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Symbol-Pair Read Channel

Symbol-Pair Read Channel

Noise
Writing Reading 3 ;
uc C High Resolution Storage Low Resolution vV E C u e C
A codeword
(u07 ugy ..., Un—l)

can only be read as

((Uo, Ul), (Lll, U2), ey (Unfl, Uo)).



Symbol-Pair Read Channel

Pair-distance

Given u = (uo, U1, ..., Un—1), V= (v, vi,...,Va_1), the pair-distance between
u and v is given by

Dy(u,v) = [{i: (u;, uiy1) # (Vi, vit1) }-

DP((07 0707 07 070)7 (07 17 07 1707 1)) =6
DP((07 07 07 07 07 0)7 (07 07 07 17 17 1)) =4

Theorem (Cassuto, Blaum '11)
If 0 < Dy(u,v) < n,

Dy(u,v) + 1 < Dp(u,v) < 2Dy(u, v).

In the extreme cases in which Dy(u,v) = 0 or n, Dy(u,v) = Dp(u,v).
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Singleton Bound

Singleton Bound

C is said to have pair-distance d if D,(u,v) > d for all distinct u,v € C
Denote such a code by (n, d)q-symbol-pair code.
The maximum size of an (n, d)4-symbol-pair code is denoted Afj(n, d).

Theorem (Singleton Bound)

Let g > 2 and 2 < d < n. Then

A(n,d) < "2

Hence, an (n, d)q-symbol-pair code of size g"~9*2 is optimal and we call such a
symbol-pair code maximum distance separable (MDS).



MDS Symbol-Pair Codes

Outline

© Construction of MDS Symbol-Pair Codes
@ Using Classical MDS Codes
@ Interleaving Classical MDS Codes
@ Extending Classical MDS Codes
® Zg-Linear MDS Symbol-Pair Codes



MDS Symbol-Pair Codes

Trivial Fact

For distinct u, v, Dp(u,v) > 2.

So, there exists an MDS (n, 2)4-symbol-pair code for all n > 2 and g > 2.
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Using Classical MDS Codes

From Classical MDS Codes

Proposition

An MDS (n, d)q-code with d < n is an MDS (n, d + 1)4-symbol-pair code.

Using Reed-Solomon codes, we have

Classical MDS | MDS Symbol-pair code
(nyn—=2)gforq=2",n<qg+2 (nyn—=1)gforq=2",n<qg+2
(n,4)g forq=2",n<q+2 (n,5)g forg=2",n<qg+2
(n,d)q for g prime power, 3 < d < | (n,d)q for g prime power, 4 < d < n,
n—1,n<qg+1 n<g+1

(n,2)gforn>2,g>2 (n,3)gforn>2,g>2
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Using Classical MDS Codes

From Classical MDS Codes

Proposition
An MDS (n, d)q-code with d < n is an MDS (n, d + 1)4-symbol-pair code.

Theorem (Blanchard '93, '94, '95)

Let 2 < d < n. Then there exists an MDS (n, d)q-code for all q sufficiently
large.

So, for 2 < d < n, MDS (n, d)q-symbol-pair codes exist for all g sufficiently
large.
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Interleaving Classical MDS Codes

Interleaving Classical MDS Codes

Theorem (Cassuto and Blaum '11)

If there exist an (n, d)q-code of size My and an (n, d)q-code of size M, then
there exists a (2n,2d)q-symbol-pair code of size My Ms.

| \

Sketch of construction.

Take u = (uo, t1, . .., up—1) from a (n, d)q-code of size M; and

v = (vo, v1,...,Va—1) from a (n, d)q-code of size M, to form the codeword,
(uo, Vo, U1, Vi, .oy Un—1, Va—1).

Repeat for all pairs u, v to obtain the required code. O

A\

If there exists an MDS (n, d)q-code, then there exists an MDS
(2n,2d)q-symbol-pair code.




MDS Symbol-Pair Codes
[ Jele]e]
Extending Classical MDS Codes

Outline

© Symbol-Pair Read Channel
© Singleton Bound

© Construction of MDS Symbol-Pair Codes

@ Extending Classical MDS Codes

@ Construction of MDS Cyclic Symbol-Pair Codes

© Work in Progress



MDS Symbol-Pair Codes
[e] lee]

Extending Classical MDS Codes

Extending Classical MDS Codes

Proposition

Suppose there exists an MDS (n, d)q-code and there exists an eulerian graph of
order n, size m and girth at least n — d + 1. Then there exists an MDS
(m,m — n+ d + 1)4-symbol-pair code.

Example (Construction)

Extend MDS (5, 3)4-code to obtain MDS (10, 9)4-symbol-pair code using the
following graph:




MDS Symbol-Pair Codes
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Extending Classical MDS Codes

Example (Construction (ctd...))

Extend MDS (5, 3)4-code to obtain MDS (10, 9)4-symbol-pair code using the
following graph:

(uo, u1, uz, us, ug) = (uo, Uz, U, U3, Us, Uo, Uz, U, U1, U3)
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Extending Classical MDS Codes

Classical vs Symbol-Pair Codes

MDS Conjecture

If there exists a linear classical MDS (n, d)q code, then n < g+ 1 or g =2"
and d =4 or d = q, in which case n < g + 2.




MDS Symbol-Pair Codes
[e]ele] ]

Extending Classical MDS Codes

Classical vs Symbol-Pair Codes

MDS Conjecture

If there exists a linear classical MDS (n, d)q code, then n < g+ 1 or g =2"
and d =4 or d = q, in which case n < g + 2.

@ For any odd prime power g, there exists a classical MDS (q, g — 2)4 code.
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Extending Classical MDS Codes

Classical vs Symbol-Pair Codes

MDS Conjecture

If there exists a linear classical MDS (n, d)q code, then n < g+ 1 or g =2"
and d =4 or d = q, in which case n < g + 2.

@ For any odd prime power g, there exists a classical MDS (q, g — 2)4 code.

@ K is an eulerian graph of order g, size g(q — 1)/2 and girth 3.
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Extending Classical MDS Codes

Classical vs Symbol-Pair Codes

MDS Conjecture

If there exists a linear classical MDS (n, d)q code, then n < g+ 1 or g =2"
and d =4 or d = q, in which case n < g + 2.

@ For any odd prime power g, there exists a classical MDS (q, g — 2)4 code.
@ K is an eulerian graph of order g, size g(q — 1)/2 and girth 3.
@ So, there exists a MDS (g(qg — 1)/2,q(g — 1)/2 — 1)4-symbol-pair code.
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Extending Classical MDS Codes

Classical vs Symbol-Pair Codes

MDS Conjecture

If there exists a linear classical MDS (n, d)q code, then n < g+ 1 or g =2"
and d =4 or d = q, in which case n < g + 2.

@ For any odd prime power g, there exists a classical MDS (q, g — 2)4 code.
@ K is an eulerian graph of order g, size g(q — 1)/2 and girth 3.
@ So, there exists a MDS (g(qg — 1)/2,q(g — 1)/2 — 1)4-symbol-pair code.

Symbol-Pair Codes
There exists g-ary MDS symbol-pair codes of length n = Q(g?).
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Zgq-Linear MDS Symbol-Pair Codes

Zg-Linear Symbol-Pair Codes

Definition

A code C is said to be Zg-linear if u + v, A\u € C for all u,v € C and X € Z,.

The pair-weight of u is
wtp(u) = Dp(u, 0).

Let C be a Zq-linear code. Then C has pair-distance minyccy {0y Wtp(u).
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MDS Symbol-Pair Codes with Distance Four

Let n > 4 and define f and g as follows:

f:2]7% — 24
n—3

u— Z(i + 1)u;,

i=0
g: 27— 7,

Let C = {(uo, u1,...,un—3,f(u),g(u)) :ue 22_2}. Then C is a Zq-linear MDS
(n,4)q-symbol-pair code.
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Zgq-Linear MDS Symbol-Pair Codes

MDS Symbol-Pair Codes with Distance Five

Suppose that q is odd prime and 5 < n < 2q + 3. Define f, g and h as follows:
f207° — 2,
n—4
u—> Z(l + 1)uj,
i=0
g: 27— 7,

n—4
ur—— Z uj.
i=0
h:Z77% — Zg
n—4
um— Z(—l)iu,-.
i=0

Let C = {(uo, t1, . .., Un—s, F(u),g(u), h(u)) : u € Z;>}. Then C is a Zq-linear
MDS (n,5)q-symbol-pair code.
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Zgq-Linear MDS Symbol-Pair Codes

MDS Symbol-Pair Codes with Distance n

Proposition
Let n > 2 and let
o= JAGdsigseeesin): (i,4) € 73}, if n is even
{Gydyisdy-osiviyi+Jj):(i,j) € Z2}, ifnis odd.

Then C is a Zq-linear MDS (n, n)q-symbol-pair code.
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MDS Cyclic Symbol-Pair Codes

Cyclic Symbol-Pair Codes

C is cyclic if its automorphism group contains a cyclic group of order n. That is,
C contains (uo, u1, ..., up—1) if and only if it also contains (u1, U, ..., Un—1, o)

V.

The following code C is cyclic:

(0,0,0,0) (1,1,1,1) (2,2,2,2) (3,3,3,3) (4,4,4,4)
(0,1,2,3) (0,2,1,4) (0,3,4,2) (0,4,3,1) (1,3,2,4)
(3,0,1,2) (4,0,2,1) (2,0,3,4) (1,0,4,3) (4,1,3,2)
(2,3,0,1) (1,4,0,2) (4,2,0,3) (3,1,0,4) (2,4,1,3)
(1,2,3,0) (2,1,4,0) (3,4,2,0) (4,3,1,0) (3,2,4,1)

Furthermore, C is a MDS cyclic (4, 4)s-symbol-pair code.
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Mendelsohn Designs

Let X) ={u € X" : wp,u,...,up—1 are all distinct}.
A vector (uo, u1, U2, -+ ,up—1) € X1 is said to cyclically contain the ordered
pairs (Uo, Ul), (u17 u2)7 T (uﬂ—17 uO)'

Definition

A Mendelsohn design M(q, n) is a pair (X, B), where |X| = q, B C X}, such
that each element of ¥2 is cyclically contained in exactly one vector in 1.
Elements of B are called blocks.

| A

Example
An M(5, 4):

{(07 17 2? 3)7 (07 27 17 4)7 (07 37 47 2)7 (07 47 37 1)7 (17 37 27 4)}




MDS Cyclic Symbol-Pair Codes

Construction of MDS Cyclic Symbol-Pair Codes from Mendelsohn Designs

Proposition

If there exists an M(q, n), then there exists a cyclic MDS (n, n)q-symbol-pair
code.

Sketch of Construction.
Let M(g, n) = (X, B). Check that |B| = g(q — 1)/n.

@ For each (up, u1,...,un—1) € B, add all n cyclic shifts as codewords.
@ For each o € X, add the codeword (o,0,...,0).
This completes the construction. O

(2,2,2,2) 3)
(0,3,4,2) (0,4,3,1)
(2,0,3,4) (1,0,4,3)
( 4)
( 0)

472707 3) (37 1707
3,4,2,0) (431,
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Work in Progress

Existence of MDS (n, d)4-Symbol-Pair Codes

Determine the spectrum for MDS (n, d)4-symbol-pair codes. That is, determine

Q(n, d) = {q : there exists a MDS (n, d)4-symbol-pair code}.

For d € {2,3,4,n},

Q(n,d) ={q:q =2}
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Thank you for your attention!
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