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ABSTRACT. In this paper, we introduce an efficient Legendre-Gauss collocation
method for solving nonlinear delay differential equations with variable delay.
We analyze the convergence of the single-step and multi-domain versions of the
proposed method, and show that the scheme enjoys high order accuracy and
can be implemented in a stable and efficient manner. We also make numerical
comparison with other methods.

1. Introduction. Delay differential equations (DDEs) naturally arise in diverse
science and engineering applications [25], and in recent years, a large body of lit-
eratures has been devoted to numerical solutions of DDEs (see, e.g., [3]-[6] and
[9, 10, 14, 26]). Among the existing methods, numerical schemes based on Taylor’s
expansions or quadrature formulas have been frequently used (cf. [11, 12, 25, 26, 28]
and the references therein), e.g., the implicit Runge-Kutta methods, which can be
systematically designed and often provide accurate approximations. Over the years,
spectral method has become increasingly popular and been widely used in spatial
discretizations of PDEs owing to its high order of accuracy (cf. [7, 8, 13, 16, 17, 18]).
The solution of a DDE globally depends on its history due to the delay variable,
so a global spectral method could be a good candidate for numerical DDEs. Some
work has been done along this line, and we particularly point out that Ito, Tran
and Manitius [27] proposed and analyzed a Legendre-tau method for linear DDEs
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with one constant delay, where the solution was approximated by a truncated Le-
gendre series, and the unknown expansion coefficients was solved from a Lanczos-
tau formulation. Moreover, Guo and Wang [21], and Guo and Yan [23] developed
the Legendre-Gauss collocation methods for ODEs based on Legendre polynomial
expansions. Meanwhile, Guo and Wang [20], and Guo et al. [22] discussed the
Laguerre-Gauss-type collocation methods for ODEs. However, it is more interest-
ing but challenging to develop and analyze such type of high-order methods for
nonlinear DDEs with variable delay of the form

U'(t) = F(U#), W(t), 1), 0<t<T, 1
U(t) =V (), <0, @)

where W(t) = U(t — 0(t)), f, 0 and V are given functions and the delay variable:
O(t) > 0. We start with a single-step scheme motivated by [21]. Basically, we
approximate the solution by a finite Legendre series, and collocate the numerical
scheme at Legendre-Gauss points to determine the coefficients. Due to the delay
variable, it’s inevitable to solve nonlinear systems likewise for the implicit Runge-
Kutta methods, but the iterative solvers can be implemented efficiently thanks to
the fast transform [2]. The scheme has an infinite order of accuracy both in time and
the delay variable, and is particularly attractive for DDEs with highly oscillatory
solutions and/or stiff behavior. Therefore, it enjoys some remarkable advantages
over the Runge-Kutta-type methods.

For a more effective implementation, we suggest a multi-domain scheme to ad-
vance in time subinterval by subinterval due to the following twofold considerations.
Firstly, the resultant system for the expansion coefficients can be solved more stably
and efficiently for a small or modest number of unknowns. In particular, for large T,
it is desirable to partition the solution interval (0,7") and solve the subsystems suc-
cessively. We also want to make a point that we merely need to store the Legendre
coefficients of the solution in relevant “delay” subintervals to recover the solution
in the subinterval that needs to resolve. Hence, the scheme can be implemented
efficiently and economically. On the other hand, the multi-domain scheme provides
us a flexibility to handle DDEs involving non-smooth initial data and/or solutions.
In such cases, the partition of the interval can be adapted to the evolution process
as the adaptive Runge-Kutta methods, and we are able to place more points in the
subintervals that are needed.

The rest of the paper is organized as follows. In the next section, we present
and analyze the single-step Legendre-Gauss collocation method, and provide some
numerical results to justify our theoretical analysis. The multi-domain version is
described, and the convergence result is also derived and numerically illustrated in
Section 3. The final section is for some concluding discussions.

2. Single-step Legendre-Gauss collocation method. In this section, we de-
scribe and analyze a single-step numerical integration process for the DDE (1) us-
ing the Legendre-Gauss interpolation, which serves as a base for the multi-domain
scheme to be presented in the forthcoming section.

2.1. Preliminaries. Let L;(-) be the Legendre polynomial of degree [ defined on
[-1,1]. The shifted Legendre polynomials Ly ;(t), t € [0,T], are defined by (cf.

[21])

LT,z(t)ZLz(%—l)z(_nl)lj—;{ (1—%)1}, 1=0,1,2,-- .
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According to the properties of the standard Legendre polynomials, we have

2t
(+VLria(t) = 2+ D (7 = 1) L) + L () =0, 121,

2)
2t 61> 6t (
Lrot)=1, Lpi(t)=—=—1, Lpo(t)=— — = +1.
rot) =1, Lra(t) =5 -1, Lra(t) =75 -5+
Moreover, there holds the recursive relation
2
Tas(t) = Lrga(8) = U DLr(t), 1= 1. 3)
The set of Ly, (t) forms a complete L?(0,T)—orthogonal system, namely,
r T
Loy (t) Ly ()dt = =———61m, 4
| it = 5o (@)
where d; ,, is the Kronecker symbol. Thus for any v € L?(0,T), we write
N _ 20+1 (7
=> OruLra(t), O = [ v®Lr(t)dt. (5)

0

We now turn to the Legendre-Gauss interpolation. Let {tN jv N “, be the
Legendre-Gauss quadrature nodes (in (—1, 1) and arranged in ascending order) and
weights. Accordingly, we define the shifted Legendre-Gauss interpolation nodes and
weights as

T T .
Let Pn(0,T) be the set of all real polynomials of degree at most N. We recall that
for any ¢ € Pan41(0,7),

2B o)t
(6)

Denote by (u,v)r and ||v||7 the inner product and the norm of the space L?(0,T),
respectively. Define the following discrete inner product and norm associated with
the Legendre-Gauss quadrature:

N

1
(w,v)rn = Y u(ty oty wr;, [vllr,n = (v, 0)7 x-
=0

Thanks to (6), for any ¢y € Pan4+1(0,T) and ¢ € Py (0,7T),

(6, )1 = (d, V)7 N, lellr = llellr~- (7)

For any v € C(0,T), the shifted Legendre-Gauss interpolant Zp yv(t) € Pn(0,T)
is determined by

IT7NU(t%j)=U(t%j), OSJSN
In view of (7), we have that for any ¢ € Pn4+1(0,7T),
(Zr,nv, )7 = (Zr,Nv,O),N = (U, )TN (8)

We can expand Zp nv(t) as

N
ZT)N’U(t) = Z 57]\{114]’_’1@), (9)

=0
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where by (4) and (8),

- 20+ 1 20+ 1
UJTVI 7 (Zr,Nv, L1g)r =

(v, Lra)7,N, 0<I<N. (10)

Furthermore, one verifies from (4), (7) and (10) that for any ¢ € Pn4+1(0,7T),
N+1

ZﬂJTlLTz s Ir,nip(t) ZUJTlLTz = J%lziﬁp 0<I<N.

which 1mphes that (cf. [21])
[Pley < l[$lle, V¢ € Pnya(0,T). (11)

Let r be a nonnegative integer, H"(0,T") be the usual Sobolev space as defined in
[1], and denote by its norm and semi-norm by || - ||,z and |- |, r, respectively. There
holds the following estimates (see, e.g., Formulas (5.4.33) and (5.4.34) of [13]).

Lemma 2.1. For any u € H"(0,T) with integer 1 <r < N + 1,
||IT7NU — UHT S CTTN_T|’U,|T7T, (12)

and
||(IT_,Nu—u ||T<CTT IN5- "l (13)

We notice that the Legendre-Gauss interpolation estimate in H'—norm is optimal
(cf. [13]). The semi-norm in the upper bound can be improved to the weighted
semi-norm ||t"/2(T — t)"/?u(™) || as in [19].

2.2. The single-step scheme. We next present the single-step scheme for the
delay differential equation (1). For this purpose, we denote the grid set by Ay :=
{t% s P 0<E<SN } C (0,T). The single-step Legendre-Gauss collocation approxi-
mation to (1) is to find u™ (t) € Pn4+1(0,T), such that

TN @) = (¥ 0.08 0.0, VieAy: w¥0)=U0) =V(0), (1)

where the delay term

oV () = uN(t—0(t), VteAyn{t:t>0@1)},
T\ ViE-0@1),  VteAnn{t:t<o(t)}.

Here, we recall that (¢) > 0 and V(-) is a known function. Denote by
Ay ={teAy : t<0(t)}, Ay={teAy : t>0(t)},

and set w™ (t) = u™¥ (t—6(t)). The collocation scheme (14)-(15) can be reformulated
as: Find u” (t) € Pn41(0,T) such that

d N @), 0N (), ), VteAl,
%uN(t) - {f(uN(t), V(t—0(),t), Vte A?Ji (16)

supplemented with the initial condition u’¥(0) = V(0). We notice that it is an
implicit scheme.

An important problem is how to resolve (16). Indeed, we may follow Lambert [28]
to design an algorithm (mainly for ODESs) to resolve the discrete system (16) based
on the Lagrange interpolation. However, it is known that Lagrange interpolation
is not stable for large N. Hence, we propose a stable approach by expanding u® (t)
directly in terms of the shifted Legendre polynomials and determining the unknown

(15)
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coefficients of the collocation scheme (16). This approach is stable for large N, and
much easier to implement particularly for DDESs, since one only needs to store the
coefficients of the numerical solution at each step. One may refer to Remark 2.1 of
[21] for some more features of this method for ODEs.
We next describe the numerical implementation of the collocation scheme (16).
For this purpose, we expand the collocation solution as
N+1
= > A, Lri(t) € Pya(0,T), 0<t<T. (17)

Furthermore, let [I] be the integer part of I. According to [21], we have

d 9 (=]
ELTZ( ) T mzzo(ﬂ —4m — 1)LT)l_2m_1(t).
On the other hand, Lz ;(0) = (—1)!. Hence, (16) is equivalent to
N+1 N+1
ZaTkl up,=fry 0<k<N; Z(— )y, = V(0), (18)

=0

(34
2
af = - > (@ —4m—1)Lryam-1(t)y), 0<k<N, 1<I<N+1,

m=0
and
N+1 N+1
f(z:a ALt ), ZuTlLTl(tTk_o(tTk)) tTIc) thy, € Ay
N _ 1=0 1=0
fre = N+1
(D2 T Lra (), VR — 0063,)), 15 ), thy € A
=0
F(VO) + X B (Lra(t) - (<)), V(0)
N
B + Z aTA“I,l(LT-,l(t?A{k - o(t%c)) - (—1)1)7@{1@)7 t%k € Ay,
=
( )+ Z up (Lra () — (=1)1),
V(ty, - e(tT,k))atT,k)v th e € A%
Further, let
o~ ~ ~ ~ / -~ !/
u’lj\[ - (uij\“f,lvuij\"f,% e ’UTZY,N-H) ) FJJY(UIJY) = (fjjivafjjifla o 7f7]¥N) )

and A¥ be the matrix with the entries a:]}’)k)l, 0<EkE<N, 1<I<N+1. Then we
can rewrite (18) into the following matrix form:
N+1
AYay =FY ) @ =V(0) = > (=1)'ap,. (19)
1=1
In actual computations, we solve {ﬂ¥ l}f\:gl from (19), and recover the collocation
solution u(t), 0 <t < T from (17).
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We tabulate in Table 1 the condition numbers of A¥ with 77 = 1 and various

N, which indicates that the condition numbers grow like N2/4 as with the normal
collocation scheme using Lagrangian basis.

TABLE 1. The condition numbers with 7" = 1.

|| N | Cond. Num. || N | Cond. Num. ||
5 13.07571278675941 10 | 35.50775936479631
20 | 118.6786221997361 40 | 430.2160290393170
60 | 935.2398483834137 || 80 | 1633.731574173880
100 | 2525.687353973011 || 120 | 3611.105891809397

2.3. Error analysis. In this subsection, we analyze the convergence of the
scheme (16). In particular, we shall prove the spectral accuracy of numerical so-
lution u™(t). Let Zr n be the Legendre-Gauss interpolation operator as defined
before. Denote

EN(t) =uN(t) — Ip NU(t).

Lemma 2.1. Let U and u" be respectively solutions of (1) and (16). If U €
H"(0,T), with integer 2 <r < N 4 1, then for any ¢ > 0,

(3 = ollt (BN = EN(0)) 3 + T EN(T) - EN (0)[°

(20)
S e 'THUENGIUR ¢+ 2GR 1 N
where
¥ 0 FN @), wN (t),t) = f(ZrNU(t), Zr N W (1), 1), t €AY,
Gr.(t) =
fN@),V(t—0(t),t) — f(ZrnU®),V(t—0(t),t), teAl.
(21)
Proof. Let
GN,(t) =T iU(t) _d4y Ul(t)
T2 T RN g dag” N
Then we have from (1) that
d
EIT7NU(t) = F(U(t),W(t),t) — GT (1), te AL, o)
22
d
ZIrNU(t) = FU@),V(E—0(t),t) — GY,(t), teAR.
Subtracting (22) from (16) yields
d .
EN(0) = U(0) — Zr,nU(0).

Clearly, t =1 (EN(t) — EN(0)) € Pn(0,T). Thereby, by (7) and integration by parts,
we deduce that
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2(EN — BN (0), %( HEN = BN (0))y
= 2(EN - EN(O%dt(t HEN - EN(0)),
= —2(EN — EN(0),t72(EN — EN(0))),, (24)
$2(BY — BY(0), 7 (BN — BV (0))),
= [t} (BY — BN ()3 + T~ 1|EN<T> EN(0)].
On the other hand, we have from (23) that
jt(t N ()~ BN O) =~V (1)~ B 0) + 7 4 B )

=—t72(EN(t) - EN(0)) + t 7 (GY () + GY4(), teAy, j=0,L
The above fact with (7) leads to that

2(BY - BN(0), 207 (BN = BN ).

— (BN~ B0t (BN — E¥(0) 25)
+2(EN — EN(0), 1G], +G¥,2)>T,N

= 2|t (BN — BN (0)[3 + AN, + AN,

where

AYy =2(t7Y(EN — EN(0)),GY.) AY, =2(t7"(EN — EN(0)),GY,)

T.N° T,N"

Since t =1 (EN (t) — EN(0)) € Pn(0,T) and GJl,(t) € Pn(0,T), we use (7) to obtain
that for any € > 0,

A7 5| = 2/t (BY = BN(0)), GTo)r| < et (EY — EY(0)7 + ¢ G 17-
Inserting the above estimate and (24) into (25) gives that
(1=t (BY = BN () + T~ [BN(T) = EN(0)]” < e MGl + AF,. (26)

We next estimate [|GY,[|7. Clearly, by (12) with 2 and r — 1 instead of u and
r, we have that for integer r > 2,

d d
Irn—U — — < cI"TINTTUL 2
[ TN U dtU”T <c |Ulr1 (27)
Moreover, by (13),
||—<ITNU U)llr < cT" "N |U],.z. (28)

Therefore

d

IGPollr < H—(ITNU Ulr + ||ITthU - —U||T < ITINET|U . (29)

On the other hand, by (7),

1
A7 | < SIEHEY = BN O)F + 2167417, n-

Substituting the above and (29) into (26), we obtain (20). O



692 ZHONG-QING WANG AND LI-LTAN WANG

We now consider several typical f and analyze the numerical errors. Hereafter,
(8 denotes any positive number less than %.
Case I. Consider (16) with the linear delay:

0(t) =\, 0<A<1. (30)

Assume that f(z,y,t) satisfies the following Lipschitz conditions in 2 and y. That
is, there exists real numbers y; > 0 and 79 > 0 such that

|f(xlay7t)_f(x27yat)| S’}/1|$1—{E2|, (31)
and
|f($7y17t)_f(x7y2ut)| S/}/2|y1_y2| (32)

Theorem 2.2. If the conditions (30)-(32) hold, U € H"(0,T), with integer 2 <
r < N+ 1, and for certain 6 > 0,

(14T + (1461 -N)"T*35 <B< i, (33)
then
U = w7 < egT* N>~ |U 7 ., (34)
U(T) = u™(T)? < cgT*IN*"21|UL 1. (35)
In particular
s [U() = uM (O < 6T N2 U, (36)

where cg is a positive constant depending only on [3.

Proof. Obviously, in this case, A%, = (). Moreover, w (t) € Py41(0,T). Therefore,
by virtue of (11), (31) and (32), for any ¢ > 0,

HG?]’JH%,N < (1 + 6)||f(uN7wN7 ) - f(IT,NUv wN7 )”%’,N
+ (146 I @rnUwN, ) = f(ZrnU, Ir v W, )7 (37)
<A+ IEYF+ 1+ 6 DB lw™ = Zoy W] 7.

On the other hand, by virtue of (12) and a direct calculation, we deduce that for
any € > 0,

[w" = Zr WG < (1 +)llw™ = W7+ (1 +e )W = Iry W7
<1+ =N"HU =7+ 1+ e DIW - T nW |7 (38)
<(1+e¢)(1- /\)_1||U - uN||2T + ce_szrN_2T|W|,2¢1T
<A+ =N"HU = uN|F + e 'TPNTHUZ 4

Due to (33), we have that (1 + 6 1)T%+3 < . Hence, inserting the above two

inequalities into (20), we obtain from (33) that
(5= )@Y — BN ) + 7B (1)~ BN ()
<21+ EYF + 201+ 67N (L + ) (1 = N)TENU — u
+ee {148 )RTIN2NUR g+ e T 2N U2, (39)
<201+ 0 IEVIF +2(1+ 071+ ) (1 = N TRV — uV|F
+ 0671T2T72N3*2T|U|,2¢1T.
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Moreover

(% — ) IEV |3 < (% —) (A +IIEY — EXO))3 + (1+ € HIEN 0)]3)

g(% — ) (A + T2 (BN BN+ (1+ € )T(E (0))2).
(40)
Therefore, we use (39) and (40) to derive that

(5~ )IEY I + (4 OT(EY (1)~ BN ()

< (1 +07*((G — Al (BY ~ BY )} + T BV T) - BYO))
+ ce 'T(EN(0))? (41)
<O+ 9T (20 + RN EN I} +2(1+ 571 (1 + (1 = ) 3|0 - u™|})
+ ce 'T(EN(0))? + ce 'TPNATUL o,
or equivalently,
(5 - €20+ +HTR) BV + (1 + 7| BV (T) - BV O
<21+ 07 (1 +€2(1 = N T2|U — o[ + ce T (BN (0))? (42)
+ee 'TPNETEUR 5
Thanks to (12), we have that
U = w7 < @+ I EYF + A+ e DU =~ ZraUl7
<A+ O|EYF + e TNT2U .
The above with (42) yields
(3= e=20+ (1 +0)T>2) [V = u¥|3+ (1 + )*T|EY(T) - BV (0)|
< (1+(3—e—201+ 0 +0)T23) | BV

+(1+€)°T|EN(T) — EN(0)|* + ce ' T N~ |U 2,
<21+6 )L+ e (1= NPT — w7
+ee MTPN3TH U2 o+ ce 'T(EN(0))?,
(44)
or equivalently,

(3 - =200+ 1+ )T =201 +07)(1+€)*(1 = \)71T%3) U — V|3
+(1+ €*T|EN(T) = EN(0)[* < ce ' T2 N3 [U 2.1 + ce ' T(EN (0))>.

(45)
On the other hand, for any v € H'(0,T) (see (3.9) of [21]),
2 dv
H1* < =lvllF + 2T =17 4
max (O < 2ol + 27 5 (46)

This, along with (12) and (13), leads to that
2 d
(EY(0))? = |Zr,nU(0) = UO)* < 1 Zr,nU = Ull7 + 27| 2 (ZrnU = U)|7

S CT2T‘—1N3—2T‘ |U|7%,T
(47)
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Next let € = (725)% — 1> 0. Then (1+ ¢)*(1 +28) = 5. Hence, by (33),

e+2(1+€)(1+)T*y +2(1+6 (1 +€)3(1 — N\) 11243
<(1T+ePQ4+2(1+0)T% 7 +2(14+6 (1 —A)"1T2%3) -1
<S(+eP1+26)-1=3.

A combination of the above estimate, (45) and (47) leads to (34). Further, by (45)
and (47), we deduce that

(EN(T))? < 2| EN(T) — EN(0)[” + 2| EN(0)|* < ¢sT> ' N*=2"|U 2 ;.
Moreover, an argument similar to (47) yields
|ZrnU(T) = U(T)|? < cI*IN*27|U 2 . (48)
Consequently,
U(T) = u™(T)[? < 2| nU(T) = U(T)? + 2|EN(T)|* < egT> ' N> U2 1.
This leads to (35). Next, by using (37), (38), (34) and (12), we deduce that
IGT AN < (X + T IEYF + (1 +07) (A + )1 =) T3IU — ™7
+ee (140 )T N~ U7
<21+ 001 (IU = ZrwUl7 + IU = w™[7) + g3 T N° = |U[2 1
<es(yi + )T NTHULR

(49)
Hence, by (7), (23), (28), (29), (49) and (33), we deduce that
d N2 d N2 d 2
Lw- <2|LE 2L -7
19— ™) < 20 B 4 2l S 0~ T )
d d
= 2| LBV + 2 U~ Zr ) (50)
< AGT AT N + AN GRollF + T 2N2U R 7
< cﬁT2r—2N3—2r|U|§7T-
Finally, by virtue of (46), (34) and (50), we obtain (36). O

Remark 2.1. The condition (33) is necessary for the proof, but it should not be
essential. In fact, some numerical examples do not meet this condition, but the
numerical scheme still converges. This remark also applies to multiple-domain cases.

Case II. Assume that the delay function satisfies:
t—0(t) <0, tel0,T]. (51)
Moveover, f(x,y,t) satisfies the Lipschitz condition (31).

Theorem 2.3. If the conditions (51) and (31) hold, U € H"(0,T), with integer
2<r<N+1, and

1
1t <<l )
then
U = w7 < e T N>">"|U 7 ., (53)
U(T) = u™(T)? < cgT* TIN*">|U7 1. (54)
In particular
max |U(t) — u™ (¢)|* < cgT* ' N> |U|2 . (55)

t€[0,T]
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Proof. Obviously, in this case, Ay = (). Hence, by virtue of (11) and (31),
IGF 7 n < RIEN I (56)
Inserting the above inequality into (20), we obtain

(L — =1 (BN — EN(0))|2 + T |EN(T) — EN(0)|?
< 2R EN |3+ ce TN |UR

Therefore, we use (40), (57) and (47) to derive that
(3 = IENF + (1 + T|EN(T) ~ BN (O)]
<+ T (3~ (BY ~ BX )3 + T [EYT) - EYO)F)  (68)
+ee 'T(EN(0))? < 2(1 + ) T?*Z| EN |7 + ce T N3=2"|U2 o,

or equivalently,

1
(5-c—20+9T%3)IBY |3+ (1+T|EV(T) = BN (O)* < e T N* 2 |U 2 .

2
(59)
Let e = ﬁ — 3 > 0. Then by (52),
11
e+2(1+)T*yi = (1+e)(1+2T%7) -1 < (1+e)(1+26)—1:ﬂ+1 <3

A combination of the above estimate, (43) and (59) leads to (53). Further, by (59)
and (47), we deduce that

(EN(T))? < 2|EN(T) — EN(0))* + 2| EN(0)) < esT? ' N2 |U 2 .
This, along with (48) yields (54). We can derive the result (55) easily. O

Remark 2.2. We see from (34), (35), (53) and (54) that the errors |U(T) — u™¥ (T)|
and ||U—u™||7 decay rapidly as N and r increase. The convergence rate is O(N2 7).
Thus, the smoother the exact solution, the smaller the numerical errors. In other
words, the scheme (16) possesses the spectral accuracy.

T

Remark 2.3. If d [T] € L>=(0,T), N>r—1and T <1, then we use Theorems 2.1

and 2.2 to deduce that

1 1 3 dTU
U—uN||p <c2T7TaNz—7|| — 60
10—l < e aNE ] (60)
1 3 dTU
UT) —uN(T)| < cZT"N2"" . 61
U(T) = u ()] < cf ’ dtr L= (0,1) (61)

In particular, if 7 <7 < 1, then we may take r = N + 1 in (60) and (61), to reach
that
|U = uNr = O, U(T) = uM(T) = OT*E).(62)

2.4. Numerical results. In this subsection, we present some numerical results to
illustrate the efficiency of our single-step algorithm.
U Linear variable delay (Case I):

ai” D 2) T3 (63)

u(0) = 1.
As pointed out in [15], the exact solution is u(t) = ef. Obviously, the conditions

1 1
(31) and (32) hold with v, = 3 and vy = 56%. Moreover, the inequality (33) is

{ d (t):le%u(f)—klu(t), for 0 <t <T,
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satisfied for T'= 0.3. But for T' = 1, the inequality (33) is no longer valid. In Fig.
1, we plot the numerical errors at ¢ = 7" with 7' = 0.3, 1 and various values of
N. They indicate that the numerical errors decay exponentially as N increases. In
particular, we can observe from Fig. 1 that even if the condition (33) is not satisfied
(for instance, T=1), our algorithm is still valid.

Iogloerror

FIGURE 1. The numerical errors of Legendre-Gauss
collocation method at ¢t =T

FIGURE 2. The numerical errors of Legendre-Gauss
collocation method at ¢t = 1.

U Nonlinear variable delay (Case I):

d t
{ Eu(zt):1—2u2(§), for 0 <t <1, (64)
u(0) = 0.

This is a nonlinear DDE with the exact solution w(t) = sin(t), see [15]. In Fig.
2, we plot the numerical errors at ¢ = 1 using the single-step scheme (16) and
Newton-Raphson iteration method with various values of N. They indicate that
the numerical errors decay exponentially as N increases. We also note that the
condition (32) is not satisfied for problem (64), but our algorithm is still valid.
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U Linear constant delay (Case II):

(65)

d T
{ Eu(t):—u(t—i), 0<t<
u(t) = sin(t), -5

The exact solution is u(t) = sin(t). Obviously, the condition (31) hold with
~v1 = 0. Moreover, the inequality (51) is satisfied. In Fig. 3, we plot the numerical
errors at t = 5 with various values of N. They indicate that the numerical errors
decay exponentially as N increases.

FIGURE 3. The numerical errors of Legendre-Gauss

collocation method at t = 7.

3. Multiple-domain Legendre-Gauss collocation method. In the last sec-
tion, we investigated the single-step Legendre-Gauss collocation method. The nu-
merical errors decay very rapidly as N and r increase. While the foregoing single-
step collocation method provide accurate results, in actual computation, it is not
convenient to resolve the discrete system (19) with very large mode N. As com-
mented in the introduction, it is advisable to partition the interval (0,7") into a
finite number of subintervals and solve the equations subsequently on each subin-
terval.

3.1. The multiple-domain scheme. We now describe the multiple-domain
scheme. Let M and N,,, 1 < m < M be any positive integers. We first de-
compose the interval (0, 7] into M subintervals (Ty,,—1, 1], 1 < m < M, such that
the set of T;, includes all breaking points, where Ty = 0 and T); = T. Denote by
Tm = Tn—Tm—1, 1 <m < M. We shall use u)™ (t) € Py, +1(0, 7n) to approximate
the solution U in the subinterval (Ty,—1, Th,].

Firstly, replacing T'and N by 71 and N in (16) and all other formulas in Sub-
section 2.2, we can derive an alternative algorithm, with which we obtain the nu-
merical solution u)\*(t) € Px,11(0,71). Then we evaluate the numerical solutions
ulim(t) € Pn,,+1(0,7m), 2 < m < M, step by step. Finally, the global numerical
solution of (1) is given by

uN (Tp—1 + 1) = ubim (t), 0<t< 7, 1<m< M. (66)



698 ZHONG-QING WANG AND LI-LTAN WANG

We now present the numerical scheme for u\™ (¢). Denote by ti\j ", and wi\f T 0 <
k < N,, the nodes and the corresponding Christoffel numbers of the shifted Legendre-
Gauss interpolation on the interval (0, 7, ). Let

—{t k|Tm1+t 9(m1+t ') <0, 0<k < Ny,
and
AN
—{t k|Tm1+t 9(m1+t W) € (Tj-1, Th], 0< k< Ny}, 1<j<m.

The multlple-domaln collocation method for (1) is to seek ul\™ (t) € Py, +1(0, i),
such that

d 4 4
—uhm () = fulm (£),wh, (), Ty +1),t € Ay ., § >0,

gy (8) = fup (8), V(T +t = 0Tt + 1)), Ty +1),1 € Ay,

dt ™ ~
uhm(0) = w1 (Tm-1),2 <m < M,

(67)

where
wh () = uN (Tt +t = 0Ty + ) = 0 (Trey = Tjor +t — 0Ty + 1)),
Denote by Uy, (t) = U(Ty—1 +t) for 0 < ¢ < 7,,,. Then by (1),

%Um@)—fw (0 W (0, Ty 40,1 € Ny, 5> 0,
27 Un() = F(Un(6),V(T1 4t = 0(Tpnr + 1)), T1 + 1), 1 € A¥ms  (68)

Un(0) = Up—1(im-1),2 <m < M,
U1(0) = U(0) = V(0),

where
Wi (t) =U(Tm-1+t—0Tm-1+1) =U;j(Trn1 —Tj—1 +t—0(T_1 +1)).

We see from (67) and (68) that the local numerical solution u\™ (¢) is actually

an approximation to the local exact solution U,,(t), with the approximate initial

data ulm(0) = ufjﬁ{l (Trm—1)-

3.2. Error analysis. We next analyze the numerical errors. Denote
Ep (1) = up™ (t) = Zr,, N, Un ().
Lemma 3.1. Let U, and ul™ be respectively solutions of (68) and (67). If U, €
H7(0,7y,), with integer 2 < r < N,, + 1, then for any € > 0,
1 2
Z_¢ t_l ENm _ ENm 2 +T 1 ENm ENm
(3 = M EY = B OV, + 7 (Bl () = O
S -1 QT 2N3 2T|U |’I"Tm +2||GNm1HTm Ny
where
f(u%m (t)7 wfn (t)7 To—1+ t) - f(ITm,Nm Um(t)7 ng(t), To—1+ t)7
GNr (1) = t €Ay 7>0,
Tm,1 F@hm (@), V(Tm—1 +t = 0(Tm—1+1)), Tn—1 +1)
_f( TmsNm m(t)v V(Tm—l +t- H(Tm—l + t))va—l + t), te A?V,m
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Proof. Let
d d
—Un(t) — =1, m(t).
N Un(t) = = Tr, N, Un(2)
Then, following the same line as in the derivation of (23), we obtain from (67) and

(68) that

Gi\,[,?fz(t) =1,

d ,
EE%"I (t) = Gﬁ;’tl(t) + ij\izl,z(t)a te A?v,mv J =0,

E’r]?\ﬁ/:m (0) = urjxm (O) - ITnlyan Um(0)7 2 S m S M7 (70)
EN(0) = U(0) — Zr, 3, U(0).

Like (24), we have

2B — BN (0), (6 (BN~ EX ), (71)

= — [ (BN — BN ()12, + 7o | EN7 (1) — BN (0) ).

Tm

Next, we use (70) to derive that

d 1 - " o -2 " m 71d m
(T ER (@) = By (0))) = =t (B (8) — By (0) + 71— By (1)

= 12BN (1)~ BN (0) + 17 (1) + Gy (), te Ay, 520,

Tms1
Hence, by (7) with 7,,, and N, instead of T' and N, we deduce from the above
inequality that
d
—(t (BN — ENm (0
L1 (EN — BN )
= 2B — BN 0). Y — B 0),

ot BN — BN (0).GNm) 4 2( (BN — EN(0)),G0),

1
<=2t (Enm = Enn O)IF,, + (5 + Olt ™ (Bnm — Enm(O)II7,,

Tm

2<Eﬁm - Erjxm (0)7

Tm N

N - Nm
+2|GEm7, N, + e HIGR 17,

(72)

According to (29) with the parameters Ny, and 7,,, we have

3_
IG5l < emp "N Ul (73)
A combination of (71)-(73) leads to (69). O
We now consider several typical f, and analyze the numerical errors. Hereafter,
let 7 = max 7; and N = min N;. Moreover, we always assume that for any
1<5<M 1<j<M

1<i<j< M, :—; is bounded above.
Case I. Consider (67) with the linear delay:
0(t) =X, 0<A<]1. (74)
Assume that f(z,y,t) satisfies the Lipschitz conditions (31) and (32).
Theorem 3.2. If
U the conditions (74), (31) and (32) hold,

UA=NTm <Thpeq for all2 <m < M,
U U e H(0,T) with integer 2 <r < N + 1,



700 ZHONG-QING WANG AND LI-LTAN WANG

U for certain § > 0 and ¢y > 0,

1
1+ 8722+ (146 )1 -N"122 < B <

. 1 (75)
TmY1 < > TmY2 <coy VYV m>1,
then for any 1 < m < M,
U~ “N||%2(Tm,1,Tm) < g NOTHUR 4 (76)
U(Ti) = uN(T)|? < e " N2 UL 1, (77)
In particular,
max  |U(t) —uN(t)]? < CﬁT2T?1N372T|U|12p’Tm. (78)

tE[Tm71,Tyn]
Proof. Clearly, in this case, A, = 0 form > 1and A%}, = 0 for m > 1. Therefore,
N,
by (31), (32), (11), (46) and the fact Zwﬁ:k = Tpn, we deduce that for any ¢ > 0

k=0
and m > 1,

m—1

IR 2, SO+ Y 0 (@ () why (t,), Ty + 37

=1 ;N J
7 tﬂ'yjln,keAN,m

. 2
@ N U (), 00, (837, Ty 4 237, )

Tm Tm,k Tm,k
m—1
+(L+e) (T U (), w0 (), Ty + £,

. 2
— F(Zr U () Wi (), Tt + 87, ) w0,

<(1+e )2 (wi, (N ) = W, (0 ) 2wl

T, Tm, K

+ A+ eFIENZ N,

-1 2 Nj 2 21 7N |2
< (L4e€ )7 12%355_1 1U; — (O ||L°°(0,7-j) + L+ enlER7,
2 ) d )
-1 2 Nj2 Njivi2
< 1+ mand, max (U = w7, + 250l (U = )7

+ (L +FIEN"2,

(79)
Inserting the above inequality into (69), we obtain that for m > 1,
(3 - Ol (BN = ENH ()2, + 7, [EN" (7)) = BN (O]
<201+ N FIEN 2, + ce T AN [ Unal - 80
P+ Nrod e (20—, + 2L - ) Y
€ Tm2 135‘113%5—1 E i~ Uiy Tillgg Vi = %5 i)
On the other hand, like (40),
(3 —OlEN"Z,
1 (81)

<=+ arale BYn — ENO)I2, + (1 + )l BN (0)2).
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Therefore, we use (80) and (81) to derive that for m > 1,

1
(3 - ENI2,, + (1 + )| BN (rn) = BN (0)]” < e | EN (0)2

m

+ (4072 (G — A BN — BX DI, + 7 | BN (7n) — B O)]7)

_ N.
<A +em, (2(1+6)71||EN”|| +2(1+ e 7w (—IIU —u; |13,

max
1<j<m—
d N — r r
2 = ) e NG U+ e | B O,
(82)

or equivalently,

(3 —e—20+e*2ADIEN 2, + (1+€Tm|ENm m) — ENM(O)\
"
<201+ (14735 | Jnax (—||U—U 2 +2TJ|| (Ui —u; )||2)
+ee VTN U |2+ ceflrm|En]\{ (0)]2.

Furthermore, like (43), we have

U — w2, < Q4+ QBN |2, + e s NG U2, . (84)

The above two inequalities with (75) lead to that for m > 1,

(2 — =201+ 2232 [Um — ulm |2 + (1 + €)1 | EN™ (1) — EN=(0)|?

2
<(A+e)(5 —e—=204+e?m2ADIEN 2, + (14 €)1 |EN™ (1) — EN™(0)]
+c€—l r%@TNm2T| m|1%7

1<j<m
T NG U2, + o 1 B O]

. 2 N, d N,
<A1+ )1+ Prinf | max (ST — w1+ 250l S0 — )R
J

(85)
Thanks to (46), an argument similar to (47) yields

|ENm ‘2 |ul¥m (0) — ITm,Nm2Um(O)|2 )
§2|u 1 (Tm=1) = Unea (T=1)|” + 2|Un (0) = o, v, U 0)]
< 2up (Tin1) = Unm1 (Tim)|* 4 er2 T INS20 U2,

Similarly

2B (7)) + 2(Unn (1) = Lo, 0, U (7n)?
2B (7)) + er2 AN Uy

TsTm
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A combination of the above three inequalities gives that for m > 1,

1 1 2
(5 —e =201+’ AU —up 12, + (14 )7 |Unn (1) — wly™ ()|

2 4
1 1
< (5 = €= 200+ TV = up I, + 50+ €| BN ()|
1
+ T Ny 2 U7, < (5 = €= 200+ )* /D) [ U — w117,
+ (14 27 (|EN™ (1) — EN= (0)|* + | EN"(0)|*) + er2r N2 |U,n 2.,
_ 2 N, d N

< 1 2.3 _2 = L Vi 2 e L N 2
<2+ N g max (U = w1, + 250 05— w)IE)

Ny, —

_ 2 _ _
+ ce le|Um711(Tm71) — Um,1(7m71)| +ce MTITND 2T|Um|iTm.

(86)
Thus by (50), (34), (35) and (75), we obtain from (86) that for a suitable value of
e’

N- _
10— w2y gy = 102~ w322, < eor? N*2 (U2, + U2 2,,).
( )

T, T1 T, T2
Similarly
U(T2) — u™(T2)? = |Uz(72) — ud?(2) | < epm? TIN3=27(|U1)2 ,, + V2|2 ,)-

T,T1 T, T2
Since Z£ is bounded above for 1 <i < j < M, we use (86), (79), (75) and repeat

the above process, to obtain (76) and (77). In particular, by virtue of (46), (76)
and a result similar to (50), we get (78). O

Remark 3.1. The estimates (76)-(78) indicate the spectral accuracy of scheme (67).

Remark 3.2. If €U ¢ [°°(0,T,,), N > r—1 and 7 < 1, then for 1 < m < M,

dtr
1 18, d"U
||U — UNHL?(O,Tm) S CémTT+§N3 || dtT ||Loo(01Tm), (87)
i 5 T 55— drU
U(Tm) =N (T)| < c3m3 T N5 | =03, (88)
3 5 T 5T dTU
e, U —u™(0)] < eamAT N = e 0,1,)- (89)

If, in addition, & < 7 < 1, then we may take r = N + 1 in (87) and (88), to reach
that for 1 < m < M,

U = a2y = OFN),  |U(Tm) = u® (Tw)] = O(T*Y). (90)
Case I1. Assume that the delay function satisfies:
T+t —0(Tp-1+4+1t) <Tp-1, forl<m<Mandte (0,7,). (91)
Moveover, f(x,y,t) satisfies the Lipschitz condition (31) and (32).

Theorem 3.3. If
U the conditions (31), (32) and (91) hold,
U U e H(0,T) with integer 2 <r < N + 1,
0 Tm’71<%, Vm>1,
U for certain co > 0 and m > 1, Tmy2 < o,
then we have the same results (76)-(78).



LEGENDRE-GAUSS COLLOCATION METHOD FOR DDE 703

Proof. Obviously, in this case, A%, = (). Therefore, by (31), (32) and a similar
argument as in the derivation of (79), we deduce that for any ¢ > 0,

m—1
G2, 0, €30 3 (Fr ) (), T + £
j=1

Nm J
t-rm,keAN,m

. 2
— [ (e N U (42, Wi, (), T +tﬁ;’§,€)) wm

Tm kK
+ Z (f(uﬁm (tg;"k)v V(L1 + tﬁ;’fk —0(Trm—1 + ti\f;"k)), L1+ ti\f;”k)

Nm, 0
trm,kEAN,m

2
= fZr N Um(ti\,[:tk)v V(T + tf-v,,?k —0(Trm—1 + t{r\,[:l,k))v T + ti\f:tk)) ‘UNmk

Tm

- 2 N d N
1 2 2 2
<+ e rnd, e (205 = w2+ 2n) 50— )12
+ 1+ IER 7,
(92)
Moreover, (80)-(86) still hold. Furthermore, by (56), (53) and (12), we obtain
IGR1Z, vy S NETZ, < 297100 = Loy o UL, + 100 = a2 [12)
< egyiri NPT UL 4,
Therefore, we can derive the same results (76)-(78). O

3.3. Numerical results. In this subsection, we present some numerical results to
illustrate the efficiency of our multiple-domain algorithm.

U Linear variable delay (Case I).

We consider the example (63) with 7' = 1 and uniform step-size grid. As pointed
out before, the conditions (31) and (32) hold with 71 = § and 72 = %e%. Further-
more, the inequality (75) is satisfied for 7,,, = 0.25, but for 7,,, = 0.5, the inequality
(75) is no longer valid. Moreover, (1 — A)T}, < Tp,—1 with A = 3. In Fig. 4, we
plot the numerical errors at ¢t = 1 with uniform 7,, and N,,,. They indicate that the
numerical errors decay exponentially as N, increases and 7,,, decreases. In partic-
ular, we can observe from Fig. 4 that even if the condition (75) is not satisfied, our
multiple-domain algorithm is still valid (see the case 7, = 0.5).

U Nonlinear variable delay (Case I).

We consider the example (64). In Fig. 5, we plot the numerical errors at ¢t = 1
using the multiple-domain scheme (67) and Newton-Raphson iteration method with
uniform 7,,, and N,,. They indicate that the numerical errors decay exponentially as
N,,, increases and 7, decreases. Again, we observe from Fig. 5 that our algorithm
is still valid even if the condition (32) is not satisfied.

U Linear variable delay (Case II).

d 1

—u(t)=u(t—1— —— for ¢

dtu(> u( t—i—l)’ ort >0,

u(t) =1, for —0.5<1¢<0, (93)

2
u(t) = §(t+ 2), for —2 <t < —0.5.
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; : ; ;

FIGURE 4. The numerical errors of Legendre-Gauss
collocation method at ¢t = 1.

-2,
- rmzllz

—o—rm=l/6 I
—f—T, =110

FIGURE 5. The numerical errors of Legendre-Gauss
collocation method at ¢t = 1.

4 :

-o-n;=2
-0-ng=4
7]
=8

FIGURE 6. The numerical errors of Legendre-Gauss
collocation method at ¢ = &,.
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FIGURE 7. The numerical errors of Legendre-Gauss
collocation method at ¢ = 20.

As pointed out in [24], the exact solution is

2 32
u(t):{ 1+§t+%—§10g(t+1), on [0,1],
— 3 log2 +t, on [1,v/2].
The first derivative of the solution is not continuous at t = —0.5 and ¢ = 0, therefore

the second derivative also has a jump at the points where the time lag is equal to
—0.5 and 0, for instance, t = &; = 1 and t = & = V2.

Denote by ng = 2k the total number of steps. Obviously, the conditions (31)
and (32) hold with v; = 0 and 2 = 1. Furthermore, by choosing suitably T,,, we
can ensure that the condition (91) holds. In Fig. 6, we plot the numerical errors at

&1 & —&

t=¢& WithTm:?, 1<m<Ek, r, = o k+1 <m < n and uniform N,,.
They indicate that the numerical errors decay exponentially as NV, increases and
Tm decreases.

As pointed out, in actual computation, even if the conditions for Theorems 3.1
and 3.2 are not satisfied, the numerical solutions of our method match the exact
solutions very well. We next present some other numerical examples to illustrate
the efficiency of our method, which can be found in [5].

U Nonlinear constant delay (Case II):

d
{ Srult) = =3u(t = 1)(1+u(®),  for t >0, (04)
u(t) =1t, for —1<¢<0.

This is a well-known equation from biology, solution of which has the breaking
points at the integers 0, 1, --- .

In Table 1, we compare the errors of our method LGC3(5) (N = 3,5 and the
step-size is constant) with the method UCIRK4(6) (the uniformly corrected implicit
Runge-Kutta method of order 4(6) presented in [5]) and the method IRKSR4(6)
(the implicit Runge-Kutta superconvergence rate 4(6) presented in [4]), at the point
t = 20 with respect to the reference solution u(20) = 4.671437497500. Since the
three methods have the same mesh and the same number of interpolation nodes,
we can observe that our method provides more accurate numerical results.
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TABLE 2. Numerical results for Eq. (94).
|| Number of steps || LGC3 UCIRK4 IRKSR4 || LGC5 UCIRK6 IRKSR6 ||

200 1.7e-04 1.0e4+00  1.0e4-00 1.9e-9 2.0e-02 2.0e-02
500 1.1e-07  2.5e-02 2.5e-02 || 4.6e-10  7.6e-05 7.6e-05
1000 1.2e-09 1.5e-03 1.5e-03 || 3.5e-10  1.2e-06 1.0e-06

In particular, our method is still valid even for large time step-size. In Fig. 7,
we plot the numerical errors at t = 20 with 7,,, = 1, 1 < m < 20 and uniform N,,.
They indicate that the numerical errors decay exponentially as N,, increases.

log 108110

_14 N N N N
5 7 9 11 13 15

FI1GURE 8. The numerical errors of Legendre-Gauss
collocation method at t = &s.

U Nonlinear variable delay (Case II):

d t
u(t) =1, for —1<t<0.

The solution has the breaking points:
& =0, & =2.1461932206205825852, &2 = 4.9254498245082464926, etc..

In Table 2, we compare the numerical errors of various methods at the point t = &
with respect to the reference solution:

u(§2) = 76.3734726693768056269.

Since the three methods have the same mesh and the same number of interpola-
tion nodes, we can observe that our method provides again much better numerical
results.

In particular, our method is still valid even for large time step-size. In Fig. 8§,
we plot the numerical errors at ¢t = & with 7 = &1, 2 = & — & and uniform N,,.
They indicate that the numerical errors decay exponentially as IV, increases.

4. Concluding discussions. In this paper, we proposed the single-step and
multiple-domain Legendre-Gauss collocation integration processes for nonlinear
DDESs. These approaches have several attractive features.
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TABLE 3. Numerical results for Eq. (95).

Number of steps || LGC3 UCIRK4 IRKSR4 || LGC5 UCIRK6 IRKSR6 ||

8 1.8e-05 1.8e-01 1.3e-01 5.4e-08  1.6e-03 1.0e-03

84 1.5e-11  1.7e-05 1.2e-05 || 2.1e-13  9.6e-10 5.7e-10

e The single-step Legendre-Gauss collocation method is easy to be implemented
for nonlinear DDEs, and possesses the spectral accuracy. It enjoys computa-
tional efficiency and accuracy over some popular existing methods.

e By using the multiple-domain Legendre-Gauss collocation method, we can use
moderate mode N to evaluate the numerical solutions more stably and effec-
tively. Moreover, it can be adapted to solutions with jump-discontinuities.For
any fixed mode N, the numerical errors decay as 7 — 0. For any fixed step
size in time, the numerical error decays very rapidly as N increases. The rea-
son of this phenomena might be that there exists the factor N7 in the error
estimations of our new method, whereas there is no such factor in the error
estimations of the corresponding implicit Runge-Kutta method. In fact, in
the derivation of algorithm of our method, we benefit from the orthogonality
of Legendre polynomials, while in the derivation of algorithm of the implicit
Runge-Kutta method, one used the Lagrange interpolation on the Legendre-
Gauss interpolation nodes, which is not stable for large N. In particular, our
methods are much easier to be implemented than the implicit Runge-Kutta
method for DDEs, since we only need to save the coeflicients of numerical
solutions in each step.

e The numerical errors of our methods are characterized by the semi-norms of
exact solutions in certain Sobolev spaces. These sharp norms are in particular
necessary for problems with degenerated initial data.

The numerical results demonstrated the spectral accuracy of proposed algorithms

and coincided with the theoretical analysis very well.
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