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Abstract

In this paper, we present a “deep pole assignment method” to study the observer-based stabilization of switching linear systems where
the dynamics of each mode are known a priori but the switching times of modes are arbitrary. The design can be used for both finite and
infinite switched linear systems. We emphasize our paper on the case where the switchings of the observer and controller do not coincide

with those of the system.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

A switching linear system is one where the system dy-
namics is linear, but time varying, and switches among a
finite number of modes (Fu & Barmish, 1986; Hilhorst,
Amerongen, Lohnberg, & Tulleken, 1994; Ezzine &
Haddad, 1989). In order to obtain fast and accurate re-
sponses of these processes, appropriate controllers and
observers should be designed and stored for the different
modes. At any moment, the controller and the observer cor-
responding to the right mode should be used. These kinds
of systems is called switching linear systems and it can
be used to model synchronously switching linear systems,
networks with periodically varying switches and systems
subject to failures (Ezzine & Haddad, 1989).

The stability analysis and stabilization of switching sys-
tems have been studied by a number of researchers. Michel
and Hu (1998) have considered the stability of switched
systems via a comparison theory, which is also very useful
for the stability analysis of other discontinuous systems.
Ezzine and Haddad (1989) studied the problems of con-
trollability, observability and stability of periodic switched
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linear systems. Wicks, Peleties, and De-carlo (1998) de-
signed a switching law for the stabilization of a class of
switched systems, which is an NP-hard problem (Blondel
& Tsitsiklis, 1997). Fu and Barmish (1986) have studied
the stabilization of the finite switching linear systems suc-
cessfully. However, the method in Fu and Barmish (1986)
cannot be used to consider the stabilization of infinite switch-
ing linear systems. It should also be noted that some basic
problems have been outlined in Liberzon and Morse (1999).
However, the observer-based stabilization of switching lin-
ear systems with infinite switching times has not been con-
sidered yet, especially in the case where the switchings of the
observer and controller do not coincide exactly with those
of the system.

In this paper, we overcome the potential problem by intro-
ducing a deep pole assignment method. The pole assignment
method is used to develop an observer and a controller for
each “frozen” system. These observers and controllers form
a switching observer and a switching controller for the whole
switching control systems where the number of switchings
involved can be infinite or finite, and these observers and
controllers are stored. Because the “frozen” system cannot
be known at any moment, we need to identify the switching
instances of the system and the next “frozen” system. This
can be done by checking the observer error. Once the next
“frozen” system is known, the controller and the observer
should be switched to the ones corresponding to the next
“frozen” system. It is well known that the poles of a control-
lable (or observable) “frozen” system can be assigned to any

0005-1098/03/$ - see front matter © 2002 Elsevier Science Ltd. All rights reserved.

PII: S0005-1098(02)00267-4


mailto:ezgli@lit.a-star.edu.sg
mailto:ecywen@ntu.edu.sg
mailto:eycsoh@ntu.edu.sg

518 Z.G. Li et al. | Automatica 39 (2003) 517—-524

given values (Chen, 1984). If the real parts of poles are nega-
tive enough, then the Lyapunov function V(X (¢))=||X (?)|
will decrease along each “frozen” system with any given
decay rate even in the case where there are overlaps be-
tween the switchings of the system and the switchings of
the controllers and the observers. This ensures that V' (X(t))
decreases along the whole system X (¢) = A(m(t))X () with
any given decay rate. Thus the system X (¢) = A(m(¢))X (¢)
is stable in the sense of Lyapunov. We require that the in-
terval between any two successive switchings has a lower
bound AT as in Narendra and Balakrishnan (1993). How-
ever, our AT is only required to be known and it can be ar-
bitrarily small. The controller uses the estimate of the state
by the observer for feedback rather than the state of the
system. The controller stabilizes the system in the sense of
Lyapunov. This is very important because with Lyapunov
stability, we can get a handle on the types of “overshoot”
behavior. Further, the switchings of the controller and the
observer do not need to coincide exactly with the switch-
ings of the system. The result of this paper shows that
for any desired decay rate, the closed-loop switching sys-
tem would yield a stable system with the required decay
rate.

The rest of the paper is organized as follows. In the
following section, problem formulation is given. The main
result is derived in Section 3. In Section 4, a numerical
example is given to illustrate the application of the main
results. Concluding remarks are given in Section 5.

2. Problem formulation

In this paper, we shall design an observer-based controller
for the stabilization of the following switching single input
single output linear system:

X (1) = A(m(0)X (1) + b(m(t))u(?),
(1)
W(8) = c(m(t))X (1),

where X (¢) is the system state vector of dimension 7, u(¢) is
the control input, y(¢) is the output, and m(¢) is the ‘mode
index” which is a piecewise constant taking values in the
finite index set M = {1,2,...,n}. We shall refer the ith
mode of the system as continuous variable dynamic system
i (CVDS ). The switching laws are defined by one of the
following two methods:

(I) The mode will automatically switch from mode 7 to
mode j, if the duration time of mode i is At; (Ezzine
& Haddad, 1989).

(II) The mode will switch from mode i to mode j, if the
state of mode 7 is in a given switching conditional set
S;;(X(¢)), which is of the following form (Pettersson
& Lennartson, 1996):

Sif(X (1)) ={X()|h;(X (1)) = 0}. (2)

We let #; denote the kth switching instance of the system.
Further, we make the following assumption about (1).

Assumption 1.

(A(7),c(i)) is observable, 3)
(A(i),b(i)) 1is controllable, 4
AT = ilzf{t,i+l -} >0, 5)

where AT is known but can be arbitrarily small.

We propose the following r-dimensional observer for
mode i:

X*(t) = ADX (1) + b(D)u(t) + L) (p(1) = y*(1)),
X*(10) =Xy, (6)

Y1) = c(D)X(1).

Based on the estimate X *(¢), we develop a controller of the
form

u(t) = =KX (). (7)

The requirement of the design is that the closed-loop
switching linear system (1) satisfies a prescribed decay rate.
Thus, the observer-based stabilization problem can be for-
mulated as follows:

Consider the switching system (1) with switching law (I)
or (II), and satisfies Assumption 1. Given any decay rate
A < 0, design an r-dimensional observer of the form (6), a
feedback controller of the form (7) and the switching laws
of the controller and the observer, such that the closed-loop
system satisfies

lim e~ X (¢)|| = 0.
t—o00

The solution to this problem is composed of two steps:

Step 1: Design an observer and a controller for each sub-
system.

Step 2: Define a switching law for these observers and
controllers. Generally, the controller corresponding to the
active subsystem should be used. However, we cannot know
the initial subsystem and the subsequent subsystems in ad-
vance. Thus, we need to impose some small delay on the
switchings of the controllers so that we can identify the
initial subsystems and the subsequent active subsystems.
Then, the controller corresponding to the active subsystem
is switched into action.

Note that there will be overshoot in the interval before
the right observer and controller are activated. Thus, we
need to present a method to constrain the overshoot and to
ensure sufficient decay of the overshoot during the interval
when the observer and controller corresponding to the active
subsystem are used. This is possible because the poles of
each observable and controllable subsystem can be assigned
arbitrarily. The whole process will be shown in detail in the
next section.
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3. Main results

In this section, we shall first present some preliminaries
to illustrate the process of pole assignment for the observer
and the controller for each subsystem.

Lemma 1 (Wilkinson, 1965). For any given degenerate
rate /.and Ay, ..., with ; # 4; when i # j, let

1 1
A+ 4 A+ 2
OC it i)y = | GH2 o Gt 2) |
LA+ ! G+ 4)""

S =(s—A—In) (s —A—2p)
=s" +dr—lsr71 + - +d1S+d0,

0 1 0o - 0
0 0 | R 0
E(Jias..nde)=| . o . ;
| —dy —d\ —d, —d,_,
A o 0 - 0
0 At+idy O - 0
DOy hy) =
|0 0 0 R
Then
O 'Oty s MVEQ 21y oy 2)00 Ay ey )
=Dy sy ly). (8)

Lemma 2. Let

gi(s)=|sT —AG)|=5"+ar—1()s" "+ - +ai(i)s+ao(i)
[ A"~ (0)b(i)

P(i)= '
A(D))b(i)
b(i)
(1 0 0o - 0 0
a,_1(i) 1 0o - 0 0
| ai(@)  ax(i)  as(i) a-—1(i) 1

- T

1 0 0 0 0

a_1(i) 1 0o .- 0 0
pi) =

L ai(i)  a(i)  as(i)
[ e(DA™~1 (i)

c(i)A(i)

c(i)
If (A(Q), b(7)) is controllable and (A(i),c(i)) is observable,
then there exists K(i) and L(i) given by

K(i) = [d§ — ao(D),...,d5_y — a,—1(DIP~' (D), )
L(i) = p~ ' (D[ — ao(i),....dy_; — ar1(0)] (10)
such that
Ay =P)O(A 25, ...,29)D(1, 75, ..., 0%)

071,78, 2P (0), (11)
A= p O (A, .. 20D, 18, .. A2

0T, 2S,.... 2 u(i) (12)

where

() = AG) — b(HK (), AG) = A(i) — L(i)e(i).

Proof. It is straightforward by using Lemma | and the pole
assignment method (Chen, 1984). [

Lemma 3. Suppose that (c(i),A(i)) is observable, then for
any LeR", (c(i),A(i) — Lc(i)) is observable.

For any desired decay rate A and observer state X *(z), we
denote

e() =X(1) — X" (1),

et .0

0 e ... 0
A()u[,...,/lr,t): H

0 0 ... e

My 2,75, 08, 1),
= A0 = p(i)O(il, IS, ...
O 1iA25,..., 2P~ (i)
Aoy 2,78, 00, 1) = A
=p NN AS, . .,
O (i, 2, 23,..., 2°0)u(i) (14)

PG 2,08, ... 081, (13)

IOA(iy Ay 25,y A E)
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A3(l’,)»,/1?,...,}ﬁ,/10 ...,)v?,tz — 1)

%) .
_ / DGy
n

[dS — ao(i).....d° — a,1(DIP~ (AN dr. (15)

Then, we have
X(1) | A4G) = b)K(E) —b(i)K (i) X(1)
o | 0 A — L(D)e() | | e(t)

()
W)= y(@) =y () =[0 C(l)][ ()] (16)

Suppose that the mode of the system is i within the interval

[}, £}, ], using Lemmas 1 and 2, we have

e(tj1) = M2(i, 2,25, . s Aty — 1 )e(t/+l t)’e(t)

X(65,0) = M0, 2,55, 05,65, — £)e 5D X ()

b A3y 2 S 2S00 — £)

Al =
(65— (48
e e(t).

Thus, we have

le(5 )l < Az (A3 A2)e 5 =D le(£5)), (17)

X (£, )| < Al (AT A1)e" 50

max
+ A2 (AY A3)e i~ ”Ile(t )| (18)

From the above derivations, we know that the key problem
is how to choose 47 (j=1,2,...,r)and 47 (j=1,2,...,r)

such that for any given decay rate 2 < 0, all # > AT and all
i=1,2,...,n, we have
, 1

I (AT 2, 083 28 A (5,2, 28, .., 28, 1)) < —

44
;“maX(Ag(iajw)voa"'a rat)AZ(l /“ AO’ EE) rat)) < -0

4f4
;Lmax(Ag(ia /L )"(1;7 '7/1;(57 /1(])) o rat)
A .:)Vaica 7}‘:9 0: * nt < —

(Ao Ao 25 B F0) <

where Am.x(A4) denotes the maximum eigenvalue of matrix
A, and 4 = 1 can be chosen to give some flexibility in
determining the switching time of the observer and the
controller.

This problem will be solved by using a “deep pole as-
signment method” through the following three lemmas. The
proofs are omitted due to the space limitation.

Lemma 4. Given any desired decay rate A <0 and

t >0, there exist Zj(i, L)y<0 (j = 7)) and
Z?("”U) <0(j=12,...,r), such that
/lmax(Aﬂlr(l’, A, )Nu?,..., r’t)
A i, )L, ;NLC,.. t < —

1( 1 ) 4ﬂ4
/lmax(Ag(ia}a}»T, ces r,f)Az(l /L }O, ., ”l‘)) < —

44

/Ahmax(A;(l., }"’ ;’:?7 . 5/1;:)/10 st ANS:vt)
A3, 2,08, 809,00, 0) < — 4ﬁ

Lemma 5. Given any A <0, there exist /":j(i,)») <0

(=12,...,r) and (i, ) (j = 1,2,...,r), such that
damax (AT 2 28, A O 2, 58, 58 1) < —
4B4
Danax (A3 iy 2 S, o A0 0) Ag (i, 2, 18, 00, 0)) < ——
454

A A

Danax (A3 iy 7 25, JE, 08, 20, 1)

A . 1
A3(i:)"a/"“(1:9"°9/ﬁa | ERRRE) rat))< 4

Ba

for t e [AT, AT, i€{1,2,...,n}, where AI'; is a finite
positive number that bounds the switching interval of
CVDS i.

Lemma 6. Given any desired decay rate A <0, there
exist )uj <0(=L2,...,r) and i;? <0 (=1L12,...,r),

such that
dmax (AT 278,38 0 MGy 2 S, 8 1)) < —
4ﬂ4
N . 1
Aanax (A3 iy 2 7S, 20 0) Ag (i, 2, 78, 70, 1)) < ——
4B

;LmaX(Ag(iajw)’:(l:"--a }*17 .. I)t)

A3(i5)"9/1(1;9'”9/1;fa | ERRRE) rat))<

ﬁ
fort = AT, ie{l,2,...,n}.

Based on the above five lemmas, we can design the sub-
controller and subobserver for each subsystem. The initial
states for the first subobserver are arbitrary while the ini-
tial states for the subsequent subobserver are the same as
the end states of the previous subobserver. Meanwhile, we
also need to identify the active subsystems, the switching
instances of the system such that the appropriate switchings
of the controller and the observer can be well defined.
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To identify the mode of the system, we note that for
any given A(7),L(i), K (i), b(i), c(7), there exists a constant
t¥ < p1AT/3 where i < 1, such that

|| e AD =L@ |2 .
<2 1<i#is<n, (19)
e“Mi
(A =DK@ |2 A
le |
s <2, 1<i#i<n, (20)
e i
i AN =BOKONE =0 b DK (1) AD—LDe) g¢(2
e i 1 1)e t
I 00 Fe,
eMi
I1<i#i<n (21)

Remark 1. Note that (19)—(21) hold when ¢/ =0, the right
sides of (19)—(21) are continuous functions of ¢;. It follows
that there exists a #* < 1 AT/3 such that (19)—(21) hold.

Suppose that the mode of the system is /; within [ 1. 5]
Since [c(/;),A(l;) — I:(k)c(lj )] is observable for any mode
k€M, e(t) and X(¢) can be obtained by using the value of
(1) in (16) when 7 is in the interval [¢},7; + tl*j], and it is
of the following form:

t+t] ) WTeE
e(t) = [/ 7 AN =L ) 0 41 T)CT(lj)
t

—1
% C( lj )e(A(l/)_L(k)c(lj))(t;+t_f) d'L'

] NN (g
></ g e(A(/,) Lk)et) (417, T)cT(lj)f/(r)dr
t

X(t)=e(t) + X" ().

Then, we can compute y(7) = C(k)X (1), T €[f},1; + 7] for
a certain k # /;. If (t) = y() holds for all 7 € [¢},£; + t,*/],
then the mode of the system is k. Otherwise, we need to
check other mode. In this way, we can identify the active
mode of the system.

Next, we need to identify the switching instance of the
system as follows:

1y = to,
£ = sup {t > £5_[[[X"(t — 1})|?
t

< 5 W) P
2/
Finally, we need to define the switching instances of the
observers and the controllers. Suppose that ¢ and #; are
respectively the jth switching instance of the observer and
the controller, we choose #; =17 and it is defined according
to the following five cases:

Case 1: Qi(j) # 0, (/) # 0 and () N 2()) # 0.
17 € 1(j) N (). (22)

Case 2: Q1(j) # 0, (j) # 0 and Q1(j) N (j) = 0.

J teﬂl(ljr)lUQz(j){ } ( )
Case 3: Q,(j) # 0 and Q,(j) = 0.
5 € 1())- (24)
Case 4: Q,(j)=0 and Q, # 0.
12 € Q()). (25)
Case 5: Q1(j) =0 and ,(j)=0.
2B AT
where
. . 28 o _ 2BIAT
Q)= {t|t =1 +<1 - ;)AT,It—tjl < IT
L 25—t 1) 2 ]2
e lleto)l|” < l[e(t — )|
< ﬁ;?e2f1<“?"°>|e(to>||2}, @7)
2 201 AT
Q)= {t|t =1, +<1 - f‘)AT,It—ti-l < ﬁ%
12— = .
e CETIAX )P + (27 — Dlletro)]1?)
< |[lx (-l
< B 2 1 et
+X(zo>||2)} (28)

with £ =5 =1ty + f1 AT/3, and e(#y) and X () are obtained
by the following equations:

to

o+ (B AT3) o
elty) = / A =L 0+ B ATI=0 Ty

—1
X el )N =EI) ot (B AT/3)—1) dt]

to+(P1AT/3) _ .
% / AU =L () (to+(/f1AT/3)—t)cT(]1 Yu(t)de
to

X(to) = e(ty) + X" (1),

where [ is the initial mode of the system.

Remark 2. In the sets (27) and (28), the key idea is to re-
strict X (19—1)[2 < (Ba/2)e™ " =7 (2= 1) le(to) P+
1X(r0) (> and [le(rg —£)* < (Ba/2))e™ =~ et0)|*}
when 17 — 17 > ;.

With the above switchings for the controller and observer,
we have the following result.
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Theorem 1 (Observer-based switching control theorem ).

Consider the switching system (1) with switching laws (1)
or (II). Suppose that the system satisfies Assumption 1,
then for any given decay rate A < 0, there exist an r dimen-
sional observer of the form (6) and a feedback controller
of the form (7) for mode i with the switching instances of
the controller and the observer defined in (22), such that

lim e=*||X (¢)|| = 0.
t—o00

Proof. Foreach subsystem i and any given decay rate 4. Us-
ing Lemmas 4-6, we can select /{,..., A7, 47,..., 4. Based
on these eigenvalues, an » dimensional observer of the form
(6) and a feedback controller of the form (7) can be de-
signed by using Lemmas 1-2. The design of the switchings
of the controller and the observer is given in (22).
Suppose that the switching instances of the system are
8,5,..., t; and the switching instances of the controller are
17,5,. ..,tg, and ¢ > tg. Note that for finite switching sys-
tems, ¢ is finite and g — oo for infinite switching systems.
Further, we suppose that the mode of the system is /; within
the interval [¢;_,, #}].
It can be easily proved by the induction method that

(a) For any j, we have

G-G=6-6>1 (29)
(b) For any j,
Jetsg — I < B mpepp o)

holds for both Q;(j) =0 and Q,() # 0.
(c) For any J,

* ﬁ4 Mt —tF— .
X7 = I < Zj 07 (2) = Deteo)I?
+[1X (@)1 (€29)
holds for both Q,(j) =0 and Q,(j) # 0.
We shall now prove that for any #; ., > ¢ > #;, we have
le)|* < M= le(ep) P,
IX@I? < M e |P + X EDIP).
Using Lemmas 4—6, we have
||€(l)||2 _ eT(t;))e,ﬂ(lq)(t—t;’)eﬁ(l;;)(t—t;?)e(t;))
= DT () AT (1, 2,7, 20t — 19)
X Aa(ly, 2y 4750 A0, t — tg)e(t])
< Imax( A3 (Lgy 4 2, 22,1 — 19)
X Aol A28, 29t — 1)EH ()

< M e(0)] (32)

Similarly,
IX @I < M D AX DI + (eI,
where if the bound of the interval is known, then

M; = max max max (it
! 1<j<31<i<no<t<At,{C’(’ b

else

M; = max max max (it
! 1<j<31<igno<z<oo{cj(’ )}

where

(0 t) = dmax (AT (0,28, 28 ) A1(0, 25, . .., IS, 1)),
Ca(ist) = dmax (A3 (0,25, 20, 0) A5, S, ..., 25, 1)),
G300 1) = Danax (A3 (0, 7S, .. 28,08, ..., 20,1)

A3(i, 28, ..., 28,29, 20, 1)).

Finally, we shall prove that the required result holds. Let

M, = max maxmax {|[[eOTPORGN2p=22 AT

0<t<PIAT i#j

||e(A(i)+[(j)c(i))t HzeleﬂlAT

% /t e(A(i)+b(i)K(j))(t—f)b(l')K(j)e(A(i)+f(j)C(i))T dt ’
0
e—zzﬁ,AT} .
It follows that when t;]’ g > tZ +1» We have
le()I* < Mae®le(ey )], (33)
IXOI < Mae® 0oty DIP + 1X (DI (34)

Using inequalities (30) and (32), and when 7, > ¢ > ¢,
we have

le()|]* < My =]|e(t)]?

< 2M, eZ).(t—tj+t_q*)||e(t; _ t;)Hz

BaM, 2/(t— 2
< 59-1 ¢ “=0)le(t0)]1%.
Using inequality (33), and when ¢/, > ¢ > #; ,, we have

le(O)]]* < Mae®os0||e(£5,,)|2

My -
< ﬁezw ©|le(t0)]*.

Thus

M) 1
et < max { s, 2 S e

Similarly, we have

M. 1
2 2

H0((2g + Vet + X @)IP).
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Note that g — oo/t — oo and

M 1
gl_i)n;lomax {ﬁ4M1, 42} 201 (29 + Dle(to)|?

+ X (@0)]*) = 0.
It follows that
lim e~ | X (¢)|| = 0. O
t—o00

4. Numerical example

Example 1. Consider a switching linear system which is
composed of two modes:

Mode 1:
(1 1] (0]
A(I)Z_O 1_, b(l):_l_, c(l)y=[1 0]
Mode 2:
1 0] 1]
A(2):_1 1_, b(2):_0_, c2)=[0 1]

Due to space limitation, we only consider switching law I.
The durations for modes 1 and 2 are 3 and 4 s, respectively.
The initial state of the system is X(0) = [100 200]", the
initial state of the observer is X*(0)=[50 50]" and the initial
mode for the system is mode 1. We choose the desired decay
rate as A = 1.

Let the controllers be

K(1)=[25 10] and K(2)=[10 25]

and the observers be

=] wma f@=|>
=] | = f2=| |

The time responses of ¢’ x X(¢) and control input of the
switching control system are given in Figs. 1-3. Clearly, the
states converge exponentially to zero.

200

150

100

50

elxq (t)

0 100 200 300 400 500 600 700 800
t (second)

Fig. 1. The responses e’ x X (¢) of the system.

200

100

-100

elxy (©)

-200

-300

-400

-500

0 100 200 300 400 500 600 700 800
t (second)

Fig. 2. The responses e’ X X,(t) of the system.

1000

500 |

-500

u ()

-1000

-1500

-2000

2500 L L L L L L L L L
0 2 4 6 8 100 12 14 16 18 20
t (second)

Fig. 3. The control input u(¢) of the system.

5. Conclusion

In this paper, we have used the pole assignment method
to design an observer-based controller for both the finite
and infinite switching linear systems. The switching of the
controller and the observer do not need to coincide exactly
with the switchings of the system. We have reconstructed
the state of the system and the error between the state and
the estimate of the system by the output of the system in
some interval. The state and the error have been used to
determine the switching instances of the controller and the
observer. It has been shown that the proposed method can
achieve any prescribed decay rate.
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