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O Punch-22 use paper tape machines
to store data.

Once the data from a roll has been
read and processed, the tape is of no
further use and is thrown away.

Because of recent budget cuts, they
want to know if there is some way to
reuse the roll.

Task

Come up with a 7-bit code for
the symbols A-Z that allows the
tape to be reused once.




Write-Once Memory (WOM) Codes

O 1In 1982, introduced by Rivest and
Shamir, How to Reuse a "Write-Once

Memory

n

O Inlast decade, renewed interest due
to applications in flash memories.

Programming cells, turning 0 to 1, is easy.

Bl 0l0/[M1 First Write Second Write

000 A 000,111
001,110

But turning 1 to 0 is hard. 001

B
alolollo N L 010 C 010,101
100 D 100,011




WOM Codes

A [3,2; 4,4] 2-write WOM code

Definition
An [n, t; My, M,, ..., M,] t-write WOM code is 000,111
defined by 001, 110
O tencoding/decoding maps (Ey, D;), ..., (E;, D;) 010,101

Ei: [M;]x Im(E;_;) - {0,1}" 100, 011
O such that the encoding maps have the

property:
E;(m,c) = c.

O The decoding maps have the property: E, (A, 0 01) = 111 > 001
Di(Ei(m, C)) = m.
new current new
message state state




WOM Codes

A [3,2; 4,4] 2-write WOM code

Definition

An [n,t; My, M,, ..., M,] t-write WOM code is 000, 111

defined by 001, 110

O tencoding/decoding maps (Ey, D;), ..., (E;, D;) 010,101
E;: [M;]x Im(E;-,) — {0,1}" 100, 011

O such that the encoding maps have the
property:
E;(m,c) = c.

log M;
n

O LetR; = forl1<i<t. Rlz—andRz_

O The rate tuple is given by (Ry, R5, ..., R¢). The sum-rate is = = 1.33.
O The sum-rate is given by Y'i_, R;. >




Definition

K’\‘\f@{m @@oﬂ ‘; ;\) Qélﬁ[:éfl;ll)\glll,Mz, ..., M¢] t-write WOM code is

t encoding/decoding maps
(Ey, D1), ..., (Et, D)
Ei: [M;]x Im(E;_,) — {0,1}"

such that the encoding maps have the

property:
What we want:
E;(m,c) = c.

O ngh Rate-tuples The decoding maps have the property:
Di(Ei(m, C)) =m.

O High Sum-rates

O Efficient Encoding /
Decoding Maps LetR; =

log M; forl1 <ic<t.

The rate tuple is given by (R4, Ry, ..., R¢).

The sum-rate is given by Yf_, R;.



O

(Heegard 1985, Fu and Vinck 1999) The rate tuple of a
binary t-write WOM code belongs to the following capacity

region.
Ry < h(py),R; = (1 —p)h(py),

t—1

(Ry,R,, ..., R,):
WA Res| Ja-m

i=1
O S pl'pZJ "'lpt—l S 1/2

O When t = 2, the capacity region is

{(thRZ): R, < h(p),R, = (1— P)}
0<p<1/2 '

(H(1/3),2/3)
= (0.92,0.67)

Rate of Second Write

O Maximum sum-rate is 1.58. | (H(0.5),0.5) = (1,0.5)

0.4 0.6 0.8

Rate of First Write
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Yaakobi et al. 2012 Yaakobi and Shpilka 2014

O Best sum-rate with three writes: 1.885

O Capacity-achieving two-writes WOM T

codes. However, encoding and
decoding maps are complex

O Best sum-rate with two writes: 1.4928 Shpilka 2014

O Bestsum-rate with three writes: 1.61 O Capacity-achieving WOM for any
Shpilka 2013 number of writes. However, code
lengths need to be long
O Capacity-achieving two-writes WOM
codes. However, code lengths need to

be long This paper: WOM codes with
O Best sum-rate with two writes: 1.58 fficient di d di
el efficient encoding /decoding maps
O Best sum-rate with three writes: 1.809 short block lengths
asymptotically

near capacity achieving




Convergence Rate

Definition

Given a family of t-write WOM codes, the convergence rate n(e) to a
rate tuple (R4, R, ..., R;) if there is a WOM code in the family of length
n(e) such that its rate tuple is atleast (R; — €,R, — €, ..., R; — €).

1+

~

T BLUE: Capacity

O We are interested in constructions that L~ RED: Capacity minus e
yield convergence rates n(e) that are

polynomial in 1/e.

Shpilka 2013, Shipilka 2014:
Constructions rely on Wozencraft
ensemble. Convergence rate is
exponential in 1/€.

Rate of Second Write

I I I !
0.2 0.4 0.6 0.8

Rate of First Write




Broad Strategy for 2-Write WOM

A [6,2; 22,9] 2-write WOM code it Second Write I
: . _ 011111, 010100, 000101, 110100,
with R, = 0.743,R, = 0.528. 101110, 001110, 100101
Sum-rate =1.272. 101111, 011100, 100010, 001100,
000001, 010001, 110010

110111, 011000, 000111, 010000,
. Fistwite 100000,101000, 01111

000000 H 000011 010010 111011,011010,100011, 011110,

000110, 000010,100111

111101,011011,110001, 011001,
001100 010101, 010111, 110011

010100 111110,101101,111000, 101100,
101010,101011, 111001

100100 001001,110110, 001010, 000000,
011000 000011,110101,111100

100100, 001101, 010011, 010110,
101000 100001, 111010, 001000

110000 000100,100110,101001, 011101,
110000, 001011, 010010

000001 | 000101 100010
000010 001001
000100 010001
001000 100001
010000 000110

100000 001010

< Cc a4 vnn ™WO v O




Broad Strategy for 2-Write WOM

A [6,2;22,9] 2-write WOM code
with }21 — ():7‘123,122 = (0.528.
Sum-rate = 1.272.

On the first write, we

010010 program at most 7 cells.
100010 So
)

000000 000011
000001 000101

000010 001001 001100

010100 log (Zf:o(?))
n

000100 010001
100100 R, =

011000
101000 h ( )
n

110000

001000 100001

010000 000110

100000 001010

0
P
Q
R
S
T
U
1



Broad Strategy for 2-Write WOM
A [6,2; 22,9] 2-write WOM code it Second Write I

) - _ 011111, 010100, 000101, 110100,
with R;{ = 0.743,R, = 0.528. 101110, 001110, 100101
Sum-rate =1.272. 101111, 011100, 100010, 001100,

000001, 010001, 110010

110111, 011000, 000111, 010000,
On the second write, we 100000, 101000, 001111

: : 111011, 011010, 100011, 011110,
will the write n — (7 + 1) 000110, 000010, 100111
bits (somehow). 111101, 011011, 110001, 011001,
So 010101,010111, 110011

)

111110,101101,111000, 101100,
101010,101011, 111001

T+ 1. 001001,110110, 001010, 000000,
- 000011,110101, 111100

R

n 100100, 001101, 010011, 010110,
T 100001, 111010, 001000
n

000100,100110,101001, 011101,
110000,001011,010010

1 —




Broad Strategy for 2-Write WOM

A [6,2;22,9] 2-write WOM code
Sum-rate = 1.272.

On the first write, we On the second write, we
program at most 7 cells. will the writen — (7 + 1)

So, bits (somehow).

So,
log (Xi-0(7))
R, = - 4 R, 1 _ T+ 1

(3) T
n




O A partial t-spread of F}'is a collection of T-dimensional subspaces
Vi, V,, ..., Vy of FJ' such that

O V;nV; ={0}foralli  j.
O IfUV; = F}', then V3, V,, ..., V), is called a t-spread.

V; = span{100000,101011, 111010},
V, = span{010000, 100011, 011101},
V, = span{001000, 100111, 111000},
V, = span{000100,100101, 011100},

A 3-spread of F$ Ve = span{000010, 100100, 001110},
V, = span{000001, 010010, 000111},
V, = span{110110, 001001, 110101},

Vs = span{011011, 110010, 101100},
Vo, = span{111011, 011001, 010110}



LetV;,V,, ...,V be a partial (t + 1)-spread.

Set Vi* =V; \ {0}. Message for second write

Encoding: [M|xIm(E;) - {0,1}"

Given V;" and S a subset of size at most T,
we find x € V" s.t. x; = O forallj € S.

Write the codeword y = X.
Decoding: {0,1}" — [M]
Given y, find the subspace V; containing y.

[ is the decoded message.

Definition

A partial T-spread of F}'is a
collection of T-dim subspaces
V1, Vs, ..., Vi of FJt such that
VinV; ={0}foralli # j.

Vi = span{100000, 101011, 111010} \ {0},

V2

= span{010000, 100011, 011101} \ {0},

V; = span{001000, 100111, 111000} \ {0},
V; = span{000100, 100101, 011100} \ {0},
V& = span{000010, 100100, 001110} \ {0},
V¢ = span{000001, 010010, 000111} \ {0},
V= span{110110, 001001, 110101} \ {0},
V¢ = span{011011, 110010, 101100} \ {0},
V¢ = span{111011, 011001, 010110} \ {0}.

Instead of ‘1’ staying as ‘1’,

we require ‘0’ to stay as ‘0’.




Definition

LetV;,V,, ...,V be a partial (t + 1)-spread. A partial 7-spread of Fllis a

3 : collection of 7-dim subspaces
SetV;" =V; \ {0}. Message for second write V,,Vy, ..., Vay of FJ such that

Encoding: [M|xIm(E;) — {0,1}" VinV; ={0}foralli # j.

Given V;" and S a subset of size at most T,
we find x € V" s.t. x; = O forallj € S.

V = span{100000, 101011, 111010} \ {0},
Write the codeword y = Xx. Vs = span{010000, 100011, 011101} \ {0},
NN Vi = span{001000, 100111, 111000} \ {0},
Decoding: {0,1}" — [M] VZ; = span{000100, 100101, 011100} \ {0},
Given v, find the subspace V; containing y. [N EUUURIUSTUGIVURUGS SRR
V¢ = span{000001, 010010, 000111} \ {0},
i is the decoded message. Vs = span{110110, 001001, 110101} \ {0},
V¢ = span{011011, 110010, 101100} \ {0},
V¢ = span{111011, 011001, 010110} \ {0}.




@ - - y — /(’VJ(H [ \((: - ~ 4 /‘ A l‘vrﬂl -
dJpreadas fordecond Wrire

Definition

A partial T-spread of F}'is a

collection of T-dim subspaces

V1, Vs, ..., Vi of FJt such that
LetV;,V,, ...,V be a partial (t + 1)-spread. VinV; ={0}foralli =+ j.

SetV;" =V; \ {0}. Message for second write — span{100000, 101011, 111010} \ {0},
Encoding: [M]xIm(E;) — {0,1}" = span{010000, 100011, 011101} \ {0},
= span{001000, 100111, 111000} \ {0},

Given V;" and S a subset of size at most 7, = span{000100, 100101, 011100} \ {0},

(

l

we find x € V" s.t.x; = 0 forallj € S. span{000010, 100100, 001110} \ {03},

span{000001, 010010, 000111} \ {0},
Write the codeword y = X. span{110110, 001001, 110101} \ {0},
NN \ = span{011011, 110010, 101100} \ {0},
Decoding: {0,1}" — [M] span{111011, 011001, 010110} \ {0}.

Given y, find the subspace V; containing y.

i is the decoded message. Instead of "1’ staying as ‘1,

we require ‘0’ to stay as ‘0’.




LetV;,V,, ...,V be a partial (t + 1)-spread.

Set Vi* =V; \ {0}. Message for second write

Encoding: [M|xIm(E;) - {0,1}"

Given V;" and S a subset of size at most T,

we find x € V;" s.t. x; = O forall j € S.

l
Write the codeword y = X.
Decoding: {0,1}" — [M]
Given y, find the subspace V; containing y.

[ is the decoded message.

Definition

A partial T-spread of F}'is a
collection of T-dim subspaces
V1, Vs, ..., Vi of FJt such that
VinV; ={0}foralli # j.

Consider the codeset V;" and S = {1,2}.
V; = span{100000, 101011, 111010} \ {0}.

Want to find x € V" such that
xj =0 forallj € §, or,
x1 =xp =0.

Instead of ‘1’ staying as ‘1’,

we require ‘0’ to stay as ‘0’.




Consider the codeset V;" and S = {1,2}.
Vi = span{100000, 101011, 111010} \ {0}.

Want to find
x € V{suchthatx; =x, =0. (¥

O Let K be the collection of vectors that satisfy (*).
O Suppose x,y € K. i.e.

O x € V] such that x; = x, = 0.

O y € V{ suchthaty; =y, = 0.
O Thenx+y € K U {0}.

O In other words, K U {0} is a vector subspace of I/;.



Consider the codeset V;" and S = {1,2}.
Vi = span{100000, 101011, 111010} \ {0}.

Want to find
x € V{suchthatx; =x, =0. (¥

O Let K be the collection of vectors that satisfy (*).

O Infact, K U {0} is the kernel of the map ¢ that projects V; onto
the coordinates at S.

$:Vy - F°!

O Since V; has dimension three and its image has dimension two,
its kernel K U {0} must be nontrivial.

O So, there exists nonzero x that satisfies (*).



Spreads for Two-Write WOM

Theorem Suppose that
there is a (t + 1)-partial spread of size M;
at most t cells are programmed on the first write.

Then we can write at least M messages on the second write.

Theorem Let T < n/2. There is a T-partial spread of size at least 27 °.

Theorem Let7t + 1 < n/2.

Then there is an |n, 2; X7_,(7), 2" 7"~ two-write
WOM code.




Performance for Finite Lengths

Rate of Second Write
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Convergence Rate

Theorem Lett + 1 < n/2.

Then there is an |n, 2; Zfzo(?) AN
two-write WOM code.

Convergence Rate

Rate of Second Write

There exist efficient encoding and
decoding maps (Dumer 1989).

0.4 0.6

Rate of First Write



O Unfortunately, we are unable to achieve capacity with our
methods.

O Nevertheless, we can approach sum-rate 1.809 with polynomial
convergence rate.

O For lengths of less than 100, we achieve sum-rate 1.71. Previous
best sum-rate is 1.61.






