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Abstract

This paper presents a robust backstepping adaptive controller to overcome the overparameterization problem in adaptive control
of nonlinear discrete-time systems. It is shown that the proposed controller can guarantee the global boundedness of the states of the
whole adaptive system in the presence of time-varying parametric and nonparametric uncertainties. It can also ensure that the
tracking error falls within a compact set whose size is proportional to the magnitude of the uncertainties and disturbances. © 2001

Elsevier Science Ltd. All rights reserved.
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1. Introduction

Through the use of appropriate Lyapunov functions,
much progress has been achieved in adaptive control
of nonlinear continuous-time systems in the last few
years (Kokotovic, 1991; Kanellakopoulos, Kokotovic,
& Morse, 1991; Marino, Praly, & Kanellakopoulos,
1992; Pomet, & Praly, 1992; Krstic, Kanellakopoulos,
& Kokotovic, 1995; Kanellakopoulos, 1995). In contrast,
very few results have been reported on nonlinear dis-
crete-time systems (see Zhang, Wen, & Soh, 2000, and the
references therein). This may be attributed to the diffi-
culty to construct a discrete-time Lyapunov function
whose increment is linear in the variations of its
variables. As a preliminary study, the backstepping
technique was employed in Yeh and Kokotovi¢ (1995)
to design an adaptive controller for nonlinear discrete-
time systems without using Lyapunov functions. In
Zhao and Kanellakopoulos (1997a) and Zhao and
Kanellakopoulos (1997b), another new recursive design
scheme which is different from the standard backstepping
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approach was proposed for the adaptive control of non-
linear discrete-time systems. However, all these results in
Yeh and Kokotovi¢ (1995); Zhao and Kanellakopoulos
(1997a) and Zhao and Kanellakopoulos (1997b) were
obtained in ideal cases where the systems are assumed to
be modelled exactly. The design of an adaptive controller
for uncertain nonlinear discrete-time systems remains
unsolved. Again, the lack of suitable Lyapunov functions
makes it a tough task to establish robust stability in the
presence of model uncertainties.

Recently, the problem was addressed in Zhang et al.
(1999) where local stability is guaranteed without using
Lyapunov functions. Later, a similar backstepping adap-
tive controller was designed in Zhang, Wen, and Soh
(2000) to achieve a global robust stability for a class of
nonlinear discrete-time systems with uncertainties. How-
ever, the parameter estimation has to be performed in
each backstepping step in Zhang et al. (2000) in order to
obtain certain properties that are crucial to the robust
stability analysis. This gives rise to the overparameteriz-
ation problem as mentioned in Krstic et al. (1995). In the
presence of unmodelled dynamics, this problem cannot
be avoided in the same way as in Yeh and Kokotovic
(1995), where the parameter estimation is only carried
out in the first step of backstepping design. Otherwise,
only the unmodelled dynamics entering the system in
the first system state equation can be considered in the
properties of the parameter estimator. Also this problem
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cannot be easily solved by simply postponing the para-
meter estimation in Zhang et al. (2000) to the last back-
stepping step. This is because it is difficult to obtain those
estimator properties in Zhang et al. (2000) which are
crucial to the robust stability analysis as in Zhang et al.
(2000).

In this paper, the overparameterization problem is
addressed and an adaptive controller with only one para-
meter estimator is presented. As observed in Zhang et al.
(1999, 2000), the parameter estimator needs to have sim-
ilar properties as in Zhang et al. (2000) in order to
establish robust stability in the same way as in Zhang
et al. (2000). To this end, the parameter estimator in the
proposed adaptive controller is not only postponed to
the last step of the backstepping design but also construc-
ted by using all the errors between the actual states and
the virtual control variables in each backstepping step. In
addition, all nonlinear system functions are employed in
the normalization term of the parameter estimation.
These make it possible to obtain those required proper-
ties by accounting for all the unmodelled dynamics no
matter where they enter the system. It is shown that the
proposed adaptive controller can guarantee the global
stability of the adaptive system and a small-in-the-mean
tracking error. Moreover, since only the lumped effect of
the system nonlinearities are required in a sector, the
restriction suffered by Zhang et al. (2000) are greatly
relaxed, which greatly enlarges the class of systems
considered in Zhang et al. (2000).

2. Problem formulation

Consider a class of uncertain nonlinear time-varying
discrete-time systems described by

X = x5 + 0T (X)) + 71 (2),
X571 = x5 + 070 (x, x5) + 12 (1),

: 1
Xyt = x4 0T (0ot — 1 (X, X5, X 1) A+ a1 (D), M
X = 0T (0 (xY, XY, LX)+ (1) + u(e),

y([) =X1([)’

where u(t) and y(¢) represent the system input and output,
respectively, and 0(t) is the unknown time-varying para-
meter vector in R”. For each 1 <i<n, oi(x},...,x})
is a known nonlinear function which is continuous
and satisfies «;(0) = 0. For simplicity of illustration,
oi(x%,x5,...,x) are denoted by o;(t) for each i=
1,2,...,n in the remaining parts of the paper.

In the discrete-time system described by (1), two kinds
of uncertainties are considered. One is parametric uncer-
tainty denoted by the unknown time-varying parameter
vector 0(t). The other is the nonparametric uncertainty

denoted by unknown functions #;(t), which may often
be due to modelling errors and external disturbances.
For these uncertainties, we usually have the following
assumptions.

Assumption A.l. The unknown parameter 0(t) lies in
a known convex compact set O, i.e.,

0()e © = {0(): 100l < ko3 110() — O] < ko,VO'(1) € O,

)
where k, is a positive constant.
Assumption A.2.
to +N
Yo l0() — 0t — 1)|| < k. + &N, Vio =0, N>1,
t=to+1
©)

where k, and ¢, are constants.

Remark 2.1. As no smallness restriction is imposed on k,,
this assumption not only allows for slowly time varying
parameters in a uniform way as in Wen and Hill (1992)
and Wen (1994), but also takes into account time-varying
parameters with big jumps.

Assumption A.3. There exist constants ¢ and d such that

nl(t) < cng max ||[x§7x1:2> ’x;]TH + d: (4)

O0<t<t—1
where ¢, is a constant. It will be shown later that
knowledge of ¢ and d is not required to implement
the proposed adaptive controller.

Remark 2.2. From (4), it is noted that the modelling
error 7;(t) can have infinite memory as the function
maxy<.<,—1||*|| is included. However, this makes the
stability analysis more difficult especially when the
knowledge of ¢ and d are not available.

For nonlinear functions «;(t), we have the following
assumption.

Assumption A.4. All the known nonlinear functions ;(t)
satisfy the following two conditions:

n
KL, x5, 1Tl < 3 (@]
i=1

+ < kyJILx, x5, 0T )

Z o;(t)
Nl (E(0)) — (@) < kolIE@) — E'@,  VE@LE () ER', (6)

where k, and k, are arbitrary positive constants. All the
norms in this paper are vector norms.
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Remark 2.3. In comparison with the similar assumption
employed in Zhang et al. (2000), (5) gives a weaker restric-
tion on the nonlinearities as only the sum of |[|o;(¢)|| is
assumed to be bounded below by the norm of the states.
This condition is easier to satisfy than that required in
Zhang et al. (2000) where each of functions ||a;(¢)]| is
required to be bounded below with a nonzero k.

The adaptive control problem is to obtain a control
law for plant (1) such that all the signals in the resulting
closed-loop system are bounded for arbitrary bounded
reference set-point y,(t) and initial conditions, and the
tracking error |y(t) — y,.(¢)| is small in some sense.

3. Adaptive control design using backstepping technique

The desired controller can be obtained by performing
the following backstepping procedures.

Step 1: Let
z = x4, (7)
2y = x4 + 0t) oy (). (8)
Then
2 =2 4+ (0(0) — 00) oy () + 1 (2). )

The update law for 0(t) will be obtained in the last step of
the backstepping design.

Step j(2<j<n—1) To proceed, the following
functions are needed:

g a(t)2a(2h), a2t 2ay(Zh), (10)

A~

&i,j(t)é(xi<z3i+1sz3i+2 - H(t)Tafl.j—iH(t)» s Ziial

-1
- Z Q(t)T&k,j—i+z—1([),~-~ zh — Z
k=1

(t)" Olge,j— 1 (t)>,

(11)
where 1 <i<j— 1
Let
Zhvr = xheq + 00 oy(0) + Z 0t) "2 (1). (12)

Then
2" = 2y 00 = 00) (0 + 75 + D + 50, (13)

where

ji—1

1wt + )2 Z 0t + V)'oy -1 (t + 1) — Y 0(0) 3 ;(t).

(14)

Step n: This is the last step of the backstepping design
in which the control law and the adaptive law are given.

For system (1), the control law is taken as

) = 3t 1) = ¥ i = 000 — % 5,00,
(15)
where

~

&i,n(t)éai<zfti+lazixi+2 — 00ty p—is(t), ..., 25

- % 0050 (16)

and f; (i=1,2,...,n) are the coeflicients of a strictly
stable polynomial F(g~ '), ie, F(g ) =1+f,q '+
C+figT " ~
The update law for 6(t) is given by

Yro o)) - e,(t + 1) }
o J

ot +1)= go{@(t) +

L IR eI + oy llou(e
(17)

where @{-} denotes a projection operator and
et + D& — 24, (18)
et + 2T =2 — e+ 1), (19)

et + D22+ Y g

i=1

— V(1) =g+ 1. (20)
Compared with (Zhang et al., 2000), the parameter es-
timation is only carried out once in the last step. It is also
noted that the parameter estimator given in (17) uses all
the predicted errors in the backstepping steps, which will
be found in the next section, it brings much convenience
to the robust stability analysis.
Substituting (15) into (1), we have

fizh 4 (0(2) — 0(t) o, (1)

M:

=yt +n) —

i=1

+ 1t + 1) + 1,(0), 21

where

Z 0t + 1) &y, ((t + 1)

— i 0(t) 3, (¢ + 1). (22)

The resulting closed-loop system is expressed by

z(t + 1) = Fz(t) + by, (t +n) + Pt + 1) + et + 1),

W) = c'=(t), (23)
Yive(t + 1) 0u(0) }’

L+ 101 ol + X el
(24)

0t +1)= go{é(t) +



554 Y. Zhang et al. | Automatica 37 (2001) 551-558

where
I 0 0 ] t
0 0 o
F= : =",
o 0 0 1 .
Zn
L —h -2 —fs —fu
0
. 0
b=| |eR" c¢=|_ |eR" (25)
0
et + DE&[eg(t + 1),e,(t + 1),...,e,(t + D], (26)
Wt + D2t + D+ 1), (e + DT (27)
with
11t + 1)20. (28)

4. Stability analysis

In this section, we will show that there exist small
constants &* and ¢} such that for each ¢€[0,¢*] and
&9 €10, ef], all the signals in the closed-loop system (23)
are bounded for any bounded initial conditions, bounded
tracking reference signal and external disturbances. As
observed in Zhang et al. (1999, 2000) the robust stability
can be obtained using an inductive approach if the para-
meter estimator satisfies some appropriate properties as
those in Zhang et al. (1999, 2000). Thus, the properties of
the parameter estimator (24) are firstly investigated and
summarised in the following lemma. The proof of the
lemma is given in the Appendix.

Lemma 1. Suppose M is a positive constant satisfying
that ||xO)l < Mo, lym(Oll., < Mo, and df(k,Mo) <6 for
0 <9 <1, where x(0) denotes the initial conditions of
the system. Assume that there exist constants M, ky and
k, such that

Ix(to — DIl < Mo, |Ix(0)l| > M,
T:to,t0+1,...,t—1,
IX(z)ll < My, 74y =0,1,...,t — 1,

M3 = ki(K,Mo)* + ky > M,.

Then (i)

lei(to)l < (k ko + ai)Mo + ay, (29)
N nk, ,

le(t + 1) < kf,kg +dy, Vt>t,, (30)

a

where

. Yiciet+1)

A+ 1) = , 31

)= w0l + e mop oY

ay = cye(kki? + k%) + k9,

dy = n(c,e(ki? + k3'?) + 9). (32)
(ii)

0t + 1) — 00)l| < [2i(¢ + ). (33)
(iif)

t—1

Y @) < kg + (ay + az)t — to), (34)

T=1o

where

a, = 2ky(ki* + k3'?) + 2c,e(ky + ky)ne,e

3k, 1
+ 289((2 + k,)kg + 0,1 + 2n89>,

3k
as =28(26 + ke)n, ki = nkz + 2ks<< + kf‘)kg +d )

2
(iv)
it + DIl < eqlleqi- (e + DI+ callzg g @l1e@ + 1)),
(3%)
ll7:to)ll < (c3 + caay)My + csay, (36)
where
;002 (2 2 g, o, 25] RV, (37)
e (D)2 Lei(t), e (2), ... ()] e RVTTY, (38)
2O 2 00, 1410, - ;0] € RITTD (39)

and c;, (j=1,2,...,5) are constants depending on k,,
k, and k,.

From this lemma, it can be seen that the proposed
parameter estimator has similar properties as in Zhang et
al. (1999, 2000). It is noted from the proof of the lemma
that these properties are obtained through the use of all
prediction errors in the parameter estimator rather than
simply postponing the parameter estimation to the last
backstepping step.

Remark 4.1. Note that M|, is not a design parameter and
it is only used for stability analysis. For any bounded x(0)
and y,,(?), such a constant M, always exists.

With these properties, the stability together with
a tracking property of the closed-loop system can be
established by following a similar method as in Wen



Y. Zhang et al. | Automatica 37 (2001) 551-558 555

(1994) and Zhang et al. (1999, 2000) where an inductive
strategy is adopt. The details are omitted here due to
space limit.

Theorem 1. Consider the adaptive system consisting of
plant (1), update law (17) and controller (15). Under As-
sumptions A.1-A.4, there exist constants ¢* and &§ such that
for each ¢€[0,e*] and ¢y € [0, ef 1, ||z(t)|| is bounded for all
bounded initial conditions and setpoints. In addition, the
tracking error satisfies

t—1

)

T=1o

where K =1 + Z?;llfil, p1 and B, are constants, and
O(e, &9) is a function such that lim,_.q ., - O(e, &) = 0.

< B1 + B20(e, &)t — to), (40)

1
y() — Eym(f)

As a special case, it can be concluded that if there is no
nonparametric uncertainity and the system parameters
are constants, ie, ¢ =0, & =0 and 6 =0, |0t + 1) —
00l =0, et + 1) =0, and |y(t) — (1/K)ym(0)] =0,
which implies perfect tracking is achieved.

Remark 4.2. In the above theorem, ¢* and &f play a role
like the stability margin for the overall system. The exist-
ence of such constants show certain degree of robustness
of the proposed controller.

¢ and ¢ depend on the magnitude of the ignored
unmodelled dynamics and variations rate of the nominal
parameters. Clearly, small magnitude will give small
¢ and ¢. In the ideal case, ¢ = 0 and ¢, = 0. Similar to all
the results on robustness (adaptive or nonadaptive) with
respect to unmodelled dynamics, it is not necessary to
specify the values of ¢ and &, as they are not design
parameters (Narendra & Annaswamy, 1989).

5. Conclusion

This paper presents a scheme of designing adaptive
controller for a class of nonlinear uncertain discrete-time
systems. The proposed adaptive controller overcomes the
overparameterization problem in adaptive control of
nonlinear discrete-time systems by backstepping design.
The success is attributed to employing all the prediction
errors of all the backstepping steps in the parameter
adaptive law. It is different from the results in Yeh and
Kokotovic (1995) and Zhang et al. (1999, 2000) where the
overparameterization problem in the presence of un-
modelled dynamics is usually very difficult to handle by
simply postponing the parameter estimation to the last
step. With the proposed controller, the global bounded-
ness of the adaptive closed-loop system is guaranteed for
any bounded initial conditions, set-point signals and
external disturbances. Moreover, a small-in-the-mean
tracking error can be achieved.

A.1 Appendix Proof of Lemma 1

In order to achieve the conclusions in Lemma 1, the
following lemma is useful.

Lemma A.l. Using the same denotations, we have the

following inequality.

100 + Dt + 1) = 00 %1 ()]
< cpillep—iv 1i(t + DI+ caillym—i+ 1. + Dl
+ c3illzg—i+ 2.0+ 1@l (€ + D). (A.1)
Proof. Here an inductive strategy is adopted to verify

(A.1). First, consider i = 1. From the definitions of o ,(¢)
and e (t + 1), (2), (6) and (33), we have

|0t + 1)"ay 4t + 1) — 0(0) 3y 4o+ 1 (0)]
<10 + 1)y 4t + 1) — 0 + 1'%y s 1 (0)
+ 100 + D"y e 1 (04 1) — 00) @y 441 (1)
< kokylzh — zi 1| + Kalzis 11100 + 1) — O]
< koky(lex(t + DI + |7t + DI) + kylzi+ 1 [I6(E + 1),
(A2)

which obviously supports inequality (A.1). Particularly, if
k=1,

L2t + 1) < kokyley (1 + DI + k|25 [1é(t + 1)), (A3)

where y,(t + 1) = 0 is used. This actually verifies (35) for
i=1
Then consider i = 2, we have

10t + 1) a4 (t + 1) — 0(t) et s+ 1 (0]
<10t + V) a4t + 1) — 0t + 1)7e5 41 1(2)
+ |9(f + I)T&z,}wr t+1)— g(t)Taz,kH(tN

< k9k4<

Z;c—l - Z;c A~ T
. . + (0t + 1) oy .t + 1)

Zk — Zk+1

— 9([)T5€1,k +1 (t)|)>

+ k,

[ - }Hllé(t +1) = )l (A4)

Zk+1
Substituting (A.2) into (A.4) and using the definition of
ex(t + 1) gives

10t + 1) 2, 4(t + 1) — 0(0) el s+ 1 (D]
|:ek1(t+ 1):|H |:Xk1([+ 1):|H
+ Cr.2
et +1) ’ w(t + 1)
[ - } 2(t + 1), (A.5)
Zk+1

where ¢y ,,¢,.5, and c; , are constants combining k, and
k,. Thus (A.1) holds for i = 2.

< (1,2

+ C3’2
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Finally, assume (A.1) holds for all 1 <p <i— 1, ie.,
10 + 1) a4 (¢ + 1) = 0(0) @y ses 1 (0)]
< cppllep—p+ 1t + DI+ caplltm—p+ 10 + Dl

+ 3 pllZg— pa 2.6+ n@)llEE + 1)), (A.6)

where c; ,, ¢»,, and c3,, are constants depending upon
k, and ky. Then we show that (A.1) is also true for p = i.
From the definitions of ; ,(¢), it follows that

100t + 1)7 a4 (¢ + 1) — 0(0) 3 s+1 (2)]

<10 + D'aalt + 1) = 0 + 1) 84041 (1)
+10 + )T O+ 1(t) — g(t)T&i,k+1(t)|
< kolou(zk i 1,2 s — AT(I+1)0611( TUETS VRS- A

i—1

=0+ D)oyt + 1)
1=1

AT
— 0(Zk—i12>Zk—i+3 — Ot + Doty j—i42(0), -, Zks 1

— Zl__ Ot + 1) e, (t + 1))
+ e+ 1 NN + 1) — O@)]I- (A7)

Using (6), (33) and noting that &; ;. (¢) is a function of

t t t
Zk+15Zks ooosZk—i+2, WE haVe

100t + 1) 34 (¢ + 1) — O(6) 80 4+ 1 (2)]

< kokallZge—i+ 100t + 1) = Zg—i 4 200+ @]

i-1
+ K'Y 100 4+ 1) -t + 1) — 00) 0 - 141 (0)]

+ kollZg - i 2.6+ 1 @NIECE + 1)), (A.8)

where K’ is a constant depending on k, and k,.
Substituting (19) and (A.6) into (A.8) gives

10t + 1) (c + 1) — 0(0) 401 (1)
< cylleg—it 1t + DI+ coilltm—iv 1.0 + DI
+ c3,illZm - i+ 2.0+ n@)lllE(E + 1), (A.9)

where ¢,; (m=1,2,3) are constants combining
Cmp Mm=1,23;1<p<i-—1), k, and k, Thus
Cmi (m=1,2,3) are dependent on k, and k, only. So, we
have proved inequality (A.1).

Proof of Lemma 1. (i) From the definitions of ¢;(t + 1),
we have
et + D&z —ziy —plt+ 1)

= (0 — 0(t)"oi(t) + mi(t) = — 00) 04 (t) + mi(0).  (A.10)

Applying Assumptions A.1, A.3 and A.4 gives

le;(t + 1) < kollo; (O] + c,¢ max  ||x(z)l| +d (A.11)

O<t<t—1

< koka”[xtlath; >-x§]T|| + Cng(kl(kr;MO)z

+ ko) 4 d, (A.12)

where M? = k,(k,My)* + k, is used.
Since ||x(t, — 1)|| < M, it follows immediately that

lei(to)l < kykoMo + cpe(ky(kuMo)? + ky)'* +d

< kykoMg + c,elkyki? + kY*) (Mo + 1) + d

< kykgMg + c,ekyki? + kY*) Mo + 6k, M,
+ e ekl ki + k32) + Ok,

< (kyko + a; )Moy + a;. (A.13)

From (31), (A.12) and Assumption A.4, we have

Yi=1lei(r + 1)

ez + 1) =
A+ =@ + Yoz @)
s k cyelley (K, Mo)? + k)" + d
! (1+||zl L (@I + Yoo ()P
B n&ke N cyellky (KyMo)* + ko) +d

Ko (1 + k,2M2)172

for T > t,

< nllz—,ko + nd + ne,e(ki’? + ky?) < n];—ko + dj.

(A.14)

(ii) Let O(t) denote a parameter estimate before ap-
plying a projector g, i.e.,

5 i-1oa(D))i- et + 1)

6

AT+ D) =00 = S @ + S ool
Then

106z + 1) — 0| < 110,z + 1) — 0]

_ ||Z?=106i
L+ Dot

IR =1 ei(e + 1)l
||2+21 10(

||2 = | ( + 1)|a VT.

(A.15)

(iii) Introducing o(t + 1) = 0%(¢t + DAt + 1), we get

o(t +1) — v(r) < (v + 1)'0p(z + 1) = 00)"l(v)

< [0t + 1) — 001" 0,(x + 1) — Ox) + 20(1)] (A.16)
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(=1 0(0)*(i= et + 1)
(1 + 1= @I + Y= 1@l

20 Oﬂi(f)Tg(T)Z?: et + 1)
1+ ||Z?:105i(‘5)||2 + Z?:lfli(f)nz

+

— 2[0() — O(c — 1)]T[0~(‘c —1)

Zl 10( )Zz 1€; T+1)
1+||Zl 10 TH +Zl:1al T)Hz

306 — 0 1))]
S yee + 1)
SN Y RPAE R YR e T

2y 1@ By - et + 1)
L+ @I + Y- gou(oll?

+

— 2[0() — O(c — 1)]T[9’(T —1)

Zl 10( )Z le T+1)
1+||Zl 1OC T | +Zl:1al T)HZ

— %(9(1) — O — 1))]. (A.17)
From (A.10), we have
Z () 0 Zn: ei(t + 1)
2% ()~ ee + 1) Z
<- z(i e + 1)> 2% Y [
Zn: () + 2(2 [7:(7)] ) . (A.18)

Combining (4), (30), (31), (A.10), (A.17) and (A.8), we have
v(t + 1) — v(1)

_ -+ 1P
REED YR

ko=l (OIXi= 1 mi(2)
L+ I (@l + Y-y 0u(z)

s (Xr- s (o))
T+ ISP + i

+2

- 2[9(1-) — 0t — D]"[0c — 1)

ZL 1 “i(f)ZL et + 1)

+
L+ = (@I + Y (o)l

- 00— o~ )|

+ 2000 — ot = 005+ Ju +

cns(kl(k;Mo)z + ky)'?
1+ ||Z?:10<i(‘f)||2 + Z?zﬂi(‘f)

i @l + n 40382(k1(k;M0)2 + k)
< L+ Y70 lou(o)l?

4d? + 2dky|lo(0)|
+n n
1+ Y @)
i=1

k,
T 20 (r—1>||<(3 k,>k@+a1>

—&i(t + 1)* + 2nkgc,e(ki’? + k3/?)

IA

— &t + 1)* + 2nk,

IA

+ dncle*(ky + ky) + 4nd* + 2nk,d

+ 2||0(z) — O(r — 1)||<< l;, >k9 + a1>,‘v’r > to.

(A.19)
Therefore,
&t + 1)* < o(r) — v(t + 1) + 2nkgc,e(ki’? + k3'?)

+ 4ncte*(ky + ky) + 4nd* + 2nk,d

+ 2]|6(z) — 0(r — 1)||<<3 Z, >k0 + a1>

(A.20)
Summing both sides of (A.20) gives
t—1
Z le(@)* < 11(to)II> — 0

+ 2k <<3 i >kg + a1> +(a; +as)t —to), (A21)

which confirms (34) by applying Assumption A.2.
(iv) Using Lemma A.1, it follows immediately from the
definition of y;(¢t + 1) that

it + DI < yllepr,i- o + DI+ ¢ oillgri- ot + DI
+ 3illzgn@)lle + DI, (A.22)

where ¢,,; (m = 1,2, 3) are constants.
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Since y;(t + 1) =0 and y,(t + 1) < kok,le (t + 1)| +
k,|z5]|e(t + 1)], it can be shown from (A.22) that

wit + D <y llepi— gt + 1]

+ aillza@llle( + 1), (A.24)

where ¢7 ;,c5,; are constants combining k, and k,.
Taking ¢; = max; <;<,{c7;} and ¢; = max; <;,{c3.},
(35) follows.
Using (29) and inequality

llz(to — Dllle(zo)|

- llz(to — DIIYF=1eilto)l
T F Y euto — DI 4 Y0 lloa(to — DIAY?
< b,|Ix(to — 1)|||Z?:1ei(fo)|
T (1 kyllx(to — DAY
b,
< k_,((koka +a)My + ay),
Eq. (36) follows.

(A.25)

Remark A.1. Note that the constants a,, a} and a, are
functions of ¢ and ¢, which depends on the magnitude of
the unmodelled dynamics, external disturbances and
variations rate of the nominal parameters. In the ideal
case that the system has no nonparameteric uncertainties
and all the nominal system parameters are constants,
they are equal to zeros and the update law has the same
properties as those given in Yeh and Kokotovic (1995).
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