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In this article, we present and analyse an unfitted mesh method for the Poisson interface problem. By
constructing a novel ansatz function in the vicinity of the interface, we are able to derive an extended
Poisson problem whose interface fits a given quasi-uniform triangular mesh. Then we adopt a hybridizable
discontinuous Galerkin method to solve the extended problem with an appropriate choice of flux for
treating the jump conditions. In contrast with existing approaches, the ansatz function is designed through
a delicate piecewise quadratic Hermite polynomial interpolation with a post-processing via a standard
Lagrange polynomial interpolation. Such an explicit function offers a third-order approximation to the
singular part of the underlying solution for interfaces of any shape. It is also essential for both stability and
convergence of the proposed method. Moreover, we provide rigorous error analysis to show that the scheme
can achieve a second-order convergence rate for the approximation of the solution and its gradient. Ample
numerical examples with complex interfaces demonstrate the expected convergence order and robustness
of the method.

Keywords: hybridizable discontinuous Galerkin method; Poisson interface equation; quasi-uniform
triangular mesh; complex interface; hermite interpolation; error analysis.

1. Introduction

In this article, we are concerned with the Poisson interface problem

_A|Q\F ux) =f(x), in £,
[ul = &1, on I, L
[Vu-n],=g, on I, .

u=g, on 052,
on a bounded connected polygonal domain §2 C R? with a smooth interior interface I", where f, g1, 2>
and g are given functions with regularity to be specified later. As illustrated in Fig. 1, I" cuts §2 into two

nonoverlapping subdomains §2, and §2,, i.e., £2; N £2, = ¢ and 2 = 2,U £2,. The Laplace operator is
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FiG. 1. A sketch of the domain §2 and the interface I".

defined on §2\I" and n denotes the unit normal to I” pointing from £2; to §2,. As usual, the jump of a
function v on I is defined as

[v]x) := 1iII(1) (v(x +éen) —v(x — sn)), xerl. (1.2)

This problem has important applications in the simulation of immiscible multi-phase flows (Kummer &
Oberlack, 2013), the electroporation state of a biological cell under an electric field (Guyomarc’h ez al.,
2009; Hu et al., 2015) and many other fields.

Various numerical approaches have been proposed for this problem which particularly include the
finite difference (FD), finite elements (FEs) and discontinuous Galerkin (DG) method. In general, these
methods can be classified into two categories, i.e., fitted mesh method and unfitted mesh method. The
former is built on body fitted mesh that does not allow the interface to cut across any of the elements
in the mesh, so the jump conditions across the interface can be easily incorporated into a standard FE
formulation (Bramble & King, 1996; Chen & Zou, 1998). However, generating a body fitted mesh of
relatively high quality is challenging and computationally prohibitive, especially when complex and/or
moving interfaces are involved. The latter is more desirable as it only uses a fixed quasi-uniform mesh
regardless of the location of the interface. The success of the unfitted method relies on how to effectively
handle the jump conditions. The well-known immersed interface method (IIM) developed in Leveque &
Li (1994) is a second-order (see Huang & Li, 1999) FD-based unfitted method, where the stencils and FD
approximation should be carefully designed near the interface. This approach has been further studied
and applied to various interface problems (see, e.g., Li, 1997; Zhang & LeVeque, 1997; Li & Lai, 2001;
Gong et al., 2008). The immersed FE methods have also been intensively investigated (see, e.g., Li et al.,
2003; He et al., 2011; Adjerid et al., 2014; Ben-Romdhane et al., 2014) which use special basis functions
constructed from jump conditions. Besides, other FE-based methods are also available (see, e.g., Hansbo
& Hansbo, 2002; Huang & Zou, 2002; Hou & Liu, 2005; Wu & Xiao, 2010; Li et al., 2010; Hiptmair
etal.,2012; Hou et al., 2013; Guzman et al., 2015 and the references therein for further information).
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Itis known that the DG method (see, e.g., Arnold, 1982; Arnold et al., 2002) allows the approximation
to be discontinuous across the element boundaries, so it enjoys significant advantages in solving interface
problems. Recently, several fitted and unfitted DG methods have been proposed (see, e.g., Guyomarc’h
et al., 2009; Massjung, 2009; Huynh et al., 2013; Kummer & Oberlack, 2013; Wang & Chen, 2014).
Typically, the proper introduction of numerical fluxes or penalty terms becomes crucial for such schemes.
In the last decade, the hybridizable discontinuous Galerkin (HDG) method has emerged as an important
family of various DG schemes, largely attributed to the remarkable reduction of degree of freedom (see,
e.g., Cockburn et al., 2008, 2009a,b, 2010). It has been successfully applied to solve a variety of PDEs, but
there has been very limited study available for the interface problem. Fitted HDG methods were proposed
for elliptic interface problems in Huynh et al. (2013) and for Stokes interface problems in Wang & Khoo
(2013). It was demonstrated that the jump conditions could be naturally incorporated into the HDG
scheme with a judicious choice of the numerical flux, and such treatment only resulted in some additional
terms in the right-hand side of the global linear system, so the coefficient matrix remains unchanged.
Recently, a new extension technique with HDG discretization was presented for solving PDEs on curved
domains by using unfitted meshes (see Cockburn & Solano, 2012, 2014). Optimal convergence rates are
maintained if the distance of the unfitted mesh to the curved boundary of the computational domain is of
order h.

The purpose of this article is to establish and analyse an unfitted HDG method for Poisson interface
problems. Motivated by the idea of deriving an extended problem via introducing an ansatz function in
Kummer & Oberlack (2013), we propose a novel ansatz function, derive a new extended problem and
then solve it by a HDG method. More precisely, the ingredients of the algorithm and contributions of the
paper lie in the following aspects.

(i) We construct a piecewise polynomial ansatz function (denoted by u,,) in the vicinity of the
interface by a quadratic Hermite interpolation with a post-processing via a standard Lagrange
polynomial interpolation. Our delicate construction is accomplished by appropriate choice of the
interpolation constraints according to the jump conditions. It provides a third-order approximation
to the singular part of solution and leads to stable computation for interfaces of arbitrary shape. It
is noteworthy that the technique to devise the ansatz function is essentially different from that in
Kummer & Oberlack (2013). A signed distance function was used in Kummer & Oberlack (2013)
to design the anastz function, so it could accurately represent simple interfaces (e.g., circular and
spherical interfaces), but it became much more involved for general interfaces.

(i) By subtracting the singular part u, from the solution u of (1.1), we can obtain an equivalent
intermediate problem involving unknown u,. With the ansatz function at our disposal, we further
derive an extended problem from the intermediate problem with u, in place of u,. On account
of the good approximability of u,,, to u,, we can achieve a second-order accuracy between the
solutions of these two problems. Remarkably, the interface of the extended problem aligns with the
given quasi-uniform mesh, and the HDG (see Huynh ez al., 2013; Wang & Khoo, 2013) becomes
the method of choice.

(iii) We rigorously show that the unfitted HDG method has a second-order L?-convergence in both
the potential u and its gradient. We remark that the convergence analysis of unfitted methods for
interface problems is challenging yet and very limited results are available along this line.

The outline of this article is as follows. In Section 2, we first introduce some notation to be used
throughout this article, then derive an extended Poisson interface problem by using a novel ansatz function.
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In Section 3, the delicated techniques for the construction of the ansatz function are discussed in detail.
Rigorous theoretical analysis for the numerical solution are presented in Section 4. Then, in Section
5 we provide various numerical examples to validate the proposed method and the theoretical results.
Concluding remarks and future works are given in Section 6. Proofs of the error estimates have been
gathered in the appendix.

2. The unfitted HDG method
2.1 Notation and well-posedness of (1.1)

We first introduce some notation to be used throughout the article. Let L*>(D) be the space of square
integrable functions on a generic domain D C R?, equipped with the standard Z2-norm |- || 2 (py- Moreover,
let L*(D) = [L*(D)]* and denote its norm by | - [|25,. Besides, denote by H" (D) with real r the standard
Sobolev space equipped with the norm || - ||z, and correspondingly, denote by H" (D) := [H"(D)]* the
vector version with the norm ||v| g p) 1= Z?:, villzr oy (Adams & Fournier, 2003). Further, let C*(D)
be the continuous function space consisting of functions up to kth derivatives being continuous with the
norm

lull ek py = inf {llitll kg2, : it € CK(R®) and it |p = u}. 2.1

Note that we have
D* < . 2.2
ﬁi’f?ﬁ?' u@)| =< llull ek p (2.2)

In order to characterize the regularity of piecewise functions, we define the space and its norm by
X' =L*(2)NH () NH' (22), [Vl = V) + Vllar@y, YveX (2.3)

We recall the following result (see Rotberg & Seftel, 1969; Bramble & King, 1996), which asserts
the well-posedness of the model problem (1.1).

THEOREM 2.1 Assume that f € L2(£2), g € H ™ Y?(082),g, € H"Y*(I') and g, € H"~**(I"). Then the
problem (1.1) has a unique solution u € X", and u satisfies the following a priori estimate:

lullxr < C(“f”LZ(Q) +lIgllgr—11200) + 181 11172y + ||82||H'"*3/2(r)), 0<r=<2, 2.4)

where C is a positive constant independent of « and the given data.

2.2 Extended problem

Without loss of generality, let 7, be a quasi-uniform triangular mesh of the domain £2. As usual, the set
of edges of the triangulation 7, is denoted by &,, and the boundary of any element 7T is denoted by 97T
Let P¥(D) be the space of polynomials of degree at most k on a generic domain D. The corresponding
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F1G. 2. Illustration of the set 7}, of all cut triangles (/eft); subdomains ch and .QCZ, and the new mesh fitted interface I° (right).

discontinuous FE spaces are given by

Vi=1{v e LX(T) :vly € [PX(D, VT € T}
Wi = {we L*(T}) :wlr e PNT), VYT €T},
M = {u e L&) : ulr € PX(F), Y F €&).

For any vector functions v,w € L2(’27,), and any scalar functions v, w € L*(7;), the corresponding inner
products are given by

(v’ w)Th = Z (V,W)T, (V, W)Th = Z (V, W)T’ (V, W)aTh = Z (V, W){)T’

TeT), TeT) TeT),

where
v, w)r :=/v-wdx, ,w)r = fvwdx, v, W)t :=/ vwds.
T T oT

Moreover, we need to introduce some notation and concepts related to the intersection of the inter-
face with the triangular Cartesian mesh7,. In what follows, for any 7' € 7,, we assume the following
hypothesis:

(H1) I does not intersect an edge of T at more than two points unless this edge is part of I";

(H2) If I" meets a triangle at two points, then these two points must be on different edges of T'.

Define the set of all cut cells (see the shaped part in Fig. 2 (left)) and the neighborhood of I" (see Fig. 2
(right)), respectively, by

Te={TeT,:TNI #0}, 2.:=|JT. 2 =0n2, i=12.
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Note that the outer boundary of £22, denoted by r= 022\ I", becomes the new interface of the extended
problem.
We decompose the exact solution u of the model problem (1.1) as

u, xe.Ql,
u =
up, xe.Qz.

Conventionally, we assume that u has a good regularity in both £2, and £2,, and the singularity of the
solution only occurs on I". Define

V={uecl’2): ulg € H () and u|y € C*(£2)), i = 1,2}. (2.5)

For the sake of theoretical analysis, we assume that the solution # € V and define the ‘broken’ norm of
uon £2, by

”M”("ﬁ(_q(.) = |lu ”C3(9{!) + ||u2||c3(93)~
We also introduce the Whitney’s extension theorem (see Fefferman, 2007, Theorem 1).

THEOREM 2.2 For an arbitrary E C R" and m > 1, there exists a linear map T : C"(E) — C™(R"), such
that T¢ = ¢ on E, for any ¢ € C"(E). Moreover, the norm of 7T is bounded by a constant depending
only on m and n.

By using the above extension theorem, there exist linear bounded extensions i; of u; from subdomains
£2! to the domain £2,, such that

() = u;(x), x € 2!, dilg. € C(R2), Nillcray < Cluilles gy, i=1,2, (2.6)
where C is a positive constant independent of £2/, the triangulation 7, and the mesh size h. Set
d(x) = ip(x) —u (x), Vx e,
and further define the ansatz function

d(x), xe Q2

2.7
0, xe@R. @7

ua(x) =

Note that u, is discontinuous on both I" and I”, and we can compute the jumps across I as follows:

[u] = dx) = [u] ., [Aud], = Adx) = [Au] ., 2.8)
[0ty = 8,d@) = [Bq,ul ., [0nytta]; = d(x) = [By,u] - '
Then the solution u can be decomposed as u = u, + u, and
up, in 919
Uy =U—uy =iy, in 22 (2.9)

U, in 92\93,
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(a) u (b} —uy

FiG.3. An illustration of the decomposition: u — u, = u,.

which is a piecewise smooth function, see Fig. 3. Indeed, for u € V, we have
uplgl\gcl € H3(QI\Q:)7 up|92\_qg € H3(~QZ\~Q§), up'.Qc € C3(~Qc),

and u,, is discontinuous only on r , which aligns with the triangular Cartesian mesh 7}, (see Fig. 2).
Plugging the decomposition u = u,, + u, into the model problem (1.1) leads to

—Alg\iuy =f + Alg\ruita, 10 $2,

[u,] 7 = —[ua] 7, on I, 2.10)
[Vu, -n]z = —[Vu, - n] 7, on I,
u, =g, on 052.

In contrast with (1.1), the jump conditions initially on the interface I" are now replaced by new jump
conditions on I". However, the function #, in the right-hand side of (2.10) is unknown. In fact, the model
problem (2.10) will be only used as an intermediate problem for the theoretical analysis.

Indeed, the shifting of jump conditions to I" in (2.10) significantly facilitates the numerical
implementation. This inspires us to explicitly construct a good approximation: u,;, =~ u,, such that

supplita} = 27, ttanlgz € C(827), Q2.11)

by using the jump conditions (2.8). With this, we define the following approximate problem of (2.10):

_A|Q\F”p,h :f+A|Q\(1“u1:)ua,h’ in £2,

upn] = —[uan] 7 on I,
[[ p,h]]r [[ h]]r ~ 2.12)
[Vu,p - n]z = —[Via, - n] 5, on I,
U, = g, on J52.

This approximate problem turns out to be a variant of (2.10), where the unknown u, is replaced by aknown
approximate function u, . It is worthwhile to point out that (2.12) is well posed when [u, ]z € H'/*(I").
We postpone the detailed construction of u, in Section 3 and provide rigorous error analysis of this
approach in Section 4.
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2.3 HDG formulation

In what follows, we formulate the HDG scheme for the extended interface problem (2.12), which has
interface I” fitted with the triangular Cartesian mesh 7,,.
We rewrite (2.12) into a first-order system

qp,h = VlQ\f‘”pJH in Q’

_V|Q\F : qp,h =f + A'Q\(FUF)ua,hv in Q’

lupnl i = —[ttan] on T, (2.13)
[Vupp - n] 7z = —[Viay - n] 7, on T,
Upp = &> on 052.

Note that u,,, is double valued on the interface I". However, the trace z)ﬁh € M, solved by standard HDG

method can only be the approximation of trace of u,, from one side of I". With l’,\tﬁ,h

- Ah ~ . . - . . .
of u, 4], We take il , — [u,s]  as an approximation of Up sl g2 to mimic the jump of u,, on I'.
Accordingly, we define

an approximation

W Tug s if OTNT #¢ and T € 2,22,
B e A 2.14)
’ Uy s otherwise.
Apparently, i, is double valued on the interface I and satisfies [, ] = —[uas] . We first consider

the first two equations of (2.13) on a typical element 7 of 7,. By multiplying the test functions v and
w on both sides of them, and integrating by parts, the classical DG scheme reads: find u’;’h € W/ and
q), € V,, such that

h>

oy V)7 + (W), V - v)r — (il v - m)ar =0,

@ VW = (@oy, - mWhar = (F.w)r + (Al gy rttas W, (2.15)

forany v € V! and w € W, . In order to capture the jumps across the interface, the numerical flux is taken
as (cf. Huynh et al., 2013)

~h . ~ 2

- ~ Gop — Tluan]pn, if TNT #Pand T € 2,\27,

Gpp=dh, — T, — i n=1" _ (2.16)
s otherwise,

where @th = qﬁ)h -7 (uﬁ’h — ity ,)n is the numerical flux of standard HDG method, and the local stabilization
parameter T which has an important effect on both the stability and accuracy of the numerical scheme is
piecewise, non-negative constant defined on 97,. In order to weakly enforce the jump condition in the

flux across the interior faces, we reformulate the flux equation as

@y, mWozpoe = (Vs - 1], ) F = —([Vugs - 0w Yu € M;. (2.17)
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Then, substituting (2.14) and (2.16) into (2.15), summing up the resulting equations over all elements
and re-arranging some terms, we obtain the HDG formulation: Find (g}, ). &,) € V; x W, x M,
such that

@y V)7, + W) V- V) g, — (v - n)og, = —([uan] v - 1) s (2.182)
@l VW7, — @y oz, = (Fow)z, — (ltanl 7o W) 7 + (Al rttap W)z, (2.18b)
(@Z,h “n, Wanpee = —([Vitay - ni] — tugn], n) 7, (2.18¢)
(i ag = (8 )ag (2.18d)
forall (v,w, n) € V) x W x M;.

The HDG formulation (2.18) is a natural extension of the standard HDG method. In fact, the standard
HDG scheme is a particular case of the formulation (2.18) with u,;, = 0.

3. Construction of the ansatz function

In the previous discussions, the approximation u,, of the ansatz function u, was assumed known. In this
section, we detail its construction and show that the approximation is of third order.

For the approximation of the ansatz function u,, more information regarding the jumps of the derivative
of uon I'" are needed. For this purpose, we set up a local coordinate system in the normal and the tangential
directions at a given point (x},x;) € I" as follows:

£ =(x; —x})cosh + (x, —x;)sinf, n=—(x; —x7)sinb + (x, —x;) cosb, 3.1

where 6 is the angle between the x;-axis and &-axis (see Fig. 4 (left)). In the neighborhood of the point
(x7,x3), the interface can be written as § = y (1), where y () is a smooth function with respect to  due
to the smoothness of /™ and y (0) = y:(0) = 0. Note that the coordinate transformation (3.1) is invertible.
As a matter of fact, we have

xi=x1(&§,n) =&cosf —nsind +x7, x=x(&,n) =E&sind + ncosb + xJ.

Therefore, in the neighborhood of the point (x}, x3), the jump functions g;(x) can be expressed as functions
of n,1i.e.,

gix) =gixi(y(m,n), x2(y(m),n), i=12.

dgy

For simplicity, g} and g, are used to denote %}1 and o

the following jump conditions hold:

, respectively. Then under local coordinate system,

H”E]]r = 82 [[”n]]r = gll' (3.2)

A detailed derivation can be found in Li & Ito (2006). Thus the jump conditions in the x; and x; directions
are given by

[ug, ] = g2cos6 — g\ sin€, [u,], = g>sin6 + g} cosb. 3.3)
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A

B E C

FiG. 4. A diagram of the local coordinates in the normal and tangential directions at a point (x},x3) € I" (leff). A typical triangle
element 7 with an interface cutting through, the curve between E and F is part of the interface I" (right).

Moreover, the jump condition involving the Laplacian of u

[Au] . = =[f] G4

can be derived from the governing equation (1.1) straightforwardly.

Recalling the definition of u, in (2.7), we actually need to establish an approximation of the function
d(x) on the subdomain £2.. Importantly, we have the information of d (x) on the interface /" available, i.e.,
the jump conditions (2.8). We first construct a multi-variable Hermit type interpolation /Pd element by
element. Let T = AABC € 7, be a cut triangle with E and F the two intersection points of the interface
I" and the edges of T (see Fig. 4 (right)). Moreover, denote the coordinates of two intersection points E, F
by a = (a;,a,) and b = (by, b,), respectively. The triangle T is cut by the interface I” into two subsets
denoted by 7y = T N §2, and T, = T N §2,, respectively. We now establish p(x) := I,?d @) |7 € PX(T)
such that

pP= [[I/t]], pX1 = [[uxl]]s pxz == [[uxzﬂ, at E,
p=1[ul, Vp-n=][Vu]-n, Ap=[Au], atF. (3.5)

Here, additional jump conditions are given in (3.3) and (3.4).
The following Lemma shows the existence and uniqueness of this interpolation.

LEmMMA 3.1 Under the mesh hypothesis (H1)—(H2) in Subsection 2.2, for a given interface element T as
indicated in Fig. 4, the quadratic polynomial p(x) = IPd(x) is uniquely determined by the interpolation
conditions in (3.5).

Proof. The quadratic polynomial p(x) reads

2 2
Px) = ci + coxy + ¢3xp 4 caxy 4 csx1x; + CeXy,

where the coefficients {c;}5_, are to be determined.
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The unit normal direction of the line segment EF can be expressed as

n=(n,m) = (by— az,ar — b)) /v (by — a2)?> + (a; — by).

By a straightforward calculation, the interpolation conditions (3.5) result in a linear system of {c,-}?=1 with

the coefficient matrix

2

1 a a a aa, a,

1 b by D bib, b2

0 1 0 2611 ay 0
A=

0 0 1 0 a 26{2

0 n ny 2b|n1 bzi’ll + bll’lz 2b2n2

0 0 O 2 0 2

whose determinant is

(1198

det(A) = =2((ar = b1)* + (a2 — b)?) 2.

As long as the two points E, F' are distinct, det(A) # 0. Then the uniqueness of p(x) is proved.

The following error estimate for the interpolation which is crucial for the error analysis later.

2

THEOREM 3.2 Let T € 7, be a cut triangle and p(x) = IPd(x) be the interpolation constructed above.

If u € V (defined in (2.5)), then
max |d(x) = p(¥)| < Cl’llullear,

where C is a generic constant independent of &, u and the ratio

- (by —a2)/(by —ay), if ay # by,
| —a) /by — ay),  otherwise.

Proof. Define the error function

e(x) = d(x) — p(x).

We first consider the error function e(x) on the line segment EF, which can be parameterized by

x)=(0—-na+1th, te]l0,1].

(3.6)
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A direct calculation gives

d2€ 5 82 82 2
@(x(t)) = ((bl —ay) Py +2(by —a1)(by — ay) o0 + (b, — @) —> e(x(1))

1 X1
= +ad) (b —a))? (m;—; - —Zi-aoﬂ 8;1’(;2 + faz aa_);) e(x(1))
2 (1+ %) (b — a)’r(x(), (3.7)
with
I Pel) | 20 der() o delx()
nk®) = 1+a2  9x} + 1 +a2 9x,0x, + l+a2 9x3 (3.8)

Without loss of generality, we assume that a; # b, and define the ratio« = (b, —a,)/(b; —a,), otherwise,
the ratio can lﬁdeﬁned as o = (b — ay)/(b, — a,) and the analysis is similar. The unit normal of the
line segment EF can be expressed in terms of o by

n=(a,—1)/va>+ 1. (3.9)

The normal derivative of e(x) along the segment EF is

s(x(t)) £ Ve(x(t)) -n = de(x(1)) 8e(x(t))> .

o —
V(X2+] < a)ﬁ 8x2

Accordingly, its derivative with respect to 7 is

92 21 9% 92
—(x(r)) =V +1(b, —ay) ( +2 a ) e(x(1))

2+18x a? +10x,0x; T

2 Va2 + 1(b; — a))ry(x(2)), (3.10)
with
) a  ex() o —103%x(@) a  0%e(x(r)) G
r = - :
: a2+ 1  ox} a?+1 9x19x, a+1  09x3
Further, denote the Laplacian of e(x) by
3%e(x(1)) 82(f(x(t))
r(x(1) £ Ae(x(1)) = 5 (3.12)
0xy 8x2
Then, combining the definitions of r;(x(¢)),i = 1,2,3, in (3.8), (3.11) and (3.12), we obtain
) #2e(x(1)
nE T T P 1 (x(0)
« ol o Pea) || (1)) (3.13)
T+a? 14a2 T 112 dx10x 2 ’ ’
1 0 1 Petx(0) r3(x(1))

2
8x2
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A direct computation shows that the determinant of the coefficient matrix is —1. Thus "ai(’;i’)) , L,j=1,2,

can be uniquely determined by r;, i = 1,2, 3. Actually the solution of (3.13) is

Pex(®)  _
ool z+1 ri(x(t)) + 2+1 ra(x(1)) + z+1 r3(x()),
Pex®)  _ 2-1
3;];)(2 = 2+1 T (x(1) — 2+1
P — @by (x(1)) — 2y (x6(1) + 3 (X (D)).
022 aZy1' ! 2+1 2 2+1 3

Thanks to the fact that the absolute value of all coefficients of r;(x (7)) on the right-hand side are less than
1, we have estimates

9%e(x(1))

3 < In@@)| + @) + |rx@)], r€[0,1], i,j=12. (3.14)
xiaxj

Invoking the interpolation conditions (3.5), we obtain
de de de
e(x(0)) =e(x(1)) =0, —x(0) = (b1 —a))—(@) + (b —a))—(@) =0.
dr 0x dx

Applying the Rolle’s Theorem twice, there exists & € (0, 1) such that (x(E )) = 0, which implies
r1(x(£)) = 0 by (3.7). Thus the Taylor expansion of the function r (x(¢)) att = £ leads to

[ri(x(n)] =

dVl
n@xE) + - ®(@)) — E)‘

) 19 KA 2 0? N o? a° )
—a e
P\1+a20x " 1+a20x0x, 1+ a? 0x,0x2 ‘

o ) 1 a° N 2 0 N o 9P @)
—a — e(x
P 42 020x, | 1+a?ixdxd | 1+a?ox :

- < *d(x(£1)) ) 3*d(x(21)) 3*d(x(1)) 3*d(x(1)) )

- ox 3 axfaxz 8x18x§ ax;

< Ch(]lu, ||c3(T) + ”’22||C3(T))

< Chllulles (), (3.15)

where ¢; is between ¢ and £ and then in (0, 1), and the fact p(x) is a quadratic polynomial and the definition
of the extensions in (2.6) are used.
Moreover, it is clear that by (3.5),

s(x(0)) =

1 de(@)  dea)
o —
A/ o? +1 8XI 8x2

Therefore, there exists n € (0, 1) such that %(x(n)) = 0 by Rolle’s Theorem in the interval [0, 1]. This
gives ry(x(n)) = 0 by (3.10). In addition, r;(x(1)) = 0 due to the interpolation conditions (3.5). In

) =0, s@(1))=Ve®) n=0.
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terms of the expressions of 7, (x(#)) and r3(x(¢)) in (3.11) and (3.12), and the facts that r,(x(n)) = 0 for
some 1 € (0,1) and r3(x(1)) = 0, the Taylor expansion is used for r,(x(#)) and r;(x(¢)) att = n and 1,
respectively. Then just following the same process as that in (3.15), we obtain

)] < Chllullgsgy, @=2.3. (3.16)
Consequently, a combination of (3.14)—(3.16) yields

d%e(x(1))

i < Chlluligsry, ij = 1,2. (3.17)

Now we are ready to estimate e(x) in the element 7'. The interpolation conditions (3.5) imply both e
and Ve vanish at the point E. As a result, using the Taylor expansion of e(x) at the point E leads to

L | o Ped)
e@) = S (A0 D e@Ax + 33 ) ,Z j — @) (% — @) (x — ap),

8x8x8x
J=1 k=1 (=1 99k

where Ax =x —aandé =a+60(x—a) €T, 0 € (0,1). Consequently,

| 2 2 2 83e(E)

< |=(Ax)'D%(a)A n? —

le@)] < | 5 (Ax)"De(@) Ax| + ;;; T
1 (| 8%e(a) 3%e(a) aze(a) ) 2 2| 3%e(®)

< (<Y W+ n —

-2 < 8x% 3x18x2 8x2 ) + ;;; 0x;0x;0x;

< CR |lullgs (3.18)
where (3.17) is implemented. ]

REMARK 3.3 The fact that the constant C in the estimate (3.6) is independent of the ratio « implies that
the estimate holds for interfaces of arbitrary shape.

Although IPd(x) approximates d(x) with the accuracy O(/*) in maximum norm, we shall not use it
to produce u,, directly due to its discontinuity across the element boundary in 7, .. Instead, it is used to
construct another C° interpolation

Ifd(x) € {dy € C(R2) = dyly € PXHT), VT € Ty}, (3.19)
which also approximates d(x), but with better regularity. Let N' = {x;} be the set of all conventional
Lagrange interpolation nodes on the mesh 7, ., see Fig. 5 (left). Since some nodes are associated with at

least two elements, If d(x) is usually multi-valued at certain node x; € A. For example, at the node x; in
Fig. 5 (right), IPd(x) can take different values from six associated triangles. There always holds

|1;?d(xi) —dx;)| < Ch3||”||é3(m>a
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FIG. 5. Lagrange interpolation nodes of Ihc d(x) on 7j, . (left). A diagram for the determination of the approximate node value d;
(right).

no matter which associated triangle of x; the value of IPd(x;) is taken from. Thus, for each node x; € NV,
we only need to pick up a fixed associated element 7; of x; and take / ,? d(x;) in it as an approximate value
of d(x;). Denoting this approximate value by d;, we have

ld(x)) — di] < C*ull¢s g - (3.20)

Define I{d(x) as the classical piecewise quadratical Lagrange interpolation on nodes {x;} in 7.,
satisfying

I}?d(x,‘)zai, Vx,‘GN.

Then I d(x) is implemented to define

I¢ f 2?2
o = : nd®), for x €2, (3.21)

0, otherwise.

REMARK 3.4 In the above, we propose a new approach based on interpolation technique to construct the
ansatz function, which only relies on the location of the interface and jump conditions. Moreover, the
resulted function u,, is a piecewise polynomial, its gradient and Laplacian can be calculated exactly.
However, the ansatz function in Kummer & Oberlack (2013) heavily depend on a signed-distance func-
tion. The construction of signed-distance level set fields appears not that simple for complex interfaces.
Moreover, the accuracy of the HDG method relies on extra high order accuracy of the approximate
signed-distance function due to the fact that a new term involving the Laplacian of the ansatz function
appears in the righthand side of the extended Poisson equation.
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According to Theorem 3.2, we immediately have the following error estimate for IhC d(x).
COROLLARY 3.5 Assume that u € V. Then
max [D (I d(x) — d()| = Ch ™ fuls g1
fork=0,1,2andany T € 7.
Proof. The error can be decomposed into two parts by using triangle inequality as follows:
DIy d(x) — d(x))| < |D"(I;d(x) — [,d(x)| + D 1d(x) — d(x))].
Here 1,d(x) is the classical piecewise quadratical Lagrange interpolation at nodes A in 7;, . satisfying
Ldx) =d(x), VYx;eN.

It is noted that the standard estimate for Lagrange interpolation can be used for estimate of the second
part. We only need to deal with the first term. It is clear that

6
D" (I d(x) — Lid(x))| = < Ch|lulleiq, Y, ID*Nil,

i=1

6
> (d; — dx)D*N;

i=1

with {N;}%_, the quadratic Lagrange interpolation basis functions, where (3.20) is used. The implemen-

tation of the chain rule leads to

9%N, 92N,
VN, = J7' VeV, ( k) =J2( ") . k=1,---.6.
Bx,-axj 2x2 3%',-3%',’ 2%2

where &;,i = 1, 2, are barycentric coordinates in the reference triangle and

iy
0§ 0§

Q]I = (8 - 9
oxp  dn
05 05

is the Jacobian matrix. Thanks to the uniform triangulation, J = Al with I the identity matrix. This
completes the proof. U

Recalling the definitions of u, and u,,, in (2.7) and (3.21), we obtain the following approximation
result from the above.

LEMMA 3.6 Under the conditions in Theorem 3.2, we have that for any 7' € 7,,,

max_|D*u,(x) — D*ugy(x)| < C *|lulles g, k=0, 1, 2, (3.22)

xeTﬂ.Qg

where C is a positive constant independent of %, u and the shape of the interface.



460 H. DONG ET AL.

In the end of this section, we outline some basic ideas on how to construct similar ansatz functions in
solving three dimensional interface problems, and highlight the underlying difficulties. Jump conditions
like (3.5) can also be derived for 3D problem, see Li & Ito (2006, Chapter 4). Note that in 3D case, the
interface may cut the edges of a tetrahedral element at three or four points, which must be treated differently
in the construction of the ansatz function u,,. Although we can use similar polynomial interpolation
techniques to construct u,y, it is challenging yet to choose appropriate interpolation conditions (from
the jump conditions) so that u,; always offers a stable approximation of u,, regardless of the shape and
position of the interface. Once u,, and an estimate similar to Theorem 3.2 are available, the HDG method
and the analysis of the whole algorithm can be extended to 3D case straightforwardly.

In principle, one can construct u, , to be a higher order approximation of u, by using more interpolation
conditions, and then increase the polynomial degree in HDG discretization to devise a high-order unfitted
method. Interestingly, Guzman et al. (2015) introduced some other techniques for constructing higher-
order interpolation of the singular part of the discontinuous solution.

4. Error analysis

In our unfitted mesh method, the HDG solver is actually used to solve the approximate interface problem
(2.12). Therefore, the well-posedness of it and the estimate of the error u, — u,, play a crucial role in the
analysis.

We introduce the standard broken Sobolev space

H'(T) :={u: uel*(2), uly e H(T), VT € T,},

with the norm

lellarezy =D lullar e,

TeTy,

and

Xt=L(2)NH (2, U Q) NH (2)\27), X x=L(R2)NH ($2)) NH (22) NH'(£2)\822),

ruff
equipped with norms
Wlixs, = Wllareyuen + IVlar@pezs Wik = Wlare) + Mz + e

The first result is on the regularity of the solution of (2.12), and the error estimate between the solutions
of the intermediate problem (2.10) and the extended problem (2.12).

THEOREM 4.1 Assume that f € L*(£2), g € H'(9£2) and u € V. Then the approximate problem (2.12)
has a unique solution u,;, € X;J ? satisfying the a priori estimate:

||up,h||X3~/2 = C(Hf”LZ(Q) + ||g||Hl(8.Q) + ||M||C3(:2C))- 4.1
r
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Moreover, we have the error estimate

llup — tppllxr = CR " ulleagg,y r=1.3/2, (4.2)
where the positive constant C only depends on the area of £2. and the length of r.

Proof. The construction of u, and u,; shows that u, € C 3(£22) and u,, € C°($22). Thus, [u, — ua] 5 €
H'(I'), and

/272
It = el 7y < C(NVUa = Vitaslll2 + Mta = wanlll2) < CIC12 Rl e3 g, (43)
by using the maximum norm estimate (3.22). According to the definition of «,, we can derive
~ 21172
ualllzn 7 < Clluall a2y + Nl gs202)) < CIR22Y lulles g, 4.4

by using the trace theorem and the estimate (2.6). It is worthwhile to point out that as shown in Ding
(1996), the constant in the trace theorem of Sobolev spaces on Lipschitz domains only depends on the
Lipschitz constant of the boundary and the dimension of the space. Note that here the Lipschitz constant
of I is independent of 4, so the constant C in (4.4) is independent of 4 as well.

Applying the triangular inequality to (4.3) leads to

152 21172 /2
el 7y < Mualllzn 7 + CIC IR ulles ., < CURZN? + 111 ull 3 g, -
This estimate also implies that
2(1/2 /2
I[Vttan - m]ll 27 < CURZ'? + 101 ull s o, -

Then the existence and uniqueness of the solution and the regularity result (4.1) can be derived
straightforwardly from Theorem 2.1.

Now, we turn to the error estimate (4.2). Subtracting the problem (2.12) from the (2.10), we obtain
the following interface problem

—A|Q\F(“p —Upp) = A|Q\(ruF>(ua —Ugp), in £2,

[y — upn] g = —[tta — tan] 5 on Ij, “s)
V@, —u,p) -0z = —[V(u, — tay,) - 0], on I,
u, — uy, =0, on 9%2.
Recovering the original interface I, the interface problem (4.5) is equivalent to
—Alo\ruf Uy — tpp — Ugp + Utg) =0, in £,
lup — vpp — ap + o] p = [tta — Uan] on I,
IV — upp — gy + ttg) 0] = [V(y — ttyp) -0, on I,
[up — tpp — tap + us] 5 =0, on I, (4.6)
IV, =ty — g + uy) -] 5 =0, on T,
Uy — Upjy — Uy + g =0, on 052,
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with two interface I" and I. Since U, — g, € H'(I"), we use Theorem 2.1 again to derive
”up —Upp — Ugp + ua”XI’:UF = ” [[ua - ua,h]]]‘”Hr*I/z(F) + ”[[V(ua - ua,h) . nﬂp”]{"*—*ﬂ([‘), 0 <r=< 3/2

Especially, together with estimates (3.22) , we give more specific estimations for r = 1, 3 /2, respectively.
Note that

(B, V) F AN 2 IvIl2em
l¢lg-12 = sup ——— < — DD
ver 2oy Wz~ vemrzgne IVIa2 @
CIT 1211l oo 2, IVl 2 ~
@) IVIlE2 ) 2
S : S C”1j|/ ”¢”Lw(9%’
veHV/2(F)\{0} ”V”HI/Z(F) g

2 .
holds for any ¢ € L*°(£2;), so we can derive
”up - up,h”xL = ”ua - ua,h”XL + ”[[ua - ua,h]]]‘”Hl/z(F) + ” [[V(ua - ua,h) ' n]][‘”H*l/Z(F)
rur rur

= (12212 +1F12) 30 max Juy — sl + max |V, — )]

T, xeTNR2 xeTnR2
211/2 ~1/2\1,2
< C(12"* + 101 Rl e g,

where the triangular inequality, error estimate (3.22) and the fact supp(u, — u,,;,) = §2 were used. Since
Uy, Uy € XIF, we obtain

2(1/2 i1/2\ 2
ity = tpallt, < ity = wpallys, < COR2" + P12 s, “.7)
Furthermore, using the interpolation inequality and error estimate (3.22) leads to

”up - Mp,h”)(z/z < lua — Ma,h||X3~/2 + [[ua - ua,h]]r”Hl([‘) + |l [[v(ua - ua,h) : n]]['”Lz(F)

rur rur
1/2 1/2
< Clltta = ttanll Y Nita = ttanll 5 A Wta = tan] gt oy 1TV = ) - 1] D21
rur rur

< C(1221" + 1)  ulles g

Since u, € X%, u,, € X;?, then u, — u,, € X/* and
Ity = ttpall e <ty = tall e < CLIY 11202 s . 4.8)
This ends the proof. U
Another important part of the theoretical analysis is the error analysis of the HDG formulation (2.18).
We follow the technique in Cockburn et al. (2010). The analysis relies on the projection IT, on u,; and

its gradient g, ,,, defined by

I, : L*(2) x L*(2) > V) x M, (g, ) = (I1,q,,,. Tyuy,,),
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where for any 7' € 7, and all edges/faces F of T, the functions I1,q,, and I1u, ) satisfy

(IT,g,, V)7 = @y 4o V)15 Ve [P(D], (4.92)
(nwup,h’w)T = (up,h’ W)T, v w e PO(T)s (49b)
<qup,h -n— tnwup,h’ M)F = (qp,h ‘n— rup,}n u)F’ v w e 731 (F) (49C)

According to the regularity result in Theorem 4.1, we know that u,,,q,, € dom([T,). However, the

regularity conclusion u,;, € X;f ? is not enough to ensure a second-order convergence rate for this pro-
jection. We need to use another important fact that u,, is an O(h*) approximation of u, € H*(7;). By
introducing the intermediate function u, in the error analysis, we prove a second-order convergence rate
for the projection 11,(q,, ., u, ) as stated in the following theorem.

THEOREM 4.2 If 7 in (2.16) is non-negative and u € V, then the system (4.9) is uniquely solvable for
I,q,, and I1yu, . Furthermore, there is a positive constant C only depending on the maximum of 7, the

area of 2, and the length of r , such that

1
2
|ty =yl < Cmax {1 — L2 (s g, + Nl ) (4.10a)

||qup,h - qp,h”LZ(Th) < Cmax {19 Tmax}hz(”’l”@(m) + ||u||H3(771\771,c))’ (4.10b)
where T™ ;= max 7|y,
With the aid of the projection I7,, we can derive the error estimate for the HDG formulation (2.18).

THEOREM 4.3 Let (q;;,h’ u'

;,h’ ﬁz,h) solve the system (2.18), and let the solution Gpis Uph be in the domain
of IT;,. Then

j
||Hv‘1p,h - q;,h”LZ(Th) = ||qup,h — 4y ”LZ(T,,)’
h
(Tyup, — up,h||L2(Th) = ChHHqu,h - qp,h||L2(Th)' (4.11)
To avoid distraction from the main result, we postpone the proofs of the above two theorems to the

Appendix A and B, respectively.
Let us introduce u;, = ”];,h ~+ u,;, and q;, = q’;’h + Vu,;. Then the main result is stated as follows.

THEOREM 4.4 Let u € V such that (g, u) be the solution of (1.1), and let (q]’;’h, ulh,,h) be the solution of
(2.18). Then the following error estimate holds:

2
llu — Mh“LZ(Th) <Ch (”””63(90) + ||u||H3('271\77"C))3 (4.12a)

llg — qh”Lz(’Th) = Ch2(||“||é3(:zc) + ||u||H3(’Z';l\'Z7M.))’ (4.12b)

where the positive constant C only depends on 7, the area of §2, and the length of r.
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Proof. Firstly, the triangle inequality gives
h
llw — uh”L2(Th) < llu, — up,h||L2(Th) + llupsn — up,h”LZ(Th) + llua — ua,h”Lz(Th)a (4.13)

where the facts u = u, + u, and u;, = “,’:,h + u,,;, were used. Then, it follows from Theorems 4.2 and 4.3
that
h h
Nty = s 2z < C(lpnr — Mt ll 202y + 1 ity — 1112

= Chz(”“”é»?(m) + ||M||H3(T,I\T,M.))-
Moreover, by using the following fact

1 1.3
llua — ua,h“Lz(Th) < Cl|$2.|> 1;2?-27( lttg — ua,h| = C|~Q¢|2h ||u||é3(ﬂc),
c

and Theorem 4.1, we can obtain the estimate (4.12a). The result (4.12b) can be proved in a similar
fashion. O

REMARK 4.5 The algorithm and analysis are for the Poisson interface problem (1.1). To solve a general
elliptic interface problem with discontinuous coefficients, one can use the iterative procedure in Kummer
& Oberlack (2013), and resort to the above proposed algorithm to solve a similar type of problem at each
iteration. Another more effective approach is to construct the ansatz function u,, in a similar fashion, but
the resulted u,, will depend on the unknown function u,, (see Hou et al. (2013) for some basic ideas).
Accordingly, we need to come up with a stable algorithm to solve them simultaneously. In a nutshell, the
main techniques introduced in this article pave the way for solving and analyzing more general interface
problems.

5. Numerical results

In this section, we present some numerical examples with general curved interfaces to demonstrate the
accuracy and robustness of our approach. In all examples, the computational domain is 2 = [—1, 1] x
[—1, 1] and divided uniformly by triangular mesh 7, with i, = h, = 5.

5.1 Circular interface

We first give two examples with the same circular interface I” given by v/x7 + x5 = 0.5, but with different
jump conditions.

ExamPpLE 5.1 Choose f such that the exact solution is

_ sin(xy)sin(wxy) + 1,  (x1,x2) € §24,
- sin(7rx;)sin(wx,), (x1,Xx2) € §2;.

Accordingly, the jump conditions across the interface are

[u] =1, [Vu-n]=0, on I.
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TABLE 1 L?-error and order of convergence for , q, and u} (Example 5.1)

k Mesh lu — upll 7, Order lg — q,ll, Order  |lu —u;ll4, Order

1 8 x 8 9.2055e—-2 — 3.1281e—1 — 2.3124e—-2 —
16 x 16 2.8092e—2  1.774  9.2055e—2  1.765  3.4159e-3  2.759
32 x32 7.6896e—3  1.870  2.5108e—2  1.874  4.6538e—4  2.876
64 x 64 2.0177e=3 1930 6.5693e—3 1934  6.0799%¢—-5 2.936
128 x 128  5.1716e—4 1964 1.6811le—-3 1966  7.7723e—6  2.968

2 8x38 6.5609¢—3 — 2.1953e—2 — 9.3507e—4 —
16 x 16 9.2047e—4  2.833  3.0354e—3  2.855 5.9630e—5 3.971
32 x 32 1.2212e—4 2914  4.0025e—4  2.923  3.7516e—6  3.990
64 x 64 1.5735e—5 2956  5.1429e—5 2960  2.3509e—7  3.996
128 x 128  1.9971le—6 2978  6.5193e—6 2980 1.4711e—8  3.998

3 8 x38 3.3237e—4 — 1.1061e—3 — 6.7615e—5 —
16 x 16 2.2629e—5  3.877  7.4572e-5 3.891 2.1463e—6  4.977
32 x32 1.4770e—6  3.938  4.8464e—6  3.944  6.7372e—8  4.994
64 x 64 9.4349e—8  3.969  3.0898e—7 3971  2.4222e—9  4.798

Note that u,(x) = u(x) — u;(x) = —1. Therefore, u,, is exactly equal to u,. Under this circumstance,
we have u,;, = u,. Thus, optimal convergence rate can be obtained for both u;, and g, in L?-norm, see
Table 1 fork = 1,2, 3.
According to Stenberg (1989) and Huynh er al. (2013), if the function u, is sufficiently smooth in
any element 7' € 7, the accuracy of the numerical solution will be improved by using a local post-
hx

processing. On every element T € 7,,, we define a new approximate solution u,, € P*(T) such that it
satisfies

(Vs Yw)r = (g, Vw)r,  Yw e PHNT),
W Dr = (. Dy (5.1)

Since the construction of uﬁ’z is done elementwise, therefore it is very efficient. The new approximation
uy = uﬁjl + u, , has superconvergence of order k + 2, see Table 1. The numerical solution u;, on 32 x 32
mesh with k = 1 is depicted in Fig. 6 (left). We need to point out that finer mesh is used in all plots
presented in this section for a better resolution of the interface.

EXAMPLE 5.2 In this example, the jumps [u] in the solution, [Vu - n] in the flux and [f] in the source
term are computed from the following exact solution:

) sin(xr 4 x2) + cos(xy + x2),  (x1,x%2) € £24,
—(t ), (x1,%2) € 2.
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FIG. 6. The numerical solution u, of the circular interface.

TABLE 2 L2-error and order of convergence for w, and q,, (Examples 5.2-5.6)

Example Mesh |l — upllo Order llg —q,llo Order
8x8 1.0674e—2 — 2.4986e—2 —

16 x 16 2.6670e—3  2.001  6.4708e—3 1.949

5.2 32 x 32 6.7042¢—4  1.992  1.6548e—3 1.967

64 x 64 1.6832e—4  1.994  4.1888e—4  1.982
128 x 128  4.2180e—5 1.997 1.054le—4 1991

16 x 16 4.8309e—3 — 2.4484e—2 —
53 32 x32 1.1520e—3  2.068  6.0670e—3  2.013
64 x 64 2.8090e—4  2.036  1.5074e—3  2.009
128 x 128  6.9345e—5  2.018  3.7566e—4  2.005

32 x32 2.6760e—3 — 2.1770e—2 —
54 64 x 64 6.6576e—3  2.007 5.6110e—3  1.956
128 x 128  1.6642e—4  2.000  1.4253e—3  1.977
8 x 8 1.3909e—2 — 1.0934e—1 —
16 x 16 2.7914e—3 2317  2.693%9e—2  2.021
5.5 32 x32 6.1992e—4  2.171  6.6936e—3  2.009

64 x 64 1.4619e—4  2.084  1.6663e—3  2.006
128 x 128  3.6205e—5  2.014  4.1538e—4  2.004

32 x32 6.1768e—4 — 6.9771e—3 —
5.6 64 x 64 1.5144e—4  2.028 1.7877e—3  1.965
128 x 128 3.7671le—5  2.007  4.5215¢e—4  1.983

This problem has jumps on both u and flux Vu - n. We only use HDG solver with linear polynomial basis
because u,,, has a low regularity. The L?-errors and their corresponding convergence rate are tabulated in
Table 2. A second convergence rate is achieved for both u;, and ¢,,. The numerical solution u,, on 32 x 32
mesh is depicted in Fig. 6 (right).
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FiG. 7. The numerical solution u;, of the elliptic interface (left) and the star shaped interface (right), respectively.

5.2 Interface of complicated shape

In this section, we present some examples with complicated interfaces. The jump in the solution as well
as the jump in the flux is nonzero, which can be obtained from the expression of the exact solution by a
simple calculation.

X2 X2 .
ExamPpLE 5.3 The interface I” is now defined by ﬁ + 06% = 1. Choose f such that the exact solution

I3 42, (x,x) € 24,

e*l cosx,, (x1,x2) € §25.

The L?-errors and their corresponding convergence rate are listed in Table 2. Figure 7 (left) shows the
numerical solution u;, on 32 x 32 mesh.

ExaMPLE 5.4 The interface is the star-shaped line which is defined by
r=0.7+0.2 sin(50), 6 € [0,2x),

where r = \/x} + x3. Suppose that the exact solution is

_ et (r1,1) € 21,
N o +x3)? = 0.11n (2y/x] +x3), (x1.%) € 2,

The L2-errors and their corresponding convergence rates are presented in Table 2. We depict the numerical
solution u;, on 32 x 32 mesh in Fig. 7 (right).

ExaMPLE 5.5 In this example, we consider the Kidney-line interface which is determined by

(1.5((x1 4 0.5)> +22) — 0.5(x1 +0.5))" = 1.2((v1 + 0.5 4+ x2) +0.14 = 0.
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FiG. 8. The numerical solution u;, of the kidney-line interface (/eff) and butterfly-line interface (right), respectively.

The exact solution is

sin(2x} +x3 +2) +x1,  (x,x) € 24,

0.1cos(1 — x? — x3), X1, %) € §25.

u =

The corresponding L?-errors and convergence rate in Table 2 shows that a second-order convergence rate
is obtained for both u;, and ¢g,,. The numerical solution u;, on 32 x 32 mesh is depicted in Fig. 8 (left).

EXAMPLE 5.6 In the last example, we consider a butterfly-line interface governed by 6.25x3 — 12.25x7 +
18.7578x} — 0.5147 = 0. The exact solution is

2_2
e_xl_x29 (x1,x2) € ‘Qb
0, (x1,%2) € §2,.

u =

The L?-errors and their corresponding convergence rates are presented in Table 2. In Fig. 8 (right), we
depict the numerical solution u;, on 32 x 32 mesh.

In Table 2, the beginning meshes with different mesh size are just to meet the mesh assumptions
(Hy), (H,) given in Subsection 2.2. All the numerical results validate that our unfitted mesh method
possesses a second-order accuracy for both the solution and its gradient for Poisson interface problems
of complicate shape.

6. Conclusions

In this article, we presented an unfitted mesh method for solving Poisson interface problems. A new
piecewise polynomial ansatz function was constructed to approximate the singular part of the solution.
By using this ansatz function, we derived an extended interface problem with interface fitted with a
quasi-uniform triangular mesh. Then, an HDG method was used to solve it. At the end, we proved that
this method had second-order convergence rate not only for the potential u, but also for flux ¢. To our
best knowledge, the second-order estimate for gradient is the first work concerning the unfitted mesh
methods. At present, our method can only handle the jump condition of the form [[g—:]] However, in many
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applications what we have is the jump condition of the form [f g—‘,:]] Fortunately, the main techniques
proposed in this article can also be used to develop unfitted mesh method for that general case. We leave
this as a future work.
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Appendix A. Proof of Theorem 4.2

Some techniques for the proof below are similar to those in Cockburn ef al. (2010), but we feel it is
necessary to provide some details with an emphasis on some different aspects. The proof relies on a
projection B! introduced and studied in Cockburn & Dong (2007). Let F be a face of T and F* be a face
at which 7|y attains its maximum. For any function o € L*(T) and o |z € L*(F) in the domain of IT,,
the restriction of Bf to T is defined to be the unique element of P*(T) satisfying

B'o.v)r =(@,mr, Ve [P'D], (A.la)
(B¥o -n,)p = (0 -n, 1), Y pePEF). (A.1b)

for all faces F of T different from F*.

Proof. Here, we mainly focus on the interface triangle T € 7., and the estimates on noninterface
elements can be derived in a similar fashion. Note that

1 1
”nwup,h - up,h”LZ(T) S ”kup,h - I[Dhup,h”LZ(T) + ”Phup,h - up,h||L2(T)’
where Plu,, is the L>-projection of u,, into P, (T). For the second term, we have
h**ps proj P>
1 1 1
1P, w0 — Mp,h”LZ(T) < 1P, (upp — Mp)”LZ(T) + [|Pu, — up”LZ(T) + llu, — “p,h”LZ(T)
2
< 2lupp — upll 2y + Ch lupll 2 7y-

Summing up over all interface elements, we obtain

1 2 2

”Phup,h - up,h||L2(7',“.) = 2“up,h - Mp”Lz(Th’c) + Ch ||up||H2(Th,C) <Ch ||“||63(:zc)a (A.2)

by using the error estimate (4.2).
Next, we come to deal with the first term. The definition of [T, implies that

M,y — Pou,y € PUT) = {w e P(T): w,0)r =0, Vi € PU(D}.
Define

bu,,,h (w) = (r(]"[wu,,,h — ]P’},u,,,/,), w) Vwe Pi(T).

T’

Moreover, we have the following estimate (see Lemma A.1 in Cockburn et al. (2010))

h
1
[ Twitpn — Ppitppll 2y < Cmax 10w, 2, (A.3)
T
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with 7" = max © | o7 NOW we come to estimate ||bup’h ll.2¢r)- By (4.9¢), we obtain

bupyh (W) = (vup,h - HVVM]?,]H W)BT + (T (Mp,h - Plllup,h)’ W)aT'

Since w € P1(T), we have
(Vu, = 1,Vu,) -n,w), . = (V- (Vu, — [1,Vu,),w),. + (Vu, — I1,Vu,, Vw)y
= (V- (Vu, — I1,Vu,),w), = (V - Vu,, w)r
= (Au, — P) Au,, w)r,
and
(I1,Vu, — 1,V u,)) -now), . = (V- I1,Vu, — I,Vu,,),w), + (Iy(Vu, — Vi), Vw)
= (I (Vu, — Vi), VW), = (Vity — Vi, Vw)r.

T

Consequently,

((Vup — I,V upp) - now), . = (Vi — Vi) -n,w), .+ ((Vu, — I1,Vuy,) -n,w),,

+ (UL Vu, — I1,Vu,p) - n,w)r

= ((Vupp — Vu,) - n,w)yr + (Au, — Pgﬂup,w)r
+ (Vu, — Vu,,, Vw)r

< Ch71/2||vup,h = Vipll2on Wl 2y + Chllupll s oy Wil 27
+ Ch IV (= o) |2 Wl 2 -

Further, by virtue of a trace inequality and the approximation of L?-projection, we have
”P}l,up,h - Mp,h”LZ(aT) = ||]P)},Mp,h - P},””LZ(BT) + ||P;I,Mp - up||L2(BT) + llu, — Mp,h“LZ(aT)
=< 2||M]7,h - ”p||L2(aT) + ”]P;l,up - ”p”ﬂ(ar),

—1/2 1 1
=< 2||uph - up”Lz(aT) +h / (”]P)hup - up||L2(T) + h”P)hup - up|1-11(T))

< 20ty — ol 25m + CH Nty ll ey
Thus
(T(Mp,h — P;I,Mp,h),w)” = CT}““HP;],Llp,h — tpallizonIWl2er
=< Ct}m"(h_l/zllup,h - up”LZ(aT) + h||up||H2(T))||W”L2(T)-
We derive from (A.4) and (A.6) that

~1/2
1bupll2ry < Cmax(1, T7* (h / IVupn — Vupll 27y + hllupll g r

—1 —-1/2
+h ”V(Mp - up,h)”Lz(T) +h" ||“p,h - “p”LZ(T) + h||up||H2(T))

(A4)

(A.5)

(A.6)

(A7)
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Summing up (A.3) over all interface elements leads to

1
1 —1/2
1wty — Pyt ll 2, < € max <1, ‘L’T) h(h™" (| Vu,, — wpuXIF/Z + hlluyll 3z,

+h! IV (u, — up,h)”Lz(’ThAc) + hil/z”“p,h - up||XL/2 + h”up”Hz(Th.C))
: F
1 2
< C max l,m h ||M||6~3(QC), (AS)

where T™ = max t |8Th . It follows from (A.2) and (A.8) that

1
| ITyuy,), — P;l,”p,h”LZ(Th’c) < Cmax (1, m) h2||u||@3(m). (A.9)

Now we begin to deal with the error estimate ||I1,q,, — ¢q,,,[. A basis for R" is furnished by the
set of unit normals ny for the n faces F' # F* of K. Letting {n; : F # F*} denote its dual basis, i.e.,
Rp-Np = Sppr, WE can write Ilg,,—q,,= ZF#F* (,q,,—q,, -np)ng. Hence, it is enough to estimate
all components (I1,q,, — ¢q,,) - nr. Since we have

||(qup,h - qp,h) '”F”LZ(T) =< ||(qup,h - B\llqp,h)”LZ(T) + ||B‘]qu,h - qp,h”L?(T)-

For the second term, the triangular equality gives

||B‘I7qp,h - ‘Ip,h”LZ(T) = ”B\l/(vup,h - vMp)“LZ(T) + ||Blvup - Vup”LZ(T) + ||Vl4p - V”p,h||L2(T)'
Further, by the approximation properties of B'f, established in Cockburn & Dong (2007), we obtain

||Bivup - vMp||L2(T) = Ch2|vup|H2(T),
and
“B‘l,(vup - VMp,h)”Lz(T) = C(”VM,, - VMp,h”LZ(T) + hl/z”(vup - VMp,h)”Lz(i)T))'

Therefore, the summation over all interface element leads to

1 2
1B:q,, — qp,h”Lz(Th,C) < ClIVupy — V”P”LZ(T;,,C) + Ch |V"‘P|H2(Th,c)
2
+ Ch'(|Vu, = Vil 20,
< Ch*||ull¢3(go,)- (A.10)

Let O :=11.q,, — Biqp’h. We conclude that @ is in P} (T) from (4.92) and (A.1a). Subtracting (A.1b)
from (4.9¢), we obtain

(O, mwor = (TUTyttyy, — Upp), Wor, Y € PUF), VF #F*
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From Lemmas A.1 and A.2 in Cockburn ef al. (2010), we derive
1OFll 2y < RIDI2(7), (A.11)
where b(w) 1= (T (I1yu,; — Uy p), W)yr With w = y;l(u) and the trace map
Vi : ’Pi(T) —> PYF), defined by yr(w) = pu.
It only remains to estimate [|b||;2.;,. We have

~172
bw)| < Ct7™h / Ty p — il 20y W 207
axr —1 1 ax g —1/2 1l
= Cf}ndxh ”kup,h - Phup,h”Lz(T)||W||L2(T) + CTdexh / ”Phup,h - up,h||L2(8T)||W”L2(T)
~1 1
< Ctp™h™ | ITyu,, — Py nll 2 Wl 2

—~1/2 3/2
+ Cf;mxh Y (”Mp,h - up”LZ(aT) + nY ||“p||H2(T))||W||L2(T)~
Summing up (A.11) over all interface interment, yields

—1/2
”@F”Lz(j’hyc) = CTmaxh(h / . — ’/‘p”LZ(aThI) + h||”p||H2(T,,‘(>

+hn! ||]P’},u,,ﬁ — kup,hHLz(Th’C)) < Cmax(l, tm"‘x)h2||u||53(gc). (A.12)
Therefore, a combination of (A.10) and (A.12) leads to
I(Byg,, — 114,1) - nrll2cr,,y < € max(1, TR |ulles g,

which completes the proof. 0

Appendix B. Proof of Theorem 4.3

Its proof is very similar to that of Theorems 3.1 and 4.1 in Cockburn et al. (2010) with the aid of a
consistency result stated in Proposition B.1 below. Note that u,,, is double valued on I", the value of u,
restricted on the mesh skeleton &, taken as

o Mp,h(x), F S gh\Fs
ph = lin(l)up,h(x—en), Fel,

with n the unit normal on I° pointing from £22 to £2\£22. From the jump conditions in (2.12), we obtain

l/tp,h =

iy — [uan]r ifOTNT #Pand T € 2)\22,
Uy, otherwise.

Also, we need the L?-orthogonal projection

(T (Pasity — pa)s tthom, = 0. ¥ o€ M, (B.1)
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ie.,
(T(Pyltyp — tpp)s )o, = (T[Uan] i )i, Yo e M, (B.2)
ProprosITION B.1 Let
szp’h =Iq,, - qﬁ’h, e = yu,, — uf;,h, szp’h = Pty — ﬁ;,h'
Then we have
& M)z + €V Vg, — (6 mag, = (g, — G, ) 70 (B.3a)
&, VYw)z, — (&4 n,w)yz, =0, (B.3b)
(& Wag = 0, (B.3¢)
(&h-n, )yzpee =0, (B.3d)

forallv € V!, w e W/, and u € M, where

A ap.h Up,h itp,p
én-n:=¢" -n—1("" —¢g), on 37T;\342.

Proof. Note that the exact solution g, and u,,, satisfies

(qp,h7v)Th + (up,lu V. V)’Th - (up,h’v . ")377, - 09 (B4a)
(qp,h’ VW)Th - (qp,h ‘n, W)dTh = (f’ W)Th + (Al'f\l—'ua,h’ W)Th,(.’ (B4b)

forall v € V! and w € W,. By the definition of IT), and Py, we derive from (B.4) that

(I1,q, V)7, + (ITttp 1, V - )3, — (Pyltp, v - )51,
= (I1,q,, — 41 V)7, — ([Uan],v - 1), (B.5a)
(qup,h’ Vw) g, — (qup,h ‘n—t(Ilyuy), — PMitp,h)7W>8’T;l
= (f,w)g, + (Alnritap, Wiz, — (tluas], w)r,  (B.5b)
forallv € V}: and w € W,} Subtracting (B.5a) and (B.5b) from the two equations (2.18a) and (2.18b),
respectively, we obtain (B.3a) and (B.3b).

The equation (B.3c) follows directly from the boundary condition. To prove equation (B.3d), we
proceed as follows:

N h h - ~h
(1L, & 'n)a”r,,\a.(z = ((qup,h - ‘I,,,;,) -n— T(kup,h — Uy — PMMp,h + H,,J,), M)aT,,\BQ

= (@) — ghp) -1 — Ty — i), — Pyl + 0, (W)azp02
= <qp,/1 ‘R, L)aTnee — (lI,h,,h ‘n— T(M,h,,h - A;ih), Wz + (t[uan], )7

= (g, 1. Wazae — @) - 1 Wazpee + (T [tan]. 1) - (B.6)
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where we have used the definition of 17, and (B.2). Substituting equations
(q,,,h B, WaTee = —([Vuan - n], 1) 7,
and
@Z “n, e = —([Viay - 0], 1) q + (tluan], 1) 7,
into (B.6), we obtain
(& SR, (W aTnee = 0.
It ends the proof. U

With this proposition, the remaining proof of Theorem 4.3 is exactly the same as in Cockburn et al.
(2010).



