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Abstract

In this paper, we present an efficient spectral-element method (SEM) for solving general two-dimensional Helmholtz equations
in anisotropic media, with particular applications in accurate simulation of polygonal invisibility cloaks, concentrators and circular
rotators arisen from the field of transformation electromagnetics (TE). In practice, we adopt a transparent boundary condition
(TBC) characterised by the Dirichlet-to-Neumann (DtN) map to reduce wave propagation in an unbounded domain to a bounded
domain. We then introduce a semi-analytic technique to integrate the global TBC with local curvilinear elements seamlessly,
which is accomplished by using a novel elemental mapping and analytic formulas for evaluating global Fourier coefficients on
spectral-element grids exactly.

From the perspective of TE, an invisibility cloak is devised by a singular coordinate transformation of Maxwell’s equations that
leads to anisotropic materials coating the cloaked region to render any object inside invisible to observers outside. An important
issue resides in the imposition of appropriate conditions at the outer boundary of the cloaked region, i.e., cloaking boundary
conditions (CBCs), in order to achieve perfect invisibility. Following the spirit of Yang and Wang (2015), we propose new CBCs for
polygonal invisibility cloaks from the essential “pole” conditions related to singular transformations. This allows for the decoupling
of the governing equations of inside and outside the cloaked regions. With this efficient spectral-element solver at our disposal, we
can study the interesting phenomena when some defects and lossy or dispersive media are placed in the cloaking layer of an ideal
polygonal cloak.
© 2015 Elsevier B.V. All rights reserved.

Keywords: Dirichlet-to-Neumann (DtN) boundary condition; Helmholtz equation in anisotropic media; Invisibility cloaks; Singular coordinate
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1. Introduction and problem statement

Accurate simulation of wave propagations in inhomogeneous and anisotropic media plays an exceedingly important
part in a wide range of applications related to the exploration and design of novel materials that enjoy unusual
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Fig. 1.1. Illustration of geometry.

and remarkable properties in steering waves. In many situations involving time-harmonic wave propagations, the
development of high-order methods (i.e., spectral and spectral-element solvers) for the Helmholtz equation and time-
harmonic Maxwell equations, is of fundamental importance.

We are concerned with the two-dimensional Helmholtz equation governing time-harmonic wave propagation in
anisotropic media:

V- (Cr) Vu@®) + Knmu@) = fr), r=x=(x,y) eR? (1.1)
where k > 0 is the wave number in free space. In general, we make the following assumptions.
(i) C is a symmetric positive definite matrix in R2*2, and for some positive constants cg, 1,
O<cy<&CE&E<c), VEeR? ae inR% 1.2)
(ii) The coefficient
0<n<n;, aeinR%. (1.3)

(iii) The inhomogeneity of the medium is confined in a bounded domain {2_ with Lipschitz boundary, and f is
compactly supported in disk Bg of radius R > 0 (see Fig. 1.1):

C=1I, n=1 in]Rz\(_L; supp(f) C Bg, (1.4)
where I, is the 2 x 2 identity matrix. In what follows, we are interested in the case where {2_ is a penetrable
scatterer.

We impose the well-known Sommerfeld radiation boundary condition upon the scattering wave: usc := u — uiy

(where uj, is a given incident wave):
Ortse — ikuse = 0(r~ %) asr — oo, (1.5)

where i = /—1 is the complex unit.

The challenges of the above problem are at least threefold: (i) unboundedness of the computational domain;
(i) indefiniteness of the variational formulation; and (iii) highly oscillatory solution decaying slowly when k& > 1. In
addition, the coefficients C(r) and n(r) might be singular at some interior interface in {2_ (see Section 3).

The methods of choice to deal with the first issue typically include the perfectly matched layer (PML) technique [1],
boundary integral method [2,3], and the artificial boundary condition [4-7]. The latter is known as the absorbing
boundary condition (ABC), if it leads to a well-posed initial-boundary value problem (IBVP) and some “energy” can
be absorbed at the boundary. In particular, if the solution of the reduced problem coincides with that of the original
problem, then the related ABC is dubbed as a transparent (or nonreflecting) boundary condition (TBC) (or NRBC). In
this paper, we adopt the exact TBC (see [7] and Fig. 1.1):

Ortse — TRlusc] =0 at I, (1.6)
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where the DtN map I is defined as

oo
Tyl =Y Tume™, with (1.7)
|m|=0
. 1 [ . kH (kR
,(pm —_ w(R,G)e_lmedG, T — # (18)
27 Jo HY(kR)

Here, H,,(11)(z) is the Hankel function of the first kind (cf. [8]). This yields the exact boundary condition for the total
field:

opu — TR(u] = d,uin — Irluin] :=h at Iy. (1.9)
We find it is advantageous to impose DtN TBC for the following reasons.

(i) The original problem in R? reduces to an equivalent boundary value problem (BVP) in Bg. One can place Ik as
close as possible to {2_, as long as the inhomogeneity of the media and support of the source term are confined in
Bg.

(ii) It is essential for accurate and stable simulations especially when the wavenumber is large.

However, the TBC (1.9) is global in space, that is, evaluating Jg[u](x) at any point xg € I requires to compute
the global Fourier integral along the circle Iz. This poses challenges in solving the reduced Helmholtz problem by a
local element-based method.

(1) The spectral-element solution (using curvilinear elements along I'g) is piecewise continuous (i.e., only in C%(Ir)),
and defined on spectral-element grids, so the interplay between Fourier points and spectral-element grids via
interpolation and fast Fourier transform (FFT) only leads to a first-order convergence.

(i1) One can evaluate the Fourier integral by a composite rule with a decomposition coherent to the spectral-element
partition, but due to the elemental mapping between the curvilinear element and reference square, a numerical
quadrature is usually necessary, which is prohibitive as the integrands are highly oscillatory for high Fourier
modes (see (2.28)).

One main purpose of this paper is to seamlessly integrate the global DtN BC with local spectral elements. The
key idea is to construct a new elemental mapping between the curvilinear elements along Iz and the reference square
(see Fig. 2.1), which leads to exact evaluation of the Fourier integrals. It is noteworthy that Fournier [9] proposed
a method for calculating global Fourier coefficients for given nodal values on non-conforming spectral elements,
where a similar semi-analytic approach was essential for the success of the method therein. We also remark that the
recent work [10] addressed the integration of one-dimensional DtN TBC imposed on a line segment with standard
rectangular elements along the boundary. Different from these works, our “local-to-global” method is built upon the
use of curvilinear elements seamlessly fitting the circular boundary, and the design of a new elemental mapping
leading to exact calculation of the involved Fourier integrals (see Section 2.3.2).

Underpinned by the advent of metamaterials, transformation electromagnetics (TE) (cf. [11,12]) provides a
powerful tool for creating novel devices and new materials with unconventional properties (see, e.g., [13—18] and [19]
for many original references therein). Some exciting applications of TE include the invisibility cloaks (see, e.g.,
[11,20]), rotators (see, e.g., [15]) and concentrators (see, e.g., [14]), which naturally give rise to the model problem
(1.1)=(1.5). In particular, the invisibility cloak is devised by a singular coordinate transformation [11] that leads to
singular materials coating the cloaked regions and preventing waves from penetrating into the inside region. The
imposition of appropriate interface conditions at the inner boundary, i.e., CBCs, where the material parameters are
singular, becomes critical. Significant efforts have been devoted to CBCs for circular cylindrical and spherical cloaks.
Ruan et al. [21] first analytically studied the sensitivity of the ideal circular cloak [11] to a small é-perturbation of the
inner boundary. Zhang et al. [22] provided deep insights into the physical effects of the singular transformation (also
see [23]). To shield the incoming waves, the perfect magnetic conductor (PMC) condition was imposed at the inner
boundary in finite-element simulations (see, e.g., [24-26]). Weder [27] proposed CBCs for the ideal spherical cloak
of Pendry et al. [11] from the perspective of energy conservation. Lassas and Zhou [28,29] proposed some non-local
pseudo-differential CBCs. Based upon the principle that a well-behaved electromagnetic field in the original space
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must be well-behaved in the transformed space as well, Yang and Wang [30] obtained CBCs for circular and elliptical
cloaks that intrinsically relate to the essential “pole” conditions of a singular transformation.

The polygonal cloaks enjoy more flexibility to hide objects with complex shapes, which are however much less
studied. Indeed, many of the previous principles and approaches for CBCs are not extendable to the polygonal case.
Following the spirit of [30], we propose new CBCs under a “local” coordinate system (see Proposition 3.1), under
which the governing equation in the cloaked region is decoupled from the exterior region. Accordingly, no wave can
propagate into the cloaked region, and vice versa. We emphasise that the new CBCs are indispensable for spectrally
accurate simulations. We also show that the proposed spectral-element solver provides a reliable tool to study how the
defects affect the perfectness of an ideal cloak (see Section 3.5).

The rest of the paper is organised as follows. In Section 2, we review the form invariant of Maxwell equations and
illustrate the derivation of the above model problem. We then introduce the technique to seamlessly integrate the global
DtN BC with local spectral elements. Section 3 is for accurate simulation of polygonal invisibility cloak, where new
CBCs are derived and efficient techniques are introduced to deal with singular material parameters. Various numerical
results are provided to show the perfectness of invisibility, and the effects of defects and lossy or dispersive media.
Section 4 concerns the extension of the spectral-element solver to the simulation of electromagnetic concentrators and
rotators. The last section is for concluding remarks and some extensions to three-dimensional setting.

2. TE and spectral-element discretisation of DtN BC

In this section, we first illustrate the scenarios of the aforementioned model Helmholtz problem arisen from
transformation electromagnetics. We then discretise the model problem by spectral-element method and focus on
how to seamlessly integrate the global DtN BC with local elements.

2.1. Form invariant of Maxwell equations

Consider the time-harmonic Maxwell system:
Vi x E —iopoH = 0, Vi x H + iweg E = 0, (2.1

in Cartesian coordinates: ¥ = ¥ = (X, ¥, Z) € R3, where the electric permittivity €, the magnetic permeability 110,
and the angular frequency w are positive constants. Note that e’ time-dependence is assumed for the electric and
magnetic fields.

A remarkable property of the Maxwell system is its form invariant under any coordinate transformation (cf. [31]).
More precisely, given a coordinate transformation r = r(F) with the Jacobian matrix J = 9r/dF, the transformed
Maxwell system takes the same form:

V X E —iouyp H =0, V x H + iwege E = 0, 2.2)
where V x is the curl operator in the new coordinates, and
Ery=UH'E®, Hr)=U"'HH, n=e=JJ'/det). 2.3)

We are concerned with the two-dimensional electromagnetic wave propagations in media with in-plane anisotropy.
Accordingly, under the transverse-electric (TE) polarisation, we consider E = (0, 0, u(x, y))" and H = (H{, H,, 0).
Letting z = Z in the coordinate transformation, the material parameters in (2.3) reduce to

Ciy Cip O
c 0

IL=€=|:0 n:|: Cpp Cxn 0], 2.4

0 0 n

where
Jcn.lt . |:3vx 8‘1Xi|

C=-—"= n= with Jop == | * Y. 2.5
det(Jen) det(Jen) o oxy 8)7 y @
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Note that det(C) = 1, and

Cn —Cip O
pl=el=|-Cn Cn 0 |. (2.6)
0 0 n!
Then we derive from the first equation of (2.2) and (2.6) that

-1 -1
1
H = _’L VXE= _’L (uy, —Uy, 0)1 = - (C]zux + Cnuy, —Criuy — Crouy, O)t. 2.7
1w 1w 1w

Inserting it into the second equation of (2.2), we obtain the two-dimensional Helmholtz equation:

V- (C(r) Vu@) + kK>n(r) u(r) = 0, (2.8)

where k = w,/€oio is the wavenumber in free space.

In Sections 3—4, we shall introduce the coordinate transformations for polygonal invisibility cloaks, concentrators
and rotators, and compute the corresponding material parameters C and n via (2.5). It is noteworthy that in all cases,
the coordinate transformations are identity in R? \ (2_ U £2;) (cf. Fig. 1.1), so (1.4) can be met. Moreover, we can
derive (2.12) from the standard transmission conditions (see, e.g., [32, Sec. 1.5] and [33]), that is, the continuity of
the tangential components of E and H at the interface I" := 9{2_.

In summary, the problem of interest reads

V- (CH)Vu®)) + k*n@u@) = f(r) in Bg, (2.9)

[u]l =ICVu]l =0 atl, (2.10)

oru — Jglul=h at Iy, (2.11)
where

Mul =u" —u™, [CVull :=n-(C " Vu —C"Vu™), (2.12)
ut = ulg,, ct = C|(, and n is the unit outer normal vector along I'.

2.2. Spectral-element scheme

Let 2 be a generic bounded domain, and L?(2) be the space of square integrable functions with the inner product
and norm denoted by (-, -)» and || - || as usual. The Sobolev space H™ ({2) with m > 0 is defined as in Adams [34]
with the norm ||u|,,, ;. Define the trace integral

(u, v) :=% uvdy. (2.13)
IR

A weak formulation of (2.9)—(2.11) is to find u € H!(Bg) such that
B(u,v) == (CVu, Vv) g, — k*(nu, v)p, — (Trlul, v)
=7 =—(f, Vg + (h, V), Yve H (B,
where by (1.7)—(1.8),

00 2 2
(Trlul, v), = 25 Z (f u(R,e)e—im9d9> (/ v(R,@)e—im‘)d@). (2.15)
|=0 0

(2.14)

Remark 2.1. Recall that (cf. [7, P. 87])
_ m| + 1

1
§Re(7;n)§ﬁ, 0 <Im(7,) <k, Im|=0,1,.... (2.16)

We can claim the unique solvability of (2.14) from (1.2)—(1.4) and (2.16) (cf. [7]). O
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Fig. 2.1. Curvilinear elements and tensorial LGL points on the reference square and a curvilinear element via the new elemental mapping.

Remark 2.2. In real computation, the DtN boundary condition (1.7)—(1.8) needs to be approximated by the truncation:
7, RM [u] = Z%:o Tniime™? for a suitable cut-off M. Harari and Hughes [35] showed that the choice of M > kR
could guarantee the solvability of the approximate problem with a certified accuracy. We also refer to [36] for the
error analysis and numerical studies on the selection of an optimal cut-off number M. In practice, the rule M > kR
is always safe although it is conservative at times. Grote and Keller [6] suggested a different modification of the DtN
boundary condition to remove the constraint on kR for any fixed M. [J

For simplicity, we assume that the scatterer {2_ is a polygonal domain or a disk, though our approach is extendable
to more complicated domain. We partition the computational domain Bg into a finite number of non-overlapping
straight-sided or curvilinear quadrilateral elements {2} f: 1» such that the inner interfaces are aligned with the “edges”
of the elements. In particular, we have

Er Er
Ik = U I = U[ee, 0e1] =[0,27], r =R, (2.17)

e=1 e=1
where I}¢ == Ix N 2¢ # P foralle € {1,..., E}, and 0 = Op,11 (see Fig. 2.1()). Let x* : Q == (=1, 1) — £2¢
be a one-to-one elemental mapping defined by
r=x=(x,y=x¢n:=xE&mn, xsEmn), YEneQ. (2.18)

Recall that one commonly-used elemental mapping, originally proposed by Gordon and Hall [37], transforms Q to
any quadrilateral {2¢ with straight or curved sides (see, e.g., [38,39]). Here, we shall use a special Gordon and Hall
transform in (2.23)—(2.24).

Denote by Py the set of all polynomials of degree at most N in [—1, 1]. Introduce the spectral-element solution
space

VE ={veCBr) : v@)|ge =v(x) € Py, 1 <e<E}. (2.19)
The spectral-element approximation of (2.14) is to find u ]’f, € Vlg such that
B (i vE) = (Ccvuk, Vol g, — K2 (uk, v5) g, — (TAuELVE = F0E), vk eVE,  (220)

where 7, RM [u f,] is the truncated DtN boundary condition as in Remark 2.2.

2.3. Seamless integration of SEM with DtN TBC

As usual, the continuous inner product (-, -); can be evaluated by element-wise discrete inner product based on
tensorial Legendre—Gauss—Lobatto (LGL) quadrature, and likewise for the term (%, v f]) Iy (see, e.g., [38]). However,
much care is needed to deal with the term (%g[uf,], vf,) Iy» as the DtN operator is global, but the spectral-element
solution is piecewise. One can evaluate (2.27) by using the fast Fourier transform (FFT), but this requires an
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intermediate interpolation to interplay between spectral-element grids and Fourier points. Since u ]€,| R €C 0, a naive
interpolation only results in a first-order convergence.
In what follows, we introduce an efficient semi-analytical means to compute (Jg [uf,], vf,) - Let{&; =17 j}jy:o

(in ascending order) be the LGL points in [—1, 1], and let {/ j}?’:() be the associated Lagrange interpolating basis

polynomials. Correspondingly, the spectral-element grids and basis on £2¢ are given by
xij = x°Gi,nj), vij(x) =15, 0=<i,j=<N. 2.21)

Formally, we can write

U (9| ge = Dl L& (), (2.22)
i,J

where the unknowns { ﬁfj} are determined by the scheme (2.20).

We now particularly look at the Gordon—Hall transform for a curvilinear element (2¢ with vertices {(x?, yi“’)}?=1

along I (with three straight sides). Let {nj.(t), t e[—1, 1]}‘}: | be, respectively, the parametric form of four sides
such that

x$(—1) = mi(1), x5(1) =75, 5 (=1) = m5(D), n5(=1) = my(=1), (2.23)
see Fig. 2.1(b). In this case, the Gordon—Hall transform takes the form
1+¢& 1-¢&

1+7 l1—n
x=x¢En=ni¢)—— +n56)——+ m5(n) + ——mwi(n)
2 2 2 2
1-¢& I1+&\1+n , 1-¢ 1+&\1—n
— (ni(—l)T + n?(l)T>T - (ng(—l)T +n§(l)T — (2.24)

where the edge n = 1 of Q is mapped to the arc Iy = {r = R, 0 € (6, 6.11)} of {2, i.e.,

IR o x=x{¢, D =m}), y=x3¢1)=n¢), Vée(-L1D. (2.25)
Accordingly, the spectral-element grids in polar coordinates on I (see Fig. 2.1) satisfy

cos0f = R 'zf (€;) or sinff=R"'w{,(&), 1<j<N. (2.26)

We now turn to (Z [uf1, vE) 1y, in (2.20). Thanks to (2.15) and (2.22), we need to evaluate
2 . Eg Oe+1 . Er 1 ; do
/ Mﬁ@yﬁh}f“mdhzi:/ uﬁu;whvfmﬂm%=§:§:ﬁN/'h@y—wﬂﬁgqg. 2.27)
0 e=1"0 K =11 -1 §
As the nodal basis {/;} can be represented in terms of Legendre polynomials, it suffices to compute

1
4 do
%w=/ &@nﬂw®ag@,fmnza|mzo, (2.28)
—1

where P, is the Legendre polynomial of degree n, and by (2.25),

do ldy R
d¢  Rds

2 2
Ve, ©F + i, @) .29
It is seen that the integrand is highly oscillatory for large |m|, and the efficiency and accuracy in computing I?
essentially rely on the choice of the parametric form for 7 (§). We next introduce a parametric form that allows for
exact evaluation of (2.29) by analytic formulas (see Propositions 2.1-2.2). To stimulate the idea, we first consider a
commonly-used parametric form.
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2.3.1. A commonly-used parametric form for m{ (&)

Following the ideas of the cubed-sphere transformation (cf. [40,41]) and the “ray” coordinates (cf. [42]), one
can project the secant line: (x{, y{), (x3,y3) to the arc g via the “rays” from the origin. This leads to the
parameterisation:

Rd Rd
(&) = (w6, (€), TE(8)) = ( 16 26) ) (2.30)
JBE + 3@ 3@ +d3@)
where
XX, x4 R s
di(§) = > £+ CE dr(§) = > &+ 7 (2.31)
Since cosf = R_lrrfl (&), we find
, if 6 € [0, m), _ di(§)
0(5) = {“ o @ = cos (—) (2.32)
27 —a, if6 € [m,2m), d12(§)+d22(§)
and (2.29) reads
o |x{y; — x5yl VEel-1.1]. (2.33)

dE  2(d%(E) + d2(E))

Inserting (2.32) and (2.33) into (2.28), one immediately finds that If,, appears complicated and must be evaluated
numerically. However, the integrand is highly oscillatory, when |m| is large.

2.3.2. A new parametric form for (&)
We next take a very different route to parameterise 1. The essential idea is to look for

M E (rrf] &), nfz(é)) = R(cos®,sinb), 0 €lb,,0.+1], & €[—1,1], (2.34)

such that dy = a d§, that is, the arc length y is linear in &.

Proposition 2.1. Let (2¢ be the curvilinear element as in Fig. 2.1(b). Then the new elemental mapping from the
reference square Q to (2° takes the form

1 1 1— 1—&)1 —

x =7, (8) ;r 1y +E)4( LN 52( Dy, (2.35)

1+ 1+&)(1 - 1—&)1 —

MR L 4 ek U (U Y 236
where

w8 (&) = ({1 (6), w5 (8)) = R(cos(Be + Be), sin(@e + o)), (2.37)
with

A 96+1 — 6, _ B +93+1

O = ——5— po=—F— (2.38)
Proof. Let y = a& + b. The arc length along I'¢ is y = R(6 — 6,), so we have

at +b= RO —6,). (2.39)

Since 6 = 0, (resp. 8 = 6,41) is mapped to & = —1 (resp. £ = 1), we find

a=b=0,R, 0 =0, + B, Eec[—1,1]. (2.40)
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Inserting it into (2.34) leads to the new parametric form (2.37). Then we obtain (2.35)—(2.36) from the equations of

the straight sides, e.g.,

x{ —xg . x{ +x
2 2

and the Gordon—Hall transform (2.24). [

To(n) = nel-1,1], (2.41)

Observe that in distinctive contrast to (2.32)—(2.33), the new transformation has a linear dependence of 6 in &, so
in (2.28),

0(8) = o€ + Be, &= O (2.42)

This leads to the following analytic means for computing the integrals of interest.

Proposition 2.2. Under the new transformation in Proposition 2.1, the integral in (2.28) can be computed by

- 20,R .
Lo = 20e8n0; I, =— ,/LAJn-H/Z(mGe) e~ imbe, (2.43)
1 2mé,

and ]If,’_m = (I&,)* forn = 0and m > 1, where Jn+1,2 is the Bessel function of the first kind, and é, Be are the same
as in (2.38).

Proof. By (2.28) and (2.42),

1 . de . 1 o
I, = / P (8) e*”"@@)E dg = 0, e~ mPe f Py (§)e ™m0 gk, (2.44)
-1 -1

It is clear that for m = 0, we have If, = 20,, and by the orthogonality of Legendre polynomials, we have I} ) = 0
when n > 1. Moreover, we have ]If,)f = (I¢,,)*, so we only need to compute the integrals with = > 1. Recall the
identity (cf. [43])

m

! , 1 /2
/ P, (S)e_”’”‘s dé = — —T[J,Hr]/z(mx), for mx > 0. (2.45)
1 1"V mx

Thus, (2.43) follows immediately. [
2.4. An illustrative numerical example

As a by-product, the new parameterisation provides an efficient means to compute the Fourier coefficients via
piecewise Legendre approximation. In a nutshell, we partition [0, 27] into {[6,, Ge+1]}f:R1, and approximate the
underlying function on each subinterval by Legendre polynomials using (2.37) so that the analytical formula (2.43)
can be applied. Here, we provide an example to illustrate this numerical-analytic approach.

Consider the Fourier expansion of a plane wave (cf. [8, P. 360]):

00
elk(x costp+ysinby) _ Z gmelmQ with gm —im I (kR)e_lmGO, (2.46)
|m|=0

for some constant 8y, where J,,, is the Bessel function of the first kind of order m as before. Let g,ﬁRN be the numerical

approximation to g,,, and denote the error maxu|<as |gm — g,’jRN |. Note that g,,, decays exponentially as |m| increases.
We depict the errors against N (with fixed Er = 4) in Fig. 2.2(left), and against the number of elements Er (with
fixed N = 10) in Fig. 2.2(right), for R = 1, M = 20,k = 10,20, 30 and 6y = m/4. We observe exponential
convergence in both cases.
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Fig. 2.2. Numerical error max,,,|<p |&m — §£RN| with fixed M = 20, 0y = 7 /4 and k = 10, 20, 30. Left: errors against N with Eg = 4. Right:
errors against Ep with N = 10.

3. Accurate simulation of polygonal invisibility cloaks

As already mentioned, the invisibility cloak is one of the most exciting examples of transformation
electromagnetics outlined in Section 2.1. In this section, we apply the spectral-element solver proposed in Section 2
to simulate the polygonal invisibility cloak, and numerically study the effects of defects, lossy media or dispersive
media in the cloaking layer. We particularly address the following two important issues.

(i) How to impose appropriate cloaking boundary conditions at the boundary of the cloaked region to perfectly hide
the objects inside the cloaked region?

(i) How to efficiently treat the singular material parameters in spectral-element discretisation to ensure accurate
simulation?

3.1. Coordinate transformation and material parameters

As with Pendry et al. [11], the underlying coordinate transformation for a polygonal cloak blows up the origin O in
the original (¥, y)-coordinates in Fig. 3.1(a) to the polygonal domain 2” = A,B), - - - F, in Fig. 3.1(b), which forms
the “cloaked region”. It is expected that the waves from outside cannot propagate into 2” so that any object inside
is concealed. Accordingly, the polygonal domain (2_ (i.e., the polygon AB - -- F) is compressed into the polygonal
annulus 2¢ = 2_\ 27, called the “cloaking layer”.

In fact, the coordinate transformations can be best characterised in two polar coordinates as depicted in the
diagram:

Original: (¥, ) | «— | Polar: (7, 6) M Polar: (r, 0) | «<— [ Physical: (x, y) 3.1

With this, the coordinate transformation for a polygonal cloak takes the form (see, e.g., [44]):

r=0—=p)F+ R, 7Fel0, R relR Ry 32)
0 =0, 0,0 €[0,27), '
where
OA OB OF
OA OB OF

and (R1(0), 0) (resp. (R2(0), 6)) is the polar parametric form of the side of the cloaked region n?r (resp. the domain
2.).
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(a) (x, y)-domain. (b) (x, y)-domain. (¢) T and n.

Fig. 3.1. Schematic geometry of a polygonal cloak. (a) The polygonal domain in the original coordinates (X, y). (b) Through (3.2), the origin
is spanned into the polygonal domain 2r = A pBp -+ Fp that forms the cloaked region. Consequently, the original polygonal domain in (a) is
compressed into the polygonal annulus 2% (i.e., the shaded part) that forms the cloaking layer. (c) The “local” coordinate system (z, n).

We find it is more convenient to introduce a “local” coordinate system to represent R; (i = 1, 2) when we impose
the cloaking boundary conditions later on. Consider any side of the inside most polygonal domain £2”, say A pBpin
Fig. 3.1(c), with vertices (x1, y1) and (x2, y»). Then its unit tangential vector T and unit normal vector r are given by

,— (x2 —x1, 2 — y1)
V2 —x1)2+ (y2 — y1)?

respectively, which form a “local” coordinate system. Noting that for any (x, y) = (R cos8, R sin ) along this side,
we have (x, y) -n = (x2, y2) - n = (x1, y1) - 1, and

= (11, ™2), n = (12, —11), (3.4)

T2X2 — T1)2

——= " Ry®=p 'Ri®. (3.5)
Ty cosO — 11 sin 6

R1(0) =

We can use (2.5) and (3.2)to derive the coefficients C and n in the Helmholtz equation (2.9). More precisely, the
coefficients in Bg = 27 U 24 U {2, take different forms as follows.

(1) In the cloaking layer 2%, the entries of C in (2.4)—(2.5) are given by (see Appendix A):

r— Ry x? 1 dR; x 2
Ci = — _— = , 3.6
i roor2 + r(r —Rl)( de r y) (3.6
r—Ryy? 1 dR; y 2
Cyp = — —= , 3.7
2T r2+r(r—R1)<d9 P G-1
r— Ry xy 1 dRy x dR; y
Cio xy Rix ) (4Rey L), 38
12 r r2+r(r—R1)<d9r y)(d@ r+x (3-8)
and
_ r — Ry (3.9)
T |

@ii) In 24 = Bg \ 2_,wehave C =1, andn = 1.
(iii) Following [11], we setC =1, andn = 1 in nr.

Remark 3.1. It is seen from (3.5) that R; has a different representation in different trapezoids {.Q; }I(?: 1 in Fig. 3.1(b),

so the entries of C and the coefficient n are piecewise functions, which might be not continuous across the sides in the
radial direction, e.g., A,A. [
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3.2. Transmission conditions and new CBCs

For notational convenience, we partition the disk B into a finite number of non-overlapping subdomains based on
the nature of material parameters. Take the setting in Fig. 3.1 as an example, and decompose

Bp=0"uuQ., 04=U°, 00 @ 0,=U% 0, (3.10)

where {£2%.} are trapezoids. Denote by I’ the “outside” and “inside” boundaries of the cloaked region 27,
respectively. We further denote by I'* := 2, N 04, i.e., the outer boundary of £2¢.

We next impose interface conditions: (i) at /* and sides in the radial direction of the trapezoids {.Q;}; and (ii) at
the cloaking boundary I'¥. In the former case, the material parameters are bounded below and above, so we impose
the usual transmission conditions. Recall that under the TE polarisation, E = (0, 0, u)’, so we have

[ull = [CVu] =0 for case (i). (3.11

In the latter case, the material parameters degenerate at Ff (cf. (3.6)—(3.8)), so the above transmission conditions
are not applicable. In fact, the tangential component of E is not continuous across the cloaking boundary. Indeed, it is
the singular non-isotropic medium in the cloaking layer {2 that offers the possibility of achieving invisibility within
the innermost polygonal domain £2”. In practice, the perfect conducting shell, i.e., PEC (under TM polarisation)
or PMC (under TE polarisation) was enforced at I’ f in simulations (see, e.g., [24] for circular cylindrical cloaks,
[45,46] for elliptic cloaks, [44,47] for polygonal cloaks, and [48,49] for time domain cloaks). However, as commented
in [24], such a condition was sufficient but not necessary. Indeed, it was shown in [30], the PEC or PMC could not
lead to an independent, meaningful boundary condition for circular cylindrical cloaks in polar coordinates.

Following the spirit of [30], we next introduce the essential “pole” conditions associated with the singular
transformation (3.2). As we will see, it is important to use the “local” coordinate system (7, ) in (3.4) to decompose
the differential operators and then carefully study the singularity.

Proposition 3.1. Let (T, n) be the “local” coordinate system in (3.4). The CBCs take the form
Veut =7 vut =0 at I}, Vou =n-Vu~ =0 atI?, (3.12)

where ut = ulg gr and u™ = ulgp.

Proof. In order to achieve spectral accuracy in simulations involving singular transformations, we follow [30] (also

see [50]) and require that the well-behaved and finite electromagnetic fields in the original coordinates F = (X, ¥)

must be well-behaved and finite in the new coordinates r = (x, y). We therefore apply this principle to the magnetic
field in the cloaking layer, and show that the essential “pole” condition of the transformation (3.2) takes the form

Veut =0 atIf. (3.13)
Recall that by (2.7), H = H|B\Qf can be expressed as

1
H' = (H", H,0) = m(clzu; + Copuf, —Cryuf — Cpouf, 0)" (3.14)

Then we have

ul =Veu™ — vV, ul = oVeut + 1V (3.13)

x =

Inserting (3.6)—(3.8) and (3.15) into (3.14) and collecting the terms, we obtain

. r— R dR| & dR; 19 (%) dR1\21
e = LR L L S L1 ) P
1OHOH, at do r nit do r ot r—Ry T de / r i ( )
. r— R dR|1 71 dR| T T1 dRi\21
H =—( - ——)v + L 2t ( (—) -)v -, 3.17
1OH0H, r © do r mit" + do r i r— Ry T de / r t ( )
By (3.5),
dR
L _p oxtny (3.18)

do ll'zx -1y’
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which is uniformly bounded in £2¢ (note: Tox — 71y = 0 implies the side of the polygonal passes through the origin,

which is not possible). Thus, H™ is a finite field in flﬂ, if and only if the first condition in (3.12) holds.
LetH™ = H|Qf. From (2.12), (3.4), (3.6)—(3.8) and (3.14), we obtain

1 1
+ — _ t _ + —\!
nx (H"—H)|,_p = m(O’ 0, 1CVul) |,_g, = M(O’ 0, =1+ (CVu™) + Vo™ )|, _p,
1 —R 1dR '
_ . (o, 0, "Myt gty V,,u—) , (3.19)
1w r do r=R;

where the restriction at » = R;| means that we approach the cloaking boundary from the inside and the outside.
Suppose that V,,u™ is finite. Then by (3.13),

1

+ — _ —\!
nx(H"—H)| _p = o (0,0, Vuu )|, _g, - (3.20)
Note that by imposing the second condition in (3.12), we find
H xn=- (VXE )xn=0 atI?, (3.21)

iwpo
and by (3.19), the tangential component of the magnetic field H is continuous across the cloaking boundary. [

Remark 3.2. Weder [27] proposed CBCs for point-transformed 3D invisibility cloaks:
Etxn=H"xn=0 atdK,; (3.22)
(VXE ) n=(VxH )-n=0 atoK_, (3.23)

where K is the cloaked region. These allowed for the decoupling of the governing equations of the inside and outside,
and the spherical cloak was considered as a particular application. It is important to remark that (3.22)—(3.23) are not
applicable to the 2D polygonal cloak, as

Etxn=(11,72,00ut #0 aI?.

Indeed, ET = (0, 0, u™)’ does not vanish at the outer cloaking boundary. Moreover, the condition (3.23) is different
from (3.21). Notably, the CBCs in (3.12) also lead to the decoupling of the inside and outside, as we will see
below. [

With the new CBCs in (3.12), the governing equations can be decoupled into

V- (C@r) Vut @) + n@ut @) =0 in Bg \ 27, (3.24)

transmission conditions in (3.11);  Vzut =0 at I'?, (3.25)

out — Trlutl=h atdBg, (3.26)
and

Au=+ku" =0 in2"; Vou~ =0 at I’ (3.27)

Remark 3.3. It is standard to show that (3.27) has a unique solution u~ (r) = 0, if k% is not an eigenvalue of —A in
12? with homogeneous Neumann boundary condition.  [J

3.3. Treatment of singularities in spectral-element discretisation

For accurate simulation, it is advisable to build the boundary condition V;u™ = 0 at I'¢ in the spectral-element
solution space. Naturally, we adopt the partition in (3.10), and consider for example Q} = Ap,B,BA, where A, B),

has vertices (x1, y1) and (x2, y2). Suppose that A, B, is mapped to n = —1 via the Gordon—-Hall transform (2.24),
namely,
X2 — X1 X1 +x2 y2—Y1 yi+y
r=x‘E-h=(Foe+ T B e e 12 el-L, (3.28)



150 Z. Yang et al. / Comput. Methods Appl. Mech. Engrg. 301 (2016) 137-163

which yields

2 2
0,€ = ) 0y§ = ) dxn = dyn =0. (3.29)
X2 — X Y2 =1

One verifies readily that
0= V,u+|Apo = (110x& 4+ 120,&)9cu’ (€, —1) + (110xn + T20yn) dyu (€, —1)

. 4
V@ =32+ 01 = »)?

where u¢ = u™(x¢(€, —1)). This leads to the corresponding boundary condition in (£, )-coordinates:

deu (€, —1),

deu(§,-1)=0, §&e[-11]. (3.30)
Accordingly, we modify the approximation space in (2.19) as
Vi ={veCBr\20) : v)lge =v(x°¢,m) € Py, 1 <e<E and
Vev@lgenry = dv(x“ (¢, —1) =0, 1<e< Er, (331)

where E = 12 and E7 = 6 for the setting in Fig. 3.1. To meet the boundary condition at I'”, we modify the tensorial
nodal basis in (2.21):

Yoo = lo(n), Vij =1i)jm, 0=<i<N,1=<j=<N, (3.32)
and one verifies readily that
9 Yoo = 0, ngij|n:_l =1(&)Nj(-1)=0, 0<i<N,1=<j<N. (3.33)

With such a modification, the singularity can be absorbed by the basis and the spectral-element scheme (2.20) can be
implemented as usual.

3.4. Simulation results for perfect polygonal cloaks

We now provide some numerical results and compare them with results obtained from the finite-element-based
COMSOL Multiphysics package. Assume that the incident source is a TE plane wave with an incident angle 6y:

o0
Min(r, 9) — elkr COS(@*G()) — Z lm Jm(kr)elm(efeo)’ (334)
|m|=0

so & in (1.9) takes the form

o
h = dy1tin — Txluin] = ik cos(® — Oo)uin — »_ " (kR Te ™™,
|m|=0

where 7,, is defined in (1.8). In the following tests, we consider a pentagonal cloak where the polar coordinates of
A, B,....,Eare 0 = /5 3n/7,8n/9,6m/S,Tr/4, respectively, and r = 0.7 for all vertices. We take p = 0.7
in (3.3) and R = 1.0, and truncate the infinite series in (3.34) with a cut-off number M = 60. As commented in
Remark 2.2, a practical rule is to choose M > kR for given k, R. In all the numerical tests, we select relatively larger
M due to that the material parameters in the cloaking layer are singular and inhomogeneous (note: the rule and the
related analysis were for Helmholtz problems involving homogeneous media), and such a choice ensures the errors of
the expansions of data with the same cut-off number are negligible.

In Fig. 3.2, we plot the electric field distribution (real part) for k = 40 obtained by (i) SEM with N = 40 in
each element and the degree of freedom (DOF): 16,000, and (ii) FEM with a total DOF: 726,933 (in order to obtain
reasonable results). Observe that the magnitude of the field obtained from FEM is about 1.05 (see the colour bar of
(a)), which is expected to be 1 as shown in (c). As a result, the wavefront of the field in the contour appears blurred,
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(e) Profiles of the real and imaginary parts of the electric field along 6 = 0 by SEM.

Fig. 3.2. A comparison study: SEM versus FEM, where 6y = 0 and £ = 40. In SEM simulation, 40 x 40-grid is used for each element with a total
DOF: 16,000. In FEM simulation, a total DOF: 726,933 is used. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

while that of the SEM is very accurate. Indeed, the use of exact DtN boundary condition and new CBCs allows us to
simulate the ideal cloak very accurately.

We further challenge SEM with higher wavenumber k = 80 and oblique incident angle 8y = 7 /4 (see Fig. 3.3). We
depict in (a) the electric field distribution (real part) with cut-off number M = 80 and N = 80 in each element with the
same geometric setting in Fig. 3.2(c). Again, the highly oscillatory oblique incident wave is perfectly steered by the
cloaking layer and completely shielded from the cloaked region. Apart from plotting the electric-field distributions,
we also depict the time-averaged Poynting vector (cf. [32]): S = Re{E x H*}/2, which indicates the directional
energy flux density. In (b), we depict the associated Poynting vector fields. We find that the waves are again steered
smoothly around the polygonal cloaked region without reflecting and scattering.

We now add an external source, compactly supported in 2} as the wavemaker, and turn off the incident wave.
More precisely, we modify (3.24) and (3.26) as

V- (CEHVut @) +2nmut ) = f(r) in 2 dut — Trlut1=0 at I}. (3.35)

In practice, we use the Gaussian function in Cartesian coordinates:

_a\2 AV
(x =B+ (—«) ) (3.36)

2y2
where «, 8, k, y are tuneable constants. To this end, we take @« = 100, 8 = —0.41, k = 0.75 and y = 0.04, so
the source at Bg is nearly zero. The plot of the electric field distributions in Fig. 3.3(c) is computed from SEM with
k = 40, M = 60 and N = 40 in each element. The anti-plane waves generated by the source are smoothly bent

and the cloak does not produce any scattering. Observe that the waves seamlessly pass through the outer artificial
boundary without any reflecting.

f@) =a exp(-

3.5. Numerical study of effects of defects, lossy media and dispersive media

We next demonstrate that the proposed SEM provides a reliable tool to study the effect of defects and sensitivity to
the variation of the media within the cloaking layer. Interesting investigation (mostly from analytic point of view) has
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(a) Electric field. (b) Poynting vector. (c) External source.

Fig. 3.3. SEM with high frequency wave and external source. (a) Real part of the electric field distribution and (b) the related Poynting vector,
where k = 80, 6y = /4. (c) Real part of the electric field with external source (3.36).

been devoted to the circular and spherical cloaks (see, e.g., [24,51-54]), but the tools appear non-trivial to be extended
to the polygonal cloaks.

3.5.1. Defects in the cloaking layer

We consider the influence of defects to the perfect polygonal cloak. As illustrated in Fig. 3.4(a)—(b), a rectangular
defect with length a and width b is embedded into the cloaking layer. We set C = I, and n = 1 within the defect,
so the traditional transmission condition (2.10) can be imposed at four sides, if the defect is not aligned with the
cloaking boundary. In Fig. 3.4(a), we depict the electric field distribution with defect @ = b = 0.06 obtained by the
proposed SEM with k = 40, §p = 0, M = 60 and N = 40. Observe that even with such a small defect, the electric
field distribution is apparently disturbed, especially for the forward-scattering region, and the magnitude increases
approximately up to 1.5 (note: it is 1 for the perfect cloak). Also notice that in the back-scattering region, the waves
appear not significantly affected, so the cloaking effects seem still good. In Fig. 3.4(b), we enlarge the defect and set
a = 0.24, b = 0.06. The field in both the back and forward scattering regions is deteriorated more.

3.5.2. Lossy media in the cloaking layer

Similar to the setting in [24,51] for the circular and spherical cloaks, we replace the media in cloaking layer by
an electric-lossy medium (cf. [32]). More precisely, the real electric permittivity € in (2.2) is replaced by a complex
electric permittivity (1 4 itan §)e, where tan § is a tunable constant termed as loss tangent to quantify the absorptive
property of the medium. Note that this replacement only brings about the modification of the two-dimensional
Helmbholtz equation (2.8) as

V- (C(r) Vu(r) + k*(1 +itan&)nr) u(r) = 0.

In Fig. 3.4, we depict the electric field distributions with loss tangent tan§ = 0.01, 0.05 in (c) and (d), respectively,
where we take k = 40, ) = 0, M = 60 and N = 40 in each element. Observe that in the first case, the effect of
the loss is almost imperceptible. As we enlarge the loss tangent to 0.05 in (d), the cloaking effect appears good in the
back scattering region but is apparently deteriorated in the forward-scattering region, which is inevitable because the
lossy medium absorbs the forward-travelling wave power. We point out that similar phenomena were observed for the
circular and spherical cloaks in [24,51].

3.5.3. Drude model and dispersive media in the cloaking layer

Based on the form-invariant coordinate transformation, the polygonal cloak can perfectly conceal arbitrary objects
inside the interior polygonal domain. However, in practice, the material for manufacturing such cloaks is frequency-
dependent and perfect invisibility can only be achieved for a single frequency, known as the “cloaking frequency”
(cf. [11,54,55]). It is of much physical relevance to study the response of an ideal cloak to a non-monochromatic
electromagnetic wave passing through such a dispersive cloak. The investigation along this line has been very limited
to mostly analytic treatments of circular and spherical cloaks (cf. [53,54]). We demonstrate that the proposed SEM
offers an accurate means to understand some interesting phenomena of a nonmonochromatic wave interacting with a
polygonal cloak.
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(a) Defect with a = b = 0.06. (b) Defect with a = 0.24, b = 0.06. (c) Loss tangent tan§ = 0.01.
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Fig. 3.4. The effects of defects, loss and dispersion on the polygonal invisibility cloak. Defects: real part of the electric field distributions with
homogeneous defects with sizes (a) a = b = 0.06 and (b) a = 0.24, b = 0.06. Loss: real part of the electric field distributions with loss tangents

(c) tané = 0.01 and (d) tan§ = 0.05. Dispersion: fix k. = 40, the real part of the electric field distributions with wave numbers (e) k = 39 and
f) k =41.

Following the procedure in [52], we start with diagonalising the symmetric matrices € and g in (2.4)—(2.5), i.e.,
€ =p=PAP', A =diag(r1, A2, A3), 3.37)

where P = (P;j)1<i j<3 is an orthonormal matrix (with Pj3 = P3; = O for j = 1,2, and P33 = 1), and the
eigenvalues are

_ Cii+Cun+V(Cii+Cn)?—4
2 9

_ Ci1+Cxn —(Ci1 + Cn)? —4

A Ao 2 , A3 =n. (3.38)
From (3.6)—(3.7), we have
r— Ry 1 2 dRi\2 r— Ry r
C Cyp = — > > 2, 3.39
11+ Cx . +r(r_R1)<r +<d0)>_ . +r—R1_ (3.39)

which implies A1 > 1. However, A, and A3 are less than 1 for some r € (R, Ry). Based on the principle in [52,54],
we modify A, and A3 by using the Drude model (cf. [32]). More precisely, let w, > 0 be the “cloaking frequency”,
and define

2
~ ~ .
Mo=Ar o) =1— —L2  witho? ;= wc(we +iy) (1 — X)), i =2,3, (3.40)
o(w +iy;) P

where {y,-}?=2 are given collision frequencies, and {cop,,-}?=2 are known as the plasma frequencies. For notational
convenience, we define

wc(we +1y;)

b= et

sohi=14+p0i—1),i=223. (3.41)
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Denoting A = diag(Xl, Xz, 5»3) with il = X1, we then replace the material parameters € and g in (2.2),
respectively, by

~_ o~ 3 ot _ E‘ Ot
€= =PAP _[0 Pk (3.42)
where by a direct calculation, we have
e 511 512 P122 P12P22]
C=|~ ~“|=C+ (- 1—A , 3.43
|:C12 sz] (1=F) ? [P12P22 P} G4
and
i=14p305—1)=2;. (3.44)
One verifies readily from (3.42) that
det(¢) = det(ft) = Aiorz = Ao ii = det(C) . (3.45)
Thus, using the fact AjA2 = 1 (cf. (3.38)), we obtain from (3.41) and (3.45) that
det(€) = Mo = Ai(Bora + 1 — B2) = o+ (1 — o)1 (3.46)
Accordingly, we find that the counterpart of (2.6) becomes
Cn —Cpn O ~
gl = el = C 5 C 0 where C;; = L (3.47)
- - - ’ Ly — El .
o o i T B+ (1= B

for i, j = 1, 2. Using (2.7) with aj and 7 in place of C;; and n, we obtain the new model defined in the cloaking
layer:

V- (Cr, w) Vu@) + k2 ii(r, w) u(r) =0, (3.48)
where 6 = (aj)lgi,jfz, and k = w./€gg as before.
Remark 3.4. Observe from (3.41) that if ® = w,, then 8; = 1 and A; = ii fori = 1, 2. Thus, in this case, (3.48)

fgduces to (2.8) and E’(r, w.) 1s singular at the cloaking boundary r = R;. However, if ® # w, (so B2 # 1), then
C(r, w) becomes regular at r = Rj. Indeed, by (3.47),

G = (r = R)Cyj
Y Br— R+ (1= B2)(r — RDAL
In fact, one can verify that if 8, # 1,

lirg (r — Rl){C, MM, Az} all exist.

r— K]

Thus, we can claim from (3.43) and the above that 6(r, w) is well-defined at »r = Rj. In view of this, the CBCs cannot
be applied. Here, we follow [53,54] and impose a PMC shell instead. [

In the computation, we take w. = k./\/€opto with k. = 40, and y; //€ojro = 0.0001 for i = 2, 3. In Fig. 3.4(e)—(f),
we plot the electric field distributions with kK = 39 and k = 41 illuminated by plane wave in (3.34) with incident angle
0p = 0 and the cut-off number M = 60 and N = 45 in each element. In contrast with Fig. 3.2(c) (where perfect
cloaking effect can be obtained for k. = 40), we observe from Fig. 3.4 that the electric field distributions are affected
and distorted in both cases (i.e., k = k. £ 1), in particular, more severely when k < k.. Indeed, similar to the
phenomena observed in [54,53] for circular and spherical cloaks, the incident wave with frequency slightly deviated
below k., the field after the wave passes the cloak is dissipated and a large shadow appears in the forward scattering
region. While for the incident wave with frequency slightly deviated above k., the field in most part of the cloaking
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(a) (x, y)-domain. (b) (x, y)-domain. (¢) Circular rotator. (d) Partition of Bpg.

Fig. 4.1. Schematic geometry of a polygonal concentrator and a circular rotator. (a) The polygonal domain in the original coordinates (X, ¥).
(b) Through the coordinate transformation (4.3), the polygonal domain 2° = A,B, - - - F, is compressed into the polygonal domain 27 that
forms the concentration region. Consequently, the original polygonal annulus domain £2_ \ £2° in (a) is expanded into the polygonal annulus 4.
(c) Through the coordinate transformation (4.13), points in the circular annulus @ < r < b are rotated with a fixed angle ;. (d) The computational
mesh for the circular rotator.

layer does not change much, except for the part close to the cloaking boundary r = Ry, and the field behind the cloak
is reinforced. This can be regarded as the frequency shift effect as in [54].

4. Accurate simulation of electromagnetic concentrators and rotators

In this section, we further apply the efficient spectral-element solver to accurately simulate the electromagnetic
concentrators and rotators.

4.1. Polygonal concentrators

The electromagnetic concentrator aims at intensifying electromagnetic waves in a certain region, which play an
important role in the harnessing of light in solar cells or similar devices, where high field intensities are needed.

Here, we are interested in the polygonal concentrator with a configuration similar to the polygonal cloak illustrated
in Fig. 4.1(b), where EM waves are expected to be concentrated in the interior convex polygonal region £27. It is
accomplished by a coordinate transformation that maps the “polygonal annulus” in Fig. 4.1(a) to the “polygonal
annulus” in Fig. 4.1(b), where the interior portion of the latter has larger area. More precisely, the polygonal
concentrator is mapped from the same structure in Fig. 4.1(b) but with a different ratio (see Fig. 4.1(a)):

OA, OB, _
OA OB
where p is defined in (3.3). Then the ratio p/p is known as the rate of concentration. For notational convenience, we
define

0= -, O<p<p<l, 4.1

1 —
o=1--—" 4.2)
I—p
The corresponding coordinate transformation takes the form (see, e.g., [56]):
@) In £2_,

r="%" Fel0. Ril. r €10, Ry,
P 5 o (4.3)

r:(l—Q)r—i—QRz, VG[RI,R2], re[RlvR2]s

and 0 = 0 € [0, 27);
(i1) In 24 = Bg \ {2_, the transformation is identity: »r =7, 6 = 6.

Here, R;, i = 1, 2, are the same as in (3.5) and Iél = p/pR;. Using (2.5), we can derive the coefficients C and n as
follows (see Appendix):
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(a) Electric field with 6y = 0. (b) Poynting vector. (c) Electric field with 6 = w/4.  (d) Poynting vector.

Fig. 4.2. The real part of the electric field distributions and associated Poynting vectors for square concentrators with (a)—(b): 8y = 0 and (c)—(d):
0y = m /4, respectively.

() In 27,
C=10, n=p*/p’. 4.4)
()p In £22,
2 2 2
r—oRy x 0 0dR> x 2xy\ dR; r y
cy=""22 0 2 (st TR, T Y 45)
r r r—oRy\r do r r do r—oRy r
r—oRy y? 0 0dRy ¥y 2xy\dR; r x?
Cp=——"2i 2 (225 4 )2 4.6)
r r r—oRy\r db r do r—oRy r
2 2
r—oR; r Xy 0 X odRyxy y“\dR»
Cp= — 4 — =+ -—=-=|—, 4.7
12 < r I’—QR2> r2 r—QR2<r2 rdo r2  r2) do @7
and
—oR
g— L —er (4.8)
r(1-0)?
@ii) In 24, wehave C =1, and n = 1.
In summary, the governing equation for the polygonal concentrator reads
V- (C(r) Vu(r)) + k*n@u@) =0 in Bg, 4.9
[ul =ICVul =0 atI'?UTl*, (4.10)
oru — Jplul = h at dBg. 4.11)
Note that in the interior polygon, (4.9) becomes the Helmholtz equation:
152
Au+ =ku=0 in0” (4.12)
o

where the ratio p2/p® > 1 is a constant. Therefore, the coordinate transformation enlarges the wavenumber k that
produces the effect of concentration.

We can implement the spectral-element solver based on the partition of the computational domain as with the
previous application. However, different from the previous case, the interior region is part of the computational
domain, where a normal transmission condition is imposed along its boundary (see (4.10)). Below, we provide some
numerical results with the setting: a square concentrator centred at the origin with length of each side 1.2 and the
parameters: p = 1/3, p =2/31in(3.3)and (4.1) and R = 1.0. We set the cut-off number M = 60 in the DtN operator.
In Fig. 4.2, we depict the electric field distributions and the associated time averaged Poynting vectors illuminated
with different incident angles ((a)—(b): 6p = 0 and (c)—(d): 6p = m/4) with k = 40 and the grid N = 50 in each
element. It can be seen that the electric field and energy flux are smoothly concentrated into the inner concentration
region 27, and the field outside is not affected regardless of the incident angle on the concentrator.
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(c) Electric field with (d) Poynting vector.
01 =3m/4.

Fig. 4.3. The real part of the electric field distributions and associated Poynting vectors for circular rotators with (a)—(b): 61 = 7 /4 and (c)—(d):
61 = 37 /4, respectively.

4.2. Circular rotators

In contrast with the invisibility cloak and concentrator, the electromagnetic rotator is based upon a coordinate
transformation of the angular variable rather than the radial variable in (3.1).

As illustrated in Fig. 4.1(c), the domain (2_ is a disk of radius r = b, which encloses a concentric disk of radius
r = a < b. The waves are expected to rotate with a fixed angle 6 in the interior disk. This can be realised by the
coordinate transformation (cf. [15]):

r=% 0=60+6, 0<7<a,6,6¢cl0,2n),
. . b) —s(F . o 4.13
r=F, 9=9+—S() s¢) 1, a<F<b, 0,0¢el0,2m), @1
s(b) — s(a)
where s is any smooth function such that s(b) # s(a). As before, the transformation is identity exterior to {2_.
Define
s'(r)
K= —"—0;. 4.14)
s(b) — s(a)
Working out the material parameters as before (see Appendix), we have
1 2 2.2 2 2 2
C=— | TR KT YT fora < < b, 4.15)
r2 | —kx® —Kkxy + Ky r°—2kxy +Kk°x
and
C=I,, n=1forO<r<a, b<r <R. 4.16)

In Fig. 4.1(d), we illustrate a partition of the computational domain Bg. Together with the standard transmission
conditions in (2.12), we can implement the spectral element scheme as the previous cases with a similar partition of
the computational domain (see Fig. 4.1(d)). In the computation, we set a = 0.3, b = 0.7 and s(r) = r in (4.13)
and choose R = 1.0, M = 60 and N = 40 in each element. In Fig. 4.3, we fix k = 40, and plot the electric field
distribution (real part) and the corresponding time averaged Poynting vector with the same incident angle 6y = 0 and
different rotation angles ((a)—(b): 61 = 7 /4, (c)—(d): 81 = 37 /4). We find that the electric field distribution rotates its
direction by /4 in Fig. 4.3(a) and the power flux (b) flows with the same direction in the closed region r < a. It can
be observed in Fig. 4.3(c)—(d) that even for a very sharp rotation angle ; = 3 /4, the field rotates exactly by 37 /4
angle without introducing any scattering wave outside.

5. Concluding remarks and further discussions

In this paper, we presented an accurate and efficient spectral-element solver for time-harmonic Helmholtz equations
in general inhomogeneous and anisotropic media. We focused on several applications arisen from transformation
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Fig. 5.1. Sketch of the geometry.

electromagnetics which included the polygonal invisibility cloaks and concentrators, and circular rotators. We
introduced new ideas of how to seamlessly integrate local elements and global DtN boundary condition. We proposed
new cloaking boundary conditions for accurate simulation of perfect polygonal invisibility cloaks. The proposed
method also provided a reliable tool to study the interesting phenomena when defects and other media were embedded
or placed in a perfect cloak.

The methodology can shed light on three-dimensional simulations. Indeed, the semi-analytic approach for dealing
with the nonlocal DtN boundary condition is extendable to the three-dimensional DtN boundary condition, though
it is much more involved, and requires the use of special partition of the computational domain. Recall the three-
dimensional DtN boundary condition (see, e.g., [6]):

[ (1) (kR) ~

A01=3"Y k

uryr, with"= | U Ynds,

I=1 |m|=0 h(l)(kR) v : /S x

where {Y;" (0, ¢)} (with (0, ¢) € [0, ] x [0, 27)) are spherical harmonics defined on the unit spherical surface S, and
{h;} are the spherical Hankel functions. We show in [57] that given the nodal values of U on a longitude-latitude 6-¢
partition of S, and using the trigonometric form of the associated Legendre functions {P" (cos @)}, we can evaluate
the double integral on S (the counterpart of (2.27)) by products of two one-dimensional integrals, and notably, similar
analytic formulas can be used. Note that such a partition of S can be seamlessly integrated with spectral elements
(but with some non-standard elements near two poles). Another approach is to partition the spherical surface by using
the popular cubed-sphere transform. This allows to use standard hexahedral elements for the interior computational
domain, but one has to adopt an element-wise interpolation between spectral-element grids and grids for the analytic
approach in ¢ direction.

Below, we further discuss the extension of our approach to accurate simulation of polyhedral invisibility cloaks
with an emphasis on the understanding of the singularity at the inner boundary induced by the singular coordinate
transformation.

Similar to the polygonal cloak, the coordinate transformation for a polyhedral cloak blows up the origin O in
the original (¥, ¥, Z)-coordinates to the polyhedral domain §2”, which forms the “cloaked region”. Accordingly,
the polyhedral domain f2_ is compressed into the “polyhedral annulus” 2¢ = 2_ \ 2”. In Fig. 5.1, we illustrate
the pyramid OABC D (one subdomain of §2_) is compressed into the pyramidal frustum A,B,C,D,ABCD (the
corresponding subdomain of 24). To fix the idea, we consider the case with the base ABC D being perpendicular to
Z-axis.

Like (3.1)—(3.2), the coordinate transformation for a polyhedral cloak is defined between two spherical coordinates:

r={0—-p)F+ Ri, Fel0,R], relR1, R, 5.
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0=060 and ¢ = J), where
OA, OB,
OA OB
and (R (0, ¢), 0, ¢) (resp. (R2(0, @), 0, ¢)) is the parametric form of the surface A, B,C, D, (resp. ABCD).

Different from the 2D case, we work with the full Maxwell equations (2.2)-(2.3), but we can still follow
Appendix A to compute the material parameters € and u. The parameters are singular at the inner surface of the
polyhedral domain {2¢ (e.g., A, B,C,D,), but the singularity behaves quite differently, compared with the 2D case.
In fact, the situation is akin to the difference between the singularities of the cylindrical cloak (cf. [30]) and the
spherical cloak (cf. [27,29]).

We next follow the argument in Proposition 3.1 to derive the essential cloaking boundary conditions for 3D case,
which are critical for the accurate simulation. For simplicity, we consider the subdomain in Fig. 5.1, where the surface
A,B,C, D, is perpendicular to z-axis defined by z = zg9 # 0.

o= -, O0<p<l,

Proposition 5.1. Let E = (uy, us, u3)', and denote the tangential and normal components of a vector field by the
subscripts | and |, respectively, that is,

E)| = (u1,u2)’, (V x E)| = (Oyuz — d.uz, 0;u1 — dxu3)’, (V x E)] = 0yuz — dyuy. (5.2)

The essential cloaking boundary conditions on the surface A, B,C,Dp: z = z0, take the form
1
(EN) =(VxEH) =0, ——(VxE"), =0, atl?l; (VXET) =0 al?, (5.3)
Z—20

where E¥Y = E | o and E- = E | ;r.

Proof. Using (2.3),J - oF/or and zp = Rj cos 67, we derive from some calculations that
- I - 1-p [@=z20"Ta (z— )6}
1 1 1\t p—1 1 z2—z20)I2ax2 (2 —20
=€ = DI /det(J ) = [ ,
" )T/ det) (z—20)?2 | (—z08 8o

where I is a two-by-two identity matrix, § = z¢ tan 0 (cos ¢, sin¢)’ and §y = 2+ zé tan® 0. Like (3.16)—(3.17),
we derive H* from (2.7) and obtain

1
Z—20

1
iwopoH = (1 — p)<(v x ET) + ——8(V x V), §'(V x BN,
Z— 20

1 t
+ 580V X EY)L) . (5.4)
(z — 20)
Since § and 8 are uniformly bounded in £ (note: tan — oo implies A, B,C, D), intersects with x-y plane, which
is impossible as zg # 0), H™ is a finite field in £2¢, if and only if the conditions at I" f in (5.3) hold.
Following [11], we set € = 1 = I33 in 27. By (2.7),

iwpoH™ = ((V x E7)y, (V x E7)1)". (5.5)

Similar to (3.19), we obtain from (5.4)—(5.5) and (5.2) that
=20 } ’

+ - 1 + 1 + - !
nx (HT —H)|.—yy = .—{n x ((v x EY)|+ ——8(V x EY)| — (VX E )H,o)
1w =20
Then by the first condition in (5.3), we derive

nx H —H)|.—y = —

1 _
- On X ((V xE7), O)ZIZ:ZO.
Imposing the last condition in (5.3) to (5.5) and the above equation leads to
nx (H"—H )|;o;p =n x H |, = 0, (5.6)

which guarantees the continuity of the tangential component of H at the cloaking boundary. [
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Remark 5.1. In fact, in the polygonal case with one side of the cloaking boundary perpendicular to y-axis (i.e., y =
yo), H* in (3.16)—(3.17) reduces to

2.2 1
- X X 1 X

iopoHt = (QV,,M+ + 2Vt 2t + (y 4+ 200 )vﬂﬁ, 0) . (5.7)
y y y Y =0 y

Observe from (5.4) that HT has a stronger singularity (z — zo) 2 for the polyhedral cloak, while under the same
setting, it only has a singularity (y—yo) ™! in (5.7) for the polygonal cloak. This is akin to the situation of spherical and
cylindrical cloaks. Accordingly, we have different CBCs in Propositions 3.1 and 5.1 for the polygonal and polyhedral
cloaks, respectively. We point out that the CBCs in (5.3) can also lead to the decoupling of the inside and outside.

In order to accurately simulate the three-dimensional polyhedral cloak, the CBCs (5.3) need to be built in the
spectral-element solution space. This can be accomplished by properly modifying the mixed order curl-conforming
basis functions in e.g., [58]. We shall report the detailed implementation in a future work. [
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Appendix. Derivation of material parameters for polygonal cylindrical cloaks, concentrators and circular
rotators

As illustrated by (3.1) in Section 3, the transformation is given from polar coordinates (7, 6) (of the original
Cartesian coordinates (¥, ¥)) to polar coordinates (r, 8) (of the physical Cartesian coordinates (x, y)), so by the chain
rule, the Jacobian matrix J., can be computed by

| 9xx Oyx| _ |0Opx x| dr  dyr oxr 85,7 (A1)
R Ay | |9y dpy | | 070 950 |0:0 050 ’
It is clear that
[8,x  dpx] _ [cos® —rsinf] Orx  dgx |\ _
19y dpy| |sin@ rcosf |’ det<|:8,y 99y =n (A-2)
and
(07 85F] [ cosf sin @ dF  d5F 1
o | = o oL < o1, dt v o = -. A3
(0.0 850 ] T | —sind/F cos@/r] e([m 06| = F A3
Denote

] — |:8th" Sér] ’ (A4)
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which is determined by specific coordinate transformations. With a direct calculation, we derive from (2.5) the material
parameters C and n for the general transformation in (3.1):

c —JL—<(8 0:0) + - (xd:0 96)°) (A5)
= —((x0yr — ryo; =5 (X070 — ryd; ) .
11 73 det()) ¥ Yoy 72 \XOF Yog
Cn = ;«yav - rxds0) + (v + rx0;0)° ) (A.6)
r3det) N ' 72 7)) :
~ 2 2 2
__r 2 [ 2022 T2 (X =y o o e
Cip = m(xy(a;r + <503 — 2030 - ;—zaée> e (P + 0r050) ). (A7)
and
1 F
n= = . (A.8)
det(Jen)  rdet(J)
For the polygonal cylindrical cloak, we derive from (3.2) that in 29,
F= (r— R)), 6=6, (A9)
l—p
which leads to
j:ng %ﬁ], det() =1 — p. (A.10)

Recall that 9y R1 can be worked out by (3.5). Thus, the material parameters C and # in (3.6)—(3.9) can be obtained by
substituting (A.9)—(A.10) into (A.5)—(A.8).
Similarly, for the polygonal cylindrical concentrator, we obtain from the transformation (4.3) that in 22,

P = (r —oR»), 6 =0, (A.11)
l-o
and
J= [] BQ Qa‘i’ﬂ . detd)=1-o. (A.12)

Inserting (A.11) and (A.12) into (A.5)—(A.8), we obtain C and 7 in (4.5)—(4.8).
For the circular rotators, we have from (4.13) that

. x_ o, S(b)—s(r)
Fero G=0-p— o (A.13)
and
or oyr| [ 1 O
|:3;9 BZQ] - |:—K 1] ’ (A.14)

where « is defined in (4.14). Then we can compute the material parameters (4.14) in a similar fashion.
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