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Abstract—Estimation of the unknown parameters that charac-
terize a bilinear system is of primary importance in many appli-
cations. The Cramer—-Rao lower bound (CRLB) provides a lower
bound on the covariance matrix of any unbiased estimator of un-
known parameters. It is widely applied to investigate the limit of
the accuracy with which parameters can be estimated from noisy
data. Here it is shown that the CRLB for a data set generated by a
bilinear system with additive Gaussian measurement noise can be
expressed explicitly in terms of the outputs of its derivative system
which is also bilinear. A connection between the nonsingularity of
the Fisher information matrix and the local identifiability of the un-
known parameters is exploited to derive local identifiability condi-
tions of bilinear systems using the concept of the derivative system.
It is shown that for bilinear systems with piecewise constant inputs,
the CRLB for uniformly sampled data can be efficiently computed
through solving a Lyapunov equation. In addition, a novel method
is proposed to derive the asymptotic CRLB when the number of
acquired data samples approaches infinity. These theoretical re-
sults are illustrated through the simulation of surface plasmon res-
onance experiments for the determination of the kinetic parame-
ters of protein—protein interactions.

Index Terms—Bilinear systems, Cramer—-Rao lower bound
(CRLB), Fisher information matrix, local identifiability, param-
eter estimation, surface plasmon resonance experiments, system
identification.

1. INTRODUCTION

ILINEAR systems are an important class of nonlinear

systems because of their wide range of applications in a
number of different fields, including engineering, biomedical
science, economics, etc. A fundamental problem in these ap-
plications is to estimate/identify the unknown parameters of a
bilinear system from its output observations [1]-[4]. The ques-
tion therefore naturally arises concerning the accuracy of the
estimation that can be achieved based on the assumed bilinear
system model and observed noisy outputs. The Cramer—Rao
lower bound (CRLB) gives a lower bound on the covariance
matrix of any unbiased estimator of unknown parameters [5],
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[6]. It is commonly used to evaluate the performance of an
estimation/identification algorithm and provide guidance to
improve the experimental design. The purpose of this paper is
to derive an explicit expression of the CRLB for noisy data sets
generated by a bilinear system, from the perspective of system
theory.

The CRLB for estimating unknown parameters of stationary
time series has received considerable attention in the literature
[7]-[9]. Recently, the CRLB or Fisher information matrix for
one-dimensional (1-D) dynamic nonstationary systems with de-
terministic input and Gaussian measurement noise has been in-
vestigated in [10]. The calculation of the Fisher information
matrix for the 1-D data is performed in terms of the derivative
system with respect to the unknown parameters and by using the
solution to a Lyapunov equation. The above approach has been
extended to multidimensional (n-D) data sets generated by n-D
linear separable-denominator systems and applied to the anal-
ysis of n-D nuclear magnetic resonance (NMR) spectroscopy
data sets [11].

Here we generalize the results in [10] to bilinear systems
and continue to explore some system theoretical insights of
the approach. It is shown that the Fisher information matrix
for the output data samples of a multiple-input-multiple-output
(MIMO) bilinear system can be expressed in terms of the
outputs of its derivative system which is also an MIMO bilinear
system. The use of the notion of the derivative system brings
two main benefits. First, we can study properties of the Fisher
information matrix and the CRLB from a system theoretic point
of view, e.g., the local identifiability conditions discussed in
Section II. Second, for uniformly sampled data sets generated
by bilinear systems with piecewise constant inputs, the CRLB
can be efficiently computed using algorithms based on the
solution to a Lyapunov equation. It is important to note that dif-
ferent notions of bilinear systems exist in the literature. In [12]
and [13], the CRLB was calculated for specific equations that
do not immediately reduce to the class of systems considered
here, although our general approach may also be applicable to
the type of systems considered in [12] and [13].

The organization of the paper is as follows. In Section II,
we apply the concept of the derivative system to obtain an ex-
plicit expression of the Fisher information matrix for noise cor-
rupted data sets generated by an MIMO time-invariant bilinear
system. Provided some weak regularity conditions hold the non-
singularity of the Fisher information matrix is equivalent to the
local identifiability of the system. We consider the question of
local identifiability in two contexts. First, we answer the ques-
tion under which conditions a finite number of inputs exist that
lead to an identifiable data set. Second, we address the question
under which conditions for a given input the resulting data set
leads to local identifiability of the parameters. For the uniformly
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sampled data sets generated by a bilinear system with piece-
wise constant inputs, it is shown in Section III that the CRLB
can be efficiently calculated through solving a Lyapunov equa-
tion and that the asymptotic CRLB can be derived without ex-
plicitly computing the Fisher information matrix. In Section IV,
the theoretical results presented in the paper are illustrated by
the simulation of surface plasmon resonance experiments aimed
at estimating kinetic constants of protein—protein interactions.
Conclusions are presented in Section V. Proofs are given in the
Appendix.

II. CRAMER-RAO LOWER BOUND FOR MIMO TIME-INVARIANT
BILINEAR SYSTEMS

A. General Approach

Consider the state—space model of a general MIMO time-in-
variant bilinear system given by (see [14])

M

Xo(t) = Apxa(t) + Y Fomtim(t)xe(t) + Bou(t) (1)
m=1

Yo(t) = Coxp(t), t >t )

where xp(t) € RM*1 is the state vector, yg(t) € REX! is
the system output vector, Ag € R¥*YN By € RV*M Cy €
REXN Fg,, € RVN m = ., M are the system
matrices depending on the unknown parameter vector
6 = [0 0r]”, xp(tl?)) = xp0 is the initial
state vector, which can also depend on the parameter
vector @, and u(t) € RMX! is the input vector with
components  uy(t),...,up(t), which are independent
of #. For convenience of exposition, we use the notation
¢ := {Ay,Bg,Cq,Fg1,...,Fg 1} to represent the bilinear
system with state vector xg(¢), input u(t), output yg(t), system
matrices Ag,Bg, Cg,Fo 1,...,Fg 1, and initial state xg ¢, as
defined in (1) and (2). The rth element of yg(t) is represented
by y9,1’(t)7 r=1,... 7R’ ie., yﬂ(t> = [y0,1<t) e yﬂ,R(t>]T'
Similarly, the rth row of Cjy is denoted by c(,Tm7 r=1,...,R,
ie., Cyp = [C971 S C97R]T, etc

In this section, we will derive some general results and prop-
erties of the CRLB for bilinear systems for the class of admis-
sible inputs V, which are assumed to be piecewise continuous,
have a finite number of discontinuities and are defined on finite
or semi-finite left-closed intervals whose left boundary point is
t[01. The main reason for considering the class of admissible in-
puts is that there exists a unique solution when the input to a
bilinear system is from this class. Specifically, when the input
is piecewise continuous with a finite number of discontinuities,
the state and output vectors will be continuous.

Assume that we have acquired noise corrupted samples
s(t;),t1% = tg < t; < --- < ty_1, of the measured output of
the bilinear system defined by (1) and (2), i.e.,

s(t;)

where yg(t;) is the noise free output and n(¢;) is the measure-
ment noise at the sampling point %) = ¢, < t; < .-+ <
ty—_1. We assume that the measurement noise components are

= yo(t;) + n(t;) 3)
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zero-mean, Gaussian distributed and temporally uncorrelated.
The probability density function pg(s) for the acquired data set
s := {s(t;), j =0,...,J — 1} is given by

=T=[ 2m) % |A<)|

|o|>-‘

e 5150t = 3ot 1A (1) (05) ~ vo(0,)]

where Ay, (t;) := E[n(t;)n(¢;)"] is the covariance matrix of
n(t;),j =0,...,J—1, whichis assumed to be positive definite
throughout the paper. Assume that pg(s) satisfies the standard
regularity conditions (see e.g., [15], [16]). The Fisher informa-
tion matrix Iy is then defined as (see [5], [17])

Olnpg(s) (Olnpg(s) T
o { ) (2l

where (0/(08)) = [(0/(961)) --- (0/(90x))]|T. If Iy is pos-
itive definite for all # € ©, where © is assumed to be an open
subset of the Euclidean space R* *', by the CRLB any unbiased
estimator @ of @ has a variance such that

var(8) > I",

where var(@) > Iy
(var(@) — I, ") is positive semidefinite.

In the following theorem, we first show that the derivative
system (with respect to the given parameter vector #) of a gen-
eral MIMO time-invariant bilinear system is also an MIMO
time-invariant bilinear system. The Fisher information matrix
for the sampled output data of the bilinear system with Gaussian
measurement noise is then expressed using the output samples
of its derivative system.

Theorem 2.1 (Appendix A): Consider the bilinear system
represented by @ := {Ag,Bg,Cy,Fg1,...,Fgrr}. Assume
that the partial derivatives of Ay, By, Cg, F971, ..., Fg ar and
Xg,0 With respect to the elements of @ exist for § € G). Let

! is interpreted as meaning that the matrix

- 9ye.r
Yo (t) —"5'91(”
Yo(t) := with 5’97T(t) =
v Jye.r(t)
Yo.r(1) o
r=1,...,R, t>tl

Then, we have the following results.

1) yg(t) t > I, is the output of the derivative system
= {Ag, By, Cy,Fy1,...,Forr} given by

xg(t) = AgXp(t) + Z Fo.mtm(t)%g(t) + Bou(t) (4)
m=1
Vo(t) = Coxo(t), t >l Q)

which is an MIMO time-invariant bilinear system with
state vector Xg(t),¢ > [, and has the same input u
as @. The state vector Xg, initial state Xg o, and system
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matrices Ag, Bg, Cg, 17“971, ... »FG,M are given as fol-
lows, which will be adopted throughout the paper:
[ 91xa(t) O1x(t1)
Xg(t) := : t> 0 g0 := :
_(?KXg(t) (?KXQ(t[O])
Ag := diag{d1 Ay, ..., 0 Ag}
B 81B9 Ca,l
]~39 = 69 = : with
L OB CG,R
6977» := diag {81(:57707 e BKcar} , r=1,....R
Fom := diag{01Fgm, ..., 0kFom}, m=1,....M (6)
where fork =1,..., K
[ xq(t
Orxa(t) := a,f,((t)) } .t >l
L Bek
[ xo, A 0
Ixg(t0) := on2:| , OkAg:= |:8A99 A }
L 2, a0y, 6
i [ BB T ._ aclk
omai= |8 | o= [ o]
[ Fom 0
8kF9,m = aFo',m F , m=1,....M. (7)
L o6, f.m

2)  For the data points s(t;) = ye(t;) + n(¢;), where
ve(t;) is the sampled output of the bilinear system @,
and n(¢;) is temporally independent Gaussian noise
with zero mean and variance matrix Ay, (t;), the Fisher
information matrix is given by

J—1
Ip= > Yo(t;) AL (1)) Ys ())- ®)
3=0
Here Yp(t;) is defined as Yp(t;) =
[5’9’1@]’) s }N’g’R(t]’)], fOIj = 0., ceey J —1.

Note that in the above theorem, Yg(¢;) is a K x R matrix, while
Vo(t) is an RK x 1 vector.

B. Local Identifiability

The parameter vector @ is said to be locally identifiable if
there exists an open neighborhood of # containing no other pa-
rameter vector that is observably equivalent to 8 [18]. The fol-
lowing Theorem 2.2 quoted from [19] (see also [20]) states that
under some weak regularity conditions the local identifiability
of an unknown parameter vector is equivalent to the nonsingu-
larity of its associated Fisher information matrix. This connec-
tion between local identifiability and the nonsingularity of the
Fisher information matrix is of importance in itself. It is also
relevant for the calculation of the CRLB which is typically ex-
pressed in terms of the inverse of the Fisher information ma-
trix Iy. For the remaining part of the paper we need to impose
the standard weak regularity conditions (see, e.g., [19]). In our
context, this implies in particular that we will assume the par-
tial derivatives of Ag, Bg, Co,Fo 1, ..., Fg 1s and xg o withre-
spect to @ are continuous for all € O.

Theorem 2.2 [19]: Let@ € ©. Then @ is locally identifiable
if and only if the Fisher information matrix Iy is nonsingular.
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For a bilinear system with a specific input, we can determine
the local identifiability based on the nonsingularity of the Fisher
information matrix Iy by Theorems 2.1 and 2.2. However, a dis-
advantage is that we need to calculate the output samples of the
derivative system first. In the study of local identifiability, we are
sometimes interested in determining whether there exist some
admissible inputs such that the unknown parameter vector is lo-
cally identifiable based on the system matrices and the initial
state vector of a given system without specifying a specific input
and computing its output. In such a study, we may also allow
a finite number of admissible inputs to be applied to the same
system one after another. In terms of practical experiments, this
amounts to conducting a finite number of independent exper-
iments on the same system sequentially, each with a different
input. The system theoretic notion of reachability will play an
important role in our study of identifiability. We study the ques-
tion of local identifiability in two contexts. First, we ask the
question: Given a bilinear system, under which conditions do
there exist a finite number of inputs and output sampling points
such that the parameter vector is locally identifiable? Second,
we consider the problem of assessing local identifiability for a
given input, which will be presented in the next section.

Before proceeding, we first review some important notions
from mathematical system theory [21].

Definition 2.1: Consider a system with a set of inputs de-
noted by S. We define the following:

1) a state x is said to be reachable from initial state x
via inputs S if there exists an input in S such that the
path of its corresponding states starts at xo and passes
through x;
2) an output y is said to be reachable from initial state x
viainputs S if there exists a state reachable from x, via
inputs S such that its corresponding output is y.
The following lemma characterizes the span of reachable
states and outputs of a bilinear system via admissible inputs V.

Lemma 2.1 (Appendix B): Consider the MIMO bilinear
system represented by ® := {Ag,Bg,Cq,Fg1,..., Forr},
and denote (1, the span of reachable states and {2y, the span
of reachable outputs from a given xg ¢ via admissible inputs V.
Define matrices O, ..., OV=1) a5

09 .=0,0":=[0, 04],...,

o0W=Y .= [0, On_1]. 9)
Here Oy, ...,On_1 are given by
Oy = [AoXQ,O By + Ble],
0, :=[A40,,_1 Fg10,_4 Fg mO0,—1],

n=1...,N -1

(10)

where By = [Fg1Xg0 --- FgmXg,0]. Then there exists an
integer p with 0 < p < N — 1 such that

range {0(0)} C range {0(1)} C --- C range {0(p)}
= range {0(p+1)} = ... =range {O(Nfl)}

and
Qy, = range { [ng,;;o CgO(p)} } .
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Recall that in Theorem 2.1, for the output data set generated
by a single input u € V, we have

The above expression can be generalized to multiple or even
infinitely many inputs. Consider an arbitrary set of admissible
inputs denoted by I'. For each input u € I', let Y, denote the
set of output sample points, Xg ,(t),t > to, and ¥g o (¢),t > to,
the state and output vectors of the derivative system 3, respec-
tively. For each (vector) sample v € Y, let ¢, denote the
corresponding sampling instant of v, and A, (¢y,) the noise
covariance matrix at £, ;. Then we have

Ip = Z Z ?ﬂ(tv,U)Agl(tv,U)Yz(tv,

uel'veY,

w) (D

where Yo(tv u) := [Yo,ui1(tvu) - Your(tvu), for j =
0,...,J — 1. Using the Fisher information matrix Iy defined
in (11) for the set of inputs I' and the set of output sampling
points Y,,, and making use of Lemma 2.1, we can now obtain
necessary and sufficient conditions for the local identifiability
with respect to a finite number of inputs.

Theorem 2.3 (Appendix C): Consider the bilinear system
represented by ® = {A,By,Cy,Fog1,.. ., Fo, M)
The derivative system of @ is represented by ¢ =
{Ag Bg7 Cg, Fg Tye- Fg .M }» where the dimension of Ay is
N x N with N = 2KN Define matrices O(“), . . . | O(N D as

0 =0y, O0W:=[0y Oi...,
0= := [0y Ox il (12)
Here, Oy, ..., O #_ are given by
0o = [Agxs, By + By,
O; :=[Ag05 1 Fp105 1 Fo 05 1],
ﬁ:l,....N—l (13)

where ]~3§, = [17“9,15(970 .. ]?‘97]\,15(970]. Then there exists a fi-
nite number of admissible inputs and output sampling points
such that the parameter vector @ is locally identifiable with re-
spect to a finite number of inputs, i.e., the associated Fisher in-
formation matrix Iy is nonsingular if and only if

rank { [Ce,lfia,o Ce,lo(ﬁ) Cg2Xg.0 ng()(i’)
Co.r%00 c,,ﬁ()(fo)” - K
where p is the integer such that
range {()(0)} C range {()(1)} C --- Crange {()(f’)}

= range {()(i’“)} = ... = range {O<N—1)} . (14

This theorem provides a criterion in terms of the system
matrices and the initial state vector of the derivative system
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for the existence of a finite number of inputs that will lead to
the local identifiability of the parameter vector. An important
aspect of this criterion is that it is given in terms of the
system matrices and initial conditions without any reference
to inputs. However, the result does not provide a direct means
of constructing the inputs that lead to local identifiability.
After assessing whether or not inputs exist that lead to local
identifiability specific inputs need to be found that achieve
this. This requires criteria for the local identifiability given a
specific input. The derivation of such criteria is one of the
topics of the next section.

III. PIECEWISE CONSTANT INPUTS

In this section, we apply the general results derived in Sec-
tion II for admissible inputs to a special class of piecewise con-
stant inputs U, which are vector-valued piecewise constant func-
tions with a finite number of steps. A piecewise constant input
u € U can be represented by

L—1
u(t) =y ullpll), 0 <t <l (15)
1=0
where ulll := [yl W7 1 =0,...,L — 1, are constant
vectors, and $l1(),1 = 0,..., L —1, are the indicator functions
defined by
1. f t ¢li+1]
At =4 OI‘tE[l tl 1)
0, for t¢ [t ¢I+1)).
Here, t[0, ..., ¢["] denote the starting and ending points of the

time intervals with £l < ... < ¢[E] where /£ can be either
finite or infinite. Note that ul could be a zero vector, and that
for a piecewise constant input u € U as defined in (15) we are
only interested in the output yg(t) for t1 < ¢ < ¢[L],

The restriction of our study to the special class of piecewise
constant inputs U is of great interest for several reasons. First
and most important, the output of a bilinear system can be ex-
pressed in closed form for an input u € U (see, e.g., [22]), while
the output of a bilinear system is typically expressed by the in-
finite Volterra series for an admissible input u € V (see [21]).
The closed form expression of the output greatly facilitates the
derivation of several new results on the CRLB and local iden-
tifiability with respect to a specific input to be presented in this
section. Second, the two classes U and V are closely related be-
cause U C V and U is dense in V [23], [24]. For further details
on the approximation of a system with general admissible inputs
to the case when the inputs are restricted to piecewise constant
inputs (see [23] and [24]).

Lemma 3.1 [22]: Consider a bilinear system represented
by @ := {Ag,By,Cs,Fg1,...,Fg r}, with a specific input
u € U. The derivative system of @ is represented by P =
{Ag By, Co, Fg 1,---,Fg ar}, with an initial state vector Xg g.

Assume that all the elgenvalues of Ag + F! are in the open
left-half plane, where Fg] = Zﬁle Fg,mu,[qlq,,l =0,...,L-1.
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Let Fg] = diag{ang] . ,8KFL”},Z =0,...,L—1, where

fork =1,...,K

Fy 0 <l Fy 0
8kF‘[91] = 0[1] — |: OF :7: :| uyrl
BBFGZ Fy 7n2=:1 25> Fom

Then, the state and output of the derivative system P are given
by

%)= 3 [Qle) (w4 + o (1)) - ] 5000
(16)
Yo(t) = Coxo(t)
1
[C Q[l]( t) ( ) + Xo ( [”)) - Cgv?/g]} ﬂ[”(t).,

0
<t< ¢l

1=
+10]

a7
where %,(tl) = %y, Qg](t) = Rt FH(—t") for ) —
0,...,L —1,and VNVLZ] is defined as

< (4]0 -
ol _{—xo([]) for [ = —

Ve (A +F“) Boull, for [=0,...,L—1.

(18)

Remark 3.1: The assumption that all the eigenvalues of Ag+
Fg] ,1 =0,..., L—1,are in the open left-half plane implies that
all the eigenvalues of Ag + FL”,Z =0,...,L — 1, are also in
the open left-half plane, since Ag + f‘g] JA=0,...,.L —
a block lower triangular matrix with Ag + Fg] as its diagonal
block submatrices. Consequently, Ag + F,[,,l] JA=0,...,L—1,
is invertible, and vNV‘[; ] is well defined. Note also that the defini-
tion of V~V£—1] := —Xg(t[%) in (18) is not needed in the above
theorem. It is defined for the convenience of several theorems
to follow. For a specific input u € U as defined in (15), the state
and output vectors are continuous in the interval [t[’), ¢[]). Tn
particular, Xg(#1) = lim,_,m_ %Xg(t),l = 1,..., L—1. Hence,
we can express Xg(t!1) in the recursion, shown at the bottom of
the page, where we(t[!l) is given in (18).

With Theorem 2.1 and Lemma 3.1, we can readily derive a
closed form expression of the Fisher information matrix I for
a bilinear system with a specific input u € U when the output
of the bilinear system is sampled (uniformly or nonuniformly)
at tl0 = ¢y < t; < ... < ty_1 < tiE]. The local identifiability
with respect to a specific input from U, or just local identifia-
bility in short in this section, can then be determined by checking
the nonsingularity of Iy. However, checking the nonsingularity
of Iy directly is computationally rather inefficient, particularly
for alarge number of data samples. When the output of a bilinear

1, is
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system is sampled uniformly, it is possible to develop a simpli-
fied method for checking the nonsingularity of Iy, as stated in
the following theorem.

Theorem 3.1 (Appendix D): Consider the bilinear system
represented by @ = {Ap,Bg,Co,Fg 1, ., Fg, M)
whose derivative system of @ is represented by o =
{Ag, By, Co, Fg 1, ..., Fe )}, with a specific input u € U as
defined in (15). Assume the following.

1)  The output signal is uniformly sampled with sampling

period T in the Ith interval, i.e., at

W0 =4 4 57l 1 =o0,... L -1,

G =0,...,J0 =1, with ¢l0I7Y=1] < 40+1]

where /1"l denotes the jth sampling instant in the [th
interval, and J, with J > N+ 1, is the total number
of samples acquired in the /th interval.
2) All the eigenvalues of Ag + F‘[;], l=0,...,
in the open left-half plane.

3)  The noise covariance matrix A, (t[V]) = 21, for

L—1,are

1=0,....L—1;5=0,...,J0 —1.
Then, we have the following results.
i) The Fisher information matrix Iy for the given data set
is given by
1 B L—1 (g1
Iy=— Z Cora D | D2

7=0
J_1
+ > W (W) | (19)
=0
where A[] = e(A”+ﬁm) m.

ii)  The parameter vector # is locally identifiable if
and only if rank{[Cp O’ CozO']} = K,

where o’ € RNXL(Nj'l) is defined as O’ :=
[Of O%7_,], and O}, = L — 1, is
given by

~; = [vir‘[,l] (WH + Xg (t[l])) Ag}d (w[l] + Xg (t[l]))

(30 (s ()] e

iii) When J¥ — 00,1 =0,...,L — 1, the local identifi-
ability condition is the same as that in part ii) except

~907

(t[”) {Q[z 1 (¢l0) (v},g*” +5<o(t[’_1])) -

for [ =0,
- [1-1]
Wy o,
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that the expression for O’ l=0,...,L—1,givenin
(20) now reduces to

Of = [sl (v s ) Al (vl o)

N N-1
(AT (W -w )] en
Although the Fisher information matrix could be calculated
from part i) of Theorem 3.1, it is computationally rather ineffi-
cient to directly compute the sum in (19), particularly when the
number of samples is large. If we are only interested in the local
identifiability, the simplified nonsingularity condition presented
in part ii) of Theorem 3.1 can be used. In particular, when the
number of data samples approaches infinity, we are unable to de-
termine the local identifiability through calculating the sum in
(19) directly. Nevertheless, the local identifiability in such a case
can be checked easily based on VNVLI]7 l=-1,...,L — 1, which
depends only on the system matrices, the initial state vector of
the derivative system and the specific piecewise constant input.
From the above discussion, we see that there is still a need to
calculate the Fisher information matrix efficiently if we are in-
terested not just in the local identifiability, but also in the CRLB.
We now propose an alternative method for calculating the Fisher
information matrix efficiently through the solution to a Lya-
punov equation. Standard results on Lyapunov equations can be
found in [25, pp. 177-180], [26].
Theorem 3.2 (Appendix E):  Assume that the data model and
all the assumptions are the same as in Theorem 3.1. Then the
Fisher information matrix for the given data set is

where P[ Vand P[  are obtained as follows. P[ll] A=0,...,L—
1, is the unique solution to the following Lyapunov equation:

Aj Pl (AL%)T - P
== (ol 3 (1)) (3" + % (1))
(6L o0 )
(sl () (80"
., L — 1, is given by
S0 (1 (AN (1o aln )"
p! _<I (A5) )(I Af)
X (v”v},” (vv,[,”)T + %o (1) (vag])T> .

For finite data samples, we can calculate the CRLB by di-
rectly inverting Iy when it is nonsingular. This is because the

inverse of a nonsingular Iy is well defined for finite data sam-
ples. However, when the number of data samples approaches
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infinity, i.e., JI! — 00,0 =0,..., L — 1, the asymptotic CRLB
cannot be computed either by part 1) of Theorem 3.1 or Theorem
3.2 in general, since the term ZJ - C,,,,,w‘[,”(wg])TCon in
(19) and the term J[l]Cg,rwg]( g])TCZT in (22) can tend to
infinity, leading Iy to infinity as well. To overcome this diffi-
culty, we propose a novel method for calculating the asymptotic
CRLB without computing I directly.

Given that the nonsingularity condition in part iii) of The-
orem 3.1 holds for the asymptotic case, the following theorem
proves the existence of the asymptotic CRLB and gives an ex-
plicit expression. The asymptotic CRLB for the limiting case
of infinite data samples is defined as the limit of the CRLB for
the corresponding finite data sample situations. This limit exists
since the Fisher information matrices form a monotonically in-
creasing sequence of positive semidefinite matrices.

The CRLB is often used to provide guidance for experimental
design. In this context the question often arises how many data
samples should be acquired. It is therefore important to know
what the CRLB provides in the limiting case where an infinite
number of data samples are available.

Theorem 3.3 (Appendix F): Assume that the data model is
the same as in Theorem 3.1, except that the number of equidis-
tant samples in [t t[+1) tends to infinity, i.e., JI = J/,1 =
0,...,L—1,and J’ — oco. Assume the nonsingularity condition
in part iii) of Theorem 3.1 holds. Then the asymptotic CRLB is
given by
var(é) > llm I, L)

_ {UQUJ‘((U )T]_?)INJJ_)fl(fIJ_)T7
0,

if rank(U) < K
if rank(U) = K

where 15, U and U+ are defined as follows.

1) Construction of P:
N - . T -
:Zc {Z [PQ”-PQ]—(PQ]) ]}C,,TJ,
r=1 1=0

where f’[ll],l =0,...,L — 1, is the unique solution to
the following Lyapunov equation:

A0 sl (x0T sl
Ao,dpl (Ao,d) - P

- (vvg]

and f’g],l =0

_ v;,gfl]) (wp N wg’*”)T

., L — 1, is given by

. . ~1 T T

Py = (1= A) (Wl ()" - (w)).

ii)  Construction of U and U": Represent the span of all
Co,Wylr = 1,...,R, 1 =0,...,L —1,by ¥,
and let G denote the rank of W. Then U € RX xG
is defined as a full rank matrix such that the column
space of U is equal to ¥, i.e., range{U} = W. For
G < K, Ul € REx(E~ @) is defined as a full rank
matrix such that
UTUt =0

and rank{[U U]} =K
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In the next section, we illustrate the theoretical results
presented in this paper using a simulation example of surface
plasmon resonance experiments for the determination of the
kinetic parameters of protein—protein interactions.

IV. EXAMPLE

Surface plasmon resonance (SPR) (see, e.g., [27] and [28])
occurs under certain conditions from a conducting film at the in-
terface between two media of different refractive index. Biosen-
sors such as instruments by the BIAcore company offer a tech-
nique for monitoring protein—protein interactions in real time
using an optical detection principle based on SPR. In the exper-
iments one of the proteins (ligand) is coupled to a sensor chip
and the second protein (analyte) is flowed across the surface
coupled ligand using a micro-fluidic device. The SPR response
reflects a change in mass concentration at the detector surface
as molecules bind or dissociate from the sensor chip. The mea-
sured response data can be used to estimate the kinetic constants
of protein—protein interactions.

In this simulation example we use the theoretical results pre-
sented in the previous sections to analyze the SPR experiments
for one-to-one protein—protein interactions that can be modeled
by the differential equation

R(t) = ka(Rumax — R(1))Co(t) — kaR(t), >0 (23)
where R(t) is the measured SPR response in resonance units
(RU), R(t[o]) = 0, k, and k, are the kinetic association and
dissociation constants of the interaction respectively, R ax iS
the maximum analyte binding capacity in RU, Cy(t) is the con-
centration value of the analyte in the flow cell which can be
controlled in the experiments, and the initial SPR response is
assumed to be zero.

Let xg(t) := R(t),u(t) := Co(t),ye(t) := R(t),t > 1%,
and xg 9 := R(t°) = 0, (23) becomes the following bilinear
system ® = {Ag,Bg,Cy,Fg1}:

Xg(t) = AgXe(t) + Fanyﬂ_(t)Xe(t) + Bgu(t) 24)
yo(t) = Coxg(t), t >t (25)
where Xg(t[o]) = Xg0 = R(t[o]) =0,Ay = —kyq,By =
kqRmax, Co = 1,Fg 1 = —k,. The unknown parameter vector

to be estimated in the experiments is 6 = [k, ka Rmax]” -
A practical SPR experiment may consist of an association
phase (%) < ¢ < #[1]) and a dissociation phase (t[!] < ¢ < ¢[?]),
or one of these two phases. During the association phase ana-
lyte is flowed across the ligand on the sensor chip with constant
concentration Cg up to time t1, i.e., Co(t) = Co,tl") < t <
t[11. The dissociation phase immediately follows the association
phase and is characterized by analyte free buffer being flowed
across the sensor chip, i.e., Cy(t) = 0,t1 < ¢ < 12, Hence,
a two-phase SPR experiment can be modeled by the bilinear
system ® = {Ag, By, Cg,Fg 1} with a two-phase piecewise
constant input
0] < ¢ < 4[]

u(t) = ul80(1) + ullpltl(), (26)
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where

0] J 1, for te [t ¢
pE(t) = {07 for ¢ ¢ [10] 1))

(1] 421
B8 g gy = J 1 for t €[t %)
u , BEE) {07 for ¢ ¢ [t ¢2)).

u[O] = CO:

Note that in the two-phase SPR experiment the output samples
are obtained from yg(t) for tI <t < 12,

A. Derivative System

The first step is the calculation of the derivative system
by Theorem 2.1. We represent the derivative system of
¢ = {A97B9, Co, F971} by (i = {Ao, ]:3)97 697]?‘971}, where
Ag, f}g, Cg, 1~7‘.971 are given as follows.

Ay := diag{01 A, 92Ag,03A9}  where
—kq 0 —kq 0
de= [ 0] o= 0,
—kq 0
03Ag = .
o= |
81B9
]§9 = [ 0,By where
03By
kaRmaX kaRmaX
01Bg = , 0B = ,
T ]
kaRmax
3339:[ N }
ég = diag{81 Cg,l, 8209,1, 8309’1} where
01Cp1 =[0 1], 0:Cpy =0 1],
05Cp1 =0 1].
Fp1 := diag{0:Fp1,0:F1,03Fg .} where
—kq 0 —kq 0
=[] e[ 0,
—kq 0
03Fg 1 = .
o= [0 )]

Since the initial state Xg,¢ of ® is equal to zero, the initial state
vector Xg o of ® is also equal to zero, i.e.,Xg0 = [0 0 0 0 0 0]
Obviously, the partial derivatives of Ag, Bg, Cg,Fg 1, and xg g
with respect to the elements of 8 are continuously differentiable
functions of @ for all 6.

B. Local Identifiability

Before computing the CRLB we first check whether there
exist a finite number of inputs such that @ will be locally iden-
tifiable. We then examine the local identifiability for a specific
two-phase input.

1) Case I: Existence of Inputs That Lead to Local Identifia-
bility: In this case we assume that we can freely select an input
to the bilinear system model ® from the set of admissible inputs
V, repeat the experiment for another input from the same set,
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and measure the corresponding output samples for each experi-
ment conducted. Simple calculations give

rank{[CgJig?O 69716(0) ]}

0 Rmax _demax _2ka Rmax
= rank 0 0 —koRmax 0 =3
0 ke  —kakg — k2

for positive k,, kg and R,,.x. The positivity assumption is re-
striction since the constants are naturally positive. Since the size
of 8 is 3, by Theorem 2.3 6 is locally identifiable with respect
to a finite number of inputs from the set of admissible inputs.
2) Case 2: Specific Two-Phase Piecewise Constant Input
With Uniform Sampling: We next exploit Theorem 3.1 to find
out whether the same parameter vector 8 is still locally identifi-
able with respect to the specific two-phase piecewise constant
input defined in (26), assuming that the output is sampled
uniformly. Denote the sampling intervals of the association and
dissociation phases as T1°] and T, respectively. By simple
calculations, we obtain the equation shown at the bottom of
the page, where ag := ¢~ (Cokatka)T"! e~kaT and

, a1 =
al —(Coka+kg) (1 —¢0]

=e . Ttis easy to verify that

rank{Cy 0’}
= rank { [nglvi/g]] 6971‘&[6(?] ( [0] + Xg )

Cor A (5 + so(t1)]} = 5.

Thus, by Theorem 3.1, @ is locally identifiable with respect to
the specific two-phase piecewise constant input defined in (26)
and with uniformly sampled output. Although it happens that for
this particular example the parameter vector is locally identifi-
able with respect to a finite number of inputs from the set of ad-
missible inputs, and also with respect to the specific two-phase
piecewise constant input defined in (26), this is not necessarily
so in general, as we will see later in this section.

We next consider the nonsingularity criterion in part iii)
of Theorem 3.1 for the asymptotic situation where an infinite
number of data set points are available. Of the necessary ex-
pressions all have already been established with the exception

of
= [0]
a1CokgRmax

ConAQ), (W)

1673

[-1] _

Hence (note that W —Xg,0), We have

rank{Cy ,0"}
= rank{[éaylﬁvg)] C A[O] (W Loy _ NL_I])

W)=z

It then follows from Theorem 3.1 that @ is also locally
identifiable with respect to the specific two-phase piecewise
constant input defined in (26) for sufficiently large .JI!
and JU. This is of course an obvious result since local
identifiability in the finite data case implies local identifiability
in the infinite data case.

~ A 1
Co Agl(,g]

C. CRLB and Asymptotic CRLB

Since @ is locally identifiable with respect to a two-phase
piecewise constant input in the SPR experiment with uniformly
sampled finite data, the next step is to apply Theorems 3.2 and
3.3 to numerically calculate the CRLB and asymptotic CRLB.
Here we use simulated data so that we could conveniently select
various experimental settings. For comparison, typical numerical
values from [29] are assigned to the unknown parameters, i.e.,
ko = 1478 M~ 1s7 ky = 4.5x107387 ,  Rumax = 7.75 RU.
The sampling intervals are chosen as 710 = 71 =1 s, and
the noise variance is assumed to be o2 = 1. Fig. 1 plots
the CRLB in terms of the standard deviations of k,, k4 and
Ruax as functions of Cy and the number of data samples.
Obviously, it shows that increasing the number of samples
improves the accuracy of estimation. As can be seen from the
figure, when the number of samples is sufficiently large, e.g.,
JIOI = JlI = 1000, the CRLB approaches the asymptotic
CRLB, which is the lowest possible CRLB, given fixed sampling
intervals. The plot also reveals that the concentration value
Cy has an influence on the accuracy of parameter estimation.
From Fig. 1(a), the optimal values of Cj corresponding to the
lowest variances of k, for different number of data samples
lie between 1.0 x 107 M and 2.0 x 10~®> M, and for Cj
greater than the optimal values the variance increases slowly

Cokatkq)? . .
a1Coku R ((OT“]CO;? +T1E11) with Cp. On the other hand, the variances of k; and Rax
(Coka+ka)? decrease with the increase of Cj, but remain almost constant
a1Cok, : -5
T when Cj is greater than 2.0 x 107° M. Therefore, a good
F_ CokaRipay a0Co Rimax (TN C 12+ T Co kg kg —ka)
o] (Cokatka)? (0 o] (Cokatka)?
C O Coka R, R - < [0] (01,
Co Wl = | CokoBmax Co 1A (W % ) — | 20C0ka Rmax (T Coky + T kat1)
6.1 Wg (Cokg +ka)? 0.189.4 \Wg T X0.0 e
— __—~0%a _ agCok,
L " Cokatha S Iy
—~ 1 1 ~ 1
Cy 1A£,]d (W[ ] + Xg (t[ ]))

r a1 Cp Rynaxe[ (1) =1V )af 7 k2 4 (41—t

1) af Cokaka—agkatka]

a1Coka Riax [(tm —l0] )a600 ko +(t[1]

—¢lo] )“IO kg+Tt ay

(Cokatka)?

Coko+TWa ky—TM Coky =T kg+al) - 1]

(Cokatka)?

a1 Cok, (1—(1,6)

Coka+kq
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choice of Cj for practical two-phase SPR experiments would
be around the value of 2.0 x 10> M.

D. Analytical Solution of Asymptotic CRLB

For the two-phase SPR experimental model with identical
uniform sampling interval 7" for both the association and the
dissociation phases, i.e., 701 — 7 = 7 it is in fact possible
to give an explicit expression for the asymptotic CRLB for the
unknown parameters k, , kg and R, .. The following results are
obtained by applying Theorem 3.3 with some algebraic manip-
ulations. The detailed derivations are omitted here but can be
found in [30]. (See the equation at the bottom of the next page.)

E. One-Phase SPR Experiment With Uniform Sampling

Finally, we show that the same parameter vector 6 is not lo-
cally identifiable with respect to the one-phase piecewise con-
stant input u(t) = ul’lpll(t), t0 < t < 1, for the same
bilinear system in this example. Note that the corresponding ex-
periment consists of only an association phase, and the output
samples are obtained from yg(t) for t1% <t < ¢4,

Based on the results in Case 2 of Subsection IV-B, it is easy
to check that (]\7 = 2K N = 6 here)

rank{Cy 0’}

- { [09,1‘7‘750] Co,1Agj]d (wE’O] T 5(9,0)

Co.1 (Aﬂf (vv,[,o] + ig,o)] } =2<3.

By Theorem 3.1, @ is not locally identifiable with respect to the
above given one-phase piecewise constant input. Similarly, it is
easy to show that @ is not locally identifiable with respect to the
same input in the asymptotic case either.

V. CONCLUSION

In this paper an explicit expression of the Cramer—Rao lower
bound (CRLB) has been derived for the problem of estimating the
unknown parameters of a bilinear system from noise corrupted
output samples. The concept of derivative system allows us to ex-
press the Fisher information matrix in terms of the output samples
of its associated derivative system. The establishment of the re-
lationship between local identifiability and reachability has led
to the derivation of a necessary and sufficient condition for local
identifiability with respect to a finite number of admissible inputs.
This criterion is based only on the system matrices and the initial
state vector of the derivative system. For the special but impor-
tant class of piecewise constant inputs with uniformly sampled
output data sets, we have derived a criterion for local identifia-
bility with respect to a specific input. Moreover, an alternative
method was introduced to calculate the Fisher information ma-
trix and the CRLB through the solution of a Lyapunov equation.
This approach was exploited to derive an expression for the limit
of the CRLB as the number of data points approaches infinity. A
simulation example of surface plasmon resonance experiments
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Fig. 1. CRLB for simulated two-phase one-to-one SPR experimental data

with TI°) = T = 1 sand 62 = 1. (a), (b), and (c) plot the standard
deviations of the estimates of k,,ks and R,..x, respectively, for different
concentration values and different numbers of samples acquired in the
association and dissociation phases.

hasillustrated the applicability of the theoretical results and com-
putational methods presented in this paper.
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APPENDIX

A. Proof of Theorem 2.1

1) By assumption the partial derivatives  of
Ag,Byg, Cy, Fg_’l, e, FG,M and Xg,0 with  re-
spect to 0y (kK = 1,..., K throughout the proof) exist
for @ € O. Hence, the partial derivatives of xg(¢) and
vo.(t),r = 1,..., R, with respect to 6 also exist
for § € © and t > [, Since the input u(t),t > tl°,
is piecewise continuous, it follows that xg(¢) and
(0xg(t)/08},) are partially differentiable with respect to
t on t > t[% with the possible exception of the disconti-
nuities of u. Also, the partial derivative of (0xg(t)/0t)
with respect to 6, exists for @ € © and ¢ > ¢l with
the possible exception of the discontinuities of u.
With the exception of the discrete discontinuities of
u, we have (9%g(t)/00r) = (0%°x¢(t)/00,0t) =
(0%xq(t)/0t00y), t > 1% (see [31,p. 359)).

Taking the partial derivative of (1) with respect to 6y,
and using the product formula (see, e.g., [11, Lemma

2.3]) give
0% (t) oA Xp(1)
o6, Loow Al 0’52’;?)
S Xa (1)
+ > [0 Fom ] um(t) | oxett)
m=1 06,
0By (0]
+ 30, u(t), t>t (7)

With the exception of the discontinuities of u, combining
(1) and (27) yields

9 0 [ xo(t) xa (L) %g(t)
aakXQ(t) =0t |:8x,§t):| = [azgz(t) = Bko(‘t)
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)+ > OkFomum(t)Oxxo(t)

=0k AgOrxg(t
+ 0, Bou(t), : ;0. (28)
Also
Duxcp(t)) = [?ffggﬂ - [;f;ﬂ} : (29)
90, 96,
Since yg,,.(t) = Cg,x¢(t),7 = 1,...,R,t > 1o,

taking the partial derivative of yg ,.(¢) with respect to 6,

gives
Jyg (t
yaeé (*) = 8kCQ7T8kX9(t), t> ¢[01. 30)
k
Forr = 1,..., R, since
250 Orxalt)
Vor(t)=| Xo(t) = : t > ¢l
dye..(t) Orcxa(t)

00

stacking the corresponding equations from (28) and (30)

gives
. ) M
Xg(t) = AgXg(t) + Z Fo mUm (t)Xe(t) + Bﬁu( ) GD
m=1
Vo.r(t) = Co,Xg(t), >t (32)

The desired derivative system ® is then obtained by
stacking the corresponding equations from (32) as

29 D08, 26, yo(t) = Coxg(t), >t (33)
[ A 0 ][ xet)
B %%‘2:’ Ay angf) The initial condition of @ is given by stacking the
Mo 0 xo(t) corresponding equations from (29) as ig(t[o]) = Xg0.
+ [ aF,’?: F ] U (1) |:8)?9(t) } Clearly, yo(t), t > ~t[o] , is the output of the derivative
m=1L 90 ,m 00, system @ := {Ag,Bg,Cy,Fg1,...,Fg,,}. Note that
By each element of yg(t) is a continuous function of ¢ for
+ 9By 'I_l(t) t > t[O]
06}, — ‘
var(k,) > [ lim I;I(J')]
J'—o0 11

4 2

a? (—agal — agal + 6agat — aSa? —

aga§ — 6adal + af + at + af + a}) (Cok, + kq)?

T?a? (a3 + 1)a? (a? + 1) C§k2R2

max

~ 02(00]{}@ + kd)2(1 — a1)3(a1 + 1)
var(kq) > [J}l_r)nool ]22 = 202 (a2 £ 1) CRRZRE.
var(f%max) > [ lim I ')]
J'—o00o 33
o? A
T T2a2(ad+ 1)a (a2 +1) Cik? [(—apot +Bages — agat = agar + Bage; — dagay + o
o (ag 1

+a0) C2k2 +

+ (_agal

( agaf + 6agaj —

6 2
agal + 6aga] —

2a0a1

apay — aoa1

6agal + Gaga‘f — 6aZa? + 2ap + 2a%) Cokoka

6a3a® + ag + a2 +a] + a%) kﬁ] .
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2) From a classic result on the Fisher information matrix
(see, e.g., [5] and [17])

Iy = E{@ln@p{;@ (am;;(s))T}
SACORTIED

where (Jys(t;)/00") = [(9ye(t;)/06:)
(Oye(t;)/00K)]. It then follows directly that the Fisher
information matrix is given by

J-1
T =Y Yo(t;)A;'(1;)Yq (t;)
=
where ?g(tj) = [Yo1(tj) Yo.r(tj),j =
0, J—1. 0

B. Proof of Lemma 2.1

Let xp(t) := xg(t) — xg,0 and yp(t) := yg(t) — Coxg,0,t >
t01. By substitution, (1) and (2) become
M
Xo(t) = Agxp(t) + > Fomum(t)xp(t)
m=1
+ (Bg + Bp)u(t) + Agxg (34)
yo(t) = Coxp(t), t > tl (35)

where x’s(t[o]) =0,B) :=[Fg1xg0 ... Fg mxgo] Let Qx;
denote the span of reachable states and Qy; the span of reach-
able outputs of the new system (34)—(35) from x’o(t[o]) =0 via
admissible inputs V.

The next part of the proof is similar to that for Lemmas 4.1
in [21] with some straightforward generalizations from SIMO
bilinear systems to their MIMO counterparts. We only sketch
the major steps here. We can first prove that Qx; is included
in the column space of Q(*) : =[0g ... Ony_1 On ..,
where Oy, ...,Opn_1 are defined in (10), Oy is defined as
ON = [AgON_l F9’10N_1 Fg,mON_l], and sim-
ilarly for Ony1,O0pn42 and so on. Using the input-output
Volterra series expansion in [21] and expressing e’ in
terms of the power series of Ag by Cayley—Hamilton the-
orem, we obtain that Q. C  range{ 0(>)}, Next, we
can show that Q,, 2 range{O(>)} using the same ar-
gument in the Proof of Lemmas 4.1 in [21]. Therefore,
Qe = range{O(>)}. Combining this result with the known
fact that range{OV—D} = range{O(*)} (see [21, Lemma
4.2)), it follows immediately that Qx; = range{O(N’l)}, and
furthermore, there exists an integer p with 0 < p < N — 1 such
that

range{O®} C range{OW} C ...
= range {O(p‘H)} =

C range {0(1’)}
= range {O(N_l)}

and

Q= range{O®}  and Qy, = range{CoO®}.
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Since xg(t) = xp(t) + %90 and yg(t) = yp(t) + Coxg,0,t >

11 it is obvious that

Qy, = range { [XB,O O(p)}} and

Qy, = range { [Coxo,o CgOC")} } . O
C. Proof of Theorem 2.3

Consider an arbitrary set of admissible inputs denoted by I'.
For each input u € I, let T,, denote the set of output sam-
pling points, Xg (), t > to, and yg u(t),t > to, the state and
output vectors of the derivative system ®, respectively. For each
(vector) sample v € Ty, let ¢, ,, denote the corresponding sam-
pling instant of v, and A,,(¢ ) the noise covariance matrix
at ty . The Fisher information matrix Iy is then given in (11),
which is repeated here for convenience.

Ip=> > YoltvuAy (tv) Y5 (tvu)

uel'veY,

where Yg(tv.u) := [Yo,u1(tv,u) --- Your(tv,u), for j =
0,...,J — 1. By Theorem 2.2, to show local 1dent1ﬁab1hty itis
equivalent to showing that Iy is nonsingular. Since the size of Iy
is K x K and all the covariance matrices A (ty ) are positive
definite, nonsingularity of Iy is equivalent to that the span of all
the column vectors of Yg(tvu),v € Ty forallu € T, is of
dimension K, i.e., the span of all the vectors ¥g.,(tvu),” =
1,..., R, has a dimension of K. ~

Let €23, denote the span of reachable outputs of @, and Qg,
the span of the vectors yg -(t) for all the reachable outputs yg(t)
of (f,r =1,...,R,t > tl% From bilinear system theory [21],
the dimension of the span of any set of outputs y4(¢) of ® is no
bigger than that of {)y,, and there exists a finite set of admis-
sible inputs such that the span of the corresponding outputs is
of the same dimension as that of the span of all the reachable
outputs. Similarly, the dimension of the span of any set of the
vectors yg...(t),t > t% is no bigger than that of 03, .. and
there exists a finite set of admissible inputs such that the span
of the corresponding ¥ (), ¢ > %, is of the same dimension
as that of (25, .7 =1,..., R.Itis then clear that the existence
of a nonsmgular Iy is equ1valent to that the span of the vectors
Vor(t),r = 1,...,R,t > t% for all the reachable outputs
yo(t),t > tl%, is of dimension K.

By Lemma 2.1, Q;, =
for some p with 0 < p <
range{[(}gmiao ng,n()(i’)]}, r = 1,..., R. Then the span of
the vectors yg ,(t),r =1,...,R,t > t[o], for all the reachable
outputs yg(t),t > t1°, is given by

.. QS’O,R = |:(~3971)~(9_’0 ég’lé(i))

rgnge{[égig,o CoO @)1},
N — 1. Hence, Qgy,, =

QS’B,] D QS’o,z D

Cp.2%p,0 Ca,g()@)... Co.r%p.0 (Njo’R()(f’)}_

Therefore, there exist a finite number of admissible inputs and
output sampling points such that the associated Fisher informa-
tion matrix such that Iy is nonsingular if and only if {Qy, , @
Qy,, ® ... B Qy, .} is of dimension K, i.e.,

rank{[ée,1>~<o,0 éo,lé(ﬁ) é0,25(9,0 é19,2()(13)

0,7%0,0 ée,Ré(ﬁ)} } =K

for some p with 0 <
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D. Proof of Theorem 3.1

)

Xg (t[l] [J]) (A[l] ) (v?/g] +

L,:Z
=0

From the definition of Qg] (t) in Lemma 3.1,
we have Qg](t[l]’m) e(BotFH ]l

(Ao +FH (T (Ay)7.  Substituting
QU (el (AY))7 into x(tU]) in (16)

gives
%o (111)) = Wy,

l=0,....L—1;5=0,...,J0—-1. (36)

By Theorem 2.1 and recalling (36), we have

L—1JW_1

¥ (1101 (J011) YT (4006
S vl () i (19 w5 100)
1 LR RORE) urn
il V., J MURE
L3S s ()5, (09)

L—1JM—-1

%Z S Co,o (tm,m) T (tm,m) er.
77 =120 j=o ,

Il
QN‘ —_
[]=
(@l
>
)

ii)

AE[E oy o)
) ()

r=1 1=0 | j=0
(W[z] + X¢ (t[l]) ’ ((A}j}d)])
JH -1 . T
(w},’] (%) +% (1) (W) >

(37

By Theorem 2.2, to show local identifiability it suffices
to show that Iy is nonsingular. From Remark 3.1, all the
eigenvalues of Ay + f‘g] are also in the open left-half
plane. Hence, all the eigenvalues of A[al] , are in the
open unit disc, and none of them is equal to one. From
the proof in part i), the Fisher information matrix Iy is
given by

1 —11“1—1
l 1,7
- Z (t[]m) (tu,m)
r=11=0 j=0
L—1JW_-1

6. %0 (tm,m) %7 (tm,m) (o748

Let O” [0y 0 _,], where O =
o (11100 . xp(tl7 Y 1 = 0, L - 1,
with xg(t!.01),5 = ., JJU — 1, being given
in (36). Thus, Iy being nonsingular is equiv-
alent to the space spanned by all the vectors
Yo (t1V),r = Rj = LI —
1 for I = 07....L— 1 is of full rank or,

1677

rank{[ég 10" Co RO”]} = K. It remains
to show that rank{[Cg 10” Cg RO”]} = Kis
equivalent to rank{[Cyp 0O’ Co RO’]} = K,
for which it is sufficient to show range{O”} =
range{O’}.

Consider Off and Og 0}, is of size (N+1) x (N+ 1)
while O is of size (N + 1) x JI with JIO > N +
1. We first show that all the columns of O can be
expressed by linear combinations of the columns~ of
O),. Expand det(/\I—ALO]d) as det()\I—A[O] )= AN+
a AN+ ajy_ A+ ag. By Cayley—Hamilton
theorem, (A[ ]) +ay (A[o] W-ig Aag 1A[0]
ajl=0. We then have

% (10HAT) = (AE,‘?L) ( s (1)) - !

iii)

1 -1 -1 -1 -1
1 0 0 0 —Qg |
_(”)/ 0 1 0 —OJN71|
B T
0 0 1 0 —ay |
0 0 0 1 —a; |
L H ]

ool (80 ()

- aN—lA[e(?]d ( )+ %o (1)) -

o (A1) (5415 ).

Hence, x(tl’’INl) is a linear combination of
the (N 4+ 1) columns of O} with coefficients
of —1,—ag,—ag_q,...,—02, and —a;. Using
Cayley—Hamilton theorem repeatedly, it can be simi-
larly argued that x¢(¢t[00]), j = N 4+1,..., J0 — 1,

can be expressed as linear combinations of the columns
of Of. Hence, O} and O}, are related by

where X is an (N + 1) x (JI% — N — 1) constant
matrix whose value is of no interest here. Since none
of the eigenvalues of ALO]d are equal to one, we then
have 7

det(H) = (=) (1 + oy + ... + ag)

(1)1 det(AL - AQY) L #0.

Thus, H is of full rank, which implies that all the
columns of 66 can also be expressed as linear
combinations of the columns of Q. Therefore,
range{O}} = range{O}}. It can be 51m11arly shown
that range{O/} = range{O}},l = 1,...,L — 1.
Therefore, range{O”} = range{O’}.

From the proof in part ii), it is clear that the
nonsingularity condition (20) holds for any
JU 1 =0,...,L—1,with J& > N + 1, and hence
holds for JI' — oo. To show expression (20) reduces
to (21) for JI — 00,1 =0,..., L —1,itis equivalent
to show that lim ju—1)_, . Xg(t!) = —v~v,[,l_1]. Since
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% (1) = —v~v[o_1] from (18), we only need to show
that X (1) = —vNVg_l] forl=1,...,L—1.Fromthe
proof in part i), QU= (el=17"“ 1)y = (Ag_’;l])‘ﬂl_l].

Since all the eigenvalues of A[el ;1] are in the open

»

unit disc, lim ju-1_, o Q[l—l](t[l_lL[JU*l]])
hIIlJ[l—l]eoo(A[olzl])J[lfl] = 0,forl = 1,...,L.

Therefore
lim % (t“])
Ji-1] 5060
= lim ig(t[lfl]’[ﬂli”])

J=1] 500

lim QU=

J=1]
x (wh 4% (#71)) = WY
=—wi " i=1,...,L-1 O

E. Proof of Theorem 3.2
Forl =10,...,L — 1, let

Jh_1

B 3 (AL (4 e (1)
X (Wg] + Xg (tm))T ((A([,vl,]d>j>T
pll ._ sz_l (AY )j (W[z] (v;,m)T 4% (1) (‘;V[l])T>
2 =~ 0,d 6 0 4 ] :
Substituting f’[ll] and 13[2” into (19), we have
+ Jl Ll (wg])T} } i,

Since all the eigenvalues of Ag_]d,l =0,...,L—1,areinthe
open unit disc, 13[11]7 l=0,...,L—1,is the unique solution to

the following Lyapunov equation:

L-1

sl f<m\T !
AP0 (A B

0,...,L—11is given by
. . gt - —1
= (- (a) ) (1- AL
T
x (wg] (W) +
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F. Proof of Theorem 3.3

With J = J’ forl = 0,...,L — 1, the Fisher information
matrix in Theorem 3.2 can be rewritten in terms of .J' as

1 R L-1
~ o[/ o[
() = 53 o, {Z B, - P,
r=1

=0
(e e ()i,
p [l

where PLJ,,I = 0,...,L — 1, is the unique solution to the
following Lyapunov equation:

S Bl ~m\T au
Appl, (A)) -pY,

)

(50 (1)) (550 (1))
# (A1) (54 +50 (1))
(s () ((a0)")'

(38)

Then
R

-1 T
To(J') = % (f{,, + 737N Cowl) (vv,[,”) C£T> .
r=11=0

Since the nonsingularity condition in part iii) of Theorem 3.1
holds for the asymptotic case, there exists a sufficiently large
integer Jo > N + 1 such that Io(J") is nonsingular for all J’ >
Jo, which in turn implies that Io(.J") is positive definite as the
Fisher information matrix is always positive semidefinite. In the
remainder of the proof, we assume .J' > Jy. From the proof in
part iii) of Theorem 3.1, we have lim j/_, o ig(t[”) = —v?/g_l]
and 1imJ/_,oo(AgY]d)J' =0,for/ =0,..., L—1.Hence, taking
the limit of J’ — oo on both sides of (38) gives

el (xm\E sl
AP (A B

__ (vv,[,” - vv},’—”) (vvg] - wg‘”)T

where PV = lim; o Pl .1 = 0,... L — 1. Similarly,

taking the limit of J' — oo on both sides of (39) gives

PY = (1= AL (Wl () w7 (w)).

1=0,...,L -1
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where 13[” = limy o P[Ql]], . Now taking the limit of J’ — oo
on both 51des of (40) gives

P:= lim PJI
R_>Oo L-1 T
= ZCG,T Z |:ﬁ[11] - ?[2” - (ﬁ[Zl]) :| Cg:r
r=1 1=0
For J' — oo, although Is(J’) tends to infinity, the

inverse of Ig(J') still converges, as will be shown in
the following Using a singular value decomposition,
Zf 1 l 0 Cgr U](~g])TC£T can be expressed as
R L-1
T .
Co,wy! (w)')" €3,
= [0 ﬁi][ff 8}[& SES LT

where 3 € RE*C is diagonal with positive diagonal entries,
U, € REXCG UL € REX(KE=G) and [U, UZ]is orthogonal.
By substltutlon

L)
< -1
— o2 (PJ,+J’[ﬁS fmﬁ g}[ﬁs I”Jj]T>
:02[[~IS ﬁj‘]
< -1
« ([0, TP [0. stl]+J'[§ 8})
x [U, U7
_ 2o, 0| UrPy U+ IR, OL 1T
« L ohre,u. (UHTP,UL
x [U, UL,

Consjder first the case when G = K, i.e., fJS has a rank of K
and U} diminishes in (41). In this case, the asymptotic CRLB
is given by

var(f) > J}im I,

l(J/)

- o~ ~ ~\—1] -
= 20, [J;im (UZPJ,US + J’E) } 4

. 1 1 e . A\
— 520, [ Jim ﬂ lim <7UZPJ/US + 2) U’

=0

since lim ;o ((1/J')UTP ;»U,) = 0 and X is of full rank.

Next, consider the case when N < K. Let Z1 =
UTPJIU + b Z2 = UTPJIUJ_ 7y = (UL)TP]/Ul
and A := Z3 — Z2 21 1Z2 (A is called the Schur complement
Z, Z
ZT Zs
is also positive definite. Then Z; and A are positive definite
(see [32. Th. 7.7.6]). Using the formula of the inverse of block
matrices [25]

ﬂz:[s]lfjs + J’EN)

of Z1). That Ig(.J’) is positive definite implies

TP, UL 17!

- T . - ~ T . ~
(Usi) P, U, (Ui) P, UL
27+ 27 T, ATZY T 772, A
~A-1Z37! A-!

var(8) > }im I,
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FOI; J - oc,lime~_,ogZ~1_1 = ~1imJI_,oo(sz?Jlﬁs +
J')~t = limy_ oo (UTPU, + J'E)~! = 0. Since Iy(J') is
positive definite, for any nonzero vector b € RE-G)x1

b (ﬁj)TPJ,ﬁjb — 27 (fjj)TIg(J’)ijb >0

which shows that lim e A = lim oo (UH)TP, UL =
(ULHTPUL is positive definite. Therefore

UTP,U,+JE UTP,UL |7
(UHTP, U, (UHTP, UL

|0 . 0.
S0 (UH)TPUL) ]
The asymptotic CRLB is then given in terms of U, as

I(J/)
0 N
- [U UL 0 <UL PUl> 0. U
L

-1
_ 20 ((fﬂ) PU- ) (08)"

_ Finally, we show that U-((UH)TPUL)~"{(ULHT =

UL(UHTPUL)~H(U4)T. As range{U"} = range{U}},

there exists a nonsingular matrix V€ R(E-@x(E=G) gych

that Uj— = UL V. It follows that

U, ((U)PUL)~1(U)T
le\?((ULV)TPUlV) Lotv)T
= UL ((UHTPUL) T (TYHT, O
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