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NONTENSORIAL GENERALISED HERMITE SPECTRAL METHODS FOR PDES
WITH FRACTIONAL LAPLACIAN AND SCHRODINGER OPERATORS

CHANGTAO SHENG!, SUNA Ma?, HUlYUAN L1?, L1-LIAN WANG** AND LUELING JIA®

Abstract. In this paper, we introduce two families of nontensorial generalised Hermite polynomi-
als/functions (GHPs/GHFs) in arbitrary dimensions, and develop efficient and accurate spectral meth-
ods for solving PDEs with integral fractional Laplacian (IFL) and/or Schrédinger operators in R%. As a
generalisation of the G. Szegd’s family in 1D (1939), the first family of multivariate GHPs (resp. GHF's)

are orthogonal with respect to the weight function |c13|2“ef"‘:|2 (resp. |x|**) in R?. We further construct
the adjoint generalised Hermite functions (A-GHFs), which have an interwoven connection with the
corresponding GHF's through the Fourier transform, and are orthogonal with respect to the inner prod-
uct [u, v]psgay = ((—A)*u, (—=A)*?v)ga associated with the IFL of order s > 0. As an immediate
consequence, the spectral-Galerkin method using A-GHF's as basis functions leads to a diagonal stiff-
ness matrix for the IFL (which is known to be notoriously difficult and expensive to discretise). The
new basis also finds remarkably efficient in solving PDEs with the fractional Schrodinger operator:
(—A)* + |&|* with s € (0,1] and g > —1/2 in R%. We construct the second family of multivariate
nontensorial Miintz-type GHF's, which are orthogonal with respect to an inner product associated with
the underlying Schrodinger operator, and are tailored to the singularity of the solution at the origin.
We demonstrate that the Miintz-type GHF spectral method leads to sparse matrices and spectrally
accurate solution to some Schrédinger eigenvalue problems.

Mathematics Subject Classification. 65N35, 656N25, 35Q40, 33C45, 65M70.

Received December 23, 2020. Accepted August 20, 2021.

1. INTRODUCTION

In the seminal monograph ([43], p. 371) (1939), Szegé introduced for the first time a generalisation of the
Hermite polynomials (denoted by Hfft) (), u > —1/2, z € R := (—o0,0) and dubbed as generalised Hermite
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polynomials (GHPs)), through a second-order differential equation in an exercise problem. The GHPs are
orthogonal with respect to the weight function |a:|2“e_a62 in R. Chihara was among the first who systematically
studied the properties of the GHPs, and the associated generalised Hermite functions (GHF's): aw (x) =
e_wz/gHy(L“)(x) (orthogonal with respect to the weight function |z|?* in R) in his PhD thesis [10] entitled as
“Generalised Hermite Polynomials” (1955). Later, some standard properties were collected in his book [11]
(1978). Whereas the usual Hermite polynomials/functions are well-studied especially in spectral approximations,
there have been very limited works on this generalised family (see, e.g., [30,35-37] for the properties or further
generalisations). In particular, the generalised Hermite spectral method in terms of algorithms, analysis and
applications are still under-explored, which is indeed a topic worthy of investigation.

The main purpose of this paper is to construct two families of nontensorial GHPs/GHF's in arbitrary dimen-
sions, and explore their applications in solving PDEs with the IFL and/or Schrédinger operators.

Firstly, we construct the d-dimensional GHPs {H};"(z)} (cf. (2.12)) and GHFs {fI,’:en (x)} (c¢f (2.13)), which

are orthogonal with respect to the weight functions |:L'|2“e*‘m|2 and |z|? in R? with g > —1, respectively. In

one dimension, they reduce to Szegdé’s GHPs/GHFs (up to a constant multiple). More importantly, we further
introduce a family of adjoint generalised Hermite functions (A-GHFs) {H 177 (x)} (cf.(2.25)) and derive some
appealing properties that are essential for developing fast and accurate speétral algorithms. We show that the
adjoint pair is closely interwoven through the Fourier transform

FIHEPE) = i F2RAL7€),  FIHLTE) = (—1)"TRHL ) (€). (1.1)

Notably, by construction, the A-GHF's are orthogonal with respect to the inner product that induces the so-called
Gagliardo semi-norm of the fractional Sobolev space H*(R?) for s € (0, 1], that is,

[H;:ZL’H;::”]HS(Rd) = ((_A)%HI::?’ (_A)%H;;Zn)Rd = jkamn(sha (12)
where (—A)*® is the integral fractional Laplacian operator (cf.(2.28) and (2.29)). An immediate implication
is that the use of A-GHF's as basis functions in the spectral-Galerkin approximation of the IFL leads to a
diagonal stiffness matrix. In contrast, it has been a nightmare for computing this matrix in a usual tensorial
Hermite spectral method when d = 3 (¢f. [29]). Moreover, this new basis offers efficient spectral algorithm for
solving PDEs with the fractional Schrodinger operator: (—A)® + V(x) with V(x) = |z|** or more general
V(x) = |z|**W(x) (where W is smooth function of Schwartz class) with s € (0,1] and p > —1/2. In light
of the orthogonality (1.2), the stiffness matrix under the Galerkin framework using the basis {PVI r¢ ) becomes

|2M

diagonal, while the singular potential |x|** can be treated as the weight function, since H ) can be represented

as a linear combination of {ﬁj"l"} (¢f. (2.20) and (2.25)). Indeed, the A-GHF's can provide a viable tool for the
solutions of fractional Schrodinger problems (see, e.g., [5,6,22,47]).

It is noteworthy that the 3D GHPs (with 4 = 0 and an appropriate scaling) reduce to the Burnett polynomials
[8] (1936), which are mutually orthogonal with respect to the Maxwellian M(x) = (27r)*3/2e’|w|2/2, and have
proven to be a useful basis in solving kinetic equations (cf.[9,20] and the references therein). It is important to
point out that the GHFs with 1 = 0 are eigenfunctions of the harmonic oscillator (cf. (2.23)):

(= A+ [z H)p (x) = (4k + 20 + d)H)} (). (1.3)

In fact, such an attractive property (in 2D) has been explored in [4] for computing the ground states and
dynamics of the Bose-Einstein condensation.

It is of fundamental and practical interest to search for the explicit eigen-functions of the Schrédinger operator
with a more general potential or some variance of the operator in (1.3), which is the second purpose of this
paper. The main finding (¢f. Thm. 4.2) is that for § > max(1—d/2,0), there exists a family of Miintz-type GHF's

~0.n .
{H,. )} (cf.(4.3)) satistying

(= A+ P22V H Y () = 20%((n+ d/2 — 1)/0 + 2k + 1) [z [*72H] ) (). (1.4)
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TABLE 1. Two families of GHPs/GHF's and their essential properties.

Type Property
Generalised Hermite d-D GHP: H}/'(z) in (2.12) Orthogonal w.r.t. |m|2“e7“"‘2;
polynomials & functions 1D GHP: H,(L“)(x) in [43] Burnett polynomials [8], if ;1 = 0
d-D GHF: }AI]‘:["(:(:) in (2.13) Orthogonal w.r.t. |&|?*;
1D GHF: I/:\T,(L”3 (z) in (2.42) Eigenfunctions of —A + |2|?, if 4 = 0
d-D A-GHF: f],‘:e"(a:) in (2.25) Orthogonal w.r.t.((—A)%-, (=A)% )ga;
1D A-GHF: }VI,(L”)(Q:) in (2.46) Diagonal stiffness matrix for (—A)*, if >0
Miintz-type generalised d-D M-GHF: ﬁz?(m) in (4.3) Orthogonal w.r.t. (V-,V )ga + 0%(|2[**72 pa
~1
Hermite functions H;, (x) in Subsection 4.2 Eigenfunctions (with a scaling) of —1A + ||i|‘
H““’ () in Subsection 4.3 Optimal basis for the Schrédinger operator:

2v—2p
—LA 4+ |Z|jx| " for p,v in (4.16)

In particular, for 8 = 1/2, we find

(—A—n+k+|a(:|l_1)/2>ﬁ;%gn( -

1 ~1,
Mk ) (@) (1.5)
Wlth a proper scaling, this gives the eigen-pairs of the Schrodinger operator with the Coulomb potential:
1A — | where Z is a nonzero constant (cf. Cor.4.3). By construction, this new family {Hz;}} in the radial
dlrectlon turns out to be some special Miintz functions, so it is dubbed as Miintz-type for distinction. We
remark that a Miintz polynomial ZZ:O ap™* is generated by a Miintz sequence: \g < A1 < Ao < -+ < A\,
(¢f-[31] (1914)), and the set of Miintz polynomials with A\g = 0, and real coefficients {aj} are dense in the
space of continuous functions if and only if 3.;~ A;' = o0 (cf. [7] and the references therein). Such a tool finds
very effective in approximating singular solutions (see, e.g., [19,39]). We shall demonstrate in Section 4 that the
Miintz-type GHF spectral-Galerkin approach is the method of choice of the Schrodinger eigenvalue problems
with the fractional power potential in terms of both the efficiency and accuracy. In particular, the spectral
accuracy can be achieved by using such basis function to match the singular behaviours of the eigenfunctions.
In Table 1, we provide a roadmap of two types of generalisations and some of their properties that are essential
for developing efficient spectral algorithms for PDEs with integral fractional Laplacian in Section2 and the
Schrédinger eigenvalue problems in Section4. In Subsection 2.4, we highlight the differences and connections
with the relevant existing generalisations, and further testify that most of our constructions herein are new.

2. MULTIVARIATE NONTENSORIAL GENERALISED HERMITE POLYNOMIALS/FUNCTIONS

In this section, we first make necessary preparations by introducing some notation and properties of the
spherical harmonic functions. We then define the GHPs and GHF's upon the generalised Laguerre polynomials
and spherical harmonics, and further construct a family of adjoint GHFs. We present various appealing prop-
erties of these basis functions, which are essential for the efficient spectral algorithms to be developed in the
forthcoming section. We conclude this section by elaborating on their differences and connections with the most
relevant Hermite-related polynomials/functions in literature.
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2.1. Preliminaries

Let R = (—00,0), N = {1,2,---}, and Ny := {0} UN. For d € N, we denote by R? the d-dimensional
Euclidean space with the inner product and norm (x,y) := Zil 2y, and r = |x| := 4/{x, ), respectively,
for any «,y € R?. Denote the unit vector along any nonzero vector by & = x/|x|. Recall the d-dimensional
spherical coordinates

x1 =1cosfy; xo = rsinfycosfy; - - 3 Tg_1 =7rsinfy---sinfy_scosfy_1;

Tg=rsinb;---sinby_osinby_1, 01, -+ ,04_2€[0,7], 64—1 € [0,27], (2.1)
with the spherical volume element
de = r¥1sin?2 (0y) sin? =2 (03) - - - sin (0g_z) dr dy dby - - - dfy_y := r?Ldr do(a). (2.2)
In spherical coordinates, the d-dimensional Laplacian takes the form

A=0%+ Ear + iAg(H, (2.3)
r r2

where Aga—1 is the Laplace-Beltrami operator on the unit sphere S9! := {x € R? : |z| = 1}. Define the inner
product of L?(S41) as

(Frgygin = j f(#)g(#) do (@),

Sd—1

We next introduce the d-dimensional spherical harmonics as in [12]. Let P¢ be the space of all real d-
dimensional homogeneous polynomials of degree n as follows

Pl = Span{mk S LI TR TRy n}. (2.4)

As an important subspace of P2, the space of all real harmonic polynomials of degree n is defined as
HE = {PePl:AP(z) = 0}. (2.5)

It is known that the dimensionality

dim(Pd) — (H;f_l)v dim(H) = (n+d—1> B <n+d—3) =t (2.6)

n n—2

where it is understood that for n = 0, 1, the value of the second binomial coefficient is zero (cf.[12] (1.1.5)). In
fact, for d = 1, all harmonic polynomials are spanned by {1, z}.

The d-dimensional spherical harmonics are the restrictions of harmonic polynomials in H% to S?~!, denoted
by H;ﬂsd,l. It is important to remark the correspondence between a harmonic polynomial and the related
spherical harmonic function (cf. [12], Ch. 1): for any Y (x) € HZ,

Y(z) = [2|"Y (z/|z|) = r"Y (2), (2.7)

with Y (z) € H%|Sd,1. It is noteworthy that Y () is a homogeneous polynomial in RY, while Y (&) is a non-
polynomial function on the unit sphere. For n € Ny, let {Y;* : 1 < £ < a} be the real (orthogonal) spherical
harmonic basis of H%|sa-1, and note that the spherical harmonics of different degree are mutually orthogonal
(cf.[12], Thm. 1.1.2), i.e., H%|ga-1 L HE, |sa—1 for m 4 n. Thus, we have

AP Y gas = L Y@V @) do(@) = umbes (), (1) € TE, (2.8)
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where we introduce two-related the index sets

T4 = {(tn):
T% ={(n):

(<al, 0<n<ow, {,neN},
l 0<

1
1 n<N, {,neNy}. (2.9)

NN
NN

d
n
d

a

mn?

The spherical harmonic basis functions are eigenfunctions of the Laplace-Beltrami problem
Aga1Y) (&) = —n(n + d - 2)Y,(2). (2.10)

The second building block of the GHPs/GHFs is the generalized Laguerre polynomials, denoted by L,(Ca)(z)
for z € (0,0) and @ > —1. They are orthogonal with respect to the weight function z*e~*, that is,

kE+a+1)

oo]
« (03 — F .
J L >(z)L§. )(2) 2% e 7 dz = ( o Skjs k. j € No, (2.11)
0 :

where we refer to [43], ([25], Ch. 4) and ([38], Ch. 7) for more properties.

2.2. Generalized Hermite polynomials/functions in R4

Definition 2.1. For u > —%, k € Ny and (¢,n) € YL, we define the d-dimensional generalised Hermite
polynomials as

n \n n+432 4 n
HP @) = HEp(;d) = LY 7 (|22)Yy (@)

)

d—2
=LY @), e =, (2.12)
and the d-dimensional generalised Hermite functions as

S [ d = a. Tk+n+§+p)
H,’:j (z) = 1/'yﬁme 2 H;:,é (x), where 'y,‘:m = 2k;!2 . (2.13)

Remark 2.2. As we shall see later, the one-dimensional GHPs (up to a constant multiple) coincide with the
one-dimensional generalisation first introduced in Szeg6 ([43], p. 371) (1939), after which we name the above
new families. Indeed, they include several special types of multivariate Hermite polynomials/functions with
many applications in both theory and numerics. For example, the three-dimensional GHPs with p = 0 and a
proper scaling lead to the Burnett polynomials [8] (1936) which have rich applications in kinetic theory (see
[9] and the references therein). The notion of constructing special Laguerre-Fourier basis functions (relevant
to the two-dimensional GHPs with p = 0) for computing the ground states and dynamics of Bose-Einstein
condensation [34] was found effective in e.g., [4]. O

Before we consider the applications of GHPs and GHFs, we first present some attractive properties. By
construction, they enjoy the following important orthogonality.

Theorem 2.3. For j > f%, k,j € Ng and (¢,n),(t,m) € YL, the GHPs are mutually orthogonal with respect
to the weight function \xP“e_‘w‘z, namely,

J likf(w)l:l]“; (iL’) |£L’| € ! ‘2 dx = Yk )n 5mn6kj6£u (214)
R4 ’ ” ’
and the GHF's are orthonormal, viz.,

f A (@) HE™ () |2 A = GO0, (2.15)
RE ’
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Proof. The orthogonality (2.15) is a direct consequence of (2.13) and (2.14), so we only need to show (2.14).
In view of the definition (2.12), we use the spherical coordinates transformation (2.1)—(2.2), and find from the

orthogonality (2.8) and (2.11) that
f HY (@) HE™ () ] e 1= da
Rd

)
_ J L}(CnvLTJru) (7’2) L§m+ +#)( ) 2,u+2n+d—1e—r2 dr 7 (:IAC)YLm(If}) do (&)
0 §d—1

= 6mn6hJ‘ L(n+ oz +H)( )L(m+ +H)( ) 2M+2n+d—le—7‘2 dr
0

1 «© n n n
= §5mn5&L LT () LT () gt ener g

Tk+n+4+p)

= 2%k! 6mn6kj6h = 'Y;::g 6mn6kj6&,

which yields (2.14) and ends the proof.

The d-dimensional GHPs/GHF's satisfy the recurrence relations.

Proposition 2.4. For pu > —% and fized (£,n) € Y%, we have the following recurrence relations in k:

(k+ 1) H o(®) = (2k +n + il |w|2)H,§‘/ () — (k+n+ 5~ 1+ u)H,Q"_M(:c),

and for the GHFs, R R
Ak ngfle( ) = (b — |z ) re (@) — Ckngfll,z(w)a

where

ar=A/(k+1)(k+n+d/2+p), bp =2k+n+d/2+pu, cx=k(k—1+n+d/2+p).

Proof. Recall the three-term recurrence relation of the Laguerre polynomials (cf. [43]):
(k+ DL (2) = 2k + 0+ 1= )L (2) = (k+a) L) (2).
Then the relation (2.16) is a direct consequence of (2.12) and (2.18). From (2.13), we have
n ‘ml n
HET (@) = aJofne ™ HET (@),

so substituting it into (2.16) and working out the constants, we obtain (2.17).

(2.16)

(2.17)

(2.18)

(2.19)

O

The GHF's with different parameters are connected through the following identity, which finds very useful in

the algorithm development.

Proposition 2.5. For p,v > —% and ({,n) € T, there holds
k A~
Zf; CkHY ' (z), xeR?, keN,,

where the connection coefficients are given by

#(C’?:F(k_j_FM_V) k']_—‘(j+n+%+l/)
VT (=) (k=) Tk 0t €+ )

(2.20)

(2.21)
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3] (7.4)):
(2.22)

Proof. Recall the property of the generalized Laguerre polynomials (¢f. [3] (7.4))
k .
(k—j+p+1
([l
([l

r
1
[]E;u+6+ )(Z) E

so we can derive the identity from Definition 2.1 and direct calculation
o, we can find that in the limiting sense: “C¥ = 4y

Remarkably, for u = 0, the GHFs are the eigenfunctions of the harmonic oscillator: —A + |z|?, are essential

(2.23)

Remark 2.6. As I'(0)
for the error analysis to be conducted in the forthcoming section
Lemma 2.7. For ke Ny, (¢,n) € YL, the GHFs with pu = 0 satisfy
oy () = (4k + 2n + d) HY'p ()
2
(2.24)

T]=0.

(= A+ |z?)HYY ()

n(n+d—2
@)

-1
Or — 2
r™Y (&), we obtain from (2.3), (2.10), (2.12), (2.13) and (2.24) that
] [ nLI(Cner/Qfl)( 2)

d
[af +
.
7‘2
1,2
O

In view of Y(x) = r"Y (&),
N d—1
—AH} () = «/1/70‘1[32 — 0, —
[ =72 44k + 20 +d] [/ LIV e T V(@)

= (—r? + 4k +2n + d)ﬁg,’?(w)v

T2 the d-dimensional adjoint GHFs are defined by

Proof. According to Lemma 2.1 of [28] with a =n+d/2—1 and § = a + 1 — d/2, we have
) r* +4k + 2n + d] [T”L,(gn+d/2 1)( )e~

n(n+d—2) .

(2.25)

which leads to (2.23)
2.3. Adjoint generalized Hermite functions in R¢
¢ 5
k
Z k=j g(Cfﬁ?”e"(m), zeR? keN,

Definition 2.8. For u > —3 and (¢, n)
O

(2.26)

where the coefficients (Cf} are given by (2.21)
Remark 2.9. In light of the connection relation in Proposition 2.5, it is evident that H,'(x) can be expressed

as a linear combination of the counterparts {H e )}110
It is seen from (2.20) (with v = 0) that the GHF can be represented as

k
Z HO n
(2.27)

which differs from its adjoint in (2.25) by the sign of the coefficients. Notably, such a subtlety results in an
f Q(E)ei@,@ de.
Rd

intimate relation between this adjoint pair through the Fourier transform
f (@) e € dz, Fa)(x) =
Rd
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integral fractional Laplacian (—A)® for s > 0. Recall that for s > 0, the fractional Laplacian of u € .%(R%)
(2.28)

Moreover, the use of A-GHF's as basis functions in a spectral-Galerkin framework can diagonalise the nonlocal
(functions of Schwartz class) can be naturally defined via the Fourier transform:
x e RY,

(—A)*u(z) = FHIE[* F[u](€)] (=),
For 0 < s < 1, the fractional Laplacian can be equivalently defined by the point-wise formula (cf. [13]):
u(x) — u(y) 22551 (s + d/2)
—A)? =CgsPp-v. d Cqs:= 2.29
(=A)’u(x) d,s D-V fRd @ — y[ar2s v, d,s TPT(1—5) (2.29)
where “p.v.” stands for the principle value.
Theorem 2.10. For > —%,({,n) € T% and k € Ny, we have
FIHETVE) = ()" RHLE),  FHHE (x) = "R H (@), (2.30)
and for s > 0, g R
FU=D) H (€)= ()" 2FIE HYy (€). (2.31)
Moreover, the adjoint GHFs are orthonormal in the sense that for s > 0,
((_A)%Hlj:?7 (_A)%H;:Lm)Rd = 6jk6mn6&- (232)
Proof. We first show that the GHFs with p = 0 are eigenfunctions of the Fourier transform, namely,
FIHLFIE) = ()R H (). (2:33)
(2.34)

’ +452 (w) Yén(é)a éeSd_17

According to Lemma 9.10.2 of [2], we have that for w > 0,
Jn

Y (@) e @D dg(g) = )20

Sd*l
where J,(2) is the Bessel functions of the first kind of order v. Then using Definition 2.1 with p = 0, and (2.34)

with w = pr and p = |€|, leads to

70,n 1 770,n i€,
FUNE = o | @ e a
11 (P (g . e
— . f np (M (r2)ef{ }Q”(ﬁ:)e‘”<‘5"”>da(:is)}rd1dr
A0d (27)% Jo ' g1
k,n
1 an 0 o d=2 2 ~
_ ) U prtd [ )(rz)e2Jn+“(pr)dr}Yf(£), p>0. (2.35)
0,d pz 0 2
/yk,n
(2.36)

2
e T, p>o0.

Recall the integral identity of the generalised Laguerre polynomials (cf. [17], p. 820): for a > —1,
k

Y 2
f r L (12) T Jo(pr) dr = (—1)Fp° L
0

Thus, taking o = n + %52 in (2.36), we can work out the integral in (2.35) and then obtain from (2.13) with
£) = (—i)"2RHT (8). (2.37)

= 0 that
(" (D" vz
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This yields (2.33).
From Definition 2.8 and the property (2.37), we obtain

k k
— Z (_1)]€—J gck HO n Z n+2] Mckz HO n(g)
7=0 j=0
k ~ ~
= (1) Y OCY HY (6) = ()" TPRHL(€), (2.38)

Jj=0

where in the last step, we used (2.26). This gives the first identity in (2.30), and the second is its immediate
consequence. The property (2.31) follows directly from (2.30) and the definition of fractional Laplacian (2.28).
Finally, using the Parseval’s identity and (2.31), we derive from the orthogonality (2.15) that

(A HG (D) H™) o = (FI-D)FH ], F(=A) 2 H M)
_ ( l)n m+2k— 2j(|€‘25H9n Hs m)]Rd _ 57”"5“6&.
This yields (2.32) and ends the proof. O
Note that the GHFs are real-valued, so we infer from (2.27) readily that
FIHE @)(€) = {7 [HL @)@}
Thus, we find from (2.30) immediately the following “reversed” form of (2.30).
Corollary 2.11. For u > f%, (¢,n) € Y4 and k € Ny, we have
FUETNE) =R AEN ), 77 HE (@) = (—)" PP H (). (2.39)

Remark 2.12. The fractional Sobolev orthogonality (2.32) has profound implications even for the integral-
order Laplacian (—A)™ with m € N. For example, we find from (2.25) with s = 1 that the A-GHF's read

k S dy
e = S e

Fk+n+%+1]_0 4!

which are orthogonal with respect to (V-, V-)ga. However, this attractive property is not valid for the usual
Hermite-based methods based on tensorial Hermite functions H;l:l H,,,(z;). Thus, it is advantageous to use
the A-GHFs for usual Laplacian and bi-harmonic Laplacian (using the A-GHFs with s = 2) in R9. ]

2.4. Differences and connections with some existing generalisations

There have been some existing generalisations of the usual Hermite polynomials/functions in different senses,
so we feel compelled to point out the differences and connections between the GHPs/GHF's herein and some
most relevant ones in literature.

2.4.1. GHPs/GHF's in Szego [43]

Note from (2.6) that for d = 1, a} = al =1 and al = 0 for n > 2, so there are only two orthonormal

harmonic polynomials: Y(z) = and Y (z) = ﬁ' Accordingly, the GHPs in Definition 2.1 (with a constant

Sl

multiple) reduce to
HY (2) = (—1)F 220 kPO (@) = (—1)F 228 R L2 (0?),

HY (2) == (—1)F 22943 RLH" () = (—1)F 22+ klz L2 (22), (2.40)
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which are mutually orthogonal with respect to the weight function |z|?* e on R. In fact, this family of GHPs
is first introduced by Szeg6 in ([43], p. 371) as an exercised problem and promoted by Chihara [10,11]. According
to Szegd Problem 25 of [43], the GHPs with p > f% satisfy the differential equation:

0. meven,  pun (). (2.41)

" 2 2N,/ 2 _en -1 =0 en:
zy” +2(p —27)y" + (2nx x )y =0, 2 nodd: ¥

Some other properties of {HT(L” )} can be founded in [10,11]. We also refer to some limited works on the analytic
studies or further generalisations (see, e.g., [30,36]). With the normalisation in (2.40), the orthonormal GHF's
(in (2.13) with d = 1) take the form

A () = 178 e 5 HP (@), ) = 227 [g]'r(["; 1] ot %) (2.42)

In particular, for p = 0, they reduce to the usual Hermite polynomials/functions. For distinction, we denote

them by H,(x) and I'A{n(x), respectively.
From (2.20) and (2.40), we have the following transformation between GHF's with different parameters

By = Y e6r BV (), (2.43)
j=0
Jj+neven

(—1)* T T8+ DL + v+ 5 D55 + - v)
1) 0252 +1) |

(2.44)

=
=
|

S
=
£
ol
+
=
+
N[
=

+

It is known that the usual Hermite functions {ﬁ[n} are the eigenfunctions of the Fourier transform. However,
this property cannot carry over to the GHFs with u # 0. In ([30] (2.34)), the Fourier transform of o )(gc) is
expressed in terms of the Kummer hypergeometric function 1 Fi (+). Here we find from Corollary 2.11 with d = 1
the following more informative representation

1 ~ . ~
T fR HW (z)e % dx = i"HW (€), ¢eR, (2.45)

where the one-dimensional adjoint GHF's are given by

A0(x) = Y (1) F 4Cr Hy(x), zeR. (2.46)
3=0
j+mneven

We remark that the formulation (2.46) requires some simple calculation from (2.25) and (2.40).

2.4.2. 2D GHF's versus generalised Hermite bases for Bose-FEinstein condensates in [4]

For d = 2, the dimensionality of the space H2 in (2.6) is a? = 2 — §,,, with the orthogonal basis given by
the real and imaginary parts of (z1 + iz2)™. In polar coordinates, we have

Y (x) = \/%, Yi'(x) = % cos(nf), Yy (x)= % sin(nf), n=>1. (2.47)
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Then by (2.13), the GHF's can be expressed as

75 1 r2 ~ 1 2 n
nglo(x) I S 67713;@“) (r?), Hil' (x) = 5 e T L,(€ ) (r?) cos(nf),
A /27T’y,i’0 Try,’:,’n
77 1 2 n .
HI?;(CL') =———7r"e 7 L,(f i) (1"2) sin(nf), n>=1, k>=0. (2.48)

’ [ a2
’/Tfyk,n

Note that similar constructions for the 2D GHFs with u = 0 have been explored in the computation of the
ground states and dynamics of Bose-Einstein condensation (cf. [4]), governed by the Gross-Pitaevskii equation
with an angular momentum rotation term:

1 2
0 (a,t) = (— A+ %W 4+ QL. + ﬂ|1/1(m7t)|2>1/)(w,t), reR? ¢ >0,

U(x,0) = Yo(x), ©eR? h(x,t) >0 as || -0, t=0, (2.49)
where the constants v, 3 > 0, £2 is the dimensionless angular momentum rotation speed and L, = —i(zdy, —
y0,) = —i0y in polar coordinates. The efficient spectral algorithm therein was built upon the constructive basis

{r”e*#L,(ﬁn) (yr2)ei™?} that could diagonalise the Schrédinger operator: —A ++y|z|2. Similar idea was extended
to (2.49) in R3 in cylindrical coordinates by using the tensor product of the 2D basis and the usual Hermite
function in the z-direction in [4].

In view of Lemma2.7, the GHFs with u = 0 are eigenfunctions of the harmonic oscillator: —A + |x|?, so
with a proper scaling, the spectral algorithm leads to a diagonal matrix for the scaled harmonic oscillator:
—A + ~2|z|%. As we shall show in the late part, our GHFs with p + 0 offer a new and efficient tool for the
solutions of PDEs involving a more general Schrodinger operator: (—A)* + |z|** with s € (0,1] and u > —1/2.

2.4.8. 8D GHPs versus Burnett polynomials [8]

For d = 3, the dimensionality of H2 in (2.6) is a} = 2n+ 1. The orthonormal basis in the spherical coordinates

x = (rsinf cos ¢, rsinfsin ¢, rcos ) takes the form
n 1 0,0 . n r"
Y (w) = Eprg )(Cosg)v Yo () = W

V@) = ety (i) P (cos)sin(te), 11 n, (2.50)

(sin O)lP(l ll) (cos @) cos(lg),

)
n—

where {P,Sl’l)} are the Gegenbauer polynomials. Then the 3D GHPs/GHFs in Definition 2.1 read more explicit.
In fact, for p = 0, the GHPs with a scaling turn out to be the Burnett polynomials, which were first proposed
by Burnett [8] as follows

1 2
B (@) = o L (5 )7 (@), ke No, (6n) e Y, (2:51)
where ¢} is the normalisation constant so that they are orthogonal in the sense
z|2
BITCL,E(:B) BJm,L(w) ei% de = 5kj5mn5h~ (252)
R3

As a result, the Burnett polynomials are mutually orthogonal with respect to the Maxwellian M(x) =

2|2
G e~ . It is evident that by (2.12) and (2.14) (with d = 3 and p = 0),
HYj (@) = & Bi(V2x), @eR. (2.53)

We remark that the Burnett polynomials are frequently used as basis functions in solving kinetic equations
(¢f.[9,20] and the references therein).
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2.4.4. Differences with Hagedorn wavepackets [18] and some other generalisations [46]

The Hagedorn wavepackets first introduced in [18] are deemed as an effective numerical tool in computing
quantum dynamics (see [24] for an up-to-date review). They generalise the usual Hermite functions to several
dimensions that allow for flexible localisation in position and momentum. According to [23], the Hagedorn
wavepackets are constructed from the complex Gaussian function:

#5(@) = (r) det(Q) 2 exp( (@ - 9T PQ (@ — ) + 2P (2 — @)
centred in position p € R? and momentum q € R?, where P, Q € C?**? are complex matrices satisfying certain
symplecticity conditions, and 0 < € « 1 is the semiclassical scaling parameter in the time-dependent Schrodinger
equation. Then applying the Hagedorns raising operator k = (ki,-- - , kq)-fold to ¢§(x) leads to the Hagedorn
wavepackets, which can be represented as a product of the multivariate tensorial Hermite polynomials pg(x)
(with an appropriate scaling) and the initial complex Gaussian function as follows

g 1 £ £
Pr(x) = W?’k(w)%@), z e R,
where |k| = k1 + -+ + kg and k! = k! - kg4l We refer to [23,24] for more details.

Inspired by the work of Hagedorn, the very recent PhD dissertation [46] discussed the extension of the
tensorial (usual) Hermite polynomials to the generalised anisotropic Hermite functions of the form

HEP ! () = R (GTac) exp (f:cTETEa:) , (2.54)

NI

where E, G € R4 are arbitrary invertible matrices, ¢t > 0 is a parameter and Hy(x) = Hy, (1) - - Hy,(zq) is
a tensor product of the univariate (usual) Hermite polynomials. We refer to [46] for interesting applications in
the context of quantum dynamics.

It is evident that our nontensorial GHPs/GHF's are very different from the Hagedorn wavepackets and their
variances. We also remark that the tensorial GHFs were briefly discussed in ([14], p. 278) under a general
framework with the weight function hi(ar:)e_”“’”2 (where hy, is a reflection-invariant weight function).

3. GHF APPROXIMATION OF THE IFL AND THE SCHRODINGER EQUATION

In this section, we implement and analyse the GHF-spectral-Galerkin method for PDEs involving integral
fractional Laplacian.

3.1. GHF-spectral-Galerkin method for a fractional model problem

As an illustrative example, we consider

(=A)°u(x) + yu(z) = f(x) in R u(x) > 0 as |x| — oo, (3.1)

where s € (0,1),y > 0, f € H~*(R%), and the fractional Laplacian operator is defined in (2.28)-(2.29). Here, the
fractional Sobolev space H*(R?) with real s is defined as in [13].
A weak formulation of (3.1) is to find u € H*(R?) such that

As(ua ’U) = ((_A)%uv (_A)%U)]Rd + ’V(ua U)Rd = (fv v)]Rda Vv e HS(Rd) (32)

From (2.28), we find readily the continuity and coercivity of the bilinear form A,(-,-).
Then we conclude from the standard Lax-Milgram lemma that the problem (3.2) admits a unique solution

satisfying |[ul s ray < | f]m-=(ra)-
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We choose the finite dimensional approximation space spanned by the d-dimensional GHFs in Definition 2.1

or equivalently by the A-GHFs in Definition 2.8. However, in view of (2.32), it is advantageous to use the latter
as the basis functions, so we define

Vi = span{H;7(z): 0<n<N,1<f<al 0<2k <N —n, k,f,neNy}. (3.3)
Then, the spectral-Galerkin approximation to (3.2) is to find uy € V& such that

.AS(UN,’UN) = (f, UN)]RUH V’UN € V]% (34)

As with the continuous problem (3.2), it has a unique solution uy € VI%.
In the real implementation, we write

7
S i (), (3.5)

and arrange the unknown coeflicients in the order

~0 ~0 ~0 ~1 ~1 ~1 ~N ~N ~ N \t
u:(u13u27...7uad7u1’u2,...’ua;t,...’u17u2)...7ua§lv>7
~ t
n ~T ~M ~ N
Uy = (uo,bul,éa"' 7“[@]74) ; (3'6)

and likewise for f, but with the components f,? = (f, H E:Z)Rd. The orthogonality (2.32) implies that the
stiffness matrix is an identity matrix. Moreover, in view of the orthogonality of the spherical harmonic basis
(cf- (2.8)), the corresponding mass matrix is block diagonal as follows

M:dlag{M(l)aMga aMggaM%ﬂMév’" aMtllflh"' anlvaMéVa"' 7Mfl\gi\]}a (37)

where the entries of each diagonal block can be computed by

k J
(M[) (Hzn sn Z k ps Z( )] qs(cj (Hz(j)z’L’HOn)
p=0 q=0
4m1n{j,k} 4
= (-D*7 > sckic. (3.8)
p=0

Thus the linear system of (3.4) can be written as
I+~vM)u = f. (3.9)

Remark 3.1. With the new basis at our disposal, the above method has remarkable advantages over the exist-
ing Hermite approaches (cf. [29,45]). Although the usual one-dimensional Hermite functions are eigenfunctions
of the Fourier transform, we observe from (2.28) that the factor |£|>* is non-separable and singular, so the use
of tensorial Hermite functions leads to a dense stiffness matrix whose entries are difficult to evaluate due to the
involved singularity for d > 2. |

3.1.1. Error analysis
Applying the first Strang lemma [42] for the standard Galerkin framework (i.e., (3.2) and (3.4)), we obtain
immediately that
lu— UNHHs(Rd) < C@;g‘fjg lw = Nl e may - (3.10)
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To obtain optimal error estimates, we have to resort to some intermediate approximation results related to
certain orthogonal projection. To this end, we consider the L2-orthogonal projection % : L?(R%) — V& such

that
(T — u,v)ga =0, Yove VL.

From Definition 2.8 and with a change of basis functions, we find readily that

Vi = span{ﬁ,g:?(m) c0<n<N,1<f<a, 0<2k<N-n, klne NO}.
Thus, we can equivalently write
[(%5*]

A 0,
Ug,z k Z(w)

s

b
3

mhu(x) = Z

¢ 0
Based on (2.23), we introduce the function space B"(R?) equipped with the norm

1 k=

H( A+ [ ul T gy, r=2m,

el gy = "
© 7 1 + VYA +al) ula g + 1@~ V)= + 2 ulfa), 7 =2m+ 1,

where integer r > 0, and & + V and & — V are the lowering and raising operators, respectively.
The main approximation result is stated below.

Theorem 3.2. Let s (0,1). For any u € B"(RY) with integer r > 1, we have
|msu — ull e ray < (2N +d +2) 72 uf g (gay.
Proof. (i). We first estimate the L%-error. For 7 = 2m + 1, a direct calculation gives
1 m
[ul3e @y = 5 (H(w + V)(=A + [2P) "l gy + (@ = V)(=A + [2]%) UHZLz(Rd))
= (A + |2, (A + )™ u) -

Thanks to the orthogonality (2.15), (2.23)—(3.14) and (3.16), we have that for any r > 0,

0
lulgrgay = Z

Then, we derive from (3.13) and (3.17) that

n:2|ﬁk,é|2a hyh = (4k + 20 + d)'.

I M:%
I MS

o0 a,dL 0
Imf = ulFogay = D0 Y D) hpglay

n=0/¢=1 k:[N+21_"]

n,O
max k’d
2k+n=N+1 | hy))

< (2N + 2+ d) 7" ]z gay-

N

0 0
LT | ~ 2
2 Z hk,d|“k,e|
n=04~¢=1 :I'N+2177L'|

If r = 2m, we find from (3.14) that (3.16) simply becomes
Julfray = (A + [z2)™u, (=A + |2*) ™) g,

so we can follow the same lines as above to derive the L2-estimate.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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(ii). We next estimate the H!-error. Using the triangle inequality and (3.16), we obtain that
1
d d d
IV (i = )22y < 5 (1@ + V)0 — ) Bagge) + (@ = V) (0 — ) B e

a

L CTERRCTENED Y WD Yo

d
n

k=[ M]
ap, w0
< n,r| A 2
2k+r£>N+1 {hzg } Z=: ; k[sz‘l—n hk,d|“k,e|
<S@2N+2+d)' " |u %,,(Rd), (3.20)

Finally, the desired results can be obtained by the L2- and H'-bounds derived above and the following space
interpolation inequality (cf. [1], Ch. 1)

lul s ey < lull 2y el ey, s € (0,1). (3.21)

This ends the proof. O

Taking vy = 74w in (3.10) and using Theorem 3.2, we immediately obtain the following error estimate.
Theorem 3.3. Let u and uy be the solutions to (3.2) and (3.4), respectively. If u € B"(R?) with integer r > 1,
then we have

|u — un | e may < (2N +d +2)7/2 e (0,1), (3.22)

where ¢ is a positive constant independent of N and u.

3.1.2. Numerical results

We conclude this section with some numerical results. For the convenience of implementation, we fix the
degree of the numerical solution in both radial and angular direction in (3.5), so the numerical solution takes
the form

K
g, Hyy (). (3.23)

Here, we focus on d = 2, 3.

Example 3.4. (Problem (3.1) with exact solution). We first consider (3.1) with the following exact solutions:
ue(x) =e 1 ug(@)=(1+ 2>, r>0, zeR™ (3.24)

According to Propositions 4.2 & 4.3 of [40], the source terms f.(x) and f,(x) are respectively given by

fe(z) = ye~ 12l 4 Phis +dj2) 51;((272?/2) 1P (s + - d d —|x| )
2257 (s + 7)['(s + d/2)

L(r)I'(d/2)

For d = 2,3, we take s = 0.3, 0.5, 0.7 and the degree in angular direction is fixed N = 10 (see (3.23)). In
Figure1 (c¢)-(f), we plot the maximum errors, in semi-log scale and log-log scale, for u. and wu, with d = 2,3
against various K, respectively. As expected, we observe the exponential and algebraic convergence for u. and
Uq, respectively.

fal@) =1+ [z*)7"

d d
oF) <s+r,5+ 5 5;—|m\2).
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FIGURE 1. The maximum errors of the GHF-spectral-Galerkin scheme with v = 1 for Exam-
ple 3.4 with exact solutions in (3.24). Here s = 0.3, 0.5, 0.7. (a) d = 2 and u.(z) = e~1=I". (b)
d=2and ug(x) = (1+|z[2)~2 (¢) d = 3and u.(x) = ¢~ 1*". (d) d = 3 and ug(x) = (1+|z|?) 2.

Example 3.5. [Problem (3.1) with a source term.] We next consider (3.1) with the following source functions:

felz) = sin(|:v|)e_‘""27 fa(x) = cos(jz|)(1 + |z|>)™", >0, zeR% (3.25)

The exact solutions are unknown, and we use the numerical solution with K = 80, N = 20 as the reference
solution. For d = 2, 3, we plot the maximum errors, in log-log scale, for (3.1) against various K in Figure 2(c)—(f),
which we take s = 0.3, 0.5, 0.7 and fix N = 10. As shown in [40], the solution of (3.1) decays algebraically,
even for exponentially decaying source terms. Indeed, we observe an algebraic order of convergence.

3.2. GHF-spectral-Galerkin method for fractional Schrédinger equations

As a second example, we consider the fractional Schrédinger equation:

(1) = [ (-0) + %2|:c|2”]w(w,t), zeR?, t>0,

2
Y(x,0) = Yo(x), eR? h(x,t) >0 as |x| —» 0, t=0, (3.26)
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FIGURE 2. The maximum errors of the GHF-spectral-Galerkin scheme with v = 1 for Exam-
ple 3.5 with given source functions in (3.25). Here s = 0.3, 0.5, 0.7 and r = 2. (a) d = 2 with
given source term fe(z). (b) d = 2 with given source term f,(x). (c) d = 3 with given source
term fe(x). (d) d = 3 with given source term f, ().

where s € (0,1], p > —1/2, the constant v > 0, and the function g is given. Here, we focus on the linear
equation. Indeed, using a suitable time-splitting scheme, one only needs to solve a linear Schrédinger equation
at each time step for some typical nonlinear cases (see, e.g., [4]). We remark that the fractional Schrodinger
Equation (3.26) is the model of interest in the study of fractional quantum mechanics, see [22,47], where in [22],
this fractional Hamiltonian appeared more reasonable to study the problem of quarkonium.

To solve (3.26) efficiently, we adopt the A-GHF's spectral method in space and the Crank-Nicolson scheme in
time discretization. Let At be the time-stepping size, and ¢ (x) ~ 1 (x, kAt). Then we look for )"+ € H*(R?)
such that

. wn-kl_wn _ 1 g n+% 5 ’\/2 2u n+% s (T2
(), = 5 (AR (<2)50), + (e ), Yo HU(R), (3.27)

where )"tz = ("1 44h™) /2. We can implement the GHF-spectral scheme as with the problem (3.4), but only
need to evaluate the matrix V' associated with the potential |x|?*. It is a block diagonal matrix

V= dlag{v(l)avg7 avgfoivvivéf" aVi?v"' avivvvévf" 7Vi\;\]}a (328)
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FIGURE 3. (a) The temporal errors for Crank-Nicolson scheme at ¢ = 1 with different s, u;
(b) The spatial errors of GHF-spectral-Galerkin method at ¢t = 1 with different s, p.

and the entries of each diagonal block can be evaluated explicitly by using (2.15), (2.20) and (2.25):

k J
(Vs = (ol B ) = S30F7 405 AP0 40 (ol A )

P p,l
q=0
_ Zk: k ps(ck i —q S(Cj i Ocp Zq: O(Cq (|$‘2HH HM, )
0%q n=p! wq g
p=0 q=0 p’'=0 q’'=0
k p q
= D (~1)FPsck Z(—l)j—q sCh Y oer Y oc. (3.29)
p=0 q=0 p'=0 q'=0

To test the accuracy of the proposed method, we add an external source term f(x,t) so that the exact solution
is Y(x,t) = e~l2’—t 1n Figure3 (a), we plot the maximum errors versus At at ¢t = 1, and the second-order
convergence is observed. Here we take v = 1, N = 10, K = 50 and different s, u. We choose the time stepping
size to be small so that the error is dominated by the spatial error. In Figure 3(b), we plot maximum errors in
the semi-log scale versus various K, for which we take N = 10, v = 1 and different s, u. We observe that the
spatial errors decay exponentially as K increases.

Next, we investigate the dynamics of beam propagations as in [47] (where the case p = 1 was considered).
We take the following incident Gaussian beam as the initial condition:

W(z,0) = Yo(x) = e ol2l*~iClzl, (3.30)

where the constants ¢ and C are the beam width and the linear chirp coefficient, respectively. In the test, we
take 0 = C' = 1. In Figure4, we depict the profiles of the real part of the numerical solutions for various s, u
at t = 2. Figure4 (a) shows the solution profile of the usual case with a harmonic potential: —A + |z|? for
comparison. We observe from the other profiles that the solutions have different peak intensities and singular
behaviours, from which we find the smaller the value of u, and the stronger the singularity. In fact, some similar
observations was made in [47] for the case with p = 1.
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FIGURE 4. The profiles of numerical solution at ¢t = 2 with different s, . (a) s =1 and p = 1.
(bys=1land p=0.7. (c) s=1and p=03. (d) s=1and pp = —0.3. (¢) s =0.7 and p = 1.
(f) s =0.7and pp = 0.7. (g) s = 0.7 and p = 0.3. (h) s = 0.7 and p = —0.3. (i) s = 0.3 and
pw=1()s=03and p=0.7. (k) s=0.3and p=0.3. (1) s=0.3 and u = —0.3.

4. MUNTZ-TYPE GHFS WITH APPLICATIONS TO SCHRODINGER EIGENVALUE PROBLEMS

In this section, we introduce the second family of generalised Hermite functions for efficient and spectrally
accurate solutions of the Schrodinger eigenvalue problem:

-1 z)|u(x) = Mu(xz) in RY
{[ 38+ V(@) ]u(z) = Mu(z) R, (1)

u(x) — 0 as |x| — oo,
where the potential function V(x) = Z|z|?® with «, Z being given constants. It is known that (i) if « > —1, all

eigenvalues of (4.1) are distinct; (ii) if @ = —1 or Z = 0, the spectrum of the Schrodinger operator —3A + #
is a continuous one (cf. [15]).

The variational form of (4.1) is to find A € R and u € H*(R%)\{0} such that

B(u,v) := %(Vu, Vo)ga + Z(|2**u, v)ga = Mu,v)ge, Yve H' (R?). (4.2)
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As shown in Lemma 2.7, the Hermite functions {ﬁ,?;(w)} are the eigenfunctions of the Schrodinger operator:
—A + |z|?. Here, we intend to explore similar properties for the more general operator by introducing the
Miintz-type Hermite functions, and construct efficient and spectrally accurate spectral approximation to (4.2).

4.1. Miintz-type generalised Hermite functions

To solve (4.2) accurately and efficiently, we introduce the following M-GHFs that are orthogonal in the sense
of (4.5) below.

Definition 4.1. For 6 > 0, (¢,n) € T and k € Ny, the Miintz-type GHFs are defined by

\w\29

=Y/ (x), xeRY (4.3)

0,d 2 k! i eyd_n+d/271
Ck,n - P(k + ﬁn + 1)7 ﬂn - ﬁn - 9 .

It is seen from (2.13) and (4.3) that if # = 1, it reduces the GHF's ﬁg?(w), i.e., ﬁi?(w) = fAI,SZ(:c) The
so-defined Mintz-type GHF's enjoy the following remarkable properties, which are key to the success of the
spectral algorithm for (4.2).

50.n 0.d 1 —
Hyp () = e L) (j*)e

where

Theorem 4.2. For 6 > max(1 —d/2,0), (¢,n),(t,m) € Y& and k, j € Ny, we have
[— A+ 22 HY ), (x) = 20%(B, + 2k + 1) |22 HY ) (), (4.4)
and the orthogonality
(VHS VHIT) o + 0 (22 H S HO ) s = 260 (B + 2k + 1) 810 mndee. (4.5)
Proof. We can derive from (2.3), (2.10), (2.23), (4.3) and the change of variable p = % that

[— A+ 0521y ()

9.,d 1 _ 1 B (B I
= (= 0t — A + ) [ L (2 T (@)

1 - n(n+d—2) - a2

0,d n n n(s

= (= oo+ EE =+ 000 [ L () T Y @)
%(% + d+290—2 _ 2)

2

d+26—2

_2 1

2 Qn d+20_2 n n — S V(A4
— 6% 8 4k + ot T) [p? L (p%)e™ % Y/ (&)]

260
= 20%(B, + 2k + 1)1 2[r" L) (r20)e T Y (2)]
= 20% (B + 2k + 1) |72 H (),

where we used the identity derived from ([28], Lem. 2.1) with a = 77”’%2_1 and 8= a+ 1_:/2:
d+260—2 n/n d+260—2
etLf—2 ] (R 4 Gtev—2 9 2 d+20—27; » 2
[aﬁ-ﬁ- 0 p (?p— 9(9 ,029 ) —p2+4k+?’n+T][pqu(fn)(ﬂz)e_%] =0.
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Next, we prove the orthogonality (4.5). By virtue of (4.4), we have from (4.3) and the change of variable p = 72
that
770, 70, 2 40—2 0,n 4390,
(V Hk,Z7 VHJ‘,Lm)]Rd +0 (|:c| Hk,?’ Hj,Lm)Rd
o]

260
_ 202(ﬂn+2k+ 1)(622(711)25711'@5& JO r20+2n+d73L’(cﬁn)(TQO)Lgﬂn)(TQO)efr dr

0

0By + 25+ 1)) 25 s J L (0) L (p)edp
0

= 29(ﬁn + 2k + 1) (Smnéjkéh.

This completes the proof. (Il

As a special case of (4.4) (i.e., § = 1), we can find the explicit representation of the eigen-pairs of the

Schrodinger operator with Coulomb potential: —%A — % in d dimension, where Z is a nonzero constant.

Corollary 4.3. For any k € Ny, (¢,n) € Y4 and Z # 0, we have

1 Z| 1 54.m 47| x B 972 . ar
[ 22 E]HW (2n—|—2k+d—1)_ (2n+2k+d—1)2Hk,z (m> (4.6)

Proof. Taking 6 = 3 in (4.4) and rearranging the terms, leads to

On +2k+17~1 0 1~ln
[— A— %T]Hﬁ,e (@) = = Hiy ().
With a rescaling in r direction
VAR 4|17 x
T — =
Bn+2k+1 2n+2k+d-—1’
we can obtain (4.6) immediately. O

The identity in Corollary 4.3 implies that the spectra of the Schrédinger operator with Coulomb potential
are given by

n 2Z2 ~1n 4‘Z|3}' d .
{Niui} = { T Ritd_3)2 Hf_n—1,e(m) }7 (4,n) e Ti 4, ieN, (4.7)
and the multiplicity of each A; is
i —1)q— ) d—
mdomadtad 4o pat, = U Dt @a g,

(d—1)!
where we recall that a? (defined in (2.6)) is the cardinality of Y\ T¢ | (defined in (2.9)).

Remark 4.4. The spectrum of the Schrodinger operator with Coulomb potential is of much interest in quantum
mechanics and mathematical physics. For example, one can find the spectrum expressions in e.g., ([33], p. 132)
and ([16], Thm. 10.10) for d = 3 with a different derivation, and the recent work [32] for the asymptotic study
of the eigenfunctions. O

Although the orthogonality (4.5) does not imply the orthogonality of each individual term, the stiffness and
mass matrices are sparse with finite bandwidth.
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Theorem 4.5. For § > max(1 —d/2,0), (¢,n), (t,m) € YL and k, j € Ny, we have

Bn + 2k + 1, j=k,
. . E+1)(Bn+k+1), j=k+1,
(VHEY, VHT™) g = 0 0mnde, X \/(, ) . ) , (4.8)
VU DBa+i+1), k=j+1,
0, otherwise,
and for n +d/2 +a >0,
a m 1 64 6.4
(|"B|2 Hké7H )]Rd_ 967’”‘ Jn(smnaL
min(k, a o
T Gy ST+ ) o)
T2(1— 52 (k= p)! (j — )l

Proof. In view of the definition (4.3), we derive from (2.8), (2.11), (2.22) and the change of variable p = r2¢
we derive

0

,m n — (e n n 77"29
(| IQO‘HH,H )Rd _ CZ’,ZC?:Z%M&J p2ntd—1+2 Ll(f )(Tze)Lgﬂ )(Tze)e dr

lgdgd OOMLH) - n _
:w%mﬁm% p T LI ()L (p) e Pdp

k’ p_i_ﬂlar-_q_i_ﬂflfa
_ Do 0d5mn5&22 )T(j 0 )

9'””’ S5 T2 (k= p)! T(=72)( - 9)!
«© o ntd/24+a—0 ntd/24+a—0
o J p /2 OL; 9 )(p)Lt(z G )(p) e~*dp (4.10)
0
0,d 0,d min(k, 1« a n «
_ hnCin g o E(JJ)F(IC p+ S 0( — p+ Sl (p + M2t
20 U~ r2(==) (k — p)! (J—p)!p! ’

which gives (4.9). In particular, if & = 26 — 1, we derive from (4.10) that

m 1 « _
(‘ |49 2Hk£7H0 )Rd _ b 9d§mn5uf p6n+1Ll(€ﬁn)(p)L§_ﬁn)(p)e Pdp
0

20kn]n
On + 2k + 1, j =k,
—A/k+1)(Brn+k+1), j=k+1,

:%5,%5“ Y+ 1(e ) J (4.11)

~JGH DB+, k=j+1,

0, otherwise.

Then (4.8) is a direct consequence of (4.5) and (4.11). Note that (4.11) can be also obtained from (4.10) with
the understanding I'(z) = 0 if z is negative integer. (]

4.2. Schrodinger eigenvalue problem with a Coulomb potential

In what follows, we implement the Hermite spectral method for the three-dimensional Schrédinger eigenvalue
problem (4.1) with a Coulomb potential V(x) = % with Z < 0 for the hydrogen atom [41], that is,

(—%A + £)u(ac) = lu(zx), x=eR> (4.12)
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Numerical solution of (4.12) poses at least two challenges (i) nonpositive definiteness of the variational form
and (ii) the singularity of the Coulomb potential. To overcome these, we shall propose an efficient and accurate
spectral method by using the Miintz-type GHFs with a suitable parameter § = , in light of the Coulomb
potential.

Define the approximation space

~1
Wy, =span{H}, (kz): 0<n<N,1<(<2n+1, 0<k<K, k{,neNy},

where a scaling factor £ > 0 is used to enhance the performance of the spectral approximation as in usual

Hermite spectral methods in one dimension (see, e.g., [38,44]). The spectral approximation scheme for (4.2) is

to find Av, x € R and uy,xk € W,k \{0} such that

B(un ik, on, k) = AW,k (un, ik, Ov K )r3, Y on k € Wi k- (4.13)

In real implementation, we write

N 2n+1 K N
~n 5N
uy, k (x Z Z ty o HE Yy (K),
n=0 ¢=1 k=0
and denote
~n ~n  An An  \t A0 ~1 A1 A1 ~N ~N ~N t
ay = (0f 0 g, A% y) s w= (U], 0, Ty, Uz, -+ Uy Uy o Uy ) - (4.14)

With this ordering, we denote the stiffness and the mass matrices by S and M, respectively, with the entries
given by

oy D Llomsn onb 1 odn odm
BORE (6, 75" (1)) = 5| (VAL VAE s + 1 (RET s |
A Aoin o oim 1  ~1p ~1n,
+ 5 (2T G e — g (R G g
~5,M ’\l,m 1 ’\l,n "l,m
(R (5 " (5) o = 5 (2L G

Owing to (4.5) and (4.11) with 6 = 1, both the stiffness matrix S and the mass matrix M are tridiagonal.
Consequently, the scheme (4.13) has an equivalent form in the following algebraic eigen-system:

Su = \wMu. (4.15)

Interestingly, the matrix S + %QM is diagonal, so we can rewrite (4.15) as

(5+ S ar)u= (aw+ )M,

which leads a more efficient implementation.

In Figure 5, we plot the errors between the first 30 (counted by multiplicity) smallest numerical eigenvalues
and exact eigenvalues in (4.7) versus K for fixed N = 16 and two different scaling factors (so that the error of
the truncation in angular directions is negligible). Observe that the errors decay exponentially in terms of the
cut-off number in the radial direction, along which the eigenfunctions are singular. We also see that the scaling
parameter affects the convergence rate as the usual Hermite method (cf. [44]).
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FIGURE 5. The errors of the smallest 4 eigenvalues without counting multiplicities versus K
for solving (4.12) with Z = —1. (a) N =16 and k = 4. (b) N =16 and x = 7/4.

4.3. Schrédinger eigenvalue problem with a fractional power potential

Note that for any given rational number % > —2 with p e N and g € Z, we can always rewrite it as

W — 2
272 Gith p=2p—1€N, v=2p+q—1¢€N,. (4.16)
p o ptl

In the sequel, we consider the following Schrodinger equation with a fractional power potential as follows
1 v_2pu
—5u(@) + Zle| T u(z) = Mu(z), xeRY (4.17)

where u, v € Ng. Hereafter, we choose the Mintz-type GHF approximation with § = to account for both

the accuracy and efficiency. Accordingly, we define the approximation space

+1v

d,—1_
Wy i —spaun{H“Jr1 (kx): 0<n<N,1<f{<al 0<k<K, k,lneNo}, d=2,

and for d = 1, we can always assume p is odd and then define the approximation space as

; n +1
VVN““—span{'H‘”r1 KT) : MTno\k K, n=0,1},
where {H T "} are understood as the Miintz-type GHFs defined through generalized Laguerre polynomials Lff o)
with the negative integer By = —”—H (¢f.[26]). This turns out important to deal with the strong singularities

at the origin to ensure u(0) = 0 in one dimension.

The generalized Hermite spectral method for (4.2) is to find Av x € R and uy i € WN’ P \{0} s.t.

B(un, i, N, k) = AN,k (UN K, UN K )Res VU K € WN’“+1~ (4.18)

In the implementation, we write
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FIGURE 6. The errors of the smallest 5 eigenvalues without counting multiplicities versus K
for solving (4.17) with N =10. (a) d=4, Z =1, pu=3,v=5and k =500. (b) d=3, Z =1,
p=l,v=2andk=2.(c)d=2,Z=3, p=1,v=4andk=10. (d)d=1,7Z=-3, p =3,

v =2and x = 70.

N ai K
wv (@) = Y Y Y ap HET (k).
n=0=1k=0
and denote
I N N IN t ~0 ~0 A0 a1 a1 ~ 1
wy = (4§ 05y, ... A% ,) , w= (7,0, S Uga, Uy, Uy, Uy,
The corresponding algebraic eigen-system of (4.18) is
Su = \WwMu.
In view of orthogonality (4.8) and (4.9), we find that for any ¢ € Ny,
2g—2p ’\L,TL ,\L,m _ ~—1_n ,\L’m
(el 0 H T () T () o = 6 (R HET )

2165

(4.19)

(4.20)
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min(k,j) .
_ Bt g 2] P(k—p—q)T(i—p—qT(P+Bo+q+1)
n J,m mn 2(_ — o\ (7 —p)p!
2 pemax(—g.k—q.0) [2(=q) (k = p)' (G —p)'p!
min(k,j
pAL g b S (Qkep(~@)i TP+ B + g+ 1)

== L A Omn Oe,

_ (7 — I pl
pemax(i—gk—g.0) (k=p)!(j—p)p!

Furthermore, one has

~_1 ,\L’ 1 _ ,\#5 A#,
BIHE, (w), HET " () = 5 e (VR VAT g

2v—2u ~—L1_n ~_1_
+1° p+12
TR H A )
Hk:,é 7Hj,l, Rd -

+ Zk |

These indicate that the stiffness matrix S is a sparse banded matrix with a bandwidth max(v, 1), and the mass
matrix M is also a sparse banded matrix with a bandwidth pu.

In the numerical tests, we fix N = 10, choose different scaling factor x and test for different Z, p, v and
dimensions. Numerical errors between the smallest eigenvalues without counting multiplicities and the refer-
ence eigenvalues (obtained by the scheme with large N and K) are depicted in Figure 6. Exponential orders
of convergence are clearly observed in all cases, which demonstrate the effectiveness of the new Hermite spectral
method.
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