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Abstract

A Legendre and Chebyshev dual-Petrov–Galerkin method for hyperbolic equations is introduced and analyzed. The dual-Petrov–
Galerkin method is based on a natural variational formulation for hyperbolic equations. Consequently, it enjoys some advantages which
are not available for methods based on other formulations. More precisely, it is shown that (i) the dual-Petrov–Galerkin method is
always stable without any restriction on the coefficients; (ii) it leads to sharper error estimates which are made possible by using the opti-
mal approximation results developed here with respect to some generalized Jacobi polynomials; (iii) one can build an optimal precon-
ditioner for an implicit time discretization of general hyperbolic equations.
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1. Introduction

We consider in this paper Legendre and Chebyshev
approximations of the linear hyperbolic equation

otuþ oxðauÞ þ bu ¼ f ; jxj < 1; 0 < t 6 T ; ð1:1Þ
with given initial data and appropriate non-periodic
boundary conditions.

There exist a large body of literature on using spectral
methods for solving hyperbolic systems (cf. [10,4,3,9] and
0045-7825/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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the references therein). We refer in particular to the recent
review paper by Gottlieb and Hesthaven [9] for a up-to-
date account on this subject. Previous work can be essen-
tially classified into four different approaches: collocation,
Galerkin, tau (cf. [10]) and penalty (cf. [9]). In this paper,
we shall take a different point of view by proposing a
dual-Petrov–Galerkin method.

The dual-Petrov–Galerkin method was recently intro-
duced by Shen [22] for solving third and higher odd-order
differential equations. The key idea is to choose the trial
functions satisfying the underlying boundary conditions,
and the test functions satisfying the ‘‘dual’’ boundary condi-
tions. This approach enjoys a number of appealing advanta-
ges: (i) it leads to a strongly coercive bilinear form despite the
fact that the leading-order differential operator is not elliptic
and non-symmetric. (ii) it leads to a well-conditioned linear
system, sparse for problems with constant-coefficients,
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which can be efficiently solved; (iii) it leads to optimal error
estimates.

The purpose of this paper is to present a Legendre and
Chebyshev dual-Petrov–Galerkin method for hyperbolic
equations, and to investigate whether their advantages
for third and higher-order equations would carry over to
first-order equations. The following three issues will be
addressed:

(1) Stability: We shall show that the dual-Petrov–Galer-
kin method is always stable without any sign restric-
tion on the coefficients a and b.

(2) Error analysis: We shall develop new approximation
results based on the special basis functions which
can be regarded as generalized Jacobi polynomials
with index a 6 �1 and/or b 6 �1. We shall then
use these new approximation results to derive sharper
error estimates for the dual-Petrov–Galerkin method.

(3) Efficiency: We shall discuss some implementation
details of the dual-Petrov–Galerkin method in fre-
quency space as well as in physical space. In particu-
lar, we shall show that when working in frequency
space, the sparse matrix for a problem with constant
coefficients can be used as an optimal (independent of
number of modes) preconditioner for the full matrix
associated with a large class of variable coefficients.

The paper is organized as follows. In Section 2, we intro-
duce the spectral and pseudo-spectral dual-Petrov–Galer-
kin methods in a general setting and prove their stability.
In Section 3, we discuss some of the implementation
details. Then, in Section 4, we develop sharp approxima-
tion results based on special basis functions which are
mutually orthogonal in weighted (generalized) Jacobi
spaces. We then use these new approximation results to
derive, in Section 5, error estimates for the Legendre and
Chebyshev spectral dual-Petrov–Galerkin methods. We
conclude with several remarks.

We now introduce some notations which will be used
throughout the paper.

Let vðxÞ be a weight function in I ¼ ð�1; 1Þ, which is not
necessary in L1ðIÞ. We denote by H r

vðIÞðr ¼ 0; 1; . . .Þ the
weighted Sobolev spaces whose inner products, norms
and semi-norms are ð�; �Þr;v; k � kr;v and j � jr;v, respectively.
In particular, the norm and inner product of
L2

vðIÞ ¼ H 0
vðIÞ are denoted by k � kv and ð�; �Þv, respectively.

The subscript v will be omitted from the notations in case
of vðxÞ � 1.

We denote by xa;bðxÞ ¼ ð1� xÞað1þ xÞb the Jacobi
weight function. In particular, we use xðxÞ to denote
respectively the Legendre (xðxÞ � 1) or Chebyshev
(xðxÞ ¼ ð1� x2Þ�1=2) weight function.

For any non-negative integer N, we denote by PN the set
of all algebraic polynomials of degree 6 N. We shall use c
to denote a generic positive constant independent of any
function and N, and we use the expression A [ B to mean
that A 6 cB.
2. The dual-Petrov–Galerkin method and its stability

2.1. An illustrative example

To illustrate the attractive properties of the dual-Pet-
rov–Galerkin method, we first consider the following
model equation:

otuþ aoxu ¼ f ; ðx; tÞ 2 I � ð0; T �;
uð�1; tÞ ¼ 0; t 2 ½0; T �; uðx; 0Þ ¼ u0ðxÞ; x 2 I ; ð2:1Þ
where a is a positive constant.

2.1.1. Variational formulation

Define the ‘‘dual’’ approximation spaces:

V N ¼ fu 2 P N : uð�1Þ ¼ 0g; V �N ¼ fv 2 P N : vð1Þ ¼ 0g:
ð2:2Þ

The Legendre or Chebyshev dual-Petrov–Galerkin method
for (2.1) is

Find uN ð�; tÞ 2 V N such that for all t 2 ð0; T �;
ðotuN ; vN Þx þ aðoxuN ; vNÞx ¼ ðf ; vN Þx; 8vN 2 V �N ;

�
ð2:3Þ

with uN jt¼0 ¼ u0;N being a suitable approximation to u0, and
xðxÞ being either the Legendre or Chebyshev weight
function.

Note that for any vN 2 V N , we have vN
1�x
1þx 2 V �N . Hence,

by setting x0ðxÞ ¼ xðxÞ 1�x
1þx, we can rewrite the dual-Petrov–

Galerkin formulation (2.3) in the equivalent (weighted)
Galerkin formulation:

Find uN ð�; tÞ 2 V N such that for all t 2 ð0; T �;
ðotuN ; vN Þx0

þ aðoxuN ; vNÞx0
¼ ðf ; vN Þx0

; 8vN 2 V N ;

(

ð2:4Þ
with uN jt¼0 ¼ u0;N .

2.1.2. Stability

The key to stability is the following identities which can
be derived directly from an integration by parts:

ðvx; vÞx0
¼
Z 1

�1

v2ðxÞ 1

ð1þ xÞ2
dx; 8v 2 V N ðfor xðxÞ ¼ 1Þ;

ðvx; vÞx0
¼
Z 1

�1

v2ðxÞ 2� x

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ5ð1� xÞ

q dx;

8v 2 V N ðfor xðxÞ ¼ ð1� x2Þ�1=2Þ:
ð2:5Þ

Hence, taking vN = uN in (2.4) leads to that for xðxÞ ¼ 1,

1

2
ot

Z 1

�1

u2
Nx0ðxÞdxþ a

Z 1

�1

u2
N

1

ð1þ xÞ2
dx

¼
Z 1

�1

fuN

1� x
1þ x

dx

6
a
2

Z 1

�1

u2
N

1

ð1þ xÞ2
dxþ 1

2a

Z 1

�1

f 2ð1� xÞ2 dx;
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and for xðxÞ ¼ 1ffiffiffiffiffiffiffi
1�x2
p ,

1

2
ot

Z 1

�1

u2
Nx0ðxÞdxþ a

2

Z 1

�1

u2
N

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ5ð1� xÞ

q dx

6

Z 1

�1

fuN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x

ð1þ xÞ3

s
dx

6
a
2

Z 1

�1

u2
N

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ5ð1� xÞ

q dxþ 1

2a

Z 1

�1

f 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ3

1þ x

s
dx:

The stability of the scheme follows immediately from the
above and the Gronwall inequality.
2.2. General setup

We introduce in this subsection a general setup and
some notations to be used throughout this paper.

Without loss of generality, we conventionally assume
that the variable coefficients a and b in (1.1) satisfy:

(1) að�1; tÞ does not change sign in ½0; T �;2
(2) the functions a; ax; b 2 L1ðI � ½0; T �Þ.

To impose boundary conditions, we denote

C :¼ oI ¼ f�1; 1g; C� :¼ fx 2 C : xaðx; tÞ < 0g;
Cþ :¼ C n C�: ð2:6Þ

The problem of interest is of the form

otuðx; tÞ þ oxðaðx; tÞuðx; tÞÞ þ bðx; tÞuðx; tÞ ¼ f ðx; tÞ;
ðx; tÞ 2 I � ð0; T �; uðx; tÞ ¼ gðtÞ; ðx; tÞ 2 C� � ½0; T �;
uðx; 0Þ ¼ u0ðxÞ; x 2 I : ð2:7Þ

More precisely, the boundary conditions are as follows:

ðiÞ
B

uð�1; tÞ ¼ g�ðtÞ; if að�1; tÞ > 0; að1; tÞ < 0;

ðiiÞ
B

uð�1; tÞ ¼ g�ðtÞ; if að�1; tÞ > 0; að1; tÞP 0;

ðiiiÞ
B

uð1; tÞ ¼ gþðtÞ; if að�1; tÞ 6 0; að1; tÞ < 0;

ðivÞ
B

no BC; if að�1; tÞ 6 0; að1; tÞP 0:

ð2:8Þ

Since the non-homogeneous boundary conditions can be
easily homogenized by subtracting a simple linear function
from the exact solution, we shall only consider, without
loss of generality, the case g±(t) = 0.

To formulate the dual Petrov–Galerkin formulation uni-
formly for the four cases, we use the notations

â ¼
�1; if 1 2 C�;

1; if 1 2 Cþ;

�
b̂ ¼

�1; if � 1 2 C�;

1; if � 1 2 Cþ

�
ð2:9Þ

and define the weight functions
2 It will become clear that each time að�1; tÞ change sign, the variational
formulation needs to be changed accordingly.
x0ðxÞ ¼ xðxÞxâ;b̂ðxÞ; x1ðxÞ ¼ ð1� x2Þ�1x0ðxÞ;
x2ðxÞ ¼ ð1� x2Þx0ðxÞ: ð2:10Þ

More precisely, corresponding to each boundary condi-
tion (i)B–(iv)B in (2.8), we have

ðiÞ
B

â ¼ b̂ ¼ �1; ðiiÞ
B

â ¼ 1; b̂ ¼ �1;

ðiiiÞ
B

â ¼ �1; b̂ ¼ 1; ðivÞ
B

â ¼ b̂ ¼ 1: ð2:11Þ

Hereafter, the conditions or expressions labeled by ðiÞ
B

cor-
respond to the boundary condition ðiÞ

B
with g�ðtÞ ¼ 0 in

(2.8), and likewise for ðiiÞ
B
–ðivÞ

B
.

For each of the boundary conditions ðiÞ
B
–ðivÞ

B
, we

define the ‘‘dual’’ approximation spaces:

V N ¼ fu 2 P N : uð�1Þ ¼ 0g; V �N ¼ P N�2; for ðiÞ
B
;

V N ¼ fu 2 P N : uð�1Þ ¼ 0g; V �N ¼ fv 2 P N : vð1Þ ¼ 0g; for ðiiÞ
B
;

V N ¼ fu 2 P N : uð1Þ ¼ 0g; V �N ¼ fv 2 P N : vð�1Þ ¼ 0g; for ðiiiÞ
B
;

V N ¼ P N�2; V �N ¼ fv 2 P N : vð�1Þ ¼ 0g; for ðivÞ
B
:

ð2:12Þ
One verifies readily that dimðV N Þ ¼ dimðV �N Þ, and
vNxâ;b̂ 2 V �N for all vN 2 V N .

2.3. Spectral approximation

With the above setup, we are ready to formulate the
approximation schemes. The Legendre or Chebyshev spec-
tral dual-Petrov–Galerkin approximation to (2.7) is

Find uN ð�; tÞ 2 V N such that for all t 2 ð0; T �;
ðotuN ; vN Þx þ ðoxðauNÞ; vN Þx þ ðbuN ; vNÞx
¼ ðf ; vN Þx; 8vN 2 V �N ;

8<
: ð2:13Þ

with uN jt¼0 ¼ u0;N being a suitable approximation of u0 (to
be specified later).

Since for any vN 2 V N , we have vNxâ;b̂ 2 V �N , the scheme
(2.13) is equivalent to the following weighted Galerkin for-
mulation (notice that x0 ¼ xxâ;b̂):

Find uN ð�; tÞ 2 V N such that for all t 2 ð0; T �;
ðotuN ; vN Þx0

þ ðoxðauN Þ; vN Þx0
þ ðbuN ; vN Þx0

¼ ðf ; vN Þx0
; 8vN 2 V N ;

8<
: ð2:14Þ

with uN jt¼0 ¼ u0;N . It will become clear that the dual-Pet-
rov–Galerkin scheme (2.13) is more suitable for implemen-
tation, while the weighted Galerkin formulation (2.14) is
more convenient for stability and error analysis.

The following coercivity property is essential for the
well-posedness of the problems (2.7) and (2.14).

Lemma 2.1. Let

Aðu; vÞ ¼ ðoxðauÞ; vÞx0
þ ðbu; vÞx0

: ð2:15Þ

If u 2 L2
x1
ðIÞ and ux 2 L2

x0
ðIÞ, then there exist three real num-

bers ki ði ¼ 0; 1; 2Þ with k1, k2 > 0 such that for t 2 ð0; T �,

k0kuk2
x0
þ k1kuk2

x1
6 Aðu; uÞ 6 k2kuk2

x1
; ð2:16Þ

where the weight functions x0 and x1 are defined in (2.10).
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Proof. We first claim that if u 2 L2
x1
ðIÞ and ux 2 L2

x0
ðIÞ,

then u2x0 2 CðIÞ. Indeed, for any x1; x2 2 ½�1; 1�, we have
from the definitions of x0 and x1 that

ju2ðx2Þx0ðx2Þ � u2ðx1Þx0ðx1Þj

¼
Z x2

x1

oxðu2x0Þdx

����
���� 6 2

Z x2

x1

joxujjujx0 dxþ
Z x2

x1

juj2joxx0jdx

K
Z x2

x1

ðjoxuj2 þ juj2Þx0 dxþ
Z x2

x1

juj2x1 dx

K
Z x2

x1

joxuj2x0 dxþ
Z x2

x1

juj2x1 dx:

Here, we used the inequalities: x0 K x1 and joxx0jK x1.
Hence, letting x2 ! x1, we find that u2x0 2 CðIÞ. Thanks
to this fact and u 2 L2

x1
ðIÞ, i.e.,Z 1

�1

u2ðxÞx0ðxÞ
1� x2

dx < þ1;

we have that u2ðxÞx0ðxÞ ! 0 as jxj ! 1. Integration by
parts yields that

Aðu; uÞ ¼
Z 1

�1

ðoxaþ bÞu2x0 dxþ 1

2

Z 1

�1

aoxðu2Þx0 dx

¼
Z 1

�1

su2x0 dx; ð2:17Þ

where

sðx; tÞ ¼ 1

2
oxaþ b� 1

2
ax�1

0 oxx0: ð2:18Þ

More precisely, we have from (2.10) that in the Legendre
case (x = 1):

sðx; tÞ ¼

1
2
oxaþ b� xa

1�x2 ; for ðiÞ;
1
2
oxaþ bþ a

1�x2 ; for ðiiÞ;
1
2
oxaþ b� a

1�x2 ; for ðiiiÞ;
1
2
oxaþ bþ xa

1�x2 ; for ðivÞ;

8>>><
>>>:

ð2:19Þ

and in the Chebyshev case x ¼ 1ffiffiffiffiffiffiffi
1�x2
p

� �
:

sðx; tÞ ¼

1
2
oxaþ b� 3

2
xa

1�x2 ; for ðiÞ;
1
2
oxaþ bþ 1

2
ð2�xÞa
1�x2 ; for ðiiÞ;

1
2
oxaþ b� 1

2
ð2þxÞa
1�x2 ; for ðiiiÞ;

1
2
oxaþ bþ 1

2
xa

1�x2 ; for ðivÞ:

8>>>><
>>>>:

ð2:20Þ

Next, by an argument similar to the proof of Lemma 1.1 in
[4], we prove that there exist three constants ki (i ¼ 0; 1; 2)
with k1; k2 > 0 such that

k0 þ
k1

1� x2
6 sðx; tÞ 6 k2

1� x2
; ðx; tÞ 2 I � ½0; T �: ð2:21Þ

Indeed, the inequality at the right-hand side in the above
relation is obvious so we only need to prove the one at
the left-hand side. Let us consider for instance the case (i)
in (2.19). Indeed, by the continuity of aðx; tÞ and the condi-
tion that að�1; tÞ is bounded away from zero on ½0; T �, we
know that there exists d 2 ð0; 1Þ such that � xa
1�x2 P k1

1�x2

with k1 > 0 and x 2 I n ½�d; d�. Then, since oxa and b are
bounded in I, and � xa

1�x2 is bounded in ½�d; d�, we infer
(2.21). The other cases can be proved in a similar way.
Finally, the desired result follows from (2.17) and
(2.21). h

Remark 2.1. We may even require that the constant
k0 P 0. Indeed, if k0 < 0, the change of variable u! ek0tu
in (2.7) leads to the same equation with bðxÞ replaced by
bðxÞ � k0 (cf. [4]). Hence, the transformed equation will sat-
isfy sðx; tÞP k1

1�x2 ; x 2 I .

We note that the existence and uniqueness of solutions
for (2.7) in the weighted Sobolev spaces that we consider
here have been established recently in [13]. We provide
below an a priori estimate which is an immediate conse-
quence of Lemma 2.1:

Theorem 2.1. Let u and uN be respectively the solutions of

(2.7) and (2.14). If u0 2 L2
x0
ðIÞ and f 2 L2ð0; T ; L2

x2
ðIÞÞ, then

we have

kukL1ð0;T ;L2
x0
ðIÞÞ þ k1kukL2ð0;T ;L2

x1
ðIÞÞK ku0kx0

þ kf kL2ð0;T ;L2
x2
ðIÞÞ

ð2:22Þ

and

kuNkL1ð0;T ;L2
x0
ðIÞÞ þ k1kuNkL2ð0;T ;L2

x1
ðIÞÞK ku0;Nkx0

þ kf kL2ð0;T ;L2
x2
ðIÞÞ;

ð2:23Þ
where the weights xi ði ¼ 0; 1; 2Þ are defined in (2.10).

Proof. Taking the inner product of the first equation of
(2.7) with x0u, and using the fact: x2

0 ¼ x1x2, we derive
from the Cauchy–Schwarz inequality that

1

2
otkuk2

x0
þ Aðu; uÞ ¼ ðf ; uÞx0

6
k1

2
kuk2

x1
þ 1

2k1

kf k2
x2
:

Hence, by Lemma 2.1,

1

2
otkuk2

x0
þ k1

2
kuk2

x1
6 jk0jkuk2

x0
þ 1

2k1

kf k2
x2
: ð2:24Þ

Consequently, using the Gronwall inequality leads to
(2.22).

Following exactly the same procedure, one can prove
(2.23). h

Remark 2.2. The definition of â and b̂ is different from e�

and eþ defined in (1.3) of [4]. Hence, although the approach
in this section is similar to that in [4], our variational for-
mulation, and therefore our scheme as well as its stability
and convergence properties, is different from theirs. In par-
ticular, Theorem 2.1 holds without assuming that the coef-
ficients a and b satisfy any coercivity condition such as (1.2)
in [4]. We note that by assuming aðxÞ > 0, a different set of
stability conditions involving the weight and aðxÞ is derived
recently in [16].
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2.4. Pseudo-spectral approximation

In practical implementations, the continuous inner
product ð�; �Þx should be replaced by a discrete inner prod-
uct h�; �iN ;x (pseudo-spectral) which is based on a suitable
Gaussian-type quadrature.

Let h�; �iN ;x be the discrete inner product associated,
respectively, with the Gauss–Lobatto, Gauss–Radau (with
x0 ¼ �1), Gauss–Radau (with xN ¼ 1) and Gauss quadra-
ture for the four different boundary conditions ðiÞ

B
;

ðiiÞ
B
; ðiiiÞ

B
and ðivÞ

B
. Let IN : CðIÞ ! P N be the correspond-

ing interpolation operator. We recall that (cf. [3])

hu; viN ;x ¼ ðu; vÞx; 8uv 2 P 2Nþd; ð2:25Þ

where d ¼ 1; 0;�1 for Gauss, Gauss–Radau and Gauss–
Lobatto, respectively.

It is well-known that one needs to use the skew-symmet-
ric form in a pseudo-spectral approximation to ensure the
theoretical stability for general situations (see [17,4,9]).

We denote

AN ðuN ; vN Þ ¼
1

2
haoxuN þ oxIN ðauNÞ; vN iN ;x

þ 1

2
oxaþ b

� �
uN ; vN

	 

N ;x

: ð2:26Þ

The skew-symmetric Legendre or Chebyshev pseudo-spec-
tral dual-Petrov–Galerkin approximation to (2.7) is:

Find uN ð�; tÞ 2 V N such that for all 0 < t 6 T ;

hotuN ; vN iN ;x þ ANðuN ; vN Þ ¼ hf ; vN iN ;x; 8vN 2 V �N :

(

ð2:27Þ
Lemma 2.2. Let ki ði ¼ 0; 1; 2Þ be the same as in Lemma 2.1.

Then,

k0kuNk2
x0
þ k1kuNk2

x1
6 AN ðuN ; uNxâ;b̂Þ

6 k2kuNk2
x1
; 8uN 2 V N ; ð2:28Þ

where xâ;b̂, x0 and x1 correspond to any of the boundary

conditions in (2.8).

Proof. The proof is essentially the same as that of Lemma
2.1. Thanks to (2.25), we only need to show

k0 þ
k1

1� x2

� �
uN ; uNxâ;b̂

	 

N ;x

6 AN ðuN ; uNxâ;b̂Þ

6
k2

1� x2
uN ; uNxâ;b̂

	 

N ;x

:

ð2:29Þ

Indeed, we derive from (2.25) and integration by parts that

haoxuN ; uNxâ;b̂iN ;x ¼ hoxuN ; INðauN Þxâ;b̂iN ;x
¼ hoxuN ; INðauN Þxâ;b̂ix
¼ �ðuN ; oxINðauN Þx0 þ INðauN Þoxx0Þ

¼ �hoxIN ðauNÞ; uNxâ;b̂iN ;x

� hax�1
0 oxx0uN ; uNxâ;b̂iN ;x;

which along with (2.26) implies that

AN ðuN ; uNxâ;b̂Þ ¼ 1

2
oxaþ b� 1

2
ax�1

0 oxx0

� �
uN ; vN

	 

N ;x

:

ð2:30Þ

Hence, (2.29) is a directly consequence of (2.19). h

Thanks to the above lemma, we have immediately the
following stability result:

Theorem 2.2. If u0;N 2 L2
x0
ðIÞ and f 2 L2ð0; T ; L2

x2
ðIÞÞ, then

we have

kuNkL1ð0;T ;L2
x0
ðIÞÞ þ k1kuNkL2ð0;T ;L2

x1
ðIÞÞ

K ku0;Nkx0
þ kIN f kL2ð0;T ;L2

x2
ðIÞÞ: ð2:31Þ
3. Implementations

In this section, we discuss some of the implementation
details of the dual-spectral-Galerkin method. We note that
the slightly more costly skew-symmetric form may not be
necessary since the standard form is often numerically sta-
ble, at least for well-resolved problems (cf. [11,8,9]). Hence,
we present two implementations below, one uses the skew-
symmetric form (2.27) with basis functions in frequency
space, and the other is the standard pseudo-spectral form
with basis functions in physical spaces.

3.1. Implementations in frequency space

To simplify the presentation, we shall only provide
details for the second boundary condition in (2.8). The
other cases can be treated in a similar fashion.

As demonstrated in [20,21], it is advantageous to use
basis functions which are compact combinations of the
Legendre and Chebyshev polynomials. Therefore, we set
in the Legendre case

/kðxÞ ¼ LkðxÞ þ Lkþ1ðxÞ; wkðxÞ ¼ LkðxÞ � Lkþ1ðxÞ

and in the Chebyshev case

/kðxÞ ¼ ð1þ xÞT kðxÞ; wkðxÞ ¼ ð1� xÞT kðxÞ;

where LkðxÞ and T kðxÞ are respectively the Legendre and
Chebyshev polynomials of degree k. Then, we have for
the second case in (2.12),

V N ¼ spanf/0;/1; . . . ;/N�1g;
V �N ¼ spanfw0;w1; . . . ;wN�1g: ð3:1Þ
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Therefore, setting

fj ¼ hf ;wjiN ;x; ~f ¼ ðf0; f1; . . . ; fN�1Þt;

uN ¼
XN�1

k¼0

~uk/k; ~u ¼ ð~u0; ~u1; . . . ; ~uN�1Þt;

mjk ¼ h/k;wjiN ;x; M ¼ ðmjkÞj;k¼0;1;...;N�1;

sjk ¼
1

2
a/0k þ oxIN ða/kÞ;wj

� �
N ;x
; S ¼ ðsjkÞj;k¼0;1;...;N�1;

qjk ¼
1

2
oxaþ b

� �
/k;wj

	 

N ;x

; Q ¼ ðqjkÞj;k¼0;1;...;N�1;

ð3:2Þ
we find that (2.27) becomes the following system of ODEs:

M~ut þ ðS þ QÞ~u ¼ ~f : ð3:3Þ
We recall that the discrete inner product h�; �iN ;x here is
associated with the Gauss–Radau interpolation nodes with
x0 ¼ �1.

To avoid severe restrictions on time step associated with
explicit time discretizations of spectral methods, we shall
consider implicit schemes for integrating (3.3). After dis-
cretizing (3.3) by a suitable implicit scheme, we need to
solve at each time step the following linear system:

ðaM þ S þ QÞ~u ¼ ~g; ð3:4Þ
where a ¼ O 1

Dt

 �
is a constant.

It follows from the orthogonality of Legendre and
Chebyshev polynomials that mjk ¼ 0 for jj� kj > 1. Hence,
the mass matrix M is (non-symmetric) tridiagonal and its
entries can be easily determined.

On the other hand, the matrices S and Q are usually full,
unless a and b are simple, low-order polynomials in x.

3.1.1. Case 1: aðx; tÞ � �a and bðx; tÞ � �b are two constants

In this simple case, we have from (4.6) and (A.13) that
for xðxÞ � 1,

sjk ¼ �a /0k;wj

� �
N ;x
¼ �a /0k;wj

 �
x
¼ 2�adjk;

qjk ¼ �bh/k;wjiN ;x ¼ 0; 8jj� kj > 1;
ð3:5Þ

while for xðxÞ ¼ 1ffiffiffiffiffiffiffi
1�x2
p ,

sjk ¼ �ah/0k;wjiN ;x ¼ �a /0k;wj

 �
x
¼ 0; 8jj� kj > 1;

qjk ¼ �bh/k;wjiN ;x ¼ 0; 8jj� kj > 2:
ð3:6Þ

Let us denote

s0
jk ¼ h/

0
k;wjiN ;x; S0 ¼ ðs0

jkÞj;k¼0;1;...;N�1;

q0
jk ¼ h/k;wjiN ;x; Q0 ¼ ðq0

jkÞj;k¼0;1;...;N�1:
ð3:7Þ

Then, we can rewrite (3.4) as

ðaM þ �aS0 þ �bQ0Þ~u ¼ ~g; ð3:8Þ
which can be efficiently inverted.

As we demonstrate below, the linear system in this sim-
ple case can be used as an effective preconditioner for the
general case.
3.1.2. Case 2: variable coefficients

As observed above, for general variable coefficients a

and b, the matrices S and Q are full. Hence, a direct inver-
sion of (3.4) is not advisable. However, we shall use Lemma
2.2 to show that (3.4) can be solved effectively by using a
preconditioned iterative method.

Since /kx
1;�1 2 V �N , there exists a unique set of fhkjg

such that

/kx
1;�1 ¼

XN�1

j¼0

hkjwj; k ¼ 0; 1; . . . ;N � 1: ð3:9Þ

We denote H ¼ ðhkjÞk;j¼0;1;...N�1 and for v ¼ ðv0; v1; . . . ;

vN�1Þt, we define hv; vil2 :¼
PN�1

j¼0 v2
j which is the inner prod-

uct in l2.
Let uN , f~ujg and ~u be the same as before, we have

hHS0~u; ~uil2 ¼
XN�1

k;j;l¼0

~ukhkjs0
jl~ul

¼
XN�1

k;j;l¼0

~ukhkjh/0l;wjiN ;x~ul

¼
XN�1

l¼0

~ul/
0
l;
XN�1

k;j¼0

~ukhkjwj

* +
N ;x

¼
XN�1

l¼0

~ul/
0
l;
XN�1

k¼0

~uk/kx
1;�1

* +
N ;x

¼ hoxuN ;x
1;�1uNiN ;x ¼ ðoxuN ; uN Þx0

: ð3:10Þ

Therefore, by (2.5),

hHS0~u; ~uil2 ¼ kuNk2
x1
; for x � 1;

1

2
kuNk2

x1
6 hHS0~u; ~uil2 6

3

2
kuNk2

x1
; for x ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p :

ð3:11Þ
Similarly,

hHðaM þ S þ QÞ~u; ~uil2

¼
XN�1

k;j;l¼0

~ukhkjðamjl þ sjl þ qjlÞ~ul

¼
XN�1

j¼0

~uj
1

2
a/0j þ oxIN ða/jÞ
� �

þ aþ 1

2
oxaþ b

� �
/j

� �
;
XN�1

k;j¼0

~ukhkjwj

* +
N ;x

¼
XN�1

j¼0

~uj
1

2
a/0j þ oxIN ða/jÞ
� �

aþ 1

2
oxaþ b

� �
/j

� �
;
XN�1

k¼0

~uk/kx
1;�1

* +
N ;x

¼ 1

2
ðaoxuN þ oxIN ðauN Þ þ aþ 1

2
oxaþ b

� �
uN ; uN x1;�1

	 

N ;x

: ð3:12Þ

Hence, thanks to Lemma 2.2,

ðaþ k0ÞkuNk2
x0
þ k1kuNk2

x1
6 hHðaM þ S þ QÞ~u; ~uil2

6 akuNk2
x0
þ k2kuNk2

x1
:

Assuming aþ k0 P 0 (which holds for most cases since
a ¼ O 1

Dt

 �
	 1, see Remark 2.1 otherwise), we derive from

the above, (3.11) and the fact x0 6 x1 that



Table 1
number of BCG iterations needed with ðbM þ S0Þ�1 as preconditioner

N 8 16 32 64 128 256

Example I with a = 1, b = 0 6 7 7 7 7 7
Example I with a ¼ b ¼ 100 4 5 7 11 12 12
Example II with a = 1, b = 0 8 16 33 68 125 260
Example I with a ¼ b ¼ 100 3 5 6 8 8 8
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1

2
k1hHS0~u; ~uil2 6 hHðaM þ S þ QÞ~u; ~uil2

6
3

2
ðaþ k2ÞhHS0~u; ~uil2 : ð3:13Þ

The relation (3.13) indicates that a good preconditioner for
aM þ S þ Q is S�1

0 . In fact, a more robust preconditioner is
ðbM þ S0Þ�1 for some b P 0 with b 
 a for a	 1.

In Table 1, we list the number of BCG iterations needed
to achieve six-digit accuracy for solving (3.4) in the Legen-
dre case for the following two test examples using
ðbM þ S0Þ�1 as preconditioner:

Example I. aðxÞ¼ 2þ sinð2pxÞ; bðxÞ¼�2pcosð2pxÞ. (a(x)
does not change sign in (�1,1)).
Example II. aðxÞ ¼ 1þ 2 sinð2pxÞ, bðxÞ ¼ �4p cosð2pxÞ.
(a(x) changes sign in (�1,1)).

Note that in the Legendre case, we have S0 ¼ 2I . Hence,
no preconditioner is needed in this case if we take b = 0.

We observe from Table 1 that (i) for Example I where
aðxÞ does not change sign, the preconditioner is very robust
for both a = 1 and a = 100, and (ii) for Example II where
aðxÞ changes sign, the preconditioner is only robust when
a is sufficiently large and b 
 a. This is consistent with
(3.13) where it is assumed that aþ k P 0.

We note however that although the preconditioner built
in the frequency space is quite robust with respect to N, it
may not be robust with large variations of a and b. For the
latter case, it may be advantageous to use an implementa-
tion in physical space which we shall discuss below.

3.2. Implementations in physical space

Let fxjgN
j¼0 (with x0 ¼ �1) be the set of Legendre or

Chebyshev Gauss–Radau points. We set xNþ1 ¼ 1. Hence,
replacing ð�; �Þx by the discrete inner product h�; �iN ;x in
(2.13), the standard pseudo-spectral dual-Petrov–Galerkin
method is:

Find uN ð�; tÞ 2 V N such that for all t 2 ð0; T �;
hotuN ; vN iN ;x þ hoxðauN Þ þ buN ; vN iN ;x
¼ hf ; vN iN ;x; 8vN 2 V �N :

8><
>: ð3:14Þ

Let /̂jðxÞ 2 P N be the Lagrange polynomial associated with

fxjgN
j¼0 such that /̂jðxkÞ ¼ dkj for j; k ¼ 0; 1; . . . ;N , and let

ŵjðxÞ 2 P N be the Lagrange polynomial associated with

fxjgNþ1
j¼1 such that ŵjðxkÞ ¼ dkj for j; k ¼ 1; 2; . . . ;N þ 1.

Then,
V N ¼ spanf/̂1; /̂2; . . . ; /̂Ng; V �N ¼ spanfŵ1; ŵ2; . . . ; ŵNg;
ð3:15Þ

and we have

wjk :¼h/̂k; ŵjiN ;x¼ djkqj;

sjk :¼hoxða/̂kÞ; ŵjiN ;x
¼ðaðxj; tÞ/̂0kðxjÞþoxaðxk; tÞdkjÞqjþað�1; tÞ/̂0kð�1Þŵjð�1Þq0;

qjk :¼hb/̂k;/̂jiN ;x¼ bðxk; tÞdkjqj;

hf ;wjiN ;x¼ f ðxj; tÞqjþ f ð�1; tÞŵjð�1Þq0:

ð3:16Þ

Let us denote

W ¼ diagðq1;q2; . . . ;qN Þ; S ¼ ðsjkÞj;k¼1;2;...;N ;

Q ¼ ðqjkÞj;k¼1;2;...;N ;

uN ¼
XN

k¼1

uN ðxj; tÞ/̂kðxÞ; u ¼ ðuðx1; tÞ;uðx2; tÞ; . . . ;uðxN ; tÞÞt;

g ¼ ðŵ1ð�1Þ; ŵ2ð�1Þ; . . . ; ŵN ð�1ÞÞt;
f ¼ ðf ðx1; tÞ; f ðx2; tÞ; . . . ; f ðxN ; tÞÞt:

ð3:17Þ
Then, (3.14) becomes

W ut þ ðS þ QÞu ¼ W f þ f ð�1; tÞq0g: ð3:18Þ
In a pointwise form, the above equation, after inverting the
diagonal matrix W, can be written as:

Find uN 2 P N for all t 2 ð0; T � such that

@tuN ðxj; tÞ þ @xðaðx; tÞuN ðx; tÞÞjx¼xj
þ bðxj; tÞuN ðxj; tÞ

¼ f ðxj; tÞ þ wjð�1Þ q0

qj
ðf ð�1; tÞ � að�1; tÞu0N ð�1; tÞÞ;

1 6 j 6 N ;

uN ð�1; tÞ ¼ 0:

8>>>>>><
>>>>>>:

ð3:19Þ

Hence, the dual-Petrov–Galerkin method does not corre-
spond to a pure collocation method, instead, it is a pseudo

collocation scheme with an additional boundary residual

term on the right-hand side.
In Fig. 1, we plot the eigenvalue distribution of W �1S for

various N, where W and S are the matrices defined in (3.17)
with aðxÞ ¼ 1. It is clear that for all N, the real parts of the
eigenvalues are always positive, indicating the good stabil-
ity of our dual-Petrov formulation.

Remark 3.1. One may solve (3.18) using a suitable explicit
scheme, which will be subjected to a usual CFL constraint
(see, for instance, [10,12]). On the other hand, since (3.18)
was derived from a proper variational formulation with a
coercive bilinear form, it may be possible, as in the case of
elliptic equations (cf. [18,5,19]), to build an optimal finite
element preconditioner which is robust with respect to both
the number of points and the large variations of coefficients
a and b. However, this subject and a detailed study on the
robustness of the preconditioning in frequency space is
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Fig. 1. Eigenvalue distribution of W �1S with a(x) = 1.
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beyond the scope of this paper and will be investigated
elsewhere.
4. Error estimates

In this section, we shall present some optimal Legendre
and Chebyshev approximation results measured in strong
norms, and perform the error analysis for the proposed
dual-Petrov–Galerkin schemes.

4.1. Legendre case (x = 1)

We first introduce the basis functions for the dual spaces
in (2.12). Let

unðxÞ ¼ Lnþ2ðxÞ � LnðxÞ; /nðxÞ ¼ LnðxÞ þ Lnþ1ðxÞ;
wnðxÞ ¼ LnðxÞ � Lnþ1ðxÞ: ð4:1Þ

Thanks to the fact: Lkð�1Þ ¼ ð�1Þk, one verifies that
unð�1Þ ¼ /nð�1Þ ¼ wnð1Þ ¼ 0. Let J a;b

k ða; b > �1Þ be the
classical Jacobi polynomial of degree k (see Appendix A
for its properties). The following identities hold (see
Appendix B for the proof):

unðxÞ ¼ �
2nþ 3

2ðnþ 1Þ ð1� x2ÞJ 1;1
n ðxÞ;

oxunðxÞ ¼ ð2nþ 3ÞLnþ1ðxÞ; ð4:2Þ

/nðxÞ ¼ ð1þ xÞJ 0;1
n ðxÞ; ox/nðxÞ ¼ ðnþ 1ÞJ 1;0

n ðxÞ; ð4:3Þ

wnðxÞ ¼ ð1� xÞJ 1;0
n ðxÞ; oxwnðxÞ ¼ �ðnþ 1ÞJ 0;1

n ðxÞ: ð4:4Þ

The orthogonality of Jacobi polynomials (cf. (A.1)) implies
that {un}, {/n} and {wn} are mutually orthogonal in
L2

x�1;�1ðIÞ, L2
x0;�1ðIÞ and L2

x�1;0ðIÞ, respectively. Hence, {un},
{/n} and {wn} can be viewed as extensions of the classical
Jacobi polynomials to the cases with parameters
ða; bÞ ¼ ð�1;�1Þ, ða; bÞ ¼ ð0;�1Þ and ða; bÞ ¼ ð�1; 0Þ,
respectively. One also observes that
Z
I

oxunðxÞLmþ1ðxÞdx ¼ �
Z

I
unðxÞoxLmþ1ðxÞdx ¼ 2dn;m;

ð4:5ÞZ
I

ox/nðxÞwmðxÞdx ¼ �
Z

I
/nðxÞoxwmðxÞdx ¼ 2dn;m: ð4:6Þ

Besides, as shown in Appendix B, we haveZ
I

o
l
xumðxÞol

xunðxÞxl�1;l�1ðxÞdx ¼ lð1Þn;l dm;n; n P l P 0;

ð4:7ÞZ
I

ol
x/mðxÞol

x/nðxÞxl;l�1ðxÞdx ¼ lð2Þn;l dm;n; n P l P 0;

ð4:8ÞZ
I

ol
xwmðxÞol

xwnðxÞxl�1;lðxÞdx ¼ lð2Þn;l dm;n; n P l P 0;

ð4:9Þ

with

lð1Þn;l ¼ 2ð2nþ 3ÞCðnþ lþ 1Þ
Cðn� lþ 3Þ ; lð2Þn;l ¼ 2

Cðnþ lþ 1Þ
Cðn� lþ 2Þ :

ð4:10Þ
4.1.1. Legendre approximations

We first notice that the polynomial space VN in (2.12)
for cases iB–ivB are respectively identical to

ðiÞ
B

V �1;�1
N ¼ spanfuk : 0 6 k 6 N � 2g;

ðiiÞ
B

V 0;�1
N ¼ spanf/k : 0 6 k 6 N � 1g;

ðiiiÞ
B

V �1;0
N ¼ spanfwk : 0 6 k 6 N � 1g;

ðivÞ
B

V 0;0
N ¼ spanfLk : 0 6 k 6 N � 2g:

For each pair ða; bÞ listed below,

ðiÞ
B

a ¼ b ¼ �1; ðiiÞ
B

a ¼ 0; b ¼ �1;

ðiiiÞ
B

a ¼ �1; b ¼ 0; ðivÞ
B

a ¼ b ¼ 0; ð4:11Þ
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we define the weighted Sobolev space

Br
a;bðIÞ ¼ fu : ol

xu 2 L2
xaþl;bþlðIÞ; 0 6 l 6 rg; r 2 N; ð4:12Þ

equipped with the norm and semi-norm

kukBr
a;b
¼

Xr

l¼0

kol
xuk

2
xaþl;bþl

 !1
2

; jujBr
a;b
¼ kor

xukxaþr;bþr :

Consider the orthogonal projection pa;b
N : L2

xa;bðIÞ ! V a;b
N

defined by

ðpa;b
N u� u; vN Þxa;b ¼ 0; 8vN 2 V a;b

N : ð4:13Þ

Let us first present a very special property of pa;b
N .

Lemma 4.1. For each pair ða; bÞ in (4.11), let ðâ; b̂Þ be the

corresponding pair defined in (2.11). Then

ox pa;b
N u� u

 �
; vNxâ;b̂

� �
¼ 0; 8vN 2 V a;b

N ; ð4:14Þ

and

ox pa;b
N u� u

 �
; v�N

 �
¼ 0; 8v�N 2 V �N : ð4:15Þ

Proof. For each case of (i)B–(iv)B, we notice that

ðpa;b
N u� uÞvNxâ;b̂

���1
�1
¼ 0; xa;boxðvNxâ;b̂Þ 2 V a;b

N :

Hence, (4.14) is a direct consequence of an integration by
parts and the definition (4.13). Since any v�N 2 V �N can be
expressed as v�N ¼ vNxâ;b̂ with vN 2 V a;b

N , (4.15) follows from
(4.14). h

We are now in position to state the main approximation
properties of these orthogonal projection operators.

Theorem 4.1. For each pair of ða; bÞ in (4.11), and for any

u 2 Br
a;bðIÞ with r 2 N,

om
x ðp

a;b
N u� uÞ

�� ��
xaþm;bþm K Nm�rkor

xukxaþr;bþr ; 0 6 m 6 r:

ð4:16Þ

Proof. The result with a = b = 0 is well-known (see, for
instance, [7,2]). A more general result (for all a and b which
are integers) was presented in [15] but the proof was omit-
ted due to space limitation. For the readers’ convenience,
we provide below a detailed proof for (4.16) with (i)
a = b = �1. The other cases can be proved similarly.

For any u 2 L2
x�1;�1ðIÞ, we write

uðxÞ ¼
X1
n¼0

ûnunðxÞ; with ûn ¼
1

lð1Þn;0

ðu;unÞx�1;�1 : ð4:17Þ

So formally we have from (B.1) and (A.1) that

o
l
xu

�� ��2

xl�1;l�1 ¼
X1

n¼l�1

j2
n;lû

2
nc

l�1;l�1
n�lþ2 ¼

X1
n¼l�1

lð1Þn;l û2
n: ð4:18Þ
On the other hand,

p�1;�1
N uðxÞ � uðxÞ ¼ �

X1
n¼N�1

ûnunðxÞ:

Hence, by (4.2) and (4.18),

o
m
x p�1;�1

N u� u
 ��� ��2

xl�1;l�1 ¼
X1

n¼N�1

û2
nl
ð1Þ
n;m 6 Cm;r

X1
n¼N�1

lð1Þn;r û2
n

6 Cm;rkor
xuk

2
xr�1;r�1

where by (4.10) and the Stirling formula (see [6]),

Cm;r ¼ max
nPN�1

lð1Þn;m

lð1Þn;r

K N 2ðm�rÞ: �
4.1.2. Convergence of (2.13) with x � 1

Let u and uN be the solutions of (2.7) and (2.13) (with
x � 1Þ, respectively, and set

êN ¼ pa;b
N u� uN ; eN ¼ u� uN ¼ ðu� pa;b

N uÞ þ êN :
Theorem 4.2. Let uN jt¼0 ¼ u0;N ¼ pa;b
N u0. For each of the

pair ða; bÞ in (4.11), assuming u 2 L2ð0; T ; L2
x1
ðIÞÞ \

L1ð0; T ; Br
a;bðIÞÞ and otu 2 L2ð0; T ; Br�1

a;b ðIÞÞ with integer

r P 1, we have
kuN � ukL1ð0;T ;L2
x0
ðIÞÞ

K N 1�r oto
r�1
x u

�� ��
L2ð0;T ;L2

xaþr�1;bþr�1
ðIÞÞ þ ko

r
xukL1ð0;T ;L2

xaþr;bþr ðIÞÞ

� �
;

ð4:19Þ

where x0 and x1 are given in (2.10).

Proof. By (2.7) and (2.14),

ðot êN ; vN Þx0
þ AðêN ; vN Þ ¼ ot pa;b

N u� u
 �

; vN

 �
x0

þ ox a pa;b
N u� u

 � �
; vN

 �
x0

þ ðbðpa;b
N u� uÞ; vN Þx0

; 8vN 2 V N :

ð4:20Þ

Taking vN ¼ êN in (4.20) and using (2.23) (note: êN ð0Þ ¼ 0),
we find that

kêNkL1ð0;T ;L2
x0
ðIÞÞ þ k1kêNkL2ð0;T ;L2

x1
ðIÞÞK G1 þ G2 ð4:21Þ

with

G1 ¼ ot pa;b
N u� u

 ��� ��
L2ð0;T ;L2

x2
ðIÞÞ;

G2 ¼ ox a pa;b
N u� u

 � �
þ b pa;b

N u� u
 ��� ��

L2ð0;T ;L2
x2
ðIÞÞ:

By (4.16) with m ¼ 0; 1, and the definition of x2ð6 xa;bÞ in
(2.10),
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G1 K ot pa;b
N u� u

 ��� ��
L2ð0;T ;L2

xa;b
ðIÞÞ

K N 1�rkoto
r�1
x ukL2ð0;T ;L2

xaþr�1;bþr�1
ðIÞÞ;

and using the fact a; ax; b 2 L1ðI � ð0; T �Þ,
G2 K kpa;b

N u� ukL2ð0;T ;B1
a;b
ðIÞÞK N 1�rkor

xukL2ð0;T ;L2

xaþr;bþr ðIÞÞ
:

Hence, plugging the estimates of G1 and G2 into (4.21)
leads to

kêNkL1ð0;T ;L2
x0
ðIÞÞ þ k1kêNkL2ð0;T ;L2

x1
ðIÞÞ

K N 1�r koto
r�1
x ukL2ð0;T ;L2

xaþr�1;bþr�1
ðIÞÞ þ ko

r
xukL2ð0;T ;L2

xaþr;bþr ðIÞÞ

� �
:

ð4:22Þ
Since in the Legendre case, x0 ¼ xâ;b̂

6 xa;b (cf. (2.11) and
(4.11)), using (4.16) (with m = 0) and (4.22) yields that

kuN � ukL1ð0;T ;L2
x0
ðIÞÞ

6 kpa;b
N u� ukL1ð0;T ;L2

x0
ðIÞÞ þ kêNkL1ð0;T ;L2

x0
ðIÞÞ

6 kpa;b
N u� ukL1ð0;T ;L2

xa;b
ðIÞÞ þ kêNkL1ð0;T ;L2

x0
ðIÞÞ

K N 1�r koto
r�1
x ukL2ð0;T ;L2

xaþr�1;bþr�1
ðIÞÞ þ ko

r
xukL1ð0;T ;L2

xaþr;bþr ðIÞÞ

� �
:

This completes the proof. h

Remark 4.1. If aðxÞ is a constant, the above result can
be slightly improved. Indeed, when taking vN ¼ êN in
(4.20) in this case, thanks to Lemma 4.1, we find that the
term corresponding to G2 becomes G2 ¼ kbðpa;b

N u�
uÞkL2ð0;T ;L2

x2
ðIÞÞ. Therefore,

G2 6 max
x2I
jbðxÞjkpa;b

N u� ukL2ð0;T ;L2
x2
ðIÞÞ

K N�rkor
xukL2ð0;T ;L2

xaþr;bþr ðIÞÞ
;

and

G1 K N�rkoto
r
xukL2ð0;T ;L2

xaþr;bþr ðIÞÞ
:

Hence, we have

kuN � ukL1ð0;T ;L2
x0
ðIÞÞ

K N�r kor
xotukL2ð0;T ;L2

xaþr;bþr
ðIÞÞ þ ko

r
xukL2ð0;T ;L2

xaþr;bþr
ðIÞÞ

� �
:

4.2. Chebyshev case (x ¼ ð1� x2Þ�1=2
)

In this subsection, we perform the error analysis of the
Chebyshev dual-Petrov–Galerkin scheme (2.13) with
V N=V �N given by (i)B–(iv)B in (2.12).

4.2.1. Chebyshev approximations

First, we establish an embedding result associated with
the weights given by (2.10)–(2.11):

x0ðxÞ ¼ xðxÞxâ;b̂ðxÞ ¼ x�3=2;�3=2;x1=2;�3=2;x�3=2;1=2;x1=2;1=2;

x1ðxÞ ¼ ð1� x2Þ�1x0ðxÞ ¼ x�5=2;�5=2;x�1=2;�5=2;x�5=2;�1=2;x�1=2;�1=2;

ð4:23Þ

for the cases ðiÞ
B
–ðivÞ

B
, respectively.
Lemma 4.2

kukx1
K kuk1;x; 8u 2 L2

x1
ðIÞ \ H 1

xðIÞ; ð4:24Þ

and

kukx0
K kuk1;x; 8u 2 L2

x0
ðIÞ \ H 1

xðIÞ: ð4:25Þ

Proof. We first prove (4.24). The case ðivÞ
B

(i.e.,
x1 ¼ x�1=2;�1=2 ¼ x) is well-known (cf. [3]). For the case
ðiÞ

B
(i.e., x1 ¼ x�5=2;�5=2), we recall the Hardy inequalityZ 1

0

1

1� x

Z 1

x
wðyÞdy

� �2

ð1� xÞd dx

6
4

1� d

Z 1

0

w2ðxÞð1� xÞd dx; ð4:26Þ

andZ 0

�1

1

1þ x

Z x

�1

wðyÞdy
� �2

ð1þ xÞd dx

6
4

1� d

Z 0

�1

w2ðxÞð1þ xÞd dx; ð4:27Þ

which hold for any measurable function /ðxÞ, and real num-
ber d < 1. Taking w ¼ oxu and d ¼ � 1

2
in (4.26) leads toZ 1

0

u2ðxÞð1� x2Þ�5=2 dx K
Z 1

0

u2ðxÞð1� xÞ�5=2

K
Z 1

0

ðoxuÞ2ð1� xÞ�1=2 dx

K
Z 1

0

ðoxuÞ2ð1� x2Þ�1=2 dx: ð4:28Þ

A similar inequality holds on the subinterval ½�1; 0� by
using (4.27). A combination of them yields

kuk2
x1

K koxuk2
x K kuk2

1;x:

Since the proofs for the cases ðiiÞ
B

and ðiiiÞ
B

are essentially
the same, we will only consider the case ðiiiÞ

B
. Thanks to

(4.28), we haveZ 1

0

u2ðxÞð1� xÞ�5=2ð1þ xÞ�1=2 dx K
Z 1

0

u2ðxÞð1� xÞ�5=2

K
Z 1

0

ðoxuÞ2ð1� xÞ�1=2 dx

K
Z 1

0

ðoxuÞ2ð1� x2Þ�1=2 dx:

ð4:29Þ

On the other hand,Z 0

�1

u2ðxÞð1� xÞ�5=2ð1þ xÞ�1=2 dx K
Z 0

�1

u2ðxÞð1� x2Þ�1=2 dx:

A combination of them leads to the desired result.
The inequality (4.25) can be proved in a similar

fashion. h
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As in the Legendre case, we need to derive some Cheby-
shev approximation results in suitable weighted Sobolev
spaces. Let us define the subspaces of H 1

xðIÞ:

0H 1
xðIÞ ¼ fu 2 H 1

xðIÞ : uð�1Þ ¼ 0g;
0H 1

xðIÞ ¼ fu 2 H 1
xðIÞ : uð1Þ ¼ 0g
and H 1
0;xðIÞ ¼ 0H 1

xðIÞ \ 0H 1
xðIÞ. Below, we shall use V to

denote H 1
0;xðIÞ; 0H 1

xðIÞ, 0H 1
xðIÞ and H 1

xðIÞ for the cases
ðiÞ

B
; ðiiÞ

B
; ðiiiÞ

B
and ðivÞ

B
, respectively.

Define the orthogonal projection: p1
N ;x : V ! V N

(defined in (2.12) for each case) by

oxðp1
N ;xu� uÞ; oxvN

� �
x
þ ðp1

N ;xu� u; vN Þx ¼ 0; 8vN 2 V N :

ð4:30Þ
Lemma 4.3. For any u 2 V \ Br
�3=2;�3=2ðIÞ with integer

r P 1, we have that for each case of (i)B–(iv)B,
kp1
N ;xu� ukl;x K Nl�rkor

xukxr�3=2;r�3=2 ; l ¼ 0; 1: ð4:31Þ

If, in addition, u 2 L2
vðIÞ with v ¼ x0 or x1 given in (4.23),

then

kp1
N ;xu� ukv K N 1�rkor

xukxr�3=2;r�3=2 : ð4:32Þ

Proof. The estimate (4.31) for ðiÞ
B

H 1
0;x-orthogonal projec-

tion, and (iv) H 1
x-orthogonal projection, can be found, for

instance in [3], an improvement with the semi-norm in the
upper bound can be found in [14]. The other two cases of
(4.31) are stated in Theorem 3.2 of [14]. Then, a combina-
tion of Lemma 4.24 and (4.31) implies (4.32). h
4.2.2. Convergence of (2.13) with x ¼ (1� x2)�1=2

Theorem 4.3. Let uN ð0Þ ¼ u0;N ¼ p1
N ;xu0. If u 2 L2ð0; T ;

L2
x1
ðIÞÞ \ L1ð0; T ; Br

�3=2;�3=2ðIÞÞ and otu 2 L2ð0; T ;
Br�1
�3=2;�3=2ðIÞÞ with integer r P 2, then
ku� uNkL1ð0;T ;L2
x0
ðIÞÞ þ k1ku� uNkL2ð0;T ;L2

x1
ðIÞÞ

K N 1�r koto
r�1
x ukL2ð0;T ;L2

xr�5=2;r�5=2
ðIÞÞ þ ko

r
xukL1ð0;T ;L2

xr�3=2;r�3=2
ðIÞÞ

� �
:

ð4:33Þ

where k1, x0 and x1 are the same as in Theorem 2.1 (also see

(4.23)).

Proof. Set êN ¼ p1
N ;xu� uN and eN ¼ u� uN ¼ ðu �

p1
N ;xuÞ þ êN . By an argument similar to the derivation of

(4.21), we have

kêNkL1ð0;T ;L2
x0
ðIÞÞ þ k1kêNkL2ð0;T ;L2

x1
ðIÞÞK W 1 þ W 2; ð4:34Þ
where

W 1 ¼ kotðp1
N ;xu� uÞkL2ð0;T ;L2

x2
ðIÞÞ;

W 2 ¼ koxðaðp1
N ;xu� uÞÞ þ bðp1

N ;xu� uÞkL2ð0;T ;L2
x2
ðIÞÞ

and

x2 ¼ x�1=2;�1=2;x3=2;�1=2;x�1=2;3=2;x3=2;3=2;

for the cases (i)B–(iv)B, respectively. Since x2 K x, we de-
rive from (4.31) that

W 1 K N 1�rkoto
r�1
x ukL2ð0;T ;L2

xr�5=2;r�5=2
ðIÞÞ; r P 2

and

W 2 K N 1�rkor
xukL2ð0;T ;L2

xr�3=2;r�3=2
ðIÞÞ; r P 1:

On the other hand, by (4.32), we have that

kp1
N ;xu� ukL1ð0;T ;L2

x0
ðIÞÞ þ k1kp1

N ;xu� ukL2ð0;T ;L2
x1
ðIÞÞ

K N 1�r kor
xukL1ð0;T ;L2

xr�3=2;r�3=2
ðIÞÞ þ ko

r
xukL2ð0;T ;L2

xr�3=2;r�3=2
ðIÞÞ

� �
K N 1�rkor

xukL1ð0;T ;L2

xr�3=2;r�3=2
ðIÞÞ: ð4:35Þ

Hence, using a triangle inequality and the above estimates
leads to the desired result. h
5. Concluding remarks

We presented in this paper a Legendre and Chebyshev
dual-Petrov–Galerkin method for hyperbolic equations.

The dual-Petrov–Galerkin method is based on a natural
variational formulation for hyperbolic equations. A dis-
tinctive feature of this variational formulation is that the
associated bilinear form for general hyperbolic equations
is coercive. An immediate consequence of this property is
that the dual-Petrov–Galerkin method is always stable
without any restriction on the coefficients. Another conse-
quence is that one can build robust preconditioners as in
the elliptic equations. In fact, by working in the frequency
space, we were able to build an optimal (in the sense that
for a given accuracy, the required iteration number is inde-
pendent of the number of modes) preconditioner, which is
the sparse matrix associated with an equation with suitable
constant coefficients, for the linear system of an implicit
time discretization of general hyperbolic equations.

This paper is our first effort in developing robust spec-
tral algorithms for hyperbolic equations/systems. In future
works, we shall investigate whether the dual-Petrov–Galer-
kin framework can be extended to effectively handle hyper-
bolic systems, and whether one can build more robust
preconditioners using a suitable finite element approxima-
tion of the dual-Petrov–Galerkin formulation. We shall
also investigate the numerical and theoretical issues of
the dual-Petrov–Galerkin method for nonlinear hyperbolic
equations.
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Appendix A. Properties of Jacobi polynomials

We collect below some relevant formulas of the Jacobi
polynomials used in this paper. The Jacobi polynomials
J a;b

n ðxÞða; b > �1Þ are orthogonal with respect to the Jacobi
weight xa;b ¼ ð1� xÞað1þ xÞb, i.e.,Z

I
J a;b

n ðxÞJ a;b
m ðxÞxa;bðxÞdx ¼ ca;b

n dmn; ðA:1Þ

with

ca;b
n ¼

2aþbþ1Cðnþ aþ 1ÞCðnþ bþ 1Þ
ð2nþ aþ bþ 1ÞCðnþ 1ÞCðnþ aþ bþ 1Þ : ðA:2Þ

There hold the following recursive formulas (cf. Szegö [23]
and Askey [1]):

J a;b
n�1ðxÞ¼ J a;b�1

n ðxÞ� J a�1;b
n ðxÞ; a;b> 0; ðA:3Þ

J a;b
n ðxÞ¼

1

nþaþb
ðnþbÞJ a;b�1

n ðxÞþðnþaÞJ a�1;b
n ðxÞ

� �
; a;b> 0;

ðA:4Þ
ð1� xÞJ aþ1;b

n ðxÞ¼ 2

2nþaþbþ2
ðnþaþ1ÞJ a;b

n ðxÞ�ðnþ1ÞJ a;b
nþ1ðxÞ

� �
;

ðA:5Þ
ð1þ xÞJ a;bþ1

n ðxÞ¼ 2

2nþaþbþ2
ðnþbþ1ÞJ a;b

n ðxÞþðnþ1ÞJ a;b
nþ1ðxÞ

� �
;

ðA:6Þ
@xJ a;b

n ðxÞ¼
1

2
ðnþaþbþ1ÞJ aþ1;bþ1

n�1 ðxÞ; n P 1: ðA:7Þ

The Legendre polynomials: LnðxÞ :¼ J 0;0
n ðxÞ; n P 0, satisfy

ð2nþ 1ÞLnðxÞ ¼ oxLnþ1ðxÞ � oxLn�1ðxÞ; n P 1; ðA:8Þ

ð1� x2ÞoxLnðxÞ ¼
nðnþ 1Þ
2nþ 1

ðLn�1ðxÞ � Lnþ1ðxÞÞ; n P 1:

ðA:9Þ

The Chebyshev polynomials are defined by

T nðxÞ ¼
J
�1

2;�
1
2

n ðxÞ
J
�1

2;�
1
2

n ð1Þ
¼ cosðn arccosðxÞÞ; n P 0: ðA:10Þ

We have that

2xT nðxÞ ¼ T n�1ðxÞ þ T nþ1ðxÞ; n P 1; ðA:11Þ

ð1� x2ÞoxT nðxÞ ¼
n
2
ðT n�1ðxÞ � T nþ1ðxÞÞ; n P 1: ðA:12Þ

As a consequence,

ð1� xÞoxðð1þ xÞT nðxÞÞ ¼
n� 1

2
T n�1ðxÞ þ T nðxÞ

� nþ 1

2
T nþ1ðxÞ: ðA:13Þ
Appendix B. The proofs of (4.2)–(4.4) and (4.7)–(4.9)

Using (A.7), (A.8) and (A.9), we obtain (4.2). Then, the
first result of (4.3) comes directly from (A.6). Next, we
derive from (A.3), (A.4), (A.7) and (4.1) that
ox/nðxÞ ¼
ðA:7Þ 1

2
ðnþ 2ÞJ 1;1

n ðxÞ þ
1

2
ðnþ 1ÞJ 1;1

n�1ðxÞ

¼ðA:3Þ 1

2
ðnþ 2ÞJ 1;1

n ðxÞ þ
1

2
ðnþ 1Þ J 1;0

n ðxÞ � J 0;1
n ðxÞ

 �
¼ 1

2
ðnþ 2ÞJ 1;1

n ðxÞ � ðnþ 1ÞJ 0;1
n ðxÞ

 �
þ 1

2
ðnþ 1ÞJ 1;0

n ðx

¼ðA:4Þðnþ 1ÞJ 1;0
n ðxÞ:

Similarly, we can prove (4.4).
Using (A.7), (4.2) and an induction argument, we find

that

o
l
xunðxÞ ¼ ð2nþ 3Þol�1

x Lnþ1ðxÞ ¼ jn;lJ
l�;l�1
n�lþ2 ðxÞ ðB:1Þ

with

jn;l ¼
ð2nþ 3ÞCðnþ lþ 1Þ

2l�1Cðnþ 2Þ
:

Therefore, (4.7) follows from the orthogonality (A.1) with

lð1Þn;l ¼ j2
n;lc

l�1;l�1
n�lþ2 ¼ 2ð2nþ 3Þ Cðnþ lþ 1Þ

ðCðn� lþ 3ÞÞ :

Similarly, we can prove (4.8) and (4.9).
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