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Stabilization of a Class of Switched Systems via Designing simplicity of presentation, we only consider the case et 2. How-

Switching Laws ever, the results obtained in this note can be easily generalized.
The rest of the note is organized as follows. Some supporting re-
Z.G.Li,C.Y.Wen, and Y. C. Soh sults are given in Section Il. Section Ill contains some sufficient con-

ditions for the stabilization of switched linear systems and Section IV
) o considers the stabilization of switched nonlinear systems. A numerical
Abstract—n this note, one state transformation is used to construct

switching laws for a class of switched systems totally composed of unstableexample Is given in Section V to illustrate the application of the results.

subsystems. Some sufficient conditions for determining the switching law, Finally, the note is concluded in Section V1.
such that the system is asymptotically stable, are derived.

Index Terms—Stabilization, switched systems, switching law. Il. SUPPORTINGRESULTS

In this section, we shall introduce some supporting results.
Lemma 1: There exists a switching law for switched nonlinear
system (1) such that the system is asymptotically stable if there exist
In this note, we consider the stabilization of a class of switched nopesitive numbersy; (1 < i < n) satisfying>"_, «; = 1 such that
linear systems described by (t) =Y, «;f(x, 1) is an asymptotically stable system.
Proof: Since there exist positive numbers (1 < ¢ < n) such
thati = 3" | «;f(x, i) is asymptotically stable, there exists a Lya-

() = flx(t),m(t)) (1) punov functionV (=) such that

|. INTRODUCTION

where oV & '
ey if(x,i) <0 3
x(t) € R" continuous state; o ;04 f(z, ) 3)

m(t) € M = {1,...,n} discrete state;
m(t) left continuous with eachcorresponding to a modg«, 7)

with £(0,4) = 0. It follows that for anyt, there exists an € {1,2,...,n} such that
Al f(z,i) ( = 1,2,...,n) are assumed to be continuously
differentiable andi(¢) = f(«x(t),i) are all unstable systems. If ov )
f(x(t).m(t)) = A(m(t))x(t), then we can obtain the following EACKANY 4

switched linear system

From (4), we know that there exists a common Lyapunov function for
#(t) = A(m(t)z(t). 2 :hs w|r|1o|et sglstem (1). Thus, switched nonlinear system (1) is asymp-
otically stable.
Remark 1: Condition (4) will be used to design switching laws.

Wicks et al. [6] showed that there exists a switching law for the/nder such switching laws, the switchings of the system may be ar-

asymptotic stabilization of system (2)f = 2 and there is a stable Pitrarily fast. , _ =
convex combination aft (1) andA(2). Although itis NP-hard toiden- L€t f(«,9) = A(i)x. Then, we have the following.

tify stable convex combinations of two matrices [1], it is still possible L€mma 2: There exists a switching law for switched linear system
to find a stable convex combination for a class of switched systentg) Such that the system is asymptotically stable if there exist positive
However, there is no result available on how to find such a combin@dmbersa; (1 < i < n) satisfying3 ’_, i = 1 such thati =

tion. This problem is more of a design problem than a stability analysisi=1 @i (i)z is an asymptotically stable system.

problem, and it is a major problem in switched control systems [5]. Remark 2: If n = 2, then Lemma 2 becomes a resultin [6]. [J
In this note, we shall present a method to find such a combination.PTOPOSition 1: Switched linear system (2) is asymptotically stable

We introduce a linear state transformation to decompose each sfignd only if the following switched linear system (5) is asymptotically
system into stable and unstable parts. For each stable part, there siaple.
urally exists a Lyapunov function. Under some conditions imposed on
the original switched system, the sum of these Lyapunov functions is
shown to be a Lyapunov function for a convex combination of the whol , , i .
X . . oo wherez(t) = Tx(t) andT is nonsingular.
switched system. This ensures the existence of a switching lawof . : . .
. . . ; Proof: The proof can be easily proved by using the condition that
for a switched nonlinear system (1) or a switched linear system (2) to,?e .
: : . . o is nonsingular. |
asymptotically stable. We shall first derive some sufficient conditions o | . . . .
) o . . Proposition 2: Switched nonlinear system (1) is asymptotically
to determine a stable convex combination of switched linear systen}s . . . . . :
. L . . stable if and only if the following switched nonlinear system (6) is
(2). The linear approximation method and the obtained results for lin€ar mptotically stable

systems are then used to consider switched nonlinear systems (1).6"—33@

() = TAmE)T ' 2(1) (5)

, _ _ )= THT "z(t),m(t)) (6)
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Ill. STABILIZATION OF SWITCHED LINEAR SYSTEMS One possible choice of Lyapunov function for a stable linear system
gan be made based on the result in [4].

In this section, we consider the stabilization of switched lineal
Proposition 3: [4] Consider the Lyapunov equation

system (2) in the case that= 2.
For a matrixA(7), define
AP+ PA=—Q (13)
X, ={z|x is an eigenvector afi(i) corresponding
to an eigenvalue with negative real part. (7) whereQ = Q" > 0 andA is stable. -
Let 4(Q) = Amin(Q)/Amax(P), thenu(I) > p(Q),VQ = Q" >
. . N 0.
?ssum%tlop _1 A balslj forR" can beseleﬁted fromx;, U )le Irfl From (7), we know thati,; (1) and A22(2) are stable.
c‘% e(; wor Zﬁ(zs% (i = b ) veclto;s cane ec oser? Lespectlve Y 'OM sing Proposition 3 , we sél in (13) to bel . Obviously, there exist
Aq, denoted ast;,j € (7 =1.2.....0()), such that two positive—definite matrice®(1) and P(2) such that
2 AT ~
Z(;(i):r (8) An(MPM)+ P(MA(1)=-1<0 (14)
) ) ) ) A3,(2)P(2) 4+ P(2)Ap(2) = -1 <0 (15)
Spanj)&lyl, Ce >X1,0(1)>X27h e g)ﬁzya(z)) =R". (9)

We shall now give a result for the existence of a switching law for the

Assumption 2:Span(X11,.... X 5y)) and  stabilization of switched linear system (2) with= 2
Span(Xo,i,.... X, 55)) are invariant underA(l) and A(2), Theorem 1: Consider switched linear system (2) with= 2 sat-
respectively. isfying Assumptions 1 and 2. There exists a switching law such that

Remark 3: A linear system can be decomposed into stable and ugystem (2) is asymptotically stable if
stable subspaces [2], [3]. Assumption 1 implies that the stable sub-
spaces of the two subsystems span the widlspace. Assumption 2
implies that these two subsystems can be decomposed under the sani@max(P(1)[[A11(2)]] 4 Amax (P(2))[| 421 (2)]])
transformation. These assumptions are reasonable. Actually, if there  x (2X .. (P(2))]|A22 (1)|| 4+ Amax (P(1)[|A12(1)]])

exists asubspac_e_in W_hi_ch t_hg corresponding eigen\_/alues ofijoth _ <(1- )\max(P(l))Ilrilz(l)ll)(l ~ Amax(P(2) VA (2 1
andA(2) are positive, it is difficult to design a switching law to stabi-
lize the system in such a subspace and no result is available to control (16)
such systems. A numerical example is given in Section V to show that Amax (£(1) (7)
such switched systems do exist. O M nax (P(2) (18)
Let
T'=[Xi0..... X, a1y X210 Xy ol (10) where||A|| denotes the induced 2—norm for any matdixn R™*".
Proof: From (16), we can obtain the first equation shown at the
From Assumptions 1 and 2, we have bottom of the page. Now, chooseso that (19), shown at the bottom
of the page, holds true.

. o [AL() A We shall now analyze the linear systeirtt) = (aA(1) + (1 —

ramr " = { 0 422(1)} (1) a)A(2))=(t). Using Proposition 1, this is equivalent to study the fol-

. i An(?) 0 lowing linear system:

raQr = {Am(g) jzz(g)} (12) (1) = (aTAT ' + (1 — a)TAR)T )z(t).

2Amax (P(1))[|A11(2 ||+/\m (2)[|A21(2) ]|
1= X (PO JA12( D[] + 2 max (PO |A11 (2)]] + Amax (P(2)[| A1 (2)]]
< ] 1-) ,,,.dx(P(Q)) A2 (2)]
1 = Amax(P(2)[[A21(2)]] + 2Amax (P(2))]

Ags (D] + Amasx (P(D) [ Ar2 (D]
2 max (P11 ()] + Amax (P(2))[| 421 (2)]
1= Amax (P(1)][A12(1)[| 4 2Amax (P(1) max(P(2)
<
) 1= AP )] i (19)
1= Amax(P2)[[A21 (2)]| + 2\ max (P(2)) | Az (1)[] 4 A (P(1) | A1 (1)]]
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To prove that it is asymptotically stable, we propose the Lyapun
function

V(2)=V(z1,1) 4+ V(22,2)
where
V(z1) =2 P(D)zs Viz,2) = 2 P(2)z.
Notq that
dv (;;,1) v é@,l)( AWz + (1 - a)An(2)2
+Oérhz(1) 9)
1
<—allz )+ (1- )H 32 )H
Wi ol
021 Z9
<(—a+2(1 - (}')/\maX(P(l)”IAll(?)”) “1 |2
+ 20\ e A - Sl B
<(—(1—-A Awn(D)lha
+ 2(1 = @) (PD A1 () D]
+ @ ax (PO [ A 12 (L[| 221
and B
av <;;ﬂz> ov é D (0 (1)z2 + (1= @) Ana(2) 22
+(1-a) ’191 (2)z1)
V(22,2)
07
2(1 — «)
OV (z2,2) |
H% Az ()4

<((@ = (1 = Amax(P(2)[| 421 (2)]])
+ 20 A max (P(2)) || A2z (1) ||| 2]
+ (1= @) Amax(P(2) |21 2)[|21]1”
Using inequality (19), it follows that

667

ovA Switching Law: Switched linear system (2) with = 2 is
switched to or stay at modeat timet if (20) is satisfied at time. [
Remark 5: Letay; = o andas = 1 — «, then from the proof of
Theorem 1, we know that; andw, satisfy
= a2(1 = Amax (P(2)) | 421 (2)]])
+ a1 (2Amax (P(2) |22 (D] 4 Amax (P(D) [ A12(D)]]) < 0
= ar(1 = Amax (P(1) | A12(1)[1)
+ a2 (2 max (P(D)[A11(2) ] 4+ Amax (P(2))]| 421 (2)]]) < 0
O
Remark 6: Theorem 1 can be generalized to the case of arbitrary
under the following assumptions.
Assumption 1': A basis forR" can be selected from?:lf(,;. In
other Wordsé( ) (i = 1,2,...,n) vectors can be chosen respectively

from X, denoted as(, ; € X; (j = 1,2,...,6(i)), such that
Zé(,) = (21)
=1
Sparﬁ)&ll ..... AX1 9(1),/‘&71 1“""“77 H(n ):RT (22)

Without loss of generality, we assume trem) > 0, since theith
subsystem will not be included in the switched systeé(z’l) =0.

Assumption 2"t Span(Xi1,.... X, 5;)) (1 = 1,2,....n) arein-
variant undetd(i) (¢ = 1,2,...,n), respectively.

Assumption 3': There exist positive numbers (1 < i < n) such
that

Zaizl

=1

_<1_

>

1<j<n,j#l

(23)

>
1<i<n, il
>

a;
1<i<n, izl
+ <?||r’iu(j)|| +

Amx(P(l))> <0

Amax(P(l))llr’ih:(1)||> a

Air(7) | Amma (P(D))

>

1<i<n, i j il

||fiu(]')||>

v o
) (0= 11 = Amax (P An(2)])
R 1<I<n (24)
+ a(2Aum(1’(2))llx4gz(1)ll . where
A (POD A (DD =2l ALOPO+PO A = ~I; 1<1<n (25)
+ (=(1 = Amax (P [[A12(D)[Dex An(l) A1) A (1)
+ (1 = a)(2Amax (PO A1 (2] - 0 Aga(1) Azn (1) o6
+ Amax(P(2) [ A1 () AT =1 : ; (26)
<0 L0 An(D) Ay (1) ]
In other words}’(z) is a Lyapunov function for a convex combina- r A (2) 0 Aln(Q) 7
tion of TA(1)T ! andT A(2)T*. Thus, there exists a stable convex A2(2)  An(2) Agn(2)
combination. ) -1 _ | A (2) 0 Az, (2)
Using Lemma 2, we know that there exists a switching law such that TaRT " = M ’ . 27)
switched linear system (11) and (12) is asymptotically stable. : o
Using Proposition 1, we know that there exists a switching law such _Am (2) 0 Ann(2) ]
that the original switched linear system (2) is asymptotically stable. ) 4 (n) i.. (n) 0
Remark 4: From the proof of Theorem 1, there exist a Lyapunov 1 e
. - . . A21(n ;422(7’)/) 0
functionV'(z) and anw satisfyingd < a < 1 such that TAMT ™" = (28)
V(= )( TAMLT "=+ (1 - a)TAQ2)T ') < 0. o o o
0z LAni(n)  Anp2(n) ... App(l)
For anyt, there exists an € {1, 2} such that J— . -
V() T =X Xy Xots oo X gy ]
5, 2 TANTT 2 < 0. (20) (29)

Then, the switching law can be defined as follows.
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Remark 7: To use Theorem 1, the following algorithm is proposegavhere« satisfies (19) and
to check if switched linear system (2) satisfies Assumptions 1 and 2. P
Algorithm 1: Check if switched linear system (2) satisfies Assump-1 ! =((e = D = Amax(P(2))[[422(2)]])

tions 1 and 2. + (2Amax (P(2)) [Az2 (1] 4 Asax (P(L)[[As2 (D))
Step 1) LetIBS = . Ty =(=(1 = Amax (P(1)||A12(1)])ox
Step 2) C_alculate)_n and Xs. + (1= ) (2Amax (P41 ()]
Step 3) Findabasisof?™, { X, X»,..., X, } € IBS, where each + e (P2))[ A2 ()]
X (i=1,2,....r) |sfromU, X max Az 2)l))
Step 4) Check |f{)n Xo,..., X, } satisfies Assumption 2. If not, Note that when
thenlet/BS = IBS U {X1,Xz,.... X, } and return to v (z(¢y)) < 6% min{Amin (P(1)) Amin (P(2))}/]|7 1|, we have
Step 3. B
lla(to)ll <IITH|ll=(to)]
IV. STABILIZATION OF SWITCHED NONLINEAR SYSTEMS <||T‘1||\/ V(2(t0))
In this section, we shall use linear approximation method to consider min{Amin (£(1)), Amin (P(2)) }
the local stabilization of switched nonlinear system (1) with 2. <.
Let Similar to the proof of Theorem 1, we have the equation
Fla(t),m(t) sbown at bottom of the page. Ther_efore, whéi{z(t0)) <
A(m(t)) = e 6% min{ Amin (P(1)), Amin (P(2)}/1IT2()?, we have
’ xz(1)=0 .
dV(z) <0
and dt
. The remaining proof is similar to that of Theorem 1 by using Lemma
fla(t),m(t) = f(ax(t),m(t)) — A(m(t))x(t). 1 and Proposition 2. O

Remark 8: From the proof of Theorem 2, there exist a Lyapunov
functionV (z) and anx satisfyingd < « < 1 such that

W@ mO) ov ( )
) s R (30)

It follows that

D)+ (1 —)THIT'2,2) <.

Suppose thatl(1) and A(2) satisfy Assumptions 1 and 2. Similar to For anyt, there exists an € {1,2} such that

the linear case, we know that there exist two positive—definite matrices V(= )T FT' =) < 0. (31)
P(1) andP(2) such thatd(m(¢)) satisfies (14) and (15). 9z )
We shall now give a result for the existence of a switching law fofpen, the switching law can be defined as follows.

local stabilization of a switched nonlinear system (1). A Switching Law: Switched nonlinear syste(d) with n = 2 is

Theorem 2: Consider switched nonlinear system (1) with= 2 syjitched to or stay at modeat timet if (31) is satisfied at time. [
and with the linear part satisfying Assumptions 1 and 2. There exists

a switching law such that system (1) is locally asymptotically stable if

the conditions of Theorem 1 hold.
Proof: Let Consider a switched linear system composed of two subsystems

given as follows:

V. A NUMERICAL EXAMPLE

V(z) =2 P(1)z1 + 2 P(2)2 02222  —0.2963 1.7037
B

From (30), we know that there exist$ a> 0 such that wheljz()|| < () =A(L)x(t) = | ~15.1111  0.5185 11.5185
1.7778 —-0.2963 0.7037

6, we have
. —0.7778  0.2963 —1.7037
IF (T )| #(t) =A(2)x(t) = | 151111 —1.5185 —11.5185 | x(¢)
min{—-T7, -T2} ||T71"|| —1.7778  0.2963 —1.7037
4”T””T i m?X{r)"““‘lE ;1))’/\"’“(17(2))} Note that4(1) andA(2) are unstable and
min 1 R . . . .
S AT maxDomae (P(1)), A,W(P(Z))}” <l Xi={[1 6 o'}y Xo={[2 9 3]",[3 05 4]'}

AV (=)
dt

(@ = D1 = Anax(P2)[[A21 (D) + 2(2Amax (P(2)) [A22 (D] + Aniax (PO Ar2(D)]1) |22

(== A PO + (1= 0} POD A1 )]+ Aman (PE) Lz (2)D) 1]
o 2max Ammas(P(1): Amas (PNl TNFT ™" 2 Dl + (L= ) ITNIFT 2. 2)])
LU0 = 1) = A (PEDIA 2)]) + 3(2hma (P2) Az (D] + Amas PO A (DI
- 2
(=L = A PN A2 (DD 4 (1= 02N PN AL )+ A PV AR D)o
2

+
<0
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Fig. 1. The time responsest) of the system.
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It can be shown that Assumptions 1 and 2 are satisfied. Choose  Thus

1 2 3
T7'=16 9 05
0 3 4
It follows that
-2 00
TAWT'=|0 1 0
0 0 2
1 0 0
TAT '=]0 =2 0
0o 0 -3

That is

0.25

P(1) =10.25]; P(Q)Z{ 0

o= O
[

Note also that

D rmax (P(1) Amax (PO A2 (DAL (2) = 0.5 < 1

The switching law is chosen based on Remark 4 and it is given as

follows:
For anyt, the system is switched to or stay at made
7 -
M=) 4(iye < 0
dx
where
o) = A [P0
Vig)=a T |: 0 P2 Tx

Using Theorem 1, the example can be asymptotically stabilized by the
above switching law.

This can be illustrated in Fig. 1 with(0) = [-30, 15, —45]".

The switchings are very fast and Fig. 2 shows the switchings during
period$0.12, 0.13] and19.98, 20].
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[eX-] 3 1

0.7 b

o6

modes (1 -- A(1); 0 - A(2))
o
(1]

° . L L L L A L L L
0.12 0.121 0.122 0.123 0.124 0.125 0.126 0.127 0.128 0.129 0.13
t (Seconds)

@

0.9

0.8

modes (1 - A(1); 0 — A(2))
Q
(4]

o L " " n f g " i )
19.98 19.982 19.984 19.986 19.988 19.99 19.992 19.994 19.996 19.998 20
1 (Seconds)

(b)
Fig. 2. The switching times of the system duifig 2, 0.13] and19.98, 20].

VI. CONCLUSION [38] A. Isidori, Nonlinear Control Systems London, U.K.: Springer-
Verlag, 1996.
A linear state transformation was applied to study the stabilization [4] H- K. Khalil, Nonlinear Systems New York: Macmillan, 1992. .

. . ] D. Liberzon and A. S. Morse, “Basic problems in stability and design
of a class of switched systems. .Under the state transformation, each™ ¢ /0oy systems/EEE Control Syst. Magvol. 19, pp. 59-70, Oct.
subsystem can be decomposed into stable and unstable parts. For each 1999,
stable part, there exists a Lyapunov function. Some sufficient condi-[6] M. A. Wicks, P. Peleties, and R. A. Decarlo, “Switched controller syn-
tions were derived to ensure the sum of these Lyapunov functions to be thesis for quadratic stabilization of a pair of unstable linear systems,”
a Lyapunov function for a convex combination of the whole switched ~ EU"- J- €ontroj vol. 4, no. 2, pp. 140-147, 1998.
system. This ensured the existence of switching laws to stabilize the

switched systems.
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