systematically discrimi-
nate between di�erent alternatives. Among themost renownedmodels of bounded
rationality that replicate this behavior is quantal response. Quantal response posits



��� B�������� �������� ���������� ������N��� �

� The following �gures illus-
trate the principal di�erences
between the equilibriawe study.
Here, the round head symbol-
izes the rational agent, while
the cropped head indicates
bounded rationality.

the players act stochastically, choosing higher-utility actions with higher probabil-
ity, and is consistently regarded as one of the best predictors of human behavior.

q

This thesis introduces novel solution concepts integrating the model of quantal
response into Stackelberg and correlated equilibria in both one-shot (i.e., normal
form) and sequential (i.e., extensive form) scenarios. We analyze these concepts’
mathematical properties and design scalable methods to compute or approximate
them. In the following sections, we give a brief overview of the introduced concepts
and motivate them by several potential real world applications. We list our main
technical contributions, and conclude by laying out the thesis’ structure.

��� B�������� �������� ���������� ������N���
The story of this thesis began with a one-sided concept we refer to as quantal Nash
equilibrium, which we feel compelled to introduce among its more fundamental
siblings. Quantal Nash equilibrium is a unilaterally rational concept describing
a situation when an entirely rational player faces a cognitively restricted opponent
whose behavior follows the quantal response model�.

The concept is of a Nashian nature; the agents are assumed to observe each other’s
strategies and react accordingly. Interactions of this kind are common in many
human-machine scenarios ranging from general communications with voice assis-
tants or collaborative work with autonomous systems to speci�c applications like
automated bidding in online auctions. One of the concept’s surprising and counter
intuitive properties is that the rational agentmay be at a loss when adopting a quan-
tal Nash strategy instead of a Nash strategy against a quantal agent. This motivates
a generalization into a setting when the rational agent has the ability to commit to
a strategy beforehand.
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� The correlation device is visu-
alized as the small overhead tri-
angle in the �gure.

We coin the name quantal Stackelberg equilibrium for the corresponding con-
cept. The equilibrium is again unilaterally rational, yet in this case, the committing
agent is able to take advantage of their opponent’s boundedly rational behavior and
steer the interaction towards their preferred outcomes.

Using their privileged status, the leader announces and implements their strategy,
letting the quantal agentmerely observe their behavior and adapt to the situation at
hand. This endeavor may yield a substantially higher payo� for the rational player
over the traditional Nashian strategy. Stackelberg-type equilibria are also among
the most frequently employed concepts in practice, with quantal commitment be-
ing particularly suitable for security applications like long-term continual patrolling
or hardening of computer network security. Still, the role of the rational agent re-
mains relatively passive anddoesnot encompass any explicit communication scheme
among them and their opponents. Communication then becomes a focal point of
the last equilibrium we appraise.

We formalize the aforementioned boundedly rational mediating concept as the
quantal correlated equilibrium. It characterizes a situation when the agents may
contemplate not only the presumed behavior of their opponents but they could
also condition their strategies on signals received from an external source.

Similarly to quantal Nash equilibrium, also the quantal correlated equilibrium is
an egalitarian concept short of commitment. The process of selecting and revealing
the signals is entrusted to a mediator mechanism, a so-called correlation device�.
Coordinating the agents via signals is bene�cial for the system; it enables reaching
outcomes that would not be viable otherwise. Typical applications can be sought in
automated recommendations, coordination of sovereign entities in umbrella orga-
nizations, or implementation of public policies. The role of the correlation device
is comparable to that of the committing agent, yet without the immediate option
to act. As such, it may suitably describe, e.g., various administrative bodies.
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�� W. Dinkelbach. “On nonlin-
ear fractional programming”.
Management Science ��:�,
����, pp. ���–���.

�� E. L. Allgower and K. Georg.
Numerical continuation meth-
ods: An introduction. Vol. ��.
Springer Science & Business
Media, ����.

��� A��� ��� ������������� �� ��� ������
This thesis aims to characterize the consequences of deviating from full rationality
domain agnostically and for broader notions of equilibria, described in the previous
section. The fundamental questions we attempt to answer are

�. how can we compute boundedly rational equilibria, and

�. is their computational complexity lower than of their rational counterparts?

As an answer to the �rst question, for each of the introduced boundedly rational
equilibria we provide an empirically e�cient parametric algorithm capable of com-
puting the concept. Neither of the algorithms relies on standard techniques. For ex-
ample, attempting to �nd a quantal Stackelberg equilibrium using straightforward
gradient-based approaches is bound to fail. Aswe show, the natural formulations of
quantal Stackelberg equilibria are non-concave in general, and the number of local
optima may grow linearly in the number of actions. In a style of Dinkelbach,�� we
hence reformulate the fractional representation of quantal Stackelberg equilibrium
into an equivalent problem of �nding a root of a convex function. Through lin-
earization into a mixed-integer linear program, we arrive at the �rst main result in
normal form games.

Theorem �.� (formalized in Chapter � as Proposition �.�). There exists an algo-
rithmapproximating the optimal strategy the rational player commits to against a quan-
tal player in normal form games that guarantees a loss in utility upper bounded by
O(|A|/K2), where |A| is a number of actions of the boundedly rational player and
K is a number of segments used to linearize the behavioral model.

In extensive formgames, the linearization ismore cumbersome, because of the in-
herent curse of strategy-space dimensionality in this class of games, and many deci-
sion points. Nevertheless, we derive a conceptually similar algorithm.

Theorem �.� (formalized in Chapter � as Proposition �.�). There exists an al-
gorithm approximating the optimal strategy the rational player commits to against
a quantal player in extensive formgames that guarantees a loss inutility upper bounded
byO(|A|(1/K2+1/L)), where |A| is a number of actions of the boundedly rational
player,K is a number of segments used to linearize the behavioral model, and L is a
width of an interval controlling the error of bilinear terms estimates.

To compute a quantal correlated equilibrium, we formulate a robust homotopic
algorithmcapable of traversing theprincipal branchof equilibrial correspondence��.
We employ carefully designed variable substitutions andmodel reformulations that
ameliorate numerical issues precipitated by the steep quantal response functions
or wide ranges of utilities. As a consequence, we are able to simultaneously trace
the equilibrium and gradiently optimize a probability distribution over the signals
while maintaining the homotopy’s convergence guarantees.
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�� I.e., the more computation-
ally complex of the two.

Theorem �.� (formalized in Chapter � as Algorithm �). There exists an algorithm
that e�ciently approaches the coordination equilibrium with quantal players in nor-
mal form games from the center of the strategic simplex by continual corrections of
increasingly rational strategies via a Gauss-Newton method.

The innate properties of extensive form games keep causing issues even in co-
ordination scenarios. Continual tracing corrections we employed in normal form
games quickly becomeunfeasible as the number of decision points increases. Tailor-
ing a decomposable corrector allows us to formulate another homotopic method.

Theorem �.� (formalized in Chapter � as Algorithm �). There exists an algorithm
that e�ciently approaches the coordination equilibrium with quantal players in ex-
tensive form games from the center of the strategic simplex by continual corrections of
increasingly rational strategies via a conjugate gradient method.

Due to the ability of the quantal response model to approximate entirely ratio-
nal behavior up to a desirable error, the general answer to the second question is
negative: quantal equilibria are at least as di�cult to compute as the traditional so-
lution concepts. Still, we are able to identify two special cases when commitment
equilibria�� can be found more e�ciently.

Theorem �.� (formalized in Chapters � and � as Propositions �.� and �.�). There
exist conditions characterizing when the optimal strategy the rational player commits
to against a quantal player can be approximated in polynomial time in a form of

• two scalar inequalities in normal form games; and
• a matrix inequality in extensive form games.

Moreover, our extensive empirical evaluations provide evidence the designeduni-
versal algorithms perform exceptionally well in practice, convincingly outperform-
ing the baseline approaches in computational time by several orders of magnitude.

��� S�������� �� ��� ������

The dissertation begins with a discussion of related work in Chapter �. We review
existing solution concepts and behavioral models and classify them according to
Simon’s taxonomy of the emergence of bounded rationality. We provide numerous
viewpoints drawing primarily from operations research, behavioral economy, and
cognitive or personality psychology. We brie�y deliberate also the historical roots of
the quantal response and its construction.
Chapter � introduces the fundamental concepts from game theory. We present

the rudimentary representations of interactions in forms of normal and extensive
form games and construct the associated sequence representation. We provide def-
initions of the three established entirely rational solutions pertaining to this thesis:
the Nash, Stackelberg, and correlated equilibria, and their principal properties and
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computational complexities. The rest of the chapter presents boundedly rational
solutions, particularly the quantal response and quantal Nash equilibria, and lays
down our exploratory results on the latter.

q

The following �rst major content part of the thesis is dedicated to optimal com-
mitment in the presence of a quantal adversary. Chapter � formalizes the concept
as a quantal Stackelberg equilibrium in normal form games and studies its proper-
ties. We show that commitment power frequently bene�ts the leading agent, yet
not without exceptions. Finding the optimal strategy then necessitates the develop-
ment of a specializedmethod stemming from fractional programming. The chapter
demonstrates its e�cacy in the experiments. Chapter � then attempts to general-
ize the same approach to extensive form games. It analyzes the concept’s topology
and computational complexity, highlighting the key di�erences distinguishing it
from its normal form analog. Designing a computationalmethodbecomesmore in-
volved, andwe exert substantial e�ort to derive its formal guarantees. Themethod’s
performance is evaluated in practice at the end of the chapter.

The secondmajor contentpart presents our contributions to the studyofquantal
coordination. Chapter � de�nes the concept as a quantal correlated equilibrium in
normal form games via a traditional construction of solution conceptswith a signal-
ing device. The chapter thoroughly investigates its topological and computational
attributes, as well as relations to the precursor equilibria. The convenient contin-
uous geometry of quantal correlation facilitates the introduction of a homotopic
algorithm that tends to the equilibrial strategies along the homotopy curve. The vi-
ability of the method is again analyzed empirically. Howbeit, extending the results
into extensive form games requires a slightly di�erent viewpoint, as following the
same approachproves computationally impractical. To this end,Chapter�presents
the sequential interpretation of quantal correlation and adopts a more suitable it-
erative method to trace the equilibrium in a homotopic manner still similar to the
algorithm’s normal form counterpart.

q

We conclude the dissertation in Chapter �. It brie�y reiterates the principal mo-
tivation for studying boundedly rational concepts in game theory and summarizes
and discusses the main contributions. The chapter also points out several related
directions of research in which the results presented here could be expanded upon
to design a new generation of more e�cient and socially just systems.
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I � this chapter, we brie�y review the existing literature on bounded rationality
in game theory and bring the models introduced here into broader context.
We also explain how these models complement, or relate to, the behavioral

model considered in this thesis, and their potential uni�cation.
As hinted in the introduction, the theory of bounded rationality was developed

in an e�ort to generalize the entirely rational, traditional decision-making and con-
form with the �ndings of behavior sciences.�� Initially, the experimental evidence
was regarded merely as “special cases”, boundary conditions where the standard
model did not fully apply. As more and more evidence began to accumulate, be-
havioral economists started to entertain the thought it may be actually vice versa: it
is the bounded, rather than full, rationality that forms the interactions in modern
societies.�� And this imperfect mode of interaction is inextricably linked with our
world’s intricacy. The emergence of complex social structures would not be pos-
sible without interactions between boundedly rational agents. At the same time,
our �awed reasoning is in itself a consequence of the complex environment we in-
teract with. It is a natural byproduct of cognitively restricted decision-making in
situations beyond our comprehensibility limits.

Building up on the decades of behavioral experiments, Simon proposed the fol-
lowing taxonomy of emergence of bounded rationality:��

�. limited knowledge of the world;

�. limited ability to evoke the knowledge;

�. limited ability to work out consequences of actions;

�. limited ability to conjure up possible courses of action;

�. limited ability to cope with uncertainty; and

�. limited ability to adjudicate among competing wants.

The models introduced in single-agent decision making and behavioral economy
were soon adopted in multi-agent game-theoretic settings as well. Established solu-
tion concepts were re�ned to explain the empirical �ndings better or provide more
robust solutions against cognitively restricted adversaries. Incorporating di�erent
limitations suggested by Simon proved to be a path to more accurate models, bet-
ter suited for situations where the genuine intentions of the agents are unknown



�� � R������W���

�� Iterated elimination then
leads to a hierarchical model we
discuss in Section �.�.

�� B.D. Bernheim. “Rationaliz-
able strategic behavior”. Econo-
metrica: Journal of the Econo-
metric Society, ����, pp. ����–
����.

�� R. Selten. “Reexamination
of the perfectness concept for
equilibrium points in extensive
games”. International Journal
of Game Theory �, ����.

��R. B.Myerson. “Re�nements
of the Nash equilibrium con-
cept”. International Journal of
GameTheory �:�, ����, pp. ��–
��.

or where they systematically fail to pick their utility-maximizing options. We pro-
vide an overview of approaches commonly found in the contemporary literature on
the topic, divided into six main sections: the generalizations and re�nements of the
original Nash equilibrium, one-shot subjective utility behavioral models, iterated
(hierarchical) models, cognitive and personality models, models based on compu-
tation theory, and model-uncertain concepts. Let us start with the �rst category
because of its close connection to Nash equilibrium.

��� N����������� ������

Elimination of unsatisfactory choices is one of the most straightforward heuristics
rational agents may use to restrict their potentially large action spaces��. In a multi-
agent setting, a widely used, appropriate measure of suboptimality is dominance. A
strategy is called (strictly) dominated if another strategy provides (strictly) higher
utility for any possible behavior of the agent’s opponents. Rationalizable strategies
are then a subset of all strategies such that neither (strictly) dominates the other.��
Nash equilibria always consist of rationalizable strategies; the converse is not true,
though. Allowing the agents to play non-rationalizable or even non-Nashian ratio-
nalizable strategies hence corresponds to the inclusion of multiple limitations from
Simon’s taxonomy, perhaps most importantly, the lack of knowledge about the op-
ponents’ strategic capabilities.
While rationalizability generalizes Nash equilibrium, other concepts related to

relaxing the rationality assumptions further restrict it. An example of such an ap-
proach is the trembling hand perfection.�� The idea of trembles is that agents may
choose suboptimal actions with an upper-bounded non-zero probability ✏. As this
upper bound vanishes, the equilibria in these perturbed games reach aNash equilib-
rium in the original game. Trembling hand perfection amends a speci�c issue inher-
ent to some entirely rational concepts: the fact that a small “slip of the hand” result-
ing in accidentally choosing an unintended strategy may substantially change the
opponents’ behavior. A similar concept is a proper equilibrium which further re-
�nes perfection, noting that some strategies may constitute a trembling hand equi-
librium just on account of the existence of strictly dominated strategies.��
With the strictly positive upper bound ✏, both perfection and propriety relate

to an agent’s limited ability to follow a course of action. In this sense, these equi-
libria are similar to the quantal response. The critical di�erence lies in the quantal
response’s systemic discrimination based on the actions’ expected payo�s.

��� O������� ���������� ������

While the models described so far are characterized by their relation to Nash equi-
librium, nowwemovedeeper into the area of behavioral economics andpsychology,
where predictions may vary greatly and di�er substantially from expected Nashian
behavior. The models in this area are most frequently driven by either behaviorally



��� O������� ���������� ������ ��

�� G. Gigerenzer and R. Selten.
Bounded rationality: The adap-
tive toolbox. MIT Press, ����.

�� J.W. Pratt. “Risk aversion in
the small and in the large”. In:
Uncertainty in Economics. Else-
vier, ����, pp. ��–��.

�� D. Kahneman and A. Tver-
sky. “Prospect theory: An anal-
ysis of decision under risk”. In:
Handbook of the Fundamentals
of Financial Decision Making:
Part I. World Scienti�c, ����,
pp. ��–���.
�� H. Markowitz. “The utility
of wealth”. Journal of Political
Economy ��:�, ����, pp. ���–
���.

�� In the literature sometimes
also called the “quantal choice”.
�� D. L. McFadden. “Quantal
choice analaysis: A survey”. In:
Annals of Economic and Social
Measurement, Volume �, num-
ber �. NBER, ����, pp. ���–
���.

constrained optimization or heuristic decision making. Because this thesis deals
with computational rationality associated with maximization and calculations of
probabilities and expected utilities, we focus predominantly on the �rst group. We
refer the reader inquisitive about theheuristicmodels to the appropriate literature.��

Arguably the most prominent remain the models of human conduct towards
risk and loss. Risk refers to the ability of agents to cope with uncertainty. The liter-
ature recognizes three distinct risk attitudes: risk aversion, risk neutrality, and risk
seeking.�� Risk aversion is an umbrella term for describing the tendency to favor
low uncertainty outcomes in lieu of more precarious options, irrespective of the ex-
pected payo�. Risk seeking is its corresponding antipode model, preferring higher
uncertainty. Risk-neutral agents then act without bias towards either low or high
predictability. Both risk aversion and risk seeking may be explained in terms of the
traditional expected utility maximization framework via appropriate transforma-
tions of the agents’ utility functions; their concavity is attributed to risk aversion,
while convexity is to risk seeking.

While risk attitudes concentrate on quantitative di�erences in uncertainty, loss
attitudes are concerned with previously experienced or expected future gains and
losses. Analogously to risk aversion, when facing an equally plausible pro�t or loss,
loss-averse agents aim to avoid the latter. As a consequence, theybecome risk-seeking
to avert a more considerable loss while risk-averse with respect to potential gains. A
standard trope in the literature related to this phenomenon is that “a dollar lost is
two dollars gained”. Loss aversion is also a cornerstone of the celebrated prospect
theory,�� which further re�nes it by asserting that humans tend to overweight low-
probability options while underweighting outcomes that are almost certain.

The postulates of prospect theory, or loss aversion in general, have been chal-
lenged in the past two or three decades by several competing theories, often stem-
ming from the fourfold pattern of risk preferences.�� They suggest that boundedly
rational agents exhibit opposite behavior under certain circumstances, absent of loss
aversion. The agents’ diminished sensitivity to valuesmay lead even to a utility func-
tion shaped inversely to a conventional prospect theory function. The most appar-
ent di�erence observed in the experiments is a pronounced concavity in the loss
domain, implying risk aversion instead of risk-seeking, especially as losses grow.

Regardless of the concrete shapes of utility functions, both risk and loss attitudes
are frequently adopted in game-theoretic analyses. Theymodel the agents’ inability
to resolve the options framing psychological con�icts arising from the subjective
perception of either actions’ values or uncertainty in outcomes. And, due to their
convenient representation via utility functions, they can be integrated e�ortlessly
into larger decision-making solutions, and we do so later in Chapter � as well. This
brings us to a behavioral model central to this thesis: the quantal response.

The origins of quantal response�� may be traced to stochastic choice approaches
from discrete choice econometrics, and their integration into game-theoretic solu-
tion concepts.�� The key di�erence between traditional expected utility maximiza-
tion and quantal response is that in the latter, the agents are not perfect optimizers,
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but rather “better-responders”, choosing actions with higher expected utility more
frequently.�� Quantal responses are commonly constructed either via structural or
reduced-form approaches. In the structural approaches, the stochastic sub-optimal
responses arise as rational reactions to unobserved payo� disturbances. In contrast,
the reduced-form approaches assume the responses simply follow some particular
functional forms that satisfy additional properties akin to continuity, interiority, or
independence of irrelevant alternatives. The methods introduced in this thesis ap-
ply exclusively to the reduced-form approaches, which appear to be more prevalent
in the literature��.

��� H����������� ���������� ������

Themodels introduced so far left the process of how the responses or equilibria are
attained unexplained, assuming the agents either naturally converge to their behav-
ior via repeated interaction or the predictions alone capture their strategic thinking
with su�cient precision. Yet, empirical evidence suggests the agents may at a time
reach or approximate these deliberative concepts through a series of “pre-equilibria”
with little to no precedent experiences.�� These processes may hence hardly be at-
tributed solely to learning; rather, they are a consequence of a more involved strate-
gic thinking. Hierarchical models arose as a formalization of such a process, impos-
ing limits on what the agents may infer about their opponents’ behavior. As such,
they aim to replicate the agents’ limitations in conjuring up their actions’ conse-
quences or potential future courses.
Rationalizability, whichwe discussed at the beginning of this chapter, is an afore-

said concept that relaxes the assumption of direct attainment of the equilibrium
while maintaining its key component – the (iterated) rationality. As a side product,
it induces a �nite-level hierarchical model of k-rationalizability. In this hierarchy, a
level 0 consists of the entire strategy space. The strategies at level k are then those
that may act as best responses to an arbitrary k � 1-level strategy. In interactions
among two agents, k-rationalizable strategies correspond to precisely those that sur-
vive k rounds of the iterated elimination of (strictly) dominated strategies.
The k-rationalizable strategies impose strong assumptions on the agent’s strategic

thinking capabilities, aligning them via k at each level of the hierarchy. The level-
k model is its heterogeneity-tolerant re�nement, allowing the k to vary across the
agents.�� In level-k models, the zero level represents the agents’ naive expectations
of their opponents’ potential behavior and is commonly referred to as an “anchor”.
Similarly to k-rationalizability, a level k is then inductively built from the responses
to strategies at level k� 1. Moreover, each agent’s level is commonly assumed to be
drawn from an estimated prior distribution.
The model of cognitive hierarchy then generalizes the level-kmodel by assuming

the agents respond not merely to behaviors from level k � 1 but to a mixture of
all previous levels.�� A distribution often employed in the literature is Poisson due
to being parsimonious, with the frequency of the higher levels quickly dropping
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o� to zero. Contrary to the level-k model, the strategies at level k in the cognitive
hierarchy are not k-rationalizable, which makes the model more �exible and better
suited for accommodating other behavioral imperfections observed in the data.

The quantal responsemay be conveniently combinedwith the hierarchical mod-
els by assuming the agents’ responses have a quantal nature. The hybrid models
are known to outperform their non-quantal alternatives onmany scenarios.�� Cou-
pling the methods introduced in this thesis with the hierarchical models hence has
the potential to signi�cantly improve the e�ciency of commitment or coordination
strategies in practice.

��� C�������� ��� ����������� ������

The behavioral models described in the previous two sections replicate well the ac-
tions human agents take in the experiments. Still, their rationale for making these
decisions is only implicit, hinging on the presumptive limitations of human strate-
gizing processes. Here, we introduce two models that instead strive to reproduce
the underlying driving mechanisms. They induce the observed behavior as a mere
byproduct of a more complex procedure arising from agents’ limited ability to pro-
cess the knowledge about the world they found themselves in.

The �rst model aims to justify the substantial dispositional tendencies in ratio-
nality or strategic and stealth abilities the agents exhibit�� by their personality dif-
ferences. Three distinct deceptive personality traits are dominant in con�ict-seeking
individuals, and they are referred to as theDarkTriad of narcissism,Machiavellian-
ism, and psychopathy.�� They can be di�erentiated by the way the individuals high
in these traits engage in deceptive behavior. Narcissists are known for self-deception
and risk-seeking due to their overcon�dence and unrealistic optimism. Machiavel-
lianists are more adaptive and strategic and capable of anticipating the behavior of
their opponents. Finally, psychopaths are reckless, they tend not to adhere to ratio-
nal strategies well, and their abilities to predict penalties are limited. In repeated in-
teractions, the three traits exhibit signi�cantly diverging patterns of behavior. Sim-
ilarly to risk and loss attitudes, even the Dark Triad traits can be modeled by either
modifying the utility functions in accordance with each trait’s attributes or apply-
ing an appropriate utility discounting.

On the other hand, the instance-based learning stems from several essential el-
ements of cognitive psychological mechanisms like memory, learning, and forget-
ting.�� This model characterizes a dynamic decision making process of an agent
who recalls and associates instances of past decisions from memory on the basis of
their similarity. The utility feedback the agents receive is propagated through this
memory, in�uenced by noise andmemory decay. When facing a newly encountered
situation, the agents estimate their expected utilities from history and act stochas-
tically, proportionally to their expectations. Instance-based learning hence models
the agents’ limitations in adjudicating among competing options due to their re-
stricted recollection abilities. The association process itself may be integrated into
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the more considerable decision making models as a subjective, history-dependent
utility function.
The stochastic choice in instance-based learning is, by default, implemented as

soft maximization over the options and can be hence regarded as a form of quantal
response. The model easily permits more elaborate quantal responses. Vice versa,
both the dark triad and the instance-based learning may complement this thesis’
methods in suitable applications via pertinent utility functions.
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Strategies in repeated or sequential interactions are usually represented asmappings
from individual situations an agent may encounter to actions to be taken therein.
Mappings are mathematically convenient to work with, yet they ignore any struc-
ture thatmaybe present in the strategies and inadvertently also the human tendency
to identify and favor patterns.�� One simple approach that captures these implicit
structures and characterizes the strategies’ implementation complexity is to encode
themas results of algorithmic processes in somemodels of computation. In the con-
text of game theory, the commonly consideredmodels are either deterministic �nite
automata of Turing machines. Bounding their complexity corresponds to impos-
ing limits on the agents’ abilities to evoke knowledge about the interaction, e.g., by
restricting their memory to a �nite number of past decisions.
Deterministic �nite automata is perhaps the most straightforward example of

such models. They were introduced to meaningfully reduce the massive strategy
space andmodel strategic complexity in repeated games, where a single base game is
played over a period of many�� iterations.�� Each state in the automaton has an as-
sociated action the agent takes at that state, and the transitions represent the simul-
taneously performed actions of their opponents. The base game is stationary; this
assumption greatly simpli�es the constructions as states permit arbitrary actions.
The size of a strategy is typically determined by a number of states in a minimal
automaton implementing it, butmore complexmeasures re�ecting the transitional
structure have also been considered. The equilibrial payo�s in repeated games with
automata strategies are known to approach individually rational payo�s in the base
game in the limit and invoke human behavioral strategies in the �nite case. For ex-
ample, the bounded complexity can justify otherwise rationally unfeasible cooper-
ation in a �nitely repeated prisoner’s dilemma.
Automata are a simplisticmodelwith low expressibility because they lack explicit

memory outside of the states themselves. Turingmachines constitute a natural gen-
eralization that enables making decisions on the basis of the entire history of the
interactionwith greater ease, receiving the opponents’ actions on the input andout-
putting a desired action to take. In repeated games, Turing machine strategies were
shown to exhibit similar properties as automata. They yet again promote collabo-
rative outcomes when the number of states is bounded, as shown on the example
of prisoner’s dilemma.�� Turing machines have also been employed as strategies



��� M���� ����������� ��� ���������� ��

�� J. Y. Halpern, R. Pass, and
L. Seeman. “Computational
extensive-form games”. In: Pro-
ceedings of the ��th ACM Con-
ference on Economics and Com-
putation. ����, pp. ���–���.

�� We leave out theminimax de-
cision rule due to being a “no
model” concept.

�� J. C. Harsanyi. “Games
with incomplete information
played by “Bayesian” players,
I–III Part I. The basic model”.
Management Science ��:�,
����, pp. ���–���.

�� J. Pita, M. Jain, M. Tambe,
F. Ordónez, and S. Kraus. “Ro-
bust solutions to Stackelberg
games: Addressing bounded
rationality and limited obser-
vations in human cognition”.
Arti�cial Intelligence ���:��,
����, pp. ����–����.

�� A.X. Jiang, T.H. Nguyen,
M. Tambe, and A.D. Procac-
cia. “Monotonic maximin: A
robust Stackelberg solution
against boundedly rational
followers”. In: International
Conference on Decision and
Game Theory for Security.
Springer. ����, pp. ���–���.

in computable uniform sequences of sequential games.�� Here, a Nash (resp. se-
quential) equilibrium of the underlying game reached in the limit translates to a
polynomial-time Turing machine implementable Nash (resp. sequential) equilib-
rium in the computable sequence.

Combining computational models with quantal response appears to be rather
tricky. One possibility is to make use of the strategic complexity as a subgame se-
lection method over which the agents act quantally. It remains an open question
whether, e.g., Turingmachinesmay implement quantal strategies andhow itwould
a�ect the topology of the associated quantal equilibria.

��� M���� ����������� ��� ����������

Several game-theoretic concepts assumed a situation when the agents’ behavioral
models are not identi�ed without discrepancies prior to the interaction��. Instead,
the agents may hold beliefs about their opponents’ motives and biases, and they
adjust their own behavior accordingly. The resulting strategies are supposed to be
robust to a multitude of behavioral pro�les.

The most well-known is the model of Bayesian games.�� In Bayesian games, each
agent belongs to a particular class of types; the type determines their utility func-
tion. The agents are aware of their type but in doubt about their opponents’ exact
types beyond their class. The uncertainty is expressed via a prior joint probability
distributionover the class pro�les. The expected outcomes are then calculatedusing
Bayesian probability, which enables to escape the in�nite epistemic reasoning.

Another model assumes a commitment scenario where the leader suspects their
opponents’ are satis�cers that may choose any of the responses within an ✏-reward
interval centered around their optimal strategies.�� The aim is hence to optimize
against all choices that fall within this interval. The essential advantage of this ap-
proach is that it is conceptually simple and easy to implement. The experimental re-
sults also indicate that it performs better in situations with human adversaries than
entirely rational or overly conservative methods.

Still, the ✏-deviations considered in this model are subjected to the same criticism
as the trembling hand equilibria – they lack more systematic dependency on ex-
pected utility. Themonotonicmaximinwas proposed as amore structured solution
providing theoretical guarantees of optimality against agents acting according to
any reduced-form quantal response function.�� The monotonicity conditions are
encodable via linear constraints, which enables to compute (a variant of) the equi-
librium e�ciently. Again, the empirical results speak favorably of the equilibrium
in lieu of less robust concepts though it has not been compared to ✏-deviations.

In general, model uncertaintymethods constitute well-grounded attempts to ac-
commodate the ambivalence arising fromthe agents’ limitedknowledgeof theworld.
Some are directly related toquantal response; others showclear potential to enhance
this thesis’ work, e.g., by conditioning signaling in quantal correlated equilibria on
agents’ types.
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This chapter described the most important concepts pertaining to bounded ra-
tionality in the context of interactions betweenmany self-interested agents. It high-
lighted their relation to the quantal responsemodel and brie�y delineated how they
could complement or be directly integrated into the model. Now that we familiar-
ized ourselves with the possible approaches, we may begin to formalize the basics.
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T ��� chapter introduces the fundamentals of game theory. More speci�-
cally, we focus on non-cooperative interactions among independent and
self-interested agents. The basic unit therein is an individual, unlike in

cooperative game theory, where the agents receive their payo�s as a group.
The �rst part of this chapter is dedicated to the formal description of the two

most commondomain agnostic representations of games: the normal form for one-
shot games and the extensive form for sequential games. The second part then dis-
cusses various solutions of interactions represented using these forms. We analyze
their computational complexity and bring to the fore standardmethods for �nding
them. In particular, we emphasize how they relate to methods studied further on
in this thesis. The three rational equilibria of our interest are Nash, Stackelberg,
and correlated equilibrium. Later we turn our attention to two boundedly rational
equilibria – the quantal response and the one-sided quantal Nash equilibrium.

Thede�nitions in this chapter arewell-establishednotionsused consistently across
the literature. The formalization, aswell as the statements of all theorems, are rephrased
from the book of Shoham and Leyton-Brown.��

��� R������������� �����

Games studied in game theory arewell-de�nedmathematical objects. They are com-
posed of four basic components: the players�� who engage in the game, the actions
available to them at each decision point, the payo�s for each outcome, and the in-
formation they have about the game.�� Wedistinguish between two standard forms.

����� N����� ����

The normal form is a standard game representation for one-shot games. In these
games, each player moves only once and all actions are taken simultaneously.

De�nition �.�. A normal form game (NFG) is a tupleG = (N,A, u), where

• N is a set of n players, indexed by i;
• A =A1 ⇥ · · ·⇥An, whereAi is a set of actions for player i; and
• u = (u1, . . . , un) where ui : A! R is a utility function for player i.
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Cooperate Defect

Cooperate -�,-� �,-�

Defect -�,� -�,-�
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N = {Prisoner �, Prisoner �}
A = {(C)ooperate, (D)efect}⇥ {(C)ooperate, (D)efect}
u = ({CC! �1, CD! �4, DC! 0, DD! �3},

{CC! �1, CD! 0, DC! �4, DD! �3})
⇧ = A

Figure �.�: (Left) An example of a payo� matrix of a normal form game. Each column of the depicted matrix is labeled by an action/strategy
of the �rst player, while every row is labeled by an action/strategy of the second player. The tuples in the matrix denotes the utilities of the �rst
player and the second player, respectively. (Right) The game’s formal NFG representation.

�� The situations – the nodes
of the tree – are also commonly
called game states. We use these
terms interchangeably.

Utility functions in normal formgamesmaybe visualized via payo�matrices. For
a given game, the dimensionality of the associated payo�matrix is equal to the num-
ber of players participating in the game. Each dimension is indexed by the actions
of the corresponding player, and the elements of the matrix are tuples of utilities.

Example �.�. Consider a two-player game in Figure �.�. The depicted payo�matrix
describes the prisoner’s dilemma, a standard game modeling a situation when two
members of a criminal gang are arrested and kept in isolated con�nements with no
means of communication. Both are given a chance to testify against the other prisoner
in exchange for a lesser charge. If they both decide toCooperatewith the other prisoner
and remain silent, each of them serves a year in prison. Vice versa, if theyDefect the
gang and testify, they are sentenced to � years. The combined choices lead to a situation
where the collaborator is absolved of guilt while the other prisoner serves � years.

Strategies can be seen as policies for playing the game. Deterministic strategies are
referred to as pure strategies. Individual pure strategies of player i are denoted ⇡i 2
⇧i, each assigning one action fromAi. Stochastic strategies are – in game-theoretic
lingo – called mixed strategies, and denoted �i 2 �i for player i. The set �i is a
set of all probability distributions over ⇧i. By �i(ai) we denote the probability of
player i taking an action ai 2 Ai. A strategy pro�le is a tuple of pure strategies ⇡ =
(⇡1, ...,⇡n) 2 ⇧ or mixed strategies � = (�1, ..., �n) 2 � that fully determines
how the game will be played. As an example, the entire normal form formalization
of the prisoner’s dilemma is given on the right of Figure �.�.

����� E�������� ����

Games in normal form describe singular situations. In contrast, the extensive form
represents sequential interactions spanning many situations where players move in
turns. A structure of a game in extensive form can be visually represented by a di-
rected rooted tree. Each node in the tree represents a di�erent situation in the game,
and the root corresponds to the game’s starting point. In every node, exactly one
player acts. The edges denote the actions that can be taken by the player who acts
in the particular node. All actions are deemed deterministic so that they are always
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�� In other words, Ii is a parti-
tion of player i’s nodes.

�� Here we assume that all
players take actions required to
reach h.
�� Otherwise, the player could
easily discriminate between the
nodes on the basis of available
actions.

correctly executed. Every situation�� is uniquely determinedby a sequence ofmoves
executed by all players since the game began. Limited observations of the players are
modeled via grouping nodes among which a player cannot distinguish into infor-
mation sets. Games with perfect information can be seen as games with a trivial
imperfect information structure, i.e., games in which each information set contains
only a single node. Extensive form games may also represent stochastic events by
introducing randommoves of a specialNature player.

De�nition �.�. An extensive form game (EFG) is a tuple G = (N, H, Z, A, C, �, ⇢,
�, I, u), where

• N is a set of n players;
• H is a set of nodes with h0 2 H being the root;
• Z✓H is a set of terminal nodes;
• A is a set of actions;
• C : A! [�, �] is a probability function for performing a random action;
• �: H \Z! �A is the action function, which assigns each node a set of actions;
• ⇢: H \Z!N is the player function, which assigns to each nonterminal node
a player i who acts in that node;

• �: H \Z⇥ A!H is the successor function, which maps a node and an action
to a new node, and graph induced by � is a rooted tree;

• I = (I1, . . . , In), where Ii = (Ii,1, . . . , Ii,ki) is a set of equivalence classes on
{h 2 H : ⇢(h) = i}�� with the property that �(h) = �(h0) and ⇢(h) =
⇢(h0) whenever there exists a j for which h 2 Ii,j and h0 2 Ii,j ; and

• u = (u1, . . . , un), where ui : Z ! R is a real-valued utility function for
player i on the terminal nodes Z.

We assume the entire description of the game is public knowledge, available to
all players before the game starts. Because the game states form a tree, it holds that
whenever �(h1, a1) = �(h2, a2), then h1 = h2 and a1 = a2. As we explained
earlier, every node can be hence equatedwith its history, which is a unique sequence
of actions leading from root to that node. In particular, the probability of reaching
node h due to Nature�� is thus the product of probabilities of actions taken by
Nature along the path to h. When convenient, we refer to this product asC(h).

As the de�nition stipulates, in order for situations to be indistinguishable, the
set of actions available at nodes that belong to the same information are the same��.
Since Ii,j 2 Ii is an equivalence class, we use �(Ii,j) to denote the set of actions
available to player i at any node in the information set Ii,j . We further assume the
actions are unique to the information sets and refer to the inverse element function
that identi�es an information set for action a as I(a) and node h as I(h).

Example �.�. Consider the imperfect information extensive form game depicted on
the left in Figure �.�. The game contains a single non-trivial information set consist-
ing of states connected by the dotted line. This information set belongs to player �, along
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h0

2
h1

1
h2

(0, 0)
z1

l

(2, 4)
z2

r

A

h3

(2, 4)
z3

l

(0, 0)
z4

r

B

L

(1, 1)
z5

R

N = {1, 2}
H = {h0, h1, h2, h3, z1, z2, z3, z4, z5}
Z = {z1, z2, z3, z4, z5}
A = {A,B,L,R, l, r}
C = ;
� = {h0 ! {L,R}, h1 ! {A,B}, {h2, h3}! {l, r}}
⇢ = {{r, h2, h3}! 1, h1 ! 2}
� = {(h0, L)! h1, (h0, R)! z5, (h1, A)! h2, (h1, B)! h3,

(h2, l)! z1, (h2, r)! z2, (h3, l)! z3, (h3, r)! z4}
I = {({h0}, {h2, h3}), ({h1})}
u = ({z1 ! 0, z2 ! 2, z3 ! 2, z4 ! 0, z5 ! 1},

{z1 ! 0, z2 ! 4, z3 ! 4, z4 ! 0, z5 ! 1})

Figure �.�: (Left) An example of a game tree of an extensive form game. Each internal node is labeled by a player who acts in this node, while
under every terminal node is a tuple of utilities for the �rst player and the second player, respectively. Every edge is labeled by an action performed
on a way from the node above to the node below. The nodes which belong to the same information set are connected by a dashed line. The
direction of the edges is omitted, but the tree is assumed to be traversed from top to bottom. (Right) The game’s formal EFG representation.

�� J. von Neumann. “Zur
theorie der gesellschaftsspiele”.
Mathematische Annalen ���:�,
����, pp. ���–���.

with a trivial set including only the root node. Note that the two bottom nodes belong-
ing to the same information set have the same set of legal actions. The information set
re�ects the fact that player � can not observe whether Player � took action A or B in
their single state in the game. The complete formalization of this extensive form game
is on the right in the same �gure.

Similarly, as in the normal form, each player may play deterministic pure strate-
gies. To de�ne behavior in the entire game, pure strategies have to assign one action
to take in every information set inwhich the player acts. The set of pure strategies of
player i is hence a Cartesian product⇧i = ⇧Ii,j2Ii�(Ii,j) and every pure strategy
is an element ⇡i 2 ⇧i. We further assume the actions prescribed by a strategy ⇡i
can be enumerated as for all ai 2 ⇡i.

Example �.�. Consider the game in Figure �.� again. The pure strategies of player �
are the combinations of actions in their information sets, namely

⇧1 = {(L, l), (L, r), (R, l), (R, r)}.

Because the second player may act in just one state, their pure strategies are trivially

⇧2 = {(A), (B)}.

The fundamental assumption of game theory is that there is no loss of generality
in assuming that every player chooses their strategy before the game starts.�� This
follows from the fact that strategies specify players’ behavior in every possible situ-
ation they might �nd themselves in, and there is hence no advantage in altering the
strategies during the course of play. The notion of sequentiality is strategically irrel-
evant, and wemay reason about extensive form games in the samemanner as about
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Figure �.�: An equivalent normal form representation of the extensive form game from Figure �.�. The actions correspond to pure strategies
delineated in Example �.�. The �gure follows the standard denotation of a normal form game.

�� For any set of actions Ai of
player iwewrite

Q
ai2Ai

�i(ai)

as �i(Ai).

�� We assume that hj ’s are deci-
sion nodes and aj ’s are the ac-
tions.

�� H.W. Kuhn. “Extensive
games and the problemof infor-
mation”. Annals of Mathemat-
ics Studies ��, ����.

games in normal form. The downside is the associated blowup, exponential in the
number of information sets, caused by enumerating the pure strategies in sequen-
tial games. An example of the equivalent normal form representation of the game
from Figure �.� is depicted in Figure �.�.

The emergence of stochastic behavior is a natural result of the players’ attempt to
copewith the uncertainty associatedwith imperfect information. In extensive form
games, there exist twoways how tomeaningfully introduce randomness into strate-
gizing. The �rst option is to behave analogically to normal form games, i.e., to spec-
ify a probability distribution over pure strategies and later sample this distribution
before the game starts. As in normal form games, we call these strategies mixed and
denote them by�i for each player i. This approach is justi�ed by the equivalence
of extensive and normal form games described in the previous paragraph. Alterna-
tively – and more in the manner of sequential games – the players may randomize
independently over actions in each information set. Such strategies are referred to
as behavioral and denoted as �i 2 Bi. We write �i(ai) as the probability of player
i taking action ai in their information set I 2 Ii, ai 2 �(I)��.

The expressive power of behavioral and mixed strategies is incomparable; in cer-
tain games, outcomes achievable via mixed strategies may not be reachable with be-
havioral strategies, and vice versa. Pivotal turns out to be the role of the players’
memory. In game-theoretic literature, memory is formalized via recall.

De�nition �.�. Player i has perfect recall in an imperfect information extensive
form game G if for any two nodes h, h0 that belong to the same information set, for
any path h0, a0, h1, a1, h2, . . . , hm, am, h from the root of the game to h�� and for
any path h0, a00, h01, a01, h02, . . . , h0m0 , a0m0 , h0 from the root to h0 it must hold that:

�. m = m0;
�. for all 0  j  m, if ⇢(hj) = i then I(hj) = I(h0j); and
�. for all 0  j  m, if ⇢(hj) = i then aj = a0j .

G is a game of perfect recall if every player has perfect recall in it.

In this thesis we consider only games where all players possess perfect recall. In
such games, the expressive power of mixed and behavioral strategies coincide.��
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�� In particular, computing op-
timal best responseswithbehav-
ioral strategiesmay no longer be
done via linear programming.

�� We may also construct an
entirely separate representa-
tion, without retaining the
original G, by imposing fur-
ther linear restrictions on the
sequence probabilities from
De�nition �.� as a part of the
representation. For details
see the book of Shoham and
Leyton-Brown.

Theorem �.�. In a game of perfect recall, any mixed strategy of a given player can
be replaced by an equivalent behavioral strategy, and any behavioral strategy can be
replaced by an equivalent mixed strategy. Here two strategies are equivalent in the
sense that they induce the same probabilities on outcomes, for any �xed strategy pro�le
(mixed or behavioral) of the remaining players.

S������� ����

As we explained, the number of pure strategies in an extensive form game is expo-
nential, which makes representing strategies in their mixed form problematic. The
behavioral strategies are substantiallymore e�cient as they require storing only one
distribution over actions per each information set. The catch is that computing
reaching probabilities of leaves now entailsmultiplications of action probabilities in
the information sets, which complicates calculations of expected utilities��. If there
was a way to represent the reaching probabilities e�ciently by behavioral strategies,
we would avoid the exponential blowup associated with mixed strategies. It can be
done by operating directly on the structure of the extensive form game, and this
equivalent representation is called the sequence form.

De�nition �.�. A sequence form representation of an extensive form gameG is an
augmentation�� ofG by a quintuple (⌃, seq, inf, Ext, g), where

• ⌃ = ⌃1⇥ · · ·⇥⌃n, where⌃i is a set of ordered lists of actions of player i that
lie on the path from the root state h0 to any state h 2 H ;

• seq = (seq1, . . . , seqn), where seqi : H ! ⌃i is a function that identi�es
a sequence of player i’s actions leading to a node;

• inf = (inf1, . . . , infn), where infi : ⌃i ! Ii is a function that identi�es
the information set in which player i took their last actions in their sequence;

• Ext : ⌃i ! 2⌃i is a function that identi�es extensions of sequences:

Ext(seqi(h)) = {seqi(h)aj |aj 2 �(h)} h 2 H; and

• g = (g1, . . . , gn) where gi : ⌃! R is a sequence utility function of player i:

gi(�1, . . . ,�n) =
X

z2Z|8i2N :seqi(z)=�i

ui(z)C(z).

A sequence may be empty, and in that case we write it as ;. For every player, the
function infi(;) returns the information set of the root node. Similarly to func-
tion �, we occasionally use seqi(Ii,j) to denote a sequence of player i leading to
the information set Ii,j . Also note that if no leaf is reachable with a given tuple of
sequences, a value of gi is � for every player i.

Example �.�. Consider the extensive form game depicted in Figure �.� and its se-
quence form representation in Figure �.�. Let us denote the lower non-trivial infor-
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⌃ = {;1, L,R, Ll, Lr}⇥ {;2, A,B}

seq = ({h0 ! ;1, h1 ! L, h2 ! L, h3 ! L, z1 ! Ll,
z2 ! Lr, z3 ! Ll, z4 ! Lr, z5 ! R},

{h0 ! ;2, h1 ! ;2, h2 ! A, h3 ! B, z1 ! A,
z2 ! A, z3 ! B, z4 ! B, z5 ! ;})

inf = ({{;1, L,R}! {h0}, {Ll, Lr}! {h2, h3}}
{;2 ! {h0}, {A,B}! {h1}})

Ext = {;1 ! {L,R}, L! {Ll, Lr}, ;2 ! {A,B}}

g = ({(R, ;2)! 1, (Ll,B)! 2, (Lr,A)! 2},
{(R, ;2)! 1, (Ll,B)! 4, (Lr,A)! 4})

Figure �.�: (Left)Apayo�matrix of the equivalent sequence form representation of the extensive formgame fromFigure �.�. Each columnof the
depicted matrix is labeled by a sequence of the �rst player, while every row is labeled by a sequence of the second player. The tuples in the matrix
denote the sequence utilities of the �rst player and the second player, respectively. (Right) The game’s formal sequence form representation.

�� Since two leaves carry utility
(0, 0), they may be omitted.

mation set {h2, h3}. For this information set, seq1({h2, h3}) is equal to L. Conse-
quently, inf1(Ll) = inf1(Lr) = {h2, h3}. The extensions of L form a set Ext(L)
= {Ll, Lr}. Note that in contrast to the normal form representation from Figure �.�,
the utility from each terminal state occurs exactly once in the sequence form table. We
may hence represent g sparsely by storing only three�� value pairs, as shown on the
left in Figure �.�, instead of eight as in the normal form representation. The entire
sequence form representation is on the right in the same �gure.

Using sequences, players may represent reaching probabilities e�ciently via lin-
ear network �ow constraints of the so-called realization plans. This strategy repre-
sentation is equivalent to behavioral strategies; one may recover a behavioral strat-
egy from a realization plan and vice versa. By Theorem �.�, realization plans have
the same expressive power as mixed strategies.

De�nition �.�. A realization plan of player i is a function ri : ⌃i ! [0, 1] satisfy-
ing the following constraints.

ri(;) = 1
X

�0
i2Exti(I)

ri(�
0
i) = ri(seqi(I)) 8I 2 Ii

ri(�i) � 0 8�i 2 ⌃i

q

For the sake of exposition, we frequently denote the opponents of player i as�i.
We use this notation for partial strategy pro�les, i.e.; ��i = �\�i or ⇡�i = ⇡\⇡i,
but also for sets akin to sequence pro�les as ⌃�i, or even functions like seq�i or
inf�i. Given a partial action pro�le a�i 2 A�i, we further denote the probability
of playing a�i given ��i as ��i(a�i) =

Q
j2N,i 6=j �j(aj), and for partial sequence

pro�les ��i 2 ⌃�i and behavioral strategies as ��i(��i) =
Q

j2N,i 6=j �j(�j).
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�� We will give the de�nitions
for normal form games, but
all concepts translate to exten-
sive form games naturally as one
would expect.

�� J. F. Nash. “Non-cooperative
games”. Annals of Mathemat-
ics. Second ��:�, ����.
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Solutions of strategic interactions are called equilibria or solution concepts. They
describe pro�les of strategies no player has an intention to deviate from. Deviating
may be driven by di�erent motives under di�erent circumstances, depending on
players’ rationality or strategic abilities. For example, in Nash equilibrium a player
will deviate simply upon a chance to increase their utility. This stands in contrast to
Stackelberg equilibriumwhere the leader will consider changing their strategy only
when pro�table under the condition the followers react accordingly. In most solu-
tion concepts, central to the players’ reasoning is their utility expectation��, de�ned
for each player i under a mixed strategy pro�le � 2 � directly as

ui(�) =
X

a2A1⇥...⇥An

ui(a)
nY

j=1

�j(aj).

A rational player then aims to maximize their utility.

De�nition �.�. Given a normal-form game G = (N, A, u), a strategy �⇤i of player i
is an ✏-best response to strategies ��i of player i’s opponents if and only if

ui(�
⇤
i , ��i) � ui(�i, ��i)� ✏ 8�i 2 �i.

We denote the set of all �⇤i with ✏ = 0 asBR(��i).

����� N��� �����������

The standard solution concept of Nash equilibrium assumes players who observe
the behavior of their opponents and subsequently choose strategies that optimize
their immediate expected utility. In the equilibrial pro�le, the players gain nothing
by unilaterally changing their strategies.

De�nition �.�. Givena gameG=(N,A, u), a strategy pro�le �NE = (�1, ..., �n) 2
� is a Nash equilibrium if and only if

�i 2 BR(�NE
�i ) 8i 2 N.

Example �.�. Consider again the extensive form game depicted in Figure �.�. This
game contains four Nash equilibria:

�. Ll andB; and
�. Lr andA are straightforward. In addition,
�. R and {A = .5, B = 0.5}; and
�. {Ll = .5, Lr = .5} and {A = .5, B = .5} are mixed.

The seminal result ofNash shows that every game contains aNash equilibrium.��
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�� For the reason these decision
problems may not be solvable.

�� C.H. Papadimitriou. “On
the complexity of the parity ar-
gument and other ine�cient
proofs of existence”. Journal of
Computer and System Sciences
��:�, ����, pp. ���–���.

�� C. Daskalakis, P.W. Gold-
berg, and C.H. Papadimitriou.
“The complexity of computing
a Nash equilibrium”. SIAM
Journal on Computing ��:�,
����, pp. ���–���.

��H.Stackelberg.Market struc-
ture and equilibrium. Springer
Berlin Heidelberg, Berlin, Hei-
delberg, ����, pp. �–��.
�� Real-world examples of com-
mitment include market lead-
ers being able to set prices for
items or services, or law enforce-
ment o�cials setting up road
sobriety checkpoints to check
drivers for impairments. For
more examples, see the book of
M. Tambe. Security and game the-
ory: Algorithms, deployed systems,
lessons learned. Cambridge Uni-
versity Press, New York, NY, USA,
����.
�� B. von Stengel and S. Zamir.
Leadership with commitment to
mixed strategies. Technical re-
port. ����.

Theorem �.�. Every game with a �nite number of players and a �nite number ac-
tion pro�les has at least one Nash equilibrium in mixed strategies.

The fact thatNash equilibrium exists in every �nite game distinguishes the prob-
lemof�ndingNash equilibrium fromknownNP-complete problems��. This hints
that Nash equilibrium belongs to another, less familiar complexity class consisting
of certain problems for which the solution is guaranteed to exist. This class is called
PPAD, which stands for “polynomial parity argument, directed version”.��

De�nition �.�. A problem A is in PPAD if there is a polynomial time reduction
from A to the End-of-Line problem, where End-Of-The-Line is the following search
problem: The input consists of a directed graph in which each node has in-degree and
out-degree at most �. The graph is given by a polynomial-time computable function
f(x) that returns the predecessor and successor of x. A node v with a successor but no
predecessor is also given. Find a node t 6= v that has no successor or no predecessor.

Computing Nash equilibrium is a complete problem for this class.��

Theorem �.�. The problem of �nding a sample Nash equilibrium of a general-sum
game with two or more players up to ✏-best responses is PPAD-complete.

����� S���������� �����������

Commitment power gives a player who possesses a signi�cant advantage over their
opponents by being able to steer the course of play into the direction the commit-
ting player favors.�� Having such power is rare, though, and only major govern-
mental agencies or dominantmarket leaders are able to acquire and implement it��.
In the Stackelberg terminology, they are called leaderswhile their opponents are re-
ferred to as followers. In this thesis, we restrict ourselves to the simplest casewith one
leader and one follower, andwewill writeN = {l, f} in these scenarios further on.

Leader’s rationalization in Stackelberg games is more cumbersome than in Nash
scenarios. The reason is they need to take into account the follower’s responses to
their behavior. The leader will hence adopt a strategy maximizing their utility un-
der the condition the follower best responds to it. A common assumption in the
literature is that the follower will act in the leader’s favor when indi�erent between
multiple options. One potential basis of this premise is that the follower’s utility is
always greater or equal to theirNash equilibriumutility.�� This formof Stackelberg
equilibrium with a compliant follower is called the Strong Stackelberg equilibrium.

De�nition �.�. Given a normal form gameG = (N,A, u), the strategy �SSEl 2

�l is the leader’s strategy in Strong Stackelberg equilibrium if and only if

�SSEl = argmax
�l2�l

ul(�l,⇡
SSE
f ),

where ⇡SSE
f 2 ⇧f is the follower’s strategy breaking ties in leader’s favor, i.e.,

⇡SSE
f = argmax

⇡f2BR(�l)
ul(�l,⇡f ).
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Figure �.�: The examples of (left) a normal form game and (right) an extensive form game where the leader pro�ts from committing to strategies
that make the follower indi�erent among their options. The �gure follows the standard denotations of normal and extensive forms of games.

�� In some cases, leaders may
prefer deterministic commit-
ment. For example, when
observing the entire support is
not feasible for the followers.

�� V. Conitzer and T. Sand-
holm. “Computing the optimal
strategy to commit to”. In: Pro-
ceedings of the �th ACM Con-
ference on Electronic Commerce.
New York, NY, USA, ����,
pp. ��–��.

Example �.�. Consider the payo�matrix of the game depicted on the left in Figure
�.�. Here, the leader’s utilities are listed �rst. In Nash equilibrium, the leader would
avoid playing r because no matter how the follower reacts, the leader always obtains
a higher utility by taking l. With the commitment power, the leader can take advan-
tage of r, though. In case they commit solely to r��, the follower will respond withB,
granting the leader utility 3. In equilibrium, the leader makes the follower indi�er-
ent betweenA andB by committing to playing both actions with equal probabilities.
By virtue of the follower’s compliance, the leader ends up with a utility 3.5.
Now take a look at the extensive form game on the right in Figure �.�. In Nash

equilibrium, the leader plays l and p whilst the follower takesA, resulting in the pay-
o�s (1, 3). In contrast, committing to r in the leader’s left state and randomizing
uniformly over o and p will again make the follower indi�erent between A and B.
In this Strong Stackelberg equilibrium, the follower takesB, which will guarantee the
leader the expected payo� of 2.5 – a utility strictly higher than in Nash equilibrium.

C�������� S���������� �����������

We introduce mathematical programs for computing Stackelberg equilibrium we
later use toderive our algorithms forboundedly rational Stackelberg equilibria from.
The key insight is that the best response of the follower may be encoded via linear
constraints, which enables leveraging standard optimization techniques.��

Theorem �.�. Given a two-player normal form gameG = (N,A, u), the optimal
leader’s strategy �l 2 �l in Strong Stackelberg equilibrium maximizes the leader’s
expected utility expressed as

max
�l2�l,⇡f2⇧f

X

⇡l2⇧l

ul(⇡l,⇡f )�l(⇡l),

under the condition the follower’s response⇡f is optimalwith respect to the alternatives:
X

⇡l2⇧l

uf (⇡l,⇡f )�l(⇡l) �
X

⇡l2⇧l

uf (⇡l,⇡
0
f )�l(⇡l) 8⇡0

f 2 ⇧f .
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�� B. Bošanský and J. Čermák.
“Sequence-form algorithm for
computing Stackelberg equilib-
ria in extensive-form games”.
In: Proceedings of the ��th
AAAI Conference on Arti�cial
Intelligence. ����, pp. ���–���.

�� J. Letchford and V. Conitzer.
“Computing optimal strategies
to commit to in extensive-form
games”. In: Proceedings of the
��th ACM Conference on Elec-
tronic Commerce. ����, pp. ��–
��.

Finding Strong Stackelberg equilibrium in extensive form games is possible via a
mathematical program of polynomial size should we employ the realization plans
to circumvent the exponential blowup of follower’s pure strategies. The downside
of this approach is the best response variables are no longer continuous but rather
integral, making the formulation a mixed integer linear program.��

Theorem �.�. Given a two-player extensive form game G = (N, H, Z, A, C, �, ⇢,
�, I, u), the realization plan strategies rl and rf in Strong Stackelberg equilibrium
maximize the leader’s expected utility expressed as

max
p,r,v,s

X

z2Z
p(z)u1(z)C(z),

under the follower’s best response constraints:

v(inff (�f )) = s�f +
X

I02If :seqf (I0)=�f

v(I 0)

+
X

�l2⌃l

rl(�l)gf (�l,�f ) 8�f 2 ⌃f

ri(;) = 1 8i 2 N

ri(seqi(Ii)) =
X

a2Ai(Ii)

ri(seqi(Ii)a) 8i 2 N, 8Ii 2 Ii

0  s�f  (1� rf (�f ))M 8�f 2 ⌃f

0  p(z)  rf (seqf (z)) 8z 2 Z

0  p(z)  rl(seql(z)) 8z 2 Z

1 =
X

z2Z
p(z)C(z)

rf (�f ) 2 {0, 1} 8�f 2 ⌃f

0  rl(�l)  1 8�l 2 ⌃l.

The variable p in this program represents the probability distribution over leaves
induced by rl and rf . Variable v then propagates follower’s utility through the tree.

q

Solvingmixed integer linear programs akin to that of Theorem �.� is di�cult yet
in line with the complexity of computing Stackelberg equilibria in general.��

Theorem �.�. The problem of �nding a Strong Stackelberg equilibrium of games
beyond two player normal form games or two player perfect information extensive
form games without Nature is NP-hard.
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�� Due to Theorem �.�, it does
not matter whether we use be-
havioral or mixed strategies.

�� Note that the standard con-
struction of correlated equilib-
rium closely resembles Bayesian
equilibrium. The di�erence
lies in the de�nition of utility,
which, contrary to the Bayesian
equilibrium, is independent of
� in correlated equilibrium.

����� C��������� �����������

Correlated equilibriumdescribes a situationwhen the players are able to coordinate
their strategies based on external signals. The standard construction of correlated
equilibrium assumes a lotterymechanism (a signaling scheme)� 2 ⇤ that gives rise
to an equilibrium (Nash, re�nements thereof, etc.) in the extended signaling game.

De�nition �.��. An extended signaling game is a tupleG = (N,A, S, u), where

• (N,A, u) is a normal form game; and
• S = S1 ⇥ · · ·⇥ Sn, where Si is a set of signals for player i.

In an extended game, we denote by ⇤ the set of distributions over the Cartesian
product of individual signal setsS. The extended game can be regarded as a sequen-
tial extension of the underlying game in which a correlation device �rst samples a
signal pro�le according to the signaling scheme�; the players then learn about their
respective signals and play strategies conditioned on the signal. It is imperative that
� is public knowledge so that players are able to reason about their strategies.
Deterministic strategies in the extended gamede�ne an action toplay for each sig-

nal that couldbe received. Inotherwords, each⇡i 2 ⇧i inG is a set{(ai, si), 8si 2
Si}. For this purpose, for a given pro�le ⇡ 2 ⇧, we de�ne⇥⇡ as a Cartesian prod-
uct of individual ⇡i 2 ⇡. Note that the elements of ⇥⇡ are tuples of one pair
(ai, si) per player. Behavioral�� strategies B in G describe stochastic strategies in
the extended game, where the player’s behavior is conditioned upon receiving a sig-
nal.B is aCartesian product ofBi, whereBi is a set of conditional probabilitymass
functions. In the standard de�nition of correlated equilibrium, the players attain a
Nash equilibrium in the extended game��.

De�nition �.��. Given an extended gameG, the tuple (�, (�i)i2N ),� 2 ⇤,�i 2
Bi is a correlated equilibrium if and only if

�i 2 BR(�,��i) 8i 2 N,

where the best responseBR(�,��i) can be expressed via constraints
X

a2A

X

s2S
�(s)�(a|s)ui(a) �

X

a�i2A�i

X

s2S
�(s)��i(a�i|s)ui(m(si), a�i)

for all players i 2 N and functionsm : Si ! Ai.

Example �.�. Consider a variant of the Battle of Sexes game shown on the left in Fig-
ure �.�. In this game, the players aim to coordinate their choices but exhibit con�icting
preferences over pro�lesAo andBr. Assume that each of the players may receive one
of two possible signals. The tetrahedron on the right in the �gure depicts the simplex
of probability distributions on pure pro�les in the game, where the corners correspond
to trivial distributions. The inner polytope with four vertices is the set of distributions
induced by correlated equilibria of the game. Each vertex of the polytope is one Nash
equilibrium in the game.
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Figure �.�: Equilibria in a variant of the Battle of Sexes game. (Left) The payo�matrix of the game. The �gure follows a standard denotation of
normal form games. (Right) The simplex of correlated equilibria.
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C�������� ���������� �����������

The probability distribution over pure strategy pro�les induced by � and � we de-
pict in Figure �.� is called a correlated equilibrium distribution.�� The Revelation
principle inmechanism design posits that there is a close connection between corre-
lated equilibrium distributions and certain signaling schemes.�� In case the players
attain aNash equilibrium in the extended game, every correlated equilibriumdistri-
butionhas a canonical representation. In a canonical form, the signals are interpreted
as actions recommended to the players to play (i.e., Si = Ai), and the behavioral
strategies are projections S ! Si over Si = Ai. As a consequence, � and � can be
merged into one distribution, resulting in a linear formulation called a direct corre-
lated equilibrium. Because of its equivalence to correlated equilibrium constructed
the standard way and easy characterization, this form of correlated equilibrium is
most commonly studied in the literature.

Theorem �.�. The distribution � on⇧ is a correlation device of a correlated equi-
librium if and only if for all i, every ⇡i 2 ⇧i with �(⇡i) > 0

X

⇡�i2⇧�i

ui(⇡i,⇡�i)�(⇡�i|⇡i) �
X

⇡�i2⇧�i

ui(⇡
0
i,⇡�i)�(⇡�i|⇡i) 8⇡0

i 2 ⇧i.

This linear formulation enables us tomore easily characterize the computational
complexity and topology of correlated equilibria.

Theorem �.�. The space of correlated equilibria is convex and non-empty and con-
tains all Nash equilibria of the underlying game. The problem of �nding a sample
correlated equilibrium is polynomial.

However, the choice of the equilibrium in the extended game is a decisive factor
in the equivalence. For example, assume the players attain a trembling hand perfect
equilibrium described in Section �.�. In that case, the direct and standard formula-
tions of correlated equilibria do not coincide.�� As bounded rationality has a similar
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�� J. K. Goeree, C. A. Holt, and
T.R. Palfrey. Quantal Response
Equilibrium. Princeton Uni-
versity Press, ����.
�� Our de�nition here requires
only monotonicity and is hence
slightly more general than regu-
lar quantal responses, focusing
solely on the better-response as-
pects of decision making.

e�ect, we do not introduce formal methods for computing correlated equilibria in
extensive form games as they rely entirely on canonical representation.

��� B�������� �������� �������� ��������

All the equilibria we considered so far assumed perfectly rational strategizing of all
players where each player is able to correctly �nd and execute the optimal utility-
maximizing action. Relaxing this assumption leads to solutions to situations that
are boundedly, rather than perfectly, rational. Still, even in boundedly rational sit-
uations, the players’ reasoning keeps being in�uenced by their strategizing abilities.
We provide de�nitions of two boundedly rational counterparts of Nash equilib-
rium: quantal response equilibrium and quantalNash equilibrium. The later chap-
ters are then concernedwith the de�nitions, properties, andmethods of computing
quantal Stackelberg equilibrium and quantal correlated equilibrium.
Aswe explained inChapter �, one potential source of the emergence of bounded

rationality is a subjective perception of utility. We model it via an evaluation func-
tion ei : ��i ⇥Ai ! R that assigns values to player i’s action against their oppo-
nents’ strategies. Typically, in normal form games, ei may have a form of a strictly
increasing function applied to the rational expected utility of player i. In extensive
form games, the evaluation function may be more cumbersome as it needs to take
into account player i’s expectation about their own behavior later in the game.
Central to this thesis is then a “statistical version” of the best response called the

quantal response, which takes into account the inevitable error-proneness of hu-
mans and allows the players to make systematic errors.��

De�nition �.��. Given a normal form gameG = (N,A, u) and a subjective util-
ity function ei of player i, their mixed strategy �i 2 �i is a quantal response�� to
their opponents’ strategies ��i 2 ��i if

e(��i, a
k
i )  e(��i, a

l
i)) �i(a

k
i )  �i(a

l
i) 8aki , a

l
i 2 Ai.

We write such �i as values of a functionQRi : ��i ! �i.

q

A quantal functionQRi : ��i ! �i is a generalized Luce model if there exists
a strictly positive, increasing real valued function qi : R! R+ such that

QRi(��i)(ai) =
qi(e(��i, ai))P

a0i2Ai
qi(e(��i, a0i))

.

Because qi is a strictly positive and increasing function, the correspondingQRi is
a valid quantal response function that implements a mixed strategy of player i. We
call such functions qi generators of generalized Luce models and frequently write
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Figure �.�: The examples of quantal response dynamics in (left) a normal form game from Figure �.� and (right) an extensive form game from
Figure �.�. The generators of Luce models have a form q(x) = exp(↵x) for di�erent values of ↵ and are shared among the players. The
evaluation functions are expected utility functions. The equilibria are found where the dynamics cross the quadrants’ axes.

�� In our case this happens
when the evaluation functions
and the generators of Luce
models are continuous.

�� In generalized Luce models,
a ratio of two choice probabil-
ities depends only on the ex-
pected utilities of those choices
– a property known as indepen-
dence of irrelevant alternatives.
Choices with the same expected
payo�s are hence always played
with equal probabilities.

them together with the subjective expected utility function as [e � q]. All quan-
tal response functions mentioned in this thesis are generalized Luce models unless
explicitly stated otherwise.

����� Q������ �������� �����������

When quantal response functions of all players are continuous��, by a direct ap-
plication of the Brouwer’s theorem, we know that the quantal response dynamic
has a �xed point, called quantal response equilibrium. It describes a situation when
players observe and quantal respond to their opponents’ behavior.

De�nition �.��. Given a normal form game G = (N, A, u) and a pro�le of quantal
response functionsQR1, . . . , QRn, a strategy pro�le �QRE = (�1, ..., �n) 2 � is a
quantal response equilibrium if and only if

�i = QRi(�
QRE
�i ) 8i 2 N.

Example �.�. On the left in Figure �.�, we depict three quantal response dynam-
ics in the Battle of Sexes game from Figure �.�. On the x-axis is the probability p of
playing action A by player 1. The y-axis shows the probability of the same action in
the quantal response of player 1 to the quantal response of player 2 to mixed strategy
{A = p,B = 1 � p}. The equilibrium is a �xed point of the dynamics attained
where the curves cross the quadrant’s axis. We consider three logit quantal generators
q(x) = exp(↵x),↵ 2 {0.2, 2.0, 5.0}, shared among the players, and the expected
utilities as evaluation functions. As rationality increases with ↵ tending to in�nity,
and the quantal responses approach best responses, the dynamics converge to the pure��
Nash equilibria of the interaction.

The two most natural ways of introducing quantal behavior in extensive form
games are either over the set of pure strategies in the entire game or in each informa-
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�� Typically, a player’s evalua-
tion of an action’s value would
relate to the action’s expected
utility. Aswementioned earlier,
such utility depends not only
on the opponents’ strategies,
but also on the player’s own (ex-
pected) behavior in their lower
information sets, e.g., whether
they believe they act quantally
or entirely rationally. We will
discuss the possibilities and im-
plications of this in more detail
later in Chapter �.
�� Because the equilibrium does
not depend on player �’s behav-
ior in their upper information
set, we do not face the percep-
tion issue described earlier.

��T. L.Turocy. “Adynamicho-
motopy interpretationof the lo-
gistic quantal response equilib-
rium correspondence”. Games
and Economic Behavior ��:�,
����, pp. ���–���.

tion set separately. Since the former is equivalent to quantal response equilibrium
in a normal form representation of the game, we give a de�nition of the latter.

De�nition �.��. Given an extensive form game G = (N, H, Z, A, C, �, ⇢, �, I, u),
a sequential evaluation function ei : B�i ⇥ Ai ! R, and a behavioral pro�le
� = (�i,��i), a behavioral strategy �i of player i is a quantal response to strategies
��i inG if for any information set I 2 Ii the restriction of �i to I is a valid quantal
response in I with respect to utilities of actions a 2 �(I) evaluated as ei(��i, a).
Again, we write such �i as values of a functionQRi : B�i ! Bi

��.

q

Given a pro�le of quantal response functions QR1, . . . , QRn, a strategy pro�le
�QRE = (�1, ...,�n) 2 B is a quantal response equilibrium if and only if

�i = QRi(�
QRE
�i ) 8i 2 N.

Example �.�. Figure �.� on the right shows three quantal response dynamics in the
extensive form game from Figure �.�. The x-axis depicts the probability p of player
2 playing action A in their sole information set. The y-axis shares the meaning with
the graph on the left, i.e., it shows the probability of the same action A when player 2
quantal responds to the quantal response of player 1 to mixed strategy {A = p,B =
1 � p}. We consider the same three logit quantal generators as in Example �.� and
assume the players evaluate their actions’ values as expected utilities��. The game has
a unique Nash equilibrium in mixed strategies in the lower subgame consisting of
uniformly random choices. As ↵ increases, the quantal response equilibria tend to
the other two pure Nash equilibria – the outcomes (2, 4). Note that the equilibrial
behavior of player 2 is independent of the player 1’s response in the root.

The intuition from the examples that for certain sequences of generators the cor-
responding quantal response equilibria tend to Nash equilibria is indeed correct.

Theorem �.�. Let{↵t}
1
t=1 be a sequence such that limt!1 ↵t =1, and let�QRE

t

denote the quantal response equilibrium with a generator q(x) = exp(↵tx). Then
any accumulation point of {�QRE

t }
1
t=1 is a Nash equilibrium.

This correspondence between↵’s and quantal response equilibria can be used to
trace the equilibria from ↵ = 0 to the so-called limiting logit equilibrium via a ho-
motopy method.�� In other cases are quantal response equilibria typically di�cult
to compute beyond the straightforward class of two-player zero sum games because
of their nonconvex formulation.

����� Q������N��� �����������

Players engaging in interactiondescribedby thequantal response equilibriumare as-
sumed to be all boundedly rational and behaving according to the quantal response
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oretical results.
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model. Yet the contemporary world is full of situations where humans act in the
presence of computers and algorithms which are capable of performing entirely ra-
tionally. We call the arising intermediate solution the quantal Nash equilibrium��.

De�nition �.��. Given a normal form game G = (N, A, u), a partition ofN into
Nb, Nr , and a pro�le of quantal response functions QRi1 , . . . , QRib , ij 2 Nb,
a strategy pro�le �QNE = (�1, ..., �n) 2 � is a quantal Nash equilibrium if and
only if

�i = QRi(�
QNE
�i ) 8i 2 Nb,

and
�i 2 BRi(�

QNE
�i ) 8i 2 Nr.

Example �.��. Figure �.� shows on the left a normal formgamewith auniquemixed
Nash equilibrium. In the equilibrium, player � takes both their actions with equal
probability,making player� indi�erent between their actions. Their equilibrial strat-
egy is to play action owith probability⇡ 0.77. The graph on the right depicts a quan-
tal response dynamic, where player � acts according to a Luce model with generator
q2(x) = exp(x) and player � responds in accordance with one of three Luce mod-
els q1(x) = exp(↵x),↵ 2 {0.5, 1.0, 5.0}. Again, we assume the player evaluates
their actions’ values via expected utilities. As ↵ approaches in�nity, the corresponding
quantal response equilibria tend to the quantal Nash strategy of player �, where they
playA with probability⇡ 0.4.

Player �’s utility in the quantal Nash equilibrium is ⇡ 2.31. Since their Nash
strategy induces equal expected utilities on both their opponent’s actions, every quantal
response will prescribe a uniformly random strategy. Playing Nash strategy against
any quantal opponent will hence result in utility 3.25 for player 1.

In the example above, player � needs to accommodate for player �’s bounded ra-
tionality to reach equilibrium. In case they do not have the commitment power,
theymay lose a substantial fraction of their utility simply on account of their oppo-
nent’s �awed reasoning.

C�������� �������N��� �����������

As a partially rational intermediate solution concept standing in between quantal
response and Nash equilibrium, quantal Nash equilibrium inherits properties of
both. The previous example showed it could be reached in a limit as quantal re-
sponses approach the best response. Likewise, for computing the equilibrium, we
may employ regret minimization methods for �nding Nash or correlated equilib-
ria.��

De�nition �.��. Given a two-player normal form game G = (N,A, u) and a
quantal response function QR of player �, the regret matching – quantal response
(RM-QR) method is a dynamic de�ned inductively as follows:
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Figure �.�: Equilibria in a game with con�icting interests. (Left) The payo� matrix of the game. The �gure follows a standard denotation of
normal form games. (Right) The quantal response dynamics in the game. The generators of Luce models of player 1 have a form q1(x) =
exp(↵x) for di�erent values of↵. For player 2, q2(x) = exp(x). The evaluation functions are expected utilities. Quantal Nash equilibrium is
found in the limit, as ↵ approaches in�nity. The equilibria correspond to the points where the dynamics cross the quadrants’ axes.

�� In particular, the boundedly
rational player evaluates their
actions using expected utilities
or a strictly increasing function
of thereof.

Base case: Let �01 be anarbitrarymixed strategy of player �, (r01, . . . , r0|A1|) = 0|A1|

be the initial regret values and �02 = QR(�01) be the response of player �.

Induction: In step i > 0, player 1 adopts a strategy �i1 de�ned as

�i1(a
j
1) =

max(0, rij)P
ak12A1

max(0, rik)
8aj1 2 A1,

where rij are regret values calculated as

rij = ri�1
j + u1(a

j
i , �

i�1
2 )� u1(�

i�1
1 , �i�1

2 ),

and player �’s response �i2 is

�i2 = QR(�i�1
1 ).

It turns out that for certain quantal response functions, RM-QR could be used
to �nd a sample quantal Nash equilibrium.

Proposition �.�. LetG = (N,A, u) be a two-player zero sum normal form game
andQR be a quantal response function of player � that depends only on ordering of
expected utilities of individual actions��. Then the RM-QR dynamic converges to a
quantal Nash equilibrium.

Proof. A response function f is called a pretty-good-response if it satis�es

u2(�1, f(�1)) � u2(�1, f(�
0
1)) 8�1, �

0
1 2 �1.
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�� T. Davis, N. Burch, and
M. Bowling. “Using response
functions to measure strategy
strength.” In: Proceedings of
the ��th AAAI Conference on
Arti�cial Intelligence. ����,
pp. ���–���.

Consider two di�erent �1, �01 2 �1. In case �1 induces the same ordering of ex-
pected utilities of player � as �01, then

u2(�1, QR(�1)) = u2(�1, QR(�01)),

and QR is a pretty-good-response. As an alternative, let �1 induce an ordering of
action indices i1, i2, . . . , i|A2| and �

0
1 a di�erent ordering j1, j2, . . . , j|A2|. ByDef-

inition �.�� of a quantal response function,

QR(�1, a
i1
2 ) � QR(�1, a

i2
2 ) � · · · � QR(�1, a

i|A2|
2 )

and
QR(�01, a

j1
2 ) � QR(�01, a

j2
2 ) � · · · � QR(�01, a

j|A2|
2 ).

For each k 2 [|A2|] it holds that

u2(�1, a
ik
2 )QR(�1, a

ik
2 ) � u2(�1, a

ik
2 )QR(�01, a

jk
2 )

and therefore
u2(�1, QR(�1)) � u2(�1, QR(�01)).

SimpleQR’s are hence pretty-good-responses and the dynamics of regret matching
coupled with a pretty-good-response are known to converge to a strategy of player
� exploiting the pretty-good-response the most.�� TheRM-QR hence converges to
a quantal Nash equilibrium.

Unfortunately, computing a quantal Nash equilibrium is hard in general.

Theorem �.��. The problem of �nding a sample quantal Nash equilibrium of a
general-sum �nite game with two or more players is PPAD-complete.

We begin by proving an auxiliary lemma.

Lemma �.�. LetA = {a1, a2, . . . , am}, ai 2 R, a1 = max(A) > 0. Then it
holds that

max(A)� softmax↵(A) 
W (1/e)

↵
+

m� 2

↵e
,

where
softmax↵(A) =

e↵a1P
a2A e↵a

,

andW is the LambertW function.

Proof. We proceed by induction on the size of the setA.

Base case: Letm = 2. Becausea2  a1, anya2 can bewritten asa1x, x  1. For
a given ↵, the di�erence betweenmax and softmax can be written as

d(x) = a1 �
a1e↵a1 + a1xe↵a1x

e↵a1 + e↵a1x
.
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To �nd a maximum of this function, we di�erentiate it by x, which
yields

d0(x) = �
a1e↵a1x(e↵a1(↵a1(x� 1) + 1) + e↵a1x)

(e↵a1x + e↵a1)2
.

For a1 > 0, the function d0 has a root

r =
a1↵�W (1/e)� 1

a1↵
.

The root is unique, because the inner function e↵a1(↵a1(x � 1) +
1) + e↵a1x is increasing as its derivative is positive for all x  1. It is
a maximum of d, because d00(r) < 0. By plugging the root into the
function d, we obtain the upper bound on the distance betweenmax
and softmax:

d(r) =
W (1/e)

↵
,

which is independent on a1, a2.

Induction: For a given |A| = m, assumemax(A) � softmax↵(A)  C . Con-
sider a new am+1  a1. Again, we set am+1 = a1x, x  1. For a
given ↵, the di�erence betweenmax and softmax can be written as

a1 �

Pn
i=1 aie

↵ai + a1xe↵a1xPn
i=1 e

↵ai + e↵a1x
 C +

(a1 � a1x)e↵a1x

e↵a1
,

because the exp function is strictly greater than zero. To �nd a maxi-
mum of the second term, we di�erentiate it by x:
✓
(a1 � a1x)e↵a1x

e↵a1

◆0
= a21↵(1� x)ea1↵(x�1)

� a1e
a1↵(x�1).

As in the base case, for a1 > 0 the derivative has a root

r = 1�
1

↵a1
,

(a1 � a1r)e↵a1r

e↵a1
=

1

↵e
.

The root is unique, because thederivative is positive increasingon (�1, 1�
2/a1↵) and decreasing on (1� 2/a1↵, 1], as di�erentiating it for the
second time reveals. Therefore, we obtain the upper bound

max(A [ am+1)� softmax↵(A [ am+1)  C +
1

↵e
.

The result follows from the induction. Note that the upper bound goes to zero as
↵ approaches in�nity.
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Nowwe can move to the proof of Theorem �.��.

Proof. Let G̃ be a two-player normal form game with strictly positive utilities, in
which one of the players hasm actions to play. Computing a Nash equilibrium in
G̃ is PPAD-complete by Theorem �.�. We show that computing a quantal Nash
equilibrium is PPAD-hard by reducing the problem of �nding a Nash equilibrium
in G̃ to a problem of computing a speci�c quantal Nash equilibrium in G̃.

We construct the reduced game as follows:

• Let the games coincide,
• let the player withm actions be the boundedly rational player �, and
• let this player use expected utilities to evaluate their actions and act accord-
ing to a logit generator q2 of a Luce model of quantal response de�ned as
q2(x) = exp(↵x) for some ↵ � 0.

Assume that there exists ↵⇤, such that for each ✏ and each strategy �1 of player �

u2(�1, BR(�1))� u2(�1, QR(�1))  ✏.

Because player � is fully rational, their quantal Nash strategy is a best response. By
the de�nition of ↵⇤, the quantal response of player � is an ✏-best response. There-
fore, by solving for a quantal Nash equilibrium with the generator of the second
player q2(x) = exp(↵⇤x), we �nd an approximate Nash equilibrium up to ✏-best
responses in G̃.

Each strategy �1 ofplayer � generates a set of expectedutilities forplayer�. Aplayer
best responding to �1 achieves a maximum utility from this set whilst quantal re-
sponding according to the generator q2 guarantees a softmax utility. Because the
game we reduce from hasm actions, setting↵⇤ = W (1/e)

✏ + m�2
↵e as in Lemma �.�

concludes the proof.

q

In summary, this chapter introduced the necessary technical background consist-
ing of notation and solution concepts this thesis builds upon. Nowwe are ready to
delve into the description of the fundamental contributions the thesis makes, start-
ing with the optimal commitment against a quantal response player.
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G ��� theoretic algorithms computing Stackelberg equilibrium have been
used for improvingphysical security orprotectingwildlife innatural parks.��
The lesson learned from these deployments is that following the standard

mathematical assumption of perfectly rational players is not optimal against human
opponents. The strategies against boundedly rational opponents prove to be more
e�ective in case the algorithms take into account the quantal response nature of hu-
man decision makers and their subjective utility functions.��

The gamemodel of Stackelberg security games used bymany such deployed real-
world applications stems from normal form games, but it poses certain modeling
limitations. The problem must be formulated in terms of allocating limited re-
sources to a set of targets. This is often impossible, e.g., in classical games from eco-
nomics like prisoner’s or traveler’s dilemma, location games, or algorithmic mecha-
nism design. In order to solve real-world problems beyond security games, we study
optimal behavior against a quantal response opponent inmore general class of nor-
mal form games. An optimal strategy of the rational player in such a scenario is
described by a leader-follower solution conceptwe call the quantal Stackelberg equi-
librium. The leader computes and implements a �xed strategy and the follower re-
sponds to this strategy based on their quantal response function.

The natural formulation of the optimization problem describing the quantal
Stackelberg equilibrium is non-concave. Moreover, we show that the number of lo-
cal minimamay grow linearly with the number of actions even in a zero sum games.
Hence, simple gradient ascent approaches are not likely to be e�ective. It is di�cult
to further analyze the problem of computing the equilibrium directly, so we de-
rive a Dinkelbach-type formulation of the problem and use it to identify su�cient
conditions for concavity of the problem. If the conditions are satis�ed, the optimal
solution can be found by gradient ascent. Furthermore, we generalize the linear re-
laxation developed for security games to general normal form games and use it to
formulate a mixed integer linear program for approximately solving the problem.
The approach of security games cannot be applied directly, because it uses speci�c
properties of such games.

In the experiments, we compare the convergence speed of gradient ascent in di-
rect formulation to approximated Dinkelbach-type integer linear program formu-



�� � Q������ S���������� E���������� ��N����� F���G����

o r
A -�,� -�.�,-��
B -�,� -�,�.�

Leader
Fo
llo

w
er

General sum game

o r
A -�,� ��,-��
B -�,� -�.�,�.�

Leader

Fo
llo

w
er

Zero sum game
0 0.2 0.4 0.6 0.8 1

�3

�2.8

�2.6

�2.4

�2.2

Probability of action o

Le
ad
er
’s
ex
pe
ct
ed

ut
ili
ty

General sum game
Zero sum game

Figure �.�: An example of a quantal Stackelberg equilibrium in a normal form game. (Left) The payo�matrices of a general-sum game and its
zero-sum variant. The �gure follows a standard denotation of normal form games. (Right) The criterion functions of the general-sum game’s
quantal Stackelberg equilibria (dashed curve) and its zero-sum variant’s (dotted curve). The quantal Stackelberg equilibrium maximizes the
leader’s expected utility. The values of Nash equilibria are depicted in corresponding bold straight lines.

�� For example, the exponential
logit function.

�� In other words, the quan-
tal Stackelberg equilibrium is an
exact analogue of the standard
Stackelberg equilibrium in the
presence of a quantal adversary.

lation of quantal Stackelberg equilibriumwith various quantal functions. We show
that theDinkelbach-type algorithm is up to��.�-times faster than one restart of gra-
dient ascent and it also provides solutions of higher quality. For the most common
generators of quantal functions�� and su�ciently large games, the gradient ascent
could not �nd a solution of the same quality even when running ���-times longer
than the Dinkelbach-type algorithm.

��� P������ ���������� ��� ����������
We begin our analysis by formally de�ning the equilibrium.

De�nition �.�. Given a normal-form game G = (N,A, u) and a quantal re-
sponse functionQR of the follower, a mixed strategy �QSE

l 2 �l describes a quantal
Stackelberg equilibrium if and only if

�QSE
l = argmax

�l2�l

ul(�l, QR(�l)). (QSE-NFG)

In this situation the leader is fully rational. They commit to an optimal strategy
given that the follower quantal responds according to given quantal and evaluation
functions��. Throughout this chapter, we refer to the expression in De�nition �.�
as to the criterion function of quantal Stackelberg equilibrium.

Example �.�. Consider the general sum game shown on the left in Figure �.�. Let the
follower behave according to a Luce model with generator q(x) = exp(x/2) and let
them use the expected utility as an evaluation function. On the right of the �gure is
depicted a criterion function of the game’s quantal Stackelberg equilibrium (dashed)
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�� In zero sum games, all the
best responses of the follower
result in the same utility for the
leader. For the sake of expo-
sition, we abuse the notation
a little and write the utility as
ul(�l, BR(�l)) for �l 2 �l.

and a criterion function of the game’s zero sum variant’s quantal Stackelberg equilib-
rium (dotted), in which we set ul = �uf . The optimal strategy of the leader in the
general sumgame is to commit to playing action owith probability⇡ 0.85. To achieve
the equilibrium in the zero sum variant the leader plays o with probability⇡ 0.89.

The example shows that in general, �nding the quantal Stackelberg equilibrium
is a non-linear non-concave problem. To understand if standard methods could be
of use in computing the equilibrium, we need to analyze its properties in more de-
tail. We begin by studying the relation of quantal Stackelberg equilibrium to Nash
equilibrium. Thenwe show that gradient ascent methods often fail to compute the
global optimum.

Proposition �.�. Every normal formgamewith a continuous quantal response func-
tion of the follower has at least one quantal Stackelberg equilibrium.

Proof. The statement is a consequence of the fact the set of mixed strategies is con-
vex and compact andbecause theutilities are�nite, thequantal Stackelberg criterion
QSE-NFG is continuous and bounded.

Moreover, in zero sumnormal form games, the leader’s utility in quantal Stackel-
berg equilibrium is always greater than or equal to their utility inNash equilibrium.

Proposition �.�. LetG = (N,A, u) be a zero sum normal form game,QR be a
quantal response function of the follower and �NE

l , �QSE
l be the mixed strategies of

the leader in Nash and quantal Stackelberg equilibria, respectively. Then��

ul(�
NE
l , BR(�NE

l ))  ul(�
QSE
l , QR(�QSE)).

Proof. From the de�nition of quantal response function, for all �l 2 �l

uf (�l, BR(�l))) � uf (�l, QR(�l)).

Therefore, in zero-sum games it holds that

ul(�l, BR(�l)))  ul(�l, QR(�l)).

From the de�nition of quantal Stackelberg equilibrium

ul(�l, QR(�l)))  ul(�
QSE
l , QR(�QSE

l )).

The result follows from setting �l = �NE
l .

The same is no longer true for general sum games. As shown in Figure �.�, the
expected utility of the leader in the general sum game is ⇡ �2.26. In Nash equi-
librium, the leader plays action o and the follower responds with B, resulting in
the expected utility of the leader�2.2 – strictly higher than in quantal Stackelberg
equilibrium. In other words, facing a boundedly rational opponent does not have
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�� I.e., the evaluation function
has a form of a strictly increas-
ing function applied to the ex-
pected utility. For simplicity,
and to emphasize its meaning,
we will denote such function
still e and write the evaluation
value as e(uf (�l,⇡f )), or, in
a generalized Luce quantal re-
sponse, as [e � q](uf (�l,⇡f )).

�� S. Boyd and L. Vanden-
berghe. Convex optimization.
Cambridge University Press,
����.

�� Generalized concavity (e.g.,
pseudoconvavity or quasicon-
cavity) is preserved under divi-
sion, but it imposes too strong
assumptions on the game utili-
ties to be used in practice.

to be an advantage in a general sum game. From now on, we will focus on general-
ized Luce models and subjective expected utility evaluation functions��.

Observation �.�. LetG = (N,A, u) be a normal form game and q be a generator
of a generalized Luce model with a subjective expected utility function e. Then the
leader’s strategy �QSE

l of quantal Stackelberg equilibrium in G can be formulated
as the following non-concave problem:

�QSE
l = argmax

�l2�l

P
⇡f2⇧f

ul(�l,⇡f )[e � q](uf (�l,⇡f ))
P

⇡f2⇧f
[e � q](uf (�l,⇡f ))

. (�.�)

Non-concave maximization problems can be solved by gradient ascent. The gra-
dient ascents are an e�cient class of algorithms with a guarantee to approach a lo-
cal maximum in a polynomial number of steps in case the gradient of the criterion
function is Lipschitz-continuous.�� Unfortunately, the criterion function of quan-
tal Stackelberg equilibrium can have a large number of such local optima.

Conjecture �.�. For everym, |Af | = m, there exists a zero sumnormal form game
G and a generator q of a generalized Luce model with a subjective expected utility
function e, such that a criterion function of quantal Stackelberg equilibrium in G
has at leastm� 1 local maxima.

Wewere able to verify the conjecture experimentally up to gameswithm = 100,
then the optima became too close to zero to verify their existence numerically. We
constructed the instances for everym as follows:

• The game is de�ned asGm = ({l, f}, {Al, Am
f }, uf ),

• with action spacesAl = {a1, a2},Am
f = {b1, b2, . . . , bm}

• and utilities ul = �uf , where

uf (a
1, b1) = 0.5, uf (a

1, bi) = �10i i 2 [2,m]

and
uf (a

2, bi) = 0 i 2 [m].

• Let q(x) = exp(x) and e(x) = x if x < 0 and e(x) = 0 for x � 0.

Applying restarted gradient ascent for �nding quantal Stackelberg equilibrium
is thus impractical and can often lead to globally suboptimal local optima. More-
over, analysing the conditions when the equilibrial criterion function from Obser-
vation �.� is concave is di�cult, as concavity is not preserved under division��.

��� D�������������� ����������� �����������
Now we introduce a transformation of the equilibrium formulation (�.�) into an
equivalent optimization problem. This new formulation allows us to derive condi-
tions for approximating quantal Stackelberg equilibrium in polynomial time.
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Algorithm �: Dinkelbach-type algorithm for approximating the optimal
leader’s strategy of quantal Stackelberg equilibrium in normal form games
UB  max⇡2⇧ ul(⇡),LB  min⇡2⇧ ul(⇡)
�⇤  argmax�l2�l

P
⇡f2⇧f

(ul(�l,⇡f )� LB)[e � q](uf (�l,⇡f ))

repeat
p (UB � LB)/2
v  max�l2�l

P
⇡f2⇧f

(ul(�l,⇡f )� p)[e � q](uf (�l,⇡f ))

�p  argmax�l2�l

P
⇡f2⇧f

(ul(�l,⇡f )� p)[e � q](uf (�l,⇡f ))

if v < 0 thenLB  p, �⇤  �p elseUB  p

untilUB � LB < ✏
return �⇤

�� W. Dinkelbach. “On nonlin-
ear fractional programming”.
Management Science ��:�,
����, pp. ���–���.

�� For example, a simple binary
search method can be used for
this purpose.

The transformation employs theDinkelbach’smethod for solvingnonlinear frac-
tional programming problems and we can adapt it for �nding the quantal Stackel-
berg equilibrium because formulation (�.�) is a fractional program��. The key idea
of the Dinkelbach’s method is to express a problem in a form of

max
x2M

f(x)/g(x), g(x) > 0

for some convex setM and continuous, real-valued functions f and g as an equiv-
alent problem of �nding a unique root of function

F (p) = max
x2M

{f(x)� pg(x)} p 2 R.

Then it holds that

max
x2M

f(x)/g(x) = p⇤ () F (p⇤) = 0.

Because F is a maximum of functions a�ne in p, it is convex. Finding the root is
hence straightforward�� and it can be done e�ciently if and only if we are able to
e�ectively calculate the value of function F for any p. Computing the maximum
of the original formulation of quantal Stackelberg equilibrium (�.�) is hence equiv-
alent to solving a sequence of optimization subproblems

max
�2�l

X

⇡2⇧f

(ul(�,⇡)� p)[e � q](uf (�,⇡)), (�.�)

as described inAlgorithm �. We refer to expression (�.�) as theDinkelbach subprob-
lem of the Dinkelbach formulation of quantal Stackelberg equilibrium. Algorithm
� iteratively updates the upper bound (UB) and lower bound (LB) on the value of
the equilibrium according to a binary search method for �nding a root of a func-
tion. Note that because of Proposition �.�, we are able to set the initial lower bound
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�� The objective of this propo-
sition is to illustrate that achiev-
ing polynomial approximability
is inherently di�cult, as these
conditions often remain unful-
�lled. This serves as a motiva-
tion for introducing a lineariza-
tion method that is further de-
veloped in the rest of the chap-
ter. An example of a setting
that satis�es these conditions
are games with negatively cor-
related utilities and traditional
linear Luce quantal generators
and expected utility functions.
�� Incorporating additional
assumptions concerning the
functions q and e, such as
concavity or convexity, enables
reformulating the conditions
outlined herein solely in terms
of the game’s maximum and
minimum utility. This renders
the veri�cation process easier.

to the value of Nash equilibrium in case the game is zero sum. This binary search
approach generalizes the same technique used for computing logit quantal Stackel-
berg equilibrium in security games.�� The following proposition derives su�cient
conditions for Algorithm � to run in polynomial time.

Proposition �.�. LetG = (N,A, u) be a normal form game, q be a twice di�eren-
tiable generator of a generalized Luce model and e be a twice di�erentiable subjective
expected utility function, such that the gradient of the Dinkelbach formulation is Lip-
schitz continuous. For each pure strategy ⇡ 2 ⇧f , denote

ui⇡ = min
⇡l2⇧l

ui(⇡,⇡l), and ui⇡ = max
⇡l2⇧l

ui(⇡,⇡l).

Moreover, let
ui = min

⇡2⇧f

ui⇡, and ui = max
⇡2⇧f

ui⇡.

Then the quantal Stackelberg equilibrium inG is polynomially approximable�� if for
all ⇡ 2 ⇧f and any x 2 [ul⇡, u

l
⇡], y 2 [uf⇡, u

f
⇡] and p 2 [ul, ul]:

(p� x)
⇣
q00(e(y))e02(y) + q0(e(y))e00(y)

⌘
� 0

ul(⇡)
Tuf (⇡)  0,

(�.�)

where for any function g, g0 denotes a derivative of g.

Proof. If the Dinkelbach subproblem is concave��, the gradient ascent methods are
guaranteed to reach a global optimum. We hence analyse the conditions when an
equivalent minimization formulation is convex, i.e., its Hessian matrix is positive
semide�nite (PSD). The Hessian matrix is of a form

c · uf (⇡)uf (⇡)
T
�
⇥
[e � q](uf (⇡)

T �))
⇤0�

ul(⇡)uf (⇡)
T + uf (⇡)ul(⇡)

T
�
,

where

c =
�
p� ul(⇡)

T �
��
q0(e(uf (⇡)

T �))e00(uf (⇡)
T �)

+ q00(e(uf (⇡)
T �))e02(uf (⇡)

T �)
�
,

and ul(⇡)T � is the expected utility ul(�,⇡) (and similarly for the follower). A well-
known fact from linear algebra states that for non-zero n-dimensional real-valued
vectors u, v, the matrix uvT is positive semide�nite i� uT v � 0. By this fact,
uf (⇡)uf (⇡)T is PSD. The matrix c · uf (⇡)uf (⇡)T is then PSD if c � 0. Because
q, e are increasing functions, matrices�ul(⇡)uf (⇡)T ,�uf (⇡)ul(⇡)T are PSD if
ul(⇡)Tuf (⇡)  0. Because the expected utility ui(⇡)T � always lies in the inter-
val [ui⇡, ui⇡] and p is upper (lower) bounded by leader’s maximal (minimal) utility
in the game, by substituting for cwe conclude that the Dinkelbach formulation of
quantal Stackelberg equilibrium is concave if conditions (�.�) holds.
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�� In other words, the multi-
variate criterion function canbe
written as a sum of univariate
functions.

��� T. Ibaraki. “Integer pro-
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binatorial optimization prob-
lems”. Discrete Mathematics
��:�, ����, pp. ��–��.
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piecewise-linear optimization:
Unifying framework and ex-
tensions”. Operations Research
��:�, ����, pp. ���–���.
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In case a game and the quantal and subjective utility functions do satisfy the con-
dition stated in Proposition �.�, the gradient ascent methods converge to a glob-
ally optimal strategy of the leader. In the opposite case the guarantees are lost. For
such caseswe introduce e�cient linearizationmethodswith bounds on the solution
quality to approximate the global optimum through a piece-wise linear approxima-
tion of the Dinkelbach subproblem in any game. The linear approximation is later
turned into a mixed integer linear program and solved using standard methods.

����� L���������� �� ������ �������������� �� ������� �����

In security games the formulation of the logit quantal Stackelberg equilibrium has
separable variables�� and permits e�cient linearization. In contrast, theDinkelbach
formulation in normal form games is not separable in general and the probability
simplex must be linearized into multivariate polytopes. The most straightforward
method is to split the simplex into an exponential number of hypercubes of dimen-
sion |Al| using a �xed step size. To obtain a continuous approximation, each hy-
percube must be split into an exponential number of triangulations. To escape the
curse of dimensionality, instead of splitting a hypercube, we compute the approx-
imation in the whole hypercube by linear least squares. The resulting formulation
is transformed to an integer linear program using the DLog construction.��� The
DLog construction is known to be the fastest because it introduces a number of bi-
nary variables only logarithmic in the number of polytopes.��� Since we construct
one polytope for every hypercube and the number of hypercubes is exponential in
|Al|, the �nal mixed integer linear program is of a polynomial size in |Al|.

We implemented a method �nding the piece-wise linear approximation and ex-
perimentally veri�ed that it will not scale to games with more than � actions of the
leader. To improve its e�ciency, it is necessary to �nd a precise enough separable
approximation of the Dinkelbach subproblem in a form of

max
�l2�l

d1p(�l)� pd2p(�l),

where the functions d1p and d2p are approximated as

d1p(�l) =
X

⇡f2⇧f

ul(�l,⇡)[e � q](uf (�l,⇡f )) ⇡

|Al|X

j=1

d̃1p,j(�(a
j
l )), and

d2p(�l) =
X

⇡f2⇧f

[e � q](uf (�l,⇡f )))) ⇡

|Al|X

j=1

d̃2p,j(�l(a
j
l )),

where d̃1p,j , d̃2p,j are (possibly) non-linear univariate functions.
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��� And we refer to the comple-
mentary class as linearly inde-
pendent games.

���Note that all zero sum games
are linearly dependent since we
may set c⇡ = �1.
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Figure �.�: An example of the upper
bound derived in Proposition �.� for a
game with a quadratic generator (x +
2.5)2, a logarithmic generator ln(x+
2.5), utility range [�1, 1], c = �0.2,
✏ = 0.1, and |Af | = 5.

��� M. Yano, J. D. Penn,
G. Konidaris, and A. T. Pa-
tera. Math, numerics &
programming (for mechanical
engineers). MIT Press, ����.
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There exists a subclass of general sum normal form games in which separable ap-
proximation can be constructed more easily than in the entire class. The key prop-
erty turns out to be the linear dependency of leader’s utilities on the utilities of the
follower. We call such games linearly dependent���.

De�nition �.�. A normal form game G is called linearly dependent if for each
strategy ⇡ 2 ⇧f there exists a constant c⇡ 2 R, such that for each action al 2 Al it
holds that ul(al,⇡) = c⇡uf (al,⇡).

S��������� ����������� �� �������� ��������� �����

In linearly dependent games���, we can introduce a new variable y⇡ for each pure
strategy ⇡ 2 ⇧f with a linear substitution uf (�,⇡) = y⇡ . The problem of solving
the Dinkelbach subproblem then has the form

max
�l2�l

X

⇡2⇧f

c⇡y⇡[e � q](y⇡)� p[e � q](y⇡)

y⇡ = uf (�l,⇡) =
X

al2Al

uf (al,⇡)�l(al) 8⇡ 2 ⇧f .
(�.�)

Both functions [e � q](y⇡) and y⇡[e � q](y⇡) are easily linearizable univariate
functions. In case each y⇡ is divided uniformly into K segments, the �nal mixed
integer linear program has (K � 1)⇥ |⇧f | binary variables. The following propo-
sition posits that the error tends to zero as ✏ goes to zero andK approaches in�nity.

Proposition �.�. Let �⇤l be a strategy computed by Algorithm � with precision ✏
in a linearly dependent gameG, where the subproblems are solved via linearization
of formulation (�.�) with K segments. Then the quality of solution �⇤l with respect
to a mixed strategy �QSE

l of the leader in quantal Stackelberg equilibrium is upper
bounded as

|ul(�
⇤
l , QR(�⇤l ))� ul(�

QSE
l , QR(�QSE

l ))|  ✏+ |Af |
C1 + C2

4K2[e � q](uf )
,

where
C1 = ul(uf � uf )

2 max
x2[uf ,uf ]

��[e � q]00(x)
��

and
C2 = (uf � uf )

2 max
x2[uf ,uf ],⇡2⇧f

|c⇡|
��[I · (e � q)]00(x)

��,

where I is the identity function I(x) = x.

Proof. For any twice di�erentiable univariate function g, let g be a uniform piece-
wise linearization of g into K segments on interval [a, b]. The maximum di�erence
in values of g and g can be then upper bounded as follows:���
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|g(x)� g(x)|  C
(b� a)2

8K2
, (�.�)

whereC = maxx2[a,b] |g
00(x)|. The fractional criterion function (�.�) of thedirect

formulation of quantal Stackelberg equilibrium can be expressed as QSE(�l) =
ul(�l, QR(�l)) = N(�l)/D(�l), where

N(�l) =
X

⇡2⇧f

c⇡[I · (e � q)](z⇡)

D(�l) =
X

⇡2⇧f

[e � q](z⇡)

z⇡ = uf (�l,⇡) 8⇡ 2 ⇧f .

The linearized criterion function has the formQSE(�l) = N(�l)/D(�l), where

N(�l) =
X

⇡2⇧f

c⇡[I · (e � q)](z⇡)

D(�l) =
X

⇡2⇧f

[e � q](z⇡)

z⇡ = uf (�l,⇡) 8⇡ 2 ⇧f .

Denote �QSE
l the optimal solution ofmax�l2�l

QSE(�l). Then we have

d =

�����
N(�QSE

l )

D(�QSE
l )

�
N(�⇤l )

D(�⇤l )

����� 

�����
N(�QSE

l )

D(�QSE
l )

�
N(�QSE

l )

D(�QSE
l )

�����

+

�����
N(�QSE

l )

D(�QSE
l )

�
N(�l

⇤)

D(�l
⇤)

�����+
����
N(�l

⇤)

D(�l
⇤)
�

N(�⇤l )

D(�⇤l )

����.

We bound each of these terms separately. For the �rst and the last term we use
Lemma � of Yang, Ordonez, and Tambe��. By this lemma, for each �l 2 �l:

����
N(�l)

D(�l)
�

N(�l)

D(�l)

���� 
1

D(�l)

✓
N(�l)

D(�l)
dD + dN

◆
, (�.�)

where dD =
��D(�l)�D(�l)

�� and dN =
��N(�l)�N(�l)

��.
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��� Note that if we would use
the same substitution as in
the case of linearly dependent
games, the number of bilinear
terms would be K ⇥ |⇧f |,
i.e., K-times larger than in
formulation (�.��).

Now we may employ the linearization bound (�.�) to obtain that

dD  |Af |
(uf � uf )

2

8K2
max

x2[uf ,uf ]

��[e � q]00(x)
�� = C̃1, and

dN  |Af |
(uf � uf )

2

8K2
max

x2[uf ,uf ]
⇡2⇧f

|c⇡|
��[I · (e � q)]00(x)

�� = C̃2.

BecauseD(�l) � [e � q](uf ) andQSE(�l)  ul, together with inequality (�.�)
we conclude that ����

N(�l)

D(�l)
�

N(�)

D(�l)

���� 
ulC̃1 + C̃2

[e � q](uf )
. (�.�)

Because �QSE
l and �QSE

l maximize the formulationsQSE andQSE, respectively,
the di�erence in their values is also at most (ulC̃2 + C̃1)/[e � q](uf ), which pro-
vides the bound for the �rst term. To see why this is true, for contradiction, assume
that |QSE(x) � QSE(x)|  c, but without loss of generalityQSE(�QSE

l ) �

QSE(�QSE
l ) > c. By combining both inequalities we have QSE(�QSE

l ) >

QSE(�QSE
l ). Strategy �QS

l is hence not the argument of the maximum.
For bounding the second termwe use the properties of the Dinkelbach formula-

tion. From Algorithm �, for each �l 2 �l, we haveN(�l) � UBD(�l)  0 and
N(�⇤l ) � LBD(�⇤l ) � 0. Therefore, for the optimal strategy �QSE

l it holds that
LB  N(�QSE

l )/D(�QSE
l )  UB and hence

�����
N(�QSE

l )

D(�QSE
l )

�
N(�l

⇤)

D(�l
⇤)

�����  UB � LB  ✏. (�.�)

By combining the bounds (�.�) and (�.�) we conclude that

|ul(�
⇤
l , QR(�⇤l ))� ul(�

QSE
l , QR(�QSE

l ))|  ✏+ 2
ulC̃1 + C̃2

[e � q](uf )
.

Figure �.� illustrates the bound applied to a game with two potential generators.

S��������� ����������� �� �������� ����������� �����

In normal form games which are linearly independent we can take advantage of the
fact that all quantal and subjective expected utility functions are invertible because
they are strictly monotone. Let g�1 be an inverse of a function g. The substitution
[e � q](uf (�l,⇡)) = y⇡��� leads to an easily linearizable constraint

uf (�l,⇡) =
X

al2Al

uf (al,⇡)�l(al) = [e � q]�1(y⇡). (�.�)
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Figure �.�: An example of the upper
bound derived in Proposition �.� for a
game with a quadratic generator (x +
3)2, a logarithmic generator ln(x+3),
utility range [0, 10] and [1, 2] for the
leader and the follower, respectively,
✏ = 0.1, and |Af | = 5.
��� In other words, for every i in
{1, . . . ,K}, [e � q]�1(xi) =
[e � q]�1(xi) = yi.

With an additional substitution ul(�,⇡)) = z⇡ , the problem of solving the
Dinkelbach subproblem is expressed as

max
�l2�l

X

⇡2⇧f

z⇡y⇡ � py⇡

[e � q]�1(y⇡) =
X

al2Al

uf (al,⇡)�l(al) 8⇡ 2 ⇧f

z⇡ =
X

al2Al

ul(al,⇡)�(al) 8⇡ 2 ⇧f ,

(�.��)

where z⇡y⇡ are |⇧f | bilinear terms. For linearizing the bilinear terms we can use ei-
therMcCormick’s envelopes,��� which are fully linear, or theMDTmethod.��� The
size of the mixed integer linear program for theMcCormick’s envelopes is |⇧f | real
variables and (K�1)⇥|⇧f |binary variables. Experimental evaluation of theMDT
method showed that while it provides close to optimal solutions, the additional bi-
nary variables required by the method signi�cantly slow down the computation.
We hence focus more on the McCormick’s envelopes.

Proposition �.�. Let �⇤l be a strategy computed by Algorithm � with precision ✏ in
a linearly independent game G, where the subproblems solved via linearization of
formulation (�.��) with K segments and bilinear terms relaxed using McCormick’s
envelopes. Then the quality of solution �⇤l with respect to amixed strategy �QSE

l of the
leader in quantal Stackelberg equilibrium is upper bounded as

|ul(�
⇤
l , QR(�⇤l ))� ul(�

QSE
l , QR(�QSE

l ))|  ✏+ |Af |
C +M

4[e � q](uf )
,

where

C = (ul + 1)h2 max
x2[uf ,uf ]

|[e � q]00(x)|,

M = (ul � ul)(uf � uf )/4,

and

h =

�
[e � q](uf )� [e � q](uf )

�

Kmaxx2[[e�q](uf ),[e�q](uf )]
��[[e � q]�1]0(x)

�� .

Proof. We follow the reasoning of proof of Proposition �.� up to the inequality
(�.�). In linearly independent games we linearize the inverse function [e � q]�1 in
formulation �.�� instead of function [e � q]. To estimate the di�erences |N(�) �
N(�)| and |D(�)�D(�)|we hence seek to bound the linearization error

���[e � q](x)� [e � q]�1�1
(x)
���.

Assume that [e�q]�1 is uniformly linearized in pointsx0, x1, . . . , xK�1
���. Ev-
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��� Which, in most cases, it is
not, unless we assume special
cases akin to q and e being iden-
tities that would further simply
the analysis.

��� T. J. Hastie. “Generalized
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erypiece-wise linear function is invertible. Since [e�q](yi) = xi = [e � q]�1�1
(yi),

function [e � q]�1�1
is a linearization of function [e � q]. Unless the function

[e � q]�1 is an identity���, the linearization is non-uniform. Since the distance be-
tween any xi, xi+1 is

�
[e � q](uf )� [e � q](uf )

�
/K , the maximum di�erence in

values of any consecutive yi, yi+1 is upper bounded by

h =

�
eq � eq

�

K
max

x2[eq,eq]

���
⇥
[e � q]�1

⇤0
(x)
���,

where eq = [e � q](uf ) and eq = [e � q](uf ). Using the bound on a maximum
di�erence between [e � q](x) and [e � q]�1�1

(x) from inequality (�.�), we posit

dD  |Af |
h2

8
max

x2[uf ,uf ]

��[e � q]00(x)
��. (�.��)

For bounding the di�erence |N(�l)�N(�l)|we need to take into account also the
error arising from relaxing the bilinear terms using McCormick’s envelopes. The
envelope is a convex polytope de�ned by four linear inequalities. Using simple al-
gebra, it can be shown that the di�erence between a bilinear term z⇡y⇡ in formula-
tion (�.��) and its approximation by aMcCormick’s envelope is at mostM , where

M =
(ul � ul)(uf � uf )

4
. (�.��)

Using the bound (�.��), the di�erence between N(�l) and N(�l) can be �nally
upper bounded via

dN  |Af |

 
h2

8
max

x2[uf ,uf ]
|[e � q]00(x)|+M

!
. (�.��)

We proceed as in Proposition �.�, using inequalities (�.�), (�.�), and a modi�ed
inequality (�.�) that uses bounds (�.��) and (�.��). The result follows.

Due toMcCormick’s envelopes, the bound does not approach zerowith increas-
ingK and decreasing ✏ as in Proposition �.�. However, it can be relatively small in
games where [e � q](uf ) is higher, as illustrated in Figure �.�.

����� S��������� ��� �������� ��������������

Besides substitution,we considered computing separable approximations also through
generalized additive models.��� Generalized additive models can be used to approx-
imately solve the Dinkelbach subproblem in case the link function of the model is
an identity. We implemented two methods for �tting additive models in the sub-
problem: a spline method (here, d̃1p and d̃2p are smoothing splines���) and via deep
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��� To match the default
CPLEX tolerance parameter.

neural networks (here d̃1p and d̃2p are constructed from activation functions���). Ex-
perimental evaluation showed that piece-wise linear separable approximations of
the Dinkelbach subproblem lead to fast computation of a solution of the approxi-
mation (especially for linearly independent games), but neither the spline method
nor the neural networks provide approximations precise enough for theDinkelbach
method to converge to an optimum.

��� E�������� ����������
Finally, we demonstrate practical aspects of proposed algorithms for computing
quantal Stackelberg equilibrium innormal formgames. As a benchmark, weuse the
original formulation solvedbygradient ascent (GA).Wecompare it to theDinkelbach-
type algorithm (DTA) – Algorithm � with subproblems solved via substitutional
piece wise linear approximations. All implementations were done in C++��. We
used an implementation of the SLSQP GA algorithm in the NLOPT �.�.� library
for non-linear optimization. A single-threaded IBM CPLEX ��.� computed solu-
tions of all mixed integer linear programs. The experiments were performed on a
�.�GHz CPU with ��GB RAM. Because the algorithm is domain independent,
we use randomly generated games for baseline evaluation. To test the algorithm’s
behavior on structured domains, we use a normal form representation of a search
game that serves as a standard benchmark for comparing strong Stackelberg solving
methods in sequential games���.

����� E����������� ������� ��� ����� �������� ����������

We consider six di�erent generators of Luce models. Four of them are convex func-
tions: exp(0.4x), exp(0.8x), exp(1.2x) and�1050/(x+ 20), and two are con-
cave functions: lnx+ 12 and

p
x+ 11). As subjective expected utility functions

we employ one risk-neutral (RN) function: x, one loss-attentive (LAt) function:
x3/100 and one loss-averse (LAv) function: 20/(1 + e�x) � 10). The tolerance
parameter for the GA algorithm in NLOPT was set to 10�6��� and ✏ = 2% of the
leader’s utility range for theDTA’s binary search. The linearizationusesK = 5. For
each combination of game size⇥ generator function⇥ expected-utility function,
we constructed and solved � instances.

R������� ��������� ������ ���� �����

We construct random games with action spaces of sizes from 3, 000 ⇥ 50 up to
7, 500 ⇥ 50. The utilities of the follower are generated uniformly randomly from
interval [�10, 10], while the constants c⇡ for linearly dependent random games are
generated from interval [�3, 3].

S����� ����

The search game is played on adirected graph, depicted in Figure�.�. The follower’s
goal is to reach one of the destination nodes (D0 –D2) from the starting node (S),
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strategy space \ steps � � � � � � ��
# of leader’s actions ��� ���� ���� ����� ����� ������ �������
# of follower’s actions �� �� �� ��� ��� ��� ���

Table �.�: The absolute sizes of strategy spaces in the search game as a function of the number of steps.

S
P0

P1

D0 D1 D2

Figure �.�: Graph for the search game.

���Otherwise the ratiowouldbe
negative.

while the leader aims to catch the follower with one of the two units operating in
the marked areas of the graph (P0 andP1). The follower receives a di�erent reward
for reaching a di�erent destination node. In nodeD0 the reward �.�, inD1 �.�, and
inD2 it is 5.0. The leader can move their units freely over the neighboring nodes
in the areas. In case the leader captures the follower, the follower is penalized by
receiving a utility�2.0. We consider a version of the game in which neither player
perceives any information and the leader’s utility is complementary to the follower’s.
Both players canmakeN steps. The size of the strategy spaces for di�erent number
of steps is depicted in Table �.�.

����� E����������� �������

In Figure �.�we depict the runtimes achieved with the DTA in linearly dependent
randomly generated games. The x-axis varies the game size, while the y-axis shows
themean runtime for computing the solutions in games of a given size. Every point
in the graph corresponds to the mean over the sampled instances and shows also
the achieved standard error. The results show that with the increasing size of the
game, the speedup of theDTAalso increases, being up to 25.5-times faster than one
restart of theGAfor gameswith���� leader’s actions. It suggests that for even larger
games, theDinkelbach type algorithms should perform signi�cantly better than the
gradient ascent. The results on the search game are then shown in Figure �.�. The
superiority of DTA over GA is even more profound here, with the gradient ascent
not being able to compute solutions even for games with � steps within the limit.
The relative errors of computed solutions in random games are presented in Fig-

ure �.�. The x-axis again varies the game size. The y-axis shows themean ratio of the
di�erence in the leader’s expected utility computed using one restart of the GA and
the DTA to the absolute di�erence between themaximal andminimal utility in the
game. While the DTA is guaranteed to approximate a global solution, there is no
guarantee of a solution quality for the GA. The results show that gradient ascent
never �nds a better solution than the algorithm based on Dinkelbach reformula-
tion���. However, the GA’s solution quality is comparable to the DTA for concave
functions and the hyperbole. The quality degrades rapidly for the exponential gen-
erators with all three evaluation functions, especially for higher coe�cients. For the
loss-averse function, the quality of the solutions computed by gradient ascent with
exponential quantal function with coe�cient �.� is on average at least 42.5-times
worse than the solution of the Dinkelbach type algorithm. We observe a similar
behavior also in the search game, as depicted in Figure �.�, except for the higher-↵
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Logarithmic gen. Quadratic gen. Hyperbolic gen.
Risk-neutral restarts
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��
Loss-attentive restarts
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��
Loss-averse restarts
���� leader’s actions ��.��± �.�� �.��± �.�� �.��± �.��
���� leader’s actions �.��± �.�� ��.��± �.�� �.��± �.��
���� leader’s actions �.��± �.�� �.��± �.�� �.��± �.��

Table �.�: Themean number of gradient ascent restarts needed to reach 1% deviation (or better) from the solution computed by theDinkelbach
type algorithm. All exponential generators required more than 20 restarts.

��� This could be possibly at-
tributed to the game’s inner
structure.

exponential generators, where the gradient ascent perform better than in random
games���. Still, the algorithm on the Dinkelbach reformulation returns a solution
of higher quality on average. Note that we could also compare only solutions for
the smallest games because of the gradient ascent’s poor scalability.

The number of restarts of the GA required to reach a deviation from the DTA’s
solution less than �% is shown in Table �.�. We restarted the gradient ascent ��
times and counted the �rst restart when the deviation was su�ciently small. With
neither exponential generator was the algorithm able to �nd a good enough solu-
tion within the �� restarts. This suggests that to obtain comparable results with the
most commonly used quantal function in the literature – the exponential logit gen-
erator with a higher coe�cient – in games with at least ���� actions of the leader,
the ascent has to run at least 153⇥ longer than the DTA. In contrast, the concave
generators and the hyperbole computed nearly optimal solutions within the �rst
few restarts. This behavior is consistent with the deviations reported in Figure �.�.

q

In linearly independent randomly generated games theDTA achieved even faster
speedups, as it employs the McCormick’s envelopes: up to 3030-times faster than
one restart of the GA for exponential generators and games with at least ���� ac-
tions. However, due to the relaxation, the quality of the solutions was often worse
than with gradient ascent, but no more than ��% for the exponential generators
and �% for other quantal functions. The gradient ascent running on the Dinkel-
bach subproblem has the theoretical guarantees, as proved in Proposition �.�, but
its runtimes are comparable to the gradient ascent on the direct formulation.
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��� S������ �� �������������
We introduced aDinkelbach type formulation of a problemof computing a bound-
edly rational quantal Stackelberg equilibrium in normal form games. In contrast to
the direct formulation, theDinkelbach formulation has both the theoretical advan-
tages (i.e., we can explicitly check how closely we approximate the global optimum)
as well as positive computational consequences – the formulation o�ers up to ��.�-
times speedup when compared with the original formulation.
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P ������� chapter introducedmethods for computing optimal strategies to
commit to against a quantal opponent in one-shot scenarios. These strate-
gies are e�cient in situations when we face myopic agents yet many other

interactions in the real world are sequential, dynamically changing as per the agents’
strategies. In this chapter, we hence develop methods for �nding quantal Stackel-
berg equilibrium in extensive form games that model such dynamic interactions.
There are twomain challenges that prevent us from using techniques from security
games or normal form games directly. First, while there is only one decision point
for the boundedly rational player to act at in normal form games, any non-trivial
extensive form game contains many causally linked decision points where the same
player acts. The psychological studies show that humans prefer short-term, delayed
heuristic decisions rather than long-term, premeditated decisions.��� This behavior
arises especially in con�icts��� or when facing information overload caused by large
decision space.��� Therefore, a natural assumption is that the boundedly rational
player acts according to their quantal response model in each decision point sepa-
rately. This behavior cannot be modeled by an equivalent normal form game. Sec-
ond, contrary to one-shot scenarios, the number of rational player’s pure strategies
in extensive form games is exponential in the game size. Therefore, even if the equi-
libria would coincide in normal and extensive form games, applying the algorithms
for normal form games directly would result in exponentially worse scalability.

We begin our analysis by showing that�nding quantal Stackelberg equilibrium is
NP-hard, and the straightforward formulation of the equilibrium in extensive form
games corresponds to a non-concave fractional program that is di�cult to optimize.
Therefore, wederive an equivalentDinkelbach-type formulationof the equilibrium
that does not contain any fraction and represents the rational player’s strategy as
an expression linear in the size of the game. We use the Dinkelbach formulation to
identify su�cient condition for solving the problem in polynomial time. If the con-
ditions are satis�ed, the optimal solution can be found by gradient ascent. For other
cases, we formulate a mixed integer linear program approximating the equilibrium
through a linear relaxation of the quantal response model. We provide theoretical
guarantees on the solution quality depending on the number of segments used to
linearize the quantal response function and the arising bilinear terms.



�� � Q������ S���������� E���������� �� E�������� F���G����

f

l

f

(17,�12)

c

(�8, 11)

d

x

(12, 16)

y

a

(18, 14)

b

0 0.2 0.4 0.6 0.8 1

5

10

15

Probability of action y

Le
ad
er
’s
ex
pe
ct
ed

ut
ili
ty

↵ = 0.33
↵ = 0.83

Stackelberg eq.

Figure �.�: (Left) An example of a general sum extensive form game with utilities in form (ul, uf ), and (Right) the objective functions of three
equilibria: quantal Stackelberg equilibria with a generator q = exp(↵x), where ↵ 2 {0.33, 0.83}, and strong Stackelberg equilibrium.

��� We consider this construc-
tion, in amanner of agent quan-
tal response equilibrium, more
suitable for sequential games.

In the empirical evaluation we compare the direct formulation solved by an al-
gorithm for general non-linear optimization to our mixed integer linear program.
We show that in �.� hours, our algorithm computes solutions that the baseline can-
not reach within three days. Moreover, for solvable instances the solutions of our
algorithm outperform the baseline’s solutions.

��� P������ ���������� ��� ����������
Identically to the previous chapter, even in extensive form games we consider two
causes of emergence of boundedly rational behavior that combine into a formal def-
inition of quantal response function QR: (i) a subjective perception of expected
utilities and (ii) a proneness to making mistakes when choosing an action to play.
The equilibrium then has the following form.

De�nition �.�. Given an extensive form game G, a behavioral strategy �QSE
l 2

Bl and a quantal response functionQR of the follower form a Quantal Stackelberg
Equilibrium if and only if

�QSE
l = argmax

�l2Bl

ul(�l, QR(�l)). (QSE-EFG)

Quantal Stackelberg equilibrium of an extensive form game is not equivalent to
the same equilibrium of a normal form representation of the said game because
instead of picking a pure strategy in the whole game according to a given model
of bounded rationality, the follower acts quantally in their information sets sepa-
rately���. In other words, a quantal response over pure strategies can not be in gen-
eral decomposed into valid quantal responses in information sets, and vice versa.

Example �.�. Consider an extensive form game depicted in Figure �.�. We construct
quantal response functions for the follower in this game from an evaluation function
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Figure �.�: (Left) An example of a general sum extensive form game, and (Right) the objective functions of three equilibria: quantal Stackelberg
equilibria with evaluation functions using best response and quantal response, respectively, and strong Stackelberg equilibrium.

��� Note that all best responses
yield the same utility.

and two generalized Luce models. Let the follower be unaware that they make system-
atic mistakes and let them evaluate actions a 2 �(I) in any information set I via
best responses in the lower decision points as

e(�l, a) =

P
z2Z:a2seqi(z) ui(z)C(z)�(seq(z))

�f (seqf (I)a)
P

h2I �l(seql(h))
,

where �f 2 BR(�l) is an arbitrary best response���. In reality, they will act quan-
tally according to a generator q(x) = exp(↵x). In the �rst quantal response, we set
↵ = 0.33, while in the second one, let ↵ be equal to 0.83. On the right of the Figure
we show the non-concave objective functions of both resulting quantal Stackelberg equi-
libria, as well as strong Stackelberg equilibrium. The choice of the behavioral model
signi�cantly a�ects the solution. While with↵ = 0.33 the leader commits to playing
action y, with ↵ = 0.83 their strategy is completely opposite: to play action x. An
optimal solution in traditional Stackelberg equilibrium is to play any strategy with
probability of action y lower than �.�. However, if the leader deploys a strategy close to
this threshold against either of the two behavioral models, their utility will be, in fact,
close to the globalminima of the corresponding quantal equilibria criterion functions.
For ↵ = 0.33, the utility is low for all Stackelberg strategies.

We observe a similar behavior even when varying the evaluation functions, instead
of the generator. For the extensive formgamedepicted on the right in Figure �.�we con-
struct two quantal Stackelberg equilibria with a �xed generator q(x) = exp(↵x),
↵ = 0.068 and two di�erent evaluation functions. The �rst evaluation function
is the same as in the previous example, i.e., the follower assumes they act entirely ra-
tionally and uses the expected utility of an arbitrary best response as their evaluation
function in both information sets. The second evaluation function represents a follower
who recognizes their own bounded rationality and computes an expected utility of an
action under the assumption they act quantally in the subsequent decision points.
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��� R. Yang, C. Kiekintveld,
F. Ordonez, M. Tambe, and
R. John. “Improving resource
allocation strategy against
human adversaries in security
games”. In: Proceedings of the
��nd International Joint Con-
ference onArti�cial Intelligence.
Barcelona, Catalonia, Spain,
����, pp. ���–���.

On the left in Figure �.� we show the objective functions of the corresponding quan-
tal Stackelberg equilibria and the fully rational strong Stackelberg equilibrium. An
optimal strategy for the leader in the model with quantal response evaluation func-
tion is to always play action y. In contrast, when the follower uses the best response,
the leader should commit to playing action y with probability only ⇡ 0.71. Note
that both strategies are relatively far from the tradition Stackelberg strategy and the
leader would lose a large portion of the utility in case they decide to deploy a quantal
Stackelberg strategy against an entirely rational follower. The objective function of
both boundedly rational equilibria are fairly similar because the game is small and
contains only two information sets of the follower. Our experiments con�rmed that
as the sizes of games reach lower tens of information sets of the follower the role of the
evaluation function becomes substantially more important.

These examples replicate the observations made also in security games: playing
Stackelberg strategies against boundedly rational opponents may in�ict huge losses
in utility for the leader.��� In fact, it is not di�cult to design an extensive form game
in which a unique Stackelberg equilibrium is a global minimum of a quantal Stack-
elberg criterion with an arbitrarily low utility for the leader.

q

Let us denote the unique predecessor of a node h 2 H\{h0} in an extensive
form gameG as pr(h). The equilibrium then has the following formulation.

Observation �.�. LetG be an extensive form game and q be a generator of a general-
ized Lucemodel with an evaluation function e. Finding the leader’s strategy�QSE

l in
quantal Stackelberg equilibrium inG can be formulated as the following non-concave
problem:

�QSE
l = argmax

�l2Bl

v(;, ;)

v(pr(h)) =
X

a2�(h)

v(h, a)C(a) 8h 2 Hc

v(pr(h)) =
X

a2�(h)

v(h, a)�l(a) 8h 2 Hl

v(pr(h)) =

P
a2�(h) v(h, a)q(e(�l, a))P

a2�(h) q(e(�l, a))
8h 2 Hf

v(pr(z)) = ul(z) 8z 2 Z.

(�.�)

The variable v is de�ned for every action interconnecting two consecutive nodes
in the game tree (i.e., an edge) and it serves to propagate the leader’s utility from
the leafs up to the root through both the chance nodesHc and nodes of the players
Hl andHf . As Example �.� shows, this formulation using behavioral strategies is
non-concave, it may have multiple local optima, and it contains fractional terms.
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��� J. Letchford and V.
Conitzer. “Computing op-
timal strategies to commit
to in extensive-form games”.
In: Proceedings of the ��th
ACM Conference on Electronic
Commerce. ����, pp. ��–��.

Similarly to Stackelberg equilibrium, computing quantal Stackelberg equilibrium
in extensive form games is an NP-hard problem, as we show via two reductions.

Theorem �.�. The problem of �nding a quantal Stackelberg equilibrium in a two-
player extensive form game where the follower acts according to a generalized Luce
model with a logit generator is NP-hard.

Proof. Weadapt the argument fromtheproof ofNP-hardness of strongStackelberg
equilibrium in extensive form games���. We reduce any instance I of a �SAT prob-
lem to a game G3SAT (I). We use the same tree structure as in the original result,
depicted in Figure �.�, but modify the utilities to accommodate for the bounded
rationality of the follower. One of the main complications is that the original proof
relies on the follower playing the leader’s preferred action in case of indi�erence,
while the quantal response chooses all actions with the same utility uniformly.

Let the instance I consist of N variables x1, . . . , xN and K clausesC1, . . . , CK .
The structure of the gameG3SAT (I) is as follows. In the root, the follower picks
one subtree of three possible types. First, for each variable xi there is a subtree txi .
Second, for each clause Cj of I the game contains a subtree tCj . Finally, there is
the target subtree t, which is the only subtree in which the leader can reach a non-
zero utility. In the roots of all subtrees the leader acts, and they all belong to the
same information set, let us call it S. There is one action per variable in S. In the
variable subtree txi , the immediate leafs have utility (0, 0) everywhere except for
the action corresponding to variable xi. In the clause subtree tCj , the actions lead
to immediate leafs (0, 0) in case the action does not appear in Cj . If Cj contains
+xi, there is a small subtree (as shown in the Figure) with leafs (0, N/2) and (0, 0).
Vice versa, if there is�xi in Cj , the leafs have utilities (0, 0) and (0, N/2). In the
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��� Note that the leader’s utili-
ties everywhere else in the tree
are zero.

��� We highlight only the main
di�erences, for details about
the original proof see the paper
of Letchford and Conitzer���.

target subtree, the players play a coordination game. Besides S, the leader has one
information set Si for each variable xi. There are two possible actions in each Si

that correspond to setting the variable to true or false. The original result shows
that I is satis�able if and only if the leader is able to incentivize the follower to reach
subtree t. With a quantal follower, reaching t with probability � is not possible.
However, wewill show that there is a probability threshold for reaching t separating
solvable and unsolvable instances of �SAT.
The key observation is that if q is strictly increasing, then the boundedly ratio-

nal player plays actions with strictly greater utilities with strictly greater probabil-
ity. The leader hence tries to maximize the follower’s utility in the target tree t in
G3SAT because as the players’ utilities in t are correlated, the follower playing into t
with higher probability will increase the leader’s expected utility���. We modify the
utilities in the originalG3SAT in the following way:

�. in subtrees txi , the utility corresponding to action xi is (0, Nv);
�. in subtree t, the coordinated utilities are (1, w); and
�. in subtrees tCj the utilities are (0, Nv/2).

We set v = wq(w)/(q(0)+q(w)). As an evaluation function e of the follower, we
use a modi�ed entirely rational expected utility function with some given constant
� > 0. Let uf (�, a) be an expected-utility of a follower’s action a against the
leader’s strategy �. We de�ne e as

e(a,�) =

8
>>>><

>>>>:

uf (�, a) if uf (�, a) 2 (1, v � �) [ (v + �,1),

v if uf (�, a) = v,

v � � if uf (�, a) 2 [v � �, v), and
v + � if uf (�, a) 2 (v, v + �].

Nowwebound the reachingprobability of t in satis�able andunsatis�able instances.

Satis�able: Assume the formula is satis�able and the leader commits to playing
the satisfying assignment in their lower information sets Si and the
uniform strategy in the upper set S, similarly as in the strong Stack-
elberg equilibrial strategy in the originalG3SAT

���. Because the fol-
lower plays according to their quantal function, their expected util-
ity in t isv and so is in each subtree txi . In theworst case, the follower
receives utility v also in tCj , so the target subtree t is reached with a
probability at least p0 = 1/(N +K + 1).

Unsatis�able: Now assume that I is not satis�able. We consider four cases:

�. The leader plays an arbitrary pure strategy corresponding to
some assignment in the lower information sets Si and a uni-
form strategy in their upper set S. There must existCu which
is not satis�ed. Even in case the leader is able to guarantee the
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minimal utility 0 for the follower in all tCj , j 6= u, the subtree
t is reached with probability at most p1 = q(v)/(q(v)(N +
1) + q(3/2v) + q(0)(K � 1)).

�. The leader plays an arbitrary pure strategy corresponding to
someassignment in information setsSi, but changes their strat-
egy in S. Then there exists a subtree txs , such that the fol-
lower’s expected utility in this subtree is (1+ ✏)v, ✏ > 0. Even
if the leader guarantees theminimal utility 0 for the follower in
all txi , i 6= s and tCj , the subtree t is reached with probability
at most p2 = q(v)/(q(v) + q(v + �) + q(0)(N � 1)K).

�. The leader plays a mixed strategy in some Si and a uniform
strategy in S. Then their expected utility in the target tree t is
(1 � ✏)v, ✏ > 0. Even in case the leader is able to guarantee
the minimal utility 0 for the follower in all tCj , the subtree t is
reached with probability at most p3 = q(v � �)/(q(v)N +
q(v � �) + q(0)K).

�. The leader plays a mixed strategy in some Si and also changes
their strategy in S. Then there exists a subtree txs , such that
the follower’s expected utility in this subtree is (1+✏)v, ✏ > 0.
Even if the leader guarantees themselves utility v in t and the
minimal utility 0 for the follower in all txi , i 6= s and tCj ,
the subtree t is reached with probability at most p4 = p2 =
q(v)/(q(v) + q(v + �) + q(0)(N � 1)K).

To separate the satis�able andunsatis�able instances, the inequalitiesp1, p2, p3, p4 <
p0 must hold. They can be expressed as

q(v) < max

 
q(3v2 )

K
,
q(v + �)

N +K

!

q(v � �) <
q(v)

K + 1
.

Because q is an exponential function, it has an inverse q�1. Moreover, for a non-
negativew it always holds thatw > v. The set of inequalities is thus satis�ed by

w⇤ = max(�,�2q�1(
1

K
))

� = max(�,�q�1(
1

N +K
),�q�1(

1

K + 1
)),

for an arbitrary� > 0. Finding the probability of reaching t in quantal Stackelberg
equilibrium of the modi�edG3SAT (I)withw  w⇤ and �  �⇤ hence answers
the question of satis�ability of I .
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Figure �.�: (Left) An example of a zero sum normal form game and (Right) a criterion function of its quantal Stackelberg equilibrium with a
generator q(x) = exp(x) and expected utility as an evaluation function. The �gure follows a standard denotation of normal form games.

��� The fundamental concept
of this reduction comes from
Viliam Lisý, which I formalized
and extended to determine the
equilibria and their correspond-
ing expected utilities, e�ectively
distinguishing solvable and un-
solvable instances.

This proof shows a reduction from a strongly NP-complete problem, but re-
quires the follower to use a speci�c generator function – the logit quantal response.
Now we give an alternative proof that works for arbitrary quantal response func-
tions, but the reduction is from a weakly NP-complete problem.

Theorem �.�. The problem of �nding a quantal Stackelberg equilibrium in a two-
player extensive form game that is

• zero sum and the follower acts according to a generalized Luce model with a
logit generator and an expected-utility evaluation function, or

• general sum and the follower acts according to an arbitrary quantal response

is NP-hard.

Proof. We reduce the problem of solving an instance I of the partition problem to
�nding quantal Stackelberg equilibrium in a speci�c extensive form gameGP (I).
We assume the instance of the partition problem to be amultiset of positive integers
(xi)i2[K]. The question is whether there is a set of indices J ⇢ [K], such that

X

i2J
xi =

X

i2[K]\J

xi. (�.�)

A key role in the reduction plays a special normal form game that in itself has two
distinct quantal Stackelberg equilibria, and in neither of them the leader commits
to a uniform strategy���. We show examples of such zero and general sum games.

R�������� �� � ���� ��� ����

We begin with zero sum games. In Figure �.�, we depict a zero sum normal form
game that has two such quantal Stackelberg equilibria. We assume the follower acts
according to a logit generator and uses expected utilities as action values. In the �rst
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Figure �.�: The gameGP (I) used in a reduction from the partition problem. Only the subtrees for items xi and xj are explicitly included.

��� In other words, the index set
J solves Equation (�.�).

equilibrium, the leader commits to their action o with probability s. The second
equilibrium they play the other action r, also with probability s. The expected util-
ity of the leaderwhen playing either of these strategies ism, while any other strategy,
and particularly the uniform strategy, achieves a strictly lower utility.

Now we construct the gameGP (I) that makes the leader commit to a strategy
that solves the partition problem. The game starts with a uniform chance node.
Each item is then associated with a subgame under the chance node. The structure
of the tree is depicted in Figure �.� and shows two subgames, for items xi and xj .
Each subgame has two components. We call the �rst component the normal form
subtree and we depict it on the left. It is the extensive form representation of the
normal form game from Figure �.�. To maximize their utility, the leader is moti-
vated to play the �rst action with probability either s or 1 � s, but not a uniform
strategy. The second component, on the right, is the partition subtree. One large
information set of the follower connects all the partition subtrees. The purpose
of these subtrees is to enforce the solution of the partition problem. Consider the
quantal Stackelberg equilibria inGP for solvable and unsolvable instances.

Solvable: First, we construct the equilibrium of this game in case the partition
problem has a solution J ���. To maximize the utility in the normal
form subtrees, in each of their information sets, the leader chooses
only from the two equilibrial strategies s and 1�s. If an item belongs
to the setJ , the leader plays the strategy s. Choosing the strategy 1�s
means the item is from the complementary set. The expected utility
of the follower of the �rst action a1 in their bottom large two-action
information set is then

uf (a1) = �
X

i2J
s
xi
2K
�

X

i2[K]\J

(1� s)
xi
2K

,



�� � Q������ S���������� E���������� �� E�������� F���G����

while the expected utility of the second action a2 is

uf (a2) = �
X

i2J
(1� s)

xi
2K
�

X

i2[K]\J

s
xi
2K

.

Because J is the solution, we have uf (a1) = uf (a2) and the follower
is incentivized to play uniformly. The leader’s utility in the partition
subtrees is hence

uUl =
X

i2[K]

xi
4K

=
1

4K

X

i2[K]

xi.

Next, we show that utility uUl is in fact optimal in the partition sub-
trees; the leader can never achieve a higher utility. Let x be a vector of
the multiset integers of the partition problem and � be a vector of ar-
bitrary probabilities of playing the �rst action in the leader’s partition
subtrees. We aim to prove that for any� and the corresponding vector
of complementary probabilities of playing the second action 1 � �,
where 1 is a vector of 1’s, it holds that

1

2K

xT�q
⇣
�

xT �
2K

⌘
+ xT (1� �)q

⇣
�

xT (1��)
2K

⌘

q
⇣
�

xT �
2K

⌘
+ q
⇣
�

xT (1��)
2K

⌘  uUl .

Simple algebra shows this is equivalent to

xT (2� � 1)

2

✓
q

✓
�
xT�

2K

◆
� q

✓
�
xT (1� �)

2K

◆◆
 0. (�.�)

Because we have

q

✓
�
xT�

2K

◆
� q

✓
�
xT (1� �)

2K

◆
 0 ()

xT (2� � 1)

2
� 0,

the Equation (�.�) always holds and uUl is indeed an upper bound.
Because the leader’s utility is maximized in both the normal form and
the partition subtrees, it is a quantal Stackelberg equilibrium and the
leader’s utility if the partition problem is solvable is therefore

u⇤l =
K

2
+

1

2K

X

i2[K]

xi.

Unsolvable: Second, assume that the partition problem does not have a solution.
We show that in this case, the utility of the leader in quantal Stackel-
berg equilibrium will be always strictly lower than u⇤l . Observe that
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Figure �.�: An example of a coordina-
tion normal form game we may use in
the reduction.

because the equilibrium with solvable instances achieves a maximum
possible utility in the partition subtrees, in order to attempt to reach
the same overall utility with unsolvable instances, the leader has to
commit to the solution of the normal form game. Therefore, in each
partition subtree, their only viable strategy is to play the �rst action
with probability either s or 1 � s. First, we analyze the utility of the
leader in case the strategy of the follower is not uniform. From Equa-
tion (�.�), it follows that in case a vector � maximizes a utility of the
leader, it holds that

xT (2� � 1)

2

✓
q

✓
�
xT�

2K

◆
� q

✓
�
xT (1� �)

2K

◆◆
= 0.

Consequently, if the strategy is not uniform, the di�erence in the gen-
erator functions is nonzero and it is easy to show that the scalar prod-
uct xT (2� � 1)/2 never reaches zero, thus, making it impossible for
a non-uniform strategy to be optimal. Therefore, to achieve utility
u⇤l ,the leader has to enforce a uniform strategy of the follower. Given
that the leader has to commit to either s or 1 � s in their upper in-
formation sets, we analyze the conditions when the follower is incen-
tivized to play a uniform strategy. Let the set J be de�ned similarly as
earlier: an item belongs to J if the �rst action in the leader’s partition
subtree is played with probability s. We have

uf (a1) = uf (a2) () (1� 2s)
X

i2[K]

xi + (2s� 1)
X

i2[K]\J

xi = 0.

Because there is no J such that the sums are equal and because by the
setting of the normal form game s 6= 1 � s, the leader never simul-
taneously enforces optimal utility in the normal form game and the
partition subtrees. Their utility is hence strictly smaller than u⇤l .

Together, itmeans that by analyzing the leader’s utility in the equilibriumofGP (I)
we are able to separate solvable and unsolvable instances of the partition problem.

R�������� �� � ������� ��� ����

The situation in general sum games is even simpler. The structure of the proof is
exactly as the proof for zero sum games above, but the role of the normal form sub-
tree can be played by any cooperative coordination game, an example of which we
depict in Figure �.�. For any quantal response function, the follower plays the ac-
tionwith higher expected utilitywith a higher probability. The uniform strategy for
the leader thus corresponds to the strict minimumof their utility achievable against
any quantal opponent. Any other strategy will make the two actions of the follower
have di�erent expected utilities and hence the better will be played with probability
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more than a half, giving the leader better utility than the uniform strategy. Since the
game is completely symmetric, it has two distinct quantal Stackelberg equilibria.
A similar argument holds also for the partition subtree, which stays unchanged

from the zero sum game. In solvable instances, the leader’s commitment makes any
quantal player be indi�erent and play uniformly. In case of unsolvable instance,
one of their actions will be better and played with a strictly higher probability. This
will give the follower more utility than the uniform strategy and hence it would be
suboptimal for the leader.

��� D�������������� ����������� �����������
Thenon-concavity of formulation (�.�)makes it di�cult to optimize over and guar-
antee global optimality. Therefore, we search for an alternative representation of
quantal Stackelberg equilibrium that would express the problem as a single frac-
tional criterion, instead of a set of equations. Such representationwould allowus to
leverage reformulationmethods from fractional programming to eliminate the frac-
tion. For this purpose we use the realization plans. Note that in formulation (�.�),
the utility from each leaf is propagated up through the variables v by multiplying
it by the values of a behavioral strategy and chance of all actions on the way to the
root. Because the product of behavioral probabilities of a sequence is, by de�nition,
equivalent to the realization of the sequence, the criterion of the formulation can
be expressed as

max
rl

X

z2Z
ul(z)C(z)rl(z)QR(rl, z), (�.�)

where
QR(rl, z) =

Y

a2seqf (z)

q(e(rl, a))P
a02�(I(a)) q(e(rl, a

0))
.

Because realization plans are equivalent to behavioral strategies, and to facilitate ex-
position, instead of e(�l, a), we write the evaluation function as e(rl, a). The pur-
pose of this reformulation is to express the criterion QSE-EFG as a single fraction,
similarly as in security games��� or in normal form games, explained in the previous
chapter. Problems in this form can be then solved using the Dinkelbach’s method
for nonlinear fractional programming���.

Theorem �.�. Maximizing the leader’s expected utility in quantal Stackelberg equi-
librium as in Formulation (QSE-EFG) is equivalent to �nding a unique root of the
following functionD:

D(p) = max
rl

F (rl, p), (�.�)

where

F (rl, p) =
X

⇡2⇧f

Y

a2⇡
q(e(rl, a))

0

@
X

z2Z(⇡)

ul(z)C(z)rl(z)� p

1

A.
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��� For instance, in sequential
variants of some security games
the follower may be choosing
a single target to attack, while
the leader has to deploy or
movemultiple units over a large
strategic map.

Proof. We derive this formulation from quantal Stackelberg expressed as in Equa-
tion (�.�). Because the follower acts quantally in every information set, the smallest
commonmultiple over all leafs is

Y

I2If

X

a2�(I)

q(e(rl, a)).

The fractional representation of the equilibrium is hence

max
rl

P
z2Z ul(z)C(z)rl(z)Q(z, rl)Q
I2If

P
a2�(I) q(e(rl, a))

,

where
Q(z, rl) =

Y

a2seqf (z),I2If
seq(I) 6vseq(z)

q(e(rl, a))
X

a2�(I)

q(e(rl, a)).

Because Q(z, rl) is a sum of products of functions q applied to a �xed path from
root to z and one action in each information set outside this path, it iterates over
pure strategies enabling to reach z.Q(z, rl) is therefore equivalent to

X

⇡2⇧f :z2Z(⇡)

Y

a2⇡
q(e(rl, a)).

Applying the same idea also for the denominator and swapping the sum over leafs
with the sum over pure strategies in the nominator we obtain

max
rl

P
⇡2⇧f

Q
a2⇡ q(e(rl, a))

P
z2Z(⇡)ul(z)C(z)rl(seql(z))

P
⇡2⇧f

Q
a2⇡ q(e(rl, a))

. (�.�)

By theDinkelbach reformulation,maximizing this equation is equivalent to�nding
a root of

max
rl

X

⇡2⇧f

Y

a2⇡
q(e(rl, a))

X

z2Z(⇡)

ul(z)C(z)rl(z)� p
X

⇡2⇧f

Y

a2⇡
q(e(rl, a)),

which is the desired equation.

Due to the leader’s strategy being represented using a realization plan, the for-
mulation (�.�) has |⌃l| variables. The expression e(rl, a) is evaluated for every fol-
lower’s action in the game tree, the number of evaluations is hence also linear in
|If |. The outer sum, however, enumerates the follower’s pure strategies and is thus
exponential in |If |. In many real world applications this fact might not be critical,
as the follower’s strategy space is often much smaller than a combinatorial strategy
space of the leader���.
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Algorithm �: Dinkelbach-type algorithm for approximating the optimal
leader’s strategy of quantal Stackelberg equilibrium in extensive formgames
UB  maxz2Z ul(z),LB  minz2Z ul(z)
r⇤l  argmaxrl F (rl, LB)
repeat

p (UB � LB)/2
v  maxrl F (rl, p)
rpl  argmaxrl F (rl, p)
if v < 0 then LB  p, r⇤l  rpl elseUB  p

untilUB � LB < ✏
return r⇤l

��� Note that this binary search
approach generalizes a similar
technique used for computing
quantal Stackelberg equilib-
rium in restriction to logit
generators in security games or
its more general formulation in
normal form games, described
in the previous chapter.
��� More speci�cally, we need to
evaluateD(p) for any p.

Because functionD is convex, its root canbe foundusing abinary searchmethod,
as described in Algorithm �. We refer to formulation (�.�) as to the Dinkelbach
subproblem of the Dinkelbach formulation of quantal Stackelberg equilibrium in
extesnive form games. Algorithm � iteratively updates the upper bound (UB) and
lower bound (LB) on the value of QSE according to a binary search method for
�nding a root of a function���. For running the binary search it is essential to solve
the Dinkelbach subproblems���. The following proposition presents conditions
under which the subproblem can be e�ciently approximated.

Proposition �.�. Let q be a twice di�erentiable generator of a generalized Luce
model and e be twice di�erentiable evaluation function of the follower. The Dinkel-
bach subproblem for p 2 [minz2Z ul(z),maxz2Z ul(z)] is concave if for any ⇡ 2
⇧f , a 2 ⇡ and realization plan rl, the matrix

�(⇡, a) = q0(ea)(urle
0T
a + e0au

T
rl) + (uTrlrl � p)

⇣
e00aq

0(ea)+

+e0a
2q00(ea) +

X

a0 6=a2⇡
e0ae

0
a0q

0(ea)q
0(ea0)

Y

a00 6=a0 6=a2⇡
q(ea00)

⌘

is negative semide�nite, where ea = e(rl, a), e0a = e0(a, rl), e00a = e00(a, rl), and
uTrlrl =

P
z2Z(⇡)ul(z)C(z)rl(z).

Proof. The formulation of the subproblem from function (�.�) is concave when its
Hessian matrix is negative semide�nite. The Hessian matrix is of a form

X

⇡2⇧f

X

a2⇡
�(⇡, a)

Y

a0 6=a2⇡
q(ea0).

The result follows from the fact that negative semide�niteness is preserved under
summation andmultiplication by a positive number, and the generator of the Luce
model is always positive.
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��� In case the generator and
the evaluation function are dif-
ferentiable, the condition can
be checked via semide�nite pro-
gramming in polynomial time.
A simple setup satisfying the
condition is also when q and e
are linear and close to zero, and
the utilities are negatively corre-
lated, as in zero sum games.
��� Y. Nesterov. Introductory
lectures on convex optimization:
A basic course. �st ed. Applied
Optimization ��. Springer US,
����.
��� For example, the utility of a
best response is one such prob-
lem.

In case the conditions are met���, local-optimization algorithms akin to the pro-
jected gradient ascent, given function (�.�) is L-smooth, are guaranteed to reach the
optimum in polynomial time.��� However, we consider the di�erentiability of the
evaluation to be the most limiting factor for using this theoretical result in practi-
cal computations. Intuitively, many evaluation functions should be formulated as
non-smooth maximization problems���, which do not satisfy the assumptions of
the characterization. This is why a signi�cant portion of the later text focuses in-
stead on a linear approximation of the Dinkelbach formulation, which applies to
any two-player EFG and is generalizable to any linearizable evaluation function.

��� A������������ ���D��������� ����������

In case a game does not satisfy the conditions in Proposition �.�, the guarantee of
convergence is lost. A solution commonly suggested in the literature is then to lin-
earize the criterion (�.�) and transform the problem into amixed integer linear pro-
gram that can be solved using standard methods. For linearizing the criterion we
need to approximate both the quantal generator q and the evaluation function e.

We begin by approximating the quantal generator q. We focus on logit quantal
response, which is the most commonly studied quantal response in the literature.
In this case the function q is de�ned as q(x) = exp(↵x),↵ 2 R+. The player
becomesmore rational as↵ approaches in�nity. We can express the product of gen-
erator functions from formulation (�.�) through a substitutional variable x⇡ as

Y

a2⇡
exp(↵e(rl, a)) = exp

 
↵
X

a2⇡
e(rl, a)

!
! x⇡.

The exp function is linearizable into a piece-wise function expwith K segments as

exp

 
↵
X

a2⇡
e(rl, a)

!
=

KX

k=0

↵ktk⇡ + exp(e)! x⇡, (�.�)

where (↵k)k2[K],↵
k
2 R is a slope of the k-th segment, subjected to constraints

KX

k=0

tk⇡ =
X

a2⇡
e(rl, a)� e

tk⇡  zk⇡
(e� e)

K
 tk+1

⇡

0  tk⇡ 
e� e

K
, zk⇡ 2 {0, 1},

(�.�)

where the binary variables z indicate whether the linear segment is used and the real
variables t de�ne what portion of the segment is active. Moreover, the constants e
and e are de�ned as
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e = ↵|If | min
a2Af ,rl

e(rl, a), and

e = ↵|If | max
a2Af ,rl

e(rl, a).

The maximum di�erence in values of exp and its linearization exp using K seg-
ments on the interval [e, e] can be bounded using standard methods as���:

|exp(x)� exp(x)|  exp(e)
(e� e)2

8K2
, x 2 [e, e]. (�.�)

With a linearized logit generator, the Dinkelbach subproblem (�.�) is expressed as

D(p) = max
rl

0

@
X

z2Z(⇡)

ul(z)C(z)rl(z)� p

1

Ax⇡.

Clearly, the criterion contains multiple bilinear terms x⇡rl(z). For linearizing
the bilinear terms, we use theMDT technique���. MDT is a parametrizablemethod
which enables controlling the error in exchange of introducing binary variables.
The product c(⇡, z) = x⇡rl(z) is expressed using linear equations

c(⇡, z) =
b�1X

i=0

X

j2E
ibjri,j , xE⇡ =

b�1X

i=0

X

j2E
ibjsi,j ,

1 =
b�1X

i=0

si,j , rl(z) =
b�1X

i=0

ri,j , 8j 2 E

si,j 2 {0, 1}, 0 ri,j  si,j , 8i 2 [b� 1],8j 2 E

(�.��)

where E ⇢ Z is a �nite subset controlling the error of the approximation with basis
b. xE⇡ is a representation of x⇡ in MDT over E . The following lemma identi�es the
approximation error introduced by the selection ofK and E .
Lemma �.�. Let |E| = L andx⇡ be linearized withK segments. Then the lineariza-
tion error is bounded as

|x⇡rl(z)� xE⇡rl(z)|  ✏K + ✏E , (�.��)

where the epsilons are set as

✏K = exp(e)
(e� e)2

8K2
, and

✏E = max(N, exp(e)� bM+1 +N,N � exp(e)),

and the constantsM andN asM = blogb(exp(e))c andN = bM�L+1.
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Figure �.�: An example of the up-
per bound derived in Proposition �.�
for a game with a logit generator with
↵ in {0.4, 0.7, 1.0}, utility ranges
[�10, 10] and [0, 1] for the leader and
the follower, respectively, � follower’s
information sets with � actions each,
b = 3,L = 15, and ✏B = 0.1.

Proof. Let E = {M�L+1,M�L+2, . . . ,M}. E hence de�nes a discretization of
variable x⇡ on interval [N, bM+1

�N ]with a step of sizeN . Because x⇡ is de�ned
on interval [exp(e), exp(e)], themaximumdi�erence betweenx⇡ andxE⇡ is ✏E . As
the realization variables rl are always at most �, we have

|x⇡rl(z)� xE⇡rl(z)|  |x⇡ � x⇡|+ |x⇡ � xE⇡|.

The Inequality (�.�) then implies |x⇡ � x⇡|  ✏K , concluding the proof.

Now we move to the linearization of the evaluation function e. We present a
domain independent formulation of a common situation when the follower is not
aware of their subrationality and evaluates the actions in the current information
set on the basis of acting rationally in the subsequent information sets, weighted by
the probability of reaching the current set. In that case, the evaluation function e
can be expressed as

e(r, a) = v(I(a))� s(seqf (I(a))a),

v(inff (�f )) = s(�f ) +
X

I2If
seqf (I)=�f

v(I) +
X

z2Z
seqf (z)=�f

ul(z)C(z)rl(z), 8�f 2 ⌃f

0  s(�) M(1� rf (�)), 8� 2 ⌃f

(�.��)

where rf is the binary best response realization plan of the follower, v is the optimal
expected utility contribution in an information set and s is a slack variable compen-
sating the de�ciency in action’s suboptimal utility. Now, we can �nally state the
approximation error for computing the quantal Stackelberg equilibrium.

Proposition �.�. Consider a linearization of the Dinkelbach subproblem

D(p) = max
rl

X

z2Z(⇡)

ul(z)C(z)c(⇡, z)� pxE⇡,

with constraints (�.�), (�.��), (�.��) with K segments, |E| = L, substitution (�.�)
and the realization plan constraints fromDe�nition �.�. Let r⇤l be a realization plan
computed by Algorithm � with precision ✏B , and rQSE

l be a realization plan of the
leader in quantal Stackelberg equilibrium. Then for the utility di�erence

d = |ul(r
⇤
l , QR(r⇤l ))� ul(r

QS
l , QR(rQS

l ))|

it holds that

d  ✏B +
ul|⇧f |✏K + |⇧f |maxz2Z |ul(z)|(✏K + ✏E)

exp(e)
,

where ✏K and ✏E are de�ned as in Lemma �.�.
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Proof. Weproceed similarly as inProposition�.�. However,wederive speci�cbounds
for the Dinkelbach representation of the equilibrium in extensive form games that
are di�erent from their counterparts in normal form or security games. First, we
express the fractional criterion function (�.�) of the direct formulation of the equi-
librium asQSE(rl) = ul(rl, QR(rl)) = N(rl)/D(rl), where

N(rl) =
X

⇡2⇧f

X

z2Z
ul(z)exp(y⇡)rl(seql(z)),

D(rl) =
X

⇡2⇧f

exp(e⇡), and

e⇡ = ↵
X

a2⇡
e(rl, a) 8⇡ 2 ⇧f .

The linearized criterion function is thenQSE(rl) = N(rl)/D(rl), where

N(rl) =
X

⇡2⇧f

X

z2Z
ul(z)x⇡rl(seql(z)),

D(rl) =
X

⇡2⇧f

xE⇡, and

xE⇡ = exp(e⇡), e⇡ = ↵
X

a2⇡
e(rl, a) 8⇡ 2 ⇧f .

Denote �QSE the optimal solution ofmax�2�l
QSE(�). Then we have

d =

����
N(�QSE)

D(�QSE)
�

N(�⇤)

D(�⇤)

���� 

�����
N(�QSE)

D(�QSE)
�

N(�QSE)

D(�QSE)

�����

+

�����
N(�QSE)

D(�QSE)
�

N(�⇤)

D(�⇤)

�����+
����
N(�⇤)

D(�⇤)
�

N(�⇤)

D(�⇤)

����.
(�.��)

We bound each term separately. For the �rst and the last term we use Lemma � of
Yang, Ordonez, and Tambe���. By this lemma, for each � 2 �l, we have

����
N(�)

D(�)
�

N(�)

D(�)

���� 
1

D(�)

✓
N(�)

D(�)
dD + dN

◆
, (�.��)

where dD =
��D(�)�D(�)

�� and dN =
��N(�)�N(�)

��. Using Lemma �.�, we
bound the di�erences as

dD  |⇧f |✏K ! C1

dN  |⇧f |max
z2Z

|ul(z)|(✏K + ✏E)! C2.
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BecauseD(�) � exp(e), andQSE(�)  ul, together with the Inequality (�.��)
we conclude that ����

N(�)

D(�)
�

N(�)

D(�)

���� 
ulC1 + C2

exp(e)
. (�.��)

By the same argument as in Proposition �.� the �rst term of Inequality (�.��) shares
the bound with the last term, and the second term is bounded by ✏B . The result
follows from combining the bounds.

��� E�������� ����������

We compare the Dinkelbach-type algorithm (DTA) to the standard benchmark for
nonlinear optimization: theCOBYLAalgorithm,��� implemented in theopen-source
NLOPT library. COBYLA is a gradient-free algorithm capable of handling linear
equality constraints induced by realization plans. We opted for COBYLA because
the follower’s evaluation function is non-di�erentiable, possibly in in�nitely many
points. We apply COBYLA directly to formulation (�.�). For evaluating the algo-
rithms, we used two domains: a variant of search game commonly used to evaluate
algorithms for SE��� and a network game, handcrafted to be di�cult for quantal
Stackelberg equilibrium.

����� E����������� ������� ��� ����� �������� ����������

We assume the defender acts as a leader, while the attacker assumes the follower’s
role. We consider three exponential generators of generalized Luce models, ↵ 2
{0.4, 0.7, 1.0}. The tolerance parameter for the COBYLA algorithm in NLOPT
was set to 10�2 and ✏B = 1% of the leader’s utility range for the DTA’s binary
search. The linearization uses K = 3, the basis of MDT is set to b = 3 and the
size of the precision interval E is L = 4. For each combination of game size ⇥
generator function, we constructed�� instances. All implementationswere done in
C++��. WeusedNLOPT�.�.�, and a single-threaded IBMCPLEX ��.� carriedout
all computations of solutions of mixed integer linear programs. The experiments
were performed on a �.�GHz CPUwith ��GBRAM.

S����� ����

The game is played on a directed graph, depicted on the left in Figure �.�. The at-
tacker’s goal is to reach one of the destination nodes (D� – D�) from the starting
node (S), while the defender aims to catch the attacker with one of the two units
operating in the marked areas of the graph (P� and P�). The attacker receives a dif-
ferent reward for reaching a di�erent destination node (the reward is selected ran-
domly from interval [0, 2]). While the defender can move freely with unit P�, unit
P� is static – placed by the defender at the beginning of the game. If the attacker
evades unit P�, the defender is givenN steps to set unit P�. The defender receives
a signal if P� is within � step from the attacker. In case the defender captures the
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Figure �.�: Graphs for the experimental domains. (Left) Search game, and (Right) network games.

attacker, the defender gets a positive reward of 1 � n/(N + 1), where n  N is
a number of taken steps, and the attacker receives 0. We consider a version of the
game in which the attacker perceives no information about the whereabouts of the
defender’s units, and unit P� starts aboveD0.

N������ ����

The network game is played on a directed graph too. Some nodes in the graph are
grouped together into mutually disjunctive areas. In the beginning, the attacker
observes their areas of possible in�ltration and the area the defender uses to enter
the network, and selects one area for further probing. The defender then picks a
node from the entering area, while the attacker chooses a node from their area to
compromise. The defender is given a maximum number of stepsN to survey the
network and discover the attacker. There is binary information: if the attacker is
located within � steps from the defender, the defender observes it. If she captures
the attacker in n  N steps she receives a utility 1�n/(N +1), � otherwise. The
attacker is given a reward associated with the compromised node if not found (the
reward is chosen randomly from interval [�2.5, 2.5]–the negative utility represents
nodes with compromising costs higher than the data’s price or a possible honey-
pot), -� otherwise. We designed three networks, shown on the right in Figure �.�.
Attacker’s areas are depicted in thin-lined rectangles. The defender’s entering area
is depicted in a thick-lined rectangle in game �� and selected randomly (� nodes
per seed) in other games. We set � = 0 for game ��, 1 otherwise. It is a type of
coordination game; hence, the vast majority of the attacker’s strategies can be best
responses to the defender’s strategy, which makes computing Stackelberg strategies
particularly di�cult.

����� E����������� �������

In Figures �.� and �.��, the x-axis varies the game size, while the y-axis shows the
runtimes of the algorithms. Every point in the graphs corresponds to themean over
the sampled instances and shows the achieved standard error. We terminated all
running seeds after ��h and depict them in the graphs with this lower bound on
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Figure �.�: Mean runtimes of computing the approximations of quantal Stackelberg equilibria using COBYLA andDinkelbach type algorithm
in the search game in extensive form. Every point shows also a standard error.
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Figure �.��: Mean runtimes of computing the approximations of quantal Stackelberg equilibria usingCOBYLA andDinkelbach type algorithm
in the three network games: (Top) game ��, (Middle) game ��, and (Bottom) game ��. Every point shows also a standard error.
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� steps � steps � steps
Search game
↵ = 0.4 -�.��%± �.��% -�.��%± �.��% ��.��%± �.��%
↵ = 0.7 -�.��%± �.��% -�.��%± �.��% ��.��%± �.��%
↵ = 1.0 -��.��%± �.��% -��.��%± �.��% -�.��%± �.��%
Network game ��
↵ = 0.4 �.��%± �.��% �.��%± �.��% �.��%± �.��%
↵ = 0.7 -�.��%± �.��% �.��%± �.��% �.��%± �.��%
↵ = 1.0 -�.��%± �.��% �.��%± �.��% �.��%± �.��%
Network game ��
↵ = 0.4 �.��%± �.��% �.��%± �.��% ��.��%± �.��%
↵ = 0.7 �.��%± �.��% �.��%± �.��% �.��%± �.��%
↵ = 1.0 -�.��%± �.��% -�.��%± �.��% �.��%± �.��%
Network game ��
↵ = 0.4 �.��%± �.��% �.��%± �.��% -
↵ = 0.7 �.��%± �.��% �.��%± �.��% -
↵ = 1.0 �.��%± �.��% �.��%± �.��% -

Table �.�: Comparison of solution quality. The table shows mean deviations of solutions computed using COBYLA and Dinkelbach type
algorithm in both search and network games. A positive value indicates thatDinkelbach type algorithm returned better solution thanCOBYLA.
Every value shows also a standard error.

��� P. Cheeseman, B. Kanef-
sky, and W.M. Taylor. “Where
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ternational Joint Conference on
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tralia, ����, pp. ���–���.

runtime if the computation was still ongoing. As the �gures show, despite the over-
head of the Dinkelbach type algorithm on smaller instances, it scales signi�cantly
better than COBYLA. For � steps, we ran longer jobs, and COBYLA computed no
gamewithin � days. Interestingly, as in some otherNP-hard problems,��� increasing
the search game’s strategy space enables �nding better strategies faster, and binary
search terminates earlier.
The relative errors of computed solutions are presented in Table �.�. The val-

ues correspond to the mean ratio of the di�erence in the defender’s expected utility
computedusingCOBYLAand theDTAto the lengthof the defender’s utility range
in the game. Due to linear approximations used by COBYLA, it can �nd close-to-
optimal solutions in smaller instances. In some cases, its solution is even better than
that of DTA because of the algorithm’s approximation parameters. However, as
the table reveals, the quality of COBYLA’s solutions degrades with increasing game
size, reaching error of 18.24% for � steps in the search game.

��� S������ �� �������������

In this chapter we studied quantal Stackelberg equilibrium – a strategy the ratio-
nal player should commit to against a boundedly rational player – in extensive form
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games. We show that computing the equilibrium is NP-hard; still, quantal Stack-
elberg equilibrium is useful for evaluating scalable heuristics or improving the un-
derstanding of human decision-making in experiments with human participants.
We introduce the �rst practical algorithm for computing the equilibrium in exten-
sive form games and show that contrary to direct formulation, our algorithm solves
larger games with smaller errors.
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R ����� Aumann introduced the concept of correlated equilibrium in
���� as a generalization ofNash equilibrium. Throughout the years, cor-
related equilibrium became one of themost prominent concepts in game

theory, because of its suitability for studying coordinated multiagent systems,��� as
well as appealing computational complexity that is provably polynomial. Signaling
has also applications in physical or cyber security, for example, �ghting misinfor-
mation.��� Besides, many of the contemporary breakthroughs in Nash equilibrium
computation in two-player zero sumgames or evenmultiplayer gameswere achieved
through uncoupled no-regret methods originally designed to approximate corre-
lated equilibrium in general-sum games. Recent years have witnessed an increas-
ing attention to correlated strategies also in sequential games, either in the form of
(coarse) correlated equilibriumor team-maxmin equilibriumwith coordination de-
vice. With the new approaches, even large scenarios are solved in a matter of days.

Despite the favorable scalability of contemporary state-of-the-art approaches, one
of the fundamental limitations that hinders applications of game-theoretic models
in real world remains their assumption of perfect rationality of players. Numerous
deployments of concepts related to leader-follower equilibria proved that account-
ing for the imperfect decision-making of human players helps to avoid unnecessary
utility losses and leads to substantially improved performance, as we explained in
the introductory chapters. Perhaps the �rst attempt to introduce “boundedly ratio-
nal” behavior into correlated equilibrium was through trembling-hand perfection,
and it was studied in both normal form��� and extensive form��� games. Trembling-
hand perfection amends the inherent issues associated with perfectly rational con-
cepts akin to Nash equilibrium through prescribing optimal strategies even when
the game play strays o� the equilibrium path. Yet, this does not translate into cor-
rect predictions of human behavior. To this end, quantal response is much more
suitable. Despite its importance, to the best of our knowledge, nowork that studies
correlated quantal response strategies has ever been published.

In this chapter, we investigate the amalgamation of quantal response and cor-
related equilibrium using the generalized Luce models of quantal behavior. We
provide two possible de�nitions of quantal correlated equilibrium, inspired by the
standard way of constructing a correlated equilibrium: we replace a best-response
condition with quantal response, enforcing quantal behavior either per each signal
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��� For instance, the authority
might represent a local govern-
ment and the signals may have
a form of speci�c taxation poli-
cies.

separately or over the whole set of strategies. Our formulation is general enough to
model individual di�erences in quantal behavior between the players, which other
works rarely consider. Our �rst motivation is to study if these quantal counterparts
of correlated equilibrium satisfy the intuitive requirements of such an equilibrium.
Indeed, we show that every quantal response equilibrium is quantal correlated, and
the traditional correlated equilibrium is reached in the limit as quantal responses
approach a best response. The space of all equilibria is compact, and in case the
equilibrium is unique for all correlation devices, it is also connected. We conclude
our initial analysis by showing that the concept remains PPAD-hard.
Next, we formulate a robust homotopic algorithm capable of traversing the prin-

cipal branch of equilibrial correspondence. We employ carefully designed variable
substitutions andmodel reformulations that ameliorate numerical issues caused by
steep quantal response functions or wide ranges of utilities. As a consequence, we
are able to simultaneously trace the equilibrium and gradiently optimize a proba-
bility distribution over the signals while maintaining the homotopy’s convergence
guarantees. Finally, in the last part of this chapter, we investigate the algorithm’s
scalability and quality of solutions using two experimental domains: randomgames
and supply chain games. Supply chains constitute a prime application domain for
quantal correlated equilibrium: a setting where a central authority aims to coor-
dinate the retailers to streamline the economy, but is only capable of sending sig-
nals because of the retailers’ autonomy���. The results indicate that the homotopy
approach provides high-quality solutions while being several orders of magnitude
faster than BARON, a state-of-the-art non-convex optimization solver.

��� P������ ����������

We consider generalized Luce quantal response functions and formulate two repre-
sentations of quantal correlated equilibrium. We focus on the standard construc-
tion of correlated equilibrium because the canonical representation does not make
sense in case the players are assumed to always play quantally and are hence inca-
pable of following a single recommended action. First, we assume the players be-
have according to their generalized Luce quantal response functions with genera-
tors (qi)i2N after they receive a signal. We refer to this form of quantal correlated
equilibrium as the per-signal equilibrium. Inserting bounded rationality into the
model is simple using the standard construction.

De�nition �.�. LetG = (N,A, S, u) be a signaling game. The behavioral strate-
gies (�i)i2N ,�i 2 Bi and a signaling scheme � 2 ⇤ form a per-signal quantal
correlated equilibrium if

ui(ai|si) =
X

a�i2A�i

X

s�i2S�i

�(si, s�i)��i(a�i|s�i)ui(ai, a�i),

�i(ai|si) =
qi(ui(ai|si))P

a0i2Ai
qi(ui(a0i|si))

.
(S-QCE-NFG)
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Figure �.�: Equilibria in a variant of the Battle of Sexes game. (Left) The payo�matrix of the game. The �gure follows a standard denotation of
normal form games. (Right) Three quantal dynamics: quantal response, per-signal correlated, and over-pure-strategies correlated. The players
share the same generator q(x) = (x + (119 +

p
401937)/332)3, and receive either one or two possible signals (each with probability �.�),

respectively. Equilibria are the points intersecting the quadrant’s axis.

Example �.�. Consider the game in Figure �.�, where the �rst player always receives
a single signal while the second player conditions their strategy on one of two possible
signals received with an equal probability. Both players act using a generator q(x) =
(x + (119 +

p
401937)/332)3. The interaction dynamic of a per-signal quantal

correlated equilibrium is depicted in the graph on the right using a thick dashed line.
There are three per-signal equilibria, for �1(o) 2 {0.0833, 0.233, 0.772}.

In our second formulation, instead of playing quantally for each signal indepen-
dently, we assume the players act quantally over the whole set of pure strategies in
the extended game. We call this formulation the over-pure-strategies equilibrium.

De�nition �.�. LetG = (N,A, S, u) be a signaling game. The mixed strategies
(�i)i2N , �i 2 �i and a signaling scheme � 2 ⇤ form an over-pure-strategies quan-
tal correlated equilibrium if

ui(⇡i) =
X

⇡�i2⇧�i

X

(a,s)2⇥(⇡i,⇡�i)

�(si, s�i)��i(⇡�i)ui(ai, a�i),

�i(⇡i) =
qi(ui(⇡i))P

⇡0
i2⇧i

qi(ui(⇡0
i))

.
(⇧-QCE-NFG)

Example �.�. Figure �.� shows an over-pure-strategies quantal correlated dynamic
as well, using a thick dotted line. Similarly as in per-signal equilibrium, we consider
a setting with one and two equally possible signals per player. The game contains a
single over-pure-strategies equilibrium for �1(o) = 0.0833.

Ifwe compare both formulations, we realize thatwhile each player selects one dis-
tribution that describes their complete behavior after receiving any signal in formu-
lation (⇧-QCE-NFG), the formulation (S-QCE-NFG) assumes that players choose
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the strategy distribution for each signal separately. Consequently, after observing a
signal, theymay act independently on other signals. The psychological studies show
that humans prefer such short-term, delayed heuristic decisions��� over long-term,
premeditated decisions. This behavior arises especially in con�icts��� orwhen facing
information overload caused by large decision space���. In the light of that, formula-
tion (S-QCE-NFG) seems more natural than its counterpart (⇧-QCE-NFG). For
this reason, we will prefer the formulation (S-QCE-NFG) in the analysis andwhen
we formulate an algorithm solving it, but the same approach could be applied also
to formulation (⇧-QCE-NFG).
Still, in both of these formulations, the signaling scheme� is assumed to be given

and �xed. We may, however, intend to search for a scheme that is optimal in some
sense, as if the signals constituted an action space of an additional player – a signaler.
Possible criteriamay includemaximization of social welfare or signaler’s ownutility.
In case the criterion has a form of function f , the formulation under the condition
that the players attain quantal correlated equilibrium is:

De�nition �.�. LetG = (N,A, S, u) be a signaling game and f : ⇤ ⇥ ⌃ ! R
be a criterion function. The optimal quantal correlated equilibrium is

max
�2⇤,�2⌃

f(�,�) s.t. � 2 QCE(�), (OPT)

whereQCE(�) refers to the set of quantal correlated equilibria for a given signaling
scheme �, and⌃ is either the set of behavioral strategiesB, for the per-signal equilib-
rium, or the set of mixed strategies�, for the over-pure-strategies equilibrium.

Thedi�culty of this optimization is a�ectedbyproperties of functionf aswell as
the topology of quantal correlated equilibria. For this reason, we study the quantal
correlated equilibria in more detail in the following section.

��� P��������� �� ��� �����������
In this section we investigate basic properties of quantal correlated equilibria. We
begin our analysis by examining the relation to quantal response equilibrium.

Proposition �.�. LetG = (N,A, S, u) be a signaling game. Then

�. the over-pure-strategies quantal correlated equilibriumis anormal formquan-
tal response equilibrium in the extended game, and

�. the per-signal quantal correlated equilibriumis an extensive form (agent) quan-
tal response equilibrium in the extended game.

Consequently, both concepts exist for all continuous generators andany signaling scheme.

Proof. We construct two simple reductions from G to a normal form game for
showing the relation to quantal response equilibrium; and to an extensive form
game to show a relation to an agent quantal response equilibrium.
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��� In other words, the actions
of G0 are the pure strategies of
G.

�. LetG0 = (N 0, A0, u0) be de�ned as follows:
• the players are shared withG, i.e.,N 0 = N ,
• the actions areA0 = ⇧1 ⇥ · · ·⇥⇧n

���, and
• the utility u0 is

u0i(a) =
X

(a1|s1,...an|sn)2⇥a

�(s1, . . . , sn)u(a1, . . . , an). 8a 2 A0

The expected utilities hence correspond to the de�nition of utility in over-
pure-strategies quantal correlated equilibrium. The quantal response equi-
librium inG0 is a �xed point of the dynamic and hence satis�es the de�nition
of the desired equilibrium inG.

�. LetG0 be an extensive form representation of theG’s extended game, where
the information sets are de�ned by the signal a player observes and the utility
of their action ai in a terminal node below the information set determined
by signal si is given as

u0i(ai, a�i|si) =
X

s�i2S�i

�(si, s�i)ui(ai, a�i).

In extensive form quantal response equilibrium, each player acts according
to their quantal response model in each information set separately. The ex-
pected utility inG0 therefore corresponds to the de�nition of expected utility
in per-signal quantal correlated equilibrium, and the �xed point of the agent
quantal response dynamic is the per-signal equilibrium.

The existence follows from the existence of quantal response equilibria.

Remark �.�. When restricted to playing quantal responses, some mixed or behav-
ioral strategiesmaybecomeunavailable. In general, this leads to the failure ofKuhn’s
theorem in quantal strategies. In context of correlated equilibria, some per-signal
quantal responsesmay not have an equivalent representation as over-pure-strategies
quantal responses, or vice versa.

This fact becomes obvious when we examine the graph in Figure �.�. Here, the
action o is never playedwith a probability higher than 0.6 in the per-signal response
against any viable strategy of the opponent. In contrast, the same action may be
played as a quantal response with 0.6 or higher probability in over-pure-strategies
formulation. As a consequence, the chances of both quantal correlated equilibria
being equivalent (in some sort, e.g., as restrictions) is low. However, there exist spe-
cial examples when both responses give rise to the same equilibrial strategy.

Proposition �.�. Let G = (N,A, S, u) be a two-player signaling game where
|S1| = 1 and q2 is exponential. Then the equilibrium strategies of player � in both
quantal correlated equilibria coincide.
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Proof. Consider a quantal response of the second player against a �xed strategy �1
of the �rst player in a per-signal formulation, de�ned as

�2(a2|s2) = q2(u2(a2, s2))/
X

a022A2

q2(u2(a
0
2, s)).

When we multiply both the nominator and denominator by
X

⇡2⇧2:(a2,s2)2⇡

Y

(a02,s
0
2)2⇡\(a2,s2)

q2(u2(a
0
2, s

0
2)),

we can express �2(a2|s2) as
P

⇡2⇧2:(a2,s2)2⇡

Q

(a02,s
0
2)2⇡\(a2,s2)

q2(u2(a02, s
0
2))q2(u2(a2, s2))

 
P

a022A2

q2(u2(a02, s2))

! 
P

⇡2⇧2:(a2,s2)2⇡

Q

(a02,s
0
2)2⇡\(a2,s2)

q2(u2(a02, s
0
2))

! .

Because q2 is exponential, we may push the product inside the generator as a sum.
At the same time, because the �rst player has only one trivial signal, we have

u2(⇡) =
X

(a2,s2)2⇡

X

a12A1

�(s)�1(a1)u2(a1, a2) =
X

(a2,s2)2⇡

u2(a2|s2).

Together, this enables us to relate the strategy in the per-signal formulation to the
strategy in the over-pure-strategies formulation as

�2(a2|s2) =
X

⇡2⇧2:(a2,s2)2⇡

�2(⇡).

Substituting for �2 in the de�nition of expected utility of the �rst player, we get

u1(a1) =
X

a22A2

X

s22S2

�(s2)�(a2|s2)u(a1, a2)

=
X

a22A2

X

s22S2

X

⇡2⇧2:(a2,s2)2⇡

�(s2)�2(⇡)u(a1, a2) = u1(⇡ = a),

hence, both formulations lead to the same expected utilities of the �rst player. For
arbitrary q1, the equilibrium is thus reached at the same strategy.

We clari�ed how quantal correlated equilibriummay be represented as a quantal
response equilibrium, and outlined when both formulations of quantal correlation
result in the same response. Now we examine the other direction: how quantal
response equilibrium relates to quantal correlated equilibrium and when it may be
extended into one.
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��� For example, in the zero sum
games.

Proposition �.�. Any quantal response equilibrium in a normal form gameG

�. may be extended into a per-signal quantal correlated equilibrium lying on a
corner of the signaling simplex; and

�. is a trivial over-pure-strategies quantal correlated equilibrium with a single
signal per player.

Proof. We show how to construct speci�c signal sets and signaling schemes such
that the quantal response equilibrium may be represented as a quantal correlated
equilibrium.

�. Consider � that is a corner of the signaling simplex, i.e., there exists exactly
one signal pro�le s 2 S such that �(s) = 1. The signal pro�le identi�es
a speci�c subgame in the extended game, consisting of a copy of G. The
expected utilities in the subgame are equivalent to expected utilities in G,
and the solution is hence the quantal response equilibrium. If some signal
s0i is never observed, the corresponding strategy �i(·|s0i) is uniform because
all expected utilities are zero. The per-signal quantal correlated equilibrium
hence consists of uniform and quantal-response equilibrial strategies.

�. Assume that for each player i, |Si| = 1. Then the extended game is equal
toG and quantal response equilibrium is trivially correlated. In case at least
one player i0 has |Si0 | > 1, then |⇧i0 | in the extended game is strictly greater
than the number of their actions in G. Because the generators are strictly
positive, the quantal responses are interior points of the probabilistic sim-
plex, and the quantal response equilibrium may never be extended into an
over-pure-strategies quantal correlated equilibrium.

Remark�.�. When studying the relationsbetween correlated anduncorrelatedquan-
tal equilibria, wemay ask if wemay relate the number of equilibria for each concept.
In some classes of games���, the quantal response equilibrium is guaranteed to be
unique. Because the extended game of a zero sum game is trivially zero sum as well,
and quantal correlation may be represented as a standard quantal response interac-
tion by Proposition �.�, the quantal correlated equilibria are also unique. In other
classes, the answer remains ambiguous: it is easy to construct examples with arbi-
trary ordering of the number of correlated and uncorrelated quantal equilibria.

This fact is also clear when looking at Figure �.�. In this game, there is one per-
signal quantal correlated, twoquantal response, and three over-pure-strategies quan-
tal correlated equilibria. This motivates the attempt to characterize the topology of
the space of quantal correlated equilibria.

Proposition �.�. LetG = (N,A, S, u) be a signaling game and

C = {(�, QCE(�)),� 2 ⇤},
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whereQCE is either S-QCE-NFG or⇧-QCE-NFG. Then C is compact and the cor-
respondence � ! QCE(�) is upper hemicontinuous. Consequently, ifQCE(�) is
unique for all � 2 ⇤, then C is connected.

Proof. We proceed similarly as in Theorem � in the original paper on quantal re-
sponse equilibrium in normal form games���. We observe that as all generators are
continuous, both formulations of quantal correlated equilibria may be written as
zeros of continuous systems��� of variables (�,�) or (�, �). Because the systems are
continuous, C is closed. As both � and �, � are bounded, C is compact. Therefore,
the correspondence is upper hemicontinuous. When there exists only one quan-
tal correlated equilibrium for any �, then C is connected because it is an image of a
connected space by a continuous correspondence.

Example �.�. Figure �.� shows an example of the correspondence C depicted in gray
x-lines. Here, C is projected on the coordinates corresponding to the probability of ob-
serving signal s12 and probability of playing action o inS-QCE-NFG(s12). The graph
varies s12 2 [0, 1] on the x-axis anddepicts three correspondence branches which clearly
delineates the projection’s non-convexity and discontinuity. The full set C could hence
never be convex as well.

Searching for su�cient conditions of the concepts’ convexity is di�cult, as even
obvious, natural choices of quantal generators, signals or utility functions (e.g., lin-
ear generators, S = A or zero-sum games) lead to non-convex solutions. Optimiz-
ing over the set of signaling schemes is thus di�cult and gradient methods may not
reach themaximum even for concave criterion functions. Any system designer may
still bene�t from looking for an optimal signaling scheme, as for some criteria���,
the maximum is never reached in quantal response equilibrium.

Proposition �.�. LetG be a signaling game with positive utilities where each player
behaves according to a quantal response with an exponential generator. Assume that
the quantal response equilibrium in the underlying game is non-uniform and the sig-
naler optimizes their fully rational expected utility that is always positive and neg-
atively correlated with utilities of all players. Then the signaler’s utility in quantal
response equilibrium is smaller than in other quantal correlated equilibria.

Proof. Assume that � is a corner of the signaling simplex. According to Propo-
sition �.�, the equilibrial strategies in the signaling game form a quantal response
equilibrium. We show that a simple change from the corner � to a scheme with full
supportwill result in a non-zero increase in the signaler’s utility. Let�0 be a uniform
distributionoverS. The corresponding expectedutilities thenpreserve the ordering
of utilities with � but their magnitude will be strictly smaller. Because quantal re-
sponse equilibrium is continuous and the generators q are exponential, the resulting
equilibrial strategies will be more �at, i.e., closer to uniform, decreasing the overall
expected utility of all players because higher-utility actions are played with strictly
lower probability. Because the signaler’s utility is positive and negatively correlated
with other players, their overall utility increases.
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The concepts’ non-convexity brings into question their relation to correlated
equilibrium, which, in contrast, is known to be convex. A classical result from
quantal response equilibrium may be generalized for correlated strategies, describ-
ing correlated equilibrium as a limit of quantal correlated equilibrium with certain
parametric generators.

Proposition �.�. Let qp be a parametric generator continuous in p 2 R with qp0 2
O(qp00) for any p0 < p00. Let {p1, p2, . . . } be a sequence such that limt!1 pt =
1, and {�1,�2, . . . },�j

2 B be a sequence of corresponding quantal correlated
equilibria with generators qpt for a �xed signaling scheme � 2 ⇤. Then �⇤ =
limt!1 �t is a correlated equilibrium for �.

Proof. According to Proposition �.�, the quantal correlated equilibria are quantal
response equilibria in the extended games. By the the same reasoning as inTheorem
� in the original quantal response equilibrium paper byMcKelvey and Palfrey���, the
limiting quantal response equilibria are Nash equilibria. Therefore, the limiting
quantal correlated equilibria are Nash equilibria in the extended game, which are
(by de�nition) correlated equilibria���.

The convergence of these quantal responses to a best responsemay be hence seen
as a driver of “convexi�cation” of the solution space. This suggests that optimizing
over signaling schemes for quantal response functions closely resembling best re-
sponse may yield better results than when searching for a maximizing scheme with
less steep generators. Because an essential step in the optimization is computing a
quantal correlated equilibrium for a given scheme, as a last result in this section we
examine the concepts’ computational complexity.

Proposition �.�. Let G be a signaling game of n players and q1, . . . , qn be their
respective generators. The problem of �nding a quantal correlated correlated equilib-
rium inG is PPAD-hard.

Proof. LetG be a two-player signaling gamewith strictly positive utilities and signal
sets of arbitrary cardinality, in which both players have n actions. Computing an ✏-
Nash equilibrium inG is PPAD-complete, as per Theorem �.�. We show that com-
puting quantal correlated equilibrium is PPAD-hard by reducing the problem of
�nding ✏-Nash equilibrium to a problemof computing a speci�c quantal correlated
equilibrium. We proceed as follows: let both players share the same logit generator
q(x) = eCx. By Lemma �.�, for each ✏ there exists a polynomially computable C
such that the induced quantal response is an ✏-best-response. The quantal response
equilibrium is hence an ✏-Nash equilibrium. Let � be a corner of the signaling sim-
plex. By Proposition �.�, a quantal response equilibrium is a restriction of a quantal
correlated equilibrium inG. Therefore, a quantal correlated equilibrium inG is an
✏-Nash equilibrium.

Now we are ready to move to the introduction of a practical algorithm for com-
puting a quantal correlated equilibrium.
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In this section, we �rst review the literature on �nding quantal response equilib-
rium. None of existing algorithms could be adapted for computing (even non-
optimal) quantal correlated equilibrium directly because of two main problems:
they focus on the logit generator q(x) = e↵x, and use its properties nontrans-
ferable to other generators in the Luce model; and they are able to compute only
the normal form representation of quantal response equilibrium which does not
translate to the per-signal equilibrium as in S-QCE-NFG. We hence formulate a
new homotopy method optimizing quantal correlated equilibrium by reformulat-
ing the generalized Lucemodel to improve robustness, employing general product-
separating functions to alleviate steepness of quantal generators and simultaneously
tracing the equilibrium and gradiently optimizing the signaling scheme. We derive
the precise algorithm and analyze its convergence properties.
Several methods have been introduced for computing quantal response equilib-

rium indi�erent classes of games. Most of them focus on the logit generator that en-
ables leveraging the unique correspondence with the Gibbs entropy regularizer.���
Out of them, only the Karush-Kuhn-Tucker reformulation of per-player optimiza-
tion is capable of converging in some general sum games.��� Themain limitation of
this approach is that the su�cient assumptions of convergence cannot be e�ciently
veri�ed in practice. Other techniques rely on the structure of (weighted) zero sum
games and employ a speci�c Karush-Kuhn-Tucker reformulation of the equilibrial
point��� or smooth Q-learning.���
To the best of our knowledge, the onlymethod in the literature that does not de-

pend on the entropy regularization is based on a homotopic approach. The idea of
homotopy methods is to introduce a single-parametric system of (nonlinear) equa-
tions with a trivial solution on one end of the parametric range and the desired,
unknown solution on the other. By following a path from the trivial solution (i.e.,
by continuously deforming the system from the simple to the complex one) we ap-
proach the desired one. Advantages of homotopymethods include their numerical
stability and potential to be globally convergent. The homotopy for quantal re-
sponse equilibrium with no optimization considered was �rst derived for normal
form games with the same logit generator for all players���. Another homotopy for
quantal response equilibrium was introduced in context of sponsored search auc-
tions, using speci�c properties thereof.��� Neither could be used for quantal corre-
lation because of their strict assumptions about game domains and quantalmodels.

����� T������ ��� ����������� �������������� ����

We formulate a homotopy method for quantal correlated equilibrium. Contrary
to previous methods for quantal response equilibrium, our method has multiple
favorable properties. It applies to any general sum game and enables to �nd even
per-signal equilibria, which the other methods are inadaptable for. The �rst-order
description of tracing promises a better scalability over the second-order Karush-
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��� Note that this is a reformu-
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Kuhn-Tuckermethods���. Moreover, each playermay use a di�erent generator, not
necessarily a logit one���, which enables tailoring the concept to groups of players
of di�erent behavioral pro�les. To be able to trace the parametric path, we assume
the generators have parametric representations.

De�nition �.�. Let q be a generator of a generalized Luce quantal function. We
call q̂(x, t) a parametric representation of q in case q̂ is di�erentiable and

q̂(x, t = 0) = c, c 2 R
q̂(x, t = 1) = q(x).

Example �.�. Perhaps the simplest way of creating parametric representations is in
terms of exponentiation. Consider a logit generator exp(↵x). One of its possible para-
metric representations is exp(↵tx), which is equal to 1 for t = 0 and to the generator
for t = 1. Similarly for a Luce generator (x + C)↵, we may choose a parametric
representation (x+ C)↵t. For logarithmic generators, e.g., log(↵x+ C), a possible
representation may be log(↵x + C)t. In all three examples, ↵ and C are suitable
constants such that the resulting generators give rise to valid quantal functions in a
given game.

Example �.�. Another way to construct parametric representations comes from some
of the ideas behind the work of Isaac Newton, and is therefore referred to as newto-
nian.��� For any generator q, the newtonian representation is formulated as

q̂(x, t) = tq(x) + (1� t).

Note that newtonian representations are di�erentiable whenever the original genera-
tor function is. For example, for the logit generator exp(↵x) the newtonian represen-
tation looks as texp(↵x) + (1� t).

Homotopic function H(x, t) : Rm+1
! Rm is then a function with a ho-

motopic parameter t, such that the system H(x, t) = 0 has a trivial solution for
t = 0 and the desired solution for t = 1. Motivated by the de�nition of sys-
tem (⇧-QCE-NFG),wede�ne ahomotopy functionH for quantal correlated equi-
librium with strategy pro�le � and homotopic parameter t as���

H(�, t) =
⇣
Hk,l

i (�, t)
⌘

i2N, aki 2Ai, sli2Si

H
k,l
i (�, t) = q̂i(ui(a

k
i |s

l
i), t)� �i(a

k
i |s

l
i)
X

ai2Ai

q̂i(ui(ai|s
l
i), t).

Here,m =
P

i2N |Ai| · |Si|. The solutions are points (�, t), such thatH(�, t) =
0 – a set of one or more paths – and we aim to trace one of the paths from t = 0 to
t = 1. Clearly, the homotopic system is equivalent to system (⇧-QCE-NFG) for
t = 1 by the de�nition of parametric representations.
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Figure �.�: An example of a normal
form game where the original homo-
topy method fails to reach the equilib-
rium.

Proposition �.�. For arbitrary �, the solution of the associated homotopy system for
t = 0 is a uniform strategy for each signal and each player.

Proof. For t=� we have Hk,l
i (�, t = 0) = ci � �(aki |s

l
i)|Ai|ci = 0, hence

�t=0
i (ai|si) = 1/|Ai|.

However, the experiments proved that such a system may become numerically
unstable with paths containing multiple bifurcation points, causing the tracing to
signi�cantly slow down or stall. For example, assume that two players who act ac-
cording to logit generators q(x) = exp(x) engage in a game depicted in Figure �.�.
In case we trace the quantal correlated equilibrium with trivial single signals using
the original homotopy introduced at the beginning of Section �.�.�, the algorithm
becomes stuck in a bifurcation pointwhen t ⇡ 0.4029. The consequent numerical
issues that arise result in a failure to reach the equilibrium.
We hence derive a reformulated system that relies on generalization of two folk

techniques that increase the robustness of the method. First, for each player we
choose a single reference action, denoted as a0i , i 2 N . For any other action aji 6=
a0i and signal si 2 Si, we have

�i(a
0
i |si) =

qi(ui(a0i |si))P
ai2Ai

qi(ui(ai|si))
,

�i(a
j
i |si) =

qi(ui(a
j
i |si))P

ai2Ai
qi(ui(ai|si))

.

Because both equalities share the same sum
P

ai2Ai
qi(ui(ai|si)), we may write

�i(a
0
i |si)qi(ui(a

j
i |si)) = �i(a

j
i |si)qi(ui(a

0
i |si)). (�.�)

This reformulation enables to eliminate numerical errors associated with the sum,
which for some quantal generators may reach extremely high values. On the down
side, the � values are no longer normalized by the sum, becoming unbounded. For
each signal si 2 Si, we hence enforce that

X

ai2Ai

�i(ai|si) = 1.

Still, the possible di�erences inmagnitudes of � and the e�ective range of some qi’s
result in further numerical instabilities. To alleviate it, we aim to apply some con-
cave bijective univariate function f over Equation (�.�). To introduce an e�ciently
implementable change of variables, we require that f is a product-separating func-
tion, i.e.,

f(xy) = f2(f1(x), f1(y)), x, y 2 R,

and f1 has an inverse f�1
1 . As an example of f , consider f(x) = x1/c, c > 1with

f1 = f and f2 being a product of its arguments. Similarly, we could have f = log,
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Media, ����.

with f1 = f and f2 being a sum. Applying f to Equation (�.�) then motivates a
substitution of variables � = f1(�) and the resulting homotopy is formulated as

H(�, t) =
⇣
Hk,l

i (�, t)
⌘

i2N, aki 2Ai, sli2Si

Hk,l
i (�, t) =f2(f1(q̂i(ui(a

0
i |s

l
i), t)), �i(a

k
i |s

l
i))

� f2(f1(q̂i(ui(a
k
i |s

l
i), t)), �i(a

0
i |s

l
i))

H0,l
i (�, t) =

X

aki 2Ai

f�1
1 (�i(a

k
i |s

l
i))� 1.

BecauseH is a reformulation of systemH , a simplemodi�cation of Proposition �.�
remains true and the solution for t = 0 is trivially �t=0

i (ai|si) = f1(1/|Ai|). To
e�ciently trace the path from this initial solution, we have to account for the pos-
sibility that a branch we follow is not monotonic in t. The pairs (�, t) are hence
parameterized by p, i.e., the homotopy will compute a parametric path c(p) =
(�(p), t(p)), wherep is interpreted as the arclength along thepath. As the following
theorem shows, such path exists and is unique���.

Theorem �.�. LetH : Rm+1
! Rm be a smooth homotopic map. Let u0 2 Rm+1

be a point such that H(u0) = 0 and the Jacobian matrix H 0(u0) has maximum
rank. Then there exists a unique smooth curve p 2 J ! c(p) 2 Rm+1 which
satis�es c(0) = u0 andH(c(p)) = 0 for p in some open interval J containing zero,
such that for all p 2 J , the tangent c0(p) is smoothly induced by the Jacobian matrix
H 0(c(p)) and satis�es the following three conditions:

�. H 0(c(s))c0(s) = 0,
�. kc(s)k = 1, and

�. det
✓
H 0(c(p))
c0(p)

◆
> 0.

As a consequence of Theorem �.�, the curve c associated with the quantal corre-
lated equilibrium homotopy may be regarded as a local solution of an initial value
problem de�ned as

�. (�(p), t(p))0 = c0(H 0(�(p), t(p))), and
�. (�(0), t(0)) = (�t=0, 0),

where we abuse the notation a little andwrite c0 as the tangent vector depending on
the Jacobian matrix for a given value of p. Therefore, we may use any method suit-
able for solving initial value problems to trace c. The book of Allgower and Georg���
recommends to use predictor-corrector continuation methods that better exploit
the contraceptive properties of c with respect to the Newton-type iterative meth-
ods than general initial value problem solvers, and we will hence focus on them.

The standard predictor-corrector works in iterations, starting from the initial
point (�t=0, 0). As the name suggests, in each iteration ◆ it is given a point (�, t)◆
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��� Or conversely, when c be-
comes more curvy.

��� K. Georg. “A note on
stepsize control for numerical
curve following”. In: Homotopy
Methods and Global Conver-
gence. Springer, ����, pp. ���–
���.

on (or close to) the curve c and it performs two steps: the prediction and the cor-
rection. Most commonly, the Euler predictor is used���, and it estimates the next
point (�, t)

◆+1
on the path using the current point and the step-size h as

(�, t)
◆+1
 (�, t)◆ + hc0(H 0((�, t)◆)).

Because the predictionoften lies further from the curve, the correction step serves to
re�ne it. To this end, we employ theGauss-Newton correctionmethod because un-
dermild assumptions it guarantees an existence of a neighborhoodof (�, t)◆+1 such
that successively applying themethod to (�, t)

◆+1
converges to a point (�, t)◆+1 ly-

ing on the curve.��� The Gauss-Newton method is formally de�ned as

(�, t)
◆+1
 (�, t)

◆+1
�H 0((�, t)

◆+1
)+H((�, t)

◆+1
),

where + denotes the Moore-Penrose inverse. Once a distance to the curve becomes
su�ciently small, we set (�, t)◆+1

 (�, t)
◆+1

. It also pays o� to update the
steplength h accordingly during iterations when c becomes more linear��� to speed
up the convergence. For this purpose, we use a simple h-adaptation by asymptotic
expansion that updates h according to a contraction rate of two consecutive cor-
rector runs and we switch to Newton adaptation when reaching t = 1.��� The
predictor-corrector terminates when t◆ attains a value close enough to 1.

As evident from the description, the e�ciency of running the algorithm relies on
the ability to compute the curve tangent c0 and the Moore-Penrose inverse of the
Jacobianmatrix. Fortunately, bothmay be computed fromQR factorization of the
transposedmatrixH 0> using a standardmethods described in the book of Allgower
and Georg���. QR factorization representsH 0>

2 Rm,m+1 as

H 0> = Q

✓
R
0

◆
,

whereQ 2 Rm+1,m+1 is an orthogonal matrix and R 2 Rm,m is a non-singular
upper triangular matrix. A notable advantage of QR factorization is its numeri-
cal stability. Let z denote the last column of Q, then the tangent and the Moore-
Penrose inverse may be obtained as

c0 = sgn(det(Q)det(R))z, and

H 0+ = Q

 
R>�1

0

!
.

The matrix R> is not inverted in practice as calculating w = H 0+b is typically
done by forward solving R>y = b. It remains to show how the Jacobian matrix
of the homotopic system for quantal correlated equilibrium looks like. Let us �rst
consider the derivatives of (Hk,l

i )i2N, aki 2Ai,k>0, sli2Si
with respect to � and t.
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where i0 6= i and for any k, including 0,
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All other derivatives are equal to zero. Nowwe turn to the description of derivatives
of (H0,l

i )i2N, sli2Si
, which are non-zero only in the case of

@H0,l
i

@�i(aki |s
l
i)

=
@f�1

1 (�i(aki |s
l
i))

@�i(aki |s
l
i)

.

The whole algorithm for computing quantal correlated equilibrium is depicted in
Algorithm �. Here, h is the initial steplength with h being its minimum value, and
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Algorithm �: Predictor-corrector method for tracing the normal form
quantal correlated equilibrium correspondence along the homotopic path
Input:H, (�, t) such thatH((�, t)) = 0, ◆
Parameters: h, h, ◆gn, ✏, ✏, ✏c, ✏c, ✏t, a, af , a⌘
◆ 0
while t < (1 + ✏t) and ◆ < ◆ do

H 0
 Jacobian(�, t)

Q,R QR(H 0)

(�, t) Euler((�, t), Q,R)
accept True, ◆gn  0, f  1/af , kc|(�, t)k  1
while kc|(�, t)k > ✏c do // check distance from the curve

(�, t) GaussNewton((�, t), Q,R), ◆gn  ◆gn + 1
h, kc|(�, t)k, f, accept, newton  
UpdateStep(h, ◆gn, f, (�, t), (�, t), kc|(�, t)k, ✏, ✏, a, af , a⌘, newton)

if kc|(�, t)k > ✏c or ◆gn > ◆gn then accept False
if not accept then break

if accept then (�, t) (�, t), ◆ ◆+ 1 else h h/af
return (�, t)

��� T. L. Turocy. “Comput-
ing sequential equilibria using
agent quantal response equilib-
ria”. Economic Theory ��:�,
����, pp. ���–���.

◆gn is a maximum number of iterations of the Gauss-Newton method. ✏ and ✏ are
minimum andmaximum distances from the curve, respectively, and ✏t is the termi-
nation distance of t from �. a, af , a⌘ are the maximum contraction, maximum
decelaration, and perturbation parameters of the step adaptation. In Algorithm �
we present a simple method for updating the steplength h. The method is a vari-
ant of Algorithm (�.�.��) from the book of Allgower and Georg���. The algorithm
computes the distance of the current estimate of (�, t) from the homotopy curve
c and calculates the contraction rate  as a ratio of two consecutive distances in the
Gauss-Newtonmethod using the parameter a⌘ that serves as a perturbation to pre-
vent cancellation. The deceleration factor f is then calculated from  and divides
the current step h to estimate the next step.

Remark �.�. The predictor-corrector method may potentially diverge because of
the Jacobian unboundedness. Contrary to general sequential games,��� comput-
ing Jacobian of the homotopy of quantal correlated equilibrium does not require
normalization of opponents’ strategies because the probability of observing a signal
depends only on the signaling scheme. As a consequence, whenever f1, f2 and qi’s
have bounded derivatives on their respective domains in the signaling game, the Ja-
cobian is bounded. This holds also for all f1, f2 and qi’s considered in this chapter.

����� F������ ������� ������� ��������� ������

There may be multiple curves spanning across the solution space of the homotopy
systemH(�, t) = 0. They may start and end at various points, some may be short
and de�ned only over a subdomain of t, or entirely disconnected from others. In
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Algorithm �: Method UpdateStep for adapting the steplength in the
predictor-corrector for tracing the equilibrial path
Input: h, ◆, f, (�, t), (�, t), kc|(�, t)k, ✏, ✏, a, af , a⌘, newton

kc|(�, t)k◆  
���H 0((�, t))+H((�, t))

���
if not newton and (t� 1)(t� 1) < 0 then newton True

f  max(f, af
p
kc|(�, t)k/✏)

if ◆ > 2 then
 kc|(�, t)k◆/(kc|(�, t)k◆�1 + a⌘✏)
if  > a then return h, kc|(�, t)k◆, f, False, newton

f  max(f, af
p
/a)

if f > af then f = af
h |h/f |
if newton and kc|(�, t)k◆ < ✏ then h �h(t� 1)/(t� t+ ✏)
return h, kc|(�, t)k◆, f, T rue, newton

��� In other words, a centroid of
the strategy simplex.
��� More speci�cally, for quan-
tal functions that approach best
response, the corresponding
quantal response equilibrium
approximates a unique limit-
ing Nash equilibrium on the
principal branch.
��� J. K. Goeree, C. A. Holt,
and T.R. Palfrey. “Quantal
response equilibria”. In: Be-
havioural and Experimental
Economics. Springer, ����,
pp. ���–���.
��� R.D. McKelvey, A.M.
McLennan, and T. L. Turocy.
“Gambit: Software tools for
game theory”, ����.

the previous section, we described how to traverse a speci�c, unique branch that
starts with uniform behavioral strategies��� and gradually approaches the quantal
correlated equilibrium for a given signaling scheme and quantal generators, moving
across the whole domain of t���. In the literature, this branch is commonly referred
to as the principal branch.��� When interpreted in terms of learning, traveling along
this path corresponds to a process when independent agents continuously explore
and exploit an environment that is unknown to them, as explained by Leonardos, Pil-
iouras, and Spendlove���. The exact same path is taken also by the replicator dynamic,
a standard algorithm of evolutionary game theory, which was proved by Turocy���.

Since the principal branch is unique, for a given � and p, we have a unique equi-
librium�p(�), i.e., the equilibriummaybe seen as a functionof the signaling scheme
and the homotopic parameter (or just the homotopic parameter in case of the quan-
tal response equilibrium). Because of this correspondence and the branch’s signif-
icance, it is often chosen as a domain to optimize over when selecting an optimal
quantal response equilibrium, e.g., in auction parameter estimation in sponsored
search auctions��� or subrationality estimation for general normal form games.���
Such optimization considers a �xed homotopy function and a criterion that seeks
an optimal point on the homotopy’s principal branch. As such, it is well suited
for descriptive applications such as maximal-likelihood estimations from real world
data. For quantal correlated equilibrium, a better suited optimization is the earlier
mentioned formulation OPT:

max
�2⇤,�2B

f(�,�) s.t. � 2 S-QCE(�).

This formulation may be interpreted as a search for an optimal signaling scheme
and hence o�ers prescriptive applications rather than descriptive ones as in the case
of parameter estimations. For this purpose, we do not include the signaling scheme
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Algorithm �:Gradient optimization of the signaling scheme
Input: �, (�, t), H such thatH((�, t)) = 0
Parameters: ⌘, ⌘,�a,�r, ◆ // + parameters of the predictor-corrector

while t < (1 + ✏t) do
(�, t) Predictor � Corrector(H, (�, t), ◆), f 0(�, f�1

1 (�)) 
backwards(f(�, f�1

1 (�)))

H,� ProjectedGradientAscent(�, ⌘, f 0(�, f�1
1 (�)))

Q,R = QR(H
0>
)

accept True, ◆ 0

while
���H

0
((�, t))+H((�, t))

��� > ✏c do
◆ ◆+ 1

(�, t) GaussNewton((�, t), Q,R)

if
���H

0
((�, t))+H((�, t))

��� > ✏max
c or ◆ > ◆ then

accept False, break
if accept then (�, t) (�, t), � �, H  H
if accept then ⌘  max(⌘,�a · ⌘) else ⌘  �r · ⌘

��� I.e., changing the scheme
is a part of the optimization
process, not the homotopical
traversal.

��� This corresponds to com-
puting the derivative �0

p(�).

in the de�nition of the homotopy for quantal correlated equilibrium, even though
it would be possible. Instead, our aim is to purposefully optimize over the space
of signaling schemes���. Both approaches may also be conveniently combined, e.g.,
by �nding the parameters of quantal generators �rst and consequently designing an
optimal set of signals.
For optimizing formulation OPT we consider using gradient based techniques

that rely on computing the gradient

f 0(�,�p(�)) =
@f(�,�p(�))

@�
+ �0

p(�)
>@f(�,�p(�))

@�p
.

While the derivatives of the criterion function are easy to compute, the most chal-
lenging part is to estimate how the equilibrium shifts when we change the signaling
scheme ����. To this end, we may use the homotopy method, because in case we
remember the intermediate results in the Gauss-Newton method, each step of the
predictor-corrector method is di�erentiable with respect to the signaling scheme.
Bydi�erentiating through thehomotopywehence approximate the gradient�0

p(�).
The gradient is then used to perform a gradient ascent step projected on⇤ as

�◆+1
 P⇤

�
�◆ + ⌘f 0(�,�p(�))

�
,

where P⇤ denotes the projection and ⌘ is the learning rate. In practice, we do not
compute the gradient from the whole homotopy run, as this proved to be exces-
sively slow. Instead, we compute the gradient �0

p◆!p◆+1
(�) and perform the gradi-

ent ascent steps simultaneously with the homotopy traversal. In doing so, we per-
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form a process akin to simulated annealing, which increases our chances of con-
verging to a global optimum. The downside of this approach is that our homotopy
continuously changes midway, a�ecting the shape of the principal branch. As a
consequence, after each update of the signaling scheme, we have to re�ne the cur-
rent point (�, t) with respect to the changed curve. To this end, we may use the
Gauss-Newton method again. The entire optimization procedure is depicted in
Algorithm �. The algorithm is given an initial learning rate ⌘ and its minimum
value ⌘. After every iteration of the � update, we perform an ⌘-adaptation step us-
ing parameters�a,�r, both strictly smaller than �. The parameter ◆ then controls
the number of predictor-corrector iterations performed. Note that in this context,
the learning rate may be regarded as serving a similar purpose as steplength h in the
homotopic predictor. Fortunately, we are still able to guarantee the existence of a
neighborhood such that the Gauss-Newton method converges to a point on the
changed curve.

Proposition �.�. Let ⇤ ! (H : Rm+1
! Rm) be a correspondence of signaling

schemes ⇤ to smooth homotopic functions, where eachH has zero as a regular value.
Let f : ⇤ ⇥� ! R be a smooth function with bounded derivatives. Then for each
� 2 ⇤, p 2 J , de�ned as in Theorem �.�, (�(p), t(p)) : H�((�(p), t(p))) = 0,
there exists su�ciently small ⌘ such that a Gauss-Newton sequence {N i((�, t))}1i=0
converges to a point (�0, t0) : H�0((�0, t0)) = 0, �0 = P⇤(�+ ⌘f 0(�,�(p))).

Proof. Themain di�erence between the application of the Gauss-Newtonmethod
in tracing a branch of a homotopy and in the optimization procedure of Algo-
rithm � lies in what is static and what moves. In tracing, we move a point using
Euler’s method and aim to converge back on the curve, while in the optimization,
we move the signaling scheme �, hence altering the curve, while the point remains
static. The convergence for tracing is guaranteed because of the continuity of the
Euler’s method. Whenmoving the curve, wemake use of the continuity of quantal
correlated equilibrium. According to Theorem �.�.� in the book of Allgower and
Georg���, there exists an open neighborhood

U, {x 2 Rm+1 : H�0(x) = 0} ⇢ U,

such that every Gauss-Newton sequence starting inU converges to some x0,

H�0(x0) = 0.

Because the space of quantal correlated equilibria lying on some principal branch is
compact and connected, the correspondence ⇤ ! H is continuous. Moreover, as
f has bounded continuous derivatives, there exists a su�ciently small ⌘ such that
(�(p), t(p)) lies in the neighborhood U of the inducedH�0 . The Gauss-Newton
sequence starting at (�(p), t(p)) hence converges to a zero ofH�0 .

Nowwe turn to thequestionofoptimality of the found solution. Proposition�.�
claims that the set of quantal correlated equilibria is compact and connected, but



��� � Q������C��������� E���������� ��N����� F���G����

��� Moreover, note that because
of compactness, convergence to
local optima is still guaranteed.

��� According to results pub-
lished at http://plato.asu.

edu/ftp/minlp.html.

��� For instance, in Stackelberg
games it may be easier to solve a
random game than a game with
speci�c structure.

��� We considered also another
linear objective, a “Stackelberg-
like” setting in which a selected
player’s utility is optimized, and
we obtained comparable results
in term of both scalability and
quality of solutions.

according to our empirical observations, the concept is hardly ever convex. Con-
sequently, even if the criterion is concave, reaching a global maximum can not be
guaranteed. Despite this fact, the experimental results presented in the following
section show that the algorithm is often able to reach close to optimal solutions���.

��� E�������� ����������

We turn to the demonstration of the performance of the homotopy algorithm for
quantal correlated equilibrium. We evaluate it using twometrics: (i) the runtime of
the algorithm, and (ii) the quality of the found solutions. For both, we employ the
BARON solver as a baseline to compare to. BARON is a commercial optimization
solver for solving non-convex problems to global optimality, and is consistently re-
garded as the fastest and most robust solver���. In contrast, our implementation of
the homotopy algorithm serves merely as a proof of concept and is done in Python
� using the PyTorch library for computing the necessary gradients.
The implementation of Algoritm � is based on a general homotopy scheme de-

scribed in the book of Allgower and Georg��� in Appendix P� which is further used
also in Gambit Library’s quantal response equilibrium solver of McKelvey, McLen-
nan, and Turocy���. We set the parameters as h = 0.35, h = 10�8, ◆gn = 100, ✏ =
10�4, ✏ = 0.8, ✏t = 10�4, a = 0.8, af = 0.8, a⌘ = 0.1, ⌘ = 0.8, ⌘ =
10�5,�a = 0.99,�r = 0.9, and ◆ = 10. The initial � was sampled uniformly
randomly from the set of distributions over signal pro�les. All experiments were
performed on a computer with processor Intel(R) Xeon(R) W-���� running at
�.��GHz, and ��GBRAM.

����� E����������� ������� ��� ����� �������� ����������

The algorithm is domain independent, and we use two domains to evaluate its per-
formance. The �rst domain are randomly generated games which serve to capture
the expected performance of the algorithm over various classes of games with ar-
bitrary utility structures. Since larger randomly generated games may exhibit un-
desired properties���, we evaluate the algorithm also on a more structured domain.
For this purpose we employ games inspired by supply-chain decision making and
suppliers-retailers interaction.

R������� ��������� ������ ���� �����

We construct general sum gameswith action spaces of di�erent sizes for each player.
When searching for an optimal signaling scheme, we consider two criteria: one lin-
ear and one quadratic. As the linear objective, we opt for social welfare��� – a max-
imization of a sum of players’ utilities – formally de�ned as

welfare(�) =
X

i2N

X

ai2Ai

X

si2Si

�i(ai|si)ui(ai|si).

http://plato.asu.edu/ftp/minlp.html
http://plato.asu.edu/ftp/minlp.html
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The quadratic objective is a variant of Gini index; we aim to minimize absolute dif-
ferences in players’ utilities, formally:

gini(�) =
X

i2N

0

@welfare(�)

|N |
�

X

ai2Ai

X

si2Si

�i(ai|si)ui(ai|si)

1

A
2

.

We consider four di�erent generators of generalized Luce models of quantal re-
sponse functions: linear generator q(x) = x + C , quadratic generator q(x) =
(x + C)2, logarithmic generator q(x) = log(x + C) and exponential genera-
tor q(x) = exp(x). We set C appropriately to ensure the induced quantal re-
sponse functions are valid. The algorithm is capable of handling settings when each
player has a di�erent generator, andwe veri�ed that computing a quantal correlated
equilibriumwith various combinations of generators does not pose any unforeseen
computational challenges. For the simplicity of presenting the results of the experi-
ments, we focus on the settingwhen all players share the generator of the same kind.
For each generator we employ its newtonian representation, as it proved to be the
most robust in our initial exploration of the algorithm’s settings. For the chosen
utility range, setting f1(x) = x and f2(x, y) = xy is su�cient.

S����� ����� �����

In this game, the suppliers choose a warehouse to store a rawmaterial, while the re-
tailers choose a place to manufacture a good to sell at a market. Formally, each stor-
age place is capable of storing one unit of a�xed rawmaterial, and eachmanufacture
produces one unit of a good from a �xed set of materials. Warehouses and manu-
factures are divided into mutually exclusive territories, and manufactures placed in
a given territory are assumed to buy raw materials from the warehouses situated
in the same territory exclusively. There are costs associated with running a supplier
business: obtaining the rawmaterial, shipping it to awarehouse and using theware-
house; and the pro�t stems from selling it to the nearby retailer. Similarly, the retail-
ers have to pay for obtaining the raw materials and running the manufacture; and
they pro�t from selling the good. The costs and prices are driven by the localmarket
in the territory: we assume the warehouses are rented and themore suppliers decide
to use the storage, the higher the price for usage. Similarly, the price of a raw ma-
terial �uctuates depending on the supply and demand. For determining the prices
we use a simple allocation algorithm, assuming closer manufactures are preferred
over more distant when delivering a raw material. We de�ne the game as a tuple
SC = (P,R, T,H, F,M, ⌧pr, ⌧hf , �, µh, µf , ⇣b, ⇣s, ⇣h, ⇣m, �, ⇢), where P is a
set of suppliers andR is a set of retailers. The setT then consists of di�erent territo-
ries,H is a set of warehouses and F is a set of manufactures.M is a set of available
raw materials. The function ⌧pr : P [ R ! 2T assigns a supplier or a retailer a
set of territories where they may legally operate. The function ⌧hf : H [ F ! T
then identi�es a territory where a givenwarehouse ormanufacture is located. Func-
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Algorithm �:Material allocation and pricing
Input: action pro�le ⇡
Output: facility utilizationA, material pricesZ
for t 2 T do

Ah  [⇡p 2 ⇡ | p 2 P, ⌧hf (⇡p) = t]
Af  [⇡r 2 ⇡ | r 2 R, ⌧hf (⇡r) = t]
while |Ah| > 0 and |Af | > 0 do

for f 2 Af do
�[f ] 0, P [f ] = [], µ µf � f
Ah  sort_ascending(Ah, � � f)
for h 2 Ah do

�[f ] �[f ] + �(h, f), P [f ] P [f ] [ h
µ(µh(h)) := µ(µh(h))� 1
if
P

m2M µ(m) = 0 then break
if
P

m2M µ(m) > 0 then �[f ] 1

f⇤
 argminf2Af �[f ]

if �[f⇤] =1 then break
Af  Af\f, Ah  Ah\P [f⇤], �[f⇤] 1

for h 2 H | ⌧hf (h) = t do

A(h) 
|{p2P |⇡p=h}|�|[h02Ah |h

0=h]|
|{p2P |⇡p=h}|

for f 2 F | ⌧hf (f) = t do

A(f) 
|{r2R |⇡r=f}|�|[f 02Af | f

0=f]|
|{r2R |⇡r=f}|

form 2M do
Z(t,m) 

⇣(t,m)� |[h2Ah |µh(h)=m]|
|{p2P |µh(⇡p)=m,⌧hf (⇡p)=t}| �

P
f2Af

µf (f,m)
P

r2R, ⌧hf (⇡r)=tµf (⇡r,m)

tion � : H ⇥ F ! R serves to identify a distance between a manufacture and
a warehouse. Raw materials are assigned to warehouses and manufactures using
functions µ. First, function µh : H ! M speci�es which material may be stored
in a warehouse. Second, functionµf : F ⇥M ! N determines an amount of raw
material to operate a manufacture. Functions ⇣ are associated with material costs.
To obtain a raw material, the supplier pays a price ⇣b : T ⇥M ! R. A baseline
selling price of a material to a retailer is determined by ⇣s : T ⇥M ! R, which is
later amended by the allocation algorithm. A baseline storing cost is ⇣h : H ! R,
and for moving the raw material to a warehouse the supplier pays a price given by
function ⇣m : P ⇥H ! R. Function � : F ! R then identi�es prices for man-
ufacture usage, and function ⇢ : F ! R gives an expected pro�t of a retailer from
selling a good. Given an action pro�le ⇡ of warehouses and manufactures chosen
by the suppliers and retailers, the utility of the suppliers is de�ned as

up(⇡) = A(⇡p)Z
⇣
⌧�1
hf (⇡p), µh(⇡p)

⌘
� ⇣b

⇣
⌧�1
hf (⇡p), µh(⇡p)

⌘

� ⇣m(p,⇡p)� ⇣h(⇡p)|{i 2 P |⇡i = ⇡p}|,
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and the utility of the retailers as

ur(⇡) = A(⇡r)⇢(⇡r)� �(⇡r)�
X

m2M
µf (⇡r,m)A(⇡r)Z

⇣
⌧�1
hf (⇡r),m

⌘
.

Here, A is the relative utilization of warehouses and manufactures, and Z is the
material pricing computed by Algorithm �. Furthermore, we assume there exists
a central governing authority that aims to maintain a certain number of manufac-
tures operational in each territory, speci�ed by a function t : F ! N, such thatP

f2F t(f) = |R|. An optimal signaling scheme should hence minimize the devi-
ation from this assignment, which is formally expressed as

X

f2F

0

BB@t(f)�
X

r2R
⌧hf (f)2⌧pr(r)

X

sr2Sr

�r(f |sr)
X

s�r2S�r

�(sr, s�r)

1

CCA

2

.

In the experiments, we construct random supply chain games to access the algo-
rithms’ performance. Each supplier and retailer is assigned a non-empty subset of
territories randomly from 2T . In each territory, the number of warehouses and
manufactures is random-generated from intervals [2, 4] and [1, 3], respectively. Each
warehouse is assigned a random material it may store, and each manufacture re-
quires a random amount of material to operate, each amount drawn from interval
[0, 2]. The distance between a warehouse and a manufacture is an integer selected
randomly from interval [1, 4]. The values of material cost functions ⇣ consist of in-
tegers drawn from interval [1, 3] for ⇣b, [4, 6] for ⇣s, [1, 3] for ⇣h, and [1, 4] for ⇣m.
Themanufacture use prices determined by function� are random integers from in-
terval [1, 3], and the expected pro�t given by function ⇢ is always in interval [6, 9].
Similarly as in randomly generated normal-form games, we assume that all players
share the generator of the same kind and we use its corresponding exponential rep-
resentation as it outperformed the newtonian in this domain. We set the constant
of the generators to C = 15 and f1(x) = x, f2(x, y) = xy. The supply-chain
game may be conveniently modeled as an action-graph game, and as such, the ex-
pected utilities of its strategy pro�les can be computed in polynomial time using a
trie-based algorithm.���

����� E����������� �������

For each domain, we tested three settings de�ned by a number of players, num-
ber of signals, and in case of the supply chain game also by a number of materials.
First setting is used for principle branch tracing only, the second for comparing the
quality of optimization on smaller games, and the third for optimization beyond
BARON’s capabilities. Each domain has one parameter controlling a game’s action
space used to illustrate scalability. For randomly generated games it is a number of
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Figure �.�: Mean runtimes of computing (S-QCE-NFG) with �xed � using BARON and the homotopy algorithm in randomly generated
games. Every point shows also a standard error.
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Figure �.�: Mean runtimes of computing (S-QCE-NFG)with�xed�using BARONand the homotopy algorithm in supply chain games. Every
point shows also a standard error.

actions per player, while in supply chain games it is a number of territories in the
game. Moreover, we assessed also scalability with respect to the number of signals.
For each combination of setting⇥ game size⇥ generator function, we constructed
�� game instances per domain.
First, we access the algorithms’ capability to reach quantal correlated equilibrium

with �xed signaling scheme. For the homotopy this corresponds to how fast it is
able to move along the principal branch. In the second part, we present results of
searching for a signaling scheme optimizing a given criterion over the set of quantal
correlated equilibria.

S���������� �� ������� ��� ��������� ��� �����������

The line of graphs in Figure �.� shows the results achieved in randomly generated
games. We consider three-player games with � signals per player. The x-axis varies
the number of actions of the �rst two players, the third player makes only binary
decisions, while the y-axis shows the runtimes of the algorithms. Every point in the
graphs corresponds to the mean over the sampled instances and shows the achieved
standard error. We terminated all still running seeds after ��m and we depict them
in the graphs with this lower bound on runtime if the computation was still on-
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going. As the graphs show, despite the overhead of the homotopic algorithm on
smaller instances, it scales better than BARON as the game size increases.

The results on supply chain games are depicted in the line of graphs in Figure �.�.
We assume there are � suppliers, � retailers and �materials. Each retailer receives �
of � possible signals, while the suppliers observe only a single trivial signal. The
graphs follow the same format as in randomly generated games, and we observe a
similar behavior. However, the di�erence in scalability is evenmore profound. For-
mally, the algorithm minimizes a function |t � 1| for ((�, t),�) along the princi-
pal branch, using aNewton-type steplength adaptation that guarantees superlinear
convergence.��� The same convergence holds also for other special points of interest
on the branch, i.e., zero or extremal points of a smooth functional c(p)! R���.

Finally, in Figure �.� we present the scalability results of di�erent generators on
larger game instances. Similarly as before, the results were averaged over �� games.
The algorithms were given � hours to compute the results. We examined three-
player randomly generated games with � signals per player and supply chain games
� suppliers, � manufacturers, � materials, and � signals per manufacturer. Other
parameters remained as in the main text. BARON ran out of the ��GB ofmemory
already on the smallest instances.

S���������� �� ������� ��� ��������� ��� �����������

In randomly generated normal form games, we assumed a setting with � players
choosing from ��, ��, and � actions, respectively. The number of signals per each
playerwas#s,#s, and�, respectively, where#sdenotes the number of signals and
it is the parameter a�ecting the game’s size. The results are depicted in Figure �.�.
Similarly aswhen increasing the number of available actions, the homotopymethod
performs notably better than BARON, especially with the logit generator.

In supply chain games, we assumed there are � suppliers, � manufacturers, and
a single material. We �xed the number of territories to �. Similarly as in the exper-
iments with increasing size of action spaces, we assume only the manufacturers re-
ceive one of the#s signals each. The results could be found in Figure �.�. Contrary
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to experiments varying the action spaces, in these experiments, even the smallest
games do not give BARON any signi�cant advantage over the homotopy method.
The homotopy continues to outperformBARONas the game size increases. Inter-
estingly, BARON’s runtimes seem to exhibit much larger deviations thanwhen the
number of signals was �xed.

F������ ������� ��������� ������

The runtimes and relative errors of solutions computedwhile optimizing a signaling
scheme in randomly generated games are presented in Tables �.� (maximizing so-
cial welfare) and �.� (minimizing Gini index). We consider small two-player square
games where the �rst player has � signals while the second player receives only a sin-
gle trivial signal, otherwise BARON would not scale beyond the smallest games.
Each table shows mean runtimes of both algorithms and deviations� that corre-
spond to the mean di�erence in the solutions’ criteria values computed using the
homotopy and BARON. The almost non-existent deviations suggest that homo-
topy reached (close-to) optimal solutions, and we omit the standard errors as they
are negligible. We do not observe any obvious trend with increasing game size with
the exception of the exponential generator where the solution’s quality
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Homotopy [s] BARON [s] deviation
Quadratic generator
� actions �±� �±� �6 · 106

� actions �±� �±� �8 · 106

� actions �±� ��±� �6 · 104

� actions �±� ���±��� �1 · 105

� actions ��±� ���±��� �6 · 106

� actions ��±� ����±��� �8 · 106

� actions ��±� ����±��� �8 · 106

Logarithmic generator
� actions �±� �±� �7 · 106

� actions ��±� �±� �2 · 105

� actions ��±� �±� �5 · 106

� actions ��±� �±� �6 · 106

� actions ��±� ��±� 2 · 102

� actions ��±� ��±� �3 · 106

� actions ��±� ��±�� �3 · 106

Exponential generator
� actions �±� �±� 1 · 101

� actions �±� ��±� �6 · 102

� actions �±� ���±�� �7 · 103

� actions �±� ���±��� �8 · 103

Table �.�: The results of searching for a signaling scheme optimizing social welfare in randomly generated games. Comparison of the runtimes
of the homotopy algorithm and BARON, and deviations from global solutions in smaller games.
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Homotopy [s] BARON [s] deviation
Linear generator
� actions �±� �±� 2 · 102

� actions �±� �±� 1 · 102

� actions ��±� �±� 6 · 104

� actions ��±� �±� 2 · 103

� actions ��±� ���±��� 2 · 103

� actions ���±�� ���±��� 2 · 103

Quadratic generator
� actions �±� �±� �3 · 107

� actions �±� �±� �2 · 107

� actions ��±� ����±��� 4 · 107

Logarithmic generator
� actions �±� �±� �2 · 106

� actions ��±� �±� �1 · 106

� actions ��±� ��±� �9 · 107

� actions ��±�� ��±�� �2 · 103

� actions ��±�� ���±�� �8 · 107

� actions ��±�� ����±��� �4 · 106

Exponential generator
� actions �±� �±� �3 · 103

� actions �±� ��±�� �1 · 103

� actions ��±�� ����±��� �7 · 105

Table �.�: The results of searching for a signaling scheme optimizing Gini index in randomly generated games: comparison of runtimes, devia-
tions, and generators’ scalability. The �gure follows the same format as Table �.�.

seems to improve. This may be a consequence of mitigation of exponential steep-
ness due to quantal-response averaging with games getting larger. For social wel-
fare, BARON fails to compute solutions with linear generator even for the smallest
games, which seems to be a consequence of numerical instabilities. In Figure �.�we
present scalability comparison of di�erent generators in two-player square games
with � signals per player. The results indicate that quantal correlated equilibriawith
logarithmic generators consistently take the longest to compute, while the themost
common logistic exponential generator is among the fastest.
The results in supply chain games can be found in Table �.�. The data in the table
describe the runtimes anddeviations in gameswith� suppliers, � retailer and �mate-
rial. We observe similar patterns as in randomly generated games: homotopy scales
signi�cantly better than BARON, while maintaining comparable quality of solu-
tions. Again, in Figure �.�we compare scalability of individual generators in games
with � suppliers, � retailers and �materials. As expected, the logarithmic one per-
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Homotopy [s] BARON [s] deviation
Linear generator
� territory ��±� �±� �2 · 107

� territories ��±� ���±��� �3 · 107

� territories ��±�� ����±��� �8 · 108

� territories ���±��� ����±���� �4 · 108

Quadratic generator
� territory ��±� ���±��� �6 · 107

� territories ��±� ����±���� 7 · 107

� territories ��±�� ����±��� �4 · 105

Logarithmic generator
� territory ��±�� �±� �6 · 107

� territories ��±�� ��±�� �5 · 107

� territories ���±�� ���±��� �1 · 106

� territories ���±�� ����±��� �1 · 104

Exponential generator
� territory �±� ����±��� �1 · 102

� territories ��±� ����±���� �5 · 103

� territories ��±�� ����±��� �1 · 104

Table �.�: The results of searching for a signaling scheme optimizing manufacture allocation in supply chain games: comparison of runtimes,
deviations, and scalability. The �gure follows the same format as Table �.�.

forms the worst, while the other three generators remain almost indistinguishable,
which is consistent with the results in the table.

q

Overall, the results suggest that the homotopymethod is a viable option for com-
puting the equilibrium in terms of both scalability and quality of solutions. How-
ever, �nding an equilibrium with �xed signaling scheme is signi�cantly easier than
optimizing a scheme. This indicates that computing the gradient more e�ciently
may signi�cantly improve scalability.

��� S������ �� �������������

We initiated an investigation of quantal response in correlated equilibrium. We con-
sider generalizedLucemodels of quantal response that enables us to inducedi�erent
quantal behavior for each player, tailored to speci�c behavioral pro�les. We intro-
duced two ways of including quantality while conditioning players’ strategies on
signals received from a correlation device – either per each signal separately, or over



��� � Q������C��������� E���������� ��N����� F���G����

��� Up to ���-times.

the whole set of pure strategies in the extended game. We argued that psychological
studies favor the �rst interpretation and therefore we focused predominantly on it.
In the theoretical part, we veri�ed the equilibriummeets the expectations in terms

of its relation to quantal response and correlated equilibria. We examined the solu-
tion’s complexity and proved it remains PPAD-hard; and showed that coordinating
the players using signals may be bene�cial for the signaler as their utility becomes
strictly greater than in quantal response equilibrium.
In the algorithmic part, we developed a homotopy approach increasing robust-

ness of computation using multiple techniques: we eliminated the normalization
sum in Luce models, we reformulated the product of strategies using product sepa-
rating functions, andwe simultaneously trace the equilibrium and optimize the sig-
naling schemewhilemaintaining the convergence guarantees of theGauss-Newton
method. Empirical results show the homotopy is consistently faster��� than the
state-of-the-art solver BARON and provides competitive solutions.
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E �������� techniques and results from one-shot to sequential scenarios
is non-trivial work, frequently associated with increased technicalities and
computational complexity. Sequential solution concepts are also more nu-

anced, requiring careful treatmentof theunderlying information structure andplay-
ers’ hindsight rationality. For this reason, players’ behavior in extensive form games
can not often be easily translated to their normal form representation, especially in
interactions among boundedly rational players.

In Chapter �, we witnessed an example of this phenomenon. Boundedly ratio-
nal strategies in normal form quantal Stackelberg equilibrium hinge on the players’
myopic perspectives and introducing sequentiality into their decision making pro-
cesses results in a vastly di�erent form of behavior. Consequently, computing the
extensive form analog of the equilibrium necessitates new and signi�cantly more
complex methods. Here, we aim to do likewise for the quantal correlated equilib-
rium we investigated in the previous chapter. Instead of sending signals only once
at the beginning of the game, we wish to coordinate the players throughout a pro-
longed period of time during which they interact repeatedly.

Because correlated equilibrium is conceptually similar to Nash equilibrium, we
hoped to build upon techniques for computing quantal response equilibrium in
extensive form games. Methods therein are based on Karush-Kuhn-Tucker condi-
tions��� or regret minimization,��� and promise favorable scalability up to games of
moderate sizes. Unfortunately, the approach of these works relies heavily on a logit
quantal response reformulation in two-player zero sum games and collapses beyond
this class. For this reason, we formulate another homotopy method instead, with
a substantially redesigned corrector emanating from a conjugate gradient method.
The new corrector allows us to sidestep the signi�cant computational drawback of
the Gauss-Newton method- the Jacobian matrix’s repeated inversion.

We begin this chapter by constructing the quantal correlated equilibrium in ex-
tensive form games from its two precursor equilibria, the extensive form correlated
equilibrium and the agent quantal response equilibrium, drawing from the ideas of
both concepts. Due to the construction, �nding the equilibrium continues to be
PPAD-hard. To compute it, we derive a homotopic formulation of this new equi-
librium and formally introduce a non-linear conjugate gradient method to act as a
corrector in the tracing algorithm. A vital component of thismethod is a line search
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function. In the last part of the chapter, we show that by employing a speci�c class
of hyperbolic quantal responses, the problem of solving the line search problem re-
duces to maximizing a polynomial function.

��� P������ ����������

Similarly, as in the previous chapter, we formulate the quantal correlated equilib-
rium in extensive form games using the standard construction. We assume there is
a lottery mechanism, which distribution we will again call a signaling scheme, that
gives rise to an equilibrium in the extended game. The mechanism reveals signals
to the players privately, sampling them from some public distribution over signals.
Formally, for an extensive form gameG, assume that for each information set I in
G we have possible signals SI . A complete signal of player i is a tuple of one signal
per each information set in which i acts, i.e.,

(s 2 SI)I2Ii 2
Y

I2Ii

SI .

Wedenote theCartesian set
Q

I2Ii SI asSi. Signal pro�le in thewhole game is then
a tuple of one signal per each player, i.e.,

(si 2 Si)i2N 2
Y

i2N
Si.

Again, we denote the Cartesian set
Q

i2N Si as S. A signal distribution character-
izing a signaling scheme is then a probability distribution � 2 ⇤ over S.
For how the signals are revealed, we take inspiration from the established de�-

nition of correlated equilibrium in extensive form games.��� We presume the lot-
tery mechanism sends a signal to a player just at the moment the player reaches an
information set associated with the signal. The player then makes strategic deci-
sions in the information set as in the agent quantal response equilibrium.��� In
other words, when rationalizing their local behavioral strategy, we assume they treat
their other selves acting in other information sets as independent players with a
known behavior���. The extended signaling game’s behavioral strategies are con-
ditioned on signals that may be received in the information sets as �i(ai|si) for
ai 2 �(I), si 2 SI , for some I 2 Ii. From the perspective of player i who re-
ceived a signal si in one of their information sets, the probability of player j taking
action aj in some information set Ij,k 2 Ij is then

p(aj |si) =
X

sj2SIj,k

�(sj |si)�j(aj |sj),

where �(sj |si) is the probability that the correlation device samples signal sj given
that player i received signal si in I . The probability of being located in some game
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Figure �.�: Quantal correlated equilibrium in an extensive form game. (Left) A game tree representation of a sequential game. The �gure follows
a standard denotation of extensive form games. (Right) An extensive form quantal response dynamic with correlated strategies. Each player acts
with a generator exp(x). The equilibrium is the point �1(A|s11) ⇡ 0.36, intersecting the quadrant’s axis.
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Figure �.�: A correlation device � for
the game in Figure �.�.

state h 2 I may be then further evaluated as

p(h|si) =

Q
aj2seq�i(h)

p(aj |si)C(h)
P

h02I
Q

aj2seq�i(h0) p(aj |si)C(h0)
.

The utility player i expects after playing action ai in I is hence

ui(ai|si) =
X

h2I
z2Z(h,ai)

Y

aj2seq(hai!z)

p(aj |si)p(h|si)C(h! z)ui(z), (�.�)

whereZ(h, ai) is a set of leaves in a subtree rooted in state h after taking action ai,
seq(hai ! z) is a sequence of actions from state h to z after taking action ai, and
C(h! z) is a probability of reaching leaf z from h due to Nature.

As in normal form games, we consider generalized Luce quantal response func-
tions and assume the players behave according to their generators (qi)i2N after they
receive a signal. In extensive form games, they received their signals in each informa-
tion set separately.

De�nition �.�. LetG be an extensive form signaling game with signals S. The be-
havioral strategies (�i)i2N ,�i 2 Bi and a signaling scheme � 2 ⇤ form a quantal
correlated equilibrium if for every player i and their each information set I 2 Ii,
action ai 2 �(I) and signal si 2 SI ,

�i(ai|si) =
qi(ui(ai|si))P

a0i2�(I)
qi(ui(a0i|si))

, (QCE-EFG)

where ui(ai|si) is de�ned as in Equation �.�.
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Example �.�. Consider the extensive form game depicted on the left in Figure �.�.
Assume that in this game, both players behave according to a logit generator q(x) =
exp(x). Player � may receive two possible signals s11 and s21. Player � receives only
a single trivial signal in the root and either of the signals s12 and s22 in their bottom
information set. Let the signals be correlated according to a signaling scheme depicted
in Figure �.�. Moreover, let the conditional strategy of player � taking actionA after
seeing signal s21 be �1(A|s21) = 0.46. The graph on the right in Figure �.� shows
the quantal response dynamic, beginning from the strategy �1(A|s11). The only equi-
librium here is reached for �1(A|s11) ⇡ 0.36. In the other intersecting points, the
corresponding �1(A|s21) is not equal to 0.46.

Since Equation �.� naturally extends the de�nition of utility in extensive form
games into a setting with a signaling lotterymechanism, similarly as in normal form
games, the sequential analog of quantal correlation inherits many of its properties
from this class of games. Most importantly, computing it remains PPAD-hard in
general. Further on, we hence focus on designing a method for �nding the equilib-
riummore e�ciently.

��� H������� ������ ��� ������� ��� �����������

Our construction of a homotopy method for quantal correlated equilibrium in ex-
tensive form gamesmay follow the same path as in normal form games. Given para-
metric representations of generators of Luce models (q̂i)i2N , the equilibrial for-
mulation (QCE-EFG) translates to a homotopy functionH(x, t) : Rm+1

! Rm

with a parameter t, de�ned as follows:

H(�, t) =
⇣
Hj,k,l

i (�, t)
⌘

i2N, Ii,j2Ii, aki 2�(Ii,j), sli2SI

Hj,k,l
i (�, t) = q̂i(ui(a

k
i |s

l
i), t)� �i(a

k
i |s

l
i)
X

ai2Ai

q̂i(ui(ai|s
l
i), t),

where the utility has the form of Equation �.�. Solving the system forH(x, t) = 0
continues to be simple even with many non-trivial information sets, again, yielding
uniformly random behavioral strategies in every information set. The system could
be further reformulated as in Section �.�, and the solutions may be traced along the
unique homotopic path via a predictor-corrector method in the same manner as
with more general systems���. The issue arising in extensive form games is that for
computing the derivative c0 and theMoore-Penrose inverse, we need to perform the
computationally demanding QR decomposition of an enormous Jacobian matrix
that becomes less and less sparse as we move in the information set hierarchy closer
to the tree root���. Instead, we use a derivative-free quantal response as a predictor
and design a conjugate gradient method to serve as a tailored corrector.
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Nonlinear conjugate gradient methods are iterative algorithms for solving uncon-
strained optimization problems in a form

min
x2Rm

f(x),

where f : Rm
! R is a continuously di�erentiable real-valued function that is

bounded from below.��� Conjugate gradient methods then generate a sequence of
candidate solutions xk, k � 1 from an initial guess x0 via a recurrent equation
formulated as follows:

xk+1  xk + ⌧kdk,

where dk is also computed recursively as

dk+1  �
@f(xk+1)

@x
+ ⇣kdk

from an initial d0 = �@f(x0)/@x, ⇣k is a conjugate gradient update parameter,
and ⌧k is a solution of a line search problem de�ned as

⌧k = argmin
⌧�0

f(xk + ⌧dk).

Many choices exist for specifying the update parameter ⇣ , leading to di�erent guar-
antees of convergence conditionedon the exact solvability of the line searchproblem
or the quality of its approximate solutions. For our needs, it su�ces to know that
global convergence can be achieved.���

Theorem �.�. Let the conjugate gradient update parameter be de�ned as

⇣k =
k@f(xk+1)/@xk

k@f(xk)/@xk
,

where k·k is the Euclidean norm, and let the line search be solvable exactly. Then the
sequence of candidate solutions xk generated by the corresponding conjugate gradient
method converges to a global minimum of function f .

q

Now let us consider function ft in a form

ft(�) =
1

2
kH(�, t)k2.

The global minimum of ft is a solution of the systemH(x, t) = 0, lying on the
homotopic path for some value of t. Any globally convergent conjugate gradient
method may hence act as a corrector in a homotopic algorithm. For a predictor,
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Algorithm �: Predictor-corrector method for tracing the extensive form
quantal correlated equilibrium correspondence along the homotopic path
Input:H, (�, t) such thatH(�, t) = 0
Parameters: ✏t, ✏c, ✏c, ◆, k
accept True, ◆ 0, t, t 0
while t < (1 + ✏t) and ◆ < ◆ do

t UpdateStep(t, t, accept)

�0  QuantalResponse(�, t, t) // prediction

d �H(�, t)
accept True, k  0

while kH(�, t)k > ✏c do // correction

⌧  LineSearch(�k, t, d)

�k+1  �k + ⌧d

⇣  GetZeta(�k+1,�k, d)

d �H(�k+1, t) + ⇣d
k  k + 1

if kH(�, t)k > ✏c or k > k then accept False, break
if accept then �  �k, ◆ ◆+ 1, t t

return (�, t)

��� In other words, each player
quantal responds to the strate-
gies of their opponents from the
previous iteration.

consider a partial solution (�, t)◆ that lies on the curve in iteration ◆. For a paramet-
ric representation of a generator q̂i of player i and some t◆+1 > t◆, let us compute
the prediction from (�, t)◆ as

�
◆+1
i (ai|si) 

q̂i(ui(ai|si), t◆+1)P
a0i2�(I)

q̂i(ui(a0i|si), t
◆+1)

,

for every I 2 Ii, ai 2 �(I), and si 2 SI
���. The entire homotopy algorithm

for tracing the extensive form quantal correlated equilibrium correspondence is de-
picted in Algorithm �. Here, theQuantalResponse function calculates the pre-
diction as described, while the three other functions can be instantiated with stan-
dard or domain-dependent predictor-corrector and conjugate gradient methods.
More speci�cally, theLineSearch function �nds the optimal ⌧ ,GetZeta identi-
�es the update parameter, andUpdateStep selects the new value of the homotopic
parameter. The algorithm’s constants – ✏’s, ◆, andk – then serve to detect numerical
convergence issues and enable to act accordingly.

We provide a simple example of Algorithm �’s function instantiation. As the
UpdateStepmethod we may employ a straightforward increase in t by ✏ > 0 as

t =

(
t+ ✏ if accept, and
t+ t�t

2 otherwise.
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The GetZeta method could be then calculated as in Theorem �.�. Consider the
following class of Luce models for the de�nition of theLineSearchmethod.

De�nition �.�. A generator q of a generalized Luce model is called hyperbolic if

q(x) =
C1

C2 � x
,

where x belongs to some open intervalM of real numbers, and C1 and C2 are some
real constants such thatC1 is positive andC2 upper boundsM .

Hyperbolic generators have a representation that approximates a parametric one.
Let the constantC2 be de�ned for a homotopic parameter t as

C2 =
sup(M)

t
.

Then the corresponding quantal response is uniform as t approaches zero and con-
verges to the best response ifM covers the expected utilities tightly as t tends to one.
Even more importantly, the line search problem then has a favorable formulation.

Proposition �.�. LetG be an extensive form signaling game and let all players be-
have according to hyperbolic generators of generalized Luce models. Finding the opti-
mal ⌧ in the line search problem then reduces to �nding a root of a polynomial.

Proof. Let us reformulate the homotopy function for quantal correlated equilib-
rium in extensive form games using a reference action a0 2 �(I) in each informa-
tion set I , similarly as in normal form games, as

Hj,0,l
i (�, t) = 1�

X

aki 2�(I)

�i(a
k
i |s

l
i). (�.�)

Hj,k,l
i (�, t) = q̂i(ui(a

k
i |s

l
i), t)�i(a

k
i |s

l
i)� q̂i(ui(a

0
i |s

l
i), t)�i(a

0
i |s

l
i) (�.�)

When generators are hyperbolic, the expression (�.�) has a form

1

C1

⇣
C2(�i(a

0
i |s

l
i)� �i(a

k
i |s

l
i)) + ui(a

k
i |s

l
i)�i(a

k
i |s

l
i)� ui(a

0
i |s

l
i)�i(a

0
i |s

l
i)
⌘
.

Then, when solving the line search problem, the variables � are substituted with

� = � + ⌧d, (�.�)

where � and d are constants, and the only variable is ⌧ . The function ft in the line
search is a sum of squares, where each term is a square of either expression (�.�)
or the hyperbolic reformulation of expression (�.�) with substitution (�.�). Since
expression (�.�) is linear in ⌧ , its square is quadratic. Now consider the de�nition
of expected utility in Equation �.�. We distinguish between two special cases.
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��� An alternative would be
not to normalize the expecta-
tion as a part of the players’
alleged boundedly rational be-
havior and tendency to weight
the outcome by the probabil-
ity of reaching the information
set. Such a modeling decision
would not impact the asymp-
totic behavior of the equilib-
rium as quantal responses ap-
proach the best response.

�. The game is either an extensive form gamewith full information or an exten-
sive form representation of a normal form game. Then the expected utility
need not be normalized, and each term in the function describing the line
search problem has a degree at most twice the depth of the tree.

�. If the game contains a non-trivial information set, the expected utility needs
to be normalized���. In that case, the line search problem has a form of a
sum of polynomial fractions. Since the denominators are squares and hence
always non-negative, wemay add the fractions and use theDinkelbach refor-
mulation again to arrive at a polynomial expression.

Weobtain the result after applying the�rst-order condition for optimality. More-
over, note that in the �rst case, the degree of the polynomial is totally independent
of the number of actions and signals in the game.

��� S������ �� �������������
We generalized our investigation of quantal correlation from normal form to exten-
sive form games. Similarly, as in previous chapters, we consider generalized Luce
models of quantal response. We provide a de�nition of the equilibrium in sequen-
tial games that enables us to tailor the quantal behavior not just to individual players
but also to separate information sets.
Themajor drawback of the homotopymethod introduced in the context of nor-

mal form games is its dependence on the computationally demanding inversion of
the Jacobian matrix. With many non-trivial information sets, this issue becomes
even more profound in extensive form games. Our main theoretical result in this
chapter is the reformulation of the homotopy into a setting with hyperbolic quan-
tal response functions. This allows us to leverage the iterative conjugate gradient
methods and thus sidestep the ine�cient inversion, despite the fact that the equi-
librium remains PPAD-hard in general.
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��� When the agents act subra-
tionally, there may not be an in-
centive to break ties in favor of
the leader.
���Optimal strategies in bound-
edly rational interactions fre-
quently have a form of solu-
tions of non-convex mathemat-
ical programs, asmany results in
this dissertation demonstrated.

� C���������

T ��� dissertation studies solution concepts for strategic decision making
and their algorithmic complexity and attainability, particularly in the con-
text of adversarial cognitively restricted agents acting in informationally

complex environments. The presented research spans formal analyses of founda-
tional models, designs of computational methods, as well as empirical demonstra-
tions of their performance on selected domains.

q

The driving motivation of this work is that our choices, as humans, are made in
dynamic environmentswhere outcomes are a�ectedby a great number of actors and
depend on their mutual rationality and personal knowledge. For instance, the per-
formance of democracies is substantially in�uenced by voters’ (lack of) informa-
tion awareness and rationality. Yet more than simply accounting for information
supplied by various media and service outlets is needed; the single agent machine
learning techniques alone are unequipped to safely reason in the ever-changing ad-
versarial landscape of continual strategic deception in human society. An overarch-
ing goal of research in this direction is to provide foundations for future arti�cial
intelligence systems built on solution concepts that are

• robust with respect to di�erent degrees of rationality and informativeness;
• capable of exploiting the information structure of the environment; and
• enable steering the interactions towards more socially desirable outcomes.

In scenarios with intendedly yet only boundedly rational agents and limited ac-
cess to information, many properties of traditional solution concepts from game-
theoretic literature are lost. Already in Chapter �, we show that a (market) leader
may no longer bene�t from their commitment power��� and solutions may have
more intricate formulations than with full rationality���. The question of how to
design e�cient systems where imperfect agents interact then leads to the �eld of be-
havioral game theory and the integration of its postulates into information design
theory. Indeed, accommodating the boundedly rational nature of human decision
making proved crucial in applications akin to deployed patrol planning systems for
the US Coast Guards or wildlife security. It was also shown to explain systematic
deviations from predictions, e.g., in combinatorial auctions. As the adoption of
complex arti�cial intelligence systems relying on idealized assumptions about strate-
gic agents is still commonplace in the contemporary world, foundational studies of
these problems and their solutions are to become yet more vital.
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The main contribution of this dissertation is the study of several aforesaid founda-
tional solution concepts modeling commitment and coordination in interactions
among agents that act according to the quantal response model of behavior. In
Chapter �, we lay down the foundations of optimal commitment against a single
cognitively restricted agent in one-shot games. We show that the problem is highly
non-linear, and the number of local optima may grow linearly with the number of
actions, even in the most uncomplicated games. The critical result of this chapter is
a derivation of a so-called Dinkelbach-type formulation of the equilibrium that en-
ables the identi�cation of su�cient conditions for its concavity and formulation of
a mixed integer linear program to �nd an approximate solution. The solutions also
have a guaranteed quality that we further verify through numerical experiments.
Generalizing this approach to sequential games directly proves di�cult because

of the inherent exponential blowup in strategies associated with sequential deci-
sionmaking. This issue can not be sidestepped entirely, as we show in Chapter � by
proving the concept’s NP-hardness. Yet, we are able to ameliorate it on the side of
the committing player by representing their strategy using a realization plan linear
in the size of the game. We reformulate the equilibrium in a way to use Dinkel-
bach’s approach again, characterizing polynomially solvable games as a by-product
and designing a mixed integer linear program for approximating the optimal strat-
egy. Again, we provide strict theoretical guarantees on the quality of the solution
and carry out a successful empirical evaluation of the algorithm.
The second half of the dissertation is then dedicated to the coordination of quan-

tal players. We aim to study strategic signaling in the context of bounded rationality
by coupling correlated equilibrium with quantal response equilibrium. Chapter �
o�ers two potential de�nitions of the said cross-breed in one-shot games and shows
they naturally extend the precursor equilibria. Indeed, every quantal response equi-
librium is quantal correlated, and the traditional correlated equilibrium is reached
in the limit as quantal responses approach the best response. The space of all equi-
libria is compact, and in case the equilibrium is always unique, it is also connected.
The principal contribution of this part of the dissertation is the introduction of
an e�cient homotopy method capable of simultaneously tracing the equilibrium
and gradiently optimizing the signaling structure despite the concept being PPAD-
hard. The algorithm’s performance is then evaluated in the experiments.
The extensionof thehomotopic approach to sequential games is againnot straight-

forward because of the many decision points to behave quantally at therein. This
makes inverting the homotopic Jacobian matrix – which is the key component of
the tracing procedure in one-shot games – computationally unfeasible. To solve
this issue, we reformulate the homotopy by employing a speci�c class of hyperbolic
quantal responses in Chapter �. The hyperbolic formulation allows us to adopt
a non-linear conjugate gradientmethod as an e�cient homotopic corrector for trac-
ing the path of the quantal correlated equilibrial correspondence.
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My long-term hope is that the results presented in this dissertation may facilitate
and provide guidance in designing real world arti�cial intelligence systems capable
of accounting for the �awed reasoning of human actors and e�ectively leveraging
complex information structures hidden in the environments. Previous chapters
provided numerous examples of optimal signaling and coordination of boundedly
rational agents, yetmostly in fundamental controlledmodels. To succeed in deploy-
ing well-performing systems, it is my conviction the results need to be extended in
three major directions.

• Investigating e�ects of bounded rationality in complex multi-agent models.

More speci�cally, I believe it to be necessary to study the robustness of sig-
naling strategies with respect to miss-classi�ed behavioral models and impli-
cations on the leader’s outcomes to provide performance guarantees in dy-
namically changing environments.

• Estimating behavioralmodels and information structures from interactiondata.

Simultaneous acting and robust estimation of agents’ motives and reasoning
capabilities are particularly crucial as correctly calibrated models are rarely
available in practice. Investigating safe model exploration across repeated in-
teractions is hence to become essential.

• Steering the interactions towards socially desirable outcomes.

Promoting social justice and the responsible use of arti�cial intelligence is
one of the primary goals of my work. I frequently evaluate the performance
ofmy algorithmswith respect to social welfare, theGini coe�cient, or equity
in resource availability. I believe a conscious focus on this aspect of research
may have far-reaching impacts on human society.

I hope this thesis may serve as a stepping stone tomore widespread acceptance of
systematic behavioral models in modern arti�cial intelligence systems. Yet indeed,
a tremendous amount of open questions and promising concepts still lie ahead.
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