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Abstract

A Legendre and Chebyshev dual-Petrov—Galerkin method for hyperbolic equations is introduced and analyzed. The dual-Petrov—
Galerkin method is based on a natural variational formulation for hyperbolic equations. Consequently, it enjoys some advantages which
are not available for methods based on other formulations. More precisely, it is shown that (i) the dual-Petrov—Galerkin method is
always stable without any restriction on the coefficients; (ii) it leads to sharper error estimates which are made possible by using the opti-
mal approximation results developed here with respect to some generalized Jacobi polynomials; (iii) one can build an optimal precon-
ditioner for an implicit time discretization of general hyperbolic equations.
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MSC: 65M70; 35L50; 65M12

Keywords: Legendre polynomials; Chebyshev polynomials; Spectral and pseudo-spectral approximations; Hyperbolic problems; Dual-Petrov—Galerkin

method

1. Introduction

We consider in this paper Legendre and Chebyshev
approximations of the linear hyperbolic equation
Ou+0(au) +bu=f, |x]<1, 0<t<T, (1.1)
with given initial data and appropriate non-periodic
boundary conditions.

There exist a large body of literature on using spectral
methods for solving hyperbolic systems (cf. [10,4,3,9] and
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the references therein). We refer in particular to the recent
review paper by Gottlieb and Hesthaven [9] for a up-to-
date account on this subject. Previous work can be essen-
tially classified into four different approaches: collocation,
Galerkin, tau (cf. [10]) and penalty (cf. [9]). In this paper,
we shall take a different point of view by proposing a
dual-Petrov—Galerkin method.

The dual-Petrov—Galerkin method was recently intro-
duced by Shen [22] for solving third and higher odd-order
differential equations. The key idea is to choose the trial
functions satisfying the underlying boundary conditions,
and the test functions satisfying the “dual”” boundary condi-
tions. This approach enjoys a number of appealing advanta-
ges: (1) it leads to a strongly coercive bilinear form despite the
fact that the leading-order differential operator is not elliptic
and non-symmetric. (ii) it leads to a well-conditioned linear
system, sparse for problems with constant-coefficients,
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which can be efficiently solved; (iii) it leads to optimal error
estimates.

The purpose of this paper is to present a Legendre and
Chebyshev dual-Petrov—Galerkin method for hyperbolic
equations, and to investigate whether their advantages
for third and higher-order equations would carry over to
first-order equations. The following three issues will be
addressed:

(1) Stability: We shall show that the dual-Petrov—Galer-
kin method is always stable without any sign restric-
tion on the coeflicients a and b.

(2) Error analysis: We shall develop new approximation
results based on the special basis functions which
can be regarded as generalized Jacobi polynomials
with index o < —1 and/or f < —1. We shall then
use these new approximation results to derive sharper
error estimates for the dual-Petrov—Galerkin method.

(3) Efficiency: We shall discuss some implementation
details of the dual-Petrov—Galerkin method in fre-
quency space as well as in physical space. In particu-
lar, we shall show that when working in frequency
space, the sparse matrix for a problem with constant
coefficients can be used as an optimal (independent of
number of modes) preconditioner for the full matrix
associated with a large class of variable coefficients.

The paper is organized as follows. In Section 2, we intro-
duce the spectral and pseudo-spectral dual-Petrov—Galer-
kin methods in a general setting and prove their stability.
In Section 3, we discuss some of the implementation
details. Then, in Section 4, we develop sharp approxima-
tion results based on special basis functions which are
mutually orthogonal in weighted (generalized) Jacobi
spaces. We then use these new approximation results to
derive, in Section 5, error estimates for the Legendre and
Chebyshev spectral dual-Petrov—Galerkin methods. We
conclude with several remarks.

We now introduce some notations which will be used
throughout the paper.

Let y(x) be a weight function in / = (—1, 1), which is not
necessary in L'(I). We denote by H (I)(r=0,1,...) the
weighted Sobolev spaces whose inner products, norms
and semi-norms are (-,-), |||, and ||, , respectively.
In particular, the norm and inner product of
Li(l) = Hg(l) are denoted by | - ||, and (-, -),, respectively.
The subscript y will be omitted from the notations in case
of y(x) = 1.

We denote by w*(x) = (1 —x)"(1+x)" the Jacobi
weight function. In particular, we use w(x) to denote
respectively the Legendre (w(x)=1) or Chebyshev
(w(x) = (1 — x2)""/?) weight function.

For any non-negative integer N, we denote by P, the set
of all algebraic polynomials of degree < N. We shall use ¢
to denote a generic positive constant independent of any
function and N, and we use the expression 4 < B to mean
that 4 < ¢B.

2. The dual-Petrov—Galerkin method and its stability
2.1. An illustrative example

To illustrate the attractive properties of the dual-Pet-
rov—Galerkin method, we first consider the following
model equation:

ou+adu=f, (x,0)elx(0,T],
u(=1,6)=0, ¢e€l0,T];

where a is a positive constant.

u(x,0) = up(x), x €1, (2.1)

2.1.1. Variational formulation
Define the “dual” approximation spaces:

VN:{HGPNH(*I):O}, Vjv:{UEPNU(I):O}

(2.2)
The Legendre or Chebyshev dual-Petrov—Galerkin method
for (2.1) is
{Find uy(-,t) € Vy such that for all z € (0, 7],

(é,uN, UN)w + a(axuN, UN)w = (f, UN)w, VUN S V;V’

(2.3)
with uy|,_, = upy being a suitable approximation to ug, and
o(x) being either the Legendre or Chebyshev weight
function.

Note that for any vy € Vy, we have vy {= € V},. Hence,

by setting wo(x) = w(x) {7, we can rewrite the dual-Petrov—

Galerkin formulation (2.3) in the equivalent (weighted)
Galerkin formulation:

Find uy(-,#) € Vy such that for all ¢ € (0, 77,
(atuNa UN)U)O + a(axuN7 DN)wO = (fa UN)(,)O; va € VN7
(2.4)

with uN|;:() = UyN-

2.1.2. Stability
The key to stability is the following identities which can
be derived directly from an integration by parts:

1
1
v,v), = [ V*(x)——dx, YoeV
(0er0),, L O .

l Ja—
ww%:/&m 27 g,

(for w(x) = 1),

YoeVy (for o(x)=(1—

(2.5)
Hence, taking vy = uy in (2.4) leads to that for w(x) = 1,

1 ! ! 1
—6/ D) xdx+a/ w——dx
2 t » N 0() . N(1+x)2
! 1 —x
_[1fuN1+xdx

<“/12 ! dx—i—l/lfz(l ) d
<z | u——sdi+ —x)*dr,
2 ) N(1+x)2 2a J_,
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1
Vit

6/ uk o (x) dx + = /uN
v/ (1 +x (1 -x)
I —x
< Uy | ———dx
/lfN\/(1+x)3

a [! 1
<—/ ul dx+—/
20 e’ -x) ”

The stability of the scheme follows immediately from the
above and the Gronwall inequality.

and for w(x) =

2.2. General setup

We introduce in this subsection a general setup and
some notations to be used throughout this paper.

Without loss of generality, we conventionally assume
that the variable coefficients ¢ and b in (1.1) satisfy:

(1) a(%1,7) does not change sign in [0, T];?
(2) the functions a,a,,b € L*(I x [0, T)).

To impose boundary conditions, we denote

I':=0l={-1,1}, I'" :={x €I :xa(x,t) <0},

r-:=r\r. (2.6)

The problem of interest is of the form

Ou(x,t) + Oc(alx, u(x, 1)) + b(x, Hu(x,t) = f(x,¢),

(x,0) € I x (0, T),u(x,t) =g(t), (x,¢) eI x[0,T];
u(x,0) =uy(x), xel. (2.7)

More precisely, the boundary conditions are as follows:

(D) u(£l,8) =g, (1), if a(—1,¢) > 0,a(l,1) <O0;
(i) u(=1,6) =g_(¢), if a(—1,7)>0,a(l,t) = 0;
(iii)y u(1,7) = g. (1), if a(—1,7) <0,a(l,t) <O;

) (2.8)
(iv), no BC, ifa( 1,) < 0,a(1,£) > 0.

Since the non-homogeneous boundary conditions can be
easily homogenized by subtracting a simple linear function
from the exact solution, we shall only consider, without
loss of generality, the case g.(f) =0

To formulate the dual Petrov—Galerkin formulation uni-
formly for the four cases, we use the notations

R -1, ifler, . -1, if —1erl",
o = 1 ﬁ: 1

iflert, if —lert
and define the weight functions

(2.9)

2 1t will become clear that each time a(+£1,t) change sign, the variational
formulation needs to be changed accordingly.

= o(x)o* (x), (1-x%)"

(1 —x*)a(x).
More precisely, corresponding to each boundary condi-
tion (i)g—(iv)g in (2.8), we have
)y a=P=-1; (i)ya=1p8=-
(i), a=—1,=1; (iv);a=p=1
Hereafter, the conditions or expressions labeled by (i), cor-
respond to the boundary condition (i); with g, () =0 in
(2.8), and likewise for (ii)z—(iv)s.
For each of the boundary conditions (i),—
define the “dual” approximation spaces:

CO()(X),

(O ()C)

wy(x) =

(O] ()C) =
(2.10)

(2.11)

(iv),, we

Vy={ue€Py:u(£l)=0}, Vy =Py, for (i)
Vy=A{u€ePy:u(—1)=0}, Vy={vePy:v(l)=0}, for (ii)y;
Vy={ue€Py:u(l)=0}, V,={vePy:v(-1)=0}, for (iii)g;
Vy=Py_o, Vy={vePy:v(£l)=0}, for (iv);.

(2.12)
One verifies readily that dim(Vy)=dim(V}), and

oy € V3, for all vy € Vy.
2.3. Spectral approximation

With the above setup, we are ready to formulate the
approximation schemes. The Legendre or Chebyshev spec-
tral dual-Petrov—Galerkin approximation to (2.7) is

Find uy(-,¢) € Vy such that for all ¢ € (0, T},
(Qun,vy),, + (Oc(auy),vy),, + (buy,vy),
= (.f’UN)w’ VUN S V;V’
with uy|,_, = upn being a suitable approximation of u, (to
be specified later). )
Since for any vy € Vy, we have vyo*f € V7, the scheme

(2.13) is equivalent to the following weighted Galerkin for-
mulation (notice that wy = ww*#):

(2.13)

Find uy(-,¢) € Vy such that for all ¢ € (0, T7,
(Qittn, vw),,, + (Or(auy), vy),, + (buy,vx),, (2.14)
= (,faUN)(,)Oa VUN € VN7

with uy|,_, = uoy. It will become clear that the dual-Pet-
rov—Galerkin scheme (2.13) is more suitable for implemen-
tation, while the weighted Galerkin formulation (2.14) is
more convenient for stability and error analysis.

The following coercivity property is essential for the
well-posedness of the problems (2.7) and (2.14).

Lemma 2.1. Let
A(u l)) = (ax(au)’ U)mo

Ifue Lm (I) and u, € Lio (I), then there exist three real num-
bers A; (l =0,1,2) with 4y, 2, > 0 such that for t € (0, T],

Jollull? < A(u, u) (2.16)

+ (bu,v) (2.15)

wp*

+ 2 ull; < allulz,

[on) w]

where the weight functions wqy and w, are defined in (2.10).
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Proof. We first claim that if u € L} (I) and u, € L, (I),
then u?w, € C(I). Indeed, for any xl,xz € [-1,1], we have
from the definitions of wy and w,; that

| (x2) 0 (x2) — 1% (3x1) o (x|

X2 29) X2
/ Bu(120) <2/|@mmm@+/|w%wwh
X1 X1 X1

X2 X2
s/(@ﬁ+mm%w+/|www
X1 X1

s/ |6u\w0dx+/ |ul* e, dx.

X1 X1

Here, we used the inequalities: wy < w; and [0,m0| < wy.
Hence, letting x, — x;, we find that w?>w, € C(I). Thanks
to this fact and u € L}, (I), i.e.,

1,2
[t
4 =X

we have that u?(x)wy(x) — 0 as |x| — 1. Integration by
parts yields that

1 1
A(u,u):/ (axa+b)u2wodx+%/ ad, (u*)wo dx
_ -1

1

1
= / su?wydx,
-1

= %axa +b— %aw&laxwo.

(2.17)

where

s(x, 1)

More precisely, we have from (2.10) that in the Legendre
case (o = 1):

(2.18)

10a+b -4, for (i);
10a+b+14%, for (ii);
1) = — " 2.19
st 1) 10w +b— 45, for (iii); (2.19)
10w +b+7%, for (iv),
and in the Chebyshev case (co = 114):
10wa+b—324,  for (i);
1a+b+182 0 for (ii);
ste,r) =4 2 o (i) (2.20)
10a+b—182 0 for (iii);
10a+b+1i2,  for (iv).

Next, by an argument similar to the proof of Lemma 1.1 in
[4], we prove that there exist three constants 4; (i = 0,1, 2)
with Ay, 4, > 0 such that

/L()"‘

2
1= 2<S(x t)gm, (X,I)EIX [O,T] (221)
Indeed, the inequality at the right-hand side in the above
relation is obvious so we only need to prove the one at
the left-hand side. Let us consider for instance the case (i)
in (2.19). Indeed, by the continuity of a(x, ¢) and the condi-

tion that a(+1,¢) is bounded away from zero on [0, 7], we

2
2

know that there exists J € (0,1) such tha
with 4; > 0 and x € I\ [-J,5]. Then, since 0,a and b are
bounded in 7, and —*%; is bounded in [-6,0], we infer
(2.21). The other cases “can be proved in a similar way.
Finally, the desired result follows from (2.17) and
(2.21). O

Remark 2.1. We may even require that the constant
Jo = 0. Indeed, if /) < 0, the change of variable u — e*'u
in (2.7) leads to the same equation with 5(x) replaced by
b(x) — Ao (cf. [ ]) Hence, the transformed equation will sat-
isfy s(x,t) > {"“3,x € L.

We note that the existence and uniqueness of solutions
for (2.7) in the weighted Sobolev spaces that we consider
here have been established recently in [13]. We provide
below an a priori estimate which is an immediate conse-
quence of Lemma 2.1:

Theorem 2.1. Let u and uy be respectively the solutions of
(2.7) and (2.14). If ug € L}, (I) and f € L*(0,T; L2, (I)), then
we have

+ /11||“HL2(0.T;L5)1 ) S lluolly, + ||f||L2(o,T;L5,2(1))

(2.22)

H”HLW(QT:L%,O (1)

and

y T 1 ||uN||L2(0‘T;L(ZUI = H“O.Nucun + Hf”LZ(O,T;L}”Z Ok
(2.23)

where the weights w; (i = 0,1,2) are defined in (2.10).

|E7% HLx(o,T;L?,,O )

Proof. Taking the inner product of the first equation of
(2.7) with wou, and using the fact: co(z) = w;w,, we derive
from the Cauchy-Schwarz inequality that

1 .

EMM&+M%W=UM —HM+ \W@
Hence, by Lemma 2.1,

*6H||w0 ’HHU,l ol llullz, + qHﬂﬁf (2.24)

Consequently, using the Gronwall inequality leads to
(2.22).

Following exactly the same procedure, one can prove
(2.23). O

Remark 2.2. The definition of & and [3 is different from e~
and e* defined in (1.3) of [4]. Hence, although the approach
in this section is similar to that in [4], our variational for-
mulation, and therefore our scheme as well as its stability
and convergence properties, is different from theirs. In par-
ticular, Theorem 2.1 holds without assuming that the coef-
ficients a and b satisfy any coercivity condition such as (1.2)
in [4]. We note that by assuming a(x) > 0, a different set of
stability conditions involving the weight and a(x) is derived
recently in [16].
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2.4. Pseudo-spectral approximation

In practical implementations, the continuous inner
product (-, -),, should be replaced by a discrete inner prod-
uct (-,-)y,, (pseudo-spectral) which is based on a suitable
Gaussian-type quadrature.

Let (-,-)y, be the discrete inner product associated,
respectively, with the Gauss—Lobatto, Gauss—Radau (with
xo = —1), Gauss—Radau (with xy = 1) and Gauss quadra-
ture for the four different boundary conditions (i),
(i), (iii), and (iv),. Let Iy : C(I) — Py be the correspond-
ing interpolation operator. We recall that (cf. [3])

Yuv € Poyis, (225)

<I/l, U>N,w = (u’ v)w’
where 0 = 1,0,—1 for Gauss, Gauss—Radau and Gauss—
Lobatto, respectively.

It is well-known that one needs to use the skew-symmet-
ric form in a pseudo-spectral approximation to ensure the
theoretical stability for general situations (see [17,4,9]).

We denote

—_—

AN (MN, UN) = <a6xuN —+ ax[N (auN), UN>N<w

2
1

+ < <—axa + b) uN,vN> .
2 N,w

The skew-symmetric Legendre or Chebyshev pseudo-spec-
tral dual-Petrov—Galerkin approximation to (2.7) is:

(2.26)

Find uy(-,¢) € Vy such that forall 0 < ¢ < T,
Yoy € V;Fv
(2.27)

(Oitan s v )y o + An (s 08) = (f UN)x s

Lemma 2.2. Let J; (i =0, 1,2) be the same as in Lemma 2.1.
Then,

2 < Ay (uy, uy™")

]

a 2
Aol [, + Alfa |

< Jollunlll,,  Vuy € Vy, (2.28)

where w™P, wo and wy correspond to any of the boundary
conditions in (2.8).

Proof. The proof is essentially the same as that of Lemma
2.1. Thanks to (2.25), we only need to show

A ¥ 5,
<<;\.0 —&—ﬁ)uN,uNw ’ﬁ> < AN(uN,uNw ,[S)
-X N,

P o3
< <ﬁ uy, MN(JJ“’/ .
—X N,»

(2.29)
Indeed, we derive from (2.25) and integration by parts that

<aaxuN7 uNw&7ﬁ>Nﬁm - <axuN7 IN<auN)w&‘ﬁ>N,w

= (axuNa ]N (CZMN)CU&’/}>

w

= —(UN, axIN(auN)a)O —+ ]N(CZZ/IN)axCU())
= —(Qulx(auy), uye™)y

~1 5,
— {awy Oywolty, Uy ® 'ﬁ>N7w,

which along with (2.26) implies that

. 1 1
Ay (uy, uNa)“’ﬁ) = < (Eaxa +b— anolﬁxwo) uy, UN> .
N,»
(2.30)

Hence, (2.29) is a directly consequence of (2.19). [

Thanks to the above lemma, we have immediately the
following stability result:

Theorem 2.2. If ugy € L7, (I) and f € L*(0,T; L7 (I)), then
we have
llun][ o (01522, (1)) + AiJun ||L2(0.,T;L?Ul ()

< lluow|lo, + ”INf”LZ(O,T;L%,Z(I))' (2.31)

3. Implementations

In this section, we discuss some of the implementation
details of the dual-spectral-Galerkin method. We note that
the slightly more costly skew-symmetric form may not be
necessary since the standard form is often numerically sta-
ble, at least for well-resolved problems (cf. [11,8,9]). Hence,
we present two implementations below, one uses the skew-
symmetric form (2.27) with basis functions in frequency
space, and the other is the standard pseudo-spectral form
with basis functions in physical spaces.

3.1. Implementations in frequency space

To simplify the presentation, we shall only provide
details for the second boundary condition in (2.8). The
other cases can be treated in a similar fashion.

As demonstrated in [20,21], it is advantageous to use
basis functions which are compact combinations of the
Legendre and Chebyshev polynomials. Therefore, we set
in the Legendre case

Dp(x) = Le(x) + Lita (), ¥(x) = Lic(x) = Lisa (x)

and in the Chebyshev case
bp(x) = (1 +x)Ti(x), Y, (x) = (1 —x)Ti(x),

where L;(x) and T)(x) are respectively the Legendre and
Chebyshev polynomials of degree k. Then, we have for
the second case in (2.12),

Vy =span{¢y, ¢y,..., oy 1},

V;V :Span{lpO?lpl""vl//N—l}' (3])
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Therefore, setting

fj = <f.a lpj>N,w7 .f = (fb7fla cee 7fN—l)t7
N—1

Uy = Zakd)ka u= (Zl(),il], RN l}Nfl)t7
k=0

mj = (¢y, lpj>N,an M= (mjk)j‘k:O‘],...,N—l’

L,
Sjk = §<ad)k + Oy (ady), ‘/(/>N,w7 S = (Sjk)j,k:O,l‘...,th

1
9 = <(26Xa + b) ¢k7¢j>N s O=(q) 01 N10

(3.2)
we find that (2.27) becomes the following system of ODEs:
Mii, + (S + Q)i = f. (3.3)

We recall that the discrete inner product (-,-), , here is
associated with the Gauss—Radau interpolation nodes with
X0 — —1.

To avoid severe restrictions on time step associated with
explicit time discretizations of spectral methods, we shall
consider implicit schemes for integrating (3.3). After dis-
cretizing (3.3) by a suitable implicit scheme, we need to
solve at each time step the following linear system:

(oM + S+ Q)u =g,

where o = O(%) is a constant.

It follows from the orthogonality of Legendre and
Chebyshev polynomials that my = 0 for |j — k| > 1. Hence,
the mass matrix M is (non-symmetric) tridiagonal and its
entries can be easily determined.

On the other hand, the matrices S and Q are usually full,

unless ¢ and b are simple, low-order polynomials in x.

(3.4)

3.1.1. Case 1: a(x,t) = a and b(x,t) = b are two constants
In this simple case, we have from (4.6) and (A.13) that
for o(x) =1,

= {9l ¥y, = @D V), = 2403, (35)
G = (b Yy, =0, VIi—kl>1,
while for o(x) = -,
= 5f<</5k’lﬁ e =a(d¥;), =0, Y-kl >1, (3.6)
= b{¢p, ¥ >Nw 0, Vlj—kl>2.
Let us denote
S;)k = (s, lpj)N,w’ So = (s?k)j,k:o,l AAAAA N-1> (3.7)
ik = (D W/>N,wv 0= (q?k)j«,k:()‘,l,“wN—l'
Then, we can rewrite (3.4) as
(aM + aSy + b0, )i = g, (3.8)

which can be efficiently inverted.

As we demonstrate below, the linear system in this sim-
ple case can be used as an effective preconditioner for the
general case.

3.1.2. Case 2: variable coefficients

As observed above, for general variable coefficients «
and b, the matrices S and Q are full. Hence, a direct inver-
sion of (3.4) is not advisable. However, we shall use Lemma
2.2 to show that (3.4) can be solved effectively by using a
preconditioned iterative method.

Since ¢ w1 € V3, there exists a unique set of {/;}
such that

N—-1
=D gy, k=0,1,. N1 (3.9)
=0

We denote H =
vx_1)', we define (v,v), := 27;01 v; which is the inner prod-
uct in 7.

Let uy, {#;} and & be the same as before, we have

(hkj)k,j:OA,le—l and for v = (vo,vy,...,

N-1
~ o~ _ ~ 0 ~
<HS()ll, ll>[2 = E ”khkjsj/“l
k=0
N—1

= > k()0 il

k.j,1=0

(Euor )
(5w

N,w

N—
Z kd)kw >

k=0

= <axuN) wl’_luN>N,U) (a MN’MN)(/) (3.10)
Therefore, by (2.5),
(HSou, ) p = HuN”O, , foro=1;
! P 3 2 1
Sl < (HSuin @ <5l for o = ——.
(3.11)
Similarly,

(H(aM + S + Q)a, l~l>,2

N-1
= > iwhy(amu + s+ q,)i

ko 1=0
< J

1 1
= <§ (aduy + O Iy (auy) + (oc + E@xa + b) uy, uN(ul"1>

>

1

S / 1 Nl
i, {E (ad)j + axlN(ad)j)) + (1 + iaxa + b> ¢j} , ukhkﬂ//j>
N,ow

Z

IMJE(a(/);.+ax1N(a¢j)><a+%axa+b)¢},xl o 1>Nw

k=0

Iy
S

Hence, thanks to Lemma 2.2,

(o + o)l o, + 2 lluwls, < (H (@M + S + Q)it, i)

20

2 ) 2
< ofluy|ly, + Z2llunll;,

Assuming o+ Jo = 0 (which holds for most cases since
a=O(4) > 1, see Remark 2.1 otherwise), we derive from
the above, (3.11) and the fact wy < o, that
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Table 1

number of BCG iterations needed with (M + S,)”" as preconditioner

N 8 16 32 64 128 256
Example I witha =1, =0 6 7 7 7 7 7
Example I with « = = 100 4 5 7 11 12 12
Example Il witha =1, f =0 8 16 33 68 125 260
Example I with « = = 100 3 5 6 8 8 8

;} (HSou, ) » (oM + S + Q)u, i) 2

< (H
3
2
The relation (3.13) indicates that a good preconditioner for
oaM + S + Q is S;"'. In fact, a more robust preconditioner is
(BM + So) " for some f§ > 0 with  ~ o for a > 1.

In Table 1, we list the number of BCG iterations needed
to achieve six-digit accuracy for solving (3.4) in the Legen-
dre case for the following two test examples using
(BM + Sy)”" as preconditioner:

(o0 + o) (HSoi, it} . (3.13)

Example 1. a(x) =2+sin(2nx), b(x) = —2ncos(27x). (a(x)
does not change sign in (—1,1)).

Example II. a(x) =1+ 2sin(2nx),
(a(x) changes sign in (—1,1)).

b(x) = —4ncos(2nx).

Note that in the Legendre case, we have Sy = 2/. Hence,
no preconditioner is needed in this case if we take f = 0.

We observe from Table 1 that (i) for Example I where
a(x) does not change sign, the preconditioner is very robust
for both « =1 and « = 100, and (ii) for Example II where
a(x) changes sign, the preconditioner is only robust when
o is sufficiently large and f ~ o. This is consistent with
(3.13) where it is assumed that o + 4 = 0.

We note however that although the preconditioner built
in the frequency space is quite robust with respect to N, it
may not be robust with large variations of @ and b. For the
latter case, it may be advantageous to use an implementa-
tion in physical space which we shall discuss below.

3.2. Implementations in physical space

Let {xj}j.vzo (with xog = —1) be the set of Legendre or
Chebyshev Gauss—Radau points. We set xy; = 1. Hence,
replacing (-,-),, by the discrete inner product (), in
(2.13), the standard pseudo-spectral dual-Petrov—Galerkin
method is:

Find uy(-,¢) € Vy such that for all ¢ € (0, 7],
(Oitans vw )y o, + (Oclaun) + bun, o)y,
= (f, vN>N$w, Yoy € V.

Let ¢ ;(x) € Py be the Lagrange polynomial associated with
{xj};vzo such that ¢;(x;) = dy; for j,k=0,1,...,N, and let
V;(x) € Py be the Lagrange polynomial associated with
{x; " such that y,(x;) =&y for jk=12,... . N+1
Then,

(3.14)

'a':bN}7
(3.15)

VN = Span{&)1,$2,...7(27}\/}, Vj\l = Span{{pl,l;bz,..

and we have
Wi = (P )y = 0P},
s = (0(an) W)y
= (a(x;, )} (x) + 0calxi, 1) 31) p, +a(—=1,0) (= )P (—= 1) py,
Gy = (bPi, b))y, = b(xi.1)S1;p;,
v =1 0,00+ f (=LY (= 1)p,

(3.16)
Let us denote
W =diag(py, py;---5py), S= (Sjk)j‘k:I«,Zﬁ.“,N’
0= ((’]‘/k)j,k:I,Z‘....,N7
Uy = ZN:uN(xj,t)&bk(x), u=(u(xy,t),u(x,t),...,ulxy,1)),
= (l/%( Doa(=1), g (=1)),
= (f (1, 8), f(x2,8), ..., f(xn, 1))
(3.17)
Then, (3.14) becomes
Wu,+ (S+ Qu=Wf+7(—1,6)p,g. (3.18)

In a pointwise form, the above equation, after inverting the
diagonal matrix W, can be written as:

Find uy € Py for all 7 € (0, 7] such that
Opun (x;, 1) + Oxlalx, Duy (x, 1)) |, + b(x;, un(x;,1)
=[5, 0) + 9, (=) 2 (=1,0) = a(=1, 0y (=1, 1)),
I<j<N,
uy(—1,¢) =0.
(3.19)

Hence, the dual-Petrov—Galerkin method does not corre-
spond to a pure collocation method, instead, it is a pseudo
collocation scheme with an additional boundary residual
term on the right-hand side.

In Fig. 1, we plot the eigenvalue distribution of W~'S for
various N, where W and S are the matrices defined in (3.17)
with a(x) = 1. It is clear that for all &V, the real parts of the
eigenvalues are always positive, indicating the good stabil-
ity of our dual-Petrov formulation.

Remark 3.1. One may solve (3.18) using a suitable explicit
scheme, which will be subjected to a usual CFL constraint
(see, for instance, [10,12]). On the other hand, since (3.18)
was derived from a proper variational formulation with a
coercive bilinear form, it may be possible, as in the case of
elliptic equations (cf. [18,5,19]), to build an optimal finite
element preconditioner which is robust with respect to both
the number of points and the large variations of coefficients
a and b. However, this subject and a detailed study on the
robustness of the preconditioning in frequency space is
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Fig. 1. Eigenvalue distribution of W 'S with a(x) = 1.

beyond the scope of this paper and will be investigated
elsewhere.

4. Error estimates

In this section, we shall present some optimal Legendre
and Chebyshev approximation results measured in strong
norms, and perform the error analysis for the proposed
dual-Petrov—Galerkin schemes.

4.1. Legendre case (v =1)

We first introduce the basis functions for the dual spaces
in (2.12). Let

Pu(¥) = Lua(x) = La(x), ¢, (x) = Ln(x) + Ly (x),

=L
Vo (x) = La(x) = Ly (%)

Thanks to the fact: Li(+1) = (+1)", one verifies that
@ (1) =, (=1) =y, (1) =0. Let JP(a,f > —1) be the
classical Jacobi polynomial of degree k (see Appendix A
for its properties). The following identities hold (see
Appendix B for the proof):

(4.1)

0a5) = =5y (1= ML),

00, (x) = (20 + 3) Ly () (42)
B = (1430 (0), 80,00 = (n+ JW:  (43)
D) = (1 -0, ) = —~(n+ D). (44)

The orthogonality of Jacobi polynomials (cf. (A.1)) implies
that {¢,}, {¢,} and {y,} are mutually orthogonal in
L2 (I), L%, (I) and L2 ,,(I), respectively. Hence, {¢,},
{¢,} and {y,,} can be viewed as extensions of the classical
Jacobi polynomials to the cases with parameters
(0, ) =(=1,-1), («,)=(0,—1) and (a,p)=(-1,0),

respectively. One also observes that

/, 8, () Loy () = — / 02 ()8 Ly (x) dx = 26,.,,
(4.5)

/, Buby (X)W () dx = — / Gy ()0 (1) dx = 26, (4.6)

Besides, as shown in Appendix B, we have

[ oo, (00 005 = Wbn 0z 130

I (4.7
[ el @ dx = Won 0> 120

I (4.8)
[ 080,000 05 = Wb 1> 120,

I (4.9)
with
W) =2+ DTS o

(4.10)

4.1.1. Legendre approximations
We first notice that the polynomial space Vy in (2.12)
for cases ig-ivy are respectively identical to

(i), V3" = span{p, : 0 <k <N -2},
(ii)y V%" =span{¢, : 0 <k <N — 1},
(i), V" = span{y, : 0 <k <N — 1},
(iv)y V%' =span{L, : 0 <k <N —2}.
For each pair (a, ) listed below,
)ga=p=-1, (i)ya=0,p=—1,

(ii)ya=—-1,=0, (iv)ga=p=0, (4.11)
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we define the weighted Sobolev space

By o) ={u:0uellu(l),0<I<r}, reN, (412)
equipped with the norm and semi-norm
%
112 r
Jully,, = (Z ||axu||v,a+/.ﬁ+f> C g = 13l
, — :

Consider the orthogonal projection 7% : L2,,(1) — 14+
defined by

(mifu —u,on) 0 =0, Yoy € Vil (4.13)

Let us first present a very special property of n,“v‘ﬁ .

Lemma 4.1. For each pair (a, f) in (4.11), let (&, B) be the
corresponding pair defined in (2.11). Then

(ax(nf\;ﬁu —u), N0 ’j) =0, VYoyeV, (4.14)
and
@, (7'u—u),vy) =0, Vo € V3. (4.15)

Proof. For each case of (i)g—(iv)g, we notice that

( o,fp

mlu—uyoyo™| =0, 00,y € V3.

Hence, (4.14) is a direct consequence of an integration by
parts and the definition (4.13). Since any vy € V} can be
expressed as vy, = va”‘ with vy € V%, (4.15) follows from
(4.14). O

We are now in position to state the main approximation
properties of these orthogonal projection operators.

Theorem 4.1. For each pair of (v, ) in (4.11), and for any

u € B, 4(I) withr € N,

[l ( 5P — u)

m—r|| A"
SN Haquu}“*’”’H”

tm frm ~

0O<m<r.
(4.16)

Proof. The result with o = f =0 is well-known (see, for
instance, [7,2]). A more general result (for all « and  which
are integers) was presented in [15] but the proof was omit-
ted due to space limitation. For the readers’ convenience,
we provide below a detailed proof for (4.16) with (i)
o = f = —1. The other cases can be proved similarly.

For any u € LU 1 (1), we write

= . o 1

u(x) = Zun(pn(x), with @, = W(u, ©p) it - (4.17)
n=0 Hyo

So formally we have from (B.1) and (A.1) that

ol s = 3 it = 3 i (4.18)

n=I[—1 n=I-1

On the other hand,

00
ﬂf;;l lu( Z
=N-—

n

§>

Hence, by (4.2) and (4.18),

o0
=)D = S 2 <G S i
=N

< Col0ull;

m
1oz
w11

where by (4.10) and the Stirling formula (see [6]),

Cy, = max i)
n=N-1 Ln s

4.1.2. Convergence of (2.13) with o = 1
Let # and uy be the solutions of (2.7) and (2.13) (with
o = 1), respectively, and set

ey =mPu—uy, ey =u—uy = (u—1u) +eéy.

Theorem 4.2. Let uy|,_o = uon = 7 ug. For each of the
pair (o, f) in (4.11), assuming u € L*(0, T,ng1 ()N

L>(0,T; B, 4(1)) and Ou € L*(0, T;B;;}(I)) with integer
r =1, we have

llun — u”L’C(OAT:Lz,U(I))

- -1
<N *(Ha,a; ”HLZ(O,T;L2 1) + ||a)rc“HLx(0<,T;quW,,,_,.(1)>>’

air—1par

(4.19)
where wqo and w, are given in (2.10).
Proof. By (2.7) and (2.14),
(6,6}\/, UN)(/)n + A(eNa UN) (af (TCN/;u - u) UN)(UO
+ (@(a(y'u —u)),ov),,
+ (b(myu — u), vx),,,,  Vow € V.
(4.20)

Taking vy = ey in (4.20) and using (2.23) (note: ey (0) = 0),
we find that

HéNHLOC(O,T;L:-UO(I)) + ;“1||éN||L2(0,T:L§J] m S G+ 62 (4.21)
with

G = H@, ”Nﬁu - ”) HL2 (01302, (1))

Gy = Ha (a (”N u—u))+ b(”;xvﬁ“ —u) HLZ(O,T;Lg)z(z))'

By (4.16) with m = 0, 1, and the definition of m,(< w*f) in

(2.10),
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G < Ha;(nzoif’/g” —u) HLZ(O,T;LZ%,;(ID

1— r—1
< N0, “||L2(0,T;L§)W,1_,,;+,.71(1))’

and using the fact a,a,,b € L*(I x (0, T]),

G 3 ||n]<,‘ﬁu - ””LZ(O-,T:,B;_ﬁ(I)) S Nl_rHa;u”LZ(o‘r;Lz n)-

Wt

Hence, plugging the estimates of G; and G, into (4.21)
leads to

len llL“(O,T:LéO my T Allen ||L2(0,T;L3,l )
—r r—1 r

<N (”alax u”LZ(O,T;LZl“ nt ”axu||L2(O,T;Lix+r_ﬁ4(1)))'

(4.22)

Since in the Legendre case, wy = o*F < w*# (cf. (2.11) and
(4.11)), using (4.16) (with m = 0) and (4.22) yields that

1, fr—1 (

llun — ”HLOC(O,T;LE,O(J))
< ||n7v'ﬁ” - u||L°C(O,T;quO(I)) + HéN”LOC(o,T;LfuU 1)
< |lmyu — u||L”"((J,T;L(2)1_ﬁ(1)) + HéNHL”(O,T:L(ZUO(I))

SN (”ata:l”HLZ(o.T;LZ

wrtr—1 fr—1

@ T Ha;“”m(04T;L(’—W,_/H,,(1)))-

This completes the proof. [

Remark 4.1. If a(x) is a constant, the above result can
be slightly improved. Indeed, when taking vy =éy in
(4.20) in this case, thanks to Lemma 4.1, we find that the
term corresponding to G, becomes G, = ||b(ni u—
u) HLZ(O.T:Lf]? (1) Therefore,

Gz < max bl m"u = ul 201z, )
X
< N7r|‘a;”||L2(04T;LiW/H, )
and
G < N_rHala;u||L2(0AT:L21+’__/FV(I))'
Hence, we have

|y — ”HLOC(O.T:LE)O(I))

N N_r(||a;at”||L2(o,T;LiW ) T Ha;”|‘LZ(O,T;LZW_M<1)))-

B+r o

4.2. Chebyshev case (0 = (1 —x2)'"?)

In this subsection, we perform the error analysis of the
Chebyshev dual-Petrov—Galerkin scheme (2.13) with
Vn/Vy given by (i)z—(iv)s in (2.12).

4.2.1. Chebyshev approximations
First, we establish an embedding result associated with
the weights given by (2.10)—(2.11):
wo(x) = w(x)w&'/}(x) _ w73/2.73/27(01/2_73/27w73/2.1/27w1/2,1/27
o (x) = (1 —xz)fla)o(x) _ 6{)75/2.75/270)71/2,75/27wfs/z,fl/zy6{)71/2.71/27

(4.23)

for the cases (i);—(iv);, respectively.

Lemma 4.2

el < Mlelly oy Vo € LE, (1) N HL (D), (4.24)
and

leell oy < Nutlly oy Ve € L2, (1) N H (D). (4.25)
Proof. We first prove (4.24). The case (iv); (i.e.,
o) = o V>71/2 = w) is well-known (cf. [3]). For the case

(i) (ie., o1 = 0 3/>75/2) we recall the Hardy inequality

[ (5 [ vorw) a-ota

< / 0 -0 d, (4.26)
and
[ (i [ vore) astar

e VA(x)(1 + ) dx, (4.27)

which hold for any measurable function ¢(x), and real num-
ber d < 1. Taking = O,u and d = —1 in (4.26) leads to

/01 2 (x)(1—x%) 2 dx < /01 Px)(1 —x) 5
< /Ol(axu)zu —x) 2y

< /01 @u)*(1 —x*)"2dx.  (4.28)

A similar inequality holds on the subinterval [—1,0] by
using (4.27). A combination of them yields

2
(]

2

lulls, S 18wy, < Null7

Since the proofs for the cases (ii), and (iii), are essentially
the same, we will only consider the case (iii),. Thanks to
(4.28), we have

/0uz(x)(l—x)_5/2(1+x)_1/2dx$/0 A (x) (1 —x)
: u2 —x71/2
s [ @ur—x e

1
< / (@)’ (1 —x*) " dx.
0

(4.29)

On the other hand,
0

[uz(x)u—x)*5/2(1+x)*‘/2dxs/ 200 (1 — ) d,

1 —1

A combination of them leads to the desired result.
The inequality (4.25) can be proved in a similar
fashion. O
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As in the Legendre case, we need to derive some Cheby-
shev approximation results in suitable weighted Sobolev
spaces. Let us define the subspaces of H! (I):
oH]

w

"H (1) ={uecH. () ul) =0}

w

() ={ucH (I):u(-1) =0},

w

and H, (1) = oH},(I) N°H](I). Below, we shall use V' to
denote H, (1), oH. (I), °H! (I) and H!(I) for the cases
(i)g, (i), (i) and (iv), respectively.

Define the orthogonal projection: =), :V — Vy
(defined in (2.12) for each case) by '

VUN € VN .
(4.30)

(6x(n}V7(Uu —u), GXUN)

+ (”}v,w“ —u,vy), =0,

w

Lemma 4.3. For any u € VOBC3/2,73/2(1) with integer
r = 1, we have that for each case of (1)g—(1V)g,

Hn]l\/,u)u - M” S Nﬂir||a;u||w"’3/2v”3/z’

no ~ ﬂ:(),l (431)
If, in addition, u € Li(]) with y = wy or w, given in (4.23),
then

(4.32)

170y 4 — ull, < N0l 323
Proof. The estimate (4.31) for (i), H; -orthogonal projec-
tion, and (iv) H. -orthogonal projection, can be found, for
instance in [3], an improvement with the semi-norm in the
upper bound can be found in [14]. The other two cases of
(4.31) are stated in Theorem 3.2 of [14]. Then, a combina-
tion of Lemma 4.24 and (4.31) implies (4.32). [

4.2.2. Convergence of (2.13) with w = (1 —x>)7'2

Theorem 4.3. Let uy(0) =upy = n}\,’wuo. If uel*0,T;
L3, (D) NL>(0,T;B 5 35(1)) and  du € L*0,T;
B’_’31/2’_3/2(1)) with integer v > 2, then

flu— uN”Lx(O‘T;Lf)O(I)) + Ailju — “N”LZ(O,T;L%,I (1)
— r—1 r
<N <||atax ””LZ(O.T:L{,_75/2%5/2 m t ||axuHLX(O.T:L%FS/,ZFS/Z (1))>-
(4.33)

where Ay, wqg and w, are the same as in Theorem 2.1 (also see
(4.23)).

Proof. Set éy=m, u—uy and ey=u—uy=(u—
Ty o) + éy. By an argument similar to the derivation of
(4.21), we have

HéN||L><(04T:L5)O(1)) + j'l”éN”LZ(O,T;Lf)I (1)) SWi+ W, (4~34)

where

W= ||af(n1]\/,(uu - u)”LZ(O,T;Lﬁ)z(I))J

W, = ||ax(a(7lev,w“ —u)) + b(”/{/,w“ —u) HLZ(O,T;LEJZ 1))

and

Wy = w-l/2,-1/2’ w3/2’_1/2,w_1/2’3/2,w3/2*3/2,

for the cases (i)g—(iv)g, respectively. Since w, < w, we de-
rive from (4.31) that

W, $Nli"“ata;ilu”LZ(O,T;LZ r=2

—5/2r-5/2 (U
and

Wi s Nl_r”a;”HLZ(o,T;LZ r=1

r—3/2,r=3/2 (1)> ’

On the other hand, by (4.32), we have that

H”}/w” - u”L‘x(O.,T;LE)O(I)) + Ayl u — “”LZ(o,T;Lg)l o)

1—
SN (Ha;ulLoc(O,T;Lzr3/2"_3/2 (1)) + ||a;”||L2(0,T;L2,_73/2H/2 (1)))

1-r| A"

SN \|ax”HLx(o,r;quri}/ZH/zu))- (4.35)
Hence, using a triangle inequality and the above estimates
leads to the desired result. [

5. Concluding remarks

We presented in this paper a Legendre and Chebyshev
dual-Petrov—-Galerkin method for hyperbolic equations.

The dual-Petrov—Galerkin method is based on a natural
variational formulation for hyperbolic equations. A dis-
tinctive feature of this variational formulation is that the
associated bilinear form for general hyperbolic equations
is coercive. An immediate consequence of this property is
that the dual-Petrov—Galerkin method is always stable
without any restriction on the coefficients. Another conse-
quence is that one can build robust preconditioners as in
the elliptic equations. In fact, by working in the frequency
space, we were able to build an optimal (in the sense that
for a given accuracy, the required iteration number is inde-
pendent of the number of modes) preconditioner, which is
the sparse matrix associated with an equation with suitable
constant coefficients, for the linear system of an implicit
time discretization of general hyperbolic equations.

This paper is our first effort in developing robust spec-
tral algorithms for hyperbolic equations/systems. In future
works, we shall investigate whether the dual-Petrov—Galer-
kin framework can be extended to effectively handle hyper-
bolic systems, and whether one can build more robust
preconditioners using a suitable finite element approxima-
tion of the dual-Petrov—Galerkin formulation. We shall
also investigate the numerical and theoretical issues of
the dual-Petrov—Galerkin method for nonlinear hyperbolic
equations.
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Appendix A. Properties of Jacobi polynomials

We collect below some relevant formulas of the Jacobi
polynomials used in this paper. The Jacobi polynomials
J*F(x)(a, B > —1) are orthogonal with respect to the Jacobi
weight o*f = (1 —x)*(1 +x)’, i.e

/ TP ) (x) dx = 5576, (A1)
1
with
o+f+1
o 2P rn4 o+ D)I(n+ p+1) (A2)

Cnt+a+p+D)In+ DI (n+oa+p+1)

There hold the following recursive formulas (cf. Szego [23]
and Askey [1]):

T @) =T @) =T ), a0 (A.3)
T ) = ) o ), 30
(A4)
2
o1, af o p
(1 )‘]+ ( ) 2n+a+ﬁ+2{(”+fx+l)‘/n (x) (n+1)‘]n+l( )}
(A.S)
2 ,
(1+x)37 () = m{(”JrﬁJr1)J1ﬂ(x)+(”+1)Jnf1( X}
(A.6)
DT (x );(n+a+ﬁ+1)ﬂ“’f“(x), nzl. (A.7)
The Legendre polynomials: L, (x) := J%°(x),n > 0, satisfy
(2}’! + I)Ln(x) = aan+1(x) - aanfl(x)v nz 1; (AS)
+1
(1 =200 =D (1, 0) - L), n > 1.
(A.9)
The Chebyshev polynomials are defined by
T,(x)= ‘]”14]()6) = cos(narccos(x)), n = 0. (A.10)
J;Tf(l)
We have that
2T, (x) = Ty (x) + Tp1(x), n =1 (A.11)
u_ﬁmjwo:;nqw—rwu» n>1. (Al2)
As a consequence,
-1
(1= 021 + )T (x) =" 5= T 1 () + T, ()
+1
! T () (A.13)

Appendix B. The proofs of (4.2)—(4.4) and (4.7)—(4.9)

Using (A.7), (A.8) and (A.9), we obtain (4.2). Then, the
first result of (4.3) comes directly from (A.6). Next, we
derive from (A.3), (A.4), (A.7) and (4.1) that

(n+2)J0 (x) + 5 (n+ 1)) (x)

= N =

(n+2)J," () + 5 (n+ 1)/, (x) = Ty (x))

>
~~ N = N =

(n+2)J,"(x) = (n+ D () +5 (0 + 1), (x)

l\-)l'—‘

2

[>
*

='(n+1)J0(x).

Similarly, we can prove (4.4).
Using (A.7), (4.2) and an induction argument, we find
that

0,0, (x) = (20 +3)8 ' Lys1 (x) = Kt 2 (v) (B.1)
with
- (2n +1?1)F(n +1+1) '

27 r(n+2)
Therefore, (4.7) follows from the orthogonality (A.1) with
) = =203 T

Similarly, we can prove (4.8) and (4.9).
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