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So far there is still no result available for backstepping based decentralized adaptive stabilization
of unknown systems with interactions directly depending on subsystem inputs, even though such
interactions commonly exist in practice. In this paper, we provide a solution to this problem by
considering both input and output dynamic interactions. To clearly illustrate our approaches, we will
start with linear systems and then extend the results to nonlinear systems. Each local controller, designed
simply based on the model of each subsystem by using the standard adaptive backstepping technique
without any modification, only employs local information to generate control signals. It is shown
that the designed decentralized adaptive backstepping controllers can globally stabilize the overall
interconnected system asymptotically. The L, and L., norms of the system outputs are also established
as functions of design parameters. This implies that the transient system performance can be adjusted by
choosing suitable design parameters.

Interactions

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

In the control of uncertain complex interconnected systems,
decentralized adaptive control technique is an efficient and
practical strategy to be employed for many reasons such as ease
of design, familiarity and so on. However, simplicity of the design
makes the analysis of the overall designed system quite difficult.
Thus the obtained results with rigorous analysis are still limited.
Based on conventional adaptive approach, several results on global
stability and steady state tracking were reported, see for examples
Datta and loannou (1992), loannou (1986), Ortega and Herrera
(1993), Wen (1995), Wen and Hill (1992), and Wen and Soh
(1999). However, transient performance is not ensured and non-
adjustable by changing design parameters due to the methods
used.

Since backstepping technique was proposed, it has been widely
used to design adaptive controllers for uncertain systems (Krstic,
Kanellakopoulos, & Kokotovic, 1995). This technique has a number
of advantages over the conventional approaches such as providing
a promising way to improve the transient performance of adaptive
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systems by tuning design parameters. Because of such advantages,
research on decentralized adaptive control using backstepping
technique has also received great attention. In Wen (1994), the first
result on decentralized adaptive control using such a technique
was reported without restriction on subsystem relative degrees.
More general class of systems with the consideration of unmodeled
dynamics was studied in Wen and Soh (1997) and Zhang, Wen,
and Soh (2000). In Jiang (2000) and Jain and Khorrami (1997),
nonlinear interconnected systems were addressed. In Jiang and
Repperger (2001) and Liu and Li (2002), decentralized adaptive
stabilization for nonlinear systems with dynamic interactions
depending on subsystem outputs or unmodeled dynamics is
studied. In Wen and Zhou (2007), systems with non-smooth
hysteresis nonlinearities and higher order nonlinear interactions
were considered and in Liu, Zhang, and Jiang (2007) results for
stochastic nonlinear systems were established. More recently, a
result on backstepping adaptive tracking was established in Zhou
and Wen (2008). However, except for Jiang and Repperger (2001),
Wen and Soh (1997) and Zhang et al. (2000), all the results are
only applicable to systems with interaction effects bounded by
static functions of subsystem outputs. This is restrictive as it is
a kind of matching condition in the sense that the effects of all
the unmodeled interactions to a local subsystem must be in the
range space of the output of this subsystem. Note that in Wen
and Soh (1997) only the local control laws are obtained using the
backstepping technique, while local parameter estimators are still
designed using the conventional gradient type of approaches. Thus
transient performance of the adaptive systems is not established.
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Box I.

In Jiang and Repperger (2001) and Zhang et al. (2000), the
interactions are not directly depending on subsystem inputs.

In practice, an interconnected system unavoidably has dynamic
interactions involving both subsystem inputs and outputs. Es-
pecially, dynamic interactions directly depending on subsystem
inputs commonly exist. For example, the non-zero off-diagonal el-
ements of a transfer function matrix represent such interactions.
So far there is still no result reported to control systems with in-
teractions directly depending on subsystem inputs even for the
case of static input interactions by using the backstepping tech-
nique. This is due to the challenge of handling the input vari-
ables and their derivatives of all subsystems during the recursive
design steps. In this paper, we will use the backstepping design
approach in Krstic et al. (1995) to design decentralized adaptive
controllers for both linear and nonlinear systems having such in-
teractions. It is shown that the designed controllers can globally
stabilize the overall interconnected system asymptotically. This
reveals that the standard backstepping controller offers an addi-
tional advantage to conventional adaptive controllers in term of
its robustness against unmodeled dynamics and interactions. For
conventional adaptive controllers without any modification, they
are non-robust as shown by counter examples in Rohrs, Valavani,
Athans, and Stein (1982). Besides global stability, the L, and Lo,
norms of the system outputs are also shown to be bounded by func-
tions of design parameters. Thus the transient system performance
is tunable by adjusting design parameters. To achieve these results,
two key techniques are used in our analysis. Firstly, we transform
the dynamic interactions from subsystem inputs to dynamic in-
teractions from subsystem states. Secondly, we introduce two dy-
namic systems associated with interaction dynamics. In this way,
the effects of unmodeled interactions are bounded by static func-
tions of the state variables of subsystems. To clearly illustrate our
approach, we will start with linear systems involving block dia-
gram manipulation. Then the obtained results are generalized to
nonlinear systems.

2. Modeling of linear interconnected systems

To show our ideas, we first consider linear systems consisting
of N interconnected subsystems described in Box I, where u € RV
and y € RN are inputs and outputs respectively, p denotes the
differential operator %, Gi(p), Hj(p) and Ay(p),i,j = 1,...,N,
are rational functions of p, v; and w; are positive scalars. With
p replaced by s, the corresponding G;(s), Hj(s) and Aj;(s) are
the transfer functions of each local subsystem and interactions,
respectively.

A block diagram including the ith and jth subsystems is shown
in Fig. 1.

Remark 1. v;H;(p)u;(t) and w;;A;(p)y;(t) denote the dynamic
interactions from the input and output of the jth subsystem to
the ith subsystem for j # i, or unmodeled dynamics of the ith
subsystem for j = i with v;; and u;; indicating the strength of the
interactions or unmodeled dynamics. Such interactions are rather
general. However there is no result on decentralized backstepping
adaptive control applicable to interactions directly from the inputs
when using the backstepping technique.

ui Vi

vii -Hii(s) i -Aji(s)

vij-Hij(s) i -Aii(5)
Vi -Hii(s) i -Aii(s)

Fig. 1. Block diagram including the ith and jth subsystems.
For the system, we have the following assumptions.

Assumption 2.1. For each subsystem,
Bi(s)
Ai(s)
_ bims™ + -+ 4 bi1s + bio ()

S+ G —1)S" T -+ @S + dio

Gi(s) =

wherea;j,j=0,...,n,— 1and b;y, k = 0, ..., m; are unknown
constants, B;(s) is a Hurwitz polynomial. The order n;, the sign of
bi m; and the relative degree p; (=n; — m;) are known;

Assumption 2.2. For all i,j = 1,..., N, Aj;(s) is stable, strictly
proper and has a unity high frequency gain, and H;j(s) is stable with
a unity high frequency gain and its relative degree is larger than p;.

The block diagram in Fig. 1 can be transformed to Fig. 2. Clearly, the
ith subsystem has the following state space realization:

. 0
Xi = Ax; — aixi1 + |:b1:| u; (2)
N N

Vi=2x1+ Z Vi Xj 1 + Z wij Aii(D)Y;, (3)
j=1 G](p) j=1

where

On—1 In_q
A‘ — 1 1
= o)
_ T _ T
a; = [a; n—1ys - - -» G0l s bi = [bim;, - - -, bi,ol (4)

where 0,,_; € R™~D. In the design of a local controller for the ith
subsystem, we only consider transfer function G;(s), i.e,

i

. 0
X; = Aixi — aixi1 + |:b:| u; (5)

yi=Xi1, fori=1,...,N. (6)
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Fig. 2. Transformed block diagram of Fig. 1.

But in analysis, we will also take into account the effects of the
unmodeled interactions and subsystem unmodeled dynamics, i.e.

H;;i
Z Viji—— ](p) X1+ ZHUAu(p).VJ (7)

j=1

Remark 2. It is clear that the effect of the dynamic interactions or
unmodeled dynamics given in (7) cannot be bounded by functions
oftheoutputsy;,j =1, 2, ..., N,asassumed in the previous work.
Instead, based on the given assumptions, it satisfies,

N
H;
Z ](P) —Xj1+ Z MUAu(p).VJ

Vij
~ G
<C01+ZC1U sup |x,1(r)|+2c2,] sup |y;(7))|
] 1 0<t<t ] 1 0<t=<t
fori=1,...,N (8)

for some constants cg j, ¢, and ¢, ;;. The above bound involves
infinite memory of state x; ; depending on inputs u; and outputs y;,
which makes the analysis of decentralized backstepping adaptive
control systems difficult. This is the main reason why there
is still no result available for such a class of systems, due to
the requirement of changing coordinates and handling the input
variables and their derivatives during the recursive design steps.

Note that in our analysis given in Section 3, bound (8) will not
be used. Instead, we will consider signals generated from two
dynamic systems related to interactions or unmodeled dynamics
to bound the effect.

Our problem is formulated to design decentralized controllers
only using local signals to ensure the stability of the overall
interconnected system and regulate all the subsystem outputs to
zeros. The system transient performance should also be adjustable
by changing design parameters in certain sense.

3. Decentralized adaptive control of linear systems

3.1. Decentralized state estimation filters

We only present the decentralized adaptive controllers de-
signed using the standard backstepping technique in Krstic et al.
(1995), without giving the details. Firstly, a local filter using only

local input and output is designed to estimate the states of each
unknown local system as follows:

A = Aiohi + en; Ui (9)
Ni = Aol + en.nYi (10)
vik = (A)Ai, k=0,...,m (11)
& = —(Ai0)" i (12)
where Ajg = A; — ki(en, 1)", the vector ki = [kiq1, ..., kin]" is

chosen so that the matrix A; o is Hurwitz, and e; , denotes the kth
coordinate vector in R'. Hence there exists a P; such that PA; o +

AioP! = —In,, P; = PI > 0. With these designed filters our state
estimate is given by
Xi=Ein + 216, (13)
where
=[b},af (14)
-Qi = [Vim;s - - -5 Vi1, Vi0, Sl (15)
8= —[Ai0)" i, ..., Ao, nil. (16)
Note that
i = —(A0)" (Aoni + enni)
= Aiobin + kiyi (17)
& = —[(A0)" i ..., Ao, 1]
= —[(Ai0)" ", ..., Ao In ) (Aiomi + eng Vi)
= Aio&i — Iy (18)

Vik = AioVik + enn—klli, k=0,...,m. (19)

Then from (13), the derivative of &; is given as
R = Ein + $276;
= Aio&in + kiyi + Aiolvim, .-,
— Inyiai + [0, b{T"u
= AioXi — (a; — k)y; + [0, b 1"u;. (20)

Vi1, Vi,0, Zil6;

From (2) and (20) the state estimation error €; = x; — X; satisfies
- Hy(s)
. 1
& = Aio€i + (@i — ki) (Z Vi Gj( Y%t Z NuAtj(S)J’J> (21)
j=1

Now we replace (2) with a new system, whose states depend on
those of filters (9)-(12) and thus are available for control design,
as follows:

Vi = bimVim.2) + &2 + 86+ €2

N
Hji(s)
+ s+ ai,(ni—1)) <Z Vij GU( ) X1+ Z Ml]Au(S)YJ> (22)

=
Vi, (mi,q) = Vi,(mi,q+1) — KigUiamy =2, ..., pi — 1 (23)
Vi, (miupn) = Vii(mipi+1) — Kiopy Vismi, 1) + Ui (24)
where
8 = [i.om.2) Viom—1.2)5 -+ Vi.0.2)> Fiz — Yilen1)'] (25)
81 =10, Vi,mi—12)s - - -+ Vi0.2) Ei2 — Yilen.1)'] (26)

and vj om,.2), €i,2» &i,(n;,2)» Zi,2 denote the second entries of v; i, €,
&in;» E; respectively.
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Fig. 3. Control block diagram.

Remark 3. The output signals A;, 1;, vi k, & n, Of filters (9)-(12) are
available for feedback. They are also used to generate an estimate
X; of system states x; in (13), with an estimation error given by
(21). The error will converge to zero in the absence of interactions
and unmodeled dynamics. However, the estimate X; is not used
in the controller design because it involves unknown parameter
vector 6; which is unavailable. But the state estimation error in
(21) will be considered in system analysis, as it may not converge
to zero unconditionally due to its dependence on interactions and
unmodeled dynamics in our case. A block diagram is given in Fig. 3
to show the signal flow of the filters to the controller of the ith
subsystem.

3.2. Design of decentralized adaptive controllers

As usual in backstepping approach (Krstic et al., 1995), the
following change of coordinates is made.
Zi1 =i (27)
Zig = Vim,g — %i@-1» 4=2,3,..., 00 (28)

To illustrate the controller design procedures, we now give a brief
description on the first step.

Step 1: From (22), (27) and (28), we have
Zi1 = bim iz + 1) + i) + 86+ €in
N
Hii(s)
+(s+ ai,(n,-—])) (Z ij GU( 5 Xi1 + ZMI}AU(S)yJ) (29)
=1
The virtual control law «; ; is designed as
i = Pidtin (30)
a1 = —Cinzijt — lnzin — &) — 876, (31)

where ¢;q, I are positive constants, p; is an estimate of p; = 1/b; m,
and 6; is an estimate of 6;. Note that

bi i1 = bimPittin = @i;1 — bimPittix (32)
810 + bimziy = 676; + bimzia + l;i,m,-zi,z
= (8] — Piti1€m+m+1,1) 0 + bimzi 2 (33)

where Bi,mi is an estimate of b ,, E,-,m,, = bim — B,-,m,., Pi = pi — bi

and &; = 6; — ;. Then we have

Zi1 = —Cinzij1 — lnzin — bimPiti1 + bimZiz + €2

+ (8 — ﬁi&i,le(ni+mi+1),1)Téi + (s + ai,(n;—1))

N Hi (s
X (Z Vij GJJ((S)) .1+ Zﬂuﬂu(s)%) (34)

j=1
We now define a function V;; as

b;
16, + | ’;”|p3 (35)

i

Vi = (le) +l €i P1€z+ 9T

where T; is a positive definite design matrix and y; is a positive
design parameter. Then

. 2 l“ 2 ~
Vit = —Gi1(zi1)” — *(Zi,l) + bimzi12i2

— |b; m; |P1 V7 [V, sgn(b;, m,)al 1Zi1 + P i

1

+9T [F(5 - szl: 1€(nj+mj+1), 1)21 1= 9 il = 7(21 1)

+€i2zi1 — r||€i||2 +2i1(S + i, (1))

i1

N N
(s) 2
X (JZ: vjj Gu(s) G,1 + Z Miinj(S)Zj,l) - E(ai — ki) "Pre;

=1

N
X (Z Vi GJ((S))xj 1+ Z Wij U(S)ZJ 1) (36)

j=1

To handle the unknown indefinite p;, f;-terms in (36), we choose
the update law of p and a tuning function t; ; as

b = —y/sgn(bim)@ 1z (37)

Ti,1 = (8 — Dilli,18(n+mi+1),1)Zi1- (38)
It follows that

Vl] < —Ga(z, l) - 7(‘21 1) - F”fz” + b1 m;Zi,1Zi,2

+0Tr M — 01l +zia(s +a; mi—1)

Nooh 2
X (Z i GJ((S)) Xj1+ Z WijAij(8)z;, 1) - E(ai — ki) "Piei

=1
Noop,

X (Z Vi GJ((s)) X1+ Z Wi Aij(s)z;, 1) (39)
=i

After going through design steps qgforqg =2,...
et al. (1995), we have the ith local controller

Ui = O o — Vi (my, pi+1) (40)
where ¢; 4 is designed in (30) and

~ oo 2 _
—bimzi1— | 2 + Iz ( 1'1) Zip +Bip
ayi

, pi as in Krstic

Qiz =
daq - 30!1 1
+——=Dbi+ —FTiti2 (41)
api ;
o) —1 2 -
®ig = —Zi@-1 — [Ciq + lig (la;l)) }Zi,q + Big
1
0 g-1 5 | 9ctig-1)
+—n+——1Ii
api ag,
=1 g dot;
- Zzi,k WD) e
k=2 391 a}h

q=3,...,0 (42)
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aa;
" :?; 2 i + 81 0)
(0%
+ %(AI oNi + en;, nY!) + quvl (mj, 1)
mij+q— laa ;
+ Z al)iq =D kijri1 + Ai 1))
ij
q=2,...,p,-,l=l,...,N (43)

where I is a positive definite matrix and cjg, lig, y{ are positive
constants. With 7;; in (38), other tuning functions 7;, for ¢ =
2, ..., pjare given as

90 (q— D

44
ay, iZi,q- ( )

Tig = Tiq-1 —
Then parameter update law éi is designed to be

6; = It p;. (45)
The designed controller for the ith subsystem only uses the local
signals, as shown in its block diagram Fig. 3.

3.3. Stability analysis

We define z;(t) = [z1,%i2,---, zi,pi]T. The ith subsystem (2)
and (3) subject to local controller (40) is characterized by

. T -~ — ~
Zi = Agizi + Wei€i 2 + Wy0;i — bi m,ai 1Di€; 1

N
Hy; (5)
+ Wi (5 + ai,(ﬂi—l)) Z Vij GU Xj1
2Gs)

N
+ ;MUAU(S)YJ G (s))} (46)

where A, is a matrix having the similar structure to the scalar
systems given in Krstic et al. (1995) (see box II),

0w 0 (p—

N T | )
ayi ayi

ng = Wei5,-T - ﬁi&i,lepi,lepi,l-r» (48)

where the terms ;.. ) are due to the terms *%: T

Fz(fl q— Ti,(q— l))
in the z; y equation.
With respect to (46), we consider a function V), defined as:

Pi

1 1 T 1z, Ibiml
Vo= (2(zi,q)2 + liqefTPief) + EG'TF" 16, + 2 P2 (49)

q=1 i

From (21) and (22) and the designed controllers (40)-(45), it can
be shown that the derivative of V, satisfies

Zz,qz,q—GT
- Z—neln —2Z—<a, k)"Pie;

ql’q q]'q

N,
x (Z Vi GJ((S)) X1+ ZMUAU(S)JG)

j=1

Pi 9 i
< —Zc,q(z, 0)° —Z 5 <M) (Z1.0)?

ayi

_ 27”6”2 Ziz- Me-z
211q ' b 8Yi "

16— |b zm1|~,\

iri

lil 2 N Hu(s)
- 5(211,1) + zi1(5 + i, (n—1)) (JZ; ij GO Xj1

= Ul hg ((Beig-n\ .
+ ZMijAfj(S)Zj,l —Z 2oy (ziq)

1

N
1 Hij(s)
Zi, l(q )(5+az ni—1)) (E vy

ij Xj.1
= G©®
Pi 1 )
+ ZugA,-,(s)zj,l -3 21, el
j=1 q=1

NOog
(p;rei (Z Vij Gj((s))xj 1+ ZI‘LUAU(S)ZJ 1>i|

= _chq(zzq) +Z*(5+al (nf])) L

q=1 q=1 'q
Pi 1
=2 g el + Zzncb IPligLi (50)
g=1 "
where
T_ 2 T
b = (@- ki)' Pi (51)
iq

N H(s) 2 N 2
s
L = Z Vij A X1 + ZMUAU(S)ZJ-J . (52)
G 2
To deal with the dynamic interaction or unmodeled dynamics,

we show that their effects can be bounded by static functions of
system states, as given in Lemma 1 later. Let h; ; and g; j be the state

vectors of systems with transfer functions H,Aj(s)Gj_1 (s) and A;(s),
respectively. They are given by

hij = Bhijhij + baijXi.1
Hj($)G; ' (5)x1 = (1,0, ...,
§ij = Agij€ij + baijyj
Aii(9)y; = (1,0, ...,0)g;; (54)

where Ag; j and By,; j are Hurwitz because A;i(s), H;i(s) and Bjﬂ(s)
are stable from Assumptions 2.1 and 2.2. It is obvious that

0)h; (53)

2
a5 =< lxl® (55)
N 2
D Hi)G x| < kollx I (56)
j=1
where X = [X‘—]rv R Xﬁ]’r and Xi = [z,Ta Gljra ;];rﬂ ;lTv hi,1Ts RER)
hi,NT, gi,1T, ce vgi,NT]T-

We also have

N
(s + Gim-1) Y Hy($)G ()1

=1

N
>-@.0,..., 0k
j=1

N
+ i -1 Z Hij()G; ' ()1
=

(Z(l 0,.
N
+ ai,(n,-—1)) ZHU(S)G]_1(S)Xj,1

=1

Bhuhu + bhljxj 1]

2
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2
< ki Z 1%5,111% + Kiallx 17 || (5 + . gry—1)) ZAu<s>y, (57)
j=1
Z(l, 0, ..., 0)[Agi;gi; + bgi vl
=1
N 2
+ i1 ZAU(S)yj < ksllx II? (58)
=1

where kjg, ki1, ki» and k;3 are constants. It is clear from (3) and (27)
that

Y. Hy ©
Xi1=2Zi1— Z Vii——— y Z :u’l]Alj(S)y] (59)
j=1 Gj(s)
Thus
N 2
(s + aim-1)) Z H;(5)G; ' (5)x;.1
=1
2 2 2
< [km +2 (1$3>S<N{vij} + 123§N{ug}> km] X1l (60)

where ki; = max{kp + 2ki1, 2ki1, 2ki1kio} are constants and
independent of p;; and vj.
Then we can get the following lemma.

Lemma 1. The effects of the interactions and unmodeled dynamics
are bounded as follows

N 2
> Aiza| < lxIP (61)
j=1
2
ZHU@G ©xi1| < kollxI? (62)
j_
N 2
s+ aim-1) Y Az | <kslxl’ (63)
j=1
N 2
(s + aj (ni—1)) Z Hij(s)Gj_l(S)Xj,l
j=1
< |kia+2( max {vi}+ max {uf}) k| llxI*. (64)
1<.i,j<N v 1<,i,j<N v

With these preliminaries established, we can obtain our first main
result stated in the following theorem.

Theorem 1. Consider the closed-loop adaptive system consisting of
the plant in Box I under Assumptions 2.1 and 2.2, the controller
(40), the estimators (37), (45), and the filters (9)—(12). There exists
a constant p* such that for all v; < p* and py < p*,i,j =
1,2,...,N, all the signals in the system are globally uniformly
bounded and lim;_, o, y;(t) = 0.

Proof. To show the stability of the overall system, the state
variables of the filters in (10) and state vector ¢; associated with
the zero dynamics of ith subsystems should be considered. Under
a similar transformation as in Wen (1994), these variables can be
shown to satisfy

& = Ain i + bixi (65)
;li = Ai,oﬁi + en,-,n,-zi,l (66)
no=Aon,  mi=mn—n (67)

where the eigenvalues of the m; x m; matrix A; 5, are the zeros of
the Hurwitz polynomial N;(s), b; € R™.
A Lyapunov function for the ith local system is defined as

1 ~Tp.~ 1 T
Vi = Vpi + — N Pi’?i + 7;,‘ Pi,b,';i
Lyi li

N N
+ Z Inighi ;" Phijhij + Z i Peijij (68)
=1 =

where I, I, Inj, l; are positive constants, and P; p;, Pyij and Pg;
satisfy

P; b, Ai b, +A,-T,biPi,b,- = —Ip, (69)
Phi jBhij + By jPrij = —In; (70)
Pyi jAgij + AgijPeij = —lg;- (71)
From Eqs.(3) (50)-(54), (65)-(67) and (69)-(71), we get

. . 2

Vi =V, ||7h|| + —P;7}{ enmZin — *||§z||

lnl I{‘z

2 _
+ rCiTPi,bibiXi,l - Z i1 i 11 + 2 Z Inijhi ;" Phi jbni .1
¢ =1 =1

Z leijl1gi1I* + 2 Z lgijgi ;" Pai jbgi 2.1

j=1 j=1
1 Pi Pi 1
< —=cu(zi1)* — Zciq(zi,q)z - Z — [lei]l?
2 e o 4l
1.5 2 1 2
— 7 2 — Lol R
o, 1 I ; > bl |
N »1 Pi 1
2 2
- Z Slaillgil® + Z 6+ aon)’L
j=1 a=1
Pi ) 1 T
+ 22Nl L ||¢,|| &' Py bi
q= iq {1
H;i(s) N
2 gt Z““A”(S)ZJ‘J
Jj=1 =1
I
- Z |: i ”hij” + Zlhuhu Phljbhl]
=1
N Hi(s)
ij
X (]X]: ij G( )XJI + ZMUAU(S)ZJ 1)i|
1 N1
_gcil(zi,l)z - Z glj”glj” +2 Z lgugu sz]bgl JZin
j=1 j=1
1 I
- gcil(zi,l)z - Z i ”hl]” + 2 Z lhl]hlj Phljbhl]z] 1
j=1 j=1
1 ) 2 1
- §Cil(zi,1) Tmllfhll + gpini €n;.n;Zi,1
1 T -
SCn(Zz D= Fgl”;l” + *ii,' P;p;bizi 1. (72)
Taking
16| |Pien. n I 32||P;.p; i1
lm > || iCn;, nl” l;,’ > || i,bj 1” (73)

Ci Ci1
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by < = (74)
32N || Py jbni ;112
Ci1
l .. 5 B L (75)
# = 16N||Pgi jbgi 12
we then obtain
. Pi 8 _
Vi < —Billxill® + Zzn@nth + 1Pyl
g=1 ¢i
+ SZthIIPmmeJII :| L; +Z le(zj 1)
1
+ Z*(s‘i‘al (nj— 1)) LI CI](Zl])
q=1 lig
1 N Hi(s)
—Billxill> — ZCn(Zu)Z + p? |:ki6 ] Gj(s) Xj 1
N 2 H ( ) 2
(s
; Ai®)zia| | +kis | ||+ aimi-1) Z &) Xj,1
N 2
s+ Gim-1) Y _ A9z
j=1
1 , 1
- Zcil(zi,l) - ]Z 4NC;1(Z; D’ (76)
where
o
. Cit 501 1 1
Bi = min{ —,Ca, ..., Cip» ) s T T
4 q:Z] 4" 20y 2l
. 1 1
min |3t 5 77
Pi 1
kis = - (78)
g=1 "1
Pi
= D 20l + ||P, nbill? +821hu||1>mbhu|| (79)
q=2 j=1
n = 12‘1135 {Hus Vlj} (80)

Now we define a Lyapunov function for the overall decentralized
adaptive control system as

V = Vi. (81)

M=

1

Using Lemma 1 and (76), we have

N
- Z (B — ((1+ kio)kis + (kiz + kia)kis) 2

1
— kiakis '] lx11” = ;c,q(zm)z (82)
where
min f;
,3 _ 1<i<N ) (83)

N

By taking p* in Box IIl, we have vV o< —% ?,:1 cin(zi1)?.

This concludes the proof of Theorem 1 that all the signals in
the system are globally uniformly bounded. By applying the
LaSalle-Yoshizawa theorem, it further follows that lim;_, o, y;(t) =
0 for arbitrary initial x;(0). A

We now derive bounds for system output y;(t) on both L, and
L, norms. Firstly, the following definitions are made.

Pi 1
d? = § —. 84
=2 (84)
q=1
As shown in (82), the derivative of V is given by

N
. 1
Ve=) qam@n’ (85)

i=1

Since V is non-increasing, we have

lyi(Oll5 = f llz; 1 (01 de
4 4
< — (V(0) — V(00)) < — (V(0)) (86)
Ci1 Ci1
1¥i() oo < v/2V(0). (87)

From (67), we can set 7;(0) = 0 by selecting n;(0) =
Consider the zero initial values

1ni(0) =0, £i(0) =0, h;;(0) =0, gj(0)=0. (88)

Note that the initial values z; 4(0) depend on ¢;1, ¥/, I';. We can set
zi4(0),q = 2, ..., p; to zero by suitably initializing our designed
filters (9)-(12) as follows:

Vim0 (0) = g1 (¥i(0), 6,0), pi(0), mi(0),

1:(0).

MO, Vima1 @), 4=1..., pi (89)

By setting 7;(0) = 0, ;(0) = 0, h;;(0) = 0, g;(0) = 0 and
ziq¢(0) =0,9=2,..., pj, we have

N
1
Vo) =) 50’:'(0))2 +d} e (0)I3
i=1

|1m,|

+116:0) 2. + 15 (0))? (90)

1
where [|¢i7 = &' (0)P€i(0), [16:(0)|._, = 6] (0)I;7'6(0). Thus

the bounds for y;(t) is established alnd formally stated in the
following theorem.

Theorem 2. Consider the initial values z; 4(0) = 0,q = 2, ..., p;,
7i(0) = 0, §i(0) = 0, h;;(0) = 0 and g ;(0) = 0, the L and Ly
norms of output y;(t) are given by

Ol < [Z @i(0)? + &l (0) 2

2
N

1/2
. |bim|
+ 16: )%, + y |pi<0>|2} (91)
! i

N
1
lyi )l < ﬁ[z 5 01(0)” + O
i=1

1/2

5 |bim| -

+ 16: )7, + ’yﬁ" PP | . (92)
! i
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Remark 4. Regarding the above bound, the following conclusions
can be drawn by noting that 6:(0), pi(0), €(0) and y;(0) are
independent of ¢;1, I3, /.

e The L, norm of output y;(t) given in (91) depends on the initial
estimation errors éf(O), pi(0) and ¢;(0). The closer the initial
estimates to the true values, the better the transient tracking
error performance. This bound can also be systematically
reduced down to a lower bound by increasing I3, y; and ¢;.

e The L, norm of output y;(t) given in (92) depends on the initial
estimation errors éi(O), pi(0) and ¢;(0) and design parameters
I, Vi/-

4. Decentralized adaptive control of nonlinear systems

In this section, we extend our approach to control a class of
nonlinear interconnected systems.

4.1. Modeling of nonlinear interconnected systems

On the basis of state space realization (2)-(3) for the ith
linear subsystem and the modeling of interaction and unmodeled
dynamics in (53) and (54), the class of nonlinear systems is
described as

X = Axi + @i(y)ai + [t?] oi (Vi (93)

N N
Vi = Xia+ Z viethij(x1) + Z 118 ()
j=1 j=1

fori=1,...,N (94)
where A;, a; and b; are defined in (4), x; € R, u; € Rand y; € R are
states, inputs and outputs respectively, @;(y;) € R"*" are matrices
of nonlinear functions, o;(y;) € R is a nonlinear function, v;
and p;; are positive scalars specifying the magnitudes of dynamic
interactions and unmodeled dynamics, h;; and g;; are dynamic
interactions or unmodeled dynamics, which are generated by

hij = fiij(hij, xi.1) (95)
&ij = f4ij(&ij> Vi) (96)
For such a class of systems, we need the following assumptions.

Assumption 4.1. For each subsystem, a;j,j = 0,...,n; — 1 and
bik, k=0, ..., m;are unknown constants. The polynomial B;(s) =
bi m;s™ - - -+bj 15+Db; o is Hurwitz. The sign of b; ;,,; and the relative
degree p;(= n; — m;) are known and o;(y;) # 0, Vy; € R;

Assumption 4.2. Functions f; j(h;j, x;,1) and fy; (g, y;) are con-
tinuously differentiable nonlinear functions and globally Lipschitz
in x; 1 and y; respectively. Also the following inequalities hold:

i Chigs D17 < ol il + 2niillxia I (97)
fei (&ijs YDIIP < 0giillgisll* + Bgiillyi® (98)
where oyij, Onij, Ogij and Qg are unknown positive constants;

Assumption 4.3. There exist two smooth positive definite radially

unbounded functions Vj;; and Vg; such that the following
inequations are satisfied:

o (hij, 0) < —dygi B 1 (99)
Bhi,j
A
8hi.]-

< dpij 21l

Vi
3g"fg”<g,,,0)< —dgj 111811 (101)
gl]
8ngj

: dgii i i 102
H 25, | = i 21181 (102)

where dpj 1, dpjj 2, dgij,1 and dg; » are positive constants.

4.2. Design of local filters

A local filter using only local input and output is designed as
follows:

hi = Aioki + enn0i (ViU (103)
8 =AioEi + ®i(yi) (104)
ik = (Aio)hi, k=0,....m (105)
E.0 = Aiokio + kiyi (106)

where A;g, ek and k; are defined in the same way as filters
(9)-(12). With these designed filters our state estimate is given by

X=&o+ 2/6 (107)
where

6f =[b],a] (108)
2 = [Wimg, - - -5 Vi1, vio, Eil- (109)

The state estimation €; = x; — X; satisfies

€ = Ajg€i — (Z Vij€q hl](xj 1+ Z mije 1&10’1)) (110)

j=1 j=1

Thus, system (93) can be expressed in the following form

Vi = bxm,vl(m,z)‘f'gz(oz)-i-(s 6; —I—e,z

+ Zvu 1fhz](huaxj1)+Z,Uvu 1fglj(g1]vy1 (111)
Vi, (mi,) = Vi(mi.q+1) — KiqUi,ami, 1) (112)
Vi, (mi,pp) = Vi, (mi,pi+1) — Ki p; Vi, ami, 1) + 01 (ViU (113)
where
8 = [Wim2)» -+ +» Vi02), Biz + e,];m‘pi(yi)] (114)

8 =10, Vi mi—12)» - - - » Vi.0.2)» B2 + e;.,]q)i(}’i)] (115)

and v; (m;,2), €2, &i,(0,2), Ei,2 denote the second entries of v; i, €,
&i0, 8 respectively. All states of the local filters in (103)-(106) are
available for feedback.

4.3. Design of decentralized adaptive controllers

Performing similar backstepping procedures to linear sys-
tems, we can obtain local adaptive controllers summarized in
(116)-(127) below.

Coordinate transformation:

Zi1 =VYi (116)
Zig = Vi(m,q) — Yig=1)» 9=2,3,...,pi (117)
Control laws:

1
=0 (@ip = Vimipis) (118)
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r—cin — I bi,m,- 0 ce 0 T
b () 1+
—bi m, —cip — i o] 0i.(2.p;
i,m; i2 i2 3)’1‘ i,(2,3) ) i,(2,p1)
80[1‘,2
Ay = 0 —1—0i@3 —ci3— s o, 05, G3,p0)
8t -1\
L 0 —01,@2.00) —0i.G.p) o =Cigg — ligy ( 3y |
Box IL.

* _ min \/\/((1 + kio)kis + (ki + kia)kis)> + 4kiskis B + ((1 + kio)kis + (kiz + kia)kis)
1<i<N

2’(,’4](1'5
Box III.

with % = Agzi + Weigip + Wy 6; — bi m; i, 1Di€p; 1
o1 = i1 (119) N N
) - +Wei | Y vielfuighij, xi0) + Y pieifj(@.y;) | (128)
a1 = —Cinzij1 — lnzi1 — &i0,2) — 6; 0; (120) =1 =1

o i 1 2 _ where z;(t) = [zi1,Zi2, ..., z,-,pi]T, A, Wi, Wy; are defined as in
ai2 = —bimzi1 i + lip p - Zip + Bin Box II, (47) and (48).

Yi To study (128), we consider a function V,, defined as:

dajq;  0ag

+ 5 Pt 2 Ntz (121) o o |
bi : V, = Z( (i) + EITP€> + eT 10+ 2'" P2, (129)
_ | 9t (g—1) B a=1 i
g = Zi-n | g Tl £ Zig 1+ Big Following similar procedures to (50), using (110) and (111) and
) . the designed controllers (118)-(127), it can be shown that the
0 g-1 2 | O, @1 A .
+ 9p i + Iitiq derivative of V,, satisfies
i i
-1 A } . biml.: 1
— Zzi”‘ 804,,(5_1) Fiaal’(q_l) S Vo = Zzt ¢Ziq — QT 9 - pipi — Z T||€i||2
] 0; ayi Vi a=1 'ia
qg=3,...,p; (122)
. dati (g1 dti (g—1) _ZZ I kP Z”velhu("ﬂ)“LZ“u €18 (7))
Bi,q = 7(51(02)_"(s 9)+ (AIO‘-‘I g=1 14
aY; 05
+ i) + %(A, ofio + ki) + kig = - Zczq@ 2’ = Z el
iq
m’+qll 9 g1
X v, (m;, 1) + Z a)\’]] ( kl.])“l.‘l + )\fl,(l+1)) (123) + Z *”kTP ” Ll ; 4 Z 7L21 (130)
=1 lig g=1 lig
Tig = Tig-1) — %51 Zig (124)  where we used Young's Inequality and
Vi y 5 y "
i1 = (8 — Pidtirem+ ,+1>1)Z1 - Th oTg
: q _'2 l “:1,0:11 =1, ' N. (125) L= ;Vuelhu + ;HUGH&J (131)
Parameter update laws: N 2
; i, Li = vijelfuij (hij Xj.1)
bi = —¥/sgn(bim)@12i (126) ' (; S
; N 2
0; = It ,, 127
L= tta (127) + (Z Mﬁe{fgi,j(gi,j,}’j)> . (132)
where 6;, p;, I and Cigoligov/,q = 1,...,p1,i = 1,...,N are =1
defined as in Section 3.2. Similar to Lemma 1, we have the following useful lemma.

Lemma 2. The effects of the interactions and unmodeled dynamics

4.4. Stability analysis are bounded as follows
The ith subsystem (93) and (94) subject to local controller (118) L, < <
1,i

is characterized by max {vj }+ max {My}> Ix 12 (133)

1<,i,j<N
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2
N
(Ze¥fgi.j(gi,jvy1)) < kallxII? (134)
j=1
N 2
(Z el fuij(hijs Xj,l))
j=1
<k,z +k13( max {v }+ max {M,]})) lIx1I° (135)
where X = [Xirs ) Xﬁ]—r and Xi = [ZIT7 6?‘7 hi,1T7 DRI} hi,NTv gi,1Ts
.., &N ko, kiz, ki3 are positive constants.
Proof. By following similar analysis to Lemma 1, using
Assumption 4.2 and (94), the result can be proved. a
Based on Lemma 2, it follows from (130) that
qu(z, 2’ Z leill?
7 4l
S T I
+ ; I || Pl c sl x|
+ Z (ki + ki) i? + 2k 1 x 112 (136)
a=1 liq
where
w = max {uj, vy} (137)
1<i,j<N

As fpij is globally Lipschitz in x; ; according to Assumption 4.2, the
derivative of Vj,; ; with respect to fy; j(h;j, X;,1) in Assumption 4.3
satisfies

8Vh,'_j

Tfhi,j(hi,j» Xj1)

8
o hl}fhu(hu,o)‘i‘

fhl,](hl,j7 O)]
—dpij 1 i j 1> + dhig 2 11| L 1%, 1 (138)

where Ly; is a positive constant. Similarly, there exists a positive
constant Lg; such that

aV hlj

o, [ fhijChij, xj,1)

IA

%fgi,j(gi,j,}’j) < —dgii1 g1 + dai 21111 Lgi 1y - (139)
ij

We are now at the position to establish the following theorem on
the stability of nonlinear systems.

Theorem 3. Consider the closed-loop adaptive system consisting of
the plant (93) under Assumptions 4.1-4.3, the controller (118), the
estimators (126), (127) and the filters (103)-(106). There exists a
constant p* such that for all vj < p* and pu; < p*,i,j =
1,2,...,N, all the signals in the system are globally uniformly
bounded and lim;_, o, y;(t) = 0.

Proof. We define a Lyapunov function for the ith local system

N N
Vi =V Y lhiVhij + ) eV (140)

where ly; and ly; are positive constants. Computing the time
derivative of V; and using (94), (136)-(139), we have

N N
y y 2 2
Vi= Vo = Y i allhigl® =Y lejdgi 1l
j=1 j=1

N N
+ ) hidni2 i Lg% 11l + ) Ll 2 118311 Lgi 1

j=1 j=1

chq(zt q) ZI”Q”Z
iq

+ Z 7||k,-TPi||2u2||x||2
g=1 '1q

Cllzl 1

+ ((kit + ki) p? + 2kispe®) [1x 112

1
11“1

Q
|

‘M"

1 2 1 2
Elhijdhij,l lhi I~ + Elgijdgij,l llgi.ll
J

Inidnii 11> — *CHZ, |+ Zzhudhu 2l 1 L1231

j=1

-
—_

] Mz M=

Mz

1

4

|: Iniidng 1 1R 11> + lngidng 2|1
=1

|

-
Il

X Lh,'j

N
T T
Z vgerhij + ) wielgi
= =1

1, u 11 2
— 2CnZin — Z 3 giilgij 111

=
N
+ ) Lyjdgi 218311 Lgi 1231 (141)
=1
Taking
| i, 1Cj1
hij = 2 PR
4Ndhij,2Lhij (142)
AL
6 = SNde 2
Zngu 27gij
and using Young’s inequality, we have
< —Bllyil® — Loz 1)
Vi < =Billxill Ci1(zi1)
4
+ ((kiakin + ko) + kis)p® + 2kiskiape®) 11 x |17
1 A
- (4C11(Zi,1)2 - Z oy 1@ ) (143)
where
pi
. G
Bi = min {4! Cizy -+ Cip;s 2. qu IE<N {zlhudhu 15
1
Elgjdgij,l (144)
Pi 1
kig = Z W (145)
q=1
2
4lhljdhu 2 hy (146)

kis = [Ik/Pi|1> Z
g=1 lig

Now we consider the Lyapunov function for the overall decentral-
ized adaptive control system defined as

=1 dhul
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in V (kia(kix + kiz) + kis)? + 8kizkiaB + kia(kin + kiz) + kis

*
= m
K 1<i<N 4kiskis
Box IV.
N 15
v=>"v. (147) o
i=1 ‘I A ||‘
From (143) and Lemma 2, the derivative of V is given b °*1 I
rom and Lemma 2, the derivative of V is given by an
N < oll | Vi
V<-— 21: [B — (kia(kis + ki) + kis) p° _0'15 ‘| ||
1= -
\
Kiakou i 2 1 - 2 k2 l‘nl‘
= 2kakian ] lxI” = 3 D cntein) (148) LU
i=1 0 10 20 30 40
where t(sec)
lmil}v Bi Fig. 4. Linear subsystem output y;.
<i<
p= N (149) 06
. N 0.5 {I
By taking 4* in Box IV, we have V. < —1 37 ¢;1(z;1)? for all o ‘\|
vj < p*and p; < w*. This implies that Zi, bi, 0;, &; are bounded. 031 I‘
Because of the boundedness of y;, variables vjy, & ¢ and &; are 0.2 ‘| \ | 1
bounded as A; o is Hurwitz. Following similar analysis to Section 3, S0t | [
states ¢; associated with the zero dynamics of the ith subsystem are of| | | | | H | \\ Jf\ e
bounded. This concludes the proof of Theorem 3 that all the signals -0.1 ‘| | | \ ‘I A
in the system are globally uniformly bounded. By applying the -0.2r | H \I"
LaSalle-Yoshizawa theorem, it further follows that lim;_, o, y;(t) = —oar| 1Y
0 for arbitrary initial x;(0). & -04, 45 50 . 20

Remark 5. The transient performance for system output y;(t)
in terms of both L, and L., norms can also be obtained as in
Theorem 2.

5. Illustrative examples

5.1. Linear systems

To verify our results by simulation, we consider interconnected
system with two subsystems as described in Box I (i.e. N = 2). The
transfer function of each local subsystem is G;(s) = m, i=1,2.
In the simulation, a; = —1 and a, = 2 which are considered to be
unknown in controller design and hence require identification. The
dynamic interactions are Hj = %5, Aj = gy fori = 1,2 and
j = 1, 2, respectively. The initials of subsystem outputs are set as
y1(0) = 1,2(0) = 0.4.

5.1.1. Verification of Theorem 1

The design parameters are chosen as k; = [4,4]T,i = 1,2,
i1 = €2 = €1 = € = LIy = lp = 11 = Inp =
0.001. Simulation reveals that in the decoupling case, i.e. v; =
nij = Ofori = 1,2 andj = 1,2, the fixed controllers
without adaption, i.e. I7 = I3 = 0, give stable systems. But
when vy = puyj = 0.7fori = 1,2 andj = 1,2, these fixed
local controllers cannot stabilize the interconnected system, due
to the presence of interactions and unmodeled dynamics. With the
presented adaptation mechanism on by choosing I'T = I, = 0.1,
the results are given in Figs. 4 and 5. Clearly, the system is now
stabilized and the outputs of both subsystems converge to zero.
This verifies that the proposed scheme is effective in handling
interactions and unmodeled dynamics as stated in Theorem 1.

Fig. 5. Linear subsystem output y,.

5.1.2. Verification of Theorem 2

We still consider the interconnected system with parameters
given above. The initial values z; 4(0) fori = 1,2 and q = 2 are
set to 0 by properly initializing filters according to Eq. (89). In our
case, v (0,2)(0) = o (0,2)(0) fori = 1, 2. The design parameters I;;
are fixed as 0.001 and ¢;; = ¢33 = 1, which are the same as the
above. We now consider the following two cases:

(1) Effects of parameters c;;
The effects of changing design parameters c;; stated in

Theorem 2 are now verified by choosing c;; = ¢; = 1
and 3 respectively. The corresponding initials v; 2 (0) are
selected as v1,(,2)(0) = —1.001, v3 0,2(0) = —0.4004, and

U1,(0,2) (0) = —3.001, vzy(oqz)(O) = —1.2004 for the two sets
of choices of c;;. In the verification, we fix I'T1 = I, = 0.1. The
outputs of the two subsystem outputs yq, ¥, are compared in
Figs. 6 and 7. Obviously, the L, norms of the outputs decrease
as ¢ fori = 1, 2 increase.
Effects of parameters I

We now fix ¢;; at 1 for all i = 1,2 and choose initials
Ul,(O.Z)(O) = —1.001 and V2,(0,2) (0) = —0.4004. For
comparison, I are set as 0.1 and 1, respectively for i =
1, 2. The subsystem outputs y;, y, are compared in Figs. 8
and 9. Clearly, the transient tracking performances are found
significantly improved by increasing I7;.

(2

—

5.2. Nonlinear systems

To further verify the effectiveness of our proposed scheme
applied to nonlinear interconnected systems, we consider two
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Fig. 6. Output y; with different c;;.
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Fig. 7. Output y, with different c;;.
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Fig. 8. Output y; with different I7.
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Fig.9. Output y, with different I3.

nonlinear interconnected subsystems with n; = 2, fori = 1,2
as described in (93) and (94), where ®; = [0, (1)1, &, =
[0, (¥2)? + ¥21", 6i(y;) = 1.In simulation, a; = —1,a, = 2, by =
1,b, = 2, hij and g;; given in (150) and (151) below are all
considered to be unknown in controller design. All the initials are
set as 0 except that subsystem outputs y;(0) = 1, y,(0) = 0.4.

1.5

0 5 10 15 20 25 30
t(sec)

Fig. 10. Nonlinear subsystem output y;.
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Fig. 11. Nonlinear subsystem output y,.

1 — e hij®
; -3 1 1 4+ e—hij(»
hij = [—2.25 o] byt | 1 L e
14 e hii@
sin(h,;j(])) )
+ |:Sil’1(h,"j(2)) Xj’l (150)
_ e~ &ij(D
i Ll Rl O
gij = [_4 O}giﬁ }jg_gﬁ.;j.(z) + [|1nyj| +2] (151)
[ yj
1+ e 82

5.2.1. Verification of Theorem 3

When vj = p; = 0.01fori = 1,2 andj = 1, 2, the design
parameters are chosenask; = [4,4]T,i=1,2,ci1 = Cip = ¢ =
c; = 0.5,11; = I = 137 = I = 0.001. With the adaptation
mechanism on by choosing y; = y, = 1; 17 = I3 = 1 x Iy,
the system outputs yq, y, are illustrated in Figs. 10 and 11. These
results verify that the system can be stabilized and the outputs
of both nonlinear subsystems converge to zero in the presence of
interactions and unmodeled dynamics.

6. Conclusion

In this paper, decentralized adaptive output feedback stabiliza-
tion of interconnected systems with dynamic interactions depend-
ing on both subsystem inputs and outputs is considered. Especially,
this paper presents a solution to decentrally stabilize systems with
interactions directly depending on subsystem inputs for the first
time, when the backstepping technique is used. By using the stan-
dard backstepping technique, totally decentralized adaptive con-
trollers are designed. In our design, there is no a priori information
on parameters of subsystems and thus they can be allowed totally
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uncertain. It is established that the proposed decentralized con-
trollers can ensure the overall system globally asymptotically sta-
ble. Furthermore, the L, and L., norms of the system outputs are
also shown to be bounded by functions of design parameters. This
implies that the transient system performance can be adjusted by
choosing suitable design parameters. Simulation results illustrate
the effectiveness of our proposed scheme.

Note that some robust control schemes based on backstepping
approaches are available for systems with certain input unmodeled
dynamics, see for example Krstic, Sun, and Kokotovic (1996). Such
a class of unmodeled dynamics is different from what considered
in this paper. We feel that it is worthy to explore such types
of input unmodeled dynamics and interactions in the context of
decentralized adaptive control.
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