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Initial Shift Issues on Discrete-Time Iterative Learning dating law formation in a unified manner, which was primarily studied

Control With System Relative Degree in [4] and its higher order version was considered in [16]. The learning
scheme undertaken will be shown robust with respect to initial shifts by
Mingxuan Sun and Danwei Wang the developed analysis approach, which enables the systems to possess

asymptotic tracking capability and the converged output trajectory can
) ] o ] ] be assessed by the initial condition. The tracking performance is shown
_ Abstract—This note deals with the initial shift problem that arises from ) he improved by the introduction of initial rectifying action so that the
discrete-time iterative learning control. A unified learning scheme is con- . . i . . .
sidered for a class of nonlinear systems with well-defined relative degree, COMPplete tracking with specified transient is achieved.
which adopts the error data with anticipation in time and provides wider

freedom for the updating law formation. The sufficient convergence con- Il. PROBLEM FORMULATION AND PRELIMINARIES
dition is derived to enable the system to possess asymptotic tracking ca-

pability and the converged output trajectory can be assessed by the initial  Consider the class of nonlinear discrete-time systems described by
condition. The tracking performance is improved further by the introduc-

tion of initial rectifying action and the complete tracking is achieved over a § T

specified interval. (t+ 1) =f(x(t), u(t)) )

Index Terms—Discrete-time, initial condition problem, learning control, y(t) =g(x(t)) @

nonlinear systems, relative degree. . . . . ] | |
wheret is the discrete-time index; € R", v € R ,andy € R

denote the state, the scalar control input, and the scalar output of the
I. INTRODUCTION system, respectively. The nonlinear functigffs, -) € R™ andg(-) €

Iterative learning control overcomes imperfect knowledge about tﬁ’)e are smooth in their domain of definition, which are known about

dynamics structure and/or parameters to achieve the complete traclﬁﬁﬁam properties only. The iterative learning control problem will be

through repetition [1]. For execution, the system is moved to an irﬁ-a dled in terms of system relative degree. Thus, the following nota-

tial position. Then it starts, runs, stops, and resets to the same ini% sand d_efinition for relativg degre_e are introduced. Similar concepts
position. In the published literature, the developed learning schenf} he relative degreTe of nonlinear d|.screte-t|me syste_ms can be found
for nonlinear discrete-time systems use measurable state variables' 17] gn.d [18]. Let/ <r) be the u_n_drlverj _State dynam|¢$rjj0) and
two-step successive error difference [3] or multi-step error data [4], E?ij 't'mes_ re‘i‘gfs"’e compositions gfin the sense that’ (x) =
In [5][7], only the output error is required. Analyses for the converl (/' (€)) With f7(x) = «. . .
gence and robustness have been presented with the aid of discrete-tianeef'g't'oon 2.1 Systems (1) and (2) are said to have relative degree
A-norm [3]-[6] and by the analysis technique without applying sucha & («,ul), if
norm [2], [7]. These theoretical results are restricted to the requirementi) (9/9u) [go f/(f(z,u))] = 0,0 < j < p—2andforall(z,u)
for convergence that the initial condition at each cycle should be resetto  in & neighborhood ofz”, u°);
the initial condition corresponding to the desired trajectory. In the prac-1) (8/9u) [go F*~'(f(«°,u"))] # 0.
tical implementation, perturbed initial conditions would degrade the Remark 2.1: The system output at the instant- j, j > 1 s, in
tracking performance which motivates researchers to consider the cgeeeral, written as
where the system does not reset the initial condition at each cycle to the
desired one. Instead, there exist initial shifts. This study is inherenta6t + j) = g(f (..., fF(f(x(t),u(t)),u(t +1)),...),u(t+j —1)).
improve the tracking performance and is, thus, meaningful in itself [8]. 3)
Several researchers addressed themselves to the initial shift problentff6k) and (2) have relative degrge the output can be evaluated in the
linear time-invariant (LTI) systems [9] and nonlinear continuous-tim&@llowing simple form:
systems [10]-[12]. Very recently, there is certain interest in the same B
problem for discrete-time systems. In [13], one adjustment scheme of y(t+j)=go f(x(t), 1<j<pu-1 4
initial state was proposed where the repositioning mechanism is needed y(t+p) =go et (f(z(t),u(t))) (5)
to reset the initial state at each cycle to the resultant one by the scheme.
The technique of suitably reducing sampling rate, presented in [1dlhich implies that: is exactly the steps of delay in the outgift) in
was shown effective to achieve better tracking. The result, howeverpigler to have the control inpui(t) appearing. Equation (4) still holds
restricted to LTI systems. In [15], the complete tracking was achievést ; = 0. The outputy(t + j),0 < j < u — 1, is thus independent of
over a specified interval by the learning scheme using only output ertae input variables at the instatytuy (¢).
at each cycle. Given a desired trajectony (t),0 < t < N + y, for system (1) and
In this note, the initial shift problem arisen from the iterative learning®) with relative degreg, the control objective is to find an input profile
control for a class of nonlinear discrete-time systems with well-definedt), 0 < ¢+ < N, so that the resultant output trajectargt), 0 <
relative degree is addressed. The learning scheme adopts the output &r-v + 4, follows the desired trajectory as closely as possible in the
rors with anticipation in time and provides wider freedom for the ugaresence of initial shifts. Throughout this note, by the teritial shift
we mean the initial condition which may be reset to some finite pointin
the state space, shifting from the initial condition corresponding to the

Manuscript received December 21, 2001; revised June 12, 2002. Recqjp; ; i +(0)
mended by Associate Editor A, Bemporad, YBsired trajectory. Lef denote the mapping frofa:(0), u(), 0 < ¢ <

M. Sun is with the Center for Mechanics of Micro-Systems, School off ) ©02(%),0 < ¢ < N +1, andO the mapping fromz(0), u(¢),0 <
Mechanical and Production Engineering, Nanyang Technological University, < N) to y(t), 0 < ¢ < N + u. We denote bya| the absolute
Nanyang Avenue, Singapore 639798, Singapore (e-mail: nmxsun@ntu.edugg)ue ofa if a is a scalar or the norrfu| = maxi<;<, |a:| if a is

D. Wang is with the School of Electrical and Electronic Engineeringgn,, -dimensional vector = [as,...,a ]T.The following properties
Nanyang Technological University, Nanyang Avenue, Singapore 6397 ’ T
Singapore (e-mail: edwwang@ntu.edu.sg). %T (1) and (2) are assumed.

Digital Object Identifier 10.1109/TAC.2002.806668 Al) The mappingss andO are one to one.

T

0018-9286/03$17.00 © 2003 IEEE



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 48, NO. 1, JANUARY 2003

A2) The system has relative degredor x(¢) andu(t), 0 < ¢t <
.’7\7

A3) The functionsf(-,-) and g(-) are Lipschitz in their argu-
ments, i.e., there exist positive constahtsand!/, such that

fl@"u")] < (2" — 2" + |v' — «"']) and

lg(z") = g(a")| < ly|a" = 2| forall 2'(t), 2" (¢), u'(t) and

|f (2", u") —

u(t),0 <t < N.

A4) The function(d/0u) [g o f*~'(f(:,))] is bounded for all

z(t) andu(t),0 <t < N.
Ab) Initial shifts exist at each cycle in the sense that— 24 (0)| <
¢z, for any fixedzq and some positive constan, .
Remark 2.2: Note the fact that o b() is Lipschitz ifa(-) andb(-)
are Lipschitz in their arguments. Assumption A3) implies thaf” (-),

0 < j < p —1,is Lipschitz inz. That is, there exists some positive

constant,; s such thalg o f7(2') — go f7(2")| < I ¢|2" — 2"|.

Ill. MAIN RESULTS
A. Asymptotic Tracking
The updating law undertaken is

I
i () = wi(t) + () Y a(yalt +7) =yt + ) (6)

=0
where() < t < N, k indicates the number of operation cyclg(t) €

R' represents the learning gain chosen to be bounded:an@l <
j < u, are the design parameters. Here, we assumethat 1. This
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which leads to, denotingvu (t) = u*(t) — u(t)
Aufs (#) =Aul(H) = ()
x i |70 F (") = g0 F(@e()]
oo PG @ (1)
g0 ' (Fan(t), un(t)].

By the mean value theorem, there exis{$t) = {u™ (t)+(1-&)ur(t),
& € [0,1], such that

go P et u™ (1)) = g o F'7 N (Flaw(t) ue(h)

= D fgo P (St ()] Aui ()
which results in

Aupy(t) = <1 — ’y’k(t)% [g o fr! (f(mk(t),ﬁk(f)))]>
X Aug (1) — vk (t)

pn—1

X Zaj [y o fl(a"(t) —go f(wk(t))}

= w(t) [go NSt (1), 0" (1))
—go F' TN (flan(t),u"(1))] .

learning scheme is in a unified form, which provides wider freedom fa'[aking norms on both sides and using assumption A3) yields

the updating law formation by the choiceof, 0 < j < u — 1. The
robust designs for numerical differentiation could be used to calculate
the term)_%_ a; (ya(t +j) — y«(t +j)). Other available designs are
those for predictive filters. We shall show that the learning scheme leads
to the trajectory specified by the initial condition, which can follow the

desired trajectory asymptotically as time increases.

Theorem 3.1:Let (1) and (2) satisfy assumptions A1)-A5) and UPivhereAx} (t) = 2*(t) — 24 (t)
dating law (6) be applied. If the learning gain is chosen such that fg]r _

all kand0 <t < N, forall (t) € R", forall u.(t) € R
=B [0 P (F ][ <o <1 @)
and the trajectory™ (¢) is realizable, wherg™ (¢) is given by
y*(t) = ya(t) — e (1) 8)

ande™ (¢) satisfies the following difference equation:

m

D ager(t+j)=0 ©

=0

with ¢*(0) = g(24(0))—g(xo),e* (1) = go f(xa(0))—go f(x0),. ..,

|Aut 1 (D] <plAui ()] + e,
p—1
X S 1 1o AT ()] + el I ATE ()]
=0

<plAUL(B)] + e Ak (b)) (10)

, ¢~ is the norm bound fory (¢) and
max{l, "2 |ajl Yol
To proceedAx}(¢) in (10) is written as, fod < ¢t < N +1
Ari(t) = f(a™(t = 1).u"(t = 1) = flan(t = 1), ui(t = 1))
Taking norms on both sides gives
Ak (®)] < 1p(|Aei(t = DI+ |Aui(t = 1)), 1<t<N+1

which leads to

t—1
|Azi (O] <D 1T AU ()] + 15| Az (0)]-

j=0

(11)

Substituting (11) into (10) and using A5) gives rise to, foK ¢ <

ande*(u— 1) = go f*~"(24(0)) — g o f*~'(x0), then asymptotic N + 1

bound of the errog* (¢) — yi(t) is proportional toc,., for p < t <
N + o ask — oo. Furthermore, the error converges to zerofoK
t < N + u whenever., tends to zero.

Remark 3.1: Clearly, for an appropriate, and a realizable trajec-

t—1

|Aul s (O] < plAuL (O] + 2 3 1AuLG)] + 2er

7=0

(12)

tory y*(t), assumption A1) guarantees that there exists a unique cavherec, = ci, andw = max {1,1;,...,15 }. The control input

trol input «* () that will generate the trajectory. Namely; (t) =
g(x*(t)), wherez* (¢) is the corresponding state satisfyintft+1) =
F(a*(t),u*(t)) andz™(0) = wo.

errors can be evaluated based on induction under the congitioi.
Defined = maxo<t<n {|Aus(t)|}, o = (c2/1 = p)ce, andg =
(e2/1 — p)+ 1. For the first instant = 0, substituting = 0 into (10)

Proof of Theorem 3.1:In view of y*(#) defined in (8) and (9), produces

updating law (6) can be written as

wkr () = wk(8) + () Y a;(y" (¢ +5) = gt + 1))

7=0

|Auz (0)] <|Aug (0)] +

c

>
Coy = Q.

2 ‘
l_pcmogﬂ—i—a, E>1

lim sup |Auy(0)] <
k—oo 1 P
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For the second instant= 1, substituting = 1 into (12) produces ask — oo. The merging occurs at the moment p. The following
theorem presents such a converged output trajectory.

) Theorem 3.2: Let system (1) and (2) satisfy assumptions A1)—A5)

and updating law (15) be applied. If the learning gain is chosen such

0o < (19 +a)s, k21 that (7) holds and the trajectogy (¢) is realizable, where* (¢) is given

-I- Cryg = 3. by
- n—1 )
Now, assume the validity for the instant i — 1 () = ya(t) = Y 6t = j)(ya(i) —go f'(z0))  (17)
j=0

Auj(i=1D]<@+e)s" ", k21

M= D] <ap ™ then asymptotic bound of the errgt(#) — y,.(¢) is proportional ta:,.,

k—oo
zero foruy < ¢ < N + p whenever,, tends to zero.

We wish to show that the result is true for the instaat . From (12) Remark 3.4: From (17), the converged output trajectory satisfies

and the aforementioned inductive hypothesis, we obtain

* _ gty . _
Al ()] <|Au() v (t)=gof(zo), 0<t<p-1 (18)
l—p y () =yalt),  t2>p. (19)
X [04+at -+ @+a)s "
[l‘ “ ( @)l } Proof of Theorem 3.2:By (16), (18), and (19), the following
+ 1(’2 Corg equality is satisfied:
—p
st S st + ) - o6+ )
- aj(ya(t+37)—y (t+j
x[l+(ﬁ—1)(1+5+...+ﬁl 1)] L
—('19+a')3i, E>1 ke , .
/ 1 e =N 0+ = s)as(yals) —y*(s) = 0.
lim sup |Aup (i) < [cy + -+ af } + ——cap 0 50
k—co —p 1- P ’
—a [1 FB-1A+ G4+ ,3“1)] Thus
i P
=af’. U1 (1) = ug(t) + e (t) Z(lj(?l*(f +7) = yk(t+3))
Therefore, fol) < t < N, we have J=0
pu—1 p—1
<@W+a)s,  Ek>1 (13) () DY b+ = $)a(y"(s) = ya(s))

(14) 7=0 s=0
which implies that

k—oco

The errorAz;(t),1 < ¢t < N + 1, can be evaluated from (11). The
result for the erroy™ (t) — y(t), p <t < N + pu, follows from (5) Augg (8) =Aug(t) — ()
ang assuEwgt;org:A@. ':'_his com(pl)e;es the p;;oof. ( )I x [go PNt (6,0 (1))
emark 3.2: Control inputu (¢) has no effect on outpuig (t+5), o Em—l,g «
0 < j < pu—1.The boundedness ¢f(t),0 <t < u—1,is ensured g O{ (f(r’k(t)’uk(t)))]
by the resetting requirement. Namelly (t) — yx (t)| < |go f'(20) — = N o
g); ft(u(()))|g§l?ftro,()ﬁtﬁpd%lg) L( )| | 0 - !k(t)za‘]‘ I:yof](l' (t))_gof](él:k(t))]
Remark 3.3: From (8) and (9), the converged output trajectory de- f:i p1
pends on the choice of parametefs0 < j < ¢ — 1. Obviously, the e Z Z Bt +j - s)a
suitable choice of these parameters leads to that the converged output ‘ o

7=0 s=0
trajectory to track the desired one asymptotically as time increases. !

X [go f*(zo) — g o f*(x(0))].
B. Initial Rectifying Action From the mean value theorem, there exist$t) = Su*(¢) + (1 —

Introducing initial rectifying action into (6), the following updating E)ur(t), € € [0,1], such that
law is achieved:

* a —1
" Auji(t) = <1— t5. lgo fl (1), i (t)) >
i () = () + 76(0) Y 0t + 3) = wi(t -+ ) w0 = (1m0, oo P @B
=0 X Aug(t) — W"k( )
s X [go fUTHf(" (1), u" (1))
—vi(t Ot + 75 —s)a;(ya(s) — yu(s 15
i ( );; (t+j —s)a;(ya(s) — yr(s)) (15) g0 PN (" (1))
whered (t) is a scalar function defined as — (1) NE:I a; [g o fl(z*(t))—go f(;nk(t))]
1 t=0 =0
H(t) = { (16) p—1p—1
0 t#0. + (1) Z Z G(t+j — s)a;
The added term will ensure the convergence of the system output to J=0 s=0

the desired trajectory in the sense thatt) — ya(t),pn <t < N+p, X [g0 f(x0) — go f(xx(0))].

forp <t < N+ puask — oc. Furthermore, the error converges to
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Performing the norm operation for both sides of the previous equatic '® : ! ! ! ! ! ' ! i

gives rise to

[N

|Aujp1 ()] <p[Aup ()] + eylgply | Ay (t)]

pn—1

+ ¢y Z la;|lyr |AzE(t)] ]
=0 g
g1 -1 g}o.a
ey 30 D6t + ] = 5)|a,| Az (0)]
Jj=0 s=0 s
<p|Aui(t)] +er (AR (O] + [AzE(O)) (00
where ¢, is the norm bound for ~(f) and 02
¢1 = max {lf, 27;01 la;], 25:701 p|a]’|} cxlyy.
Through the same derivation to arrive at (11) leads tolfer ¢ < 0 _ ' ' . '
N —|— 1 Time [sec]

Fig. 1. Resultant output trajectory by (26).

Auk ()] + 1

t—1
|Azi ()] <Y 1 Azp(0)].  (21)
7=0

IV. AN ILLUSTRATIVE EXAMPLE
In this section, we are going to illustrate the theoretical results with
a pendulum. The Euler’s approximation of the dynamics takes the fol-
lowing state-space representation:

Substituting (21) into (20) and using A5) resultin, foK t < N

t—1
Auj (D] < plAup ()] + e S |AuL(G)| + eacay (22) q(t+1)] _ [q(t)] { q(t)
[Aupp1 (D] < pl|Aug(t)] Lz;| ur(j)| + c2c {4@"‘ ) ilt) +1 () — sin(g(t)) + u(t (25)
wherec; = ¢ (1 + @), andew = max {1,17,..., 1} }. whereq(t) = ¢(th), ¢(t) = ¢(th), u(t) = u(th) andh is the sam-

é}lrilng period. The system has relative degree two if only the angle dis-
placement is available. Let the desired trajectory be givep @y =
7 /2(6(th)® — 15(th)* 4+ 10(th)*) rad,0 <+ < N +2, N = 18, and
the sampling period bk = 0.05 s. The initial conditions at each cycle
are set tagx(0) = 0.05 and¢,(0) = 0.01. The proposed learning
schemes are used in the presence of the initial shift. The first applied is
Denotedy (t) = (9/0u) [g o f*~"(f(ax(t), @(t))] and note that the following updating law:
d(t) includes uncertain variable, (¢). However, the design issue can o
be argued whetl; < di(t) < ds. According to (7), one convergence k41 (t) = ux(t) + 5 (er(t+2) — L.2e,(t + 1) 4 0.36ex(t))
range ofy; (t) is vk (¢) € (0,2/ds) if di > 0 or v, (¢) € (2/d41,0) if ’ (26)
d> < 0. Thus, the learning gain is chosen as follows: whereer(t) = ya(t) — yu(t),ya(t) = qa(t), yx(t) = qu(t), a'is
an adjustable parameter and chosemvas 0.2. Fig. 1 depicts the
. resultant trajectory of the 49th cycle versus the discrete-time variable
e (t) = {O‘cg_-zﬂ if di >0 (23) ht, being a solution of (8). The converged trajectory is observed to
a’%, if dy <0 follow the desired one asymptotically as time increases. In order to
achieve the convergence over the specified interval, initial rectifying
wherea € (0,1) is an adjustable parameter. When the system dyction is introduced in the updating law (26) as follows:
namics described by (1) is affine ir(t), i.e.,z(t + 1) = f(x(t)) +
b(x(t))u(t), and has relative degrge the system output expressed upt (1) =up(t) + %
by (4) and (5) can be rewritten agt + j) = g o f7(z(#)),1 < v .
i< =1 andy(t + ) = go fN(f(t) + bla(t))ult)). X (e (t+2) — L2ei(t+1) + 0.36ex(t)
Furthermore, provid1ed92/8u2) [90 F* 7 (f(x) +b(x)u)] =0, the — 37 [0.368(t)er(0)
term (8/0u)g o f*~'(f(x) + b(x)u) will be independent of: and ) cnh 1N 1 ¢
can be denoted a& ). For this case, the output can be evaluated as +(0-368(¢ = 1) = L26(®)er (L] (27)
y(t + W = go N F®) + ba®)wl=ot [ (9/0u)g °  pefine the performance indek. = maxs< <2 |ex(t)|. The itera-
@) +b(ae()u)du= g o f*(x(t)) + d(x(t))u(t) and (7)  tion stops after the 46th cycle ds < 0.001 and the resultant trajectory
reduces tql — vk (#)d(x(#))] < p < 1. The learning control design js shown in Fig. 2, where the trajectory tracks the desired one after two
becomes straightforward and one alternative is steps delay only. In our simulation, the robustness in the presence of
random initial shifts shown in Theorems 3.1 and 3.2 are examined.

We can see that (22) corresponds to (12) in the proof of Theor
3.1. The rest of the proof is exactly the same as that of Theorem
after (12). [ ]

C. Design Issue

() = asgu(d(ei (1)) (24) V. ConeLusion

anda € (0.2/|d(xx(t))]). In the case ofl; < d(zi(t)) < dz, the The unified learning scheme for the class of nonlinear discrete-time
design of (23) is still applicable. systems with well-defined relative degree has been characterized to ad-
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Fig. 2. Resultant output trajectory by (27).

Joint Optimization of Communication Rates

dress the initial shift problem. The convergence and robustness proper- and Linear Systems

ties of the scheme WIFh respe_ct to initial shifts have be_gn presented b}iin Xiao, Mikael Johansson, Haitham Hindi, Stephen Boyd, and
the developed analysis technique. Under certain conditions, the system Andrea Goldsmith

output is ensured to converge to a neighborhood of the predefined tra-
jectory and the error bound is proportional to the bound on initial shifts.

The system undertaken has been ShOWh to possess asymptotic trackinghstract—we consider a linear control system in which several signals
capability and the converged output trajectory can be assessed byalfaetransmitted over communication channels with bit rate limitations.
initial condition. The initial rectifying action has been shown effectivivith the coding and medium access schemes of the communication

to improve the tracking performance further, by which the comple?é(Stem fixed, the achievable bit rates are determined by the allocation of
h . o . . ’ communications resources such as transmit powers and bandwidths, to
tracking with specified transient is guaranteed.

different communication channels. We model the effect of bit rate limited
communication channels by uniform quantization and the quantization
errors are modeled by additive white noises whose variances depend on
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