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ABSTRACT. We present a target-following framework for semidefinite programming, which
generalizes the target-following framework for linear programming. We use this framework to
build weighted path-following interior-point algorithms of three distinct flavors: short-step,
predictor-corrector, and large-update. These algorithms have worst-case iteration bounds
that parallel their counterparts in linear programming. We further consider the problem of
finding analytic centers given a pair of primal-dual strictly feasible solutions. An algorithm
that moves towards the analytic center prior to reducing the duality gap has a better iteration
bound than the weighted path-following algorithms. In the case of linear programming, this
bound is also an improvement over existing similar algorithms.
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1. INTRODUCTION

The target-following framework was first introduced by Mizuno [8] for linear comple-
mentarity problems and Jansen, Roos, Terlaky and Vial [6] for linear programming as a
unifying framework for various primal-dual path-following algorithms and algorithms that
find analytic centers. The essential ingredient of this framework is the target map (x,s) —
(X181, ..., X,8,]7, defined for each pair of positive n-vectors (x,s). An important feature of
the target map is its bijection between the primal-dual strictly feasible region and the cone
of positive n-vectors R, [6, 7], whence identifying the primal-dual strictly feasible region
with the relatively simple cone R’ known as the target space (or v-space). Interior-point
algorithms based on the target map are known as target-following algorithms, which are
conceptually simple when viewed as following a sequence of targets in the target space.

Various attempts were made to generalize the concept of target maps to semidefinite
programming (SDP) [10, 11, 17], symmetric cone programming [5, 21] and general convex
conic programming [22]. We present a target map and a target-following framework for SDP,
from which we derive weighted path-following algorithms and target-following algorithms
with provable polynomial worst-case iteration bounds. Our target map is based on the
notion of Cholesky weighted analytic centers first introduced by the author in [3].

In recent reports [2, 3], the author analyzed the convergence behavior of the weighted
central paths corresponding to the Cholesky weighted centers. In these reports, the study of
Cholesky weighted centers were mainly motivated by homogeneous cone programming: the
central path for a homogeneous cone programming problem coincide with certain weighted
central path of a particular SDP-representation of the problem.

In this paper, we explore a different aspect of Cholesky weighted centers: the target map
derived from these weighted centers. We present a generic target-following framework based
on this target map, and analyze the iteration complexity of target-following algorithms based
on two distinct choices of search directions, and weighted path-following algorithms of three
distinct flavors.
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1.1. Organization of material. This paper is organized as follows.

We begin section 2 with a generic target-following framework based on the target map
derived from Cholesky weighted centers. These weighted centers were first introduced by
the author in [3], and are related to a notion of weighted centers studied by Monteiro and
Zanjacomo [12] in a general framework. We present a different perspective on these weighted
centers that relates them with analytic centers of larger SDP problems which we called
expanded SDP problems. We define a measure of proximity to the Cholesky weighted centers
based on the [5-proximity measure for the expanded SDP problems. We also show that search
directions for the expanded SDP problems, which translate naturally to search directions for
the original SDP problems, can be efficiently computed. However the computation of search
directions in each iteration may require the solving for ©(n?) real variables, in contrast with
O(n?) variables in a regular path-following algorithm.

This issue is addressed in section 3, where we reduce the size of the Newton system
to match that of a typical Newton system in a regular path-following algorithm. This is
achieved with a specific choice of search directions, which we called the Cholesky search
directions. We then use these search directions in our target-following framework to produce
a target-following algorithm. We further consider three weighted path-following algorithms:
a short-step algorithm, a predictor-corrector algorithm and a large-update algorithm. Our
analyses on these algorithms show that the first two take O(,/np) iterations to improve the
duality gap by a fixed fraction, while the last algorithm takes O(n./p) iterations. Here p
denotes the ratio of the average weight to the smallest weight. These bounds parallel their
counterparts in linear programming. These search directions were discussed in a general
framework by Burer and Monteiro [1], with which they built a long-step path-following
algorithm. Their analysis was based on the derivatives of the map (X, S) — L§XLg, where
Ls denotes the Cholesky factor of S. In contrast, we use the local Lipschitz property of the
Cholesky factorization X +— Lx.

In section 4, we investigate the application of our target-following framework in the ap-
proximation of analytic centers. We work in a subset of the target space containing only
diagonal matrices, hence our investigation is very closely related, and directly applicable,
to the work of Mizuno [8] on linear complementarity problems and the work of Jansen et.
al. [6] on linear programming. From a given pair of primal-dual strictly feasible solutions,
we generate a finite sequence of targets towards the pair of solution on the central path
with the same duality gap as the given pair. Using a technique first developed by Todd [18§]
for linear programming, and subsequently used by Nesterov and Todd [15], and Nemirovski
and Nesterov [14] for general convex conic programming, we derive an upper bound on the
number of targets in the sequence. For SDP problems, we obtained the improved worst-case
iteration bound O(y/nlogp). For linear programming problems, this bound is an improve-
ment over the existing best bound O(y/n(log p + log p)), where p € [1,n] denotes the ratio
of the largest weight to the average weight (see [6, 8]).

1.2. Notations and conventions. Throughout this paper, we use the following notations
and conventions.

We use uppercase bold letters (e.g., X, L, etc.) to denote matrices, and use lowercase bold
letters (e.g., y, b, etc.) to denote vectors.
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The space of real n-vectors is denoted by R", and the cone of vectors in R” with nonnega-
tive (resp., positive) entries is denoted by R” (resp., R", ). The cone of vectors in R" | with
entries in nonincreasing order is denoted by RY 4

The space of real n-by-n matrices is denoted by M". We equip M" with the inner product

o: (A,B) € M" x M" — tr(A”B). The induced norm ||-|| is the Frobenius norm.

Cartesian product of matrix spaces M"™ x - .. x M"™ is equipped with the inner product

k
— 2911 o5,
=1

The transposes, inverses, products and Cholesky factors of tuples in the Cartesian product
are defined componentwise.

The subspace of lower triangular (resp., upper triangular) matrices in M" is denoted by
L™ (resp., U™).

For any matrix M € M", the unique lower triangular matrix L satisfying M — L € U" and
L; = M;;/2 for i = 1,...,n, is denoted by (M)). For any matrix M € M", we denote by
My the symmetric matrix M + M”. Consequently (M))y denotes the unique symmetric
matrix whose entries in the lower triangular part coincide with those of M.

For any symmetric, positive definite matrix X € S, its unique Cholesky factor (i.e., the
unique lower triangular matrix L € L™ with positive diagonal entries satisfying LLY = X)
is denoted by Lx.

The group of orthonormal matrices in M" is denoted by O".

The space of symmetric matrices of order n is denoted by S”, and the cone of symmetric,
positive semidefinite (resp., positive definite) matrices of order n is denoted by S (resp.,
StL).

tJl:he subspace of diagonal matrices in S" is denoted by D", and its intersection with S’} and
ST, are, respectively, denoted by D7 and D7} . The cone of matrices in D" | with diagonal
entries in nonincreasing order is denoted by D .

For each diagonalizable matrix M € M", we denote by A(M) the vector of eigenvalues of
M in nonincreasing order.

For any m-by-n matrix M and any subsets of indices I C {1,...,m} and J C {1,...,n},
the sub-matrix of M with row indices in I and column indices in J is denoted by Mj,. If
I = {i} (resp., J = {j}) is a singleton, we may also write i (resp., j) in place of {i} (resp.,
{s}). For any matrix M, we denote by [M]; the square sub-matrix My (1,..:}-

The zero matrix and the identity matrix of appropriate size (in the context used) are
denoted, respectively, by 0 and I. The vector of ones of appropriate size (in the context
used) is denoted by 1.

For each linear map A : E — F between two Euclidean spaces, A : F — E denotes its
adjoint map.

For each sequence 1, . .., x, of real numbers, Diag(xy, ..., z,) denotes the diagonal matrix
in D" with zy, ..., 2, on its diagonal. For each matrix M € M", we denote by diag(M) the
vector [Myy, ..., M,,]T € R".

For each pair of real numbers (x,y), we denote by x V y the greater of the two.
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2. TARGET-FOLLOWING FRAMEWORK

We consider the following pair of primal-dual SDP problems:

inf CeX
X (SDP)
subject to AyeX =b, (1<k<m), XeSi,
and
sup b’y
Sy

m (SDD)
subject to ZYkAk +8S=C, Sef],

k=1

where Aq,...,A,,,C €S" and b € R™ are given.

We assume there exists primal-dual strictly feasible solutions (X, §), i.e., a pair of primal-
dual feasible solutions in 8% | x S% .

Consider the target map 7 : S, xS}, — S", defined by

(X,8) — QDQ",

where Q’XSQ = D + U € U” is a Schur-decomposition of XS with diag(U) = 0, and

DeDj,..

Theorem 1. The map T is well defined. Moreover, it is a bijection between the cone S';
and the set of primal-dual strictly feasible solutions of the primal-dual pair (SDP, SDD).

Proof. See [3, Theorem 10]. O

Using the target map 7", we propose the following general framework for target-following
algorithms:

Algorithm 1. (Target-following framework for SDP)
Given a pair of primal-dual strictly feasible solutions (Xin, Sin).

(1) Find a target Wy € ST, close to T (X, Sin). Set (X4,84) = (Xin, Sin)-
(2) Repeat the following:
(a) Pick W, €S, close to W.
(b) Compute a pair of primal-dual strictly feasible solutions (X, S,4) that approx-
imates T (W _4).
(c) Update (X4,8+) « (Xi4,S44) and Wy — W .

The two main steps in this framework are the choosing of W, and the computation of
approximate solutions (X,,S,). The sequence of W, chosen is called the sequence of
targets, and the sequence approximate solutions (X, 1, S, ) computed is called the sequence
of iterates.

In the next section, we consider the problem of computing the next pair of iterates. Fol-
lowing that, we address the issue of choosing the next target W ..
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2.1. Expanded semidefinite programming problems. For the sake of clarity, we as-
sume that W is the diagonal matrix Dy, € DT, .. This is without any loss of generality
as we can transform our primal-dual SDP problems via the orthonormal similarity transfor-
mation

(X,8) — (Q"XQ,Q"SQ),
where Q € Q" is such that Q" W, Q = D, is a diagonalization of W .
Consider the pair of Cholesky weighted centers 7~ *(D,,): the unique pair of matrices
(X, S) satisfying
A,eX =Dhb, (1 Sk:gm), XGSCLFJF,

> viAr+S=C, Ses”,, (CPp,,)
k=1

LiXLg =D,,.

Suppose further that all entries in D, are rational numbers. Then there exists a positive
real number s and positive integers wy, ..., w, such that D, = k Diag(wy, ..., w,). Recall
that wy > -+ > w,. Foreach | € {1,...,n — 1}, let m; denote the difference w; — w1, and
let m, = w,. Let £ denote the index set {l : m, > 0}. Note that £ O {n} is nonempty.

Let S denote the Cartesian product

S'x o x SIS x xS X xS x e x ST

v v
1 copies 9 copies T cOpies

and let P; denote the index set {1 + Zé;ll Ty, 22:1 7Tj} for each [ € {1,...,n} so that

the p-th component X,, of any element X € S is a matrix in S' whenever p € P;. Note that P
is empty when [ ¢ L. Let S, and S, denote cones of S containing elements with positive
semidefinite and positive definite components, respectively.
Define the injective linear map € : S” — S by
X = (\[X]l, ce [X]lj, Xlay .oty [X]%, . ,\[X]n, ce [X]@)

(.
-~ -~ -~

T1 copies T2 copies Tpn COpies

Its adjoint map £ satisfies

(ETX))y = > > (%) (1<, j<n).

l=iVj peP;

Let 2,...,2, and € denote, respectively, £(A;),...,E(A,,) and £(C). Consider the
expanded primal-dual SDP problems

inf D g, ex,
o (SDP)
subject to Z(Qlk)p eX,=b, (1<k<m), Xe&y,

p=1
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and
sup bly
Sy

P

m (SDD,)
subject to Zyk(‘«)lk)p +6,=¢,(1<p<u), 6ecs;.
k=1
Let us look at the pair of analytic centers (X(xI), &(xI)) of the pair of problems (SfD/P,
SDD): the unique pair of tuples (X, &) satisfying the central path equations
Z(Qlk)p X, =b, (1<k<m), XS,

p=1
Z)%(Qlk)p +6,=¢, (1<p<uw), 6€Siy,
k=1

«%pGp»H =rl (1 <p<w).

Let X and S denote, respectively, £ (X(xI)) and £ (S(kI)). It is straightforward to check
that v € R — VTXV, whence f(, is positive definite, and that A, e X = b, for each
k€ {1,...,m}. Thus X is strictly feasible for (SDP). Also, S = &(kI),, € St and
Yo Vie(A)wy + S(kI)y, = €, shows that S is strictly feasible for (SDD). Moreover, the
bilinear equations in the central path equations imply that (XSY); = D, or equivalently,

LIXL,=D.,.

Thus (E¥(%(k1)), £ 1(S(xI))) is the pair of Cholesky weighted centers 7 (D).

This observation allows us to view Cholesky weighted centers as (unweighted) analytic
centers of a pair of larger primal-dual SDP problems. Moreover, all existing path-following
algorithms and their analyses apply directly to Cholesky weighted centers via this observa-
tion.

It is immediately clear that without further exploitation of the special structures of the
expanded problems, this approach is ill-advised as dim(S) = Y ", wyl, the size of the ex-
panded pair, is (generally) much larger than dim(S") = ;" [, the size of the original pair.
This much larger size affects computational complexity of the resulting algorithm in two
ways:

(1) the step size at each iteration, hence the worst-case iteration bound, and
(2) the complexity of the computation of search directions.

2.1.1. Proxzimity measure. We shall use the following measure of proximity to analytic centers
of the expanded SDP problems:

1
2

d : (X,651) € Syy X Syyp X Ryy v ! (ZH)\(%I;GI,) - /ﬂH%)
p=1

NI

o (zuLgpaepLgp : uIH%>
p=1
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The definition of dy only requires G € S, . Moreover, we can extend its definition continu-

ously to include all & € §; \ ;. Thus d, is well defined over S x S; x R .
This leads to the following measure of proximity to 7 *(D,.):

(X,S) — inf {c@(ae,g(S); k) EM(X) = X} .
We compute the infimum in Lemma 2 using the following lemma.

Lemma 1. Suppose that uy > -+ > up, > upy = 0, (X,S) € S" xS, and o > 0. Then
for every sequence of symmetric matrices {X; € S}, satisfying

n

Xij = Z (ur — w1)(Xr)y; (1 <4, j <), (2.1)
I=iVj
it holds
> (= wgr) [[Ls] %, [Ls], — pIl3 > > upj(LEXLg)i; — pili;)?
1=1 ij=1
) 2
— [ réxes — o)
where D denotes the diagonal matriz Diag(uy, ..., u,). Moreover, equality holds if and only
of
X = [Ls|, " [(D™' (L XLg)))uli[Ls], " Vi€ L, (2.2)
where L denotes the set {l : u; > w41}
Proof. For each | € L, let 3; = [Lg|{ ¥;[Lg];- In terms of 3,
> (= w)||[Ls]! %,[Ls], — pI||3
=1
!
=D (w—wpa) Y (31 — pLy)°
lec ij=1
=Y > (w— )30 — pTy)”
ij=11€L, I>iVj
Using Cauchy’s inequality, we bound, for each 4,5 € {1,...,n},
D (= w) (3 — pliy)’
leL, 1>ivj
—1 2
> ( > (w- Ul+1)> ( > (= wg) (30 — MIz'j)> : (2.3)
leL, 1>ivj leL, 1>iVj
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The first part of the lemma then follow from
1

n l
S (w— )30 = Y (w— i) ZZ Ls )ii(%1)i5(Ls )

leL, 1>V =iV

= Z Z Z (ul — Ul+1)(LS>Ti (?l)“{j(LS%j

i=i j=j I=iVj
=3 > (Ls)uXsp(Ls)y = (LEXLg)y,
=i =
for alli,j € {1,...,n}.
Equality in (2.3) holds if and only if
i.e., there exists Z € S™ such that

Z=1Z, VieL. (2.4)
By (2.1), any Z € S™ satisfying the above set of equations must also satisfy
Xij= Y, (w—wn)(Ls "[ZL[Ls] )y (1<, <n). (2.5)
I€L, 1>iVj
Let F : S" — @, S be restriction of the map X — ([X]y,...,[X],) to the subspace

@D, S'. Consider the following inner product on ), S"
(Q[, %) = Z(Ul - Uprl)gll L4 %l-
lel
Under this inner product, the adjoint F of F satisfies

n

(FHE))i = D (= w) (%) (1< 4,5 < n),

I=iVj
hence (2.5) is equivalent to X = F¥(F(Lg) " F(Z)F(Lg)™"). For all W € S,

FHF(Ls) ' F(Z)F(Ls)) o W = > (u — wi1)[Z]s ® [Ls],[W]i[Ls]/

= Z(Uz — u41)[Z]; o [LgWLg];
leL

= (LgF"(F(Z))Lg) o W,
hence (2.5) is equivalent to X = Lg” F”(F(Z))Lg"'. The map F is clearly injective, hence
(F" o F)~! is bijective. Subsequently the only Z € S" satisfying (2.5) is
(F" o F)"H(LsXLg) = (D" (LsXLs))) .

where the equality follows from F” o F : V € §" = (D{V))g. Consequently equality in
(2.3) holds if and only if (2.2) holds. O



10 C. B. CHUA
Lemma 2. Suppose (X,S) € S* x S, and pu > 0. Then
: 7 . . oH _
inf {dQ(ae,g(S),M) L EM(x) = X}
— &, (E(Ls) TE((DL (LEXLg))n)E(Ls) ', E(S): 1)

NI

<Z wz\/] LTXLS) /‘LwZIZ])2>

2,5=1

-1

_1
— 7t | (VADZI(LEXLs — D )|

Proof. Let & = £(S) and let X € (€)71(X) be arbitrary. For each | € L, it follows from
the convexity of the square of the Frobenius norm that

1 2 1 —
3L s, - ]| = = D L B, - ) > (L Ry, - ]
lp P lPE'Pl

where X; denotes the average ;! ZpE'P X,. Since X is arbitrary, it follows
; 7 . . oH _
inf {dz(%,E(S),,u) L EH(X) = x}
— inf {dQ(ae ES);p): EX(X) =X, X, =X, Vp,q € Py, Vi€ .c} .

Thus we may assume without loss of generality that for each [ € £ and all p € P}, X, = X;.
The lemma then follows from Lemma 1. (l

The following lemma shows that under the proximity measure
(X,8) € 8" x §} > inf {82(36,5(8); K): E¥(X) = X}
2 (2.6)

:“_1<Z wiy; (LgXLg)i; 'fwz‘Iz‘j)2> )

ij=1
solutions on the boundary of the primal-dual feasible regions are at a distance at least \/w,

from 7 (D, ). This suggests scaling the measure (2.6) by wy, 2.

Lemma 3. Ifu; > --->wu, >0, u >0, and Z € S*, then

Z ul\/j i ,LLUZ z] > Z u ,uuz>2 :

i,5=1

Consequently

ij=1



TARGET FOLLOWING ALGORITHMS 11

Proof. By expanding both sides of the desired inequality, it is clear that we only need to

bound the sum >, Z\}JZ?] from below by S°"  u; 'A(Z)?. Since Z* is symmetric, there

exists an orthogonal matrix Q € Q" such that Z* = QDiag(A(Z))?Q”, which leads to

(Z*)1, ho QL A2

where the matrix on the right side of the above equation is doubly-stochastic. By the Hardy,
Littlewood and Pélya theorem [4], we have

l

Z(Z2)n’ < Z \Z);

i=1

for all 1 € {1,...,n}. Consequently by writing

n n—1 l
—1rz2 71 2 —1 —1 2
E uz\/]ZU E ZZ] - E :(ul—i—l — Y ) E Zij7
ij=1 ij=1 =1 ij=1

and using the upper bounds

we conclude the desired inequality
Z up 2y > Zu_l)\
i,7=1

hence proving the theorem. ([l

We shall use the scaled proximity measure dy : S* X S x D", . — R defined by

L+

(X,S; D) > D2 <Z D; ) (LEXLg);; Dlj)2>2 (2.7)

2,7=1

_1

(D} (LEXLs — D))

Note that we do not restrict D to have rational entries only. When we restrict D to be a
positive multiple of the identity matrix I, the proximity measure naturally reduces to the
standard [o-proximity measure.

When D has rational entries with D = x Diag(wy,...,w,), £ positive and wy, ..., w,
integers, this proximity measure can be written

d>(X, S; D) :w;%igf{c@(ae,g(sm) £1(x) =X} s
— w2 dy(E(Lg) " E((kD (LEXLg ) )E(Ls) ™", E(S); ).
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In the context of the expanded SDP problems, the scaling factor wy, " corresponds to the use

of a larger neighborhood size, hence allowing for larger step sizes, or full steps with farther
targets. This scaling factor is further justified in the following theorem.

Theorem 2. Suppose that a € [0,1] — (X4, Sa, fta) € S*™ X S*™ X Ry is continuous with
(Xo,S0) € S}, xS, If there exist D € D}, and 8 <1 such that

pa (D7 2(Lg, XoLs, — D)) allr < 5v/Dun (2.9)
whenever S, € ST, then (Xq,S,) € ST, x S%, for all o € [0, 1].

Proof. Let & = inf{a € [0,1] : (Xq4,Sa) ¢ ST, xS, }. Suppose on the contrary @ < 1. By
the continuity assumption, @ > 0. Under the hypothesis (2.9),

2
Z Dz\/] z\/] LTaXaLSa)ij - ,uaDij) S BQDnn,u?l

i,7=1
for all 0 < a < @, and subsequently

lim inf Z ,u_lDZvlj zvj LT XaLg, )ij — taDij ) < BDpnjta < Donfia.

a—a
i,7=1

On the other hand, Lemma 3 implies

lim inf Z fig Dy i ( ((L§, XaLg )ij — oDy ) > Dy tias

a—a
2,7=1

a contradiction. 4

2.1.2. Search directions. In this section, we discuss the computation of search directions.

Once again, we use the pair of expanded SDP problems (SDP SDD) for our purpose. As
discussed in the preceding section, we may (and should) use

(X4, 64) = (E(Ls,) " E((kD 3 (L, Xy Lg ))n)€(Ls,) ", £(S4))

= argmin{gg(%,G;/i) (X4, 84) = (5H(%)>571(6))}
X6

as the pair of current iterates for the expanded SDP problems.
The pair of search directions (Ax, Ag) for the expanded SDP problems is obtained by
linearizing the constraints

Hl(%p, 61)) =kl (l € E, pE 'Pl)
at (X4, 6,), for some maps {H, : S, , xS, — §': 1 € L} satisfying
H(X,S)=pul <= XS =ul
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for all 4 > 0. In other words, (Ax, Ag) solves

w1

> (WU)p e (Ax),=0(1<k<m), (2.10a)
S A, + (Ae)y =0 (1< p<w). (2.10b)

DHI((X4)p, (61)p) (Ax)p, (As)p) = KL= Hi((X4)p, (61)p) (L€ L, pePr),  (2.10¢)
where DH,;((X4),, (64),) denotes the gradient of H; at ((X4),, (64),); i.e., the linear map
(U, V) € 8" x 8" = OxHI((X4)p, (64)p)[U] + OsH((X4 )y, (64))[V].

This linear system has 2", wil4+m = ©(}_,.; m1?) variables. The pair of search directions
for the original SDP problems is then given by

(Ax, As) = (£"(Ax), £7'(Ag)).
By the choice of X, there exists, for each [ € £, (X,); € S' such that
(X = (X4)p (€ P.
By symmetry, it follows that there is a search direction Ay such that for each [ € L,
(Ax), = Axq) (P €P)

for some Ax() € S'. Thus we may compute the search directions by solving the smaller
system

Zﬂl[Ak]l e Ax) =0 (1 <k <m), (2.11a)
=1
D (Ay)Ar + Ag =0, (2.11b)
k=1
DH((X)1, (8:4))(Axq), [As)) = kI = (X1 )i, (64)0) (L€ L), (2.11c)
where (&), denotes [S,];, and set
(Ax)ij= Y, m(Ax)y (2.12)
IeL, I>iVj
for each 4,7 € {1,...,n}. This system has ©(}", . 1*) = O(n®) variables. The number of
variables is actually 2(n?) in certain cases; e.g., when £ = {1,...,n}.

It is necessary for the above system to have unique solution so that the search directions
are well defined. Since distinct solutions of the above system give distinct solutions to (2.10),
this requirement is satisfied by (2.10) having unique solution. Typically, sufficient conditions
for this is given by (X, 6,) € S;+ XS4, and at times together with the existence of some
i > 0 such that

A +)p(E1)p) = ke < yp VP € {1, wn},
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where v € (0,1) is given. As Sy € ST, implies &, € S;, the above condition is sufficient
for X, € S;,. The following lemma shows that this condition is satisfied when (X, S.) is
sufficiently close to 7 (D).

Lemma 4. [t holds

[A((X4)p(64)p) — K12 < Kda(X4,S4; Doy )
forallp € {1,...,w}.
Proof. By definition,

2

kdy (X4, 84Dy ) = wn? (ZHL (&), (X4 )plis,y, — ’QIH%>

1
(Z HLT %Jr L(@) ’QIH%>

PEPn

=V = sl
where V denotes the matrix (kD! (L§XLg))#. Consequently for any p € {1,...,w},
Fd(Xy, 815D 1) > [V = wll[p = [[V]: — #I]|p

||L 6+)p(%+)pL(e+)p — rIllF
= [|A((X4)p(S4)p) — K12,

where [ € L is such that p € P;. O

2.2. Choice of targets. Suppose that the pair of input matrices (X, Si,) satisfies

T
Ls, XuLs, € DY .

This is without loss of generality if we apply the orthonormal similarity transformation
defined by the orthogonal matrix that upper-triangularizes the product X;,S;, to both primal
and dual SDP problems.

We first consider the task of picking the initial target W . Using the proximity measure
dy, the proximity of 7 (X, Sin) to W can be quantified by

dQ(QZ:XinQ-Fa QESiHQ-{-; D+)a

where Q, € O" and Dy € DY, | are such that QJTFWJFQJr = D, is a diagonalization of W .
By Lemma 3, for each fixed D, € DT, ,, the above measure is minimized at Q. = I. Thus
it makes sense to pick W, € D, . Henceforth, we shall assume that W is the diagonal
matrix D, € DY, .

We now consider the task of picking the next target W, .. Once again, the next tar-
get W, should thus be chosen so that d2(Q1, X, Q. ., Q",S: Q. ;D) can be readily

bounded, where Q,, € 0" and D, € DY, are such that QJTrJrWJﬁLQJrJr =D,, isa
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diagonalization of W, .. An natural criterion would be the size of do(W,I;D,). Once
again, since Lemma 3 implies that

inf{d,(Q" D4, Q,I; D) : Q € 0"} = dy(D, 1, ; Dy)
1 1 1
~ (D )nf|D..DYE — DYy,

it makes sense to choose W € DY, .

With these choices of targets, we can use the following lemma to get an upper bound on
dy(X4,S; D, ) in terms of do(Xy,Sy; D, ) and do(D,4 4, I; D).

1 11
Lemma 5. Ifdy(X;,84;Dy) < 5 and (Dy)nd|DiyD 2 —=D2||r <6 for some 3,0 € (0,1),
then

d2(X+,8+:Dyy) < %

Proof. For simplicity of notation, let Z denote the product L£+X+LS+. From definition,
d2(X+,8+; D)

= (D++)nn% (Z (D++);v1j,z‘vj (Zij - (D++)ij)2>

ij=1
_1 i _ % (D )“
< (Dis)od (Z (D), (2 - <D++>z-j>2> max YD
1,7=1
with

(Z (D1)isav; (Zij — (D++)z‘j)2>

ij—1
1
= (Z(D+)iv1j,z‘vj (Zij = (D+)z'j)2> +[DssDy?* —Dir
ij=1

= VD) (da(X+,84: D) + (D) [D1 DL ? = Dilr) .

_1 _1 1
If (Dy)n?|D4sD,? — D?|[p < 5, then

oo (£ () )
i=1 +)ti i

for all i € {1,...,n}, and hence
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Consequently,

da(Xy,S¢5Dyy) < (Dyy)ard \/ (D4 )an(B +0) max ((I]))Jr)” = fjg

i=1,...,

under the hypotheses of the lemma. O

3. TARGET-FOLLOWING FRAMEWORK BASED ON CHOLESKY SEARCH DIRECTIONS

In this section, we highlight a choice of search directions whose Newton system can be
further reduced in size.
Consider the maps H; : S! hooX Sl+ L S' defined by

H,; : (X,S) — LEXLg.

Note that H,(X,S) = D is precisely the defining equation for the weighted centers 7 ~*(D)

for each D € DY, ,. The gradient DH;(X,S) of H; at (X, S) is given by

(U,V) — L{ULg + (L§XLg(Lg' VL")

oy
We shall use this choice of H; in the linear system (2.10) with
(X+,64) = (E(Ls, ) E((kD1 4 (Ls, X1 Ls ))n)€E(Ls, )~ £(S4))
- argmin{gg(%, Sik): (X,,8,) = (sH(ae),s—l(e))}.
X6

This gives

w1

> ()p s (Ax)y =0 (1 k< ), (3.1a)

Z + (Ag)p =0 (1 <p<w), (3.1b)

k=1

K[Z]; +L s, (Ax)pLls,),
+ (Fa[Z]l«L L (M), L(G”p)))H —kl(leL,peP), (3.1¢)

where Z denotes the matrix (D7} ((Lg+X+LS+>>) i, so that

[Z]l - L(6+ (%4’) L(6+)

for each [ € £ and each p € P;. The corresponding pair of search directions for the original
SDP problems is called the pair of Cholesky search directions, and is given by

(Ax, As) = (E"(Ax), E7'(As)).
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Adding up (3.1c) over all I € £ and all p € P, gives

Ao Ax =0 (1<k<m), (3.2a)
D (Ay)eAk+As =0, (3.2b)
k=1
V +LL AxLg, + (V((LgiAngf)))H -D.., (3.2¢)

where V denotes L:SF+ X+Lg, . Thus we may compute the pair of search directions (Ax, Ag)
by solving a linear system with only O(n?) variables. Moreover, we do not require that D |
has rational entries for this system to be well defined. Not surprisingly, this system is the
linearization of (C'Pp,, ).

The algorithm based on the Cholesky search directions is the following:

Algorithm 2. (Target-following algorithm based on Cholesky search directions)
Given a pair of primal-dual strictly feasible solutions (X, Si) with T (Xin, Sin) € 1D/
and the required accuracy € > 0.
(1) Find a target Dy € D}, | satisfying da(Xin, Sin; Dy) < B for some 3 € (0,1). Set
(X+> S—I—) = (Xma Sm)
(2) While X, oS, > (X, ®S;,),
(a) Pick target D, € DT, satisfying

1

(D)t

for some § € (0,1).
(b) Solve (3.2) and set (X;4,S14) = (X, + Ax, Sy + Ag).
(c) Update (X4,S4) < (X44,84+) and Dy = Doy
(3) Output (Xout, Sour) = (X4, Sy).

1

D,,D.* -D?

<9
F

3.1. Analysis of algorithm. For the analysis of this algorithm, we focus on each iteration
of the algorithm.

We write D, = Diag(wy,...,w,), where wy,...,w, € R,,. Note that we no longer
require the w;’s to be integers. Let m; denote w; —wyyq for I € {1,...,n — 1}, let 7, denote
wy, and let £ denote {l : m > 0}. For each [ € L, let X; and &; denote, respectively,
Ls,J T[(D;} (LE, X Ls, ))uliLs, i and [S.].

We further simplify (3.2) to

A e Ax =0 (1<k<m), (3.3a)
i(Ayh& +Ag =0, (3.3b)
V4 Ax + (V<<ES>>)H -D,,, (3.3¢)

where EX and Es denote, respectively, L:SF+A)(LS+ and LgiAngf, and :&k denotes

LgiAkLgf for each k € {1,...,m}. For each a € R, let }'Ea and ga denote, respectively,
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the sums V + aAx and I+ czAs It is easy to check that for each a satisfying S, esn
holds dy(X,,Ss; D) = dg(Xa, S.; D).
Consider the following linear system:

b d

> mlAg e Axqy =0 (k=1,...,m), (3.4a)
i(Ay)k;&k +Ag =0, (3.4b)
Z)i+ Axq) + ([Zh([Ash)) =T (1€ L), (3.40)

which is actually (2.11) with Ay, = A, and ((X1);, (64 ))) = (%, ;). Thus the solution of
this system is related to the solution of (3.3) via (2.12).

We shall now derive an upper bound on the error in the linearization (3.1). The following
bound on the Newton step is useful.

Lemma 6. If dy(X,S.; D) < v for some v € (0,1/v/2), and AX €S (lekL)and
Ag € S" satisfy

Z m tr AX(Z)[AS]Z >0
lec

and

-~

Axi + (IZU((Asl)) =M, (1€ L)
for Z = (D;i<<LCSF+X+LS+»)H7 and some M; € S' (L € L), then

~ ~ 1
max {Z mHAx(z)H%, ZWHAS]IH%} < m Z?TzHMszw-

lec leL lec
Proof. Since
2 _
w,, Z sz] z\/] IU) 2 Z ( Z\/le ) - ”Z _I”F
i,7=1 i,7=1
it follows that
1Z —T||r <. (3.5)
By summing the following inequalities
max{[|Axq |7, [Asli[F} < [|Axqe) + [Ashi[F — tr Axp[As] (1€ L),

we deduce, using » ., m tr Ax(l)[ﬁs]l > 0, that

max {Z mllAxelE Y ml [AS]IH%} <Y mllAxq + [AslF-

lel lel lel
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It then follows from AXZ + (|Z]; {|As]; = M; (I € £) and the triangle inequality on
0
H
the 2-norm of R™ that

<max {Z ml| AxollE 7Tl||[35]z||%}>

N

lel lel
< (Z 7T1HM1H§:> 5 + (Z m H <([Z]z — I)(([AS]z»)H i) 5 )
lel lel

Using (3.5) we estimate
| (i -Deidsy) || <2]|izh - DBy,
<2y |[(1Bsl)|, < vy |1 Bsh,

Consequently
1
2
(max {Z ™l Ax |7 Z | [AS]IH%})
leL leL
} 2\’
< 2
< <Z mannF) +V2y <Z w |1As) F)
lec lec
proves the lemma. -

In addition, we require the following local Lipschitz constant of Cholesky factorization.

Lemma 7. If A € S" satisfies | Al|r < 1/2, then

Lria —Tr < V2[A|p.
Proof. Let Apr(t) denote the lower triangular matrix Ly;a — I. Note that

Ap(t)g +AL(t)AL(t)T =tA.
For t € [0, 1], we have
tlAllr = [|AL(t)r + ALt) Ar(t)" | F
> [|AL(t)ullr = AL AL®) | r (3.6)
> V2l AL(®)lr — [[AL®)]7-

Solving this quadratic in || Ay (t)||F gives

)
1 1
AL |lF < i Va2~ t|Allp or |AL(t)|F > \/ - —t|A]lp.

Since Ap(t), whence ||AL(t)| F, is continuous in ¢, it follows that

1 /1
[AL®)]lF < 5 Va2~ tlAlr
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whenever t||Al|r < 1/2. Under the hypothesis [|A||r < 1/2, this indeed hold for ¢t = 1, thus

1 1 1
ILira —Tr < —= — /5 — 1Al < —.

V2 V2 V2

Finally, applying this upper bound in (3.6) with ¢ = 1 gives
1 1
Allp > V2|Lisa — I — —=|Lisa —I|lr = —=||Liia — I
A e e e

as required. O

Lemma 8. If dy(X,,S,;D, ) < v for some v € (0,1/\/2), then the linear system (3.4),
with the matriz T in (3.4c) replaced by ol for some o € [0,1], has a unique solution
(Ax(z), Ag, A,). Moreover for every a € [0, min{1, (1 —+/27)/(2x)}], it holds Sia € SL,
foralll € L, and

1
1 o~ 2\
wi? (Yom|[LE, FuaLg, — |
lec ’ ’

2 7 5 3
<(1—-a)y+ O}M I P S, S— (3.7)

B (1-v27)? (1= V2

where %l,a, él,a and e denote, respectively, the sums [Z]; + 045)((1), I+ a[&s]l and (1 —
a+ o), and

{Udz(XJm Sy;0D4y) if o >0,
X = i
(! Xiee mI[Z0IIE)* if o =0.

Proof. Since the system (3.4) is square, Lemma 6 shows that it has unique solution whenever

dy(X4,Sy; Dy ) < 1/V2.
For M, = ol — [Z]; (I € L), we have

l
Y omIMilE =) m Y (wiyVi —olLy)?

lel lel i,j=1
n n
= E E 7Tl(wz‘vjvw olij)
1,j=11=iVj
n
_ 2 : -1 2 2
== wi\/j (wivjVij — O'IZ‘]‘> S WpX -
i,j=1

It thus follows from Lemma 6 that

n n 2
s Axo2 Ashlfif = 5 *
w, maX{ZWlH xllp ZWZH[ S]IHF} T (1—V27)2 .

=1 =1
A useful consequence of this bound is
2

Agli|% < |As]z < w;t Alilt £ — =, 39
I[As)[F < |As]F < w, lzlﬂzﬂ[ S]IHF—(1—\/§7)2 .
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which implies that én,a =1+ a&s, whence él,a =1+ a[&s]l, is positive definite whenever

la] < (1—v27)/x.

For each [ € L, let £, denote the lower triangular matrix Léz L I=L

terms of £; 4, the difference <L£l,af%l’aLél,a — uaI> is

ItafAg, — 1 In

[Z]l — (1 — a)I —aocl + a&x(l) + ([Z]lﬂl,a)H
+ a(ﬁx(l)gl,a)H + QZQ[Z]Z/QZ’O( + agljjagx(l)ﬂl,w

Using (3.4c) with oI replacing I, and a[&s]l = (Lo + ’Sl,a’S’ZZ:OH this reduces to

(1= a)(Z) = 1) + ([Zh( S0 — a([As)))
+a(Ax Lia)n + L0080 + £L(2) - DLy, + oLl Axp) S,
= (L—a)([Z) - 1) - £,,8, — (12 - D(L, L))
+a(Axp o) + L0 + L5 (2] - D)L, + o] Axp Ly
Using Lemma 7, we bound for all o € [0, (1 — v/27)/(2x)],

1€,0 L1 allr = 1€10L1allr < 1€1alli < 207(|[As]E

1(([Z]; = DL, &) yllr < 202Z] — T e (L1 Ll |
<V2[Z) - 1| )| &0 &0l
< 2v20?(Z]; - 1| r||[As]i||%,

la(AxpyLia)ull < 20| Axa | rllLiallr < 2V20% | Axa | rll[Asl|F,

1€,(2] —1)& lr < 2] — |l Lall? < 20°([Z) — 1| £ ||[As] 7,
and

oLl Axp)Li0llF < allAxpllrllLially < 20° | Axq)l|FlI[As]]7-

Thus if dy(Xy,S;D,,) < v for some v € (0,1/4/2), then for all a € [0, min{1, (1 —

V27)/(2x)}, (Zleﬁ Wl||Lél,a:%l7aLél,a - I||2F> * is bounded above by the sum of

(I-a) <Z m|[Z) — I||%> = (1 = a)vw,dz(X1,S4; Do) < Vwy (1 — )y,

lel

[SIE

1
2
~ ~ 4, /w0y
< 40?||As||F (E 7T1H[AS]1H%> <

4o (ZﬂlH[AS]l”F) — T (1—+27)?

lel
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NI

21+ V2)o (Z ml(2); - IH%IMshH%) 21+ V2)o?) Ag2 (Z ml(2): - IH%)

lel lel
2 204 V2)Vwma?x®y _ 5ywna?x*y
ST R (oA
B B 3 B B 3
2v2a? (Z 7Tl||AX(l>||?||[As]z||%> < 2v20*|As|lr | D ( 7Tl||AX(l>||%>
lel lel
2\/_\/zTn 3\/w_n
(1- fv) - fv)
and
3 3
2 (Z m||£x<z>||%||[5s]z||%> < 207 As|l (Z mn&xm@)
lel lel
2/ wnadx?
T (1= V29
where we have used (3.8) and (3.9) to bound the last four terms. O

We are ready to give the main theorem of this section.
Theorem 3. If 3,0 € (0,1) satisfies
P 7
(1-v29)2  (1-v29)p?
where vy = (6+0)/(1=47), then in each iteration of Algorithm 2, the search directions are well

defined. Moreover, in each iteration, the iterates are primal-dual strictly feasible solutions
satisfying do(X4,S4; D) < 0.

< B, (3.10)

Proof. We shall prove the theorem by induction on the iterations. Suppose that at the
beginning of an iteration, the iterates (X, S, ) are strictly feasible and dy(X,,S,; D) is
at most 3. This is certainly true for the first iteration. By the choice of D, and Lemma 5,
we have
d2(X4,84;Dyy) <7,

where v = (64 6)/(1 —§). If (3.10) holds with 8 < 1, then it is straightforward to check
that v < 1/v/2 and (1 —+/27)/(2y) > 1. Thus we may apply Lemma 8 with ¢ = 1 to deduce
that the search directions Ax and Ag are well defined, and that for all o € [0, 1],

1

9 2
2)
5 V(T4 57) 503 o

C-VmR - v2)

1 ~
2 E T
Wn 2 ( i HLél axl’aLél « - I
lec ’ ’

<(1l-a)y+a
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and S, + aAg = LS+(§n,aL’§+ € S, where %l,a and él,a denote, respectively, the sums
X + aAxq) and &; + a[Ag];. By Lemma 1, we have

@

_1 - 2\ ?
dy(X, + aAx, Sy + alg:Dyy) < wn? (Zm HL@ ¥oLg 1 2)
leL ’ ’

2 7 5 3
§(1—a)7+a27ﬁy( +57) +2a377

(1—v2y)? (1—v2y)?
Under the hypothesis (3.10), the above upper bound is at most (1 — a)y 4+ af < 1 for all
a € [0,1]. We then conclude from Theorem 2 that the next pair of iterates (X, ,S;4) =
(X, + Ax, S, + Ag) are positive definite, whence strictly feasible as they clearly satisfy the
linear equations in their respective SDP problems. Finally, the induction is completed by
observing that the upper bound ((1 — a)vy + af3) is precisely 3 when o = 1. d

3.2. Weighted path-following algorithms. In this section, we describe three weighted
path-following algorithms using the above target-following framework based on the Cholesky
search directions. The first is a short-step algorithm that is actually a special case of the
above target-following framework. The next is a weighted path-following version of the
Mizuno-Todd-Ye (MTY) predictor-corrector algorithm. Finally, we present a weighted path-
following algorithm that attempts to take a large step towards optimality in each iteration.
The analyses of the first two algorithms demonstrate the same worst-case iteration bound of
O(y/nplog(e~")), while the analysis of the last algorithm gives a bound of O(nplog(¢™")) to
obtain a pair of primal-dual feasible solutions (Xgu, Sout) satisfying Xou @ Sout < €Xi, @ Sin,
where p denotes the ratio
Xin [ ] Sin
nA(XinSin)n ’

We begin with the following generic weighted path-following algorithm:

(3.11)

Algorithm 3. (Cholesky weighted path-following algorithm)
Given a pair of primal-dual strictly feasible solutions (X, Si) with T (Xin, Sin) € 1D/
and the required accuracy € > 0.

(1) Find a target D, € DY, satisfying do(Xin, Sin; Dy) < 3 for some 3 € (0,1). Set
(X1, 85) = (Xin, Sin)-
(2) While X, oS, > (X, 0S;,),
(a) Pick o €[0,1].
(b) Solve (3.2) with Dy, replaced by oD, . For each a € [0,1], let (X4, Ss) =
(X, + aAx,S; + alg), and let o, = 1 — a+ ao. Pick § € (0,1). Pick
a € (0,1] such that S € S, and

dy(Xa,Sa; aDy) < 6.

(¢) Update (X4,S4) < (X5,S5) and Dy — pugDy.
(3) Output (Xout7 Sout) = (X+, S+)
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3.2.1. Short-step algorithm. Let p denote the ratio (3.11). The short-step algorithm uses the
choices o = 1 — 8(np) 2 for a fixed constant d € (0,1), and 3 = 3 throughout all iterations.

Theorem 4. If 5,6 € (0,1) satisfies the hypothesis of Theorem 3, then in each iteration of
Algorithm 3, with o =1 —5(np)_%, the search directions are well defined and we may use @ =
1. Moreover, with this choice of @, the algorithm terminates after at most O(\/nplog(e™'))
iterations.

Proof. The proof of Theorem 3 shows that we may use @ = 1 in each iteration. Therefore
Algorithm 3, with o =1 -4 (np)_% in each iteration, is precisely Algorithm 2 with D, , =
oD, . Consequently the first part of the theorem holds. Moreover, the duality gap of the

iterates decreases by a factor of 1 — ¢ (n,o)*% in each iteration, whence the iteration bound
holds. U

3.2.2. Predictor-corrector algorithm. The MTY predictor-corrector algorithm alternates be-
tween (o, 3) = (0,203) and (o,3) = (1, ). The iterations in the former case are called the
predictor steps, and those in the latter the corrected steps. As before, p denotes the ratio
(3.11).

Theorem 5. If 3 € (0,1/(2v/2)) satisfies
AB(T+108) 85
(1-2v26)2  (1-2v2p)

then in each iteration of Algorithm 3, with (o, E) alternating between (0,203) and (1, 3), the
search directions are well defined and we may take a to be the positive real root of

+ /np)*(7T+5 +np)?
(1-v28)? (1-v2p)?
in the predictor steps, and a = 1 in the corrector steps. Moreover, with these choices of @,
the algorithm terminates after at most O(\/nplog(e™')) iterations.

- <5, (3.12)

I—>O[2

Proof. We shall prove by induction on the iterations that under the hypothesis of the theo-
rem,

e all search directions are well defined and all iterates are strictly feasible,

e dy(X,,S;;Dy) < S in all predictor steps, and

o dy(X,,S;;Dy) <27 in all corrector steps.
Suppose that at the beginning of a predictor step, we have strictly feasible (X, S, ) satisfying
dy(X4,Sy; D) < 3. This is certainly true for the first predictor step, which happens to be
the very first iteration. Under the hypothesis of the theorem, Lemma 8 with D,, = D
shows that the search directions Ax and Ag are well defined, and for each o € [0, (1 —

v28)/(2x)),

1 ~ 2
-1 T
Wn, (Z i HLél,a%l’aLél,a — (1 — O[)I 2)
leL (3.14)
2 3
<(l—a)f+ Q2 X OP) (7+55) + 208 —X

=2y (1= vae)
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where :%l,a and él,a denote, respectively, the sums X; + aAx) and &; + alAg);, and x =
1
(0t Y e ||)\(.'£161)||§,) ?. Using the triangle inequality on the 2-norm of R", we bound

S < <Z T A X)) _1||§> + (Z M ||I||§> (3.15)

leL lel
< Vun(B+ ).

By the definition (2.7) and Lemma 1, we have

dQ(Xa, SO” ,LLaD+)
=(1- a)’%w;%

(1 - @) D7 (L8 XaLs, — (1 - a)D.))

),

_1 ~ 2 2
< (1 - a)_lw” ’ (Z i HLézaxl’aLéla N (1 B a>I“2> )
leL ’

This, together with (3.14) and (3.15), leads to the bound

(1— @) (d2(Xa, Sai D) — 268)
< 2BV (T +50) 5B+ vp)
- (1-v2p)? (1-v2p)3

This upper bound is not only cubic in «, it is in fact increasing in o whenever « is nonnegative.
Thus if we take @ to be the positive real root of (3.13), then we have

(1-a)s.

d2(Xaa Sa; ,U’aD—I—) S 2ﬁ

for all @ € [0,a]. Thus we conclude from Theorem 2 that the next iterates (Xgz,Ss) are
positive definite, whence strictly feasible as they clearly satisfy the linear equations in their
respective SDP problems. Furthermore, dy(X5, Sa; paD+) < 23, whence in the next itera-
tion we have dy(X,,Sy; D) < 24, which is a corrector step.

Now consider a corrector step. Suppose that at the beginning of the corrector step, we
have with strictly feasible (X, S;) satisfying do(X,, S;; Dy ) < 28. This is shown above to
be true for the first corrector step. As before, we conclude from Lemma 8 that the search
directions Ax and Ag are well defined. The proof of Theorem 3 shows that we may use
a = 1 in this iteration, and that

4P(T+108) 8
(1-2v28)2  (1-2v2p)
under the hypothesis (3.12), whence do(X,,S; D) < 3 in the next iteration, which is a

predictor step. This completes the induction.
Finally, since a@ = Q((np)~2) for each predictor step, the duality gap decreases by a factor

do(X1,S1; D4 ) < ;<8

of 1 — Q((np)~2) every two iterations. Thus the iteration bound holds. O
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3.2.3. Large-update algorithm. Rather aiming for conservatively close targets, the large-
update algorithm aims at weighted analytic centers with duality gap that is a constant
fraction o of the current duality gap. As Newton’s method is not guaranteed to perform well
when not in a neighborhood of the target, we shall use damped Newton steps instead. As
before, p denotes the ratio (3.11).

Theorem 6. If 3 € (0,1/v/2) and o € (0,1), then in each iteration of Algorithm 8, with
B = 3, the search directions are well defined and we may take & in each step to be the positive

real root of
(B++/(1—0o)n 7+5ﬁ Z(B+/(1—0o)n
a— —of.
(1—fﬁ) (1—fﬁ)

Moreover, with this choice of @, the algorithm terminates after at most O(nplog(e™1)) iter-
ations.

Proof. We shall prove by induction on the iterations, under the hypothesis of the theo-
rem, that all search directions are well defined, all iterates are strictly feasible, and that
dy(X4,S4; D) < . Suppose that at the beginning of an iteration, we have with strictly
feasible (X ,S.) satisfying do(X,,S;;D,) < . This is certainly true for the first itera-
tion. Under the hypothesis of the theorem, Lemma 8 with D, = D, shows that the search
directions Ax and Ag are well defined, and for each a € [0, (1 — v/23)/(2x)],

2) (3.16)

2 X(T456) o 5 X
(1=v287  (1=v28)"

where :%l,a and él,a denote, respectively, the sums X; + aAx) and &; + alAg);, and x =
ody(X4,Sy;0Dy). Using the triangle inequality on the 2-norm of R", we bound

X =o0dy(Xy,8450D44) < B+ /(1 —0)np. (3.17)
By the definition (2.7) of d2, Lemma 1 and the bounds (3.16) and (3.17), we have
tada(Xa, Sa; paD)
)\ 2
)

,(B++/(1—0)np)*(7+58) B+ (1—0o)n
<(1-a)f+a +2
= u—¢w> v
Subsequently do(Xy, Sa; pta D) < 5 whenever

K, (B+/(1—0o)n 7+5ﬁ s(B+y/ (1A —0o)n < aof
u—¢w> u—V%) -

1 ~
wi? (Z m UL, FraLg, | — pal
leL

<(l-a)f+a

-1 o~
lel
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The left hand side of the above inequality is increasing for nonnegative o. Hence the in-
equality holds for all « € [0, @], where alpha is the positive real root of

BT (T 458) (BT )
(1— V28) (1= V29)° |

Thus we conclude from Theorem 2 that the next iterates (Xgz,Ss) are positive definite,
whence strictly feasible as they clearly satisfy the linear equations in their respective SDP
problems. Furthermore, ds(Xg, Sa; uaD4) < .

Finally, since @ = Q((np)™!) in each iteration, the duality gap decreases by a factor of
1 —Q((np)~1) every iteration. Thus the iteration bound holds. O

o —

4. FINDING ANALYTIC CENTERS

Consider the problem of finding an analytic center 7' (fI) for some given i > 0. Given
a pair primal-dual strictly feasible solutions (X, S) with LgXLé € DY, ;, we shall construct
a finite sequence of targets {Dy}4_, such that

d2(§ia /S\, DO) S ﬁa

1

(Dg—1)nit

DD, % - D[ <6 (1<k=N) (4.)

and Dy = pl, with 8 and ¢ satisfying the hypothesis of Theorem 3, thus allowing us to
apply Algorithm 2 to approximate Z ' (zI).

Of course, if Lgf(Lg € DT, is a positive multiple of I, then we need simply to follow the
central path to approximate 7 ~*(zI). Henceforth, we assume that LgXLg €D}, , isnota
positive multiple of 1.

Since the targets are diagonal matrices Dy, € DY, ,, we may restrict our attention to
the diagonal entries x* = diag(D},) and work in R, . instead. Under this restriction, the
condition (4.1) becomes

el xt1)?
Xlﬁfl lefl

=1 (]

<§ (1<k<N).

Such sequence {x*}#_ is called a d-sequence; see [8]. We first give an upper bound on the
length N of a d-sequence.
Consider the local metric defined by the inner product

1 <« uv,
<.,.>x : (u,V) c RTL X Rn s _Z uw;v;

X X;
e )

at each x € R, ,. We denote by |[|-||x the norm induced by the above inner product. In
terms of this local metric, a d-sequence {x*}1_ is one that satisfies

[x* —x* o, <0 (1<Ek<N).
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The length of a piecewise smooth curve £ : [0,1] — R] , , is defined to be
1
1 1/ X2 52 2
dt = / — >y = | dt

Lemma 9 (c.f. Lemma 3.1 of [15]). Suppose € : [0,1] — R}, , is a piecewise smooth curve.
If 1€(1) — £(0)[leoy <1, then

¢
dt

and denoted by [(&).

1
Z(E) Z r— 57’2,
where r denotes ||&(1) — &€(0)]¢o)-
Proof. Let x denote the vector £(0). Let 7 : [0,1] — R denote the map

t = [1€@) — x|
Using Cauchy-Schwarz inequality, we have, for any t € (0,1),

d 1 d
() =~ (€0~ G0 < | e
Moreover, if ¢ € (0,1) is such that n(¢) < 1, then we deduce from ||€(t) — x||x = n(t) that
X(t)i
W=7

for each 7 € {1,...,n}. Subsequently we may bound

0) H%g(t)”x < H%S(t)' e

Thus, if we let ¢ denote the least ¢ € [0, 1] satisfying 7(t) = r, then

r

z(g)>/? e dt>/f(1—) d¢ dt>/g(1—)d dt = |y — 1
= Jo a7 T @) Y T Mar” o,
proves the lemma. O
Lemma 10 (c.f. Lemma 3.3 of [15]). For every piecewise smooth curve & : [0,1] — R} , |
and every § € (0,1), there exists a §-sequence {x*}_, with x° = £(0), x' = &£(1) and length
{3
N < .
[

Proof. Consider the sequence {&(tx)}72,, where ty = 0, and ¢ is defined recursively to be
the least ¢t € [t_1, 1] satisfying

16(t) — &(te-1)lley) = 0
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whenever ||£(1) — &(tk—1)|lew,_,) > 9, or t, = 1 otherwise. By the preceding lemma, each
segment {&(t) : t € [ty_1,tx]} of the curve € has length greater than (6 — 302) whenever
€(1) — £(ts 1)l 1) > 0. Subscauently, we have |E(1) — &(tx_1)ll, ) < 8 when

l
ps 16
§ — 562
Thus {x* := &(t) }H, with
1) w
N = [7
— %52
is the required d-sequence. O

4.1. Approximation of analytic centers. We now construct a piecewise linear curve &
joining diag(Lg}/iLg) and pl, where p = (}2 o §)/n, and shall demonstrate a good upper
bound on the length of £&. Each linear piece of the curve £ raises all entries with the least
value at the same rate and reduces the remainder at another rate, while keeping the sum of
all entries constant throughout. Each linear piece ends when the entries with the least value
coincide with some other entries.

Let X denote the vector diag(LgXLg). Let K denote the number distinct entries in
X. Since we assumed that LgXLé is not a multiple of the identity matrix, we necessarily
have K > 1. Let y; > --- > yx denote the values of the distinct entries of X. For each
p€{l,...,K}, let J, denote the index set {i : X; = y,}, and let n, denote the number of
indices in J,.

For each p € {1,..., K}, let X" denote the vector in R, , satisfying

ﬁp: Oépﬁl' ifZ-EleJ"'UjK,erl,
CpYK —p+1 ifZ'EijerQU"'UjKa

where o, € Ry is such that

Zn:ﬁf - Zi (4.3)
=1 i=1

Since X; = Yx—p+1 when i € Jx_,1 1, we may alternatively write

@ - apX; 1fz e AU UTkp (4.4)
pYr—pr1 ifi € Tx_pr1U---UJk.
The curve & consists of (K —1) pieces of linear segments &, ..., &, _;, where the p-th segment

.. ~k ~k+1
€, joins X* and X +

Lemma 11. In the curve §, each line segment §, has length

I(€,) < v/ilog (M) ,

YK—p+10K—p
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where o, denotes Y7 ngYy + Yp Zf:pﬂ ng. Consequently,
4y ok 4X S
< Vnlog ( ) Vilog | |
1) YK nA(XS),

Proof. We fix a p € {1,..., K — 1} and consider the p-th linear segment §,. Recall that
€,:[0,1] — R}, is defined by

£,(t) = (1 —t)xF + =P

1
1 n ~p+1 ~p\2 2
1 X; b'e
/ )
o \X, +tX, —X) o X HHXTT - X))

Using (4.4) for X” and (4.2) for X', the integrand is

Thus its length is

1
1 (ap+1Xi - Oszi)z ?

QYK —pr1 + 5

, a,X; + oy, 1X; — a,X;
ienimge., QX T HapnX — 0pX;)

2 3
+ ! > O

QpYr—pr1 + 5 ieTie oo Uz WYE—p1 + 15,

where (3, denotes (ap+1Yr—p — @Yk —pt+1). This simplifies to

'7;2; Z 2,

(apyK—p+1 + tﬁp)(ap - t’YP) i€J1U--UTKp

s Z 0,

(O‘pyK p+1+t5p =K —pt1

[SIE

where 7, denotes (o, — a,41). The condition (4.3) for X” and X**" implies that

K n
Qp E : Xi T YK —pt1 § Ng = E :Xi
i=1

€U UTK _p q=K—p+1
K
= Qpt1 E Xi + Qpp1YK—p E Ng; (4.5)
€TV UTK —p q=K—p+1
and subsequently
K
Tp § Xi = ﬁp E Ng-
€U UTK _p q=K—p+1

Thus we may further simplify the integrand to

= ’ Vol3 3y 2
( Z nq) <(O‘ppr+1 +t68,)(ap — ) " (YK —pi1 + tﬁp>2) .

g=K—p+1
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The length of &, is then

=K —p+1 \/C“pnyerl’Yp + oy + \/ﬁp Qp — t’Vp)

K 3
\/O‘pnyerWp + aplp — \/ﬁp(@
= ng | log
< Z+1 > <

\/C“pnyerl’Yp + oy + \/ﬁp(ap — )

qg=K-p

. i n ’ log VYK —p+1%p + B — /Bty .
! VY —p+17p + 0 + 1/ Bpy

qg=K—-p+1

An upper bound may be obtained using the following inequalities:

4 1—+1-

SVl (0<u<),

u  1++1—-u
The first inequality follows from /1 —u <1 — %u, while the second from the convexity of
the ratio as a function of u on [0, 1]. These inequalities imply

\/OZpnyerl”Yp + By — \/ﬁp(@p ) <1— By — 7p)
\/C“pnyerl’Yp + oy + \/ﬁp(c“p — %) YK —p+17p + Aplp

_ ApYK —p+17p + ﬁp’yp
O[pyK—p—I—l/Yp + apﬁp ’

and

\/C“pnyerl’Yp + apfy — \/ﬁpap > 4 (1 - Bpay )1
VYK —p1Tp T Oy + /By WYK-p+1%p T Oy
_ 4O‘pnyp+1’Yp + apfp
QpYK—p+17p
and thus the length of £, is bounded from above by

N A S o)

QApYK—p+1 ApYK—p+1

From (4.5) we deduce the ratio

~ K
Qp+1 Ziej1u---UJK_p Xi T YK—p+1 Zq:Kprrl Nq

= K
Ap ZiEJlU--'UJK XitYxk—p Zq K—p+1 T
K—p
Zq 1 Ng¥Yq T YK —p+1 Zq K—p+1 nq
K-
Zq 1 nqu+yK qu K— p+1nq

The numerator equals Z;:p M ngYe + Yk —pin Zq: K—py2 g, hence the lemma is proved. [

Combining Lemmas 10 and 11 with a short-step path-following sequence of targets, we
have the following theorem.
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Theorem 7. Suppose § € (0,1) is fized. Given any pair of primal-dual strictly feasible
solutions (X, S), any positive real number [i, there is a sequence of at most

X eS X eS
O n | log ———— +|lo
<\F< B IAXS) ))

P T
targets such that Algorithm 2 find a pair of primal-dual feasible solutions (X, S) satisfying
IAXS) —fi]]s < 5.

As an immediate corollary, we have an improved worst-case iteration bound on solving
SDP problems using our target-following framework.

Corollary 1. Given any pair of primal-dual strictly feasible solutions (X, §) and any € > 0,
there is a sequence of at most

O <\/ﬁ <1ogm + |loge }))

targets such that Algorithm 2 find a pair of primal-dual feasible solutions (X, S) satisfying
XeS<eXeS.

5. CONCLUSION

A target-following framework for SDP is presented. This framework is an extension of
similar frameworks for linear programming [6] and linear complementarity problems [8].
Within this framework, we designed three primal-dual weighted path-following algorithms
for SDP, and proved that their iteration complexity parallels their counterparts in linear
programming.

In addition, we showed that with a specific choice of search directions, which we called
Cholesky search directions, the computational efforts in each iteration is comparable with a
regular path-following algorithm.

Finally, we showed that the target-following framework can be used to efficiently ap-
proximate points on the central path, when given any pair of primal-dual strictly feasible
solutions. This, followed by any path-following algorithm, provides an algorithm for SDP. If
we use a path-following algorithm with the best known iteration complexity, then we obtain
an improved worst-case iteration bound for solving SDPs with a given pair of primal-dual
strictly feasible solutions. It should be noted that there are existing initialization schemes,
such as the homogeneous self-dual embedding used in SeDuMi [16], that solve the SDP by
solving a larger problem with an easily obtained pair of primal-dual solutions near (or on)
the central path. However, such methods are not known to have similar iteration complexity
for obtaining approximately optimal solutions in general.

In addition to solving SDPs, the target-following framework can also be used to solve max-
det problems. A maz-det problem is the minimization of the sum of a linear function and
a log-determinant term subjected to linear matrix inequalities. The many applications of
max-det problems are discussed in [23]. The primal-dual central path of a max-det problem
is the path of Cholesky weighted centers {7 "([§ %]) : # € (0,1]} of the SDP obtained

by dropping the log-determinant term. If we start close to a pair T_l([(l) /%]), and follow
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a d—sequence along this path of Cholesky weighted centers, then within O(y/n[loge™})
iterations of Algorithm 2, where n denotes the order of the matrix in the log-determinant
term, we will obtain a pair of primal-dual feasible solutions with duality gap ep. This
iteration bound is comparable with the one obtained in [23] for a dual short-step path-
following algorithm. Primal-dual path-following algorithms for the max-det problem were
proposed by Toh [19]. Although no theoretical convergence analysis was given in [19], the
numerical results in the paper shows that the algorithms are efficient and able to obtain
highly accuracy.

Recently, a primal-dual long-step path-following algorithm was proposed by Tsuchiya and
Xia [20] for a generalization of the max-det problem where more than one log-determinant
term is allowed. The authors showed that the algorithm takes O(nloge™ + n) iterations
to reduce the duality gap by a factor of €, where n denotes the sum of the orders of the
matrices in the log-determinant terms and the order of the matrix in the linear term. This
assumes that the initial primal-dual pair is near the “extended central trajectory” defined
in [20]. The “extended central trajectory” is actually the path of Cholesky weighted centers

(uVe)I 0 0

T! 0 | s >0
: o (uVe)I 0
0 0 i

of the corresponding SDP after dropping all log-determinant terms, where ¢; > ¢y > --- >
¢, > 0 are the weights of the log-determinant terms. While long-step algorithms are usually
more efficient than short-step algorithms in practice, the short-step algorithms usually have
better iteration complexity in theory. Indeed, if Algorithm 2 is used to solve the weighted
max-det problem by following a d—sequence along the above path of Cholesky weighted
centers, then we can show that the algorithm takes O(y/nloge™!) iterations to reduce the
duality gap by a factor of . As the proof of this iteration complexity uses precisely the
technique in the last section, we leave this as an exercise for the readers.
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