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Using the Calderbank—Shor—Steane (CSS) construction, pure g-ary asymmetric quantum
error-correcting codes attaining the quantum Singleton bound are constructed. Such codes are
called pure CSS asymmetric quantum maximum distance separable (AQMDS) codes. Assuming
the validity of the classical maximum distance separable (MDS) Conjecture, pure CSS AQMDS
codes of all possible parameters are accounted for.
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1. Introduction

The study of asymmetric quantum codes (AQCs) began when it was argued in Refs. 1
and 2 that, in many qubit systems, phase-flips (or Z-errors) occur more frequently
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than bit-flips (or X-errors) do. Steane first hinted the idea of adjusting the error-
correction to the particular characteristics of the quantum channel in Ref. 3 and
later, Wang et al. established a mathematical model of AQCs in the general qudit
system in Ref. 4.

To date, the only known class of AQCs is given by the asymmetric version of the
Calderbank—Shor—Steane (CSS) construction. In this paper, the CSS construction is
used to derive a class of pure® AQCs attaining the quantum analogue of the Singleton
bound. We call such optimal codes asymmetric quantum maximum distance sepa-
rable (AQMDS) codes and if the codes are derived from the CSS construction, we call
them CSS AQMDS codes.

Thus far, the only known AQMDS codes are pure CSS AQMDS and many results
concerning these codes had been discussed in Ref. 6. This paper provides a complete
treatment of such codes by solving the remaining open problems. This enables us to
provide a complete characterization. To be precise, assuming the validity of the MDS
conjecture, pure CSS AQMDS codes of all possible parameters are constructed.

The paper is organized as follows. In Sec. 2, we discuss some preliminary concepts
and results. In Secs. 3 to 5, nested pairs of Generalized Reed—Solomon (GRS) codes and
extended GRS codes are used to derive AQMDS codes of lengths up to ¢ + 2. Sec. 6
presents an alternative view on the construction of AQMDS codes based on the weights
of maximum distance separable (MDS) codes. A summary is provided in Sec. 7.

2. Preliminaries
2.1. Classical linear MDS codes

Let ¢ be a prime power and [, the finite field having ¢ elements. A linear

[n, k,d],-code C is a k-dimensional F -subspace of Fy with minimum distance

d :=min{wt(v) : v.€ C'\{0}}, where wt(v) denotes the Hamming weight of v € .

Given two distinct linear codes C and D, wt(C'\ D) denotes min{wt(u) : u € C\ D}.
Every [n, k,d],-code C satisfies the Singleton bound

d<n-k+1,

and C is said to be mazimum distance separable if d =n — k+ 1. Trivial families
of MDS codes include the vector space Ky, the codes equivalent to the
[n, 1, n],-repetition code and their duals [n,n — 1,2], for positive integers n > 2.

MDS codes which are not equivalent to the trivial ones are said to be nontrivial.
Furthermore, we have the following conjecture which has been shown to be true when
q is prime in Ref. 7.

Conjecture 1 (MDS Conjecture). If there is a nontrivial [n,k,d],-MDS code,
thenn < q+ 1, except when q is even and k = 3 or k = q¢ — 1 in which casen < q+ 2.

2Purity in the CSS case is defined in Theorem 2.
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For u= (u;)jz; and v = (v;)iq, (u,v)g:=> iy uv; is the Euclidean inner
product of u and v. With respect to this inner product, the dual C* of C is given by

Ct:={ueF,:(uv)g=0foralveC}

It is well known that (C+)® = C and that the dual of an MDS code is MDS.
Let IF,[X]), denote the set of all polynomials of degree less than k in I, [X]. The set

{1,2,...,2" '} forms the standard basis for F,[X]; as a vector space over F,.

2.2. CSS construction and AQMDS codes
We begin with a formal definition of an AQC.

Definition 1. Let d, and d, be positive integers. A quantum code @ in V,, = (C4)®"

with dimension K > 1 is called an asymmetric quantum code with parameters
((n,K,d,/d,)), or [[n,k,d./d,]],, where k =log K, if @ detects d, —1 qudits of
bit-flips (or X-errors) and, at the same time, d, — 1 qudits of phase-flips (or Z-errors).

The correspondence between pairs of classical linear codes and AQCs is given in
Refs. 4 and 5.

Theorem 2 (Standard CSS Construction for AQC). Let C; be linear codes
with parameters [n, k;, d;], for i = 1,2 with C{ C Cy. Let

d, := max{wt(C,\Ci),wt(C;\C3)} and
d, = min{wt(C;\Ci), wt(C1\C3)}. (1)

Then there exists an AQC Q with parameters [[n, ky + ky — n,d,/d,]],. The code Q is
said to be pure whenever {d.,d,} = {d;,d,}.

For a CSS AQC, the purity in Theorem 2 is equivalent to the general definition
given in Ref. 4.
Furthermore, any CSS [[n,k,d./d,]],-AQC satisfies the following bound [8,

Lemma 3.3],
k<n-—d,—d,+2. (2)
This bound is conjectured to hold for all AQCs. A quantum code is said to be

AQMDS if it attains the equality in (2).
For our construction, the following result holds.

Lemma 1 ([4, Corollary 2.5]). A pure CSS AQC is an asymmetric quantum MDS
code if and only if both C| and Cy in Theorem 2 are (classical) MDS codes.

This means that constructing a pure g-ary CSS AQMDS code of a specific set of
parameters is equivalent to finding a suitable corresponding nested pair of classical
IF,-linear MDS codes.
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Following Lemma 1, a CSS AQMDS code is said to be trivial if both C| and C, are
trivial MDS codes.

From Lemma 1 and the MDS conjecture, the following necessary condition for the
existence of a nontrivial pure CSS AQMDS code is immediate.

Proposition 1. Assuming the validity of the MDS Conjecture, every nontrivial pure
g-ary CSS AQMDS code has lengthn < q+ 1 if ¢ is odd andn < q+ 2 if q is even.

Let @ be an AQC with parameters [[n,k,d,/d,]],, We usually require k>0
(equivalently, K = ¢* > 1) or for error detection purposes, d, > 2. However, for

completeness, we state the results for the two cases: first, when d, = 1 and second,
when k = 0.

Proposition 2. Let n,k be positive integers such that k< n—1. A pure CSS
AQMDS code with parameters [[n, k,d,/1]], whered, = n — k + 1 exists if and only if
there exists an MDS code with parameters [n,k,n — k+1],.

Proof. We show only one direction. Let C' be an MDS code with parameters
[n, k,n — k+1],. Apply Theorem 2 with C} = C and Cy = [}/ to obtain the required
AQMDS code. O

Proposition 3. Let n,k be positive integers such that k<n—1. A pure
CSS AQMDS code with parameters [[n,0,d,/d,]], where {d,,d,} ={n—k+1,
k+1} exists if and only if there exists an MDS code with parameters [n,k,
n—k+1],.

Proof. Again, we show one direction. Let C be an MDS code with parameters
[, k,n—k+1],
code with K =1 is pure and hence, there exists an AQMDS with parameters
[[n,0,d./d,]], where {d,,d,} = {n — k+1,k+ 1}. O

In the subsequent sections, pure CSS AQMDS codes with & > 1 and d, > 2 are
studied.

and let C{ = O, = C. Following Ref. 9, assume that a quantum

3. AQMDS Codes of Length n < gq

Let us recall some basic results on GRS codes (see Ref. 10, Sec. 5.3). Choose n
distinct elements oy, ay,...,o, in F, and define o« :=(ay,ay,...,0,). Let

) n

V= (v, y,...,,), Where vy, vy, ..., v, are nonzero elements in F,. Then, given
and v, a GRS code of length n < g and dimension k < n is defined as

gRSn,k(a7 V) = {(Ulf(al)a R Unf(an)) : f(X) € IETIq [X}k}
Since F,[X];, C F,[X];; for fixed n, v, and e, it follows immediately that

gRSn,k(aa V) C gRSn,k+1 (a7 V). (3)
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Based on the standard basis for F,[X];, a generator matrix G for GRS, (e, V) is

given by
U1 U2 Up
V10 Vo Qly e UV Oy
G= . . : (4)
vlozlf’l vzozg’l e ’unaﬁfl

and GRS, ;(a,v) is an MDS code with parameters [n,k,n —k+ 1],. Hence, the
following result gives a construction of an AQMDS code of length n < q.

Theorem 3. Letq > 3. Let n, k and j be positive integers such thatn < q, k <n —2
and j <n—k—1. Then there exists a nontrivial AQMDS code with parameters
[[nvja dz/dqu where {dza dz} = {n — k- ] + ]-v k+ 1}

Proof. Apply Theorem 2 with Ci- = (GRS, x(a,v)) C Cy = GRS, 14 j(ct, V). O

4. AQMDS Codes of Length n=q +1

Let oy, @, ..., a, be distinct elements in IF, and vy, v, ..., v, be nonzero elements
in F,. Let k < g and consider the code F given by

k=1
E:= {(Wf(%)v Ve flag), g fro1) 1 f(X) = quin € Fq[X]k}-

=0
Let x =(0,...,0,v,.1) and G be as in (4) with n =¢. Then Gy := (G|x?) is a
generator matrix of E. The code F is an extended GRS code with parameters
l[q+1,k,q—k+ 2], (see Ref. 10, Sec. 5.3).

Let 1 <7 < k — 2. Then there exists a monic irreducible polynomial p(X) € F,[X]

of degree k — r [Ref. 11, Corollary 2.11]. By the choice of p(X), observe that p(a;) # 0
for all i. Hence, the matrix

vip(a) oo vp(ay)
viogp(ay) ... vap(ey) 0
Ge = : : : (5)
vt ?play) ... vqaZ’Qp(aq) 0
vloz’l"_lp(al) . vqag_lp(aq) Vg1

is a generator matrix of a [¢+ 1,7,q — 7 + 2],-MDS code C.

Observe that, for all g(X) € F [X],, p(X)g(X) is also a polynomial in F,[X];.
Moreover, the coefficient of X =1 in p(X)g(X) is given by the coefficient of X"~ in g(X).
Thus, C C FE, leading to the following construction of AQMDS code of length ¢ + 1.
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Theorem 4. Let q> 3. Let j,k be positive integers such that 3 <k <gq and
2 < j < k— 1. Then there exists an AQMDS code with parameters [[q+1,7,d./d,]],
where {d,,d,} ={qg—k+2,k—j+1}.

Proof. Let r = k — j. Apply Theorem 2 with C;, = C* and C, = E. 0O

Note that Theorem 4 gives AQMDS codes with parameters [[g + 1, j,d./d,]], with
j > 2. The next proposition gives the necessary and sufficient conditions for the
existence of pure CSS AQMDS codes with j = 1.

Proposition 4. Letn, k be positive integers such that k < n — 1. There exists a pair
of nested MDS codes C C C' with parameters [n,k,n —k + 1], and [n,k+ 1,n — k|,
respectively, if and only if there exists an MDS code with parameters
n+1LEk+1,n—k+1],

Equivalently, there exists a pure CSS AQMDS code with parameters [[n,1,d,/d,]],
where {d,,d,} = {n —k,k+ 1} if and only if there exists an MDS code with para-
meters [n + 1,k +1,n — k+ 1],

Proof. Let G be a generator matrix of C. Pick w € C’\C and observe that (E) is

W
agenerator matrix for C". It can be verified that

[5)

is a generator matrix of an [n + 1,k + 1,n — k + 1],-MDS code.

Conversely, let D be an [n+1,k+1,n—k+1],-MDS code with k<n — 1.
Shortening the code D at the last coordinate yields an [n, k,n — k + 1],-MDS code C'.
Puncturing the code D at the last coordinate gives an [n, k + 1,1 — k|,-MDS code C".
A quick observation confirms that C' C C". 0O

This proposition leads to the following characterization.

Corollary 1. Assuming the validity of the MDS conjecture, there exists a pure CSS
AQMDS code with parameters [[q+1,1,d,/d,]], if and only if q is even and

{dzvdz} = {S,Q— 1}

Proof. There exists a [2™ + 2,3, 2"],,-MDS code (see Ref. 12, Ch. 11, Theorem 10).
By Proposition 4, an AQMDS code with the indicated parameters exists.

The necessary condition follows from combining the MDS conjecture and Prop-
osition 4. Assume that there exists a [[¢ + 1,1,d./d,]],~AQMDS code @ with d, > 2.
If ¢ is odd, the existence of @ would imply the existence of a nontrivial MDS
code of length ¢q+ 2, contradicting the MDS conjecture. For even ¢, suppose
{d.,d,} # {q—1,3}. Without loss of generality, assume d, > d, # 3. Then there
exists a nested pair [¢+1,¢+1—d,,d, + 1], C[¢+1,¢+2—d,,d,],. By Proposi-
tion 4, there exists a [¢+2,¢+2—d,,d, +1]-MDS code. If d, =2, then
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qg+2—d, =q¢{3,q— 1}, contradicting the MDS conjecture. If d, > 3, then d, <
g—1 and 3<q+2—-d,<q+2-d,<qg—1, a contradiction to the MDS
conjecture. 0

5. AQMDS Codes of Length n =2™ 4+ 2 > 6 withd, =d, =4

MDS codes of length ¢+ 2 are known to exist for ¢ = 2™, and k € {3,2™ — 1} (see
Ref. 12, Ch. 11, Theorem 10). Let vy, v,, ..., v,15 be nonzero elements in F, and fix
a, = 0 in the notations of Sec. 3.

For m > 2, a generator matrix for £ = 3 or a parity check matrix for k = 2™ — 1 is

given by
v e Vg1 v, 0 0
H=|va - va0p0 0 vy 0, (6)
vl - vq,lag_l 0 0 vggo

Let C be a [2™ +2,2™ — 1,4]ym-code with parity check matrix H given in (6).
Let D be the [2™ + 2,3,2™],,,-code whose generator matrix G is given by

vyt e qull U;1 0 0
_ -1, -1 -1 -1 -1
G— Ul a1 vq_loéq_l 0 vq+1 O . (7)
-1 -2 -1 -2 -1
'Ul a1 st qulaqil 0 0 ,Ul]+2

The following theorem gives a construction of an AQMDS code of length g + 2.

Theorem 5. Let g =2™ > 4. Then there exists an AQMDS code with parameters
[2m +2,2™ — 4,4/4]]om.
Proof. First we provethat D C C by showingthat M = (m;, ;) := GHT = 0. Notethat

q+2

mi; =Y g hj
=1

for1 <i,j < 3.1fi = j,thenm, ; = ¢ = 0. If i # j, the desired conclusion follows since

q—1 q—1 q—1

1 —1 2
Yo=Y ar =0 ad Za;”zaz<qza,.> 0
/ i=1 i=1 =1

i= i=1

Applying Theorem 2 with C; = D+ and C, = C completes the proof. 0O

6. AQMDS Codes with d, > d, = 2, an Alternative Look

In the previous sections, suitable pairs of GRS or extended GRS codes were chosen for
the CSS construction. This section singles out the case of d, = 2 where the particular
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type of the MDS code chosen is inessential. The following theorem gives a con-
struction on an AQC with d, = 2.

Theorem 6 ([Ref. 6 Theorem 7]). Let C be a linear (not necessarily MDS)
[n, k, d],-code with k > 2. If C has a codeword u such that wt(u) = n, then there exists
n[[n,k—1,d/2]],-AQC.

Let C be an [n, k,n — k + 1],-MDS code. Ezerman et al. in Ref. 13 showed that C
has a codeword u with wt(u) = n, except when either C is the dual of the binary
repetition code of odd length n >3, or C is a simplex code with parameters
l[¢ + 1,2,q],. Hence, the following corollary can be derived.

Corollary 2. The following statements hold:

(1) For even integers n, there exists an [[n,n — 2,2/2]],-AQMDS code.

(2) For positive integers n,q > 3, there exists an [[n,n —2,2/2]] -AQMDS code.

(3) Given positive integers ¢ > n > 4, there exists an AQMDS code for2 <k <n—2
with parameters [[n,k —1,d./2]], withd, =n —k+ 1.

(4) Given q > 4, there exists an AQMDS code for 3 <k < q— 1 with parameters
g+ 1,k —1,d./2]), withd, = q— k +2.

(5) Given positive integer m > 2 and q = 2™, there exists an AQMDS code with
parameters [[2™ +2,2,2™/2]],m and an AQMDS code with parameters
(27 +2,2™ — 2,4/2]]5.

Wang et al. (Ref. 4, Corollary 3.4) gave a different proof of the existence of
[[n,n —2,2/2]] ~AQMDS codes Q for n,q > 3.

In this section, it is shown for d,, = 2 that the specific construction of the classical
MDS codes used in the CSS construction is inconsequential. This is useful as there are
many classical MDS codes which are not equivalent to the GRS codes (see Ref. 14, for
instance).

7. Summary

While the ingredients to construct a pure AQC under the CSS construction, namely a
pair of nested codes, the knowledge on the codimension and the dual distances of the
codes, are all classical, computing the exact set of parameters and establishing the
optimality of the resulting AQC are by no means trivial.

This work shows how to utilize the wealth of knowledge available regarding
classical MDS codes to completely classify under which conditions there exists a
particularly pure CSS AQMDS code and how to construct such a code explicitly.
Outside the MDS framework, more work needs to be done in determining the exact
values of d,, and d, and in establishing optimality.

We summarize the results of the paper in the following theorem.

Theorem 7. Let q be a prime power, n, k be positive integers and j be a nonnegative
integer. Assuming the wvalidity of the MDS conjecture, there ezists a pure CSS
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AQMDS code with parameters [[n, j,d,/d,]],, where{d,,d,} ={n —k—j+1,k+1}
if and only if one of the following holds:

(1) [Proposition 2, Proposition 3] q 1is arbitrary, n>2, ke {l,n—1} and
je€{0,n—k}.

(2) [Corollary 2] q =2, n is even, k=1 and j =n — 2.

(3) [Corollary2] ¢ >3, n>2,k=1andj=n—2.

(4) [Proposition 2, Proposition 3, Theorem 3] ¢>3, 2<n<gq, k<n-—1 and
0<j<n-—k

(5) [Proposition 2, Proposition 3, Theorem 4] ¢>3, n=q+1, k<n-—1 and
jel0,2,...,n—k}.

(6) [Corollary 1) g=2",n=q+1,j=1and k € {2,2™ — 2}.

(7) [Proposition 2, Proposition 3, Theorem 5, Corollary 2] q = 2™ where m > 2,
n=q+2,

k=1, and je€{2,2m -2},
k=3, and je{0,2m—42m—1}, or,
k=2m—1, and je{0,3}.

As a concluding remark, note that all AQMDS codes constructed here are pure
CSS codes. The existence of a degenerate CSS AQMDS code or an AQMDS code
derived from non-CSS method with parameters different from those in Theorem 7
remains an open question.
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