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Abstract. In this paper, we propose a new projection method for solving a general
minimization problems with two L!-regularization terms for image denoising. It is
related to the split Bregman method, but it avoids solving PDEs in the iteration. We
employ the fast iterative shrinkage-thresholding algorithm (FISTA) to speed up the
proposed method to a convergence rate O(k=2). We also show the convergence of
the algorithms. Finally, we apply the methods to the anisotropic Lysaker, Lundervold
and Tai (LLT) model in [27], and demonstrate their efficiency.
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1. Introduction

Image denoising is a fundamental task in image processing, which aims to recover
a noise-free image u from a noise polluted image f. In general, it can be modeled by
f = u+n, where 7 is the unknown noise component. Among various methods for
finding such a decomposition, the variational approach is to restore u by solving the
minimization problem (see, e.g., [2,14]):

Elgi}r(l{%(u)—l—lg(u—f)}, (1.1)

where the functionals Z (-) and Z(-) are respectively the data fidelity and regularization
terms defined on a suitable functional space X, and A > 0 is a parameter to balance
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two terms. The popular total variation (TV) regularized L2-model, known as the Rudin-
Osher-Fatemi (ROF) model [35], takes the form

min { |Du| + & |u —f|2dQ} (1.2)
ueBv(2) L | 2 J, ’ '

where Q is a bounded domain in R? with the Lipschitz boundary, BV (2) is the space of
functions with bounded variation, and fQ |Dul is the total variation of u (see, e.g., [1]).
An important variant of the ROF model is as follows (see, e.g., [22,24,26]):

A
mum{f (lue] + ly 1) dQ-i—Ef |u—f|2dQ}. (1.3)
Q Q

The models (1.2) and (1.3) are known as the isotropic and anisotropic ROF model,
respectively. They function well for noise removal, and simultaneously preserve discon-
tinuities and edges, so they have been extensively used for a variety of image restoration
problems (see, e.g., [14,33]).

However, as pointed out in [5,11], the ROF model induces the so-called “staircase
effect”, as its cost functional is borderline convex (with a linear growth with respect
to the image gradients), and it oftentimes produces piecewise constant artificial archi-
tects. Some models using higher-order derivative information have been proposed to
overcome this drawback (see, e.g., [13,27,37,46]). For instance, Lysaker, Lundervold
and Tai [27] suggested the model (termed as the anisotropic LLT model):

Inuin{F(u) = J;Z (] + [y, ) d2+ g J;Z lu —f|2dQ}, B >o0. 1.4)

The use of second-order derivatives damps oscillations faster than the total variation
regularized model, so (1.4) can reduce the “staircase effect", and produce better ap-
proximation to the natural image [27,46].

Over the past decade, many methods have been developed for the ROF model (1.1).
These algorithms typically include (i) the primal approaches, such as artificial time
marching algorithms [26,27,35], fixed point iterative algorithm [41], and the multigrid
method [16]; (ii) the dual methods [9, 10,12, 15, 30, 32,38], and (iii) the primal-
dual approaches [6,20,42], the augmented Lagrangian method [40,44], and the split
Bregman type methods [8,21,29,34,39,45]. Moreover, fast graph-cut algorithms [9,18]
have been developed for (1.3).

However, to the best of our knowledge, there are very few discussions on efficient
minimization of the anisotropic LLT model (1.4). In this paper, we shall put this model
in a more general setting and develop fast algorithms for the minimization problem:

muin {E(u) = f (A ul + [Aqul) dQ+ EJ |u —f|2dQ}, (1.5)
Q Q

where A; and A, are two bounded linear operators over the admissible function space,
and y is a positive constant. Motivated by the split Bregman method for the ROF
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model [22], we shall propose a new projection scheme and the resultant algorithm
enjoys the advantages: (i) it inherits the strengths of the split Bregman method; (ii)
it avoids solving PDEs, so it saves computational time and memory; (iii) it possesses
a convergence rate O(k~2), where k is the number of iterations. We shall also pro-
vide ample numerical experiments to demonstrate the effectiveness of the proposed
algorithm.

The rest of the paper is organized as follows. In Section 2, we propose the iterative
algorithms for the general model (1.5), and analyze it convergence. In Section 3, we
implement the algorithms for the anisotropic LLT model (1.4). The final section is
devoted to the numerical experiments and concluding remarks.

2. Formulation of the Algorithms

In this section, we describe the iterative algorithms for the general model (1.5). Our
starting point is to reformulate (1.5) as
. Y
min {|d1|L1(Q) + |d2|L1(Q) + EHU —f”%zm)},

d1,dz,u (2.1)

subject to d; = Aju and dy = Ayu,

where we used |- |11(q) and || - [[ 2, to denote the normal of space LP(2) with p = 1,2,
respectively. Indeed, as with the algorithms for ROF model (cf. [22, 39, 40, 43]), it
is essential to decompose the original problem into some subproblems that are easier
to be solved. Typical techniques for dealing with the constraint formulation include
the split Bregman iteration [22], the augmented Lagrangian method [40], and the
Douglas-Rachford splitting method [39], etc.
In what follows, we approximate (2.1) by using the penalty method:
min {Idy ]y + 1l + Sl = FIlq) + 2 dy — Agul?
u,dy.dy 2 LXQ) © 2 L3(9) 2.2)

To 2
+ 1l — Mgl .

where 74, T, > 0 are two penalty constants.

2.1. Algorithm based on split Bregman iteration

Using the notion of the Bregman iteration (see, e.g., [22]), we resolve the problem
(2.2) by solving the following three subproblems (as summarized in Algorithm 2.1):

. Y
(4, a1, i) = arg min {110 + dalya) + ol — £
u,dy,dy 2

i3 k)2 T2 k|12
+ ?”dl - Alu - b1||L2(Q) + ?Hdz - Azu - b2||L2(Q)}, (23)

byt i= bl 4+ AT —df

k+1._ 1k k+1 _ gk+1
BEFL = bE 4 Akt — dkt,
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Algorithm 2.1: The split Bregman method (SBM) for solving (2.1).

M Setu’=f,d)=0, dd=0, b%=0 b)=0andk=0;
k+1 gk+1 gk+1 pk+1 zk+1
(D Compute (u**t,d;™, d; b3+, byt by
(Y T1 T2
uk+1 = argn}}n{znu _f”%Z(Q) + ?”dl - Alu - blf”%Z(Q) + ?”dZ - A2u - bg”%Z(Q)}:
. 71
A i= argmin {Id |30 + ' lds = A = B
1
. T2
d*! := argmin {Ids 1300 + Iy — Ao = BIZ g 1,
2
b= b+ AUl —dF
DEFD = b 4 Apuktl — di Y,

(ITT) If the stop criterion is not satisfied, set k := k + 1 and go to Step II.

It is clear that the first subproblem in Step II of Algorithm 2.1 can be solved easily
from the optimality condition. The solutions of the second and third subproblems can
be obtained by

A =8, (AMuFT +bE), Ayt =S (A 4 b)), (2.4)

where S is the shrinkage operator defined by

max {|c| i — 7", 0}. (2.5)

Here, we adopt the convention: 0-(0/0) = 0 (cf. [42]).

In fact, the above split Bregman-based method can be regarded as a special case of
the Douglas-Rachford splitting algorithm [19], as observed by Setzer and Teuber [39].
To analyze Algorithm 2.1, we recall the convergence of the (generalized) Douglas-
Rachford splitting algorithm given by Combettes [17].

Lemma 2.1. Let X be a Hilbert space, and let A,B : X — 2% be two maximal monotone
operators. Define J,, = (I +A/u)"L, for any u > 0. Assume that a solution v* of

0€A(v)+B(v)
exists. Then for any initial guesses t°,v® and y > 0, the following Douglas-Rachford
splitting iteration
thtl .= JMA(ka — tRY 4tk — vk,
(2.6)

Vk-i—l = JuB(tk+1)’ k> 0,

converges weakly to an element t*. Moreover, there holds v* := J,g(t*) satisfying 0 €
A(v¥) 4+ B(v*). In particular, if X is finite dimensional, the sequence {v¥} converges to v*.
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With the aid of Lemma 2.1, we are able to show the convergence of Algorithm 2.1,
as stated in Theorems 2.1 and 2.2, whose proofs are given in Appendix A and Appendix
B, respectively.
Theorem 2.1. The sequence {(u*™1,dX?, d5+1 bX1 pE+1)} generated by Algorithm 2.1
is convergent.
Theorem 2.2. Assume that (u*,d},d;, by, b3) is the limit point of the sequence {(uk, dk, dé‘,
b'l‘, bé)} generated by Algorithm 2.1. Then u™ is the solution of the constrained optimiza-
tion problem (1.5).

The following properties are a direct consequence of Theorem 2.2.

Corollary 2.1. Assume that u* is the solution of (1.5) and {u*} is generated by Algorithm
2.1. Then the following properties for Algorithm 2.1 hold:

lim |ju — U2y =0, lim Auf = At and  lim Au = Au®
k—+00 k—+00 k—+00

2.2. A new projection scheme

The split Bregman method has been widely applied to signal processing and image
restoration problems [7,8,21-23,28,31], but it usually requires to solve PDEs in the
inner loop that increases computational time and memory requirement. In this subsec-
tion, we propose a projection method based on the relationship between the projection
operator and the shrinkage operator. This leads to efficient algorithms that enjoy the
advantages of the split Bregman method without solving PDEs.

Definition 2.1. Let X,Y be two Hilbert spaces. The projection operator Pg (-) : X — Y
onto the closed disc B, := {c €X : |lc|| 1y < T~ '} is defined by

P (¢) = ———min (llclly 1), 7)), (2.7)

el
where T > 0.
In view of the definitions (2.5) and (2.7), we have the following identity:
Pg (c)+S;(c)=c, VceX, Vr>0. (2.8)

This relation plays an important role in the construction of the fast algorithms below.

Firstly, we change Step II of Algorithm 2.1 as
. 1

df*! i= argmin {Id (e + Iy — Av = B112 )},
1
. T2

a1 i= argmin {Idy15300) + 1> — Aot — BE[12, ) b,
2

b= bk Ak —df

k+1._ pk k _ qk+1
by i=Dby + Aqut —dy ",

k+1 . (V2 Tl k1 k2
u = argmin { 2l = £ 12 + 5145 = A= bE

T2
2l = Agu— b -
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Using the optimality conditions yields
k k
ditt =S, (b +Aub),
Ayt =S, (b5 + Aub),
k+1 _ 1k k k+1
) bi" =by+Aut —d;iT, (2.9)

byt = bl + Au* —diH,

T T
uk = f — fAﬂ;(AlukH —df + b)) - 72/\;(/\2u’<+1 —d5T + bh).

Notice that the last step requires to solve a PDE for u**!. To utilize the identity (2.8),
we apply a Jacobi iteration to solve (2.9):

W= f - %A; (Aqu — dF*1 4 bF) — %A; Ak =5 4+ 85). (2.10)
Accordingly, it follows from (2.8) that (2.9) can be reformulated as a compact form
byt =Py (DY + AU,
byt =Py (b5 +Agu"), 2.11)

T T
k+1 _ "1 asg k41 “2 ax gkl
u =f _Y Alb1 —Azb2 .

This leads to the new projection method for (2.1).

Algorithm 2.2: Projection method (PM) for solving (2.1)

M Setu’=f,b?=0,b)=0andk=0;
(I) Compute (u**1, b]fﬂ, b'2‘+1) by (2.11);
(I1) If the stop criterion is not satisfied, set k := k 4+ 1 and go to Step II.

Remark 2.1. Although a Jacobi iteration is used to approximate (2.9), we find that several
iterations provide very satisfactory results and in most applications, only one iteration may
work well. Notice that Step II in Algorithm 2.2 is easy to compute as it only involves a
projection operator and an operator multiplication, so no need to solve PDEs. We see that
this is based on replacing Au* — dl.kJr1 + bf in Algorithm 2.1 by bf‘“ fori=1,2. In
fact, it was also observed by Zhao and Jia [24]. However, their method did not give the
relation between the split Bregman method and the projection method. On the other hand,
by comparing Algorithm 2.2 with the gradient descent projection algorithm as in [9], it
is not difficult to find that %b* as a limit generated by Algorithm 2.2 can be regarded as

the solution of the dual problem of (2.1). O

We next consider the convergence of Algorithm 2.2. Let X and Y be Hilbert spaces.
Recall that the Lipschitz condition L(A) of the operator A : X — Y is defined by

[|[Au — Av||L2(Q) < L(A)|lu— V||L2(Q)

for every u,v € X.
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s L(A %) ————)and T4 € (0,—L(A I
{(uk, bk, b'z‘)} generated by Algorithm 2.2 converges to a limit point (u*, b], b3). Further-
more, u* is the solution of (1.5).

Theorem 2.3. Assume that 7, € (0 ), then the sequence

The proof of this theorem is given in Appendix C.

It is known that the above projection scheme converges like O(k™!). Recently, an
improved version of the first-order method (called FISTA) with the convergence rate
O(k™2) proposed by Beck and Teboulle [4] has been extended to solve the ROF model
[36]. This method can be actually viewed as an extension of the classical gradient
algorithm. Motivated by this, we improve the above projection method as follows.

Algorithm 2.3: Fast projection method (FPM) for solving (2.1):

M Setu’=f,b9=0,b3=0,dY=0,d=0,t;=1and k=0;
(ID  Compute (u**, ¥+ pE+1) by

dk = PBn(b’l‘ + Aub),

dé{ = PBTZ(bIZC + Azuk),

ror

k1 = - 9 >
bk+1 dk fk 1(dk d{(_l),
k+1 _ k f 1 k k-1
b =df + S (af — i),
uk+1 =f _ ’;/1 A* bk+1 QAzbk—i-l.

(ITIT) If the stop criterion is not met, set k := k + 1 and go to Step II.

Remark 2.2. Notice that the very recent paper [25] proposed a relaxed iterative method
different from Algorithm 2.3 to improve Algorithm 2.2, which was shown to be fast. It
should be pointed out that we can show the convergence rate of Algorithm 2.3 is O(k™2),
which improves that of Algorithm 2.2. O

In order to prove the convergence of Algorithm 2.3, we first consider the dual
formulation of (1.5).

Theorem 2.4. The solution of (1.5) is given by
1 * *
u=f-— ;(Alpl + A2p2):
where p = (p;, py) satisfies

: 2
min_ 1A1p1 + Aapo = Y Il 2 (2.12)

lIplloo<
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The proof of this theorem is provided in Appendix D.
Setting F(p) = [[A1p1 + Aspz = 1f lI}5q, and

0 ifpeK={p:llpll; <1},

400 otherwise,

g(p)=Zx(p) = {

we can rewrite (2.12) as

mpin {F(p)+ g(p)}. (2.13)

It is obvious that F(p) is a smooth convex function of C!-type and satisfies the follow-
ing Lipschitz condition

IVF(p) — VF(Qll 2y < Lllp — qll;2),  VP.q €R?,

where L is the Lipschtiz constant. Therefore, based on the problem (2.13), we can
deduce that the problem (1.5) falls into the framework of the model proposed by Beck
and Teboulle [4]. This implies that Algorithm 2.3 can be looked at as the fast iterative
shrinkage-thresholding algorithm (FISTA), so we have the following result.

Theorem 2.5. Assume that (u*, bj, b3) is the optimal solution of the problem (2.1). If
N S 1 k pk 1k

7, € (0, YL(AlAi)) and 7, € (0, YL(AzAE))’ then the sequence {(u", by, by)} generated by

Algorithm 2.3 converges to (u*, b}, b5). Furthermore, Algorithm 2.3 has a convergence

rate O(k=2) and u* is the solution of (1.5).

3. Implementation on the anisotropic LLT model

As an important application, we apply the algorithms introduced in the previous
section to the anisotropic LLT model (1.4). We first introduce some notations. Assume
that Q is a square domain in R? and Q is divided uniformly into N2 sub-square domains
Q,;(i,j =1,---,N). Let x;; = (i,]) be the left-down vertex of Q; ;. Let u;; be the
approximation of u at x; ;. Define the differential operators as in [27]:

Dyuy ;= [Uip1j —Ujj],  Dyyllyji= [Dx(ui,j) - Dx(ui—l,j)]a
Dyu; = [ujjp1 —uij],  Dyyuyji= [Dx(ui,j) - Dx(ui,j—l)]-

Setting A; = D,, and A, =D
case of (1.5).

vy, the anisotropic LLT model (1.4) becomes a special

Algorithm 3.1. The split Bregman method (SBM) for solving the Anisotropic LLT Model
1.4):

0_ 0 _ 40 _ 10 _ 10 _ —0-
(D) Initialization: Setu” = f, d; = dyy =b. = byy =0. Let k :=0;
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(II) Compute (ukH, d’;,fl, d§;1> bi:crl’ b;(';l) by

uktt = Gk(ﬁ,ﬁ:’rz:uk:dfx’dl;y’bix’bf’y’f)’
df;:l = shrink(DxxukJr1 - b;];x’ ),

d’;;l = shrink(Dyyuk+1 - bf,y, =,

b;lijc_l = bJI;x + Dxxuk-*_1 - dJI;jf_l’

byy' = by, +Dyutt —d,

where GX(-) for i,j =1,2,---,N takes for form

T
k(N — 1 ok k ko k k
Gi,j( ) = B +67,+67, ( Upyo i TAUL T AU = Uy + dxx,i—l,j
—odk 4dk bk opopk —pk o yp 2
XX,1,j xx,i+1,j xx,i—1,j XX,1,j xx,i+1,j [5 +6’L’1 +6T2
k k k k k k
(- Ui jpp T T AU s — U5 o F dyy,i,j—l - Zdyy,i,j +dyy i
_pk k _ pk L L.
byy,i,j—l + 2byy,i,j byy,i,j+1) + B+67,+ 67:2f”’

(III) If the stopping criterion is not satisfied, the set k := k + 1 and go to Step II.

In fact, the first term of Step II in Algorithm 3.1 can be deduced from the first term
of Step II in Algorithm 2.1 by using the Gauss-Seidel iteration to solve the optimality
condition for u, which can be written as

(BI+ 71D} Dy + 75D} Dy ! = Bf +7,D], (dff = b}) + 75D} (df — b5).

To avoid solving equations, we apply the projection method to solve the anisotropic LLT
model (1.4) as follows.

Algorithm 3.2. Projection Method (PM) for solving the Anisotropic LLT Model (1.4)
e 1_ =0 =0 .
(D Initialization: Setu” =f, d, . = dyy. Let k:=1;

—k —k
(1) Compute (u*+1, dy,-d,,) by

—k ko k-1
dxx = PBTI(D.X'Xu +dxx ),
—k K k-1
dyy = PBTZ(Dyyu +dyy ),
T —k T —k
o= foIpTg —2pT g

ﬁ XX XX ﬁ Yy yy;

(IID If the stopping criterion not satisfied, set k := k 4+ 1 and go to Step II.
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In contrast to Algorithm 3.1, we can directly obtain u**! by using the variables
&J’;x and &)’/‘y in Algorithm 3.2. Moreover, the auxiliary variables bi;l and bf/;,rl are not
included in Algorithm 3.2, so Algorithm 3.2 is more economic than Algorithm 3.1.

Applying Algorithm 2.3 to the anisotropic LLT model leads to the following algo-
rithm.

Algorithm 3.3. Fast Projection Method(FPM) for solving the Anisotropic LLT Model (1.4).

(D) Initialization: Set u' = f, &Sx = &3)/’ to=1. Let k:=1;

(I) Compute (u**1,d* &’;y) by

xx?
&Z;x = PBTl (Dxxuk + &Z:;l):
k. k , k-1
dyy = PBTZ(Dyyu +dyy ),
1+ /14467
g1 = - 9
- t. —1 . -
k+1 . k k k k—1
it = di+ e (dy —d;™),
. tr.—1 . ~
k+1 ._ gk k k k-1
bt = df+ — (dy —dy ™),
k+1 . P17 gk Y207 k1.
u = f - FDxxbl - FDyyb2 5

(IID If the stopping criterion not satisfied, set k := k 4+ 1 and go to (ID).
We point out that the second-order differential operators D, and D, satisfy
IDctllz < 16]lullz and [y ullp> < 16]ulle.
Therefore, we derive from Theorem 2.5 the following convergence results.
Corollary 3.1. For the anisotropic LLT model, then the following assertions hold.
(1) The sequence {(u*, d’;x, d;fy, b)’ﬁx, b;‘,y)} generated by Algorithm 3.1 is convergent.

(2) Assume that 7, € (0, ﬁ) and 7, € (0, ﬁ
generated by Algorithm 3.2 is convergent.

). Then the sequence {(uk:&;]ccx’&];y)}

(3) Assume that T, € (O,ﬁ) and 7, € (0, ﬁ
generated by Algorithm 3.3 is convergent.

). Then the sequence {(uk:&;]ccx’&];y)}

Furthermore, if u* is the limit point corresponding to the iteration sequence for the above
three algorithms, then u* is the solution of the anisotropic LLT model (1.4).
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4. Numerical results and discussions

This section is devoted to numerical experiments and a comparison study with an
aim to show the performance of the proposed algorithms. We shall see that the use
of anisotropic LLT model can considerably reduce the staircase effect, compared with
the ROF model. We shall demonstrate that the split Bregram-based method with a new
projection scheme is very efficient for the anisotropic LLT model.

For comparison, we recall the dual method in Steidl [38] for (1.4), as summarized
below.

Algorithm 4.1. Dual Method (DM) for solving the Anisotropic LLT Model (1.4).
(D Setu’=f, and pgx =p§),y =0;

(ID) While the stop criterion is not satisfied, compute the following iteration:

uk =f - %(Dxxp)];x +Dyyp§<,y):

k k
k+1 _ pxx+%(Dxxu )
xx 1+%|Dxxuk| ?

k T k
k+1 _ Pyy T 5 (Dyytt")
Yy 1+%|Dyyuk| ’

for k=1to N. Here 7 is a positive parameter.

As in Chambolle [10], it is easy to deduce that the above DM is convergent when
T< é In order to measure the quality of the restored image, we introduce the signal
to noise ratio (SNR) and the mean squared error (MSE) defined by

Jo (w—)*de

SNR =10-1log;, (—
o (n—m2de

1
and MSE = —f (1 —1y)?dS,
12l Jq

where |Q] = deQ, = ﬁ fﬂ udQ and 7 = ﬁ fﬂ ndf2, n = u — u, denotes the noise.
All results are generated by using MATLAB(R2009a), on a PC with an Intel Core i5
M520 2.40 GHz processor, with 4GB of RAM. Furthermore, it is noteworthy that in the
following computation, we take 7 = 7; = T5.

Example 1: We process a synthetic image with 128 x 128 pixels to show that the
anisotropic LLT model can overcome the staircase effect. The noisy image is obtained
by adding a Gaussian white noise with the standard variance o = 15. The restored
images in Figure 4.1 are obtained by using the dual algorithm for the anisotropic ROF
model (1.3) as did by Chambolle [9] and Algorithm 4.1 for the anisotropic LLT model
(1.4), respectively. The parameters are chosen with A, = 0.08, t = 0.125 for the
anisotropic ROF model and f = 0.137, T = 0.01 for the anisotropic LLT model. Both
of the algorithms will stop after 500 iterations. As we can see from Figure 4.1 (c), the
image restored by the ROF model has staircase effect. However, the image restored
by the LLT model looks more natural as shown in Figure 4.1 (d). In order to make a
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(a) Original image

(c¢) ROF model (d) LLT model
Figure 4.1: The related images: (b) SNR=12.1869; (c) SNR=22.7887; (d) SNR=22.6160.

better comparison, we consider a profile line in Figure 4.2 (a) which station is shown
in Figure 4.1 (a). From Figure 4.2, it is easy to find that the image restored by the LLT
model has much less staircase effect and looks more natural again.

Example 2: In this example, we compare the speed of the three algorithms in
Section 3 and Algorithm 4.1. We consider the noisy Lena image contaminated by a
Gaussian white noise with the standard variance o = 10. The related parameters, the

Method B T Time(s) @ MSE SNR
DM 0.35 0.01 2.2304 34.0610 18.9826
SBM 0.35 0.005 3.1356 34.0207 18.9862
PM 0.35 0.0167 1.0452 34.2403 18.9598
FPM 0.35 0.0167 1.4196 34.1533 18.9705

Table 1: The related data of Example 2.

computations time, MSE, and SNR achieved by each of algorithms are arranged in Table
1. After the algorithms are implemented about 100 iterations, we output the restored
images. We notice from Table 1 that the images restored by these four algorithms
almost have the same MSE and SNR. However, it is not difficult to find that the curves
of MSE and SNR in Figure 4.4 generated by FPM obviously change faster than those
generated by other methods, which implies that FPM outperforms other methods. On
the other hand, we should also notice the computation times. As we expect, Algorithms
3.2 and 3.3 spend much less the computation time. In fact, Algorithms 3.2 (PM) and



Fast Algorithms for the Anisotropic LLT Model in Image Denoising 13

L L L L L L L L L L L L
0 20 40 60 80 100 120 0 20 40 60 80 100 120

(a) Original image (b) Noisy image

(c¢) ROF model (d) LLT model
Figure 4.2: The profiles of related images in Figure 1.

3.3 (FPM) only require 33.3% and 45.3% computation time of Algorithm 3.1 (SBM),
respectively.

Original Image Noisy Image
Figure 4.3: The related images: (b) SNR =14.3766 and MSE = 99.8160.

Example 3: To analyze the convergence of the proposed algorithms in Section
3, we consider the 256 x 256 Peppers image as the test image. The noisy image is
contaminated by a Gaussian white noise with the standard variance o = 20. Here, we
take f = 0.135 and 7 = 0.034. Algorithms are terminated after 1000 iterations. At
this time, we have SNRgg); = 15.2335, SNRp; = 15.2791 and SNRgpy, = 15.2794 for
restored images. In order to understand the change of energy function (1.4), we plot
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SNR MSE
Figure 4.4: The related curves.

0 10 20 30

AL

Original image Noisy image
Figure 4.5: The related images: (b) SNR=8.0657 and MSE = 401.8418.

energy function curves corresponding to these three methods for the first 100 iterations.
From Figure 4.6 (a), we observe that the energy function (1.4) of FPM changes much
faster than those of both SBM and PM. To compare the accuracy F(uX) — F(u*) of
these three methods, we also plot convergence curves of the accuracy in Figure 4.6 (b).
It is clear that FPM is fastest and can reach greatest accuracies amongst these three
methods. Furthermore, the accuracy obtained by PM at iteration 1000 only require
about 500 iterations for FPM and 550 iterations for SBM. The above comparison shows
that FPM is the best among three methods.

Concluding remarks and discussions

By using the relation between the projection operator and the shrink operator,
we deduced a projection method from the split Brgeman method to solve the min-
imization problems including two L!-regularization terms. The proposed projection
method compared with the split Bregman method can avoid solving PDEs so that it
saves computation time. Furthermore, in order to make the projection method achieve
the convergence rate O(k™2), we employed the strategy of the fast iterative shrink-
age/thresholding algorithm (FISTA) to speed up the projection method. The conver-
gence analysis of the proposed methods were provided. Furthermore, we applied these
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Figure 4.6: (a) The energy function curves of SBM, PM, and FPM for the first 100 iterations; (b)
Accuracy F(u*) — F(u*) of FPM, PM and SBM.

700 800 900 1000

methods to solve the anisotropic LLT model and compared with various methods. The
proposed algorithms have a great implication in other image processing tasks such as
image deblurring, zooming and inpainting.
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Appendix
A. Proof of Theorem 2.1

Based on the assumption, since the sequence f(uktt, gkt gh+t) b'l‘H, K} is gen-
erated by Algorithm 2.1, then the optimality conditions of Step II in Algorithm 2.1
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satisfy
0=y —f)- TlA“{(df — AquFtt — b]f) - ’L'ZA;(dg — Auftt — b’zc),(A.la)
0€a(|df ) + 7, (df ! — AUt — bb), (A.1b)
$ 0€a(|dETI) + To(dE T = AguR Tt — bh), (A.10)
LA = bk AUt — (A.1d)
DAY = bk + AUt — dk T, (A.le)

where A] and A3 are the adjoint operators of A; and A,, respectively. Set

Ay k df k by T
A= L df= 1], b*:= Fo, Te= >
( As ) ( > b3 T2

then (A.la) can be rewritten as

T
Auk+1 — _AA*(g + dk _ Auk+1 _ bk),
Y

where %A*g := f. Adding g + d* — Au**! — b* to the two sides of the above equation,
we can get

T
bk — g —dk = (I+?AA*)(bk+Auk+1—g—dk), (A.2)

where I denotes the identity operator. Set A(x) := AA*(x — g) for x € Q and u := %,
then we can deduce that (I + uA)x = (I + uAA*)(x — g) + g, which implies that

Juax = +pAN) T (x—g)+¢g
and J,, is firmly nonexpansive. Thus (A.2) can be rewritten as

AU 4 bR =, (bF — dF) + d*. (A.3)
Let vk := bk and tF := bk + dk, we can rewrite (A.3) as

=g a(2vF = ) + (eF = vE). (A.4)

It is clear that (A.4) corresponds to the first iteration of (2.6) in Lemma 2.1.
Now we consider the second iteration of (2.6). It is clear to find that Egs. (A.la)
and (A.1b) can be rewritten as

0 a(|d* ) + v (d*! — AUkt — bh).
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Set B~!x = d(|x|), then B as a set-valued mapping implies that
[0,400) if y=1,

By =x with x=< 0 if |y|<1,
(—o00,0] if y=-1

for y € Q. Hence we get

if x>1,
Jpx=(I+B) 'x=y with y={ x if |x|<1,
-1 if x<-1.

Furthermore, we can obtain the following formula:
dk+1 e T—lB(Auk-H + bk _ dk+1).

By the fact that b**! = b* 4+ Au**! — d**1 the above formula can be rewritten as
1
b* + AUt € (=B 4+ I)bFH.
T

Set vk+1 .= p*+1 and %! := bk 4+ AuFt, then we get
VRt = g (R, (A.5)

Combining (A.4) with (A.5) and based on the maximal monotone operators A and B, it
follows from Lemma 2.1 and 7, u > O that the assertion holds. O

B. Proof of Theorem 2.2

Based on the assumption, if (u*,d7,d;, b, b3) is the limit point of the sequence
{(uk, dk, dé‘, b]f, b'z‘)} generated by Algorithm 2.1, it is easy to deduce that (u*, d7, d;, b, b3)
satisfies

0 =y —f)—1,A7(d] — Aju* — b]) — T,A5(d; — Ayu™ — b3),
0 €d(ld{D+71(d} — Aju™ = b)),
0 €d(ld;])+Ty(dy — Ayu™ — b3), (A.1)

A

bt =bi+di - A,

b, = b5 +d; — Ay,

Setting b} = b} +d; — Aju”™ and b3 = b] +d; — Ayu*, we rewrite (A.1) as
0 =y —f)+71A]b] + T,A5D7,

0 65(|A1u*|)—T1bT,

0 €d(|Au™|)— 7,b3.
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By the fact that A; and A, are bounded linear operators, we can deduce that
0ey(u" —f)+ A 2(IAu") + A0 (IAu™)),

which implies that u* is the solution of (1.5). O

C. Proof of Theorem 2.3
We first notice that Step II of Algorithm 2.2 can be rewritten as

by"t =Py ((I = AADDBY + Ay f — ZEAADE),
pk+ = Py ((1- %AzA;)b’g + Ao f — %AzA“{b’f),

so we can deduce that the above iterative sequence (b, b’Z‘)} converges to a fixed point
(b3, b3) when 7, € (0, =——=) and 7, € (0 ) [3]. It follows from Step II of

Algorithm 2.2 that

’ L(A A7) ’ L(A A3)

bt = Py (b + Ay,

b; = PBrz(bZ + Azu*), (Al)
T

ut = f — SATb] — 233,

where u* is the limit of {u*}. So it is not difficult to see that (A.1) can be reformulated
as

A = 2o,
A3b; = Lo,

T
u' = f — ZATb} - A3,

which imply
ES 1 * ES
uw—f+ ;(3(|A1u D+ (Au))=0
Using the uniqueness of the solution, we can deduce that u* is the solution of (1.5). O
D. Proof of Theorem 2.4

Using the fact that

|X|L1(Q) max {(X P)LZ(Q)}
lIpllpoo(y=<1
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it follows that (1.5) can be rewritten as

. Y
min max_ Zllu— |2 q + (NP1 Wiz + (Ap2, Wiz

U Ipllgooey =

where A7 is the adjoint operator of A; for i = 1, 2. Since the objective function is convex
for u and concave for p, by interchanging the order of the minimum and maximum, we
can get

Y ) . .
max min —||ju — —+ A ,u + A u , Al
[Ipllpooy=<1 u 2” f”Lz(Q) ( 1P1 )LZ(Q) ( 2P2 )LZ(Q) ( )

which implies that u as the function of p; and p, satisfies
1 * *
u=f— ;(A1P1 + A5ps). (A.2)

By replacing the variable u in (A.1) by the expression (A.2) and omitting the constant
terms, it follows that p; and p, satisfy

min  ||[A{p; + Aypy — v f %0, O
bl <1 1P1 2P2 = YT ll2(qy
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