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Abstract

In this paper, we propose an accurate numerical means built upon a spectral-Galerkin
method in spatial discretization and an enriched multi-step spectral-collocation
approach in temporal direction, for the transverse magnetic mode of Maxwell equa-
tions in Cole-Cole dispersive media in two-dimensional setting. Our starting point
is to derive a new model involving only one unknown field from the original model
with three unknown fields: electric, magnetic fields, and the induced electric polar-
ization (described by a global temporal convolution of the electric field). This results
in a second-order integral-differential equation with a weakly singular integral kernel
expressed by the Mittag-Lefler (ML) function. The most interesting but challenging
issue resides in how to efficiently deal with the singularity in time induced by the
ML function which is an infinite series of singular power functions with different
nature. With this in mind, we introduce a spectral-Galerkin method using Fourier-
like basis functions for spatial discretization, leading to a sequence of decoupled
temporal integral-differential equations (IDE) with the same weakly singular kernel
involving the ML function as the original two-dimensional problem. With a careful
study of the regularity of IDE, we incorporate several leading singular terms into the
numerical scheme and approximate much regular part of the solution. Then, we solve
the IDE by a multi-step well-conditioned collocation scheme together with mapping
technique to increase the accuracy and enhance the resolution. We show that such an
enriched collocation method is convergent and accurate.
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1 Introduction

In electromagnetism, if the electric permittivity or magnetic permeability depends
on the wave frequency, then the medium is called a dispersive medium. The typical
models that characterize such a dependence include the Drude mode [44, 45] and the
Lorenz model [30, 34]. The Cole-Cole (C-C) dispersive model, distinguishing itself
by the nonlocal feature, has been successfully applied to fit experimental dispersion
and absorption for a considerable number of liquids and dielectrics [9]. Such a model
can be expressed by the empirical formula (cf. [9]):

€s —€x

€(w) =€ <€m+m>, O<ac<l, (1.1)

where 7, €, €, €50 are all given physics constants. Here, t is the central relaxation
time of the material model, €p is the permittivity of vacuum, and €; and €4, are
respectively the zero- and infinite-frequency limits of the relative permittivity satis-
fying €; > €5 > 1. In particular, the model with « = 1 leads to the classical Debye
dielectric model, or exponential dielectric relaxation.

Since the C-C relaxation model has many applications in diverse fields, such as
soil characterization [28], permittivity of biological tissue [12], and the transient
nature of electromagnetic radiation in the human body [10, 17], its numerical solution
has attracted much attention. Intensive studies have been devoted to the finite dif-
ference time domain (FDTD) methods (cf. [8, 26, 27, 37, 38]), and the time-domain
finite element methods [2, 15, 20, 23, 39]. Most of them worked on discretization of
the Maxwell system directly where the electric field and the induced electric polar-
ization in the model are interconnected and globally dependent (see (2.2)). Although
this relation can be transformed into a fractional differential equation (see, e.g., [20,
27, 38]), direct discretization of three fields may result in a large degree of freedoms
with a heavy burden of historical dependence in time.

Different from all aforementioned works, we formulate the C-C model as
a second-order partial integral-differential equation (PIDE) involving only one
unknown field, where the integral part has a weakly singular kernel in terms of the
ML function. We then place the emphasis on how to efficiently deal with the temporal
singular integral with the kernel function as a series of singular functions in different
fractional powers. Without loss of generality, we consider the plane wave geometry
of the C-C model and reduce magnetic and electric field vectors to scalar field quan-
tities by polarization, and restrict our attention to the two-dimensional PIDE. We then
employ a spectral-Galerkin method using Fourier-like basis functions in space (cf.
[21, 22, 33]), and the model boils down to a sequence of decoupled temporal IDE
with the same type of singular integrals. As such, unlike the existing methods, we
work with a model with the minimum number of unknowns, so the computational
cost can be enormously reduced.

We propose a well-conditioned multi-step collocation method for solving the tem-
poral IDE, which is enriched by incorporating a few leading singular terms through
a delicate regularity analysis, and integrated with a mapping technique (cf. [41]) for
treating the singular integral and nearly singular integrals in the first subinterval. The
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well-conditioning is achieved by writing the IDE in a first-order damped Hamito-
nian system and using the Birkhoff-Lagrange interpolating basis (cf. [40]), so the
proposed method possesses a long time stability. It is noteworthy that the integral
operator in our setting involving the ML function as the singular kernel. Such a ker-
nel is distinct from the usual weakly singular kernel, such as 1 0<a<1,in
terms of the singular behaviors. We notice that many fast algorithms, stemming from
the celebrated fast multipole method, have been recently proposed for the (Riemann-
Liouville/Caputo) fractional differential equations (see, e.g., [16, 19, 24]). However,
it appears that the extension of these algorithms to our case is nontrivial and largely
open due to the completely different nature of the singular kernel.

The rest of the paper is organized as follows. In Section 2, we formulate our new
model and present a semi-discretized scheme for the problem of interest. In Section 3,
we tackle the challenges of the temporal IDE obtained from the previous section and
introduce effective numerical techniques to surmount the obstacles. We also present
various numerical results to illustrate various perspectives of the proposed method.
We then conclude with discussions and some future work regarding the C-C model
in Section 4.

2 Formulation of the model and a semi-discretized scheme

In this section, we derive a new model from the Maxwell system in Cole-Cole media
involving three vector fields,and introduce a semi-discretized scheme for the problem
of interest.

2.1 Maxwell equations in Cole-Cole media

The time-domain Maxwell’s equations in Cole-Cole media take the form (cf. [20,
38]):

0E VxH oF Qx(0,7T] (2.1a)
€€c— = VX H—— in Qx(0,T], la
0% 1 o1
oH .
,uoﬁ = -VxE in Qx (0, T], (2.1b)

where  is a bounded domain in R3 with a Lipschitz boundary, and P(x, ¢) is the
induced electric polarization

2.2)

t —
P(x,r>=fsa<r—s>E(x,s)ds, Eal) = z—l{w}.
0

14 (sT)*

Here, &, is the time-domain susceptibility kernel which involves the inverse Laplace
transform .Z~'. Note that P (x, 0) = 0 is evident from (2.2). Here, we supplement
(2.1)—(2.2) with the initial conditions

E(x,0) = Eo(x), H(x,0)=Ho(x) in €, 2.3)
and a perfect conducting boundary condition

nxE=0 at 02 x (0,T). 2.4)
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It is seen that the above Maxwell system contains three unknown vector fields. It
is computationally beneficial to eliminate some unknowns. In this paper, we work on
the model with one unknown field, as stated in the following lemma.

Lemma 2.1 Define £ := €geoo E + P. Then, a reduced model from (2.1)—-(2.4) is

%27‘;: = —aV x Vx£+b/0l eqa(—A(t —$)*)VxVxEds in Q, t € (0,T],
(2.5a)
nx&le=0 teT], (2.5b)
Ex,0)=Epx), &(x,00)=E&E1(x) ing, (2.5¢)
where 0 < a < 1,
g=— p= ST, S (2.6)
HOE0€Eoo LoTY€0€2, €0 T?
and
eo.p(—at%) = tP7VEy g(—01®), 2.7
with Ey g (t) being the standard Mittag-Leffler (ML) function defined by
00 2
Evp(2) =) ET 2.8)

k=0

Proof Firstly, taking derivative with respect to ¢ for (2.1a) and Vx for (2.1b), we

eliminate H and obtain

0’E 1 9%P
=——VXVXE—- —- 2.9)

€0€co—= = .
< a2 o ar>

Secondly, taking the Laplace transform on both sides of (2.2) leads to

= €o(€s — €c0) =
P(x,s) = ——FE(x,s), 2.10

(0 9) = T B ) (2.10)
where the notation W stands for the Laplace transform of the field W. Then, a direct
calculation (2.10) yields

1+ (sT)* 7 1 o €& —€x 1 -~

€0€oo(1 4 (ST)%) + €065 — €x0)  €0€oo €0€ETY 5% + €,/ (€00T¥)
(2.11)

E =

Recall the formula of the inverse Laplace transform [13, p. 84]:
_ 1 _ .
L l(m) =1""VEy o (=A%), if |A/s%| < 1. (2.12)

@ Springer



An accurate spectral method for the transverse magnetic model... 711

Applying the inverse Laplace transform on both sides of (2.11) and using (2.12), we
obtain

1 a—1
E = — 3 (t )T Eqgq | —
eoeoo €0€5 r"‘

Substituting (2.13) and P = £ — €pexo E into (2.9) leads to (2.5a).

With the substitution: £ = €pex E + P, we can determine the initial and boundary
conditions of the new known field £ as follows. By (2.2) and (2.4), we havenx P = 0
at the boundary, so

s)“) E(x,s)ds. (2.13)

nx&=0 at 9Q x (0, 7). (2.14)

Similarly, we can derive the initial conditions from (2.1a), (2.3), and £ = €gecoc E+ P
as follows

E(x,0) = €pecEg(x) :=Ep(x), &;(x,0) =V x Hy(x) :=&1(x) in Q

(2.15)
This ends the derivation. O
Remark 2.1 Note that we can recover the electric field from £ by (2.13):
t
E(x,t)=auoE(x,t) — bpco/ eqa(—2(t —$)¥E(x, s)ds. (2.16)
0

2.2 Two-dimensional Cole-Cole model

It is seen from (2.5a) that the most interesting but challenging issue lies in the
treatment of the singular integral in time. Without loss of generality, we consider
the transverse magnetic polarization with E = (0, 0, e(x, y))’, so we have & =
(0,0, u(x, y))'. Then, we have the reduced model of (2.5a)—(2.5¢):

82 t
a_t;l =alAu — b/ ea.a(—2( —$)¥)Au(x,s)ds in Q, t € (0, T],
0
u(x, Ny =0 for t € (0, T1, 2.17)
ulx,0) =up(x), u(x,0)=ui(x) in Q.

The existence and uniqueness of a weak solution to (2.17) has been investigated in
[18] by a semi-group approach and further explored in [29] using the classic energy
argument. However, both studies require ug € H 1(€). In what follows, we shall
show L?—a priori stability with a minimum requirement of the regularity—that is,
ug € L2(Q), which is accomplished by following the spirit of [1].

Theorem 2.1 Let u be the solution of (2.17). If ug, u; € L2(Q), anda — b/) > 0,
then we have u € L>(0, T; L*(2)) and the following estimate

||u||LOC((),T;L2(Q)) = \/_||140||L2(Q) + 2T ||luy ||L2(sz) (2.18)
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Proof Setting
£
P(x,1) =/ u(x,0)do, &e][0,T], (2.19)
t

one verifies easily that

0
$(x, &) =0, 8—‘f<x, 0 = —u(x, ).

Multiplying both sides of the first equation in (2.17) by ¢ (x, t) and integrating in
space over €2, we have

t
Wy, @) = —a(Vu, Vo) + b/ eq.a(—2( — $)*)(Vu, Vo)ds. (2.20)
0
Further integrating both sides with respect to ¢ over (0, £) leads to

£ & £ pt
/ (g, d)dt = —a / (Vu, V)di + b / / Caa(—A(t — )%)(Vu, Vp)dsdt.
0 0 0 0

(2.21)
Next, using integration by parts and the explicit form of ¢ in (2.19), we find

& £ §
[ wrar = | ((W)\ - utd¢) dxdy
0 Q 0 Jo

1 1
SN N2 = 5 lH0lz2g) - /Q ui ()¢ (x, 0)dxdy,
(2.22)

and

§ & ré £ ro
/ (Vu, Vo)dt = / / (Vu(-, 1),Vu(., 9))d6’dt=/ f (Vu(-, £),Vu(-, 0))dtdo
0 0 Jt 0 Jo

_1/
=5

where in the last step, we used the property:

& 0 & £ ré
/ / g(t)g(0)dtdo =/ / g(t)g(@)d@dt:/ / g(t)g(0)drdo, (2.24)
0 JoO 0 Jr 0 Jo

implying

& b 1 & ¢ 11 ré
/ / g(H)g)drdo = —/ / g(t)g)dodt = — ‘/ g(tydt
0o Jo 2Jo Jo 2 Jo

Now, we deal with the singular integral term in (2.21). It is straightforward to
verify from the definition (2.8) that

1d S (—k)k(l—s)ka 3 1 o (—)L)k-H(l‘ _s)kot-i-a—l
Adt = (ko + 1) A = ko + )

2

3
/Vu(x,t)dt dxdy, (2.23)
0

2

(2.25)

1d
——F —A(t —8)%) =
N di ot,l( t—s)")

—(t = ) Egq (=1t — $)%) = —eq.a(—A( — $)%).
(2.26)
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Using the above property and integration by parts, we derive

& pt
[ [ e (—A(t —$)*) (Vu(,s), Vo(-, 1)) dsdt
0 Jo

& ré
= / / e (=M —5)*) (Vu(-,s), Vo (-, 1)) dtds
0 Js

& ré
= (—%)/ / (Vu(,5), Vo (-, 1) dEg 1 (At — 5)*)ds
0 Js

3 £ pt
=1/ (Vu(ns),W’(',S))dS—l//Ea,1(—7»(I—S)a)(VM(',S),Vu(wf))def~ (2.27)
rJo rJo Jo

Note that the kernel E, 1 (—At%) is positive definite (cf. [18, 29]), i.e.,

& pt
/ / Eq1(=A(t — $)*) (Vu(-, s), Vu(-, 1)) dsdt > 0.
0 JO

Hence, we obtain from the above inequalities that

2

S
Vu(x, t)dt| dxdy

1 2 a
=

1
illuolle(Q) /u1(X)¢(x 0)dxdy. (2.28)

Therefore, by (2.19), (2.28) and the Cauchy-Schwarz inequality,

2

a b §
_”M( 5)||L2<Q) (5 - Z) \/S; /(; Vu(x, [)dt dxdy

1 1 §
< Sh0lEsig+ [ 010G 0dsdy=Fluolzg + [ [ mutr, O)dxayds
Q

1
< S0l 2gq + el 2y / (- )l 2y d6 < ||uo||iz(m

+T lurll2@)llull Lo, 7:2(0))-
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Therefore, if a — b/A > 0, then by the Cauchy-Schwarz inequality,

1 2 1 2
E ”M ”LOO(O,T;LZ(Q)) < D) ”M()”LZ(Q) + T””l “LZ(Q) ||u||L°°(O,T;L2(Q))

< ~lluoll?, +1||u||2 + T2 {|uy |2
) L@ T g ML, 1:12(Q) L2(Q)’

which immediately implies (2.18). O

Remark 2.2 Using a standard energy argument, we can follow [5] to derive the
estimate:

2 2
||u[||LOO(0’T;L2(Q)) + (d - b/}\)”vu”Lm(O,T;LZ(Q))
2

b
2 2
= ”ul ”Lz(Q) + <a + X + (Cl)\, — b))\,) ”VMOHL2(Q)7
(2.29)

under the condition: a — b/A > 0.
2.3 Spectral-Galerkin discretization using Fourier-like basis in space

As we are mostly interested in dealing with the singular fractional integrals, we con-
sider © = (=1, 1) or 2 = (=1, 1)2. Let Py be the set of all polynomials of degree
at most N, and let P(J)V = {¢p € Py : ¢ = 0on 9Q}. The spectral-Galerkin approx-
imation of (2.17) in space is to find uy (-, 1) € IP’?V such that for any vy, wy, zy €
P,

t

(32un. va)g +a(Vuy, Vox)a = b / eua(—1(t — $)*)(Vuy, Vo)a ds.
0

un(, 0, wy)o = (o, wy)a, Grun(-,0),wy)e = (U1, 2n)a.
(2.30)
We next employ the matrix diagonalization technique (cf. [32, Ch. 8]) to reduce
(2.30) to a sequence of integral-differential equations in time.
We first look at the one-dimensional case. Define

Pr(x) = (Li(x) = Liy2(x)), k=0, (2.31)

1
4k +6
where Lj(x) is the Legendre polynomial of degree k. Then, we have

P}, = span{¢y : 0 <k <N —2}. (2.32)

It is known that under this basis, the stiffness matrix is identify as (¢>,’(, d)}) = &;,
and the mass matrix B with entries by; = (¢, ¢j)q is symmetric and pentadiagonal.

@ Springer
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Moreover, we have by x+1 = 0, so with a separation of even and odd modes, we
actually deal with symmetric tridiagonal matrices (cf. [31]). Thus, writing

N-2

un(x, 1) = Z (O (x), @) = (o), ar (), -~ ,in-2(),  (2.33)

k=0
the scheme (2.30) becomes

t

Bﬁ”(r)+aﬁ(t)=b/ ea.a(—A(t — $)Mi(s)ds, te(0,T],
0

Bii(0) =@y, Ba'(0) =y,

(2.34)

where &t; = ((u;, do)q, -, Wi, dy_2)q) fori = 0, 1. Let {Ai}fV=62 be the eigen-
values of B, and let E be the corresponding eigenvectors of B. Note that E is an
orthonormal matrix, so E'E = Iy_1. Introducing the change of variables: # = Ev
with v = (vg, vy, - -+ , uy—2)’, we can decouple the system (2.34) into

t
/(1) + ar; i (1) =bx;1/ Ca.a(—A(t —)¥)i(s)ds, 1€ (0,T],
0

(2.35)
vi(0) = A7 wor, v/(0) = A7 Moy,
fori =0,---, N — 1, where ﬁj = El)j with v = (vj(), Vi, -, Uj(N—Z))/ for
j=0,1.
Similarly, in the two-dimensional case, we have
P%, = span {¢;(x\)$;(y) : 0<i,j <N -2} (2.36)
We write
N-2
uy(x,t) = Z wij (O ()¢ (y), U@) = (1 (1)), j=0,... N—2, (2.37)
i,j=0

Then, the counterpart of (2.34) becomes

t

BU"B +a(UB + BU) = b/ ea.a(—A(t —$)*)(UB+ BU)ds, te(0,T],
0

BUBlio = Up, BU'Bli=o = Uy,
R (2.38)
Using the full matrix diagonalization technique and setting U = EWE’ with W =
(w;j)i, j=0...,N—2 (cf. [32, Ch. 8]), we have

t
wz/';'(t) +a (A,-_l + AJT1> w;j(t) =b (,\i—l + A;l) /O Cara (= (t — )V wi (5)ds,
wij(0) = (idp) " wfl vi(0) = ik,
(2.39)

for all + € (0, T'], where ﬁk = EWXE" and Wk = (wk. 5 fork =0, 1.

’]>i,j=0,~-~ JN—
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716 C. Huang, L.-L. Wang

3 Algorithm development for the integral-differential equation
3.1 Prototype problem
Consider the prototype integral-differential equation:

t
u”(t) +cu(t) = d/ eq.o (At —)Du(s)ds, t€(0,T], 0<a<l,
0

u) = ug, u'(0) = uy,
3.1
where the constants ¢, d > 0, and the singular kernel ey ,(-) is defined as in (2.7).
To alleviate ill-conditioning of the following multi-step collocation method, we
adopt an ingredient of numerical treatment for Hamiltonian systems (cf. [11]) and
rewrite (3.1) into the first-order system:

t
P +eq(t) = d /0 eaa(—1(t — )Mq(s)ds:  q'(t) = pt), 1€ (O,TI,

q0) =up, pO)=uy,
(3.2)

by setting g = u and p = u’.
Similar to Theorem 2.1, we have the following stability of (3.2).

Theorem 3.1 Assume ug = 0and a — b/\ > 0 in (3.2). Then, we have the bound
PEO) + (a—b/Mg> () <ui, Vtel0,T]. (3.3)

Proof The proof is the same as that of Theorem 2.1, and hence is omitted. O

Remark 3.1 If a — b/A > 0, one can define a Hamiltonian
H(t) = ' (1)) + (a — b/u*(0), (3.4)

for (3.1) and obtain a damped Hamiltonian system.

The assumption #y = 0 seems restrictive; however, it is indispensable for this
bound. Our numerical experiments show that the Hamiltonian may increase or even
outweigh the initial Hamiltonian without the condition (see Fig. 3 below).

3.2 A multi-step collocation method

For simplicity, we partition the interval [0, 7] into K subintervals of equal length,
that is,

Iy = (-1, 1), tw=kT/K, k=1,---,K; 1 =0.
Let {x j};vzo C [—1, 1] be a set of Jacobi-Gauss-Lobatto (JGL) points arranged in

ascending order and denote the grids

fg—1+ 1 te — te—
I e S O el
2 2

xj, 0<j=<N; 1=<k=<K. (3.5)
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Let Py, Oy € C°(0, T) be the multi-step spectral-collocation approximations of
P, g, respectively, and each consists of K pieces:

PN|Il=p11V:p*+ﬁ11\/’ QNlI]qul\IZq*+éjl\/, ﬁllv,qA}VEPN,
Pyl =Pl €Py, Onli =gk €Py, k=2,3--- K, (3.6)

where py, g, are two pre-defined functions to capture leading singular terms (see
Section 3.2.1).
We find these K pieces in sequence as follows.

e Fork =1, we find {p}v, q}\,} via the collocation scheme:

¢!

. J .
PN(]) +eqy)) = d/o Caa(—1(t] —)*)gy(s)ds, 1< j<N;
N =pNa(t)), 1<j=<N;

an©0) =ug,  pp0) =uy,
3.7
e For any k € {2, ---, K}, using the computed values {pév, qﬁv};‘;ll, we find
{ pll‘v, qlli,} via the collocation scheme:

k—1
PR +eql iy =d / Cau (=Mt} — $))qy (s)ds
=11
1k

b [ eoaloatth =9k (s 125 =Ny
1

k—1
gk =phb), 1<j<N;

ak (t—1) = qlli/_l(tk—l), PR () = P]fv_l(tk—l).
(3.8)

At this point, some important issues need to be addressed.

(1) Itis known that the solution of (3.1) (or (3.2)) has a singular behavior at = 0.
We therefore subtract p., g« from p, g, so that p — p., ¢ — g, have higher reg-
ularity, leading to globally higher order accuracy. We show below that p., g
can be determined analytically by following the argument in [4, 7].

(i)) How to accurately compute the integrals involving the singular kernel ey 4 (-).

In what follows, we shall resolve these issues (see Sections 3.2.1-3.2.3).

To fix the idea, we restrict our attentions to the Chebyshev approximation. Let
T, (x) = cos(n arccosx) be the Chebyshev polynomial of degree n, and denote the
scaled Chebyshev polynomial by

t—tr— t— 1t

YO =T,(x), x= + . tel. (3.9)
Ik —lg—1 Tk — lk—1

Hereafter, {x; };V:O are the Chebyshev-Gauss-Lobatto (CGL) points.
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718 C. Huang, L.-L. Wang

3.2.1 Ansatz and the formulation of p,, g,

Our starting point is to reformulate (3.1) into the following integral form. This allows
us to justify the well-posedness of the problem and derive the desired p., g, that can
capture the leading singularities.

Lemma 3.1 Lerting z(t) = u” (t), we can rewrite (3.1) as

t
) = / (deaaia(—1(t — $)*) — et — )} 2(s)ds + £, (3.10)
0

where
F(@) = dugeq,q+1(—A1%) + dueq,g+2(—At%) — cuit — cuo. (3.11)

Then, the problem (3.1) has a unique solution u € C(A).

Proof Solving u”(t) = z(¢) with u(0) = ug and u’(0) = u, we find
t
u(t) =ug + uyt —i—/ (t —s)z(s)ds.
0
Therefore, we can rewrite (3.1) as

t t
z(t) +c (Mo +uit + / (t— S)Z(S)dS) = d/ eqa(—A(t —5)%)
0 0

s
<uo +us + f (s — 9)z(9)d9> ds. (3.12)
0
Using the identity (cf. [25]): fort > a, @, 8 > Oandr > —1,
t
/ ep.p(—2(t —$)°)(s —a)'ds =T (r + Dey prri1(—2(t —a)?), (3.13)
a

one verifies readily that

t t
f eq.a(—r(t—5)")ds = ey q+1(—11%), f S ey (—At—s5)")ds = ey gr2(—At%),
0 0

(3.14)
and also by the definition (2.16),

t ps t pt
// ea,a(—k(t—s)"‘)(s—&)z(@)d@ds:/ f eq.ou(—A(t—5)) (s —0)dsz(0)dO
0J0 0 Jo

:/t ii/t(l—s)al+ka(s—9)ds 2(0)do
0o | = Tke+a) Jy
r (—)»)k(t _ 9)01+1+kot t .
2/0 £ Thata+2) 2(0)do = /0 Caar2(—A(t —6)¥)z(0)dO. (3.15)

Substituting (3.14)~(3.15) into (3.12) leads to (3.10)—(3.11).
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Note that the operator

t
Tulz] = f [deqasa(—i(t — %) — et - 5)} 2()ds
0

is continuous, so it is a Hilbert-Schimit operator. It also implies .7, is compact from
C(A) to C(A) [43, p. 277]. The existence and uniqueness of the solution to (3.10)
immediately follows from the Fredholm alternative. O

It is important to point out that Brunner (cf. [4, Thm 6.1.6]) studied a class of
integral equations with the weakly singular kernel (r — s)™*K(s, t), where 0 <
u < 1 and K is smooth, and formally characterized the singular behavior of the
solutions. Although the result therein cannot be directly applied to (3.10), we can use
the formulation of the singularity as an ansatz to extract the most singular part of the
solution of (3.10).

Theorem 3.2 For small t > 0, the solution of (3.1) has the form

u(t) = Z j/,'jti+ja +uit + up, (3.16)

ij
i+ja>2

where {y;;} are real coefficients. Here, the first several most singular terms of u(t)
can be worked out as follows:

u(t) = uy(t) + @)
(_)L)j—?)/a—l
= XJ: {dulmﬂ{3/aeN,4/a>,’>3/a}

(—n)J—2/a=1 ‘
+ duoml{Z/cxeN,4/a>]‘>z/u}} e
+ Z {dul(;igi—_j_/ogl]l{Z/aeN,S/a>j>2/a}
J
+ duo%ﬂgl/aeN,s/a>j>1/a}} itie
5 e
+0<§ P {dul r((;i):) o (;8::4;1 ﬂ{weN}} P+ (),

(3.17)

where 1y is the indicator function of the set S and¢(t) € C*(A) and uy, uy, d are
the same as in (3.1). With this, we take g, px« in (3.6) to be

g« (1) = us (1), p«(t) = u)(1). (3.18)
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Proof Suppose that there exists a term of the form 7,60 < 2 in the ansatz. Sub-

stituting the term into (3.1) and letting ¢ approach 0, one easily concludes that the

left-hand side of (3.1) blows up, contradicting the right-hand side, which is 0. As a

result, non-integer powers of the form 1, 6 < 2 are expelled in the ansatz of u(r).
On the other hand, it is impossible for us to extract the explicit expression of y;;

for all #+7¢ as it is extremely tedious and complicated. Hence, we can restrict our

attention to exploiting the coefficients y;; of term tHe 2 < i+ ja <4
Substituting (3.16) into (3.2) and using (3.13) yield

Z vij(i+ joy(i — 1+ joyri e 4 ¢ Z Yij I it +ug
i+5'"££>2 t+jo£>2

00 k
— duy Z (=) SR (=1 [kt Da
F(koz—l—a—l—Z) P INka+a+1)

=t (k+1+j)a+i
d r 1 pktI+Deti (319
* Z ¢+ +’°‘)V”Zr(ka+a+i+1+ja) 19
i+ja>2

Now, we equate powers of lower order terms #!+/%, ¢/ tj*=1 and t/*=2 for the
following four cases respectively. It is noteworthy to point out that monomials are
excluded out of our consideration for these cases.

Casel:{j : 3+ ja <4, jeN}

We consider similar terms of the form 7! +/%_ Note that the candidates in the right-
hand side of (3.19) which could have the form are r*+De+1 apg (k+De 1 et

I+ja=Gk+Da+1 = k=j—1,
1+ jo = (k+ Da = k=j—1+1/a, ifljaeN.

Hence, equating coefficients of 7!/ on both sides of (3.19) yields

3 5 J (_)\)j—l J (_)L)j-ﬁ-l/a—l
. H H — -~ 1 ,
v3; 3+ jo)(2 + ja) ull“(ja+2)+ uQ FGa+2) (1/aeN}
(_)L)J'*l (_)h)j+1/ozfl
i =du| ———— +dug————1 . (3.20
V3j ulr(ja+4) +dug NITET) {1/aeN)- (3.20)

Case2: {j : 2+ ja <4, jeN}

Now, we consider similar terms of the form #/¢. Similar as the previous case by
considering two candidates r ¥ D +1 and ¢ *+De of the right-hand side of (3.19), we
have

ja=(k+ Do = k=j—-1,
ja=k+Da+1 = k=j—1-1/a, ifl/a e Nand j > 1/a.
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Equating coefficients for #/% on both sides of (3.19) implies

(=) (=a) et
- ui - 1
F(ja+1) F(ja+1)
il _i—1/a-1
v2j = dug (.) dul( ) 1
C(ja+3) C(ja+3)

Y2j 2+ ja)(1 + ja) = dug {1/eeN, j>1/a}s

{1/aeN,j>1/a)-
(3.21)

Case3:{j : 1+ ja<4, jeN}

For the term 7/2~!, we follow the same fashion to have

joa—1=((k+Da+1 = k=j—-2/a—1, if2/e e Nand j > 2/«
ja—1=(k+ Do = k=j—1/a—-1, ifl/e eNand j > 1/a.

Equating coefficients for /4~ ! yields

L (=i =2/l
vij(1+jo)(ja) = dulwﬂ{z/aeNﬁ/wjﬂ/a}
(—yi—1/a=1
+d”0W1{l/aeN,3/a>j>l/a},
(_)\’)j72/otfl
Yy = dulmﬂ{Z/aeN,3/a>j>2/a}
(_)\)j—l/oz—l
dug———1 i . 3.22
+dug FGat2) {1/aeN,3/a> j>1/a) (3.22)

Cased: {j : ja <4, jeN}
Finally, we consider the term tje=2,

ja—2=(k+Da+1 = k=j—3/a—1, if3/a € Nandj > 3/a,
jo—2=(k+ Da = k=j—2/a—1, if2/acNandj > 2/a.

Equating coefficients for #/~2 leads to

voj(je)(jo — 1)
(_)L)j—?)/oz—l (_)L)j—Zot—l

=du m1{3/aeN,4/a>j>3/a} + dblOmﬂ{Z/aeN,4/a>j>2/a},

(_)\)j*3/0{71 (_)\’)j72/0t71

i =duj—1 ; +dug———1 i .
Yij ui F(ja T 1) {3/¢eN4/a>j>3/a} uo F(jOl T 1) {2/aeN4/a>j>2/a}

Once lower order terms (i.e., 7% with i 4+ ja < 4) are determined, the remainder

is wrapped up into ¢ () € C*(A). O

Remark 3.2 We exclude the cases i + ja € N in that polynomials can be absorbed

into ¢(t).
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3.2.2 Mapping techniques for evaluating weakly singular integrals

In the implementation of the scheme (3.7)—(3.8), we have to deal with singular
integrals of type I:

t
() = f caa (=0t — $))g(s) ds.

k-1

for g(s) =5, t=1j € (o, nl, k=1,
or g(&) =Ty(s), t =1} € (h1.1), k=1,2,--- K, (3.23)

and the nearly singular integers of type II:

1,
) = / k ea.a(—A(t — 5)*)g(s)ds,

k-1
for g(s)=sP, t>n, t~n, k=1,
or g(s) =TK@),t>n, t~n; k=1,2,---,K, (3.24)

where 8 € R relates to the aforementioned ansatz p., g« in the first subinterval
[0, 1]

The difficulty of approximating both types resides in the fact that the kernel ey 4 (+)
has infinitely many terms of singular powers with different singular behaviors (cf.
(2.8) and (2.7)). As a result, a numerical quadrature, e.g., Jacobi-Gauss quadrature,
involving a single weight function cannot provide the satisfactory accuracy. Indeed,
we depict in Fig. 1 the integrands with several parameters, and observe that the
integrands exhibit heavy boundary layers at one end of the interval.

To surmount this obstacle, we resort to the mapping technique that can redistribute
the quadrature points to the end of the interval where they are mostly needed to
resolve the boundary layer. Following the idea of [41], we introduce the one-sided
singular mapping:

1—y 14+r
t=h(y;r)=t+ @ —1t) (T) , yel=1,11, teln,t], relN
(3.25)
Let {y;, w;} lN: o be the Gauss-Legendre quadrature points and weights on [—1, 1], and
define the mapped points {t; = h(y;; r)}f,v= o- Denote by f(¢) a generic integrand on
(11, t,) with a singular layer near ¢ = t,. Basically, we have

r ! 1—y\ al 1—yi\"
/ fydt =c; / S hiyiry (T) dywer(m(T) i,
i - i=0

(3.26)
where ¢, = (r + 1)%. We see that with the factor (1 — y)”, the integrand much
better behaved in y. On the other hand, more and more points are clustered near
t = t, as r increases. To demonstrate the gain of the mapping technique, we consider
two examples of different types: (i) f () = e.6.06(—(0.7 —)*)T (1), € (0,0.7),
and (ii) f(t) = ep6.06(—(1.01 —)*)T1(#), ¢ € (0, 1). Note that we can calculate
the exact values of two integrals by using the property of ML functions.
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Type-I Type-II

35H = 2

25F

0.5

Fig. 1 (Left): A plot of egg06(—(0.7 — $)°) T (s),n = 1 or 2,5 € [0,0.7]. (Right): A plot of
€06,06(—(1.01 = )T (s),n = Lor2,s € [0, 1]

In Fig. 2, we depict the error curves of the usual quadrature and the mapped
approaches (i.e., r = 0 and r = 3) against various N. We observe a much faster
decay of the errors from the mapped approach. Therefore, with the mapping, we can
compute the singular/nearly singular integrals much more accurately.

3.2.3 Well-conditioned collocation matrix

The third issue of marching collocation scheme is that the condition number of
standard collocation matrix D associated with the second-order term u;; grows like
O(N 4), where N is the number of collocation points. To circumvent the difficulty,
we first rewrite (3.1) into a damped Hamiltonian system with only first-order deriva-
tives and then construct the explicit inverse matrix B for first-order collocation matrix
through Birkhoff interpolation.

Here, we only list the explicit form of B = B;(x;), 1 < i, j < N. On the standard
interval [—1, 1] and given Chebyshev collocation points and its associated weights
{xi, w; }lN: o With increasing order, B (x) has the following form.

N—-1
Bj(x) = Y w;[Te(xj) — Tn(x) (= DN 1o T (x), (3.27)
k=0
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Error for Type-I

—— G-L
—<4— Mapped G-L

Error for Type-II

—— G-L
—4— Mapped G-L

5 20 3 50 65 80 95
N N

Fig. 2 Errors of Gauss-Legendre quadrature (G-L) and mapped G-L quadrature (with r = 3). Left: case
(1); right: case (ii)

where 3,1 Ty (x) = [, Ti(y)dy, and

x2—1

5
Ter1(x)  Temi@)  (=DF
2k+1) 2(k—=1) k2-1°
The readers are referred to [40] for the details, where the computation of B is stable
even for thousands of collocation points.

AT =1+x, 97'N(x) =

A T (x) =

k>2. (3.28)

3.3 Numerical experiments
Example 3.1 Consider the equation

t

u” (1) + du(t) = 3/ ea.u(—1.5( — 5)"Ou(s)ds, t € [0,20],
0

u(0) =0, u'(0) =2.

(3.29)

We partition the domain into 20 equidistant subintervals. Since the solution is
singular near ¢t = 0, we take advantage of the ansatz (3.17) for the first subinterval
and use the approximation (3.7). For other intervals, we apply standard polynomial
approximation (3.8). Clearly, we can define the Hamiltonian H (¢) = pz(t) + 2q2(t).

Indeed, as we observe from Fig. 3, the Hamiltonian decreases as time increases.
The system stays at the origin when it reaches the steady state.
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2
1.5 35
1t 3
0.5 25
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T
-05f 1.5
-1t 1
-15} 05
- ‘ ‘ ‘ ‘ 0

1 05 0 05 1 1.5

Fig. 3 (Left): A phase plot for (3.29) with u(0) = 0, u;(0) = 2 by using 20 collocation points on each
time interval. (Right): A plot of Hamiltonian decay with respect to time

To validate the necessity of condition #g = 0 in Theorem 3.1, we switch the initial
condition of (3.29) to u(0) = 2, u,(0) = 0 and obtain Fig. 4. One can easily observe
that as time proceeds, the Hamiltonian may exceed the initial one, which contracts
Theorem 3.1.

Example 3.2 To validate the special treatment of our algorithm in the first subinter-
val, we consider the equation

t
Uu(t) +cu(t) = d/ ea,a (=Mt = )M)u(s)ds + g (1),
0

(3.30)
u©) =uo, u(0) =uy,
where initial conditions and source term g(¢) are chosen such that
u) =t +t +{_(t_1)5, el (3.31)

Here, we aim to mimic the ansatz in Proposition 3.2. From our algorithm, t = 2
implies direct polynomial approximation for u(¢f), t = 3 leads to polynomial
approximation for the last two terms of u(¢), and T = 5 indicates polynomial approx-
imation for the last term. Numerical results are shown in Fig. 5. The number in the
parentheses means the slope of associated reference line.

@ Springer



726 C. Huang, L.-L. Wang
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-3t
_4 . . .
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Fig.4 (Left): A phase plot for (3.29) with u(0) = 2, u;(0) = 0 by using 20 collocation points on each time
interval. (Right): A plot of Hamiltonian decay with respect to time. Note that under this initial condition,
the decay is not strict

-3

10

10°

- ®-t=2(-1.6) 102l @ ~1=2(-3.2) ,
107 H —=—1=3(-3.2) 1 —8— 1=3(-6.4)
I ek ) —k— 1=5(-13)
03 6 15 32 10 25 60
Subintervals Collocation points

Fig.5 (Left): Numerical error for interval refinement with nine frozen collocation points. (Right): Numer-
ical error of approximation with two equal-length subintervals, on which various collocation points are
applied
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Remark 3.3 Note that our scheme equations (3.7)—(3.8) with N = 2 and j = 2
(but without using the techniques described in Sections 3.2.1-3.2.3) turn out to be
a second-order finite difference (FD) scheme. We carry out the following test for
our collocation scheme and FD scheme for this example. We first divide the interval
[0, 2] into two subintervals and collocate 10 points on each subinterval. An accuracy
of 5.2158 x 1073 in L°-norm is achieved for the proposed scheme within 0.64 s.
Next, we divide the interval [0, 2] into 20 subintervals and apply the finite difference
method for the equation. It takes 7.5 s on the same machine to produce the accuracy
0.0091. This shows the remarkable advantages of the new technique.

3.4 Error analysis

To begin with, we present an important result on Chebyshev-Gauss-Lobatto inter-
polation of the singular function: h(r) = (¢t + 1)?,r e [—1,1] and real
0 > 0.

Lemma 3.2 Let Iy be the interpolation operator on the Chebyshev-Lobatto points
{t:}N. Then

I — Inhlloo < 2N "%, (3.32)

Proof Let a, denote the exact Chebyshev expansion coefficient of h(?), i.e., a, =
f_ll h()T, () w(t)dt, where w(t) = (1 — t2)~1/2. Then, a careful computation (cf.
[14, Lemma 4] implies
a, = O~ 1729, (3.33)
N
Furthermore, denote Iyh(t) = > 17 b, T, (x), where double prime means the first and

n=0
the last terms are to be taken by a factor of 1/2. Apply [3, Theorem 21] to get

9]
lu—Iyulloo <2 ) lan] = 2N (3.34)
n=N+1

This ends the proof. O

Remark 3.4 We note that [32, Theorem 3.40] provides a convergence rate for Cheby-
shev interpolation for rather general functions. However, by taking advantage of the
concrete form of h(t), we can get significantly better convergence rates.

For the sake of analysis, we define the operators A/, B/ : C(I j) — C(I;) oneach
Ij by

(Aju)(t) = / ea.a(—A({ — $)Mu(s)ds, t > tj, (3.35)
1
and
t
Blu)(t) = / eq,q (=Mt — )N u(s)ds, t €. (3.36)
t

Jj—1
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Then, there exists a best polynomial 7y (B/u) of order N such that (cf. [14, Lemma
)
1K/ u — 7ty (B ) oo < CN ™[] o (3.37)

Theorem 3.3 Assume the ansatz (3.16) for u whent — 0 and u € H™ (0, T] for
some m > 5/2, and ¢ —d/» > 0,t = 4. Then, for our marching scheme on the
whole time span [0, T, there holds

1p = pwllos + (¢ = d/M)llg — gnlloc < CN™MREM=21 1 (3.38)
where C depends on u, T but is independent of N.

Proof Define the error function on /; by
ep. i (1) = pl(t) = pl (1), eq j () = ¢’ (1) — gl (1), 1 € 1.
Recall from (3.17) that on the interval /1, we denote
q' (1) =)+ o), p'@) = pu(t) +¢' (). (3.39)
Hence, we have
ep1(t) = p' (1) = pN (1) =¢'(1) = Py (1), g1 (1) = g (1) — qp (1) = (1) — Gp (0).

Then, on each /;, substituting (3.7) or (3.8) into (3.2), and subtracting the resulted
equation from (3.2), we have

4 , . izl
PIE) — &) = —cq’ (&) +cqy (&) +d ) /I Caa(—H(E — 5))eq i (s)ds
k=1"Y"k

&i
+d / ea(—1(E — )%)eq ;(5)ds,

A sl .
G/ (&) — G (&) = pl (&) — p (&),

ep,jti—1) =epj—1(tj—1),eq,j(tj—1) =eq,j—1(tj-1),

(3.40)
where {&;} ,N= o 18 the Chebyshev-Lobatto collocation points on /;. Multiply both sides
of (3.40) by [;(¢) and sum over i, where /; () is the Lagrange interpolation basis
associated with &; to obtain

| _ . . j-1 .
INp! = by = —alng’ +aqy +bly ¥ Aleqx +bInBleg s 5
INC}j - C[IJV = INPJ - p]]\/'

Since e, = p/ — Iyp’ + Inp/ — p} and g j = g7 — Ing’ + Ing’ — g}, we
therefore have the error function
¢p.j (1) = —aeq j () +b [ eaa(=10t = 5)eqj(5)ds + F ),
éq.j(t) =ep () + G(1), (3.42)
ep,j(tji—1) = ep j—1(tj-1), eq,jtj—1) = €4, j—1(j-1),
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where
j—1
F(t) = pl —Inp’ +alg’ — Ing’) +bIy Y Alegi+b(Iy — DBley j(5),(3.43)
k=1
F P, Fy
F
G(t) = ¢’ — Ing’ +Iyp’ — p’. (3.44)
R e —— e —
G Gy

Integrating both sides of (3.42) from O to & and following the proof of Theorem 2.1,
we obtain

ey j€) + (a—b/Me; (&)
2be. :(t: &
< e (tj-1) + (@ —b/Ne; ;(tj-1) — % f léq,_,-(nEa,l(—M“)dr
§
F()ep,j(1)dt +a f G(t)eg,j(1)dt. (3.45)

§
o
tj ti-

j—1 j—1

Again, the second mean value theorem implies there exists a & € (¢j_1, &) such that

dbe. (1 1) (& 2bey j(tj—1)Eq1(—A%_ ) [%0
_ 2beq,j(tj-1) 1)/ 6q.j () Eq, 1 (—Mt%)dt = —— 11177 2 ] 1/ éq.j()dt
)" tj—l )" tj—l
2beq’j(tj_1)Ea,1(—M‘?‘_ )
= - 1= ey (i) — eg. (E0))
2b b be
< (T - E)e;,-(r,»fl) + - lleq. 1%, (3.46)

where € is an arbitrarily small positive number. Hence,

e j(€) + (a—b/A)e) ;&) <eb (tj1) + @+ b/ +b/re)e] ;(tj-1)+ be/Aleq I3,

1 1 (@a—b/xr)
IS + Sllep jll3e + ———

2 2
i — G- 3.47
7 llegillce + a—bjn) 1G5 (347)

Since the inequality holds for all £ € I}, we clearly have for e — 0
lep.j e+ @=b/Mlleq I3, < Cles ;(tj-)+e) (- D+IFI,+IGI%,). (3.48)

where
C= {2 T }
I PR PP

With the stability inequality at our disposal, we next prove the convergence rate
on /; by induction.

When j = 1, it is obvious that ¢, 1(0) = 0 = ¢, 1(0). Next, let us bound
| Flloo and ||G|lo- Note that in this case, F3 = 0, and then, Lemma 3.2 immediately
indicates

IF1lloo = 1¢” = IN¢"llc < CN™*. (3.49)
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Similarly, we have | F2]loc < CN78, |Gilloo < CN7°, and |G2|lec < CN.
Moreover,

[l Falloo

bIlI — IN)Beg 1()lloo = CIUI — IN)(Beg,1 — BnBeg,1)lloo
C(1+1logN)lBeq,1 — BnBeg,illoc < C(1+10g N)N™*leg,1lloc,
(3.50)

IA

where log N is the Lebesgue constant of the operator /.
Combining (3.49)—(3.50), we have

lepall% + (@ —b/Mlegl% < CN~8 4+ C(1 +1og N)N " |le 1]|%.  (3.51)

For sufficiently large N, we can always have (1 4+ log N)2N~%* < (a — b/10)/2C.
Therefore,

lepilloc < CNH, and fleg1lloc < CN7*. (3.52)
Hence, (3.38) is true for j = 1.
Suppose our estimate is true for all j = 1,--- , k, let us consider the case j =

k + 1. From (3.48), the argument is similar to the case j = 1, except for the use of
[6, (5.5.28)]:
IFilloe = 197 — InNp’lle < CN27™ || Polloo = llg/ —Ing? lloo < CNYZT,
IG1lloo = 167 — ING’ lloo < CN3*7™, |[Galloe = Ip — INPlloc < CN?/*.
(3.53)

Since Eq4 1(—A(t — 5)%) is increasing on s, we conclude ey o (—A(t — 5)%) > 0.
Thus,

In

k
Do ewa(=1(t = $))egn(s)ds
n=1

In—1

1 F3l00

o0

IA

173
max ”eq,n”oo/ eqa(—A(t —5)*)ds
1<n<k 0

max |[leg nlloolEa,1 (=A(t — 1,)*) — Eq1(=At%)]
1<n<k

IA

max legnlloo < CNTMNENTIR, (3.54)

Therefore,
lepkstllz + (@ —b/M)llegs1llz < €N~ mind2m=5} (3.55)

where C depends on u, a, b, A, and T, but independent of N. This ends the proof. []

Remark 3.5 If u(t) satisfies the condition that it has an absolutely continuous (m —
st derivative ™~V on [0, T] for some m > 2 with u™ D) = m™=D ) +
fOTg( y)dy, where g is absolutely integrable and of bounded variation Var(g) < oo
on [0, T'], we can easily improve the result (3.38) to

Ilp— pPrlloc + (@ —=b/M)llg —gnlloo = CN™

by using [42, Theorem 4.5].

min{4,m—2}
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Initial condition solution E(x.t) att
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Fig. 6 Left: initial profile. Middle: evolution of E(x, t) at time points ¢ = O (blue), t = 0.375 (green),
t = 0.75 (black), and r = 1.275 (red). Right: 3D solution illustration of E(x, t)

3.5 Numerical experiments

Example 3.3 Consider the one-dimensional Cole-Cole model (2.17) with x € [0, 2].
At t = 0, we choose an initial square impulse on x € [0.9, 1.1] and u;(x, 0) = 0.

To be consistent with the parameters used in numerical experiments of [8, p. 61],
we take ¢ = 1 and d = 74/75. Clearly, we observe that the electric field propagate E
evolves in a similar fashion as solution of classical wave equation in a finite interval
domain (cf. [36, p. 63]), which is, a wave bounces back and forth many times. Unlike
the classical problem, the magnitude of E in our example damps along with time
because of energy loss. The time evolution of electric field E of (2.16) for « =
0.6, T = 1.5 is presented in Fig. 6. In the experiment, we use a polynomial degree of
order 200 in spatial approximation and collocation points of number 20 on each time
subinterval of length 0.3.

Example 3.4 We consider the two-dimensional Cole-Cole model (2.17) for (x, y) €
[0, 2]2 with smooth initial pulse u(x, y, 0) = sin(2wx) sin(mwy/2).

In Fig. 7, we depict the numerical solutions at different time and record the evo-
lution of numerical energy. Observe that the numerical solutions at different times
have very similar shapes, but the magnitude seems to decrease as time increases.
Although the numerical energy does not decay monotonically, it is bounded by the
initial energy (cf. Theorem 3.1 and Remark 3.1).
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Fig. 7 Numerical solution of (2.17) with 20 collocation points on each time interval for time 77 =
0,5, 10, 15, and 20, respectively. The last figure is for numerical energy evolution with respect to time

4 Discussion and conclusion

In this paper, we have shown that the high-dimensional Cole-Cole model can be
transformed into a temporal PIDE with weakly singular kernel through the adoption
of a new auxiliary variable and electric polarization. Furthermore, by taking advan-
tage of the special feature of the PIDE, we apply a domain separation technique to
convert the equation into a set of ordinary integro-differential equations, so the model
can be solved more efficiently. Moreover, we have carefully exploited the singular
behavior of solution of a typical ordinary integro-differential equation and designed
a catered numerical algorithm for it. It is noteworthy that to combat the singular inte-
gral in our algorithm, some technical mapped Gauss-Jacobi numerical quadrature
seems indispensable.

Another aspect of our algorithm that needs investigation is its fast algorithm coun-
terpart. Similar to the fast algorithm for weakly singular kernel integration [19] or
Caputo fractional derivative [16], a promising way is to apply the fast multipole
method to find an accurate approximation for the Laplace transform of the kernel
eqa(—At%),0 < a < 1,A > 0, or the function 1/(A + s*). Runge’s approximation
theorem (cf. [35, p. 61]) assures the existence of such an approximation. We hope to
report this in a forthcoming research paper.
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