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Abstract. We introduce a family of orthogonal functions, termed as generalized Slepian
functions (GSFs), closely related to the time-frequency concentration problem on a
unit disk in D. Slepian [19]. These functions form a complete orthogonal system in
Lfﬁa(—l, 1) with @, (x) = (1 — x)%, a@ > —1, and can be viewed as a generalization
of the Jacobi polynomials with parameter (a,0). We present various analytic and
asymptotic properties of GSFs, and study spectral approximations by such functions.
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1. Introduction

The investigation of time-frequency concentration problem back to 1960s gives rises
to some interesting special functions with attractive properties. The most significant ones
(see a series of papers by Slepian et al. [16,17,20]) are known as the prolate spheriodal
wave functions (PSWFs) or Slepian functions, which are bandlimited and mostly time-
concentrated within a finite interval. This discovery has motivated many subsequential
research works in various directions (see, e.g., [4,5,7,10,12,14,15,22-24,27]).

In a very recent work [25], we introduced a family of generalized PSWFs as the
eigenfunctions of a singular Sturm-Liouville problem, and interestingly, they are also the
eigenfunctions of an integral operator. This orthogonal system is complete in Lfva(—l, 1)

with w,(x) = (1 — x?)* a > —1, and generalizes both the PSWFs (from order zero to
order a) and the Gegenbauer polynomials (to a system with a bandwidth tuning pa-
rameter). However, this study could not cover the case when the weight function is
nonsymmetric (i.e., the Jacobi weight function w, g(x) = (1 —x)*(1+ x)P with a # B).
Indeed, it seems implausible to generate an orthogonal system of functions which is si-
multaneously the eigenfunctions of a second-order differential operator and an integral
operator with complex exponential kernel, based on the argument in [25].

In this paper, we explore such a generalization, but restrict our discussion to the non-
symmetric Jacobi weight @ ,(x) = (1 — x)* with a@ > —1. More precisely, we define the
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orthogonal system as the eigenfunctions of a Sturm-Liouville problem (see (2.9) below),
and show that they satisfy an integral equation which has a close relation with the time-
frequency concentration problem over a unit disk studied in D. Slepian [19] (so we term
this new family of orthogonal functions as generalized Slepian functions (GSFs)). We
derive some analytic and asymptotic properties of the GSFs and their associated eigen-
values, and study spectral approximations of functions in Lfva(—l, 1) using the GSFs as
basis functions.

The paper is organized as follows. In section 2, we define the GSFs and describe the
algorithm for their evaluation. We present various properties in section 3, and derive the
spectral approximation results using the GSFs in section 4, together with some numerical
experiments to support the analysis.

2. Generalized Slepian functions

In this section, we define the generalized Slepian functions, and introduce an efficient
algorithm for their numerical evaluation.

2.1. Jacobi polynomials

We first review some properties of the Jacobi polynomials (cf. [21]). For a,f8 >
—1, the Jacobi polynomials, denoted by J,(la’ﬂ )(x),x e :=(—1,1), are orthogonal with
respect to the weight function w, g(x) = (1 —x)*(1 + x)P; namely,

f TP IS g (x)dx =0, if m#n.
1

In this paper, we mainly use the Jacobi polynomials with 8 = 0, and particularly, denote
Jr(l“)(x) = Jr(la’o)(x) and @, (x) = wy o(x) = (1 — x)% We further assume that they are
normalized so that

f T ()X = @1
I

where §,,, is the Kronecker delta symbol. The Jacobi polynomials {J,(I“)} are the eigen-
functions of the Sturm-Liouville problem

L] = —w_ 8. (1 —xNw,0J YD) =y @Dy @ x e, (2.2)

with the corresponding eigenvalues yga) = n(n+ a + 1). Hereafter, we use d, to denote
the ordinary derivative ;—x, and likewise for higher-order ordinary derivatives.
Recall that {J r(l"‘)} satisfy the three-term recurrence relation:

2O (x) = (P () + b D) + e\ (), =1,

. [a+1 [a+3 (2.3)
J(() )(x) = prEy J% )(x) = T3 (a+(a+2)x).
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where
_ 2n(n+ a)
" @nt+a)y/@nta-DCntat1)
—a?
T nta)ntat2)

a

2.4)

n Ch = Aapy1-

The leading coefficient of J ,E“)(x) (i.e., the coefficient of x™) is

(@) _ v2n+a+1'2n+a+1)
o onHer D 2niP(n+a+1)

(2.5)

Moreover, we have

vV2n+a+1l'ln+a+1)

(a) =
J (1) 2@+ D211 (q + 1)

(2.6)

2.2. Definition of GSFs

Define the second-order differential operator

2
2, :=9,.(a,c)= .,Sf)ga) + %(1 —x)
B @2.7)
=—(1-xH3?+(a+(a+2)x)3, + 5(1 -x), xel,

where a > —1, ¢ > 0 and .,%JE“) is defined in (2.2). It is clear that 9, is a strictly positive
self-adjoint operator in the sense that for any u and v in the domain of 2,,,

2
C
(2e1V), = WDV g0 (Datt1) g, = |[VI+x0[},  +S Il >0, 28)

where for a generic weight function w, (-,-),, and || - ||,, denote the inner product and
the norm of the weighted space Lﬁ/(I ), respectively. Hence, by the Sturm-Louville theory
(cf. [3,11]), the operator 2, admits a countable and infinite set of bounded, analytical
eigenfunctions, denoted by {cpfla)(x; c)}flozo, which forms a complete orthogonal system
of sza,,,(-’)' Thus, we have

D@ = @@ n>0, xel, c>0, 2.9)

where { x,(la) = x,(la)(c)}ff’zo are the corresponding eigenvalues. We define <p$la)(x ;C) as
the generalized Slepian function of order a and of degree n. Moreover, if ¢ = 0, the eigen-
problem (2.9) is reduced to (2.2), and therefore we have

¢ D(x;0)=JY(x), £ D0)=yY=nn+a+1). (2.10)

In view of this, the GSFs can be viewed as a generalization of {Jr(l“)}, but equipped
with a tuning parameter c. It's worthwhile to point out that when a = 0, <p£la)(x ;c) is
different from the prolate spheroidal wave functions (cf. [20]), since the latter family is
the eigenfunctions of the operator 2, (a = 0) with c2x? in place of c*(1 — x)/2.

The following properties can be derived from the general theory of Sturm-Louville
problems (cf. [3,11]). More precisely, for any ¢ > 0 and a > —1, we have
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(€))] {tp(“)} 1—o are all real, smooth, and form a complete orthonormal system of Lfva .
Thus,

1
J (“)(x c)ap(“)(x ) (x)dx =6, (2.11)
-1

(i) { )(,(Ia)}flozo are all real, positive, simple and ordered as

0<% < x9N <- <D <. (2.12)

(iii) cpfla) has exactly n distinct zeros on the interval [—1,1], which lie in (—1,1).

For a > —1 and ¢ > 0, we define the integral operator QE"‘) :

1

QP [¢](x) =J K9 (x,0)p(Omo()dt, Vel (I), xe€1, (2.13)

-1

where

Fa(cy/(1=x)(1—-1))

K9(x,t) = , (2.14)

(cy/ (1 =x)1-1)"

and _¢,(-) is the Bessel function of the first kind. We find from the asymptotic properties
(cf. [26]):

() =00, z2—-0%; £,(x)=0=""3), z- +oo.

The kernel function KE“)(X, t) in (2.14) is well-defined for x = t. Moreover, one verifies
that QE"‘) : Lfv (H)— Lfn (I) is compact.
A remarkable property of the GSFs is that they are the eigenfunctions of QEO‘).

Theorem 2.1. For any ¢ > 0, the GSFs {apg“)}fl"zo are the eigenfunctions of an) :
QW] =W, (2.15)

where {vr(l“) = vr(l“)(c)} are the corresponding eigenvalues.

Proof. An essential step is to show that

L.z e )fa( z)

2, KD (x,t) = a1t (2(3 —x—t—xt)- < = 2K (x,t),  (2.16)

where 2, is the differential operator defined in (2.7), and z = ¢4/ (1 — x)(1 — t). In this
proof, ¢, (resp. 9, ¢,) means the derivative (resp. partial derivative) with respect to z
(resp. x). A direct calculation yields

za@xKEa)(x:t)z_( - Z)azfa(z)+2xaxfa(z)

a?(1+x) a
(ﬁ —(1— )—E)fa(z)-

(2.17)
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1—
0. 9u() = =S| T A2, 218)

and the property of the Bessel functions (cf. [26]):

Using the fact

/! 1 / az
FHOREXAOR (1—2—2)ja(z)=0, >0, a>—1, (2.19)
we find
2 1—
02 4,(x) = 4((1 t)) (f”( ) L2 ))
(2.20)
- 4( .X') j 2 fa .

Inserting (2.18) and (2.20) into (2.17) leads to the formula for @xKE“) in (2.16). Since
Kga)(x, t)= KE“)(t,x), we interchange x and t, and derive @xKE“) = @tKE“) in (2.16).
We obtain from (2.8)-(2.9) and (2.16) that

1
7 f K(x, @ (£ ), (0)dt 2 f KD(x, 02,00 (t; ) o(£)dt
-1 -1

1

28 f P (t;0)2 KM (x, D (1) dt
-1
1

(2.16) f P (602K (x, @, (D) dt
-1

1
=9, f K9(x, )W (t; () dt,
-1

or equivalently,
7, (Q16™1) = x QW [p(].
This means Q(“) [tp(“)] is an eigenfunction of 9, with the corresponding eigenvalue )(,(la),

so it must be proportional to cp(a) We denote the proportional constant by v(“) so (2.15)
follows. O

Remark 2.1. Slepian [19] discussed the time-frequency concentration problem on a unit
disk:
ylx,y) = f ety (g, n)dedn, >0,
D

where D = {(x,y) : x2+ y? < 1}. This induces a family of orthogonal functions which
are eigenfunctions of the integral operator:

1
ud(r) =f Zalers)versgp(s)ds, 0<r<1. (2.21)
0

Such a family is closely related to the Jacobi polynomials {x®+1/2J(%9)(1 —2x2)} (where
x € (—1,1)). Indeed, by using a suitable transform, we realize that the problem (2.21)
can be converted to an eigen-problem similar to (2.13). O
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2.3. Computation of the GSFs and the eigenvalues

Next, we introduce an efficient algorithm for numerical evaluation of the GSFs and
the corresponding eigenvalues.

Since the GSFs are analytic, an efficient approach to use the Jacobi spectral-Galerkin
methods as with the Bouwkamp-type algorithm (cf. [6,8,27]). More precisely, for any
fixed n > 0, we write

Plx;0) =Y BRI (x), (2.22)
k=0
where .
B = pr(c) = J gpga)(x; c)J,Ea)(x)wa(x) dx. (2.23)
-1

Substituting it into (2.9) and using the properties (2.2) and (2.3), we obtain the
following equivalent eigen-problem:

(A— 9. D=0, (2.24)

where " = (B, B, B, ) € 12 and A is a symmetric tri-diagonal matrix. The non-zero
entries of A are given by

Apr=k(k+a+1)+c*(1—b)/2; Aggs1 =Api1x = —CQs1/2 (2.25)

The linear system (2.24) involves infinitely many unknowns, so an appropriate truncation
is necessary. Following the rule for the PSWFs in [8], we suggest a cutoff m = 2n+2[a]+
30 for the computation of {(pl(a)(x ;) xl(a)(c)}?zo. Notice that <p£la) is sufficiently smooth,
so this could lead to a very accurate evaluation for ¢ (feasible for approximating general
functions in Lfva ().

Figure 2.1: Graph of cpga)(x;c) with ¢ =0,8,12. Left: a=0.5. Right: a =0.

In Figure 2.1, we plot several samples of GSFs, and see that as c increases the GSFs
oscillate more and more uniformly. Such a behavior is analogous to the PSWFs (see,
e.g., [7D.

Now, we turn to the evaluation of the eigenvalues {vr(la)(c)} of the integral operator
(2.13). The computation is based on the following explicit formula.
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Theorem 2.2. For any a > —1 and ¢ > 0,

273 pn
va+1T'(a+ l)cp(a)(l; c)’

v®(c) = (2.26)

where 3] is the first expansion coefficient given by (2.23).
Proof. By Formula (9.1.10) of [1],

1 22
I'a+1) 41"(a +2)

L.(2)= = { +O(z4)}, a>—1.

Thus, by (2.13)-(2.15),
vé"‘%oﬁ@(x;c)—mf (6 ma(D)dt

c?(1—x) ! "
T2 (at2) ) Q{15 ¢)@ g4r (1) dE+O0((1 = x)?).

Letting x — 1~ leads to
v p@(1;0) = (@)t t)dt
PO =g +1)f RCHENG

(2.23)

(@)
ZaF(a + 1) Zﬁk f_ J (D@ (t)dt

n 1 Lahn
272
(il)—ﬁo Jéa)(t)wa(t)dt (2.3) Fo )
2°T(a+1) J_, va+1I'(a+1)

Notice that cpg“)(l ;¢) 7 0 (refer to Property (iii) below (2.12)), so we have (2.26). O

In Figure 3.1 (left), we depict the distribution of vr(l“)(c) with ¢ = 0.5 and for
n € [0,100], and ¢ € [0,60], which shows that for fixed c, the eigenvalues decay ex-
ponentially with respect to n. Intuitively, |3]| must be sufficiently small for large n, since
tpg") is analytic. A quantitative analysis will be conducted in the forthcoming section.

3. Properties of the GSFs and the eigenvalues

In this section, we derive more properties of the GSFs and the associated eigenvalues
{xr(la)} and {vr(l“)}.

Theorem 3.1. For any a > —1 and ¢ > 0,

n(n+a+1)<)(r(la)(c)<n(n+a+1)+c2, n=>0. (3.1
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Proof. Differentiating (2.9) with respect to ¢ yields

2
C
0.((1= )" (1 + 2889 () +(1(0) = 5 (1= ) ) @, 2.6
=(c(1 =) = 2.1 Tap (V.

Multiplying the above equation by apg"), and integrating the resulting equation over
(—=1,1), we derive from (2.9) and integration by parts that

21 (c)

1
CJ (1= x) [0 (x; )] o (x)dx —
1 dc

1
= J {6x (1 —2)* (1 +x)0,0.¢ W (x;0))

-1

2
+ (}(,(la)(c) - %(1 — x))waaccpg“)(x; c)}cpg“)(x; c)dx

1
= J {6x (1 —2)*M (1 +x)8, 9P (x; 0))

-1
2
c
+ (100 - 51 -0 )@ ) ap P ddx =0,
which, together with (2.11), implies

0 xr(la) _

1
0< = cf 1- x)[cpg“)(x;c)]zwa(x)dx < 2c
dc 1

= 0< x9)— x¥(0) < %

Since x,(;”(o) =n(n+ a + 1), the desired result follows. O

For 0 < ¢ < 1, the GSF cpgla)(x; ¢) turns out to be a small perturbation of the Jacobi
polynomial Jr(l“)(x), so is the eignvalue xr(l“)(c) (a direct consequence of (3.1)). The
following estimate follows from a perturbation method as described in [19], and a sketch
of the proof is given in Appendix A for the readers’ reference.

Lemma 3.1. Foranya>—-1land 0 <c < 1,

e D(x;0) =J D) +0(c?); £ D) =7* +0(c?), n=>o. (3.2)

With the aid the above lemma, we can show that the sequence {vr(la)(c)} is strictly
decreasing with respect to n.

Theorem 3.2. For any a > —1 and ¢ > 0,

vr(la)(c) > v,(li)l(c) >0, n=0,1,2,---. (3.3)
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Proof. It is enough to verify this ordering for sufficiently small c. Indeed, if (3.3) is
true for O < ¢ < 1, and if there exists a positive constant ¢ > c that violates this ordering,
then we can find ¢ < ¢, < ¢ such that vr(l“)(c*) = v,(i)l(c*). This contradicts to the fact that
{v{®} are distinct.

To this end, we assume that 0 < ¢ < 1, and carry out the proof by using Lemma 3.1.
Differentiating (2.15) with respect to x gives

1
vr(l“)axcpg“)(x; c)= f npga)(t; c)wa(t)axKEa)(x, t)dt, 3.4)
-1
and )
(a) 2 (a) cr) — (a) (.. 2 K(a) d 35
Va1 9x P (X5 €) eni1(t;0)@ o ()0 K> (x, t)dt. (3.5)
-1
It’s clear that
0K (x, ) = 3K (x, 1). (3.6)

(o)

Multiplying (3.4) by ¢,

derive from (3.6) that

@, and integrating the resulting equation over (—1,1), we

1
vr(la) J axcpgl“)npsflwadx
-1

1 1
= f (f sog@(t;c)wa(t)axKEa)(x,r)dt)cp,&?l(x;c)wa(x)dx

-1 -1

1 1
(g)f (J npga)(t;c)wa(t)atKEa)(x, t)dt) <p£li)l(x;c)wa(x)dx (3.7)
-1 °J1

1 1
= f (f s (03 )@, ()BK (x, )dx ) (85 Yo ()t
-1 1

1
=i | et
-1

where the last equality is obtained by multiplying (3.5) by apg")wa, and integrating the
resulting equation over (—1,1). For 0 < ¢ < 1, we find from (2.1), (2.5) and (3.2) that

1 1
J 8X<p£l“)cpﬁ)1wadx = J 3XJT(I“)J£(_:)1wadx +0(c*) =0(c?),
-1 -1

and

1 1 (@)
(n+ Dk,
J 1 gogla)axgoﬁ)lwadx = J 1 3XJr(li)1Jr(l“)wadx +0(c*) = @ L 4+0(c?)
- - n

_ @n+a+2)y/@2n+a+1)2n+a+3)
B 2(n+a+1) +

a 2
>n+1—|—§+0(c ).

0(c?)
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Thus, we can rewrite (3.7) as

[} 2690 @ odx

[, 000,08 @ dx

VD) = v (@) =viD(e) | 1- =v@()(1-0(c?) > 0.
This completes the proof. O

The rest of this section is to analyze the asymptotic properties of cpfla) and vr(la). In
view of (2.23) and (2.26), it is necessary to study the Jacobi expansion coefficients {/3,'}.
We first derive an explicit upper bound for 3] by using an argument in [10].

Lemma 3.2. Denote

2
I =q(n;a,¢) = —=, (3.8)
Xn
and let m be a nonnegative integer such that
2
N2 ) _
m(m+a+1) < — Xn . (3.9)

2

Then for any a > 0 and ¢ > 0, we have

qa\™ 2m® 4+ 3am?+3(c> —a—2/3)m a+1
IﬁSIS(E") exp( @ ) g (3.10)

3xn

Proof. Define

1
Al = J xk<p£la)(x;c)wa(x)dx, (3.1D)
-1
and n, := q;". To establish (3.10), we first show that
m—1 2 -1
420l +a+1)

sl <nmlan T (1 - e ) . (3.12)

[=0 Xn

Rewrite (2.9) as
3 (1= xD@,8,0%) + 19 (1=1,(1 - x)) @@ =

Multiplying the above equation by x! and integrating the resulting equation over (—1, 1),
leads to
2 2

(1 - DA™, — alA"_| {x}f‘) —l(+a+1)}A"+2A =0, >0, (3.13)

+1 —

where A" , = A" | = 0. In particular, we have

2

2
C
{xff") - E}A" SAL=0. (3.14)

Without loss of generality, we assume that A > 0 (if Ajj < 0, we just replace A} by —A}
in (3.13)-(3.14)). Observe from (3.9) that for 0 <[ < m, the coefficient ofA?1 in (3.13)
is positive. Hence, (3.14) implies A] < 0. For a > 0, we find from (3.13) that
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A”>OandA? " l+1 < 0. Thus, by (3.13),

2 2

{xf;ﬂ E—l(+a+1)}A”+2Al+1 0, 0<l<m,

e if [ is even, then A} ,,

which implies

¢ +21(1 +a+1))—1

0<Al < nlar,l(1 —

2)n
e if [ is odd, then A} ,,A] <0 and A]_,, 1+1 > 0. By (3.13),
2 2
{xfﬁ) — = i(lta+ 1)}A"+ AL 20,

which gives

"< 420l +a+1)y-1
0<-A] =, z+1(1 2@ )

Consequently, for a > 0,

2420l +a+1)
(a)

AT A (1 oo<i<
| | 7)n| l+1|( - ZX ) 5 O— =m,
which leads to (3.12).

Notice that

In2
1—x>exp(—2x), for 0<x < -
Therefore, under the condition (3.9),
AA+20(l+a+1) A+20(0+a+1)
— (- )

25" "

This yields

m—1 2 -1 m=1, 2
+2l(l+a+1 o (cc+2l(l+a+1
(1_c (l+a )) < exp( o ( (ag )))

1=0 255 In

= eXp( Bx(a)

Next, we obtain from (2.11) and (3.11) that for o > 0,

a+1
AL | < |[x™ (a) < .
A < 15" (e, < 4 g
Moreover, by (2.11), (2.23) and (3.11),
) _ a+1
ﬁ(r)l - JO Ag - 2a+1 ATOI'

A combination of (3.12) and (3.16)-(3.18) leads to the desired result (3.10).

0<Il<m.

2m® 4+ 3am? +3(c> —a — %)m)

11

(3.15)

(3.16)

(3.17)

(3.18)
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Remark 3.1. Suppose that
0<g,<1 and m= O((xr(la))l/g) =0(n??).

Then we deduce from (3.10) that || decays exponentially with respect to n.

We have the following upper bound for |B}| involving | [J’gl, which together with
Lemma 3.2, will play an essential role for the analysis of GSF approximation in the pro-
ceeding section.

Lemma 3.3. Let 3 be the Jacobi expansion coefficient defined in (2.23), and let q,, and m
be the same as in Lemma 3.2. If 0 < qn <1,thenfora>—-1,c>0and 0 <k <m,

Co ) 2(a+2)?
|ﬁk| < qn |ﬁ0| with Ca = a——l—]_ (319)
Proof. The (k + 1)th equation of the system (2.24) can be written as
2 1 k(k+a+1)
m=— (-5 - — 3.20
ﬁk—i—l Qjesq ( qn ( Xr(la) ) 2 )ﬁk Qs ﬁk 1> ( )

for k > 0 (with B, = 0).
Using (2.4), one verifies that fora > —1 and k > 1,

2(a+1) _ 2k(k+a) 2k(k + @)

s 3.21
@+2? - 2kta? %S 2k+a)2k+a-1) (3.21)
and
az
0<-bp<-bj=——--—17-—<1. 3.22
= k=TT T (a4 2)(a+4) (3.22)

Next, we prove (3.19) by induction. Using (3.20) with k = 0, we derive from (3.21)
and the fact 0 < q,, < 1 that

N 2 [(a+1)q,—2(a+2)| . a_ Coa o
|ﬁ1|= - |ﬁ0|S |S_a|ﬁo|
a4, 2(a+2) dn
Recalling that q,, < 1, we find from (3.9) that for k <m
dn k(k+a+1) 1 In2
E—( —T) —§+T<O. (3.23)

Xn

Assuming that (3.19) is true for k and k — 1 (with k > 1), we deduce from (3.20), (3.21)
and (3.23) that for k <m

dn k(k+a+1) bkqn
n < - 1 _
Beial = ak+1CIn| 2 ( XT(la) ) 1A + lﬁk !
2 k(k+a+1) dn bkqn
= 1- - 1B |+ |/5 |
ak+1qn( X,(la) 2 ) k k-l
2 k1 (3.24)
< (a+2) (1 k(k +(a)+ 1))( ) |ﬁ0| (&) |[)’g|
(a+1)q, I k+1 ~qn

_(Ca)kﬂlﬁnl 1 k(k+oz+1)+ akqn
dn o 2 25 2a1C2 |



Generalized Slepian Functions 13

In view of (3.1), the summation in the curly brackets is bigger than 0 for all 1 < k < m,
so it suffices to show it is less than 1, that is, to prove

a a+2)* C?
e | )25—3, 1<k<m, a>-1. (3.25)
Ary1 2(a+1) q;

We first consider the case with k = 1. A direct calculation by using (2.4) yields

a _ (a+D(@+4)y/(a+3)(a+5) - (a+4)
a, 2a+2)%/(a+ 1) (a+3) 2(a+2)?

Hence, it is enough to verify

fla):=(a+2P—(a+1)(a+4)>0, a>-1,

which holds, since f(—1) =1 and f’(a) > 0 for all a > —1. We next turn to the verifica-
tion of (3.25) with k > 2. Indeed, by (3.21),

a4 _ k(k 4+ a)(2k + a + 2)? <(2k+a+2)2<(a+6)2
QG (k+1D)(k+a+1)2k+a—-1)2k+a) 2k+a—-1/ ~ \a+3
Thus, it suffices to show
(a+3)a+2)?—V2(a+1)(a+6)>0, a>-1.
Once again, it can be verified by simple calculus.
The induction is then completed by (3.24) and (3.25). O

In the sequel, we study the asymptotic behavior of the GSFs and the eigenvalues
vr(l“)(c) with large n. For this purpose, we first establish the explicit asymptotic formulas
for the expansion coefficients 37, , in (2.23) with k = 0,%1 by using the inverse power
method (cf. [18]). Basically, we solve the eigen-problem (2.24) with A being the 3 x 3
symmetric tri-diagonal matrix, whose main diagonal is

(An—l,n—l ’An,n’An-‘rl,n-H ) >

and the upper off-diagonal is

(An—l,n: An,n-i—l):
where the entries A; ; are given by (2.25). Using the standard inverse power method, we
can obtain a good approximation of 3/, (k =0,+1) and xr(l“) for large n :

(/;:—1’ N:,/;:H)t = (/3:—1’ :’ﬁrrzlﬂ t’ f,(la)(c) >~ X,(la)(c)-

Hereafter, the notation A ~ B means that for B # 0, the ratio A/B — 1 in certain limiting
process.
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Proposition 3.1. For fixed ¢ > 0,a > —1 and large n,

2 2

noo=fr o(%), k=0,1; 79(c)=79(c)+ o(%), (3.26)
where
< c* ~ c? c? ~ c? 2
p’::l—m, ﬁ:_lz_S_n—i_aW’ :+1:8_n_(a+2)@’ (3.27)
and
79(c) =n(n+a+1)+§+%. (3.28)
Consequently, we have
D (x;c) o T () + BRIO(x) + B, T, (x). (3.29)

Remark 3.2. In theory, this approach can be applied to find the asymptotic formulas for
B; with |k —n| > 1, but the symbolic computation is very tedious. Moreover, as pointed
out in [18], such a procedure is somehow heuristic and the rigorous proof is lengthy and
elementary.

As a consequence of Lemma 3.2 and Proposition 3.1, we have the following asymp-
totic bound for vr(la)(c) with large n.

Corollary 3.1. If0 <q,, =c?/x®) < 1, then for a > 0,c >0and n>> 1,
vr(la)(c) < Cm_l/zn_(“+1/2)(qn/2)m, (3.30)
where m = 0(n*/®) and C is a positive constant independent of m and n.

Proof. Using (2.6), (3.29) and the Stirling’s formula

T(x) >~ V2rx* Y2e™, VYx>1, (3.31)
we obtain that
a+1/2
cpfl"‘)(l;c)zJ,S"‘)(l)z ———, n>1. (3.32)

2¢2T(a+1)’

Taking m = 0(n?/3) such that the condition (3.9) holds, we obtain (3.30) from (2.26),
(3.10) and (3.32). O

As a numerical illustration of the asymptotic formula (3.26)-(3.27), we plot in Figure
3.1 (right) the approximation error log;, (glé)li 1B = Byl /c?) against log;yn for a =

—0.5,0 and various ¢, which verifies the expected rate of convergence O(n™>).
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12 1.3 14 15 16 1.7 1.8 1.9 2 21 22 23
1og, (")

Figure 3.1: Left: Profiles of 10810(%(1“)) for various n € [0,100] and ¢ € (0,60] with a = 0.5.
Right: Decay of the error: log; (‘rllgli)lilﬁ” —/5’r’f+k|/c2) with n € [20,160], ¢ = 1,5,10 and

n+k
a=-—0.5,0.
4. Approximation by GSFs

In this section, we study the approximability of GSFs, and derive the approximation
errors with explicit dependence on the tuning parameter c.

Hereafter, let N be the set of all non-negative integers. For N € N, we consider the
approximation of function u € Lfva(l ) by the truncated GSF series:

(n(“)u)(x)—z 1 p((x;0), (4.1)

where
1
ﬂg“) = ﬂg“)(c) = J u(x)cp(a)(x; ), (x)dx. (4.2)
-1

To describe the approximation errors, we introduce the weighted Sobolev space H (I )
with r € N, defined as in [2], whose norm and semi-norm are denoted by || - ||rm and
| * |, Tespectively. In particular, Lfn ()= Hg, (I) with the norm || - || . We also use
the non-uniformly weighted Sobolev s(ilaace: -

BL, (I):= {u ofuel? (1), 0<k< r}, (4.3)

equipped with the norm and semi-norm:
r 1/2
k112
lllgy, = (00kulZ, )", luls = l8ulla,,,.
k=0

Roughly speaking, the truncation error ||7r§\7)u — ul|, can be characterized by the

decay rate of |ﬁ](\‘,1) |, as stated below. It should be pointed out that the argument is similar
to that for the PSWFs in [10], but the following analysis is subtler.
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Theorem 4.1. For a > 0 and ¢ > 0, let gy = cz/xl(va) and assume that u € B (I) with
r=0.

e If0 < qy <1, then we have

/
8] < D (N2 P10l + (%)W lall,)- (4.4)

e Given In2 < ¢y < 1, let q, be the root of x = 2cqe 2*. If 0 < qy < q,, then there
exists 0 < py < cg < 1 such that

|a5] <D(NTN18] ulles,,, + ()N llull,)- 4.5)

Here, D and 6 are positive generic constants independent of N and u.

Proof. Let M be a positive integer to be specified later, and let u,; be the truncated
Jacobi series:

1
uM(x)—Zg(“)J("‘)(x), g = f u(x ()@ 4 (x)dx

-1

Rewrite u](\, a) as

1 1
= f () = up () (x5 ) o (x)d x + f (V) (x; )@ (x)dx.  (4.6)

-1 -1

Next, we estimate the two terms separately. Firstly, using the Cauchy-Schwartz inequality
and (2.11), we derive from the fundamental Jacobi approximation result (see, e.g., [9]
or Theorem 2.1 in [13]) that

1
U (=)o x| < i =l 1057 s, < DML = 2220l 47D
-1

On the other hand, using the orthogonality and Lemma 3.3, we treat the second term as

’f uMcpl(\?)w dx’ ‘Zg(a)f J(a) (a)w dx‘

M

() ([ 4wy
k=0 k=0 - (4.8)
M

M 1 C. N2k L
<l (5 B)7)" = (25 ()7 ) 163l
k=0

k=0

C \M
< VM) 1B e,
N
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To prove (4.4), we take m = O(()(](Va))l/g) = O(N?/?) in Lemma 3.2 (note: this m
verifies the condition (3.9), and the exponential factor in (3.10) is uniformly bounded),
and derive from (3.10) that for &« > 0 and ¢ > 0,

D rqy\m
N — [ X
1BY1 < m(z) . (4.9)
We choose M = O(m) and find a constant O < y < 1 such that
NG) V2
M _ nv2Hring 2+CYIH oo L (&)% = (—qN )_Y. (4.10)
m lnq—’Z v2 NN V2
N

To illustrate the existence of v, we take y = % for simplicity and define

Inv2+ylny
f(.yN) = C, N) (4.11)
lnﬁ +Inyy

where yy := q—ﬁ € (v/2,+00). By using simple calculus, we can verified that
N

5lnv2 1
=f(V2) < flyn) < f(+o0) = -, (4.12)
4InC, 4
since f'(yy) > 0. In view of (4.12), % is uniformly bounded. We take M = O(m) =

O(N?/3). Hence, a combination of (4.8), (4.9) and (4.10) leads to
1 M
C \M rqyym adn (Ca\m\™
(a) < _a _N = —N —a m
‘J;l Uy @y wadx‘ _D(qN) ( > ) llulle, D( > (QN) ) llull e,

3

(4.20) _( dn 3™ qn N
=0(2) e, <0(Z) Il

where 6 = %’L’ with T = N2/3 /m. Thus, (4.4) follows from (4.6), (4.7) and the above
estimate.

Now, we turn to the proof of (4.5). We derive from (3.10) that for every m satisfying
(3.9),

D ,qyy\m 2m® 4 3am? + 3¢%m Py
By 1< —=(5) exp =D—=, 4.13
0 m( ) ex( 32 ) Jm 4.13)

where we denoted by

qn (2m2+3am+3c2)

PN = —-€Xp (4.14)
It is clear that 0 < py < ¢y < 1, if and only if
3 3 2¢p 3
(@) 0 2
m(m+§a) <§XN°‘ lna—ic and 0<qy <q,, (4.15)
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where q,, = 2cge” 9 with In2 < ¢y < 1. Moreover, one verifies readily that when 0 < gy <
g., we have

In2 > 3 2¢co 3
3,2 3 () (a) Y 2
qye AN < 4CO = TXNa — E EXNa IHE - EC . (4.16)
We choose m to be the largest positive integer such that
( +2( +1)) 2w o (4.17)
m(m+ 2 (a S 5N > .

which guarantees (3.9) and (4.15). Similar to (4.10)-(4.12), we can find a constant
0 <y <1, and choose M such that when 0 < qy < g,

M In- Coy 2 i
R }7 = — =p T, (418)
m 1115—” (QN) N

N

Once again, by the same argument in (4.12), we can take M = O(m) = O(N). Thus, by
(4.8), (4.13) and (4.18),

1 M
C \M C \m
(a) a m a\m
un o\ @edx| <D (22) pRllulle, =D (pw (52) ") "Il
| () (en(5)") “19)
.
=Dp ™ lullgs, = DPIN llull 5, -

where § = (1 — 7)7 with T = m/N. Finally, the estimate (4.5) follows from (4.6), (4.7)
and (4.19). O

Remark 4.1. Notice that the root of x = 2e™* is approximately § ~ 0.8524. Roughly, if
gy < g, the estimate (4.5) holds.

Notice that the conditions in Theorem 4.1 involve )(](Va) and c, while it is more desir-
able to express them in terms of the ratio k = ¢/N. By (3.1),

a+1l k2 a+l
<—<1l+—+k«*, VN2=>1, (4.20)
qn N

1+

which implies the for N > 1,

K’Z

K=
- 14k2

<qy < k2. (4.21)

Hence, qy sits in the interval [k, k), but it seems implausible to obtain an explicit rela-
tion between gy and k. Here, we just provide in Table 4.1 some samples of k and the
corresponding numerical approximations of q, with a = 0.5 and N = 128.

In what follows, we provide some numerical examples to demonstrate the conver-
gence behavior of approximation by GSFs.
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Table 4.1: Samples of x and gy.

k=0.5 k=1 Kk=1.2 Kk =1.268 k=1.5

K qn K qn K qn K qn K qn
0.200 | 0.222 | 0.500 | 0.654 | 0.590 | 0.807 | 0.615 | 0.8524 | 0.692 | 0.976

In the first example, we consider the GSF approximation of u(x) = sin(37x)exp(5x).
In Figure 4.1(left), we plot loglo(lﬂ](\?)I) (with a = 0) against N, and observe an expo-

(o) (o)
N N

nential decay of |&i,,’|, when gy meets the condition for (4.5). However, |i,, | grows fast

as gy gets close to 1. We also find that in general, |ﬁgva)| decays faster when c ~ N.

In the second example, we test u(x) = (x — a)”/5es™* with a = 0,1, which has a
finite regularity in the space B (I) (cf. (4.3)). It follows from Theorem 4.1 thatifa =1
and qy satisfies the condition for (4.5), then we have |ﬁgva)| = O (Ne~(4/5+a+ 1) for any
0 < £ € 1. We plot in in Figure 4.1 (right), loglo(la](\?)D (with @ = 0.5) against log;,(N).
The slopes are slightly smaller than the theoretical prediction when gy < 0.8524 (cf.

Remark 4.1) or ¢ ~ 1.268N (cf. Table 4.1). Once again, we find that ¢ ~ N is a good
choice.

I I I I I I
10 20 30 40 50 60

Figure 4.1: Left (Example 1): loglo(lﬁgf)l) against N € [8,64] with « = 0 and
gy = 0,0.22,0.65,0.81,0.87,0.93,0.98. Correspondingly, we have ¢ = kN with v =
0,0.5,1,1.2,1.3,1.4,1.5. Right (Example 2 with a = 1): 10g10(|ﬁ§\7)|) against log;,(N) with
a = 0.5 and gy = 0,0.22,0.65,0.81,0.8524,0.93,0.96,0.99. Correspondingly, ¢ ~ kN with
k=0,0.51,1.2,1.268,1.4,1.47,1.56.

We still test the second example with a =0, 1, but fix ¢ = N and choose a =0, 0.5, 1.
In Figure 4.2 (left), we take a = 0 in the second example. It is predicted by Theorem
4.1 that |ﬁ](\?)| behaves like O (N*719/10). As expected, we observe almost the same decay
rate for different a. In contrast, if a = 1, the decay rate O (N e=(19/ 5+a)) varies with a, as
depicted in Figure 4.2 (right).
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1.5 1.6 1.7 1.8 1.9 2 2.1 22 23 1.5 1.6 17 1.8 1.9 2 21 22 23
10, (N) 109, (N)

Figure 4.2: loglo(lﬁ](\?)D against log;o(N) with N € [32,192] and ¢ = N. Left: Example 2 with
a =0. Right: Example 2 with a =1.

A. Proof of Lemma 3.1

Following the general perturbation scheme in [19], we expand the eigen-pair in series

of ¢?:

0 o0
P =IO+ )Pl a) 1P =7P+ ) [ Faya), A
j=1 j=1

where ‘)/gla) = Xr(la)(o) (Cf (210)), and

j
Qu (x5, @) = D, Biu(j, ) (x), (A.2)

k=—j

with the convectional choice By, , = 0. Let f)ga) and 2, be the Sturm-Liouville operators
associated with Jr(l“) and cpgl“), respectively, as defined in Section 2:

2
c
£ =—w_0, (A1-xM)@ud), 2, =2+ (1= x). (A.3)
Hence, substituting the expansion (A.1) into
29 (x;0) = PP (x;0), n21, (A4)

n

equating to zero the coefficients of distinct powers of c?, we find the equation corre-
sponding to the coefficient of c? is

1
(£ =1 Qua 50 =00 = a0, =0, (A-5)
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Hence, using f)ga)Jr(l“) = ygla)Jr(la), the property (2.3) and (A.2), we find that

e, (n+1)(n+a+1)
Bin="o _@"~ 2 ’
o —rn” (@n+a+2)2y/@2n+a+1)2n+a+3)
2
—-a 1
a,1=d, = + -, (A.6)
mLT T n+ a)(2n4+a+2) | 2
e,c —n(n+a
and By, = (@) — @ ( : = “Bur-,
1Y - @n+a)2y@nta-1)2n+a+1)
where e, and d,, are defined in (2.25). In view of B, , = 0, we obtain that
{D0;€) = D) + ¢ (B () + Brpd D)) +0(ch, (A7)
and
2{900) =y + c2a,; +0(cH). (A.8)
This ends the proof. O
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