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Il. STABILIZATION OF CHUA'S OSCILLATORS

Abstract—This paper considers the stabilization and synchronization of In this section, we shall first present an existing result for the stability

Chua’s oscillators via an impulsive control with time-varying impulse in-  Of the following impulsive control systems [14].
tervals. Some less conservative conditions were derived in the sense that

the Lyapunov function is only required to be nonincreasing along a subse- X(t) = AX (1) + o(X (1)), t# T
quence of the switchings. AX#)=U(k, X(t))= B X(t), t=m, k=1,2,... (3)

Index Terms—Chua’s oscillators, impulsive control, Lyapunov functions, X(tj) = Xo, to < T1
stabilization.

where
XeRr state vector;
|. INTRODUCTION ABi(k=1,2,...) n xnconstant matrices;
A class of chaotic systems named Chua’s oscillators has been widel)‘7: R = R’ Eﬂr;_'ﬂ?ar function satisfyingi¢(X)[| <

used in chaotic secure communication systems, chaotic spread-spec-
trum communications [7], [16], [4], [18], [13] and some other fields
[11], [5]- The dimensionless form of a Chua’s oscillator is given by [3;0
and [2]

positive number;
KT << < T <Tpp1 <+, Tk > 00 as k—oo. (4)

For matricesd andB (4, B € R"*"), A > B implies thatd — B is
a nonnegative definite matrix.

Theorem 1 [10]: Suppose that am x » matrixT" is symmetric and
positive definite, andmin andAmax, are, respectively, the smallest and

wheref(z) is the piecewise-linear characteristics of the Chua’s diodB€ largest eigenvalues ot Let
and is given by Q=TA+A'T (5)

t=aly—x— f(z))
=yt )

=Py —~vz

) = b+ £ (a0 —b) (| oy —
fla) =ba+ 5 (a=0)(lr +1f = |+ —1]). @ and@ < v I with 1 being a constant. Then, the origin of impulsive
In (2), « andb are two constants and< b < 0. control system (3) is asymptotically stable if the following conditions

Recently, impulsive control has been widely used in the stabilizatiéld:
and synchronization of chaotic systems. Schweizer and Kennedy [15]1) The following inequality is true:

and Hunt and Johnson [9] proposed two impulsive control schemes -
(I+ By) ' T(I + By) < (k)T (6)
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3) The following inequalities hold: Remark 1: Consider the case that < 1. For any¢ > 1 satisfying
. &dy < 1, which is required by [17], we choose that
o 4 PAmax >0 8
. T ®) A 2In(Edy) 8)
2L\ T (Ut e) (v 2aal)’
Sl}p <W(I) P <<A’/1 + Amin )(Ti“ a Ti))) =< oo It can be shown that (17) holds. Thus, the origin of Chua’s oscillator

(9) under impulsive control (13) and (14) is asymptotically stable. Note
that A, is greater than the upper boudy,,., defined in [17, (39)].
We shall now consider the stabilization of Chua’s oscillator (1). Léthus, a larger bound can be obtained by using the proposed approach

X7 = (z, y, z), then we can rewrite (1) into the form here. O
) Remark 2: Let the Lyapunov function b& (¢, X) = X* X . Itcan
X = AX +¢(X) (10) ' pe easily shown that the Lyapunov function is only required to be non-
where increasing along an odd or an even subsequence of the switchings. This
relaxes the requirement in [17] that the Lyapunov function is required
[—a « 0 to be nonincreasing along the whole switching sequence. O
A=1|1 -1 1 (11)
L0 -8 —v IIl. SYNCHRONIZATION OF CHUA'S OSCILLATORS
[—af(X) In this section, we study the impulsive synchronization of two
Y(X) = 0 . (12) Chua’s oscillators, which are called the driven system and the driving
| 0 system, respectively [17]. In an impulsive synchronization configu-
ration, the driving system is given by (1), whereas the driven system

Introducing the following impulsive control: is given by

U(k, X(t)) = BX, t=m, k=1,2,... 13 : - -
(k, X(£)) / k ’ (13) X = AX + ¢(X) (19)
whereB is a symmetric matrix satisfying( + B) < 1 andp(I + B)

denotes the spectral radius of matfi+ B), .(k = 1, 2, ...) are whereX = (&, 7, 2)7 is the state variables of the driven system and
time varying and ‘ i A andvy are defined in (11) and (12).

At discrete instants; (i = 1, 2, ...) defined in (14), the state vari-
Toit1 — T2 < €1(Toi — Toi1). (14) ables of the driving system are transmitted to the driven system and
_ ) - then the state variables of the driven system are subject to jumps at
In (14), €1 is a given positive constant. Denote these instants. In this sense, the driven system is modeled by the fol-
lowing impulsive equations:
Ay = sup{m; — T2i—1} < 0 (15) g1mp g
Ao = sup{mei11 — T2i} < o0. (16) X = AX + z/)(f(), t# T (20)
AX|j=-, ==Be, i=1,2, ...

Then, we have
Theorem 2: The origin of Chua’s oscillator (1) under impulsive con-whereB is a3 x 3 symmetric matrix satisfying(I + B) < 1, and

trol (13) and (14) is asymptotically stable if e’ = (ex, ey, e.) = (¢ — & y — §, » — 7) is the synchronization
1 error. Let
2
0 <v+2aa < —m lu(édy) a7) N ~ —af(z) + af(F)
(X, X) = o(X) - ¢(X) = 0 (21)
where¢ > 1, v is the largest eigenvalue 6 + A™) and 0

dy = p*(I + B). then the error system of the impulsive synchronization is given by

Proof: Choosel' = I. Note thaty»(i) = d, and ¢=de+ (X, X), t#£m (22)

Acel¢=-, = Be, 1=1,2,....

I CON < faad XTI Similar to the stabilization of Chua'’s oscillators, we can obtain the fol-
sup{y2(¢) exp((v + 2|ac]) (141 — 7))} lowing result.
< exp((v + 2|aa|) max{A1, Az}). Theorem 3: The impulsive synchronization of two Chua’s oscilla-
tors, given in (22), is asymptotically stable if (17) holds.
Proof: Similar to the proof of Theorem 2, we can prove this result
by using the following inequality:

Moreover

(v+2|ac) (Tok4s — T2k41)

= (v + 2|ac|) [(Tok+3 — Tok+2) + (Tont2 — Tokt1)] I (X) - '¢’(X)|| < aal |le]].
< (v +2]aa) (A1 + Az) U
< (v 2aal) (1+e1)Ay. Remark 3: Impulsive control (13) and (14) can be generalized as
follows:
From (17), we have There exists a finite positive integer, such that
(v 4 2[aa]) (Targs — Tart1) < —In(€dY). Tl 14 kmy — Tltkmo
Using Theorem 1, we know that the origin of Chua’s oscillator under <a ("'1+(k+1>mo - T(k+1)mo) ’

impulse control (13) and (14) is asymptotically stable. O 1<i<mg—-1 k=0,1,2,.... (23)
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Fig. 1. The time responses(t) = [x(t) y(t) z(t)]7 of the system.
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Fig. 2. The time responses(t) = [x(t) y(t) z(t)] of the system.

Equation (17) can be extended as follows: Strong Control: We choose; = 0.5, mo = 2 and matrixB as
[4 0 0
1 170
0 <14 2an| < _ In(Ed™) (24) B=|0 -1 0 (27)

mg—1
(1 + Y F,> 0 0 -1
=1 wheref is a constant satisfying2 < 6 < 0. Itis easy to show that

where¢ > 1 and¢d}™ < 1. O di=0+1)°  v=20.16218.

Remark 4: Denote For any¢ satisfyinge > 1 and0 < £(6 + 1)? < 1, we choose that

Al = sup {TI-H-vaO - 7'[+],»,m0}, 1 S I S mo. (25) A —— 2(111(6) + 2111 |6 + 1|) (28)
k ! 1.5(v + 2|ac])
For anye; (1 < 1 < mg — 1) satisfying0 < ¢ < 1 and¢ satisfying A, — _In(§) +2Inf + 1] 29)
& > land¢d, < 1, an upper bound of,,,, can be obtained as - 1.5(v +2]aal)
follows: Note that
) moln(€dy) e . 2
Ay < — . (26) (v 4 2|ac]) dt +1n (E(ﬁ +1) )
T2
(1 = E') el = (v+2laal)A; +1n (66 + 1)?)

=—1/31In (&6 +1)%) > 0.

Obviously,A,,, is greater tham\,,.x obtained in [17]. .
Y:8mo 159 [17] Thus, [17, Theorem 3] cannot be used to study this example. However,

the conditions of Theorem 2 hold. Using Theorem 2, we know that the
IV. ILLUSTRATIVE EXAMPLES origin of Chua’s oscillators is asymptotically stable.

Two examples will be used to illustrate the effectiveness of the ob-Consider a special case with= —1.05 and&, = 300. It can be
tained results. shown that

Example 1: We shall consider the ’stabili.zation of Chua’s oscilla- A =717l x 10~* and A, = 3.5885 x 10—*.
tors. Choose the parameters of Chua’s oscillators as15, 5 = 20,
v = 0.5,a = —120/7 andb = —75/7. These parameters are theThe simulation results witth; = 6 x 10™* andA; = 3 x 10~ are
same as those in [17]. given in Fig. 1. It is shown that the stafé(¢) approaches the origin

Similar to [17], we consider the following two cases. very fast under the strong control.
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Fig. 3. The time responses(t) — X(t) of the system under strong control.
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Fig. 4. The time response$(t) — X (t) of the system under weak control.

Weak Control: We choose; = 0.5 and matrixB as

0 0
B=1]0 —01 0 (30)
0 0 -0.1

wheref is a constant satisfying2 < 6 < 0. Itis easy to show that
(6+1)% if (8+1)* > 0.81
0.81, otherwise.

For any¢ satisfyingé > 1 and0 < ¢ max{(# + 1)?, 0.81} < 1, we
choose that

dy

Similar to the stabilization problem, we shall also consider both the
strong control and the weak control. The simulation results are given
in Figs. 3 and 4. Itis also shown that the convergence speed under the
strong control is faster than that under the weak control.

V. CONCLUSION

In this brief, we have presented an impulsive control with time
varying impulse intervals for the stabilization and synchronization of
Chua’s oscillators. Some less conservative conditions were derived
in the sense that the Lyapunov function is only required to be nonin-
creasing along a subsequence of the switchings.

1.5(v + 2|ac|)

In(€) + In(dy)

Ap=——>>— =,
° 1.5(v + 2|ac])

B2
Similarly, it can be shown thaf’* (v + 2|aa|) dt + In(&d1) > 0. (2]
Thus, [17, Theorem 3] cannot be used here. But using Theorem 2, w??’]
know that the origin of Chua'’s oscillators is asymptotically stable.

Also consider a special case with= —0.2 and¢ = 1.1. It can be

shown that

(4]
(3]
(6]

A; =2.8793x 107" and A, =1.4396 x 10~

The simulation results withh; = 2 x 107* andAs = 1 x 10™* in

this case are illustrated as in Fig. 2. Obviously, the convergence speed

under the strong control is faster than that under the weak control.
Example 2: We consider the synchronization of Chua’s oscillators

with the parameters being the same as those in our first example. Theg]

initial state of two Chua’s oscillators are given as follows:

. [l
X =110, 20, 10]" X =[15, 10, 5]".
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results obtained are generalizations of some recent results reported in the - . . )
literature for neural networks with constant delays. Numerical examples In this paper, we consider the following Hopfield neural networks

Xiaofeng Liao, Kwok-Wo Wong, Zhongfu Wu, and Guanrong Chen

are also given to show the correctness of our analysis. with time delay:
Index Terms—interval Hopfield neural networks, Lyapunov functionals, du;(t) . . i e 2 -
robust stability, time delays. FT —aiui(t) + Z wij fi(ui(t) + Z wi; f
Jj=1 =1
(u(t—1(0) + I i=12,....,n (1)
|. INTRODUCTION
where

Itis well-known that time delays are frequently encountered in prac- nonnegative number;, neuron charging time constants;
tical information processing systems. They are very often the source ofonnegative number; axonal signal-transmission delays;

oscillation and instability in neural networks [7]. In view of this, the wij, wi; weights of the neuron interconnections;
stability issue of time-delay neural networks is a topic of great prac- f; ' activation function of the neurons;
tical importance, which has gained increasing interest in the potentialf, external constant inputs.

The usual assumption is that the activation functions are continuous,
. . . . ifferentiable, monotonically increasing, and bounded, such as the sig-
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