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Abstract The number of self-dual cyclic codes of length pk over GR(p2, m) is determined
by the nullity of a certain matrix M(pk, i1). With the aid of Genocchi numbers, we determine
the nullity of M(pk, i1) and hence determine completely the number of such codes.
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1 Introduction

The study of cyclic codes over finite rings started in the 1990s. It was motivated by the dis-
covery that some good non-linear codes over Z2 can be viewed as binary images under a Gray
map of linear cyclic codes over Z4 [5]. Note that cyclic codes of length N over the ring R are
described by the ideals of the ring R[X ]/〈X N − 1〉. Furthermore, Blackford [2], Dougherty
and Park [4] showed that for a prime p, the ring Zpe [X ]/〈X N −1〉 is isomorphic to the direct

sum of rings of the form GR(pe, m)[u]/〈u pk −1〉, where GR(pe, m) denotes the Galois ring
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106 H. M. Kiah et al.

of characteristic pe with (pe)m elements, and k is the largest integer such that pk divides N .
Hence, to study cyclic codes over Zpe , it suffices to study ideals in GR(pe, m)[u]/〈u pk −1〉.

Abualrub, Oehmke [1], Dougherty and Ling [3] then proceeded to account for all the ide-
als in the ring GR(4, m)[u]/〈u2k −1〉. Modifying their approach, the present authors found a
new way in [6] to represent those ideals in GR(p2, m)[u]/〈u pk −1〉 and therefore accounted
for all of them. It was shown that the number of ideals corresponding to self-dual codes of
length pk over GR(p2, m) is actually the number of solutions of certain matrix equations.
Unfortunately, there was an error in [6] as observed by Sobhani and Esmaeili [7]. Using a
similar approach, they corrected this error and provided the correct matrix equations. How-
ever, they did not provide the number of solutions for these matrix equations in general. In
this note, we find this number and hence determine the number of self-dual ideals of length
pk over GR(p2, m).

2 The matrix M( pk, i1) and the existence of self-dual ideals

We follow the notations used in [6] and [7].
It has been shown in [6] that any self-dual ideal in GR(p2, m)/〈u pk − 1〉 can be written

as 〈(u − 1)i0 + p
∑i1−1

j=0 x j (u − 1) j , p(u − 1)i1〉, where x0, x1, . . . , xi1−1 ∈ Tm , the set of

Teichmüller representatives in GR(p2, m), and i0 + i1 = pk . The number i1 is called the
first torsional degree. If i1 = 0, it is trivial to note that there is only one self-dual ideal and it
is the ideal generated by p.

However, when i1 is positive, the situation is more complicated. First, we recall that
M(pk, i1) is the i1 × i1 matrix over Fpm defined in [7],

M(pk , i1) :=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

(−1)i0 + 1 0 0 · · · 0

(−1)i0

(
i0
1

)

(−1)i0+1 + 1 0 · · · 0

(−1)i0

(
i0
2

)

(−1)i0+1
(

i0 − 1
1

)

(−1)i0+2 + 1 . . . 0

.

.

.
.
.
.

.

.

.
. . .

.

.

.

(−1)i0

(
i0

i1 − 1

)

(−1)i0+1
(

i0 − 1
i1 − 2

)

(−1)i0+2
(

i0 − 2
i1 − 3

)

· · · (−1)i0+i1−1 + 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

It is also known that the ideal 〈(u − 1)i0 + p
∑i1−1

j=0 x j (u − 1) j , p(u − 1)i1〉 is self-dual
if and only if x0, x1, . . . , xi1−1 satisfy the following matrix equations:

i. when i1 <
pk−1+1

2 ,

M(pk, i1)

⎛

⎜
⎜
⎜
⎝

x0

x1
...

xi1−1

⎞

⎟
⎟
⎟
⎠
=

⎛

⎜
⎜
⎜
⎝

0
0
...

0

⎞

⎟
⎟
⎟
⎠
; (1)
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ii. when i1 ≥ pk−1+1
2 ,

M(pk, i1)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x0

x1
...

x pk−1−i1
...

xi1−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

1
...

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

← (pk−1 − i1 + 1)-th coordinate.
(2)

First, we shall demonstrate when these equations admit solutions. For (1), it is clear
x0 = x1 = · · · = xi1−1 = 0 is a solution and the ideal given by 〈(u − 1)pk−i1 , p(u − 1)i1〉
is indeed self-dual in GR(p2, m)/〈u pk − 1〉.

For (2), we observe that, when p is odd, the (pk−1 − i1 + 1)-th column of M(pk, i1) is
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

(−1)i0+pk−1−i1 + 1

(−1)i0+pk−1−i1

(
i0 − (pk−1 − i1)

1

)

...

(−1)i0+pk−1−i1

(
i0 − (pk−1 − i1)

i1 − (pk−1 − i1)− 1

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

2(
pk − pk−1

1

)

...(
pk − pk−1

2i1 − pk−1 − 1

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

2
0
...

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

When p = 2 and 2k−2 + 1 ≤ i1 < 2k−1, we observe that the (2k−1 − i1)-th column of
M(2k, i1) is

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...(

i0 − (2k−1 − i1 − 1)

1

)

...(
i0 − (2k−1 − i1 − 1)

i1 − (2k−1 − i1 − 1)− 1

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...(

2k−1 + 1
1

)

...(
2k−1 + 1

2i1 − 2k−1

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

1
...

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Thus, we conclude that, in the above cases, the matrix equation admits a solution. Finally, if
p = 2 and i1 = 2k−1, then the first row of M(2k, 2k−1) is all-zero, while the first coordinate
on the right hand side of (2) is 1. Therefore, (2) has no solution in this case.

Since the number of solutions to the matrix equations is equal to the number of self-dual
ideals, we have the following proposition.

Proposition 2.1 Let i1 > 0, let κ be the nullity of M(pk, i1) over Fpm and let N be the

number of self-dual ideals with first torsional degree i1 in GR(p2, m)[u]/〈u pk − 1〉. Then

N =
{

0, if p = 2 and i1 = 2k−1,
(pm)κ , otherwise.
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3 Nullity of the matrix M( pk, i1)

In [6], the nullity of the matrix M(pk, i1) over Fpm , when p = 2 and k ∈ {1, 2, 3, 4}, was
determined. In [7], Sobhani and Esmaeili have listed all the self-dual ideals when p = 3 and
k ∈ {1, 2, 3}, and for all values of p when k = 1. However, the general case remains open.
Our strategy here is to consider M(pk, i1) first as a matrix over Q, and then deduce its rank
as a matrix over Fpm . For convenience, we define the following matrix T (a + b, b) for any
positive integers a, b with a ≥ b:

T (a + b, b) :=
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

(−1)a + 1 0 0 · · · 0

(−1)a
(

a
1

)

(−1)a+1 + 1 0 · · · 0

(−1)a
(

a
2

)

(−1)a+1
(

a − 1
1

)

(−1)a+2 + 1 · · · 0

...
...

...
. . .

...

(−1)a
(

a
b − 1

)

(−1)a+1
(

a − 1
b − 2

)

(−1)a+2
(

a − 2
b − 3

)

· · · (−1)a+b−1 + 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Note that M(pk, i1) = T (i0+ i1, i1) mod p and also, T (a+ b, b) is a b× b matrix over
Z. We first consider the case where a is odd. We also fix the following notation. We denote
the first row of T (a + b, b) as r0, the second row as r1, and so on. We call a row r j odd if

j is odd, and even if j is even. For each row r j , we denote its first entry as r (0)
j , its second

entry as r (1)
j , and so on.

With these notations, we have

T (a + b, b) :=

⎛

⎜
⎜
⎜
⎜
⎝

r (0)
0 r (1)

0 · · · r (b−1)
0

r (0)
1 r (1)

1 · · · r (b−1)
1

...
...

. . .
...

r (0)
b−1 r (1)

b−1 · · · r (b−1)
b−1

⎞

⎟
⎟
⎟
⎟
⎠

, where r (l)
j =

⎧
⎪⎪⎨

⎪⎪⎩

(−1)a+l
(

a − l
j − l

)

, when j > l,

(−1)a+l + 1, when j = l,
0, otherwise.

Lemma 3.1 For all 1 ≤ j ≤ � b−1
2 	, we have

r2 j = α1r1 + α3r3 + · · · + α2 j−1r2 j−1,

for some αi ∈ Z.

Before we prove the above lemma, we first define a sequence of numbers, called the
Genocchi numbers and denoted by Gn . These numbers are defined by the generating func-
tion

2t

1+ et
=
∞∑

n=0

Gn

n! tn . (3)

It is well known that G0 = G3 = G5 = · · · = 0, G1 = 1 and G2 = −1 [8]. Rearranging
(3), we have

2t =
( ∞∑

n=0

Gn

n! tn

)

(1+ et ) =
( ∞∑

n=0

Gn

n! tn

) (

2+
∞∑

n=1

1

n! t
n

)

.
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A note on cyclic codes 109

Comparing the coefficients of tn where n ≥ 3, we have the following:

1

(n − 1)! = −
n−1

2∑

i=1

G2i

(2i)!(n − 2i)! , when n is odd, (4)

and

1

(n − 1)! = −
⎛

⎝

n
2−1∑

i=1

G2i

(2i)!(n − 2i)!

⎞

⎠− 2Gn

n! , when n is even. (5)

With these identities, we proceed to prove Lemma 3.1.

Proof of Lemma 3.1 We fix j and claim that

r2 j = −
j∑

i=1

G2i

a − 2( j − i)

(
a − 2( j − i)

a − 2 j

)

r2( j−i)+1. (6)

To prove the two vectors on both sides to be equal, we consider the k-th coordinates of the
two vectors. The k-th coordinates of both vectors are 0 if k > 2 j . For the 2 j-th coordinates,
since a is odd, the right hand side of (6) is

− G2

a − 2 j + 2

(
a − 2 j + 2

a − 2 j

)

· 2 = a − 2 j + 1 = r (2 j−1)
2 j .

Next, the (2 j − 1)-th coordinate of the right hand side of (6) is

− G2

a − 2 j + 2

(
a − 2 j + 2

a − 2 j

)

· (−1)a+2 j−2
(

a − 2 j + 2
1

)

= (−1)a+2 j−2
(

a − 2 j + 2
2

)

= r (2 j−2)
2 j .

Next, we consider the (2l + 1)-th coordinates on both sides of the equation (6) for 0 ≤
l ≤ j − 2. Note that r (2l)

2l−1 = r (2l)
2l−3 = · · · = r (2l)

1 = 0 and r (2l)
2l+1 = −

(
a − 2l

1

)

. Thus the

(2l + 1)-th coordinate of the vector on the right is:

−
j∑

i=1

G2i

a − 2( j − i)

(
a − 2( j − i)

a − 2 j

)

r (2l)
2( j−i)+1

=
j−l∑

i=1

G2i

a − 2( j − i)

(
a − 2( j − i)

a − 2 j

) (
a − 2l

2( j − i − l)+ 1

)

=
j−l∑

i=1

G2i

a − 2( j − i)

(a − 2( j − i))!
(a − 2 j)!(2i)!

(a − 2l)!
(2( j − l − i)+ 1)!(a − 2( j − i))!

= (a − 2l)!
(a − 2 j)!

⎛

⎝
j−l∑

i=1

G2i

(2i)!(2( j − l)− 2i)!

⎞

⎠

= − (a − 2l)!
(a − 2 j)!(2 j − 2l)! (this follows from (4))

= −
(

a − 2l
2 j − 2l

)

= r (2l)
2 j .
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110 H. M. Kiah et al.

Similarly, we consider the (2l + 2)-th coordinates for 0 ≤ l ≤ j − 2. Again, observe that
r (2l+1)

2l−1 = r (2l+1)
2l−3 = · · · = r (2l+1)

1 = 0 and r (2l+1)
2l+1 = 2. So, the (2l + 2)-th coordinate is:

−
j∑

i=1

G2i

a − 2( j − i)

(
a − 2( j − i)

a − 2 j

)

r (2l+1)
2( j−i)+1

=
⎛

⎝
j−l−1∑

i=1

G2i

a − 2( j − i)

(
a − 2( j − i)

a − 2 j

)(
a − 2l − 1

2( j − i − l)

)
⎞

⎠−
(

G2( j−l)

a − 2l

(
a − 2l
a − 2 j

)

· 2
)

= · · ·

= (a − 2l − 1)!
(a − 2 j)!

⎛

⎝−
⎛

⎝
j−l−1∑

i=1

G2i

(2i)!(2( j − l)− 2i)!

⎞

⎠− 2
G2( j−l)

(2 j − 2l)!

⎞

⎠

= (a − 2l − 1)!
(a − 2 j)!(2 j − 2l − 1)! (this follows from (5))

=
(

a − 2l − 1
2 j − 2l − 1

)

= r (2l+1)
2 j .

For simplicity, we define αi = −G2 j−i+1
a−i+1

(
a − i + 1

a − 2 j

)

for odd 1 ≤ i ≤ 2 j − 1. It

remains to prove that αi ∈ Z for all odd 1 ≤ i ≤ 2 j − 1. We proceed by induction. Clearly,

α2 j−1 = − G2
a−2 j+2

(
a − 2 j + 2
a − 2 j

)

= −G2(a−2 j+1)
2 is an integer as G2 = −1 and a−2 j+1

is even.
Next, we assume that αi+2, αi+4, . . . α2 j−1 ∈ Z. Our aim is to show that αi ∈ Z.
By considering the (i + 1)-th and i-th coordinates of the vector r2 j , we obtain

2αi = r (i)
2 j − αi+2r (i)

i+2 − αi+4r (i)
i+4 − · · · − α2 j−1r (i)

2 j−1

and

(a − i + 1)αi = r (i−1)
2 j − αi+2r (i−1)

i+2 − αi+4r (i−1)
i+4 − · · · − α2 j−1r (i−1)

2 j−1 .

By the inductive hypothesis, 2αi and (a − i + 1)αi are integers. As i is odd, a − i is even.
Therefore, αi = (a − i + 1)αi − a−i

2 · 2αi is also an integer. ��
We now consider the case when a is even. Note that the matrix T (a+b, b) can be regarded

as a submatrix of T ((a + 1)+ (b + 1), (b + 1)) as follows:

T ((a + 1)+ (b + 1), (b + 1)) =

⎛

⎜
⎜
⎜
⎝

∗ 0 · · · 0
∗
... T (a + b, b)

∗

⎞

⎟
⎟
⎟
⎠

.

By Lemma 3.1, we conclude that each even row r2 j of T ((a + 1) + (b + 1), b + 1) is an
integral linear combination of the odd rows r1, r3, . . . , r2 j−1 in T ((a+ 1)+ (b+ 1), b+ 1).
This implies that each odd row r2 j−1 of T (a + b, b) is an integral linear combination of the
even rows r0, r2, . . . , r2 j−2 of T (a + b, b).
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A note on cyclic codes 111

We now summarize these results as follows:

Lemma 3.2 Consider the matrix T (a+b, b). When a is odd, each even row r2 j is an integral
linear combination of the odd rows r1, . . . , r2 j−1. When a is even, each odd row r2 j+1 is an
integral linear combination of the even rows r0, . . . , r2 j .

Finally, we consider the matrix M(pk, i1). Since the matrix M(pk, i1) is T (i0 + i1, i1)

mod p, we can apply Lemma 3.2. There are two cases.

(I) p is odd.
In this case, M(pk, i1) is of the form:

�

◦
�

◦
...

�

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 0 0 0 · · · 0
∗ 0 0 0 · · · 0
∗ ∗ 2 0 · · · 0
∗ ∗ ∗ 0 · · · 0
...

...
...

...
. . .

...

∗ ∗ ∗ ∗ · · · 2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and

◦
�

◦
�
...

�

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 · · · 0
∗ 2 0 0 · · · 0
∗ ∗ 0 0 · · · 0
∗ ∗ ∗ 2 · · · 0
...

...
...

...
. . .

...

∗ ∗ ∗ ∗ · · · 2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

when i1 is odd, when i1 is even.

By Lemma 3.2, each of the rows labeled ◦ is an integral linear combination of the
rows labeled �. Moreover, when p is odd, 2 is a unit in Fpm . Therefore, the nullity
of M(pk, i1) is � i1

2 	.
(II) p = 2.

In this case, M(2k, i1) is of the form:

◦
�

◦
�
...

◦

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 · · · 0
1 0 0 0 · · · 0
∗ ∗ 0 0 · · · 0
∗ ∗ 1 0 · · · 0
...

...
...

...
. . .

...

∗ ∗ ∗ ∗ · · · 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and

◦
◦
�

◦
...

◦

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 · · · 0
0 0 0 0 · · · 0
∗ 1 0 0 · · · 0
∗ ∗ ∗ 0 · · · 0
...

...
...

...
. . .

...

∗ ∗ ∗ ∗ · · · 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

when i1 is odd, when i1 is even.

Again, by Lemma 3.2, each of the rows labeled ◦ is an integral linear combination
of the rows labeled �. Therefore, the nullity of M(2k, i1) is � i1+1

2 �. We summarize
the results in the following proposition.

Proposition 3.3 Let κ be the nullity of M(pk, i1). Then κ = � i1
2 	 when p is odd, and

κ = � i1+1
2 � when p = 2.

Finally, we restate Proposition 2.1 as follows:

Proposition 3.4 Let i1 > 0 and let N be the number of self-dual ideals with first torsional
degree i1 in GR(p2, m)[u]/〈u pk − 1〉. Then

N =

⎧
⎪⎨

⎪⎩

0, if p = 2 and i1 = 2k−1,

(pm)�
i1+1

2 �, if p = 2 and i1 < 2k−1,

(pm)�
i1
2 	, otherwise.

The number of self-dual codes of length pk over GR(p2, m) is then given by the following
corollary.
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112 H. M. Kiah et al.

Corollary 3.5 Let S = GR(p2, m)/〈u pk −1〉. When p is odd, the number of self-dual ideals
in S is

2+ 2(pm)+ · · · + 2(pm)
pk−1−1

2 = 2

⎛

⎝ (pm)
pk−1+1

2 − 1

pm − 1

⎞

⎠ .

When p = 2, the number of self-dual ideals in S is
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, when k = 1,

1+ 2m, when k = 2,

1+ 2m + 2(2m)2 + 2(2m)3 + · · · + 2(2m)2k−2

= 1+ 2m + 2(2m)2
(

(2m )(2
k−2−1)−1

2m−1

)

, when k ≥ 3.
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