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A SPECTRAL METHOD ON TETRAHEDRA
USING RATIONAL BASIS FUNCTIONS
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Abstract. A spectral method using fully tensorial rational basis functions
on tetrahedron, obtained from the polynomials on the reference cube through
a collapsed coordinate transform, is proposed and analyzed. Theoretical and
numerical results show that the rational approximation is as accurate as the

polynomial approximation, but with a more effective implementation.
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1. Introduction

Spectral /hp element methods, which are capable of extending the merits of spec-
tral methods to complex geometries, have become increasingly popular in com-
putational fluid dynamics, atmospheric modeling and many other fields [6, [15]
5]. While the quadrilateral/hexahedral spectral element methods (QSEM) have
achieved tremendous advances since the 80s [21] 18], considerable progress has been
made recently in the triangular/tetrahedral element methods (TSEM). The TSEM
have proven to be more flexible for complex domains and for adaptivity, and the cur-
rently existing approaches can be roughly classified as (i) the use of Koornwinder-
Dubiner polynomials [7, 23] [15]; (ii) approximations by non-polynomials on triangu-
lar elements [3], [13], and (iii) approximations by polynomials on triangular elements
using special nodal points such as Fekete points [14] 24, [19].

Although the use of polynomials on triangles/tetrahedra seems to be natural,
this also brings the loss of some flexibility and some difficult implementation issues.
For example, the Koornwinder-Dubiner polynomial basis functions, obtained from
the collapsed transform, are based on a warped tensor product, which is more com-
plicated in implementation and analysis than the standard tensorial case. However,
if one drops the requirement of being polynomials on the triangular/tetrahedral el-
ements, such issues can be circumvented. In a very recent paper [22], we proposed
a fully tensorial TSEM using rational basis functions obtained from the polyno-
mials in the reference square through a collapsed coordinate transform. This ap-
proach was shown to be at least as accurate as the warped tensorial TSEM using
Koornwinder-Dubiner polynomials, and be able to be effectively implemented as
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the QSEM due to the fully tensorial nature and the availability of the nodal ba-
sis. In this paper, we discuss the generalization of this method to the case of
three dimensional tetrahedron with an aim towards an adaptive element method
on unstructured meshes. The extension to three dimensions is nontrivial for sev-
eral reasons. Firstly, the collapsed transform from a tetrahedron to the reference
cube induces severer singularities (i.e., two faces of the cube are collapsed into one
edge and one vertex of the tetrahedron) than that of the two dimensional case.
Hence, much care has to be taken for dealing with the singularities in both imple-
mentations and analysis. On the other hand, the complication of geometry leads
to some additional difficulties for the construction of modal/nodal basis functions,
and numerical implementations as well.

The outline of the paper is as follows. In Section 2, we introduce the collapsed
coordinate transform and the rational basis functions. We also present some results
on the approximation properties of the new basis in Sobolev spaces. In Section 3, we
implement the rational spectral methods for some model equations on tetrahedron.
The final section is for the extension to the tetrahedral spectral elements and some
discussions. We end this section with some notations to be used throughout the
paper.

e Let O C R? be a bounded domain, and w be a generic positive weight
function which is not necessary in L'(2). Denote by (u,v),,0 = [, uvwdS
the inner product of L2(2) whose norm is denoted by | - |[|w.q. For any
m > 0, we use H'(2) and Hg",(2) to denote the usual weighted Sobolev
spaces, whose norm and semi-norms are denoted by ||| m,w.0 and |[t|m.w 0,
respectively. In case of no confusion would arise, w (if w = 1) may be
dropped from the notations.

e Let N be the set of non-negative integers and Z~ the set of negative integers.
For any N € N, we set I = (—1,1) and denote by Pn(I) the set of all
polynomials of degree < N, and set PR (I) := {¢ € Pn(I) : ¢(£1) = 0}.

e We use the expression A < B to mean that A < ¢B, where ¢ is a generic
positive constant independent of any function and of any discretization
parameters.

2. Rational basis functions and approximations on tetrahedra
We introduce in this section a family of orthogonal rational basis functions on

tetrahedra, and study its approximation properties in Sobolev spaces.

2.1. The collapsed coordinate transform. It is known that there exists an
affine mapping between the reference tetrahedron:

(2.1) T={(z,9,2): 0<zy,z,x+y+z<1},

and any arbitrary tetrahedron Tp with vertices Py = (ug, v, wo)™, P1 = (u1,v1,w1)",
Py = (ug,va,w)" and P; = (us,vs,ws)", which takes the form

u=ug(l—z—y—2)+uz+uy +usz,
v=vo(l —x—y—2)+v12 + v2y + v32,

w=wy(l —z—y—2z)+wz+ wy+ wsz.

In view of this, we shall restrict our attentions to the reference tetrahedron 7. We
also introduce a second coordinate (£,7,()—system on the reference cube Q :=
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(—1,1)3. The so-called collapsed coordinate transform between Q and T is given by

C14&61-n1-¢ _l4ml-¢ o 14¢

2.2 -
(22) = ’ 2 2 2

5 5 3 V(&n,¢) € Q,

with the inversion:

2 2
T, o g=-Y

1— 2 ) <:2Z—1, V(xvyaz)ET'

(2.3) &= FR—
As illustrated in Figure 2] this transform collapses the faces {(£,7,() € Q :
¢ =1} and {({,7,¢) € Q: n =1} of Q into the vertex (0,0,1) and the edge
{(x, y,2) €T : =0, y+2 =1} of T, respectively. Hence, it is referred to as the
collapsed coordinate transform (also known as the Duffy system [8]), which is one
of the indispensable building blocks of the spectral/hp element methods in [15].

FIGURE 2.1. The collapsed transform between the cube Q and the
tetrahedron 7.

It is important to point out that the vertex (x,y,z) = (0,0,1) and the edge
{(x, y,2) €T : ©=0; y+ 2z =1} are multi-valued, since both of them correspond
to a face of @. However, there hold

1
03%:%31, as (y,z) = (0,1) or ¢ — 1,
—z
x _1+¢ <

(2.4)

0< 1, as(z,y,2) — (0,0,1) or ¢ — 1.

“l-y—2z 2
This situation is reminiscent of the coordinate singularity of the polar and spherical

coordinates.
The following calculus associated with the transform (Z2)-23) will be used
frequently throughout this paper:

(2.5)
o¢ 2 B 8 87770 8(70
or  1—y—z (A-n1-¢ oz ox
96 2 Al+8  on_ 2 4 % _,
9y (I-y—2? (A-nl-¢ 9y 1-2 1-( oy
¢ 2z A1 +¢ on % :2(1+ ) %:2

— n
0z (1—y—2)2 (1-n1-¢" 9z (1-2)2 1-¢ 7 0z
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and

(2.6)
gz (1l-m(1-Q 1-y—=2 o, o,
o€ 8 2 oy ac
dy _ (A+90-¢  w(l-2) 9y 1-¢C 1-z 9 _,
o€ 8 21—y —2)" On 4 2’ ¢ ’
0z  (1+&A—-n) x 0z  1+n y Jz 1
A 8 T 20 -2)  ap 4 21—z 0C 2

Hence, the determinant of the Jacobian of (Z2)—23) is

x,y,2)  (1-—mA—=¢* (Q-y—2)(1-2)
@7 GRS R T 3 |

Throughout this paper, we shall associate a function u in 7 with a function v in Q
through

(2'8) U(é‘? 777 C) = u(‘r7 y7 2)7 v(‘r7 y7 Z) e T7 V(§7 n? <) E Q'
One verifies readily that
8 2
Ot = —————— 00 = ———— 00,
T-mI-¢ " T-y—2"
4(14¢) 2 2z
Oyu = —— 00 + ———————0ev = —— 0 + —————— 00,
N IO A e (e s
' 2(1+mn) 41+¢)
O,u = 20:v + Oy + ———————0¢v
N (i
_ 2y 2z
=20¢v + (e Z)Qanv + A—y—22 Oev,
and conversely,
Ocv = 1zy== g — Zawu = 7(1 — n)8(1 — Oawu,
o= Fg -t =E) g, 1=Cy, 0FOA=C,
2 20—y —2) 4 8
(2.10) 1 y .
1 _+90-w,

1+n
28zu ~ Oyu 3 U
The factors 1/(1—n) and 1/(1—¢) in (Z3) play the same role as 1/r in the spherical
coordinates. We also observe that the collapsed transform implies v(£,n,1) =
1(0,0,1) and v(&,1,¢) = u(0,y,1 — y). As a result,

(211) 851)(5’ 7, 1) = 877’0(5777, 1) = 85’0(57 L, C) =0.

Note that the above corresponds to the pole condition in the polar and spherical
coordinates.

2.2. Orthogonal systems on 7. Let w®#79 = w¥A79(z gy 2) == (1 —z —
y — 2)*2%y 2% with a, 8,7, > —1, be the weight function on the tetrahedron 7.
Further, let J# be the (generalized) Jacobi polynomials as defined in Appendix
[Al Karniadakis and Sherwin [23] introduced an orthogonal polynomial system in
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L3(T), which turns to be a special case (with o = 8 =~ = § = 0) of the general
orthogonal polynomials in L2, ;. s(7) defined in [25]:

2w 1)(1 ™

l—y—=2
« J72nl+1+a+ﬂﬂ(1i _ 1)J72Ll+2m+2+a+3+%5(2z —-1), Y(z,y,2) € T.
—Z

Toa @y, 2) = (1L =y — 272
(2.12)

In fact, the orthogonal polynomials are transformed from a product of one-dimensional
polynomials via the mapping (23)):

a, a, e% 1- ! @
T @y, 2) =G (&m,0) = I (€) (5L ) TATEHI ()

X (1 ; C)l+mJ721l+2m+2+a+B+v,6(<), (€, 1,C) € O,

In contrast to the standard tensor product, the subscripts and superscripts in
jﬁ‘yﬁbﬁ”"s are intrinsically dependent, and it is referred to as a warped (or general-
ized) tensor product. Such types of polynomials were also considered in [20] [16), [7]
in two or three dimensional settings. Tetrahedral spectral/hp element methods us-
ing these Koornwinder-Dubiner polynomials on both the tetrahedral elements and
the reference cubic elements have been systematically developed in [15]. However,
the warped tensor structure of the basis functions makes it difficult to analyze
(cf. [12]) and somewhat difficult to implement, particularly, when very high-order
polynomials have to be used. Moreover, no nodal basis is available.

In fact, by restricting to polynomials, one may loss some flexibility and face
some complicated issues. Motivated by [22], we shall develop a spectral method
using fully tensorial rational basis functions, which is easy to implement and is also
spectrally accurate. For this purpose, we define

(2.13)
2 2
R?mBn’Y 5($,y, Z) = Jla”8(1 . - 1)Jrln+a+67’y(1 Y - 1)J72L+a+6+%6(22 - 1)7
—y—2z

—Z

for all (z,y,z) € T, which is generated from a tensor product of the Jacobi poly-
nomials

(2.1 RELO (@, y, 2) = RELT0 (6,1, €)
' — JEP (&) TR () J2HHII () (e, C) € Q.

By the orthogonality of the Jacobi polynomials and ([2.7]), we have that

a,8,7,6 pa,By,0
(R“’m R W B8 T

// RYDV (@, y, 2YREET (2, y, 2)w™ P70 (2, y, 2)dadydz

0.15) m/ TP (&) (©)m™ P ()de

1
1 , s
x / LB () JLE 8 () 1B ()
—1

1
> / J2+a+ﬁ+7,5(<)J2;Fa+ﬁ+775 (Ow2+a+5+v,5 (C)dC
-1

B, 1+a+B,y

=Y"Ym NEFerBETO 6,

. B8
mm/ 5nn’ = ’Ylmn 5ll’ 5mm/5nn’
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where w®?(t) = (1 —)*(1 +t)® is the Jacobi weight function, and

1 F'l+a+1I'(I+84+1)
@2t a+ B+ )T+ DI +a+B8+1)

Consequently, {Rfmfiﬂ } are orthogonal in L2, , . ;(T), and clearly, by dropping
the requirement of being polynomials on 7, the new basis is formed by a standard
tensor product of one-dimensional basis functions. In this paper, we will only use
the special case with o = f = v = § = 0, so the resultant system is orthogonal with
a uniform weight. For notational convenience, we shall omit the superscripts, and
simply denote

len(xuyv ) Roooo(xvyuz)

lmn

2 2
I L

(2.16) 7P =

1-=2
= Rimn (&0.Q) = I (€)1 () J2° (),
and the constant in (ZI5) is

1
( ) Yimn =Y Y T (2l +1)(2m+2)(2n+ 3)

2.3. Approximations by the rational basis functions. We now analyze the
approximations of functions in L?(7) by the truncated series of the rational basis.
At this point, a natural question is whether this rational approximation on the
tetrahedron is as accurate as or better than the polynomial approximation? We
shall answer this question by performing error analysis in the original coordinates
of the tetrahedron, and by presenting illustrative numerical results. The difficulty
in obtaining error bounds in the original coordinates is that the collapsed coordi-
nate transform induces a coordinate singularity, similar to the polar and spherical
coordinate transforms. However, in polar and spherical geometries, one actually
prefers to write the equations in polar and spherical coordinates rather than the
original Cartesian coordinates, so it is natural to work in the “transformed” polar or
spherical coordinates. But for tetrahedral domains, one obviously prefers to work
with the original coordinates.

2.3.1. L?—projection errors. For any function u € L(T), we write

oo o0 oo

(219) JJ Y, 2 Z Z Zulmanmn z, Y,z )

=0 m=0n=0
Setting

Xahﬂl;az,ﬁz;asﬁs — XO¢1,51§012,52§013,53 (&,n,¢) = wahBl (g)wazﬁz (n)was,ﬁs (©),

oo o0 oo

(2.20) u(z,y,z) =v(,n,¢) = Z Z Zvlmanmn (&m0,

=0 m=0n=0

where {Rimn} are defined in (Z14), and

1
Ul = /// w(z, Y)Rimn (2, y, 2)dxdydz
Vimn T

= g ] 26 OBt m 0N 0206 . i
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1
2 Yimn

[ J20(0)w0(0) / TR @) / u(€n. Q0 (€ dednac

- Ulmn-
Define the finite-dimensional space
(2.21) Rromn ::span{len :0<I<L,0<m<M, OSnﬁN}.

Define the truncated series
L M N

Opvnvu(e,y, 2 Z Z Z Wmn Rimn (2, Y, 2) € Romn,

=0 m=0n=0

and clearly,

(2.22) /// (HLMNU - u)fl) drdydz =0, VY® € Rpyn-
T

For a more precise description of the error, we define the Jacobi weighted space
for any ¢,r,s € N,

1
o) = {u e ZT) Nl i= (Il + o) < o0

where the semi-norm is defined by

ey = (10507 + 321030, = 0. 02, vy
7=0

s s—j

+ZZ||3J - (3 —8)Sij ku”sz i kksT)é-

=0 k=0

Note that the weight functions in the above norms are uniformly bounded, so we
have the usual Sobolev space H"(T) C H"""(T).

Theorem 2.1. For any u € HO™*(T) with integers q,r,s > 0, we have
(2.23)

Meaeve =l S L70%u] oo 7+ M"Y 11050y = 02)Tull v 7

7=0
s s—j
SN 00— 050 0 Ful i
7=0 k=0

In particular, we denote Ip; = Mprpspe- Then for any w € H™(T) with integer
r >0,

(2.24) HHMu—uHT S M7 |ul gy,
where the semi-norm | - |gr (7 is defined by

1
s s—j 2

luleery = (DD 07050 ul %

=0 k=0

We postpone the proof of this theorem to Appendix [Bl
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2.3.2. Quadrature and interpolation on the tetrahedron. We now define
the quadrature and interpolation on tetrahedron, which are essential for numerical
integrations/differentiations in spectral approximations, and also for the introduc-
tion of the nodal basis. In view of the singularity of the coordinate transform, it is
appropriate to use Gauss-Lobatto points in {—direction, and Gauss-Radau points
in the other two directions.
M M M 2y 71,1 1,1

Let {&1}1=g » {nm }m—o and {¢n},,—o be the roots of (1—-£%).Jy;_ (€), (1+n0)J3; (1)

and (1+¢)J3; (¢), respectively. Further let

Wt = 2 0<I<M

MM )@ T T

wl = 201 = 1m) 55 <m <M,
(M + 1)(M +2) [Ty ()]

ws = 41— Gn) <n<M.

(M + 1)(M +3)[J1 1G]

Namely, {&, wf}{‘io are the nodes and weights of the Legendre-Gauss-Lobatto quad-
rature, {nm,,w? M o and {¢,,wSL, are the nodes and weights of the Jacobi-
Gauss-Radau quadrature with the weight functions w%(n) and @*°(¢), respec-
tively.
The quadrature grids on 7 are defined as
71+§l1_77m1_<n 71+77m1_<n 1+<n

(2.25) “Imn T T D g ¢ Ymn =T g ¢ Gmn T Ty
0<Il,mn< M.

Some samples of the points are depicted in Figure (left). We further define the
discrete inner product on 7 by

M M M
1
(u7 U)]W,T = a Z Z Zu(wlmna Yimn, Zlmn)v(xlmna Yimn, Zlmn)

(226) =0 m=0n=0

X wwh W, Vu,v € C(T),

m=no

which is exact, i.e., (u,v)m,7 = (u,v)7, for any u,v € Rar—1,m, 0. Further, we

define the rational interpolation operator. For any uw € C(T), the interpolant
I prw € Ry such that

(227) (ZZMU)(xlmnuylmnazlmn) = u(xlmnuylmnazlmn)u 0 < laman < M.

Finally, we conclude this section with a theorem on the error estimate for the
rational interpolation 7Z,;, whose proof will be postponed to Appendix [Cl

Theorem 2.2. For any uw € H"(T), with integers r > 3, we have
(2.28) HZZMu—uHTSM_T|u|HT(7—).
3. Rational spectral methods on the tetrahedron

Consider the modified Helmholtz equation on the tetrahedron 7
(3.1) —Aut+yu=f inT; ulpgr=0, v>0.
The variational formulation of (3.1)) is to find u € HJ(T) such that
(3.2) a(u,v) == (Vu, Vo) +(u,0) = (f,v), Yoe Hy(T),
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(0,0,1) 0,0,1)
NN N

(0,0,0)

(1,0,0) (1,0,0)

FIGURE 2.2. Distributions of the collocation points (M = 10).
Left: the transformed points given by (227). Right: Legendre-
Gauss-Lobatto nodes along all the £, n and ¢ directions, which will
be used to define the nodal basis functions in Section Ml

which, thanks to the Lax-Milgram lemma and the Poincaré inequality, admits a
unique solution satisfying
(3-3) IVullr + l[ullr < 1 F A7

Denote by Ras = Ry (cf. @21), and define X9, = Ry N HE(T). It is
clear that the transform (ZZ) maps X3, in T to (P?/I(I))B in Q. The rational
spectral-Galerkin approximation to [B.2)) is to find ups € X9, such that

which has a unique solution satisfying B3] with uys and ZZy, f in place of v and
f, respectively.

3.1. Error estimates. By a standard argument, one derives from (3.2) and ([B.4)
that
luse =l ey §  inf los =l + | Zaaf = f| 2y
(3 5) v €XY,
’ 1,0
Sy = ull g oy + 1 f = £l 2y

where H}\’f : H3(T) — XY, is the H}-orthogonal projection, defined by
(3.6) (VT u—u), V®). =0, V& e Xy,

Hence, to analyze the error, we need the following result.

Lemma 3.1. For any u € H}(T)NH"(T) with r > 1,

(3.7) e — w7 S M fulgrry, p=0,1.

The argument for this proof is quite similar to that of Theorem 3.2 in [22].
Basically, it is essential to prove the estimate with y = 1, and the case with © =0
can be shown by a duality argument. In contrast with the L?—estimate, after we
transform ||H}\2[0u — u||1,7 to the corresponding norm in Q, some of the norms may
involve Jacobi weights with negative integer parameters —1 or —2. Hence, some
one-dimensional generalized Jacobi approximation results (cf. [9] [10]) have to be
used to handle the singular weights. Here, we omit the lengthy proof.

We now obtain the following theorem on the error estimates of the rational
spectral-Galerkin approximation (34]).
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Theorem 3.1. Let u and up; be the solutions of B2) and B4, respectively. If
w€ HYT)NH"(T) and f € H¥(T) withr > 1 and s > 3, then we have
(3.8) luae = ull ey S M* " ulge oy + M7 flas(), =01

Proof. Then, applying Lemma 3.1 and Theorem to the above, we obtain im-
mediately (38) with 4 = 1. The result for 4 = 0 can then be derived by using a
standard duality argument. (|

Remark 3.1. Alternative to (3.4)), we can also consider the following rational spectral-
Galerkin approximation with numerical integration: find up; € X9, such that

(3.9)  an(uar, @) = y(wnr, a7 + (Vuar, Volurr = (f9)mr, Vo € Xiy,
which is suitable for the approximation on arbitrary tetrahedron. In fact, it can be
easily shown that Theorem Bl holds for [B3]) as well.

Remark 3.2. The optimal results for polynomial approximation on simplices are
established in [4]. However, the results in [4] are expressed in terms of Sturm-
Liouville operator on simplices or in terms of polynomial expansion coefficients. It
is not a trivial task (cf. [12], [I7]) to bound these terms by simple derivative terms
as presented here.

3.2. Modal basis functions. In order to treat non-homogeneous boundary con-
ditions and/or to enforce continuity across the interfaces in a tetrahedral spectral-
element method, we need to construct basis functions for

(3.10) Xpun =Roun NC(T)NHY(T).

For this purpose, we first point out that under the mapping ([Z.2)-(23)), the space
HY(T) corresponds to the weighted space

ﬁl(g) — {’U c Lio,o;l,o;mﬂ(g) 10tV € Lio,o;q,o;o,o(g), (977’0 S Lio,o;l,o;o,o(g)
and 8<v S Li0,0;1,0;2,0(Q)}5

with the norm

1
2

ol 1) = (||agv||§o,0;,1,o;o,o +[100)120.01.00.0 + 1001 20,0020 + ||v||i0,0;1,0;2,0)

One verifies the equivalence by using ([2.4]) and (2.9)-2I10):
1ol 710y S lullarery S vl o)

Now it can be readily verified that under the transform 2.2]), X1y corresponds
to

Xpmn = {¥ € Pp(Ie) x Pu(Ly) x Py(I¢) -
0cW(€,1,¢) = e W(&,m, 1) = 0y (&,m,1) = 0}.
Meanwhile, we recall for the following C°—model basis for Pr(I¢) x P (I,;) %
Pr(le) :
B-11) Wi (&1, C) = Yr(E)Ym(Mn(C), 0<I<L, 0<m<M, 0<n<N,

where

LB ) = e, k=0
(3.12) (z) =4 L ;Z = %(ngo(z) — 002 = I 02), k=1,

2%k — 1)

2 i
TP (2) = I20(2) = (k — s blz), k> 2.
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Observe that forany 0 <I< L, 1<m<M,1<n<N,

Hence, by adding

(3.13)

we have that

(3.14)

where the index set

(3.15)

TLMN = {(l,m,n)
U{(—I,O,n)

Uy 1,0(6m,0) =1 x1x90(C) € Xpamn,
U100 (6,1,¢) =1 X Po(n)Pn(C) € Xpan,

Ximn = span{ Wiyn(§,m,¢) = (I,m,n) € Toun},

afllllmn(ga 17 C) = 65\11177171(57777 1) = anqllmn(gu m, 1) =0.

1<n<N,

:0<I<L,1<m<M 1<n<N}
: 0<n< N}PU{(-1,-1,0)}.

Let @pnn(x,y, 2) = Uimn(€,1,¢) (under the mapping (Z2)—(Z3), and

(3.16)

Xoun = span{@pn (2,9, 2)

(l,m,n) S TLMN}-

Then {Pimn}(t,m,n)er a0y forms a rational CY—basis of H*(T). Moreover, as in

the p—version of finite elements, we can split this modal basis into interior and

boundary modes (including vertez, edge and face modes). All interior modes are

zero on the tetrahedron boundary, and the vertex modes have a unit magnitude
at one vertex and are zero at all other vertices, while the edge modes only have

magnitude along one edge, and the face modes only have magnitude along one face.

e Interior modes:

(3.17)

q)lmn(xu Y, Z) = \I]lmn(ga mn, C)v

e Face modes:

(3.18)

e Edge modes:

(3.19)

r+y+z=1y=0
(521777:_1) '
r+y+z=1Lz=0

(n=1)

r+y+z=12=0
(5217<:_1)
r=y=0(=n=-1):
r=2=0(=¢=-1): Pumi(z,9,2) = V1m1(§,n,0),
y=2=0@mn=¢=-1):

(I)lmn(xayvz) = Wlmn(éﬂ?aov 2<m<

(I)lln(xuyvz):\ljlln(§7777<)u 2§1§L 2§TL<

(I)lml ((E, Y, Z) = \I]lml (57 mn, C)v

(I)Oln(wa Y, Z) = \IJOIn(gu n, <)7
S _10n(z,y,2) = ¥_100(£, 1, C),

(I)Oml ((E, Y, Z) = \IJOml(gu m, <)7
(I)lln('rv Y, Z) = \Ijlln(ga m, C)a

(I)lll(xayu Z) = \Ijlll(§7777 C)?

2<I<L,2<m<M, 2<n<N;
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e Vertex modes:

= = =0
Y= : Q111(2,y, 2) = W111(€,1, (),

1 Ay @y, 2) = Yo (€, m, ),
(3.20) €=Ln=¢ _0 D
y(n :71 CZ _1) : ‘1)7101(:E,y,2) = \11*101(5777a<)7
z 0

Q1 10@y,2) =Y 1 10,0

In order to enforce C°-continuity between adjacent tetrahedral elements, we re-
q~uired that L = M = N. Accordingly, we denote Xy = Xpyaas and likewise for
XM and TM

3.3. Implementations. We now examine the linear system associated with the

spectral-Galerkin approximation (B.4]).
For convenience, we shall make use of the following functions and identities:

UP(€) = JPO(E) =I5

[+1 1,0 l 1,0 -1 1,0 | — 1.0
=i O — s O g O + e,

UHE) = ey (&) = (20 — 1)J(&) = 1T2%(&) — (1 — 1)T25(9),

YR(E) = (1+ €A (€) = 1J)°(€) + (20 — 1)T2%(E) + (1 = 1)%(€)
WD oy WD o - (220D o
(I—2)(1-1) 4,
- WJz—%(é),
) = ) = =54 = T3 (o)
Un(€) = (1= Qw0 (C) = —nJoC(C) + (2n — 1)J22 (€) — (n — 1) 7% (),

UQ) = (1= OO =~ O + O + Gty (O

_J2£2(O+ o 3J2 03(0

It is easy to verify that
D (2,y, 2) = PP (€) X P () x @™ H0(C )1/12(()
By @imn (2,5 2) = 8 U} (€) x ¥y, (n ) -
By ®unn(2,y,2) = 4 Y7 (€) x () x w™H0(¢
+4 9)(€) X () X w*1*°<<)w2<<>,
02 ®umn (.Y, 2) = 4 Y7 (€) X Uy (n) x @™ (YR ()
+290(6) x i () x @ QPR (C) +2 ¢ (€) x ¥ (n) x @ ()Y (€)-
Let
AT = (@ p)2gmnsnt, G, = (Up,00)1, 0S4, <5,
BY = (b )e<mment, Uiy = (Ur V) wro s, 0<14,5 < 3.
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Then for any 2 < I,m,n,l’,m',n’ < M,

00 55
(q)lmnaq)l/m/n’)T = 64. ll/ b m’ Ann’s

(81(1)1771”, azq)l/m/n/)T = a’ll/ b33 , CLOO

nn’

1
33 00 711 31 00
(OyPimn, Oy Prrmm )T = 1 (aii? b3% 0 + i binr 4 i) b + iy byoys) s,

L }1 b s + g o VR o+ g off B0 alh
T3 agy) by s + g ag b oy + éa”, Do G
" ;a”, 03 /a40/+% all 20 04'+1_16 a0 02 g0
> M-—2M-2M-2
(7,y,2 UM —1)(M=1)14m)+n Pir2ma2n12(2, Y, 2),
1=0 m=0 n=0
Jor—vy(i=vitm)+n = En fi Pry2myany2)r, 0<Imn< M -2,
and

U= (’&Ou ’&la T 7/&(M71)371)tr7 f: (fOu f17 T 7f(M71)371)tr'

Further denote by ® the tensor product of matrices, i.e., AQ B = (a; ;B)o<i,j<m—2-
Then the linear system resulted from (3.4]) becomes

(3.21) (S+yM)a = f,
where
1
M = — A% o B0 o 55
gat ©rean
and
S=A"eB¥ A%

+i(A22®B33+A00®B11 +A02®B13+A20®B31)®A00
+{(314?2®BBS+%AOO®B22+%A02®332+éA2O®BQB)®AOO
“F%GAOO@(BOO®A44+BO2®A40+B20®A04)
+%A”®B%®A“+%A”®B“®A“}

The nonzero entries of these matrices can be exactly evaluated. The structures of
the mass matrix M and the stiffness matrix S are depicted in Figure3.2l Therefore,
the linear system can be effectively solved by using an efficient sparse solver such
as SPARSEPACK.

Alternatively, one may attempt to use a suitable iterative solver. As is typical in
a spectral method, the matrix S4+~+M is usually very ill conditioned so it is necessary
to construct a suitable preconditioner. We now examine the condition numbers of
the stiffness and mass matrices as well as the effect of diagonal preconditioner.

For this purpose, let A = (diag(S))fl/ ?. We plot below the condition numbers of

the matrices S, S = ASA, T, :=S +~vyM and Tv = AT, A for various M and
v = 10%
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condition number

10 15 20
M

FIcure 3.1. Condition numbers of S (marked by ’0’), S + yM
(marked by o), ASA (marked by *’) and ASA+~yAMA (marked
by ’’) against various M. The accompanied dashed lines are the
reference curves for cM®8, cM>1, cM*? and cM*0.

We observe from the figure that there are visible improvements for the order of
the condition numbers versus M after applying the diagonal preconditioner. How to
construct a simple and optimal preconditioner in this case is still an open question.
We refer to [13] for an attempt using finite difference.

150

200

250

0 50 100 150 200 300 0 50 100 150 200 250 300
nz = 27047 nz = 26053

FIGURE 3.2. The structure of the mass matrix (left), and the stiffness
matrix (right), where M = 8.

3.4. Numerical results. To illustrate the convergence rate of our rational ap-
proximation, we implemented the rational approximation to the model equation
BI) with two exact solutions and we report our numerical results below.

For a given M, we denote the discrete L?— error by

(322) EM = \/(’U,M—’U,,UJM—’U,)MﬁT.
Example 1. We consider the equation (3] with v = 0 and the exact solution:
(3.23) u(x,y) = wyz(e” VT —e),  (m,y,2) €T.

Example 2. We consider the equation (B with v = 0 and the exact solution:
1 —y—
(321)  ulr.y) =sin T sin Y sin i TLZT YD),

Since u € H"(T) for any r > 0, Theorem [3Ilindicates that the error will converge
faster than any algebraic order. Indeed, as shown in Figure (left), the errors

(z,y,2) € T.
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decay exponentially, typical for a spectral approximation to an analytic function.

Hence, our numerical results are in good agreement with the error estimates in
Theorem 311

Errors

10

107

100

10

12

10

14]

10

10

10

16|

18|

FIGURE 3.3. Maximum pointwise errors (marked by ’o’) and
L?—errors (marked by ’¢’) against various M. Left: example 1;
Right: example 2.

5 10 15 20 25

FIGURE 3.4. Maximum pointwise errors (marked by ’o’) and
L?—errors (marked by ’o’) against various M for example 3 with
a =43, 8 = 3.4 and § = 2.5. The dashed and the dash-dot
lines are reference curves for error = ¢M > and error = ¢M 3,
respectively.

Example 3. We consider the equation (31 with v = 1 and the exact solution:
(3.25) V(2,9,2) €T, 0,8,8>0.

If o, 8,6 € N, we expect that our numerical solution converges exponentially to the
exact solution. While for e, 8 and/or § being non-integer, we can also expect a
convergence rate corresponding to the regularity of the exact solution and the right
hand side term. In Figure B.4] we plot the maximum and L?—errors v.s. various
M with o = 4.3, 8 = 3.4 and § = 2.5 in the semi-logarithm scale. The algebraic
convergence rate is evidenced by the near straight lines in the plot.

u(z,y) =2y’ (1 -z —y),

4. Extensions and discussions

We introduce in this section a set of nodal basis, which is more computation-
ally practical for the element methods. We also briefly discuss how to extend
the previous single domain implementation to multi-domain cases. These serve
as important ingredients towards a spectral/hp element method on unstructured
tetrahedral meshes.
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4.1. Nodal basis. It is more practical to use a nodal basis. Different from the
quadrature on T, where the Gauss-Radau points are used, we adopt the Gauss-
Lobatto points on @ in all three directions, which are more suitable for imposing
continuity between tetrahedral elements.

Denote by 1 = &b > ¢ > .- > ¢£ = —1 the L + 1 roots of the polynomial
(1- 52)J£’_11(§). The Lagrange basis polynomials at the Legendre-Gauss-Lobatto
points are

Loey _ -¢f 1 (1=
i’ (5)‘0<11N & —& 2N (k—)a0eh)

k£l

where [ = mod (I — 1, L+ 1). Besides, we use the notation ¢, (£) = 1.
Further denote WEMN (¢ ¢) = oF (€)M ()X (¢). By the same argument as

Ilmn

for the modal basis in Section [3] one readily finds that
XLMN = {\If S PL(Ig) X PM(In) X PN(IC) :
8£\I](§7 17 C) = 85\11(67 m, 1) = 877\1](67 m, 1) = 0}
= span{ UMV (&,n,¢) + (I,m,n) € Toun}.

Recalling that XN corresponds to X v n under the coordinate transform ([2.2)),
we finally derive the nodal basis of the approximation space X n,

(41) XLMN = Spa'n{(l)ll;n]\{z]v(xvyu Z) : (lvmvn) € TLMN}u
where ®LMN (¢, 2) = WEMN (¢ ) under the transform ([22).

It is worthwhile to note that the nodal basis functions in (@Il are constructed
by the Legendre-Gauss-Lobatto Lagrange basis polynomials for all the £-, n- and
(-directions. Of course, one can also use different types of Lagrange polynomials
for different directions, just in the way like the interpolation operator ZZ s has been
defined. Nevertheless, owing to the essential continuity condition of X sy, one
should use only the Jacobi-Gauss-Lobatto Lagrange basis polynomials instead of
the Jacobi-Gauss-Radau ones for the construction of the nodal basis functions.

4.2. Multi-domain rational approximations. Let {2 be an open bounded do-
main. Consider the Poisson type equation:

(4.2) —Autyu=f in Q ulga=0, v=>0.
The variational formulation of [2) is to find u € Hg () such that
(4.3) a(u,v) = (Vu, V’U)Q +y(u,v)0 = (f,v)o, Yo € H(Q).

We now briefly describe how to setup a multi-domain spectral-element method
for (£3)), for more details in this regard, we refer to the books [2, [I5]. To simplify
the presentation, we shall restrict ourselves to polygonal domains.

Let © be an open bounded polygonal domain which can be decomposed as fol-
lows:

(4.4) Q= Uszlgk, Q;NQ; = D, i # 7,

where each () is either a tetrahedron or a hexahedron. Let Fj be a bijection of

class C'*° which maps Q) onto Q, where ) is either the reference tetrahedron 7 if
) is a tetrahedron or the reference cube Q if €2 is a hexahedron. We denote

(4.5) X]’fz[ ={vy =dp 0 Fk_1 c0p € Rynemr (T)}if Qp is a tetrahedron;
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or

(4.6) X¥ ={om =m0 F7t t o € [Pu(D)]P} if Q is a hexahedron.
Setting

(4.7) Xar = {vm € HY(Q) :vnrla, € X¥, 1<k <K}, XY =XunHHQ),

the combined rational function-Legendre spectral-element approximation to (£3)
is: to find up € XY, such that

K K

(4.8) Z <”Y(UM,UM)Qk + (Vuar, VUM)m) = Z(Ilfwf, va)oe,  Your € XY,
k=1 k=1

where 7Z% uf € X such that 1k f(a:lmn,ylmn,zlkmn) = f(xfmn,ylmn,zlmn) 0<

l m,n < M and (:Elmm,7 ylmn’ Zlmn) Fk (:Elmm,7 ylkmn’ Zlkmn) with (:Elmm,7 ylmn’ Zlkmn)
0 <Il,m,n < M, being the collocation points in the reference tetrahedron or refer-
ence cube.

Then, using the standard error estimates of the projection and interpolation
operators for the Legendre approximation (see, for instance, [I]) and the error esti-
mates of the projection and interpolation operators for the rational approximation
established in Section [2] then following procedure similar to that in Section 6.2 of
[2], it is expected that the following result can be proved:

Proposition 4.1. Assuming that the solution of @3) u € H}(Q) and ulg, €
H"(Q) for 1 <k < K withr > 1, and that flo, € H*(Q) for 1 < k < K with
s > 3. Then, the approzimate solution up; of @8] satisfies the following error
estimate:

(4.9) |

K
<Y (Ml-wmmk) n M-Sufnmk)).
k=1

Remark 4.1. It can be shown that Proposition 1] holds if we replace the inner
product in (£8) in each subdomain by the discrete inner product (cf. Remark B]).

4.3. Concluding remarks. We introduced in this paper a rational spectral ap-
proximation on tetrahedron. The basis functions were obtained from tensor prod-
uct of one-dimensional polynomials on the cube through the collapsed coordinate
transform (2.2]). We presented some error estimates with the norms expressed in the
original coordinates on the tetrahedron, which are as accurate as the tensorial poly-
nomial approximations. Furthermore, these rational basis functions appeared to be
easier to deal with, both in analysis and in practice, than the Koornwinder-Dubiner
polynomial basis functions. Hence, this rational approximation potentially provides
a good alternative to the polynomial approximation for tetrahedral domains. We
provided the implementation details for the rational spectral-Galerkin approxima-
tion to some model equations, and showed that the resulted linear system is sparse
and can be efficiently solved, for example, by a sparse solver. We also gave illus-
trative numerical results which are essentially in agreement with the theoretical
estimates.

This work is a first step towards developing a spectral-element method for three-
dimensional complex geometries using rational functions on tetrahedron. The fun-
damental approximation results established here can be used to derive error esti-
mates for the rational interpolations which are essential for a complete analysis for
the spectral-element method using rational functions on tetrahedron.
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Appendix A. One dimensional approximation results

We derive and refine in this appendix some one-dimensional results on Jacobi
polynomial approximations and Jacobi-Gauss-type interpolation approximations,
which serve as important tools for error analysis of rational approximation on the
tetrahedron 7.

A.1. Jacobi polynomials. The classical Jacobi polynomials, denoted by J,‘j"ﬂ ©),
¢ € I with a, 8 > —1, are mutually orthogonal with respect to the Jacobi weight
function w®?(¢) = (1 - O)*(1+¢)?:

1
(A1) / TSP QIR Q@™ (Qd¢ = [|T8P ) s s

-1
where 0,,,,, is the Kronecker symbol, and

2 B 2008 D (n +a+ 1)I(n + B+ 1)
@ Qnta+ B+ DI(n+ D) n+a+pB+1)
Notice that the classical Jacobi polynomials are only defined for a, 5 > —1, while

in a recent work [9] 22], the definition of Jacobi polynomials are extended to cases
where « and/or 8 are negative integers through the following formula,

Fn+a+1)I(n+B8+1) (¢-1 ""J,aﬂﬁ
Fn+1)F(n+a+p+1)\ 2 nta
T(n+a+D)I(n+pB+1) <<+ 1>"
F'n+1)I'(n+a+p+1) 2

The generalized Jacobi polynomials keep the orthogonality (AJ)-([A2) of the classic
Jacobi polynomials. We refer to [22] for more properties of this kind of generalized
Jacobi polynomials.

(A.2) | 57|

(€), a€Z,
TP (C) =

IS, Bez.

A.2. Jacobi polynomial approximations. We define the orthogonal projection
w7 L2 (1) = Py(I) N L2, o(I) by
1
(A.3) / (W%Bw — w)¢w°"5dg‘ =0, VopePn(I)N L;a,ﬁ(l).
-1
Note that for o, 8 > —1, we have Py (I) N L%, ,(I) = Pn(I), but when o and/or
[ are negative integers, suitable boundary conditions are involved. For example,
PyI)NL2_,_,(I)=P}(I) =Pn(I)N Hs(I).
To describe the approximation errors, we introduce the non-uniformly weighted
Sobolev space

(Ad) BS 4(I) =={weL2.,(I) : wh(¢) € L2 i pn(I), 0k <0}, Vo EN,

equipped with the norm and semi-norm

1

(A5) ”wHBg,ﬁ(l) = (Z ||w(k)||2wa+k,5+k)1)§7 |w|Bgﬁ(I) = Hw(U)HWQJrU,ﬂ*f’,I'
k=0

Let I be the identity operator. It is obvious that for any N, M € N and N > M,

the projection operator wj'\‘,’ﬁ satisfies

(A.6) Hﬁ?\éfwnwa,a,] @b I

(A7) (7%’ = D] <737~ Dw] < el

weB [ — waB [ —

Vw e L2 . 5(1),
Vw € L2 5(I).

< 7870l s < el

wa,ﬂJa

Another property is as follows.
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Lemma A.1. If w € L2, ,(I) and w'®) € L? ., 5,0, (1) with o, > —1 and
integer N > o > 0, then we have

(A.8) (75" = D] S [l

wB T wot20,8+20 °

Proof. Since (Ag)) for 0 = 1 has already been proved in [22], it suffices to prove
that for any 0 <1 < o,

(A9 S P O [ ot H

ifweL2; (I)and w' € L2, ,.(I) with 6,7 > —1.
Integrating by parts yields that for 0 < k <,

(7w =)', (7)) gosrirn = (177w = w, —@™ 7 (@7 (E)))

= (1) w —w, k(k + 8+~ +1)J07) =0,

w, T

w7, T
where we use the Sturm-Liouville equation for Jacobi polynomials to derive the
second equality sign. Noting that (wf’vw)' is a polynomial of degree [ — 1, we
readily find that

(wf”w)' = w?jf”“w'.

. . 5,
Meanwhile, since ;"

that

recovers any polynomial of degree no greater than [, it holds

5 5.y Sy 641,441 S+1,7y+1
w—mw=w-—m) w—l—7r'ler ot —7rl+’7+w

_ 3,y 0+1,9+1
=[0-m7)(I-m Jw
As an immediate consequence,

@Y e = 1= ) o = )]

S w=m ™ w0) | sraae = o =m0 i

= [T m 22 | avaa g

where we use Lemma 2.1 in [22] for obtaining the inequality above. This finally
ends the proof. O

The main approximation result is stated in the following lemma.

Lemma A.2 ([22]). Let o, > —1 or be negative integers. Then for any w €
B, 5(I) with integers o > ji > 0,

H(WN w — w)(u)H < NH- UH a+a/3+a

_ (o) H
ot Bt g~ H)w wato,Bto,1

A.10
Y < ¥t

wa+mﬂ+v)]'

A.3. Jacobi-Gauss-type interpolation approximation. The interpolation on
the tetrahedron 7 defined in Section [2]is based on a map of the tensorial product
of Legendre-Gauss-Lobatto (LGL) and Jacobi-Gauss-Radau (JGR) interpolations
on the cube Q.

We first consider the one-dimensional Legendre-Gauss-Lobatto interpolation.
Let {¢/}., be the LGL interpolation points (i.e., zeros of (1 — £2)Jx" ) .

For any w € C(I), the LGL interpolant Zkw € Py (I) and satisfies
(A1) (Tyw)(§) = w(g), 0<j<N.

We have the following approximation result.
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Lemma A.3 ([22]). If w € L*(I) and v’ € B&al(l) with integers o > 1 > 0 and
o > 1, then we have

H(Iﬁ,w —w)W H < N”_‘TH(W?\,_,IU’U_l — D™ H

wh—Llp=1 ] ~5

< N‘“"Hw(g)

wo—lo-1 ]

(A.12)

Hw"*1v0*1,1

We now turn to the Jacobi-Gauss-Radau (JGR) interpolation associated with
the weight function @w®%(n) = (1 —n)®. Let {77]3’0‘}5-\’:0 be the JGR interpolation
points (i.e., zeros of (1 +1)Jv"(n)). For any w € C([~1,1)), the JGR interpolant
is defined by % € Py(I) and

(A.13) (T w)(n;") = w(n>®), 0<j<N.

For a =1, Iﬁ,’a is reduced to Jacobi-Gauss-Radau interpolation operator Z1 ana-
lyzed in [22]. In order to establish the error estimate, we use the stability result of
the JGR interpolation operator (cf. Theorem 4.5 of [II]). Use Lemma 2.2 of [I1]

and let the intermediate polynomial wy = ]5]{,7a)0w. Then by a standard argument

as in [22], we can derive the following result for Iﬁ’a.

Lemma A.4. Ifw € BgﬁO(I) with > —1,0>pu>0 and o > 1, then

g NE0 =0 S
< N“*"Hw

SN (T =D |

oo s
Appendix B. The proof of Theorem [2.1]
Let 77 : L2, ,(I) — Pn(I) N L2

2 a.s(I) be the one-dimensional orthogonal

projection defined in Appendix [Al It is obvious that IIpyyu = w%%w]lwon i/logv

(the subscript ¢ indicates the operator wg acts on the variable £ and likewise for
n and ¢). A direct calculation, together with (27) and (A.6]), leads to

||HLMNU_UH7— || 77 Ngv UH 0,051,02,0
< HWL gv 'UH 0,0i1,0:2,0 T HWL 5(7711\401,7) - 'U) on,o;l,o;z,o

+ || L£ 11\4077( ]2VOCU v)”XO,O;l,O;Q,O

< HWL eV~ Uon,o;l,o;z,o + HW}V)I?UU —f

Using (AT0) yields

IMoavu —ullr S L9 0¢v|| o + MT070] |0 0i1,mi2,0

—S S
+N Ha§v||xo,0;1,0;s+2,s'

x0:0:1,0:2,0 + HT‘—N gU UHXO,O,1,02,0

x2 41,02,

Now, we bound the norms of v in the right hand side by the norms of u. By using

@I0), we have

(B.1) ooten ) = (LN oy ), 121
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Further, a recursive use of (ZI0) gives

(( 5 3713y—l—W@#l(ay—ax))u(x,y,z):
1\ (== QN L+ =\ .
iZ;(j)( 0y (90 0) 5, 0t
and
dbv(€.n,¢) = 62*1((1 - 5)8(1 —Wp, + . )
+ 7(1 + 5)8(1 —n) (0, — Ox ))u(x,y,z)
(B3) (1+90-n)

Bé_l (0, — 81))11(:6, Y, %)

8
11— B 3 ; B i
:,,,:;kz_o(j@((l 5)8(1 77)) (1Zn)k((1+§)8(1 n))l k
X 01(0; — 0y) (0= — 0:) 7 Fu(a, y, 2),
T(1+1)

Thanks to the above identities and the tri-

Ly
where (j,k) = TGIOT G+ (——F+1)
angle inequality, we obtain that

S Lot

HHLMNU - U’ T X©2:20+1,0:2q+2,0

T
—-r j r—j
+M E ||8§(8y - 890) Ju||X2j,27‘72j;7'+1,7‘;27‘+2,0
J=0
s s—J

+ N~ Z Z Ha a — Oy )S j_ku"X2j,2s—2j72k;2572k+1,2k;s+2,s'
7=0 k=0

Note that for any am, 617 a27ﬁ27 O‘37ﬁ3 > 07

(B.4) | Presfests e g )] <1, V(& n, ) e
We finally get that

—q||p4
HHLMNU - UHT SL ‘yazUHXq,qﬂqﬂ,O;zqw,o

T
+ Mﬁr Z Ha'ljl(ay - 8I)T7juHvaT*j=7‘+1,T;2T+2,O

7=0
s s—j
+NT ZZ| 8 _8 8 — O )S j_kuHXj,sfjfk;s—k+1,k;2s+2,s
0 k=0
< LNl o+ 3 300G = 07l
7=0
s s—j
FNTD Y (000 = 0" (0: = 00) Ml s vk -

7=0 k=0
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This completes the proof.

Appendix C. The Proof of Theorem
Let v(&,7,¢) = u(z,y, z). One verifies readily that
(C.1) (Taru)(x,y,2) = (Tiy Ty L3 0) (€. C)-

where Ifw = II%/[, ¢ is the Legendre-Gauss-Lobatto interpolation operator in &, Z7, =

Iﬁ[’z and 5, = Iﬁ’i are the Jacobi-Gauss-Radau interpolation operator in 1 and
¢, respectively (cf. Appendix [A]).

We begin the proof with (CIl), @1), (A12), (AI4) and the triangle inequality,
(C.2)

| Zas = Dully = 515 T~ Dol oo
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+ H(THI}/[T rlJrl n ]I

+ H(W;/-[i_lrzrllq ]I

)
)
r+1,r—1 ]I)
)

r—1
n 8§UHX0,0;T,T71;2,0

0
82_1851)HXO,O;I,O;'P+1,T*1
7)

+ H( TN — 41 < Zilaﬁv‘|xo,o;2,1n+1,r71

5 nc = D 20,060] s )
For further simplification, we note that
89, "0cv =01 ((1 - D)
=1 =n(- )3’” 1(896'“)
80; 1 gv = 0. (1 = m)(1 = )d,u)
= (=1 = QI (Du) = (r = 1)(1 =00 (D),

(r = 1)(1 = )0 (Oau),

and
852_18 v = ar—l(2( —Q)oyu—(1+&(1 - C)awu)
=2(1= Q0 ' 9yu — (1+ (1 = Q0 dau — 2(r — 1) *0yu
+(r—=1)(1+ {)82 20, u.
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Thus by (A8) and the triangle inequality, we have

H(W;WT Tl-‘rl \M )arilaEvH 0,0;r,7—1;2,0

SN, DA =)o, <a )1 I
(T = D (= m) (1 =)oy~ 18mu )H
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S o &au HX + 1105710 | o0 sr 10
Sl A CXN)] ST

H (wﬁf;ﬁ:ﬁg - H) 8271851)on,o;l,o;rﬂ,r—l
S it =D (@ = m2(00w) [ o0 e

+ || (W;;Ir—l;rﬁjll,q - ]I) ((1 - 77)(1 - 4)3271(@“)) ||X0,0;1,0;r+1,r—1
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and

(C.5)
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S Hmaityinle =D (207 20,u = (1 + 997 200u) || oviarirsnrs
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S 10 (1 =€) 20yu+ (1 + €0y — 3a)u) | 0,021,001
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Meanwhile, one verifies that

6497 20,0¢v = 80,20, (1 — n)(1 = (), u)
=82 ((1 =) (1 = )ydy — (1 = ()Bz)u
=0/ (1 =) (1 = *(20,00u — (1 4 &)D7u)) — 89 2((1 — ¢)Dyu)
= (1 =) (1= ¢)?0*(20,05u — (1 + §)D2u) —8((1 = Q)3 > + 9] *)dyu
—2(r =2)(1 = n)((1 = Q)07 + 97 7*) (20, 02u — (1 + €)D7u))
+8(r — 1)L 20u+ (r —2)(r — 1)(1 — n)0F (20, 0zu — (1 + £)02u)).
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As a result, we get, by (A.8) and the triangle inequality, that
(C.6)
Nr3 = = DO 20,00]| s
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Combining (C2) with (C3)-(C6), we derive that
[ T ¥ 2P 1 P
+ 11020 ]| ooimszn + 1057 00tl] sz
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In analogy to (B.2)) and (B.3), we have that for integer [ > 1

l
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Noting that for any aq, 51, as, 82, a3, 83 > 0,

[xviesfzians (e n Q) < V(& mn,¢) €Q,

we finally find that
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This ends the proof.
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