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Abstract

Jacobi approximations in non-uniformly Jacobi-weighted Sobolev spaces are investigated.

Some results on orthogonal projections and interpolations are established. Explicit expressions

describing the dependence of approximation results on the parameters of Jacobi polynomials

are given. These results serve as an important tool in the analysis of numerous quadratures

and numerical methods for differential and integral equations.
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1. Introduction

The Jacobi polynomials J
ða;bÞ
l ðxÞ play important roles in mathematical analysis

and its applications, see [1,27,28]. In the early work, one only considered Jacobi
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approximations in uniformly weighted Sobolev spaces. In other words, the weight is
uniform for all derivatives involved in their norms. This fact limits their applications.
For instance, we consider the following equation in cylindrical coordinates,

1

r
qrðrqrvÞ þ

1

r2
q2yv þ q2zv þ mv ¼ f :

In its weak formulation, the weights for qrv; qyv; qzv and v are r; 1
r
; r and r;

respectively, see [5]. So we cannot use Jacobi approximations in uniformly weighted
spaces to deal with this problem properly. It is also difficult to use such
approximations for singular differential equations, see [24].

In the past decade, Jacobi approximations developed again because of several
reasons. Firstly, Gegenbauer approximations were successfully used for removing
Gibbs phenomenon, see [12]. Next, the usual Gauss-type interpolations are not
applicable to quadratures involving derivatives of functions at endpoints, and so we
need to study certain Jacobi interpolations, see [10]. Thirdly, in the numerical
analysis of finite element methods, one used some results on Jacobi approximations,
see [2,22,23,26]. In particular, the Legendre and Chebyshev approximations have
been widely used for spectral methods of non-singular differential equations, see
[6,7,11,13]. Recently, some authors applied Jacobi approximations directly to
singular problems and differential equations on unbounded domains and axisym-
metric domains, see [5,14–17,20]. Furthermore, Dubiner [9] investigated an
orthogonal approximation on a triangle in which the base functions are the
products of two Jacobi polynomials, also see [23]. Jacobi approximations were also
used for the numerical analysis of some rational approximations, see [18,19].

As we know, the more precise the results on Jacobi approximations, the more
accurate the error estimates of related numerical algorithms. Canuto and Quarteroni
[8] first studied the Legendre and Chebyshev approximations in Sobolev spaces.
Bernardi and Maday [6] developed symmetric Jacobi approximations ða ¼ bÞ in
uniformly weighted Sobolev spaces. However in many practical problems, the
coefficients of derivatives of unknown functions involved in differential equations
degenerate in different ways. Therefore we need to study various orthogonal
projections in non-uniformly Jacobi-weighted Sobolev spaces, in which the weights
for different derivatives appearing in the expressions of norms are different. Babus̆ka
and Guo [3], Guo [16,17], and Guo and Wang [20] developed such approximations.
But the results in [3] are valid only for symmetric Jacobi approximations in the
standard Jacobi-weighted Sobolev spaces in which the weight for derivative of order

k is the product of the weight for function itself and ð1� x2Þk: This is not the most
appropriate in some applications. On the other hand, the results of Guo [16,17] and
Guo and Wang [20] do not seem optimal. Furthermore, the existing results are of the
form,

jjQNv � vjjB1
pc�N�ljjvjjB2

; lX0; ð1:1Þ

where B1 is a certain Sobolev space, B2 is a related Sobolev or Besov space, QN is an
orthogonal projection or interpolation upon the set of polynomials of degree at most
N: The generic positive constant c� does not depend on N and v; but depends on a
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and b implicitly. Such an estimate is useful for many problems. But it is not enough
sometimes. For instance, for the orthogonal approximation on a triangle, we take
the base functions as the products of two Jacobi polynomials, where one of
parameter of the first Jacobi polynomial is just the degree of the second one. In this
case, we have to explore explicit dependence of c� on the parameters a and b:

This paper is devoted to Jacobi approximations in non-uniformly Jacobi-weighted
Sobolev spaces. We shall derive approximation results as

jjQNv � vjjB1
pdN;a;bjvjB2

; ð1:2Þ

where B1 and B2 are non-uniformly Jacobi-weighted Sobolev spaces, dN;a;b is an

explicit function of N; a and b; independent of v: The main advantages of this work
are as follows. Firstly, the results are valid for general Jacobi approximations, and so
could be applied to numerous problems. Next, all estimates are as sharp as possible.
In particular, the space B2 in (1.2) is much more reasonable than those in existing
literatures, and seems optimal. This fact simplifies theoretical analysis, and leads to
more precise results on various numerical methods. Finally, the explicit expressions
describing the dependence of jjQNv � vjjB1

on a and b are presented, which open a

new goal for applications of Jacobi approximations.
This paper is organized as follows. In the next section, we establish some basic

results on Jacobi approximations. In Section 3, we deal with several orthogonal
approximations in non-uniformly Jacobi-weighted Sobolev spaces, which are related
to numerical solutions of various differential equations. In Section 4, we study
Jacobi–Gauss-type interpolations which are often preferable in the numerical
solutions of differential and integral equations. The final section is for some
concluding remarks.

2. Preliminaries

Let L ¼ fx j jxjo1g and wðxÞ be a certain weight function. Denote by N the set of
all non-negative integers. For any rAN; we define the weighted Sobolev space Hr

wðLÞ
in the usual way, and denote its inner product, semi-norm and norm by ðu; vÞr;w; jvjr;w
and jjvjjr;w; respectively. In particular, L2

wðLÞ ¼ H0
w ðLÞ; ðu; vÞw ¼ ðu; vÞ0;w and jjvjjw ¼

jjvjj0;w: For any real number r ¼ ½r� þ y; 0oyo1; we define the interpolation space

Hr
wðLÞ ¼ ½H ½r�þ1

w ðLÞ;H
½r�
w ðLÞ�1�y as in [4]. Moreover, the following Gagliardo–

Nirenberg-type inequality holds (see [4] and (1.10) of [6]),

jjvjjr;wpjjvjjy½r�þ1;wjjvjj
1�y
½r�;w 8vAH ½r�þ1

w ðLÞ:

Furthermore, the space Hr
0;wðLÞ stands for the closure in Hr

wðLÞ of the set DðLÞ
consisting of all infinitely differentiable functions with compact support in L: When
wðxÞ � 1; we omit the subscript w in notations as usual.
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The Jacobi polynomials J
ða;bÞ
l ðxÞ; l ¼ 0; 1; 2;y; are the eigenfunctions of Sturm–

Liouville problem

qxðð1� xÞaþ1ð1þ xÞbþ1qxvðxÞÞ þ lð1� xÞað1þ xÞbvðxÞ ¼ 0; xAL; ð2:1Þ

with the corresponding eigenvalues lða;bÞl ¼ lðl þ aþ bþ 1Þ; l ¼ 0; 1; 2;y : It is

noted that

J
ða;bÞ
l ð�xÞ ¼ ð�1Þl

J
ðb;aÞ
l ðxÞ; J

ða;bÞ
l ð1Þ ¼ Gðl þ aþ 1Þ

l!Gðaþ 1Þ : ð2:2Þ

The Jacobi polynomials fulfill the recurrence relation

qxJ
ða;bÞ
l ðxÞ ¼ 1

2ðl þ aþ bþ 1ÞJðaþ1;bþ1Þ
l�1 ðxÞ; lX1: ð2:3Þ

Let wða;bÞðxÞ ¼ ð1� xÞað1þ xÞb; a; b4� 1: We haveZ
L

J
ða;bÞ
l ðxÞJða;bÞ

l0 ðxÞwða;bÞðxÞ dx ¼ gða;bÞl dl;l0 ; ð2:4Þ

where dl;l0 is the Kronecker function, and

gða;bÞl ¼ 2aþbþ1Gðl þ aþ 1ÞGðl þ bþ 1Þ
ð2l þ aþ bþ 1ÞGðl þ 1ÞGðl þ aþ bþ 1Þ: ð2:5Þ

For any vAL2
wða;bÞ ðLÞ; we have that

vðxÞ ¼
XN
l¼0

v̂
ða;bÞ
l J

ða;bÞ
l ðxÞ; v̂

ða;bÞ
l ¼ 1

gða;pÞl

Z
L

vðxÞJða;bÞ
l ðxÞwða;bÞðxÞ dx:

Let NAN: We denote by PN the set of all algebraic polynomials of degree at most

N: Moreover, 0PN ¼ fv j vAPN ; vð�1Þ ¼ 0g and P0
N ¼ fv j vAPN ; vð71Þ ¼ 0g:

We first consider the orthogonal projection PN;a;b : L2
wða;bÞ ðLÞ-PN : It is defined by

ðPN;a;bv � v;fÞwða;bÞ ¼ 0 8fAPN : ð2:6Þ

To derive approximation results, we introduce the Jacobi-weighted space

Hr
wða;bÞ;AðLÞ ¼ fv j v is measurable and jjvjjr;wða;bÞ;AoNg; rAN;

equipped with the following norm and semi-norm,

jjvjjr;wða;bÞ;A ¼
Xr

k¼0

jjqk
xvjj2wðaþk;bþkÞ

 !1=2

; jvjr;wða;bÞ;A ¼ jjqr
xvjjwðaþr;bþrÞ :

Next, let r ¼ ½r� þ y40: Since H
½r�
wða;bÞ;AðLÞ and H

½r�þ1

wða;bÞ;AðLÞ are separable Hilbert

spaces such that H
½r�þ1

wða;bÞ;AðLÞ is continuously imbedded and dense in H
½r�
wða;bÞ;AðLÞ;

we can use complex interpolation as in [4] to define the space Hr
wða;bÞ;AðLÞ ¼
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½H ½r�þ1

wða;bÞ;AðLÞ;H
½r�
wða;bÞ;AðLÞ�1�y: Moreover,

jjvjjr;wða;bÞ;Apjjvjjy½r�þ1;wða;bÞ;Ajjvjj
1�y
½r�;wða;bÞ;A 8vAH

½r�þ1

wða;bÞ;AðLÞ: ð2:7Þ

Theorem 2.1. For any vAHr
wða;bÞ;AðLÞ; rAN and 0pmpr;

jjPN;a;bv � vjjm;wða;bÞ;ApcðNðN þ aþ bÞÞ
m�r
2 jvjr;wða;bÞ;A: ð2:8Þ

Hereafter c denotes a generic positive constant independent of any function, N; a and b:

Proof. We have from (2.3) that for kAN;

qk
xðPN;a;bvðxÞ � vðxÞÞ ¼ �

XN
l¼Nþ1

v̂
ða;bÞ
l qk

xJ
ða;bÞ
l ðxÞ

¼ �
XN

l¼Nþ1

cl;a;b;kv̂
ða;bÞ
l J

ðaþk;bþkÞ
l�k ðxÞ;

where

cl;a;b;k ¼ Gðl þ aþ bþ k þ 1Þ
2kGðaþ bþ 1Þ :

Thus by (2.4),

jjqk
xðPN;a;bv � vÞjj2wðaþk;bþkÞ ¼

XN
l¼Nþ1

c2l;a;b;kðv̂
ða;bÞ
l Þ2gðaþk;bþkÞ

l�k : ð2:9Þ

Similarly,

jjqr
xvjj2wðaþr;bþrÞ ¼

XN
l¼rþ1

c2l;a;b;rðv̂
ða;bÞ
l Þ2gðaþr;bþrÞ

l�r : ð2:10Þ

Using (2.5) and the Stirling formula

Gðs þ 1Þ ¼
ffiffiffiffiffiffiffi
2ps

p
sse�sð1þ Oðs�

1
5ÞÞ; ð2:11Þ

we deduce that

c2l;a;b;kg
ðaþk;bþkÞ
l�k

c2l;a;b;rg
ðaþr;bþrÞ
l�r

¼ Gðl � r þ 1ÞGðl þ aþ bþ k þ 1Þ
Gðl � k þ 1ÞGðl þ aþ bþ r þ 1Þpclk�rðl þ aþ bÞk�r:

The above with (2.9) and (2.10) leads to that for all kpr;

jPN;a;bv � vjk;wða;bÞ;ApcðNðN þ aþ bÞÞ
k�r
2 jvjr;wða;bÞ;A:
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This implies the desired result for mAN: For m ¼ ½m� þ y; 0oyo1; we use (2.7) to
verify that

jjPN;a;bv � vjjm;wða;bÞ;Ap jjPN;a;bv � vjjy½m�þ1;wða;bÞ;AjjPN;a;bv � vjj1�y
½m�;wða;bÞ;A

p cðNðN þ aþ bÞÞ
m�r
2 jvjr;wða;bÞ;A: &

We may consider Jacobi approximations for functions belonging to Jacobi-
weighted Besov spaces, see [3,25], and follow the same line as in [3] to derive the
corresponding result. This generalizes Theorem 2.3 of [3], since m and r are real
numbers and a could be different from b: But in this case, the norm at the right side
of (2.8) becomes the norm of v; in a Jacobi-weighted Besov space. However, in
duality arguments used in Section 3, we need to use the result (2.8) in which only the
semi-norm jvjr;wða;bÞ;A appears.

An interesting application of Theorem 2.1 is stated below, which will be used in
the next section. For �1oa; bo1; let

UN;a;bðLÞ ¼ fv j v ¼ wða;bÞf;fAPN�1g:

The orthogonal projection T N;a;b : L2
wð�a;�bÞ ðLÞ-UN;a;bðLÞ is defined by

ðT N;a;bv � v;fÞwð�a;�bÞ ¼ 0 8fAUN;a;bðLÞ: ð2:12Þ

In order to estimate jjT N;a;bv � vjjwð�a;�bÞ ; we need several preparations. Firstly, we

have that for any vAH1
wð�a;�bÞ ðLÞ and �1oa; bo1;

max
xA %L

jvðxÞjp1
2
ð5gða;bÞ0 Þ

1
2jjvjj1;wð�a;�bÞ : ð2:13Þ

Indeed, H1
wð�a;�bÞ ðLÞCCð %LÞ: Let jvðx�Þj ¼ minxA %L jvðxÞj: Then

jvðxÞj � jvðx�Þjpðgða;bÞ0 Þ
1
2jvj1;wð�a;�bÞ :

Moreover,

jvðx�Þjp
1

2

Z
L
jvðxÞj dxp

1

2
ðgða;bÞ0 Þ

1
2jjvjjwð�a;�bÞ ;

which leads to (2.13).
Next, let L1 ¼ ð0; 1Þ; L2 ¼ ð�1; 0� and

xa ¼ maxð2a; 1Þ; za;b ¼ maxðx
1
2
aðb þ 1Þ�

1
2; x

1
2
bða þ 1Þ�

1
2Þ; a; b4� 1:

By the Hardy inequality, for any measurable function cðxÞ; apb and qo1;Z b

a

1

b � x

Z b

x

cðyÞ dy

� �2

ðb � xÞq
dxp

4

1� q

Z b

a

c2ðxÞðb � xÞq
dx: ð2:14Þ
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Let vAH1
0;wða;bÞ ðLÞ: Taking a ¼ 0; b ¼ 1 and q ¼ ao1 in (2.14), we obtain that for

bp2; Z
L1

v2ðxÞwða�2;b�2ÞðxÞ dxp
Z
L1

v2ðxÞð1� xÞa�2
dx

p
4x�b

1� a

Z
L1

ðqxvðxÞÞ2wða;bÞðxÞ dx:

A similar result holds on L2: Therefore, for any vAH1
0;wða;bÞ ðLÞ and �1oa; bo1;

jjvjjwða;bÞpjjvjjwða�2;b�2Þp2z�a;�bjvj1;wða;bÞ : ð2:15Þ

Lemma 2.1. If �1oa; bo1; then for any vAH1
wð�a;�bÞ ðLÞ;

jjT N;a;bv � vjjwð�a;�bÞpcqa;bðNðN þ aþ bÞÞ
maxða;b;0Þ�1

2 jjvjj1;wð�a;�bÞ

where qa;b ¼ maxðqð1Þ
a;b; q

ð2Þ
a;bÞ; and

q
ð1Þ
a;b ¼ ð1

2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1Þð4za;bða2 þ b2Þ

1
2 þ 1Þ;

q
ð2Þ
a;b ¼ ðgða;bÞ0 Þ

1
2 maxðG�1ðaþ 1Þ;G�1ðbþ 1ÞÞ: ð2:16Þ

If, in addition, vAH1
0;wð�a;�bÞ ðLÞ; then

jjT N;a;bv � vjjwð�a;�bÞpcq
ð1Þ
a;bðNðN þ aþ bÞÞ�

1
2jvj1;wð�a;�bÞ : ð2:17Þ

Proof. Let

v�ðxÞ ¼ 1
2

vð1Þð1þ xÞ þ 1
2

vð�1Þð1� xÞ; v0ðxÞ ¼ vðxÞ � v�ðxÞ; xA %L: ð2:18Þ

Clearly v0AH1
0;wð�a;�bÞ ðLÞ: Moreover,

jv0j1;wð�a;�bÞp jvj1;wð�a;�bÞ þ 1
2
ðgð�a;�bÞ

0 Þ
1
2

Z
L
jqxvðxÞj dx

p ð1
2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1Þjvj1;wð�a�bÞ : ð2:19Þ

Further, let

v0NðxÞ ¼ wða;bÞðxÞPN�1;a;bðv0ðxÞwð�a;�bÞðxÞÞ:
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Obviously v0NAUN;a;bðLÞ: By Theorem 2.1 with r ¼ 1 and m ¼ 0; (2.15) and (2.19),

jjv0N � v0jjwð�a;�bÞ ¼ jjPN�1;a;bðv0wð�a;�bÞÞ � v0wð�a;�bÞjjwða;bÞ

p cðNðN þ aþ bÞÞ�
1
2jv0wð�a;�bÞj1;wðaþ1;bþ1Þ

p cðNðN þ aþ bÞÞ�
1
2ðjv0j1;wð�a;�bÞ þ 2ða2 þ b2Þ

1
2jv0jwð�a�2;�b�2Þ Þ

p cð4za;bða2 þ b2Þ
1
2 þ 1ÞðNðN þ aþ bÞÞ�

1
2jv0j1;wð�a;�bÞ

p cq
ð1Þ
a;bðNðN þ aþ bÞÞ�

1
2jvj1;wð�a;�bÞ : ð2:20Þ

Next, we consider the upper-bound of jjT N;a;bv� � v�jjwð�a;�bÞ : It suffices to estimate

jjT N;a;bw � wjjwð�a;�bÞ ; w ¼ 1; x: Due to (2.12), it can be checked that

T N;a;b1� 1 ¼ �
XN
l¼N

d̂lwða;bÞðxÞJða;bÞ
l ðxÞ:

Multiplying the above by J
ða;bÞ
l ðxÞ; lXN and integrating the result, we obtain

d̂l ¼ ðgða;bÞl Þ�1

Z
L

J
ða;bÞ
l ðxÞ dx:

According to (2.7) of [20],Z
L

J
ða;bÞ
l ðyÞ dy ¼AlðJða;bÞ

lþ1 ð1Þ � J
ða;bÞ
lþ1 ð�1ÞÞ þ BlðJða;bÞ

l ð1Þ � J
ða;bÞ
l ð�1ÞÞ

þ ClðJða;bÞ
l�1 ð1Þ � J

ða;bÞ
l�1 ð�1ÞÞ;

where

Al ¼
2ðl þ aþ bþ 1Þ

ð2l þ aþ bþ 1Þð2l þ aþ bþ 2Þ; Bl ¼
2ða� bÞ

ð2l þ aþ bÞð2l þ aþ bþ 2Þ;

Cl ¼
�2ðl þ aÞðl þ bÞ

ðl þ aþ bÞð2l þ aþ bÞð2l þ aþ bþ 1Þ:

By (2.11),

gða;bÞl B
2aþbþ1

2l þ aþ bþ 1
1� b

l þ aþ b

� �a

1� a
l þ aþ b

� �b

1þ ab
l þ aþ b

� �lþ1
2
:

Since �1oa; bo1; we have gða;bÞl Bcl�1: Furthermore (see [20, p. 249])

AlJ
ða;bÞ
lþ1 ð1Þ þ ClJ

ða;bÞ
l�1 ð1Þ ¼ 2ðl þ aÞGðl þ aÞpðlÞ

ðl þ 1Þ!ðl þ aþ bÞGðaþ 1Þ
Q2

k¼0ð2l þ aþ bþ kÞ
;

where

pðlÞ ¼ ðl þ aþ 1Þðl þ aþ bÞðl þ aþ bþ 1Þð2l þ aþ bÞ

� lðl þ 1Þðl þ bÞð2l þ aþ bþ 2Þ:
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Clearly, for �1oa; bo1; jpðlÞjpcl3: Thus by using (2.2) and (2.11), we deduce that

jAlJ
ða;bÞ
lþ1 ð1Þ þ ClJ

ða;bÞ
l�1 ð1Þjp cG�1ðaþ 1Þðl þ a� 1Þa�2 l þ a� 1

l þ 1

� �lþ3
2

p cG�1ðaþ 1Þla�2:

Similarly,

jAlJ
ða;bÞ
lþ1 ð�1Þ þ ClJ

ða;bÞ
l�1 ð�1ÞjpcG�1ðbþ 1Þlb�2:

Moreover,

jBl jpcl�2; jJða;bÞ
l ð1ÞjpcG�1ðaþ 1Þla; jJða;bÞ

l ð�1ÞjpcG�1ðbþ 1Þlb:
The above statements lead to

d̂lpc maxðG�1ðaþ 1Þ;G�1ðbþ 1ÞÞlmaxða;bÞ�1:

Thus

jjT N;a;b1� 1jjwð�a;�bÞ ¼
XN
l¼N

d̂2
l g

ða;bÞ
l

 !1
2

p c maxðG�1ðaþ 1Þ;G�1ðbþ 1ÞÞ
XN
l¼N

l2 maxða;bÞ�3

 !1
2

p c maxðG�1ðaþ 1Þ;G�1ðbþ 1ÞÞ

� ðNðN þ aþ bÞÞ
maxða;bÞ�1

2 : ð2:21Þ
We have the same upper-bound for jjT N;a;bx � xjjwð�a;�bÞ : So it follows from

projection theorem and (2.18) that

jjT N;a;bv � vjjwð�a;�bÞp jjT N;a;bv0 � v0jjwð�a;�bÞ þ jjT N;a;bv� � v�jjwð�a;�bÞ

p jjv0N � v0jjwð�a;�bÞ þ 1
2ðjvð1Þj þ jvð�1ÞjÞðjjT N;a;b1� 1jjwð�a;�bÞ

þ jjT N;a;bx � xjjwð�a;�bÞ Þ: ð2:22Þ

Finally we obtain the desired result by substituting (2.13), (2.20) and (2.21) into

(2.22). If vAH1
0;wð�a;�bÞ ðLÞ; then the second result follows from (2.20) immedi-

ately. &

The next lemma will play an important role in the analysis of Jacobi–Gauss-type
interpolations.

Lemma 2.2. There exists a mapping bPP1
N;a;b : H1

wða;bÞ;AðLÞ-PN such that bPP1
N;a;bvð�1Þ ¼

vð�1Þ; and for any vAH1
wða;bÞ;AðLÞ;

ðqxðbPP1
N;a;bv � vÞ; qxfÞwðaþ1;bþ1Þ ¼ 0 8fAPN : ð2:23Þ
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Moreover, for any vAHr
wða;bÞ;AðLÞ; m; rAN; rX1 and 0pmpr;

jjbPP1
N;a;bv � vjjm;wða;bÞ;Apcsa;bðNðN þ aþ bÞÞ

m�r
2 jvjr;wða;bÞ;A; ð2:24Þ

where

sa;b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð16za;b maxððaþ 1Þ2; ðbþ 1Þ2Þ þ 1Þ

q
:

Proof. Let PN;a;b be the orthogonal projection as in (2.6), and

bPP1
N;a;bvðxÞ ¼

Z x

�1

PN�1;aþ1;bþ1qyvðyÞ dy þ vð�1Þ: ð2:25Þ

Clearly, (2.23) holds and bPP1
N;a;bvð�1Þ ¼ vð�1Þ: For any integer mX1; we have from

Theorem 2.1 that

jqmxðbPP1
N;a;bv � vÞjm;wða;bÞ;A ¼ jjqm�1

x ðPN�1;aþ1;bþ1qxv � qxvÞjjwðaþm;bþmÞ

p cðNðN þ aþ bÞÞ
m�r
2 jvjr;wða;bÞ;A: ð2:26Þ

We now prove (2.24) with m ¼ 0 by an duality argument. Let gAL2
wða;bÞ ðLÞ and

consider an auxiliary problem. It is to find wAH1
wða;bÞ;AðLÞ such that

ðqxw; qxzÞwðaþ1;bþ1Þ ¼ ðg; zÞwða;bÞ 8zAH1
wða;bÞ;AðLÞ: ð2:27Þ

Let wðxÞ vary in DðLÞ: Then in sense of distributions,

�qxðqxwðxÞwðaþ1;bþ1ÞðxÞÞ ¼ gðxÞwða;bÞðxÞ: ð2:28Þ

Furthermore,

�q2xwðxÞ ¼ �ððaþ bþ 2Þx þ ða� bÞÞð1� x2Þ�1qxwðxÞ þ ð1� x2Þ�1
gðxÞ:

Thus

jjq2xwjj2wðaþ2;bþ2Þp8 maxððaþ 1Þ2; ðbþ 1Þ2Þjjqxwjj2wða;bÞ þ 2jjgjj2wða;bÞ : ð2:29Þ

Since aþ 140 and bþ 140; we have that qxwðxÞwðaþ1;bþ1ÞðxÞ-0 as jxj-1: By

(2.28) and (2.14) with cðxÞ ¼ gðxÞwða;bÞðxÞ and q ¼ �ao1; we derive thatZ
L1

ðqxwðxÞÞ2wða;bÞðxÞ dx

¼
Z 1

0

wð�a�2;�b�2ÞðxÞ
Z 1

x

gðyÞwða;bÞðyÞ dy

� �2

dx

p
Z 1

0

ð1� xÞ�a�2

Z 1

x

gðyÞwða;bÞðyÞ dy

� �2

dx

p
4

aþ 1

Z
L1

g2ðxÞwða;2bÞðxÞ dxp
4xb
aþ 1

Z
L1

g2ðxÞwða;bÞðxÞ dx:
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A similar result is valid on L2: Therefore jjq2xwjjwðaþ2;bþ2Þpsa;bjjgjjwða;bÞ : Now, by taking

z ¼ bPP1
N;a;bv � v in (2.27), we use (2.23) and (2.26) to obtain that

jðbPP1
N;a;bv � v; gÞwða;bÞ j ¼ jðqxðbPP1

N;a;bv � vÞ;PN�1;aþ1;bþ1qxw � qxwÞwðaþ1;bþ1Þ j

p jjqxðbPP1
N;a;bv � vÞjjwðaþ1;bþ1Þ jjPN�1;aþ1;bþ1qxw � qxwjjwðaþ1;bþ1Þ

p cðNðN þ aþ bÞÞ�
r
2jvjr;wða;bÞ;Ajjq2xwjjwðaþ2;bþ2Þ

p csa;bðNðN þ aþ bÞÞ�
r
2jvjr;wða;bÞ;Ajjgjjwða;bÞ :

Consequently,

jjbPP1
N;a;bv � vjjwða;bÞ ¼ sup

gAL2

wða;bÞ
ðLÞ

ga0

jðbPP1
N;a;bv � v; gÞwða;bÞ j

jjgjjwða;bÞ

p csa;bðNðN þ aþ bÞÞ�
r
2jvjr;wða;bÞ;A: ð2:30Þ

Finally, we obtain the desired result with 0omo1 by using (2.7), (2.26) and (2.30).
The desired result for m41 comes from (2.7) and (2.26) directly. &

We now establish two embedding inequalities. For simplicity, we set

ka;b ¼ max

ffiffiffiffiffi
xb

p

a þ 1
;

ffiffiffiffiffi
xa

p

b þ 1

� �
; D0;0 ¼ 1; Da;b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþb

a

a þ b

� �a
b

a þ b

� �b
s

:

Lemma 2.3. If

apgþ 2; bpdþ 2; ð2:31Þ

then for any vAH1
wða;bÞ ðLÞ with vðx0Þ ¼ 0; x0AL;

jjvjjwðg;dÞpDa;b;g;djvj1;wða;bÞ ; ð2:32Þ

where

Da;b;g;d ¼ 2Dg�aþ2;d�bþ2 max
maxð2g; ð1� x0ÞgÞ
ðdþ 1Þ2ð1� x0Þgþ2

;
maxð2d; ð1þ x0ÞdÞ
ðgþ 1Þ2ð1þ x0Þdþ2

( ) !1
2

:

In particular, Da;b;g;d ¼ Zð1Þa;b;g;d ¼ 2kg;dDg�aþ2;d�bþ2 for x0 ¼ 0:
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Proof. For any xA½x0; 1Þ;

v2ðxÞð1� xÞgþ1 þ ðgþ 1Þ
Z x

x0

v2ðyÞð1� yÞg dy

¼ 2

Z x

x0

vðyÞqyvðyÞð1� yÞgþ1
dy

p2

Z x

x0

v2ðyÞð1� yÞg dy

� �1
2
Z x

x0

ðqyvðyÞÞ2ð1� yÞgþ2
dy

� �1
2
:

Thus Z 1

x0

v2ðxÞwðg;dÞðxÞ dxpmaxð2d; ð1þ x0ÞdÞ
Z 1

x0

v2ðxÞð1� xÞg dx

p
4 maxð2d; ð1þ x0ÞdÞ

ðgþ 1Þ2
Z 1

x0

ðqxvðxÞÞ2ð1� xÞgþ2
dx

p
4 maxð2d; ð1þ x0ÞdÞ
ðgþ 1Þ2ð1þ x0Þdþ2

Z 1

x0

ðqxvðxÞÞ2wðgþ2;dþ2ÞðxÞ dx:

A similar result is valid on the interval ð�1; x0�: Moreover,

max
xA %L

ð1� xÞað1þ xÞb ¼
1 if a ¼ b ¼ 0;

2aþb a

a þ b

� �a
b

a þ b

� �b

if a; bX0; a2 þ b2a0:

8><>:
Therefore,

jvj1;wðgþ2;dþ2ÞpDg�aþ2;d�bþ2jvj1;wða;bÞ :

Finally, a combination of previous results leads to the desired result. &

Lemma 2.4. If

apgþ 2; bp0; dX0 ð2:33Þ

or

apgþ 1; bpdþ 2; 0oao1; bo1; ð2:34Þ

then for any vAH1
wða;bÞ ðLÞ with vð�1Þ ¼ 0;

jjvjjwðg;dÞpZð2Þa;b;g;djvj1;wða;bÞ ; ð2:35Þ

where

Zð2Þa;b;g;d ¼
2
gþd�a�b

2
þ2ðgþ 1Þ�1

for ð2:33Þ;ffiffiffi
2

p
Dg�aþ1;d�bþ2ðmaxð4ð1� aÞ�1x�b

þa�1gð�a;�bÞ
0 ; 2ð1� bÞ�1xa�1ÞÞ

1
2 for ð2:34Þ:

8>>><>>>:
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Proof. We have

v2ðxÞð1� xÞgþ1 þ ðgþ 1Þ
Z x

�1

v2ðyÞð1� yÞg dy ¼ 2

Z x

�1

vðyÞqyvðyÞð1� yÞgþ1
dy:

If (2.33) holds, then

Z
L

v2ðxÞð1� xÞg dxp
4

ðgþ 1Þ2
Z
L
ðqxvðxÞÞ2ð1� xÞgþ2

dx

p
2g�aþ4

ðgþ 1Þ2
Z
L
ðqxvðxÞÞ2ð1� xÞa dx

and so

jjvjj2wðg;dÞp 2d
Z
L

v2ðxÞð1� xÞg dxp
2gþd�aþ4

ðgþ 1Þ2
Z
L
ðqxvðxÞÞ2ð1� xÞa dx

p
2gþd�a�bþ4

ðgþ 1Þ2
jvj21;wða;bÞ :

Next, we consider the case with (2.34). By (2.14) with q ¼ ao1;

Z
L1

ðvðxÞ � vð1ÞÞ2ð1� xÞa�2
dxp

4x�b

1� a

Z
L1

ðqxvðxÞÞ2wða;bÞðxÞ dx: ð2:36Þ

Let jvðx�Þj ¼ maxxA %L jvðxÞj: It can be checked that for a; bo1;

jvð1Þjpjvðx�Þjp
Z x�

�1

jqxvðxÞj dxpðgð�a;�bÞ
0 Þ

1
2jvj1;wða;bÞ : ð2:37Þ

Furthermore, for a40;

Z
L1

ðvðxÞ � vð1ÞÞ2ð1� xÞa�1
dxX

Z
L1

v2ðxÞð1� xÞa�1
dx

þ
Z
L1

ðv2ð1Þ � 2jvð1Þj jvðx�ÞjÞð1� xÞa�1
dx

¼
Z
L1

v2ðxÞð1� xÞa�1
dx

þ 1

a
ðjv2ð1Þj � 2jvð1Þj jvðx�ÞjÞ: ð2:38Þ
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Therefore we use (2.36)–(2.38) to obtain that for bp2;Z
L1

v2ðxÞwða�1;b�2ÞðxÞ dx

p
Z
L1

v2ðxÞð1� xÞa�1
dx

p
Z
L1

ðvðxÞ � vð1ÞÞ2ð1� xÞa�1
dx þ 1

a
ð2jvð1Þj jvðx�Þj � jv2ð1ÞjÞ

p2

Z
L1

ðvðxÞ � vð1ÞÞ2ð1� xÞa�2
dx þ 2

a
v2ðx�Þ

p2
4x�b

1� a
þ gð�a;�bÞ

0

a

 !
jvj21;wða;bÞ : ð2:39Þ

On the other hand, using (2.14) with q ¼ bo1 yields thatZ
L2

v2ðxÞð1þ xÞb�2
dxp

4

1� b

Z
L2

ðqxvðxÞÞ2ð1þ xÞb dx

and so for a40;Z
L2

v2ðxÞwða�1;b�2ÞðxÞ dx

pxa�1

Z
L2

v2ðxÞð1þ xÞb�2
dx

p
4xa�1

1� b

Z
L2

ðqxvðxÞÞ2ð1þ xÞb dx

p
4xa�1

1� b

Z
L2

ðqxvðxÞÞ2wða;bÞðxÞ dx: ð2:40Þ

Finally, a combination of (2.39) and (2.40) leads to

jjvjj2wðg;dÞpD2
g�aþ1;d�bþ1jjvjj

2
wða�1;b�2ÞpðZð2Þa;b;g;dÞ

2jvj21;wða;bÞ : &

In the end of this section, we present two inverse inequalities.

Lemma 2.5. For any fAPN ; rAN and a; b4r � 1;

jjqr
xfjjwða;bÞpðNðN þ aþ bÞÞ

r
2jjfjjwða�r;b�rÞ : ð2:41Þ

Proof. Let r ¼ 1; a; b40 and #fða�1;b�1Þ
l be the Jacobi-coefficients of fðxÞ in terms of

J
ða�1;b�1Þ
l ðxÞ: By (2.3),

jjqxfjj2wða;bÞ ¼
1

4

XN�1

l¼0

ðl þ aþ bÞ2gða;bÞl ð #fða�1;b�1Þ
lþ1 Þ2: ð2:42Þ
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Using (2.5) and Gðx þ 1Þ ¼ xGðxÞ; we deduce that

1

4
max

0plpN�1
ðl þ aþ bÞ2gða;bÞl ðgða�1;b�1Þ

lþ1 Þ�1 ¼ NðN þ aþ b� 1Þ:

Therefore, we use (2.42) to reach that

jjqxfjjwða;bÞpðNðN þ aþ bÞÞ
1
2jjfjjwða�1;b�1Þ :

Repeating the above procedure leads to the desired result. &

Lemma 2.6. If one of the following conditions holds:

ðiÞ a ¼ bX� 1

2
; ðiiÞ aXbþ 1; bX0; ðiiiÞ 1

2
papbþ 1; ð2:43Þ

then for any fAPN ;

jjqxfjjwða;bÞpcða� bþ 1ÞNðN þ aþ bÞjjfjjwða;bÞ : ð2:44Þ

Proof. Let #fða;bÞ
l be the Jacobi-coefficients of fðxÞ in terms of J

ða;bÞ
l ðxÞ: For

simplicity, we introduce the following notations:

El ¼
Gðl þ bþ 2Þ

Gðl þ aþ bþ 2Þ; Gk ¼ ð2k þ aþ bþ 2ÞGðk þ aþ 1Þ
Gðk þ bþ 2Þ ;

Hj ¼
ð2j þ aþ bþ 1ÞGð j þ aþ bþ 1Þ

Gð j þ aþ 1Þ ; cj;l ¼
Xl

k¼j

ð�1Þk
Gk: ð2:45Þ

It is shown on p. 378 of [17] that

qxfðxÞ ¼
1

2

XN�1

j¼0

ð�1Þ j
HjJ

ða;bÞ
j ðxÞ

XN�1

l¼j

Elcj;l
#fða;bÞ

lþ1

 !
: ð2:46Þ

Thus by (2.4),

jjqxfjj2wða;bÞp
1

4

XN�1

j¼0

H2
j g

ða;bÞ
j

XN�1

l¼j

E2
l c

2
j;lðg

ða;bÞ
lþ1 Þ�1

 ! XN�1

l¼j

gða;bÞlþ1 ð #fða;bÞ
lþ1 Þ2

 !
pMa;b;N jjfjj2wða;bÞ ; ð2:47Þ

where

Ma;b;N ¼ 1

4

XN�1

j¼0

H2
j g

ða;bÞ
j

XN�1

l¼j

E2
l c

2
j;lðg

ða;bÞ
lþ1 Þ�1

 !
:

Moreover, using (2.5) and (2.45) yields that

H2
j g

ða;bÞ
j ¼ 2aþbþ1ð2j þ aþ bþ 1ÞGð j þ aþ bþ 1ÞGð j þ bþ 1Þ

Gð j þ 1ÞGð j þ aþ 1Þ ð2:48Þ

ARTICLE IN PRESS
B.-y. Guo, L.-l. Wang / Journal of Approximation Theory 128 (2004) 1–41 15



and

E2
l ðg

ða;bÞ
lþ1 Þ�1 ¼ ð2l þ aþ bþ 3ÞGðl þ 2ÞGðl þ bþ 2Þ

2aþbþ1Gðl þ aþ 2ÞGðl þ aþ bþ 2Þ : ð2:49Þ

If a ¼ b; then Gk ¼ 2 and so jcj;l jp2: Thus by (2.5), (2.45) and (2.47),

jjqxfjj2wða;aÞp
XN�1

j¼0

ð2j þ 2aþ 1Þ Gð j þ 2aþ 1Þ
Gð j þ 1Þ

 

�
XN�1

l¼j

ðl þ 1Þð2l þ 2aþ 3Þ Gðl þ 1Þ
Gðl þ 2aþ 2Þ

!
jjfjj2wða;aÞ : ð2:50Þ

If, in addition, aX� 1
2
; then Gðl þ 1ÞG�1ðl þ 2aþ 2Þ decreases as l increases. Hence

max
jplpN�1

Gðl þ 1ÞðGðl þ 2aþ 2ÞÞ�1 ¼ Gð j þ 1ÞðGð j þ 2aþ 2ÞÞ�1:

Using the above, we obtain from (2.50) that

jjqxfjj2wða;aÞp
XN�1

j¼0

2j þ 2aþ 1

j þ 2aþ 1

XN�1

l¼j

ðl þ 1Þð2l þ 2aþ 3Þ
 !

jjfjj2wða;aÞ

p 8N2ðN þ aÞ2jjfjj2wða;aÞ : ð2:51Þ

This implies (2.44) with a ¼ bX� 1
2
:

Next, we consider the case of aXbþ 1 and bX0: Let

Ak ¼ ð2k þ aþ bþ 3ÞGðk þ aþ 1ÞðGðk þ bþ 3ÞÞ�1:

It can be checked that Gkþ1 � Gk ¼ ða� bÞAk and

Akþ1 � Ak ¼ ða� b� 1Þð2k þ aþ bþ 4ÞGðk þ aþ 1ÞðGðk þ bþ 4ÞÞ�1: ð2:52Þ

Thus for aXbþ 1;

jcj;l jpða� bÞ
Xl

k¼j

Akpða� bÞðl � jÞAl : ð2:53Þ

Let

Tl ¼ Gðl þ 1ÞGðl þ aþ 1ÞðGðl þ bþ 1ÞGðl þ aþ bþ 1ÞÞ�1:

Then (2.49) with (2.53) leads to that

E2
l c

2
l;jðg

ða;bÞ
lþ1 Þ�1p ða� bÞ2ðl � jÞ2E2

l A2
l ðg

ða;bÞ
lþ1 Þ�1

p cða� bÞ22�ðaþbþ1Þð2l þ aþ bþ 3ÞTl : ð2:54Þ
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Clearly, TlXTlþ1 for bX0: Thus using (2.48) and (2.54) gives that

4Ma;b;Np cða� bÞ22�ðaþbþ1ÞNðN þ aþ bþ 1Þ
XN�1

j¼0

H2
j g

ða;bÞ
j Tj

p cða� bÞ2NðN þ aþ bþ 1Þ
XN�1

j¼0

ð j þ aþ bþ 1Þ

p cða� bÞ2N2ðN þ aþ bÞ2: ð2:55Þ

A combination of (2.47) and (2.55) leads to (2.44) with aXbþ 1 and bX0:

Finally, we prove (2.44) with 1
2
papbþ 1: We have from (2.52) that

jcj;l jpja� bj
Xl

k¼j

Akpja� bjðl � jÞAj : ð2:56Þ

By (2.48),

H2
j g

ða;bÞ
j A2

j ¼ 2aþbþ1ð2j þ aþ bþ 1Þð2j þ aþ bþ 3Þ2

ð j þ bþ 1Þð j þ bþ 2Þ2
Sjpc2aþbþ1Sj; ð2:57Þ

where

Sj ¼ Gð j þ aþ 1ÞGð j þ aþ bþ 1ÞðGð j þ 1ÞGð j þ bþ 2ÞÞ�1:

It can checked that Sjþ1XSj for aX1
2
: Therefore, by (2.49) and (2.57),

4Ma;b;N ¼
XN�1

l¼0

E2
l ðg

ða;bÞ
lþ1 Þ�1

Xl

j¼0

H2
j c

2
j;lg

ða;bÞ
j

 !

p cða� bÞ22aþbþ1
XN�1

l¼0

l3E2
l ðg

ða;bÞ
lþ1 Þ�1

Slpcða� bÞ2N4:

This implies the desired result. &

By Theorem 2.2 of [17], for any fAPN ; rAN and a; b4� 1;

jjqxfjjwða;bÞpcða; bÞN2jjfjjwða;bÞ where cða; bÞ is a constant depending only on a and b:

3. Orthogonal projections in non-uniformly Jacobi-weighted Sobolev spaces

In many practical problems, the coefficients of terms involving derivatives of
different orders degenerate in different ways, such as singular differential equations,
differential equations in unbounded domains and axisymmetric domains. In these
cases, the exact solutions are not in the usual Sobolev spaces, but in non-uniformly
Jacobi-weighted Sobolev spaces. In this section, we consider Jacobi approximations
in such spaces.
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Let a; b; g; d4� 1: We introduce the space H
m
a;b;g;dðLÞ; 0pmp1: For m ¼

0;H0
a;b;g;dðLÞ ¼ L2

wðg;dÞ ðLÞ: For m ¼ 1;

H1
a;b;g;dðLÞ ¼ fv j v is measurable and jjvjj1;a;b;g;doNg

equipped with the norm

jjvjj1;a;b;g;d ¼ ðjvj21;wða;bÞ þ jjvjj2wðg;dÞ Þ
1
2:

For 0omo1; the space H
m
a;b;g;dðLÞ is defined by complex interpolation as in [4]. In

other words, H
m
a;b;g;dðLÞ ¼ ½H1

a;b;g;dðLÞ;L2
wðg;dÞ ðLÞ�1�m: Its norm is denoted by

jjvjjm;a;b;g;d: Moreover for any vAH1
a;b;g;dðLÞ;

jjvjjm;a;b;g;dpjjvjjm1;a;b;g;djjvjj
1�m
wðg;dÞ : ð3:1Þ

We also define the spaces

0H1
a;b;g;dðLÞ ¼ fv j vAH1

a;b;g;dðLÞ and vð�1Þ ¼ 0g;

H1
0;a;b;g;dðLÞ ¼ fv j vAH1

a;b;g;dðLÞ and vð�1Þ ¼ vð1Þ ¼ 0g:

Now, let

aa;b;g;dðu; vÞ ¼ ðqxu; qxvÞwða;bÞ þ ðu; vÞwðg;dÞ 8u; vAH1
a;b;g;dðLÞ:

The orthogonal projection P1
N;a;b;g;d : H1

a;b;g;dðLÞ-PN is defined by

aa;b;g;dðP1
N;a;b;g;dv � v;fÞ ¼ 0 8fAPN :

For description of approximation results, we introduce the space Hr
wða;bÞ;�ðLÞ; rX1;

with the following weighted norm and semi-norm,

jjvjjr;wða;bÞ;� ¼
Xr�1

k¼0

jjqkþ1
x vjj2wðaþk;bþkÞ

 !1
2

; jvjr;wða;bÞ;� ¼ jjqr
xvjjwðaþr�1;bþr�1Þ :

Theorem 3.1. If (2.31) holds, then for any vAH1
a;b;g;dðLÞ-Hr

wða;bÞ;�ðLÞ; rAN and rX1;

jjP1
N;a;b;g;dv � vjj1;a;b;g;dpcðZð1Þa;b;g;d þ 1ÞðNðN þ aþ bÞÞ

1�r
2 jvjr;wða;bÞ;�: ð3:2Þ

If, in addition,

apgþ 1; bpdþ 1; ð3:3Þ
then for 0pmp1;

jjP1
N;a;b;g;dv � vjjm;a;b;g;dpcC

1;m
a;b;g;dðNðN þ aþ bÞÞ

m�r
2 jvjr;wða;bÞ;� ð3:4Þ

where C
1;m
a;b;g;d ¼ ðZð1Þa;b;g;d þ 1ÞmðC1;0

a;b;g;dÞ
1�m

and

C
1;0
a;b;g;d ¼ 2ðZð1Þa;b;g;d þ 1Þ2ð4z2g;dða2 þ b2Þ þ D2

g�aþ1;d�bþ1Þ
1
2:
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Proof. Let

fðxÞ ¼
Z x

�1

PN�1;a;bqyvðyÞ dy þ x;

where x is chosen in such a way that vð0Þ ¼ fð0Þ: By projection theorem, Theorem
2.1 and Lemma 2.3,

jjP1
N;a;b;g;dv � vjj1;a;b;g;dp jjf� vjj1;a;b;g;dpðZð1Þa;b;g;d þ 1Þjf� vj1;wða;bÞ

¼ ðZð1Þa;b;g;d þ 1ÞjjPN�1;a;bqxv � qxvjjwða;bÞ

p cðZð1Þa;b;g;d þ 1ÞðNðN þ aþ bÞÞ
1�r
2 jvjr;wða;bÞ;�: ð3:5Þ

We next consider the case with (3.3). Let gAL2
wðg;dÞ ðLÞ and consider the auxiliary

problem

aa;b;g;dðw; zÞ ¼ ðg; zÞwðg;dÞ 8zAH1
a;b;g;dðLÞ: ð3:6Þ

Taking z ¼ w in (3.6), we get that jjwjj1;a;b;g;dpjjgjjwðg;dÞ : Let wðxÞ vary in DðLÞ: Then
in sense of distributions,

�qxðqxwðxÞwða;bÞðxÞÞ ¼ ðgðxÞ � wðxÞÞwðg;dÞðxÞ: ð3:7Þ

It can be verified as in the proof of Theorem 2.5 of [17] that qxwðxÞwða;bÞðxÞ-0 as
jxj-1: Moreover by (3.7),

�q2xwðxÞ ¼ � ððaþ bÞx þ ða� bÞÞð1� x2Þ�1qxwðxÞ

þ ðgðxÞ � wðxÞÞwðg�a;b�dÞðxÞ: ð3:8Þ

It is not difficult to show that

jjq2xwð1� x2Þ
1
2jj2wða;bÞpD1 þ D2; ð3:9Þ

where D1 ¼ D1ðL1Þ þ D1ðL2Þ and

D1ðLjÞ ¼ 8ða2 þ b2Þ
Z
Lj

ðqxwðxÞÞ2wða�1;b�1ÞðxÞ dx; j ¼ 1; 2;

D2 ¼ 2

Z
L
ðgðxÞ � wðxÞÞ2wð2g�aþ1;2d�bþ1ÞðxÞ dx

���� ����:
Obviously, (3.3) implies that

D2p2D2
g�aþ1;d�bþ1jjg � wjj2wðg;dÞp4D2

g�aþ1;d�bþ1jjgjj
2
wðg;dÞ :
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Thus it remains to estimate D1ðLjÞ: By (3.3), (3.7) and (2.14) with q ¼ �g;

D1ðL1Þ

¼ 8ða2 þ b2Þ
Z
L1

ð1� xÞ�a�1ð1þ xÞ�b�1

Z 1

x

ðgðyÞ � wðyÞÞwðg;dÞðyÞ dy

� �2

dx

p8ða2 þ b2Þ
Z
L1

ð1� xÞ�g 1

1� x

Z 1

x

ðgðyÞ � wðyÞÞwðg;dÞðyÞ dy

� �2

dx

p8xdða2 þ b2Þðgþ 1Þ�1

Z
L1

ðgðxÞ � wðxÞÞ2wðg;dÞðxÞ dx:

We can estimate D1ðL2Þ similarly. Therefore we obtain from (3.9) that

jjq2xwð1� x2Þ
1
2jj2wða;bÞp4ð4z2g;dða2 þ b2Þ þ D2

g�aþ1;d�bþ1Þjjgjj
2
wðg;dÞ : ð3:10Þ

Furthermore, using (3.5) and (3.9) yields that

jjP1
N;a;b;g;dw � wjj1;a;b;g;d

pcðZð1Þa;b;g;d þ 1ÞðNðN þ aþ bÞÞ�
1
2jjq2xwð1� x2Þ

1
2jjwða;bÞ

pcðZð1Þa;b;g;d þ 1Þð4z2g;dða2 þ b2Þ

þ D2
g�aþ1;d�bþ1Þ

1
2ðNðN þ aþ bÞÞ�

1
2jjgjjwðg;dÞ : ð3:11Þ

Now, taking z ¼ P1
N;a;b;g;dv � v in (3.6), we use (3.5) and (3.11) to verify that

jðP1
N;a;b;g;dv � v; gÞwðg;dÞ j ¼ jaa;b;g;dðP1

N;a;b;g;dv � v;P1
N;a;b;g;dw � wÞj

p cC
1;0
a;b;g;dðNðN þ aþ bÞÞ�

r
2jjgjjwðg;dÞ jvjr;wða;bÞ;�:

Consequently,

jjP1
N;a;b;g;dv � vjjwðg;dÞpcC1;0

a;b;g;dðNðN þ aþ bþ 1ÞÞ�
r
2jvjr;wða;bÞ;�: ð3:12Þ

Finally the result for 0omo1 follows from (3.1), (3.5) and (3.12). &

In some cases, we have to study the orthogonal projection 0P1
N;a;b;g;d :

0H
1
a;b;g;dðLÞ-0PN ; defined by,

aa;b;g;dð0P1
N;a;b;g;dv � v;fÞ ¼ 0 8fA0PN :

Theorem 3.2. If (2.33) or (2.34) holds, then for any vA0H
1
a;b;g;dðLÞ-Hr

wða;bÞ;�ðLÞ; rAN

and rX1;

jj0P1
N;a;b;g;dv � vjj1;a;b;g;dpcðZð2Þa;b;g;d þ 1ÞðNðN þ aþ bÞÞ

1�r
2 jvjr;wða;bÞ;�: ð3:13Þ

If, in addition, (3.3) holds, then for 0pmp1;

jj0P1
N;a;b;g;dv � vjjm;a;b;g;dpcC

2;m
a;b;g;dðNðN þ aþ bÞÞ

m�r
2 jvjr;wða;bÞ;�; ð3:14Þ
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where C
2;m
a;b;g;d ¼ ðZð2Þa;b;g;d þ 1ÞmðC2;0

a;b;g;dÞ
1�m

and

C
2;0
a;b;g;d ¼ 2ðZð2Þa;b;g;d þ 1Þ2ð4z2g;dða2 þ b2Þ þ D2

g�aþ1;d�bþ1Þ
1
2:

Proof. Let

fðxÞ ¼
Z x

�1

PN�1;a;bqyvðyÞ dy:

By projection theorem, Lemma 2.4 and Theorem 2.1,

jj0P1
N;a;b;g;dv � vjj1;a;b;g;dp jjf� vjj1;a;b;g;dpðZð2Þa;b;g;d þ 1Þjf� vj1;wða;bÞ

¼ ðZð2Þa;b;g;d þ 1ÞjjPN�1;a;bqxv � qxvjjwða;bÞ

p cðZð2Þa;b;g;d þ 1ÞðNðN þ aþ bÞÞ
1�r
2 jvjr;wða;bÞ;�: ð3:15Þ

Now, let (3.3) hold and gAL2
wðg;dÞ ðLÞ: We consider the auxiliary problem

aa;b;g;dðw; zÞ ¼ ðg; zÞwðg;dÞ 8zA0H1
a;b;g;dðLÞ: ð3:16Þ

Taking z ¼ w in (3.16), we get that jjwjj1;a;b;g;dpcjjgjjwðg;dÞ : It can be shown that (3.7)

still holds and qxwðxÞwða;bÞðxÞ-0 as x-� 1:Moreover (3.8) and (3.9) are valid also.
We can estimate D1 and D2 in (3.9) as in the proof of Theorem 3.1. Finally, a duality
argument and (3.1) lead to the desired result. &

There are several H1
0;a;b;g;dðLÞ-orthogonal projections corresponding to various

practical problems. The orthogonal projection P1;0
N;a;b;g;d : H1

0;a;b;g;dðLÞ-P0
N is defined

by,

aa;b;g;dðP1;0
N;a;b;g;dv � v;fÞ ¼ 0 8fAP0

N :

Theorem 3.3. Let gpapgþ 1; dpbpdþ 1 and g; do1: If for rAN; rX2;

vAH1
0;a;b;g;dðLÞ and qxvAHr�1

wða;bÞ;�ðLÞ; then

jjP1;0
N;a;b;g;dv � vjj1;a;b;g;dpcC

3;1
a;b;g;dðNðN þ aþ bÞÞ

1�r
2 jqxvjr�1;wða;bÞ;�; ð3:17Þ

where

C
3;1
a;b;g;d ¼ C

1;0
a;b;g;dðDa�g;b�d þ 1

2
ðgð�g;�dÞ

0 Þ
1
2ððgða;bÞ0 Þ

1
2 þ ðgðg;dþ2Þ

0 Þ
1
2 þ 2ðgðg;dÞ0 Þ

1
2ÞÞ:

Proof. Let

f�ðxÞ ¼
Z x

�1

P1
N�1;a;b;g;dqyvðyÞ dy; fðxÞ ¼ f�ðxÞ � 1

2
f�ð1Þðx þ 1Þ:
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Clearly fAP0
N : Since gpa and dpb; we have from projection theorem that

jjP1;0
N;a;b;g;dv � vjj1;a;b;g;d
p jjf� vjj1;a;b;g;d

pjjP1
N�1;a;b;g;dqxv � qxvjjwða;bÞ þ 1

2
ðgða;bÞ0 Þ

1
2jf�ð1Þj þ jjf� vjjwðg;dÞ

pDa�g;b�djjP1
N�1;a;b;g;dqxv � qxvjjwðg;dÞ þ 1

2 ðg
ða;bÞ
0 Þ

1
2jf�ð1Þj þ jjf� vjjwðg;dÞ : ð3:18Þ

Next, thanks to g; do1;

jf�ð1Þj ¼
Z
L
ðP1

N�1;a;b;g;dqxvðxÞ � qxvðxÞÞ dx

���� ����
p ðgð�g;�dÞ

0 Þ
1
2jjP1

N�1;a;b;g;dqxv � qxvjjwðg;dÞ : ð3:19Þ

Moreover, we use the above result to verify that

jjf� vjjwðg;dÞp ðgðg;dÞ0 gð�g;�dÞ
0 Þ

1
2jjP1

N�1;a;b;g;dqxv � qxvjjwðg;dÞ þ 1
2
ðgðg;dþ2Þ

0 Þ
1
2jf�ð1Þj

p ð1
2
ðgðg;dþ2Þ

0 gð�g;�dÞ
0 Þ

1
2 þ ðgðg;dÞ0 gð�g;�dÞ

0 Þ
1
2Þ

� jjP1
N�1;a;b;g;dqxv � qxvjjwðg;dÞ : ð3:20Þ

Substituting (3.19) and (3.20) into (3.18) and using Theorem 3.1, we obtain
(3.17). &

We now turn to another orthogonal projection. Let

eaaa;bðu; vÞ ¼ ðqxu; qxvÞwða;bÞ :

The orthogonal projection ePP1;0
N;a;b : H1

0;wða;bÞ ðLÞ-P0
N is defined by

eaaa;bðePP1;0
N;a;bv � v;fÞ ¼ 0 8fAP0

N : ð3:21Þ

Theorem 3.4. If �1oa; bo1; then for any vAH1
0;wða;bÞ ðLÞ-Hr

wða;bÞ;�ðLÞ; rAN and rX1;

jjePP1;0
N;a;bv � vjj1;wða;bÞpc eCC3;1

a;bðNðN þ aþ bÞÞ
1�r
2 jvjr;wða;bÞ;�; ð3:22Þ

where

eCC3;1
a;b ¼ ð2z�a;�b þ 1Þð1

2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ:

If, in addition, �1oa; bp0 or 0oa; bo1; then for 0pmp1;

jjePP1;0
N;a;bv � vjjm;wða;bÞpc eCC3;m

a;bðNðN þ aþ bÞÞ
m�r
2 jvjr;wða;bÞ;�; ð3:23Þ
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where eCC3;m
a;b ¼ ð eCC3;1

a;bÞ
mð eCC3;0

a;bÞ
1�m

and

eCC3;0
a;b ¼

qa;bð2z�a;�b þ 1Þð1
2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ2 for � 1oa; bp0;

q
ð1Þ
a;bð12 ðg

ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ2 for 0oa; bo1:

8<:
Proof. Let

f�ðxÞ ¼
Z x

�1

PN�1;a;bqyvðyÞ dy; fðxÞ ¼ f�ðxÞ � 1
2
f�ð1Þð1þ xÞ:

Clearly fAP0
N : By projection theorem and an argument as in derivation of (3.19), we

have that

jePP1;0
N;a;bv � vj1;wða;bÞp jv � fj1;wða;bÞpjjPN�1;a;bqxv � qxvjjwða;bÞ þ 1

2
ðgða;bÞ0 Þ

1
2jf�ð1Þj

p ð1
2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1ÞjjPN�1;a;bqxv � qxvjjwða;bÞ : ð3:24Þ

The above with (2.15) and Theorem 2.1 leads to (3.22).

We now turn to prove (3.23) with m ¼ 0: Let gAL2
wða;bÞ ðLÞ and consider an auxiliary

problem. It is to seek wAH1
0;wða;bÞ ðLÞ such that

eaaa;bðw; zÞ ¼ ðg; zÞwða;bÞ 8zAH1
0;wða;bÞ ðLÞ: ð3:25Þ

In sense of distributions,

�qxðwða;bÞðxÞqxwðxÞÞ ¼ gðxÞwða;bÞðxÞ: ð3:26Þ

Let uðxÞ ¼ wða;bÞðxÞqxwðxÞ: We take z ¼ w in (3.25). Due to (2.15), we assert that

jjujjwð�a;�bÞ ¼ jwj1;wða;bÞp2z�a;�bjjgjjwða;bÞ : Moreover, by taking the L2
wð�a;�bÞ-norms of both

sides of (3.26), we obtain that

juj1;wð�a;�bÞ ¼ jjgðxÞwða;bÞðxÞjjwð�a;�bÞ ¼ jjgjjwða;bÞ : ð3:27Þ

Next, let T N;a;b be the same as in (2.12), and

uNðxÞ ¼ T N;a;buðxÞ � 1

2
wða;bÞðxÞ

Z
L
T N;a;buðxÞwð�a;�bÞðxÞ dx; ð3:28Þ

wNðxÞ ¼
Z x

�1

uNðyÞwð�a;�bÞðyÞ dy:

Clearly uNAUN;a;bÞðLÞ and wNAP0
N : Since wAH1

0;wða;bÞ ðLÞ and uðxÞwð�a;�bÞðxÞ ¼
qxwðxÞ; we haveZ

L
T N;a;buðxÞwð�a;�bÞðxÞ dx ¼

Z
L
ðT N;a;buðxÞ � uðxÞÞwð�a;�bÞðxÞ dx:
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For simplicity, we denote the right side of the above formula by Z: If �1oa; bp0;
then by (2.15), (3.27), (3.28) and Lemma 2.1,

jw � wN j1;wða;bÞ ¼ jju � uN jjwð�a;�bÞpjjT N;a;bu � ujjwð�a;�bÞ þ 1
2 ðg

ða;bÞ
0 Þ

1
2jZj

p ð1
2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1ÞjjT N;a;bu � ujjwð�a;�bÞ

p cqa;bð12 ðg
ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1ÞðNðN þ aþ bÞÞ�

1
2jjujj1;wð�a;�bÞ

p cqa;bð2z�a;�b þ 1Þð1
2
ðgða;bÞ0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ

� ðNðN þ aþ bÞÞ�
1
2jjgjjwða;bÞ : ð3:29Þ

If 0oa; bo1; then uðxÞ ¼ wða;bÞðxÞqxwðxÞ-0 as jxj-1: So we can use (2.17) to
estimate jjT N;a;bu � ujjwð�a;�bÞ : By the same procedure as in derivation of (3.29), we

assert that

jw � wN j1;wða;bÞpcq
ð1Þ
a;bð12 ðg

ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1ÞðNðN þ aþ bÞÞ�

1
2jjgjjwða;bÞ : ð3:30Þ

Taking z ¼ ePP1;0
N;a;bv � v in (3.25), and using (3.21), (3.24), (3.29) and (3.30), we deduce

that

jðePP1;0
N;a;bv � v; gÞwða;bÞ j ¼ jeaaa;bðePP1;0

N;a;bv � v;w � wNÞj

p c eCC3;0
a;bðNðN þ aþ bÞÞ�

r
2jjgjjwða;bÞ jvjr;wða;bÞ;�:

Consequently,

jjePP1;0
N;a;bv � vjjwða;bÞpcd eCC3;0

a;bðNðN þ aþ bÞÞ�
r
2jvjr;wða;bÞ;�: ð3:31Þ

Finally, we obtain the desired result for 0omo1 by space interpolation. &

When we apply Jacobi approximations to non-singular problems, we should use
another orthogonal projection. To do this, let

%aa;bðu; vÞ ¼ ðqxu; qxðwða;bÞvÞÞ:

Lemma 3.1. If �1oa; bo1; then for any u; vAH1
0;wða;bÞ ðLÞ;

j %aa;bðu; vÞjpMa;bjuj1;wða;bÞ jvj1;wða;bÞ ; %aa;bðv; vÞXL�1
a;bjvj

2
1;wða;bÞ : ð3:32Þ
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where Ma;b ¼ 4z�a;�b þ 1 and

La;b ¼

1 for 0pa; bp1;ffiffiffi
2

p
ð16z2a;bða2 þ b2Þ þ 1Þ

1
2 for � 1oa; bo0;ffiffiffi

2
p

ð16a2z2a;�b þ 1Þ
1
2 for � 1oap0pbo1;ffiffiffi

2
p

ð16b2z2�a;b þ 1Þ
1
2 for � 1obp0pao1:

8>>>>>><>>>>>>:
Proof. Since �1oa; bo1; we have from (2.15) that

j %aa;bðu; vÞjp jðqxu; qxvÞwða;bÞ þ ðqxu; vqxwða;bÞÞj

p juj1;wða;bÞ jvj1;wða;bÞ þ 2juj1;wða;bÞ jjvjjwða�2;b�2ÞpMa;bjuj1;wða;bÞ jvj1;wða;bÞ :

We now prove the second result of (3.32). A direct calculation gives that

%aa;bðv; vÞ ¼ jvj21;wða;bÞ þ
1

2
ðu2;Wa;bÞwða�2;b�2Þ ;

Wa;bðxÞ ¼ ðaþ bÞð1� a� bÞx2 þ 2ða� bÞð1� a� bÞx þ aþ b� ða� bÞ2:
It can be checked that Wa;bðxÞX0; provided that

ðaþ bÞðaþ b� 1ÞX0; Wa;bð�1Þ ¼ �4b2 þ 4bX0;

Wa;bð1Þ ¼ �4a2 þ 4aX0 ð3:33Þ
or

ðaþ bÞðaþ b� 1Þp0;

4ða� bÞ2ðaþ b� 1Þ2 þ 4ðaþ bÞðaþ b� 1Þðaþ b� ða� bÞ2Þp0: ð3:34Þ
If 0pa; bp1; then both (3.33) and (3.34) are valid. This fact implies the second result
of (3.32) with 0pa; bp1:

Next, let �1oa; bo0 and uðxÞ ¼ wða;bÞðxÞvðxÞ: We know from Lemma 3.8 of [20]

that uAH1
0;wð�a;�bÞ ðLÞ: So by the previous result,

%aa;bðv; vÞ ¼ %a�a;�bðu; uÞXjuj21;wð�a;�bÞ : ð3:35Þ

On the other hand, by (2.15),

jvj21;wða;bÞp 2juj21;wð�a;�bÞ þ 8ða2 þ b2Þjjujj2wða�2;b�2Þ

p 2ð16z2a;bða2 þ b2Þ þ 1Þjuj21;wð�a;�bÞ : ð3:36Þ

A combination of (3.35) and (3.36) leads to the second result of (3.32).

Thirdly, let �1oap0pbo1 and uðxÞ ¼ ð1� xÞavðxÞ: By Lemma 3.8 of [20],

uAH1
0;wð�a;0Þ ðLÞ: Using (2.15) again gives that

jvj21;wða;bÞ ¼ jð1� xÞ�a
uj21;wða;bÞp2juj21;wð�a;bÞ þ 2a2jjujj2wð�a�2;bÞ

p 2juj21;wð�a;bÞ þ 8a2jjujj2wð�a�2;b�2Þp2ð16a2z2a;�b þ 1Þjuj21;wð�a;bÞ : ð3:37Þ
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Moreover, due to �1oap0pbo1; we have that

juj21;wð�a;bÞp juj21;wð�a;bÞ � 2aðaþ 1Þjjujj2wð�a�2;bÞ þ 2bð1� bÞjjujj2wð�a;b�2Þ

¼ ðqxðð1� xÞ�a
uÞ; qxðð1þ xÞbuÞÞ ¼ %aa;bðv; vÞ: ð3:38Þ

A combination of (3.37) and (3.38) leads to the second result of (3.32).
We can deal with the case �1obp0pao1 in the same manner. &

The orthogonal projection %P
1;0
N;a;b : H1

0;wða;bÞ ðLÞ-P0
N is defined by

%aa;bð %P1;0
N;a;bv � v;fÞ ¼ 0 8fAP0

N : ð3:39Þ

Theorem 3.5. If �1oa; bo1; then for any vAH1
0;wða;bÞ ðLÞ-Hr

wða;bÞ;�ðLÞ; rAN; rX1 and

0pmp1;

jj %P1;0
N;a;bv � vjjm;wða;bÞpc %C

3;m
a;bðNðN þ aþ bÞÞ

m�r
2 jvjr;wða;bÞ;� ð3:40Þ

where %C
3;m
a;b ¼ ð %C3;1

a;bÞ
mð %C3;0

a;bÞ
1�m

and

%C
3;0
a;b ¼ La;bM2

a;bð12 ðg
ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ2;

%C3;1
a;b ¼ ð2z�a;�b þ 1ÞL

1
2
a;bM

1
2
a;bð12 ðg

ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ:

Proof. By projection theorem, Lemma 3.1, (3.24) and Theorem 2.1, we have that,

j %P1;0
N;a;bv � vj21;wða;bÞp jePP1;0

N;a;bv � vj21;wða;bÞpLa;b %aa;bðePP1;0
N;a;bv � v; ePP1;0

N;a;bv � vÞ

pLa;bMa;bð12 ðg
ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ2jjPN�1;a;bqxv � qxvjj2wða;bÞ

p cLa;bMa;bð12 ðg
ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ2

� ðNðN þ aþ bÞÞ1�rjvj2r;wða;bÞ;�: ð3:41Þ

The above with (2.15) implies

jj %P1;0
N;a;bv � vjj1;wða;bÞpc %C

3;1
a;bðNðN þ aþ bÞÞ

1�r
2 jvjr;wða;bÞ;�: ð3:42Þ

Now, let gAL2
wða�1;b�1Þ ðLÞ and consider the auxiliary problem

%aa;bðw; zÞ ¼ ðg; zÞwða�1;b�1Þ 8zAH1
0;wða;bÞ ðLÞ: ð3:43Þ

By (2.15),

jðg; zÞwða�1;b�1Þ jpjjgjjwða�1;b�1Þ jjzjjwða�2;b�2Þp2z�a;�bjjgjjwða�1;b�1Þ jzj1;wða;bÞ :

Thus (3.43) has a unique solution in H1
0;wða;bÞ ðLÞ: Moreover, in sense of distributions,

q2xwðxÞ ¼ �ð1� x2Þ�1
gðxÞ: Accordingly jjq2xwð1� x2Þ

1
2jjwða;bÞ ¼ jjgjjwða�1;b�1Þ : Taking
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z ¼ %P1;0
N;a;bv � v in (3.43), we use Lemma 3.1 and (3.41) to reach that

jðg; %P1;0
N;a;bv � vÞwða�1;b�1Þ j ¼ j %aa;bðw � %P

1;0
N;a;bw; %P1;0

N;a;bv � vÞj

pMa;bj %P1;0
N;a;bw � wj1;wða;bÞ j %P

1;0
N;a;bv � vj1;wða;bÞ

p cLa;bM2
a;bð12 ðg

ða;bÞ
0 gð�a;�bÞ

0 Þ
1
2 þ 1Þ2

� ðNðN þ aþ bÞÞ�
r
2jvjr;wða;bÞ;�jjgjjwða�1;b�1Þ :

Therefore,

jj %P1;0
N;a;bv � vjjwða;bÞpjj %P1;0

N;a;bv � vjjwða�1;b�1Þpc %C
3;0
a;bðNðN þ aþ bÞÞ�

r
2jvjr;wða;bÞ;�:

From the above, (3.42) and space interpolation, the desired result (3.40) follows. &

In the previous parts, we studied Jacobi approximations with the parameters
a; b; g; d4� 1: But in some practical problems, we also need to consider certain
critical cases, in which some parameters are equal to �1; see [5,14,15]. Here, we
consider the case with a ¼ 1; b ¼ 0; g ¼ �1 and d ¼ 0: The notations

H1
0;1;0�1;0ðLÞ;P

1;0
N;1;0�1;0 and a1;0�1;0ð�; �Þ have the same meanings as in Theorem 3.3.

Theorem 3.6. For any vAH1
0;1;0�1;0ðLÞ-Hr

wð%a;0Þ;�ðLÞ; rAN; rX1 and %aAð�1; 1Þ;

jjP1;0
N;1;0�1;0v � vjj1;1;0�1;0pcC

4;1
%a ððNðN þ %aÞÞ

1�r
2 jvjr;wð%a;0Þ;�; ð3:44Þ

where

C
4;1
%a ¼ 2

1�%a
2 ð2z�%a;0 þ 1Þ

1
2ð1

2
ðgð%a;0Þ0 gð�%a;0Þ

0 Þ
1
2 þ 1Þ:

If, in addition, %aA½0; 1Þ; then for 0pmp1;

jjP1;0
N;1;0�1;0v � vjjm;wð1;0ÞpcðD%a;1Þ1�mðC4;1

%a Þ2�mðNðN þ %aÞÞ
m�r
2 jvjr;wð%a;0Þ;�: ð3:45Þ

Proof. We first prove (3.44). Let ePP1;0
N;%a;0 be the orthogonal projection as in (3.21).

Then by projection theorem, (2.15), (3.24) and Theorem 3.4,

jjP1;0
N;1;0�1;0v � vjj21;1;0�1;0p jePP1;0

N;%a;0v � vj21;wð1;0Þ þ jjePP1;0
N;%a;0v � vjj2wð�1;0Þ

p 21�%að2z�%a;0 þ 1ÞjePP1;0
N;%a;0v � vj21;wð%a;0Þ

p c21�%að2z�%a;0 þ 1Þð1
2
ðgð%a;0Þ0 gð�%a;0Þ

0 Þ
1
2 þ 1Þ2

� ðNðN þ %aÞÞ1�rjvj2r;wð%a;0Þ;�: ð3:46Þ

We next prove (3.45). By (3.44),

jjP1;0
N;1;0�1;0v � vjj1;wð1;0Þp 2jjP1;0

N;1;0�1;0v � vjj1;1;0;�1;0

p cC
4;1
%a ðNðN þ %aÞÞ

1�r
2 jvjr;wð%a;0Þ;�: ð3:47Þ
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Now, let gAL2
wð1;0Þ ðLÞ and consider the auxiliary problem

a1;0�1;0ðw; zÞ ¼ ðg; zÞwð1;0Þ 8zAH1
0;wð1;0Þ ðLÞ: ð3:48Þ

Following the same lines as in derivation of (IV.3.19) of [5], we can verify that
jjwjj2;wð1;0Þpcjjgjjwð1;0Þ : Since 0p%ao1; we get from (3.44) that,

jjP1;0
N;1;0�1;0w � wjj1;1;0�1;0p cC4;1

%a ðNðN þ %aÞÞ�
1
2jjq2xwjjwð%aþ1;1Þ

p cC
4;1
%a ðNðN þ %aÞÞ�

1
2D%a;1jjwjj2;wð1;0Þ

p cD%a;1C4;1
%a ðNðN þ %aÞÞ�

1
2jjgjjwð1;0Þ : ð3:49Þ

Taking z ¼ P1;0
N;1;0�1;0v � v in (3.48), we use (3.44), (3.48) and (3.49) to obtain that

jðP1;0
N;1;0�1;0v � v; gÞwð1;0Þ jpcD%a;1ðC4;1

%a Þ2ðNðN þ %aÞÞ�
r
2jjgjjwð1;0Þ jvjr;wð%a;0Þ;�:

Consequently,

jjP1;0
N;1;0�1;0v � vjjwð1;0ÞpcD%a;1ðC4;1

%a Þ2ðNðN þ %aÞÞ�
r
2jvjr;wð%a;0Þ;�: ð3:50Þ

Finally, we obtain (3.45) with 0omo1 by using (3.47), (3.50) and space
interpolation. &

4. Jacobi–Gauss-type interpolations

In this section, we study Jacobi–Gauss-type interpolations. Let zða;bÞG;N;j; z
ða;bÞ
R;N;j and

zða;bÞL;N;j; 0pjpN; be the zeros of polynomials J
ða;bÞ
Nþ1ðxÞ; ð1þ xÞJða;bþ1Þ

N ðxÞ and ð1�
x2ÞqxJ

ða;bÞ
N ðxÞ; respectively. They are arranged in decreasing order. Denote by

oða;bÞ
Z;N;j; 0pjpN; Z ¼ G;R;L; the corresponding Christoffel numbers such that,Z

L
fðxÞwða;bÞðxÞ dx ¼

XN

j¼0

fðzða;bÞZ;N;jÞo
ða;bÞ
Z;N;j 8fAP2NþlZ

; ð4:1Þ

where lZ ¼ 1; 0 and �1 for Z ¼ G;R and L; respectively. There hold the relations
(see [20]),

zða;bÞR;N;j ¼ zða;bþ1Þ
G;N�1;j ; oða;bÞ

R;N;j ¼ ð1þ zða;bþ1Þ
G;N�1;jÞ

�1oða;bþ1Þ
G;N�1;j; 0pjpN � 1; ð4:2Þ

zða;bÞL;N;j ¼ zðaþ1;bþ1Þ
G;N�2;j�1; oða;bÞ

L;N;j ¼ ð1� ðzðaþ1;bþ1Þ
G;N�2;j�1Þ

2Þ�1oðaþ1;bþ1Þ
G;N�2;j�1;

1pjpN � 1: ð4:3Þ
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Let zN and wN be two sequences and wNa0: If zN

wN
-1 as N-N; then we write

zNDwN : According to (15.3.10) of [27], (4.2) and (4.3), we have that

oða;bÞ
G;N;jD

p
N þ 1

ð1� zða;bÞG;N;jÞ
aþ1

2ð1þ zða;bÞG;N;jÞ
bþ1

2; 0pjpN; ð4:4Þ

oða;bÞ
R;N;jD

p
N
ð1� zða;bÞR;N;jÞ

aþ1
2ð1þ zða;bÞR;N;jÞ

bþ1
2; 0pjpN � 1; ð4:5Þ

oða;bÞ
L;N;jD

p
N � 1

ð1� zða;bÞL;N;jÞ
aþ1

2ð1þ zða;bÞL;N;jÞ
bþ1

2; 1pjpN � 1: ð4:6Þ

We now define the discrete inner product and norm by

ðu; vÞwða;bÞ;Z;N ¼
XN

j¼0

uðzða;bÞZ;N;jÞvðz
ða;bÞ
Z;N;jÞo

ða;bÞ
Z;N;j; jjvjjwða;bÞ;Z;N ¼ ðv; vÞ

1
2
wða;bÞ;Z;N

:

By (4.1), we have

ðf;cÞwða;bÞ;Z;N ¼ ðf;cÞwða;bÞ 8f � cAP2NþlZ
; Z ¼ G;R;L: ð4:7Þ

For any fAPN (see [20]),

jjfjjwða;bÞpjjfjjwða;bÞ;L;Npð2þ ðaþ bþ 1ÞN�1Þ
1
2jjfjjwða;bÞ : ð4:8Þ

Let Lða;bÞ
Z;N ¼ fx j x ¼ zða;bÞZ;N;j; 0pjpNg: The Jacobi–Gauss-type interpolant

IZ;N;a;bvAPN such that

IZ;N;a;bvðxÞ ¼ vðxÞ; xALða;bÞ
Z;N ; ð4:9Þ

where for Z ¼ G;R and L: They are named as Jacobi–Gauss, Jacobi–Gauss–Radau
and Jacobi–Gauss–Lobatto interpolation, respectively.

We shall estimate the difference between IZ;N;a;bv and v in non-uniformly Jacobi-

weighted Sobolev spaces. In the sequel,

x ¼ cos y; yA½0; p�; yða;bÞZ;N;j ¼ arccos zða;bÞZ;N;j; Z ¼ G;R;L; 0pjpN:

ð4:10Þ

We first present a result on distribution of Jacobi–Gauss interpolation nodes.

Lemma 4.1. Let eNN ¼ N þ 1
2
ðaþ bÞ þ 3

2
: We have that

(i) if �1
2
oa; bo1

2
; then

ð j þ 1
2
ðaþ bþ 1ÞÞp eNN�1oyða;bÞG;N;joð j þ 1Þp eNN�1; 0pjpN; ð4:11Þ

(ii) if a40 and b4� 1; then

ð j þ 1
2
aÞp eNN�1oyða;bÞG;N;joð j þ 1

2
aþ 1Þp eNN�1; 0pjpN; ð4:12Þ

(iii) if a4� 1 and b40; then

ð j þ 1
2
ðaþ 1ÞÞp eNN�1oyða;bÞG;N;joð j þ 1

2
ðaþ 3ÞÞp eNN�1; 0pjpN; ð4:13Þ
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(iv) if

�1oap� 1
2
; �1obp0; or � 1

2
oap0; �1obp� 1

2
; ð4:14Þ

then

yða;bÞG;N;j ¼ ð jpþ Oð1ÞÞðN þ 1Þ�1; 0pjpN: ð4:15Þ

Proof. The results (4.11) and (4.15) come from (6.3.7) and Theorem 8.9.1 of [27]. We
now prove (4.12). By Theorem 8.21.8 of [27],

J
ða;bÞ
Nþ1ðcos yÞ ¼ ðN þ 1Þ�

1
2FðyÞ cosð eNNyþ gÞ þ OððN þ 1Þ�

3
2Þ; ð4:16Þ

where

FðyÞ ¼ p�
1
2 sin

y
2

� ��a�1
2

cos
y
2

� ��b�1
2
; g ¼ �1

4
ð2aþ 1Þp: ð4:17Þ

Let eyyða;bÞN;j ¼ ðð j � 1
4
Þp� gÞ eNN�1; 0pjpN þ 1: Since a40 and b4� 1; we haveeyyða;bÞN;j Að0; pÞ; 0pjpN þ 1: Moreover, �a� 1

2
o0;�b� 1o0 and sin xX2

p x for

xA½0; p
2
�: Thus we have from (4.17) that for 0pjpN;

Fðeyyða;bÞN;j Þ ¼ 1ffiffiffi
p

p sin
*yða;bÞ

N;j

2

� ��a�1
2

cos
*yða;bÞ

N;j

2

� ��b�1
2

X
1ffiffiffi
p

p cos
*yða;bÞ

N ;j

2

� �1
2
¼ 1ffiffiffi

p
p sin

p�*yða;bÞ
N;j

2

� �1
2
X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N � j þ b

2
þ 3

2

p eNN
s

: ð4:18Þ

Meanwhile we have from (4.16) that

J
ða;bÞ
Nþ1ðcos eyyða;bÞN;j Þ ¼ ðN þ 1Þ�

1
2Fðeyyða;bÞN;j Þ cosð jpþ ap

2
Þ þ OððN þ 1Þ�

3
2Þ

¼ ð�1Þ jðN þ 1Þ�
1
2Fðeyyða;bÞN;j Þ cosðap

2
Þ þ OððN þ 1Þ�

3
2Þ;

0pjpN þ 1:

The above with (4.18) implies sgnðJða;bÞ
Nþ1ðcos eyyða;bÞN;j ÞÞ ¼ ð�1Þ j: Therefore there exists at

least one zero of J
ða;bÞ
Nþ1ðcos yÞ in each subinterval ðeyyða;bÞN;j ;eyyða;bÞN;jþ1Þ: Since the zeros of

J
ða;bÞ
Nþ1ðcos yÞ are distinct, there is exactly one zero in each subinterval

ðeyyða;bÞN;j ;eyyða;bÞN;jþ1Þ; 0pjpN: This leads to (4.12).

We next prove (4.13). Let byyða;bÞN;j ¼ ðð j þ 1
4
Þp� gÞ eNN�1; 0pjpN þ 1: Since a4� 1

and b40; we have byyða;bÞN;j Að0; pÞ: Thanks to �a� 1o0 and �b� 1
2
o0; we obtain that

Fðbyyða;bÞN;j ÞX 1ffiffiffi
p

p sin
#yða;bÞ

N;j

2

� �1
2
X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j þ a

2
þ 1

2

p eNN
s

; 0pjpN þ 1:
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By this fact and (4.16), we assert that sgnðJða;bÞ
Nþ1ðcos byyða;bÞN;j ÞÞ ¼ ð�1Þ jþ1: The rest part

of proof is clear. &

The results (4.12) and (4.13) refine the results of Theorem 8.9.1 of [27] in the three
special cases. But they cover nearly the whole range a; b4� 1: How to improve the

result of Theorem 8.9.1 of [27] with ap� 1
2
; bp0 and ap0; bo� 1

2
is still an open

problem.
We next present a result on the stability of Jacobi–Gauss interpolation. For

simplicity, we denote by d1X1 a constant such that d1-1 as N-N; and set

Q
k;l
a;b ¼ maxðð2aþ 2k þ 1Þ2; ð2bþ 2l þ 1Þ2Þ:

Theorem 4.1. For any vAH1
wðaþk;bþlÞ;A

ðLÞ; k; lAN and 0pk þ lp1;

jjIG;N;a;bvjjwðaþk;bþlÞpA
ða;bÞ
1;N jjvjjwðaþk;bþlÞ

þ d2ðNðN þ a
2
þ b

2
þ 1ÞÞ�

1
2jjqxvjjwðaþkþ1;bþlþ1Þ ; ð4:19Þ

where

A
ða;bÞ
1;N ¼

ffiffiffiffiffiffiffi
d1p

p 4

ð1� a� bÞpþ
pQk;l

a;b

ð1þ aþ bÞ2

 !1
2

� 1þ aþ bþ 1

2ðN þ 1Þ

� �1
2

if � 1
2
oa; bo1

2
;

ffiffiffiffiffiffiffi
d1p

p 2

p
þ pQ

k;l
a;bmaxða�2; ð1þ bÞ�2Þ

� �1
2

� 1þ aþ bþ 1

2ðN þ 1Þ

� �1
2

if a40 and b4� 1;

ffiffiffiffiffiffiffi
d1p

p 2

p
þ pQ

k;l
a;bmaxðð1þ aÞ�2; b�2Þ

� �1
2

� 1þ aþ bþ 1

2ðN þ 1Þ

� �1
2

if a4� 1 and b40;

cða; bÞ if ð4:14Þ holds;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
while d2 ¼ 2p

ffiffiffiffiffi
d1

p
; in the first three cases and d2 ¼ cða; bÞ if (4.14) holds. Hereafter

cða; bÞ is a positive constant depending only on a and b:
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Proof. Let 0oa0op
2
oa2op; and fIjgN

j¼0 be a set of subintervals such that

½a0; a2� ¼
[N
j¼0

%Ij; yða;bÞG;N;jAIj ; Ii-Ij ¼ | 8iaj:

We denote by jIj j the length of subinterval Ij ; and set v̂ðyÞ ¼ vðcos yÞ: It is noted that

for any vAH1ða; bÞ;

max
xA½a;b�

jvðxÞjpðb � aÞ�
1
2jjvjjL2ða;bÞ þ ðb � aÞ

1
2jjqxvjjL2ða;bÞ:

Obviously, ðIG;N;a;bvðxÞÞ2wðk;lÞðxÞAP2Nþ1: Thus by (4.4), (4.7) and (4.10),

jjIG;N;a;bvjj2wðaþk;bþlÞ

¼ jjIG;N;a;bvwð
k
2
;
l
2
Þjj2wða;bÞ;G;N ¼

XN

j¼0

v2ðzða;bÞG;N;jÞwðk;lÞðz
ða;bÞ
G;N;jÞo

ða;bÞ
G;N;j

D
2aþbþkþlþ1 p

N þ 1

XN

j¼0

v̂2ðyða;bÞG;N;jÞ sin
yða;bÞG;N;j

2

 !2aþ2kþ1

cos
yða;bÞG;N;j

2

 !2bþ2lþ1

p
2aþbþkþlþ1d1p

N þ 1

XN

j¼0

sup
yAIj

�����v̂ðyÞ sin
y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2

������
2

p
2aþbþkþlþ1d1p

N þ 1

XN

j¼0

2

jIjj
jjv̂ðyÞ sin

y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2
jj2L2ðIjÞ

0@
þ 2jIjj � jjqyðv̂ðyÞ sin

y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2
Þjj2L2ðIjÞ

1A
p
2aþbþkþlþ1d1p

N þ 1
max

0pjpN

2

jIjj
jjv̂ðyÞ sin

y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2
jj2L2ð0;pÞ

0@
þ 2 max

0pjpN
jIjj � jjqy v̂ðyÞ sin

y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2

0@ 1Ajj2L2ða0;a2Þ

1A: ð4:20Þ

A direct calculation gives that

qy sin
y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2

0@ 1A ¼ DðyÞ sin
y
2

� �aþk�1
2

cos
y
2

� �bþl�1
2
; ð4:21Þ

where

DðyÞ ¼ 1
4
ða� bþ k � l þ ðaþ bþ k þ l þ 1Þ cos yÞ:
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It can be checked that maxyA½0;p�D
2ðyÞp 1

16
Q

k;l
a;b: Therefore by (4.21),

jjqy v̂ðyÞ sin
y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2

0@ 1Ajj2L2ða0;a2Þ

p2jjqyv̂ðyÞ sin
y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2
jj2L2ð0;pÞ

þ 1

2
Qk;l

a;b max
yA½a0;a2�

1

sin2y
� jjv̂ðyÞ sin

y
2

� �aþkþ1
2

cos
y
2

� �bþlþ1
2
jj2L2ð0;pÞ: ð4:22Þ

It is easy to show that

dy
dx

¼ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p ; qyv̂ðyÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
qxvðxÞ;

max
yA½a0;a1�

1

sin2 y
p
p2

4
max

1

a2
0

;
1

ðp� a1Þ2

 !
:

So a combination of (4.20) and (4.22) leads to that

jjIG;N;a;bvjj2wðaþk;bþlÞpp
ða;bÞ
1;N jjvjj2wðaþk;bþlÞ þ p

ða;bÞ
2;N jjqxvjj2wðaþkþ1;bþlþ1Þ ; ð4:23Þ

where

p
ða;bÞ
1;N ¼ d1p

N þ 1
2 max
0pjpN

1

jIjj
þ p2

4
Q

k;l
a;b max

0pjpN
jIjjmax

1

a2
0

;
1

ðp� a2Þ2

 ! !
;

p
ða;bÞ
2;N ¼ 4d1p

N þ 1
max

0pjpN
jIjj:

If �1
2
oa; bo1

2
; then by (4.11), we can take

Ij ¼ðð j þ 1
2
ðaþ bþ 1ÞÞp eNN�1; ð j þ 1Þp eNN�1Þ; jIjj ¼ 1

2
ð1� a� bÞp eNN�1;

0pjpN:

In this case, a0 ¼ 1
2
ðaþ bþ 1Þp eNN�1 and a1 ¼ pðN þ 1Þ eNN�1 ¼ p� a0: Thus

p
ða;bÞ
1;N ¼ d1p

eNN
N þ 1

4

ð1� a� bÞpþ Q
k;l
a;b

ð1� a� bÞp
2ð1þ aþ bÞ2

 !
;

p
ða;bÞ
2;N ¼ 2ð1� a� bÞd1p2eNNðN þ 1Þ

:

This with (4.23) leads to the desired result for �1
2
oa; bo1

2
:

Next, let a40 and b4� 1: According to (4.12), we take

Ij ¼ j þ a
2

� �
p eNN�1; j þ a

2
þ 1

� �
p eNN�1

� �
; jIjj ¼ p eNN�1; 0pjpN:

ARTICLE IN PRESS
B.-y. Guo, L.-l. Wang / Journal of Approximation Theory 128 (2004) 1–41 33



In this case, a0 ¼ 1
2
ap eNN�1 and a1 ¼ ðN þ 1

2
aþ 1Þp eNN�1: So we have that

p
ða;bÞ
1;N ¼ d1p

2

p
þ pQ

k;l
a;b maxða�2; ð1þ bÞ�2Þ

� �
1þ 1þ aþ b

2ðN þ 1Þ

� �
;

p
ða;bÞ
2;N ¼ 4d1p2eNNðN þ 1Þ

:

This with (4.23) leads to the desired result. We can derive the desired result for
a4� 1 and b40; similarly.

Finally, if (4.14) holds, then we know from (4.15) that yða;bÞG;N;jAIj ; Ij being of size

cðN þ 1Þ�1: Let a0 ¼ OððN þ 1Þ�1Þ and a1 ¼ ðNpþ Oð1ÞÞðN þ 1Þ�1: By an argu-
ment as in the previous parts, we have that

jjIG;N;a;bvjjwðaþk;bþlÞpcða;bÞðjjvjjwðaþk;bþlÞ þ ðN þ 1Þ�1jjqxvjjwðaþkþ1;bþlþ1Þ Þ: &

We are now in position of presenting the main results on the Jacobi–Gauss
interpolation. We first estimate the difference between IG;N;a;bv and v in the space

Hr
wða;bÞ;AðLÞ:

Theorem 4.2. Let k; l; rAN and 0pk þ lp1: For any vAHr
wðaþk;bþlÞ;A

ðLÞ; rX1 and

0pmpr;

jjIG;N;a;bv � vjjm;wðaþk;bþlÞ;ApcB
ða;bÞ
1;N ðNðN þ aþ bþ k þ lÞÞ

m�r
2 jvjr;wðaþk;bþlÞ;A; ð4:24Þ

where B
ða;bÞ
1;N ¼ A

ða;bÞ
1;N þ d2 þ 1:

Proof. By using Lemma 2.5, Theorem 2.1 and Theorem 4.1, we obtain that for mAN;

jjqmxðIG;N;a;bv � PN;aþk;bþlvÞjjwðaþkþm;bþlþmÞ

pðNðN þ aþ bþ k þ l þ 2mÞÞ
m
2jjIG;N;a;bðPN;aþk;bþlv � vÞjjwðaþk;bþlÞ

pðNðN þ aþ bþ k þ l þ 2mÞÞ
m
2 A

ða;bÞ
1;N jjPN;aþk;bþlv � vjjwðaþk;bþlÞ

�
þ d2 N N þ a

2
þ b

2
þ 1

� �� ��1
2
jjqxðPN;aþk;bþlv � vÞjjwðaþkþ1;bþlþ1Þ

1A
pcðAða;bÞ

1;N þ d2ÞðNðN þ aþ bþ k þ lÞÞ
m�r
2 jvjr;wðaþk;bþlÞ;A:

Then the result (4.24) with mAN follows from the above estimate, Theorem 2.1 and a
triangle inequality. Finally, we use (2.7) to obtain the desired result. &

It is more important to estimate the error of Jacobi–Gauss interpolation in the

space H
m
a;b;g;dðLÞ: In this case, we can choose Jacobi–Gauss interpolation associated

with the weighted function wða;bÞðxÞ or wðg;dÞðxÞ: We state the results in the following
two theorems.
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Theorem 4.3. If (2.31) and (2.43) hold, then for any vAHr
wða;bÞ;�ðLÞ; rAN and rX1;

jIG;N;a;bv � vj1;wða;bÞpcG
ð1Þ
N;a;b;g;dðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�; ð4:25Þ

jjIG;N;a;bv � vjjwðg;dÞpckg;dDg�aþ2;d�bþ2G
ð1Þ
N;a;b;g;dðNðN þ aþ bÞÞ1�

r
2 jvjr;wða;bÞ;�;

ð4:26Þ

where

G
ð1Þ
N;a;b;g;d ¼ ða� bþ 1ÞðBða;bÞ

1;N þ C1;0
a;b;a;bÞ þ ðNðN þ aþ bÞÞ�

1
2:

If, in addition, apg; bpd; then

jjIG;N;a;bv � vjjwðg;dÞpcDg�a;d�bB
ða;bÞ
1;N ðNðN þ aþ bÞÞ�

r
2 jvjr;wða;bÞ;A: ð4:27Þ

Proof. By Lemma 2.6, Theorem 4.2 and an argument as in derivation of (3.5),

jIG;N;a;bv � vj1;wða;bÞp jIG;N;a;bv � P1
N;a;b;a;bvj1;wða;bÞ þ jP1

N;a;b;a;bv � vj1;wða;bÞ
p cða� bþ 1ÞNðN þ aþ bÞðjjIG;N;a;bv � vjjwða;bÞ

þ jjP1
N;a;b;a;bv � vjjwða;bÞ Þ þ jP1

N;a;b;a;bv � vj1;wða;bÞ

p cG
ð1Þ
N;a;b;g;dðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�:

Since IG;N;a;bvðzða;bÞG;N;jÞ ¼ vðzða;bÞG;N;jÞ; 0pjpN; we can choose x0 ¼ zða;bÞG;N;k such that

jx0j ¼ min0pjpN jzða;bÞG;N;jj: Then by Lemma 2.3 with (2.31),

jjIG;N;a;bv � vjjwðg;dÞpckg;dDg�aþ2;d�bþ2jIG;N;a;bv � vj1;wða;bÞ :

The above two estimates imply (4.26).
If apg and bpd; then (4.27) follows from Theorem 4.2 and the fact that

jjIG;N;a;bv � vjjwðg;dÞpDg�a;d�bjjIG;N;a;bv � vjjwða;bÞ : &

Theorem 4.4. If (2.43) holds and

gpapgþ 1; dpbpdþ 1; ð4:28Þ

then for any vAHr
wða;bÞ;�ðLÞ; rAN and rX1;

jIG;N;g;dv � vj1;wða;bÞpcG
ð2Þ
a;b;g;dðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�; ð4:29Þ

jjIG;N;g;dv � vjjwðg;dÞpcB
ðg;dÞ
1;N ðNðN þ aþ bÞÞ�

r
2jvjr;wðgþr;dþrÞ;A; ð4:30Þ
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where

G
ð2Þ
N;a;b;g;d ¼ða� bþ 1ÞDa�g;b�dðBðg;dÞ

1;N Dg�aþ1;d�bþ1 þ C
1;0
a;b;g;dÞ

þ ðNðN þ aþ bÞÞ�
1
2:

Proof. Due to (4.28), we have from Theorem 4.2 that

jjIG;N;g;dv � vjjwðg;dÞp cB
ðg;dÞ
1;N ðNðN þ aþ bÞÞ�

r
2jvjr;wðgþr;dþrÞ;A

p cB
ðg;dÞ
1;N Dg�aþ1;d�bþ1ðNðN þ aþ bÞÞ�

r
2jvjr;wða;bÞ;�:

Next, we use (4.28), Theorem 3.1 and Lemma 2.6 to obtain that

jIG;N;g;dv � P1
N;a;b;g;dvj1;wða;bÞp cða� bþ 1ÞNðN þ aþ bÞjjIG;N;g;dv

� P1
N;a;b;g;dvjjwða;bÞ

p cða� bþ 1ÞDa�g;b�dNðN þ aþ bÞðjjIG;N;g;dv

� vjjwðg;dÞ þ jjP1
N;a;b;g;dv � vjjwðg;dÞ Þ

p cða� bþ 1ÞDa�g;b�dðBðg;dÞ
1;N Dg�aþ1;d�bþ1

þ C
1;0
a;b;g;dÞðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�:

Finally, the result (4.29) follows from the above estimate and an argument as in
derivation of (3.5). &

We now turn to the Jacobi–Gauss–Radau interpolation. To shorten the paper, we
only present the results which can be proved in the same manner as in the proof of
the last four theorems. But we should use Lemma 2.2 in the proof of Theorem 4.6,
and use Theorem 3.4 in the proof of Theorem 4.10, respectively.

Theorem 4.5. Let k; lAN; 0pkplp1 and lobþ 1: For any vAH1
wðaþk;b�lÞ;A

ðLÞ with

vð�1Þ ¼ 0;

jjIR;N;a;bvjjwðaþk;b�lÞpA
ða;bÞ
2;N jjvjjwðaþk;b�lÞ

þ 2p
ffiffiffiffiffi
d1

p
N N þ a

2
þ b

2

� �� ��1
2
jjqxvjjwðaþkþ1;b�lþ1Þ ; ð4:31Þ

where d1 is the same as in Theorem 4.1, and

A
ða;bÞ
2;N ¼

ffiffiffiffiffiffiffi
d2p

p 2

p
þ pQ

k;�l
a;b maxðð1þ aÞ�2; ð1þ bÞ�2Þ

� �1
2

1þ 2þ aþ b
2N

� �1
2
:
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Theorem 4.6. Let k; l; rAN; 0pkplp1 and lobþ 1: For any vAHr
wðaþk;b�lÞ;A

ðLÞ; rX1

and 0pmpr;

jjIR;N;a;bv � vjjm;wðaþk;b�lÞ;ApcB
ða;bÞ
2;N ðNðN þ aþ bþ k � lÞÞ

m�r
2 jvjr;wðaþk;b�lÞ;A; ð4:32Þ

where B
ða;bÞ
2;N ¼ sa;bðAða;bÞ

2;N þ d
1
2
1 þ 1Þ:

Theorem 4.7. If (2.31) and (2.43) hold, then for any vAHr
wða;bÞ;�ðLÞ; rAN and rX1;

jIR;N;a;bv � vj1;wða;bÞpcR
ð1Þ
N;a;b;g;dðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�; ð4:33Þ

jjIR;N;a;bv � vjjwðg;dÞpckg;dDg�aþ2;d�bþ2R
ð1Þ
N;a;b;g;dðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�;

ð4:34Þ
where

R
ð1Þ
N;a;b;g;d ¼ ða� bþ 1ÞðBða;bÞ

2;N þ C1;0
a;b;a;bÞ þ ðNðN þ aþ bÞÞ�

1
2:

If, in addition, apg; bpd; then

jjIR;N;a;bv � vjjwðg;dÞpcDg�a;d�bB
ða;bÞ
2;N ðNðN þ aþ bÞÞ�

r
2 jvjr;wða;bÞ;A: ð4:35Þ

Theorem 4.8. If (2.43) and (4.28) hold, then for any vAHr
wða;bÞ;�ðLÞ; rAN and rX1;

jIR;N;g;dv � vj1;wða;bÞpcR
ð2Þ
a;b;g;dðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�; ð4:36Þ

jjIR;N;g;dv � vjjwðg;dÞpcB
ðg;dÞ
2;N ðNðN þ aþ bÞÞ�

r
2 jvjr;wðgþr;dþrÞ;A; ð4:37Þ

where

R
ð2Þ
N;a;b;g;d¼ða� bþ 1ÞDa�g;b�dðBðg;dÞ

2;N Dg�aþ1;d�bþ1 þ C
1;0
a;b;g;dÞþðNðN þ aþ bÞÞ�

1
2:

Finally, we present the main results on the Jacobi–Gauss–Lobatto interpolation.

Theorem 4.9. Let k; lAN; 0pk; lp1; koaþ 1 and lobþ 1: For any vAH1
wða�k;b�lÞ;A

ðLÞ
with vð71Þ ¼ 0;

jjIL;N;a;bvjjwða�k;b�lÞpA
ða;bÞ
3;N jjvjjwða�k;b�lÞ

þ 2p
ffiffiffiffiffi
d1

p
N N þ a

2
þ b

2

� �� ��1
2
jjqxvjjwða�kþ1;b�lþ1Þ ; ð4:38Þ

where d1 is the same as in Theorem 4.1, and

A
ða;bÞ
3;N ¼

ffiffiffiffiffiffiffi
d1p

p 2

p
þ pQ

�k;�l
a;b maxðð1þ aÞ�2; ð2þ bÞ�2Þ

� �1
2

1þ aþ bþ 3

2ðN � 1Þ

� �1
2
:
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Theorem 4.10. If �1oa; bp0 or 0oa; bo1; then for any vAHr
wða;bÞ;�ðLÞ; rAN and

rX1;

jjIL;N;a;bv � vjjwða;bÞpcL
ð1Þ
N;a;bðNðN þ aþ bÞÞ�

r
2jvjr;wða;bÞ;�; ð4:39Þ

where

L
ð1Þ
N;a;b ¼ ððgð�a;�bÞ

0 gða;bÞ0 Þ
1
2 þ 1Þ eCC3;0

a;bðA
ða;bÞ
3;N þ 1Þ þ 2p

ffiffiffiffiffi
d1

p eCC3;1
a;b

� �
:

If, in addition, (2.43) holds, then we have

jIL;N;a;bv � vj1;wða;bÞpcL
ð2Þ
N;a;bðNðN þ aþ bÞÞ1�

r
2jvjr;wða;bÞ;�;

where

L
ð2Þ
N;a;b ¼ððgð�a;�bÞ

0 gða;bÞ0 Þ
1
2 þ 1Þðða� bþ 1Þ eCC3;0

a;bðNðN þ aþ bÞÞ�1

þ eCC3;1
ða;bÞðNðN þ aþ bÞÞ�

1
2Þ þ ða� bþ 1ÞLð1Þ

N;a;b: ð4:40Þ

Let ca;b;g;d be a generic positive constant depending only on a; b; g; d: If (2.43) is not
fulfilled, then the right sides of (4.25), (4.26), (4.29), (4.33), (4.34), (4.36) and (4.40)

become ca;b;g;dN2�rjvjr;wða;bÞ;�; while the right sides of (4.27) and (4.35) become

ca;b;g;dN
�rjvjr;wða;bÞ;A: Similarly, the right sides of (4.30) and (4.37) now turn to be

ca;b;g;dN
�rjvjr;wðgþr;dþrÞ;A: In fact, in these cases, jvjr;wðgþr;dþrÞ;ApDg�aþ1;d�bþ1jvjr;wða;bÞ;�:

5. Concluding discussions

As we know, Babuška and Guo [3] studied symmetric Jacobi approximations in

Jacobi-weighted Sobolev spaces, in which the weight for qr
xv is ð1� x2Þaþr:

Meanwhile Bernardi and Maday [6] considered symmetric Jacobi approximations

in Sobolev spaces with the uniform weight ð1� x2Þa: In this paper, we established a
series of results on general Jacobi approximations and Jacobi–Gauss-type
interpolations. They generalize the results of [3,6] and so could be used for
numerical solutions of various problems, such as

qxðð1� xÞað1þ xÞbqxvðxÞÞ þ ð1� xÞgð1þ xÞdvðxÞ ¼ f ðxÞ;

0papgþ 2; 0pbpdþ 2; jxjo1:

Especially, they are more appropriate for singular problems. Moreover, we may use
variable transformations to change some problems on unbounded and axisymme-
trical domains to singular problems on bounded domains (see [5,14,15]), and then
design suitable numerical algorithms and analyze numerical errors by using some
results in this paper.
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The results of this paper also improved the work of [17] essentially. Clearly, the
power of NðN þ aþ bÞ in all approximation results is optimal. In particular, the

L2
wða;bÞ ðLÞ-errors of the orthogonal projection PN;a;b and various interpolations

depend now only on jjqr
xvjjwðaþr;bþrÞ : It is optimal and ensures approximability of some

important functions related to singularity analysis of functions at corners. For

instance, for a function vðxÞ behaving like ð1� xÞg as x-1; we have qr
xvðxÞBð1�

xÞg�r; and so for ro2gþ 1; jjqr
xvjjwðr;0ÞoN: Therefore by the results in Sections 2 and

4, we have at least that for any arbitrary e40;

jjPN;0;0v � vjjwð0;0Þ; jjIZ;N;0;0v � vjjwð0;0ÞpcN�2g�1þe; Z ¼ G;R;L:

It is more important that the H1
a;b;g;dðLÞ-errors of various orthogonal projections

discussed in Section 3 only depend on the semi-norm jjqr
xvjjwðaþr�1;bþr�1Þ : Thus we can

use the results in Sections 3 and 4 to analyze spectral methods and p-versions of finite
element methods of differential equations of second order, and obtain optimal error
estimates which also depend only on jjqr

xvjjwðaþr�1;bþr�1Þ : This semi-norm depends in

turn on regularity of exact solution. In opposite, exact solution may not possess the
regularity required by validity of approximation results in [17]. This fact also
simplifies the analysis of various rational approximations induced by Jacobi
polynomials, see [18,19].

In this paper, we described the explicit dependance of approximation results on
the parameters a; b; g and d precisely. It helps us to deal with more complicated
problems. For example, the convergence of orthogonal approximation on a triangle
T ¼ fðx; yÞ j 0px; yp1; 0px þ yp1g; which is related to spectral methods and p-
versions of finite element methods on non-rectangle domains, see [9,23]. In this case,
we take the base functions

gl;mðxÞ ¼ 2lþ3
2ð1� yÞl

J
ð0;0Þ
l

2x þ y � 1

1� y

� �
Jð2lþ1;0Þ

m ð2y � 1Þ:

Let PL;MðT Þ ¼ spanfgl;mðx; yÞ j 0plpL; 0pmpMg: The orthogonal projection

PL;M : L2ðT Þ-PL;MðT Þ is defined by

ðPL;Mv � v;fÞT ¼ 0 8fAPL;MðT Þ:
For r; sAN; we introduce the non-isotropic Sobolev space Hr;sðT Þ with the norm,

jjvjjHr;sðT Þ ¼
Xr

k¼0

Xk

j¼0

jjx jy
r
2ð1� yÞk�j�r

2q j
xq

k�j
y vjj2L2ðT Þ

 

þ jjx
s
2ð1� x � yÞ

s
2qs

xvjj2L2ðT Þ

!1
2

:

By using the results in Sections 2 and 4, we can derive some important

approximation results, see [21]. For instance, if M ¼ OðL1þ s
2rÞ; then

jjPL;Mv � vjjT pcM
� 2rs
2rþsjjvjjHr;sðT Þ:
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But we cannot use the results in [17] for such problem. Indeed, all results in [17] are

for fixed a; b; g and d; while one of parameters of J
ð2lþ1;0Þ
m ð2y � 1Þ tends to infinity as

l-N:
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[2] I. Babuška, B.Q. Guo, Optimal estimates for lower and upper bounds of approximation errors in the

p-version of the finite element method in two-dimensions, Numer. Math. 85 (2000) 219–255.
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