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Abstract

In this paper, we study the approximation of fα(x) = |x |
α, α > 0 in L∞[−1, 1] by its Fourier–

egendre partial sum S(α)
n (x). We derive the upper and lower bounds of the approximation error in the

L∞-norm that are valid uniformly for all n ≥ n0 for some n0 ≥ 1. Such an optimal L∞-estimate
equires a judicious summation rule that can recover the lost half order if one uses a naive summation.
onsequently, we can obtain the explicit Bernstein-type constant

B(α)
∞ := lim

n→∞
nα

 fα − S(α)
n

L∞ =
2Γ (α)

π

⏐⏐⏐ sin
απ

2

⏐⏐⏐.
nterestingly, using a similar argument, we can show that the Fourier–Chebyshev sum has the same
ernstein-type constant B(α)

∞ as the Legendre case.
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1. Introduction

The approximation of fα(x) = |x |
α, α > 0 by polynomials has long been known as a

fundamental problem of much relevance in approximation theory and numerical analysis (see,
e.g., [6,25,29]). The foundational Weierstrass’ theorem on polynomial approximation can be
approached via approximating |x | on [−1, 1] (see [22,28]). The study of its best uniform
polynomial approximation dates back to Bernstein in 1913, but to date, there are still some
unsolved problems (see the excellent survey [25]: “Towards best approximations for |x |

α”).
The Chebyshev polynomial approximation of the prototype function |x | has motivated the
introduction of the Chebyshev-weighted 1-norm in Trefethen [29] that can best characterise
the regularity of fα with integer α. Moreover, the investigation of Legendre polynomial
approximation of such singular functions played a fundamental role in the theory of hp finite
element since the seminal work of Gui and Babuška [13]. It is also worth noting the important
role of this benchmark function fα(x) in the introduction of approximation framework and
results for numerical analysis (see, e.g., [2,14–16,33] and the references therein).

Remarkably, Bernstein [4,5] proved the existence of the limit (which is dubbed as the
Bernstein constant):

B∗

∞,α := lim
n→∞

nα
 fα − p∗

n

L∞ with
 fα − p∗

n

L∞ = inf
p∈Pn

 fα − p
L∞ , (1.1)

where Pn is the set of all polynomials of degree at most n, and p∗
n ∈ Pn is the best uniform

approximation polynomial. Moreover, Bernstein [5] derived the bounds
1
π

⏐⏐⏐sin
πα

2

⏐⏐⏐Γ (α)
(

1 −
1

α − 1

)
≤ B∗

∞,α ≤
1
π

⏐⏐⏐sin
πα

2

⏐⏐⏐Γ (α), α > 2, (1.2)

ut the exact value of B∗
∞,α is still unknown (cf. [9]). The estimate (1.2) implies that for α ≫ 1,

B∗

∞,α
∼=

Γ (α)
π

⏐⏐⏐sin
πα

2

⏐⏐⏐ . (1.3)

In fact, Bernstein [5] speculated that for α = 1, B∗

∞,1 =
1

2
√

π
≈ 0.2820947917 . . . .

igh precision numerical verification of Bernstein’s speculation was carried out in [21,31]
nd B∗

∞,1 ≈ 0.2801694990 . . . was reported in [31]. We also remark that Ganzburg and
Lubinsky [11] and Lubinsky [17] studied the Bernstein constant from the angle of best
approximating entire functions to |x |

α .
Ganzburg [9] and Lubinsky [18] showed the existence of the Bernstein constant in the

L p-sense

B∗

p,α := lim
n→∞

nα+
1
p
 fα − p∗

n

L p where
 fα − p∗

n

L p = inf
p∈Pn

 fα − p
L p , (1.4)

or all 1 ≤ p ≤ ∞, but its exact value is known only for p = 1, 2 (see [19,23]). In particular,
aitsin [23] obtained that for p = 2,

B∗

2,α =
2Γ (α + 1)

√
(2α + 1)π

⏐⏐⏐ sin
απ

2

⏐⏐⏐, α > −
1
2
. (1.5)

In fact, Ganzburg [9] considered the analogues of the Bernstein’s problem involving the
Lagrange interpolation at the Chebyshev nodes of the first and second kind, from which the
existence result in (1.4) was followed. One important result therein is

BC
∞,α := lim (2n)α∥ fα − I (1)

2n [ fα]∥L∞ =
4 ⏐⏐⏐sin

πα
⏐⏐⏐ ∫ ∞ tα−1

dt, (1.6)

n→∞ π 2 0 et + e−t

2
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for α > 0, where I (1)
2n [ fα] is the Lagrange interpolation of fα at the nodes: x0 = 0 and {x j }

2n
j=1

eing the zeros of the Chebyshev polynomials T2n(x). Revers [24] (also see some earlier works
ited therein) studied an alternative interpolation and obtained

lim sup
n→∞

(2n)α∥ fα − I (2)
2n [ fα]∥L∞ ≤

4
π

⏐⏐⏐ sin
πα

2

⏐⏐⏐ ∫ ∞

0

tα

et − e−t
dt, α > 0, (1.7)

here I (2)
2n [ fα] is the Lagrange interpolant at the (2n + 1) zeros of T2n+1(x). We refer to

evers [26] for an up-to-date review and other interesting developments, and also to the
issertation [10] for many other explorations in various aspects.

In this paper, we aim to study the approximation of fα(x) by its Fourier–Legendre partial
um

fα(x) =

∞∑
k=0

f̂ (α)
k Pk(x), S(α)

n (x) :=

n∑
k=0

f̂ (α)
k Pk(x), (1.8)

here Pk(x) is the Legendre polynomial of degree k and the expansion coefficients are
xplicitly given by (see e.g., [23, P.60]):

f̂ (α)
k =

{
1 + (−1)k}Γ (α + 1)

2α+2
√

π

(2k + 1)Γ ((k − α)/2)
Γ ((k + α + 3)/2)

sin
(k − α)π

2
. (1.9)

We first derive the upper and lower bounds of the truncation errors in the L∞-norm that are
valid for all n ≥ n0 with some n0 ≥ 1. Consequently, we are able to obtain the explicit
Bernstein-type constant B(α)

∞ . We can recover the lost half order (see [32]) or remove the
extra log n-factor (see [3]) in the existing estimates. The analysis is accomplished by subtle
estimations of the involving Gamma functions and a proper summation rule.

2. Main results

We present the first main result on the L∞-estimate of approximating fα by its the
ourier–Legendre partial sum, and the related Bernstein-type constant.

heorem 2.1. For real α > 0 and integer n > α + 1, we have

CαΥ̂
(α)
n̂

Γ (n̂ − α/2)
Γ (n̂ + α/2)

≤
 fα − S(α)

n

L∞ ≤ CαΥ
(α)
n̂

Γ (n̂ − α/2 − 1)
Γ (n̂ + α/2 − 1)

, (2.1)

where n̂ := ⌈
n+1

2 ⌉ is the smallest integer ≥
n+1

2 ,

Υ (α)
n̂ := 1 +

(2α + 1)
√

π

4
Γ (n̂ + α/2 + 1)
Γ (n̂ + (α + 3)/2)

,

Υ̂ (α)
n̂ :=

(n̂ + 1/4)Γ (n̂ + 1/2)Γ (n̂ + α/2 + 1)
Γ (n̂ + 1)Γ (n̂ + (α + 3)/2)

,

(2.2)

and

Cα :=
Γ (α)

2α−1π

⏐⏐⏐ sin
απ

2

⏐⏐⏐. (2.3)

Then the Bernstein-type constant is

B(α)
= lim nα

 fα − S(α)
L∞ =

2Γ (α) ⏐⏐⏐ sin
απ

⏐⏐⏐. (2.4)

∞ n→∞

n π 2
3
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Proof. We take three steps to prove the above results. (i) We first derive the upper bound in
2.1). Observe from (1.9) that f̂ (α)

k = 0 if k is odd. We group the terms in the summation as⏐⏐ fα(x) − S(α)
n (x)

⏐⏐ =

⏐⏐⏐ ∞∑
k=n+1

f̂ (α)
k Pk(x)

⏐⏐⏐ =

⏐⏐⏐ ∞∑
j=n̂

f̂ (α)
2 j P2 j (x)

⏐⏐⏐
≤ Sn̂ + Sn̂+2 + Sn̂+4 + · · · =

∞∑
i=0

Sn̂+2i ,

(2.5)

here

S j :=
⏐⏐ f̂ (α)

2 j P2 j + f̂ (α)
2 j+2 P2 j+2

⏐⏐ ≤ | f̂ (α)
2 j ∥P2 j − P2 j+2| + | f̂ (α)

2 j + f̂ (α)
2 j+2∥P2 j+2|. (2.6)

e next show that for j ≥ n̂ ≥ (α + 1)/2,

S j ≤

⏐⏐⏐ sin
απ

2

⏐⏐⏐Γ (α + 1)
2α−2π

{
1 +

(2α + 1)
√

π

4
Γ (n̂ + α/2 + 1)
Γ (n̂ + α/2 + 3/2)

}
Γ ( j − α/2)

Γ ( j + α/2 + 1)
. (2.7)

o do this, we infer from [16, (3.17)] with µ → 0 that

max
|x |≤1

{⏐⏐⏐ ∫ x

−1
Pk(y)dy

⏐⏐⏐} ≤
1

2
√

π

Γ (k/2)
Γ ((k + 3)/2)

.

sing the properties (cf. [27, (3.175) and (3.176a)]):

Pk(±1) = (±1)k, k ≥ 0; (2k + 1)Pk(x) = P ′

k+1(x) − P ′

k−1(x), k ≥ 1,

e have that for k ≥ 1,⏐⏐Pk+1(x) − Pk−1(x)
⏐⏐ = (2k + 1)

⏐⏐⏐ ∫ x

−1
Pk(y)dy

⏐⏐⏐ ≤
1

√
π

(k + 1/2)Γ (k/2)
Γ ((k + 3)/2)

. (2.8)

On the other hand, we obtain from (1.9) that

| f̂ (α)
2 j + f̂ (α)

2 j+2| ≤

⏐⏐⏐ sin
απ

2

⏐⏐⏐ Γ (α + 1)
2α

√
π

2(2α + 1) j + 3α + 3/2
2 j + α + 3

Γ ( j − α/2)
Γ ( j + α/2 + 3/2)

.

(2.9)

A combination of (1.9), (2.6), (2.8), (2.9) and the fact |Pk(x)| ≤ 1, leads to

S j ≤

⏐⏐⏐ sin
απ

2

⏐⏐⏐Γ (α + 1)
2α

√
π

Γ ( j − α/2)
Γ ( j + α/2 + 1)

{
4( j + 1/4)( j + 3/4)

√
π

Γ ( j + 1/2)
Γ ( j + 2)

+
2(2α + 1) j + 3α + 3/2

2 j + α + 3

}
Γ ( j + α/2 + 1)
Γ ( j + α/2 + 3/2)

.

(2.10)

rom [1, (1.1) and Thm. 10], we know that for c ≥ b ≥ 0, the ratio

Rb
c (z) :=

Γ (z + b)
Γ (z + c)

, z ≥ 0, (2.11)

s decreasing with respect to z. Thus for j ≥ n̂,

2(2α + 1) j + 3α + 3/2
2 j + α + 3

Γ ( j + α/2 + 1)
Γ ( j + α/2 + 3/2)

≤ (2α + 1)
Γ (n̂ + α/2 + 1)
Γ (n̂ + α/2 + 3/2)

. (2.12)

ecall [20, (5.11.13)]: for a < b,
Γ (z + a)

= za−b
+

1
(a − b)(a + b − 1)za−b−1

+ O(za−b−2), z ≫ 1. (2.13)

Γ (z + b) 2

4
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Therefore

lim
j→∞

( j + 1/4)1/2Γ ( j + 1/2)
Γ ( j + 1)

= 1, lim
j→∞

( j + α/2 + 3/4)1/2Γ ( j + α/2 + 1)
Γ ( j + α/2 + 3/2)

= 1.

(2.14)

oreover, the ratio (cf. [7, Corollary 2])

R̂c(z) :=
1

√
z + c

Γ (z + 1)
Γ (z + 1/2)

, (2.15)

s decreasing (−1/4, ∞) (increasing on (−1/2, ∞)) if c = 1/4 (if c = 1/2), which, together
ith (2.14), implies

1
R̂1/4( j)

=
( j + 1/4)1/2Γ ( j + 1/2)

Γ ( j + 1)
≤ lim

j→∞

1
R̂1/4( j)

= 1,

nd

1
R̂1/4( j + α/2 + 1/2)

=
( j + α/2 + 3/4)1/2Γ ( j + α/2 + 1)

Γ ( j + α/2 + 3/2)

≤ lim
j→∞

1
R̂1/4( j + α/2 + 1/2)

= 1.

hus

( j + 1/4)( j + 3/4)
Γ ( j + 1/2)

( j + 1)Γ ( j + 1)
Γ ( j + α/2 + 1)

Γ ( j + α/2 + 3/2)
≤

( j + 1/4)1/2

( j + α/2 + 3/4)1/2
j + 3/4
j + 1

≤ 1. (2.16)

From (2.10), (2.12), (2.16) and Γ (z + 1) = zΓ (z), we get (2.7).
With (2.7), we can now estimate the summation in (2.5). We obtain from (2.11) that

Γ ( j − α/2)
Γ ( j + α/2 + 1)

≤
1
2
Γ ( j − α/2 − 1)
Γ ( j + α/2)

+
1
2

Γ ( j − α/2)
Γ ( j + α/2 + 1)

=
1

2α

(Γ ( j − α/2 − 1)
Γ ( j + α/2 − 1)

−
Γ ( j − α/2 + 1)
Γ ( j + α/2 + 1)

)
,

(2.17)

here we observed
Γ ( j − α/2 − 1)
Γ ( j + α/2)

=
1
α

(Γ ( j − α/2 − 1)
Γ ( j + α/2 − 1)

−
Γ ( j − α/2)
Γ ( j + α/2)

)
,

and
Γ ( j − α/2)

Γ ( j + α/2 + 1)
=

1
α

(Γ ( j − α/2)
Γ ( j + α/2)

−
Γ ( j − α/2 + 1)
Γ ( j + α/2 + 1)

)
.

s a direct consequence of (2.17), we have
∞∑

i=0

Γ (n̂ + 2i − α/2)
Γ (n̂ + 2i + α/2 + 1)

≤
1

2α

Γ (n̂ − α/2 − 1)
Γ (n̂ + α/2 − 1)

. (2.18)

hen the upper bound in (2.1) is a direct consequence of (2.5), (2.7) and (2.18).
(ii) We next derive the lower bound in (2.1). We recall (see [12, 8.911(5) & 8.339(2)])

P2 j (0) = (−1) j Γ ( j + 1/2)
√ ,
π j !
5
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w
b
(

p

and obtain from (1.9) that fα − S(α)
n

L∞ ≥
⏐⏐( fα − S(α)

n )(0)
⏐⏐ =

⏐⏐⏐ ∞∑
j=n̂

f̂ (α)
2 j P2 j (0)

⏐⏐⏐
=

⏐⏐⏐ sin
απ

2

⏐⏐⏐Γ (α + 1)
2α−1π

∞∑
j=n̂

( j + 1/4)Γ ( j + 1/2)Γ ( j − α/2)
Γ ( j + 1)Γ ( j + (α + 3)/2)

=

⏐⏐⏐ sin
απ

2

⏐⏐⏐Γ (α + 1)
2α−1π

∞∑
j=n̂

Υ̂ (α)
j

Γ ( j − α/2)
Γ ( j + α/2 + 1)

,

(2.19)

here Υ̂ (α)
j is given in (2.2). Thus direct calculation leads to

Υ̂
(α)
j

Υ̂
(α)
j+1

=
( j + 1/4)( j + 1)( j + (α + 3)/2)
( j + 1/2)( j + 5/4)( j + α/2 + 1)

= 1 −
(α + 1) j + 3α/4 + 1

4( j + 1/2)( j + 5/4)( j + α/2 + 1)
< 1,

o the sequence {Υ (α)
j } j≥n̂ is increasing. Hence by (2.11),

∞∑
j=n̂

Υ̂ (α)
j

Γ ( j − α/2)
Γ ( j + α/2 + 1)

≥ Υ̂ (α)
n̂

∞∑
j=n̂

1
α

(Γ ( j − α/2)
Γ ( j + α/2)

−
Γ ( j − α/2 + 1)
Γ ( j + (α + 2)/2)

)
= Υ̂ (α)

n̂
Γ (n̂ − α/2)
αΓ (n̂ + α/2)

.

hus, we obtain from (2.19) the lower bound (2.1).
(iii) We now calculate the Bernstein-type constant. From (2.13), we get limn→∞ Υ (α)

n̂ =

imn→∞ Υ̂ (α)
n̂ = 1, and

lim
n→∞

nα Γ (n̂ − α/2)
Γ (n̂ + α/2)

= lim
n→∞

nα Γ (n̂ − α/2 − 1)
Γ (n̂ + α/2 − 1)

= 2α.

hen we obtain the desired value from the bounds in (2.1) and the above facts. □

emark 2.1. Recently, Wang [32, Corollary2.5] obtained the estimate for α = 1,

∥ f1 − S(1)
n ∥L∞ ≤

8
√

π (2n − 5)
, (2.20)

ut the numerical evidence showed the order O(n−1). As a by-product of Theorem 2.1, we
ave

1
π (n̂ − 1/2)

(
1 −

3
4(n̂ + 1)

)
≤

 f1 − S(1)
n

L∞ ≤
1

π (n̂ − 3/2)

(
1 +

3
√

π

4
√

n̂ + 5/4

)
, (2.21)

hich follows from (2.2) and (2.15). The key is the summation rule where (2.20) was obtained
y a naive summation using |Pk(x)| ≤ 1 as the Chebyshev case, while the optimal estimate
2.21) is derived from a proper grouping the terms in (2.5)–(2.6).

Coincidentally, we can show that the Bernstein-type constant of the Fourier–Chebyshev
artial sum is identical to that of the Legendre case.
6
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Theorem 2.2. Consider the Fourier–Chebyshev partial sum

S̃(α)
n (x) :=

n∑
k=0

′ f̃ (α)
k Tk(x), f̃ (α)

k =
2
π

∫ 1

−1

fα(x)Tk(x)
√

1 − x2
dx, (2.22)

here
∑

′ means the first term is halved. Then for real α > 0 and integer n ≥ α + 1, we have
he identity

∥ fα − S̃(α)
n ∥L∞ =

Γ (α)
2α−1π

⏐⏐⏐ sin
απ

2

⏐⏐⏐Γ (n̂ − α/2)
Γ (n̂ + α/2)

, (2.23)

here n̂ = ⌈
n+1

2 ⌉ as before. Consequently, the Bernstein-type constant is

B̃(α)
∞

:= lim
n→∞

nα
∥ fα − S̃(α)

n ∥L∞ = B(α)
∞

=
2Γ (α)

π

⏐⏐⏐ sin
απ

2

⏐⏐⏐. (2.24)

roof. Like (1.9), we have the explicit formula (cf. [15, (4.58)])

f̃ (α)
k =

{
1 + (−1)k}Γ (α + 1)

2απ

Γ (k/2 − α/2)
Γ (k/2 + α/2 + 1)

sin
( (k − α)π

2

)
. (2.25)

hus by (2.22), (2.25) and the fact |Tk(x)| ≤ 1, fα − S̃(α)
n

L∞ ≤

∞∑
j=n̂

⏐⏐⏐ f̃ (α)
2 j

⏐⏐⏐ =
Γ (α + 1)

2α−1π

⏐⏐⏐ sin
απ

2

⏐⏐⏐ ∞∑
j=n̂

Γ ( j − α/2)
Γ ( j + α/2 + 1)

=
Γ (α)

2α−1π

⏐⏐⏐ sin
απ

2

⏐⏐⏐ ∞∑
j=n̂

(Γ ( j − α/2)
Γ ( j + α/2)

−
Γ ( j − α/2 + 1)
Γ ( j + α/2 + 1)

)
=

Γ (α)
2α−1π

⏐⏐⏐ sin
απ

2

⏐⏐⏐Γ (n̂ − α/2)
Γ (n̂ + α/2)

,

(2.26)

here we used the following simple equality derived from the property Γ (z + 1) = zΓ (z) :

Γ ( j − α/2)
Γ ( j + α/2 + 1)

=
1
α

(Γ ( j − α/2)
Γ ( j + α/2)

−
Γ ( j − α/2 + 1)
Γ ( j + α/2 + 1)

)
.

n the other hand, using (2.22), (2.25) and Tk(0) = cos(kπ/2), we obtain from (2.26) that fα − S̃(α)
n

L∞ ≥
⏐⏐( fα − S̃(α)

n )(0)
⏐⏐ =

∞∑
j=n̂

⏐⏐ f̃ (α)
2 j

⏐⏐ =
Γ (α)

2α−1π

Γ (n̂ − α/2)
Γ (n̂ + α/2)

⏐⏐⏐ sin
απ

2

⏐⏐⏐. (2.27)

his ends the derivation of (2.23). Using (2.13), we obtain the Bernstein-type constant
2.24). □

emark 2.2. It is noteworthy that Varga [30] derived the constant (2.24) for α = 1.

We infer from the bounds in (1.2) (from Bernstein [5]) and (2.4) that for α > 2,

B(α)
∞

2

(
1 −

1
α − 1

)
≤ B∗

∞,α ≤
B(α)

∞

2
. (2.28)

s a direct consequence of (2.28), we have the following relationship between two constants.
7
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s

Fig. 2.1. Plot of cα for various values of α ∈ (0, 8).

Proposition 2.1. For α > 2, there hold

B(α)
∞

= (2 + cα)B∗

∞,α and 0 ≤ cα ≤
2

α − 2
, (2.29)

o cα → 0 as α → ∞.

We now extend the definition of cα = B(α)
∞ /B∗

∞,α − 2 to α ∈ (0, 2). It is noteworthy that
Carpenter and Varga [8, Table 1.1] provided some very accurate values of B∗

∞,α , and here we
also use the Chebfun [21] to compute more values. In Fig. 2.1, we plot the graph of cα for
α ∈ (0, 8).

From the above numerical evidences, we conjecture the following property of cα , but the
proof is open.

Conjecture 2.1. Let α > 0 not be an even integer. Then cα has a global maximum point
(α0, cα0 ) ≈ (0.59, 0, 29046), and cα is monotonically increasing for α < α0 but decreasing for
α > α0.

Data availability

No data was used for the research described in the article.

Acknowledgments

The authors would like to thank the anonymous referees for their valuable comments and
suggestion that have led to significant improvements of this paper.

References
[1] H. Alzer, On some inequalities for the Gamma and Psi functions, Math. Comp. 66 (217) (1997) 373–389.
[2] I. Babuška, B.Q. Guo, Direct and inverse approximation theorems for the p-version of the finite element

method in the framework of weighted Besov spaces. I. Approximability of functions in the weighted Besov
spaces, SIAM J. Numer. Anal. 39 (5) (2001) 1512–1538.

[3] I. Babuška, H. Hakula, Pointwise error estimate of the Legendre expansion: the known and unknown features,
Comput. Methods Appl. Mech. Engrg. 345 (2019) 748–773.
8

http://refhub.elsevier.com/S0021-9045(23)00035-7/sb1
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb2
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb2
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb2
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb2
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb2
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb3
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb3
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb3


W. Liu, L.-L. Wang and B. Wu Journal of Approximation Theory 291 (2023) 105897
[4] S.N. Bernstein, Sur la meilleure approximation de |x | par des polynomes de degre donnes, Acta Math. 37
(1913) 1–57.

[5] S.N. Bernstein, Sur la meilleure approximation de |x |
p par des polynomes de degres tres eleves, Bull. Acad.

Sci. USSR, Ser. Math. 2 (1938) 181–190.
[6] M.D. Buhmann, D.H. Mache, Advanced Problems in Constructive Approximation, Birkhäuser Verlag,

Switzerland, 2002.
[7] J. Bustoz, M.E.H. Ismail, On Gamma function inequalities, Math. Comp. 47 (176) (1986) 659–667.
[8] A.J. Carpenter, R.S. Varga, Some numerical results on best uniform polynomial approximation of xα on [0, 1],

in: Methods of Approximation Theory in Complex Analysis and Mathematical Physics, Leningrad, 1991, in:
Lecture Notes in Math., vol. 1550, Springer, Berlin, 1993, pp. 192–222.

[9] M.I. Ganzburg, The Bernstein constant and polynomial interpolation at the Chebyshev nodes, J. Approx.
Theory 119 (2) (2002) 193–213.

[10] M.I. Ganzburg, Polynomial interpolation and asymptotic representations for zeta functions, Diss. Math. 496
(2013) 117.

[11] M.I. Ganzburg, D.S. Lubinsky, Best approximating entire functions to |x |
α in L2, in: Complex Analysis and

Dynamical Systems III, in: Contemp. Math. Amer. Math. Soc., vol. 455, Providence, RI, 2008, pp. 93–107.
[12] I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series and Products, eight ed., Academic Press, New York,

2015.
[13] W. Gui, I. Babuška, The h, p and h-p versions of the finite element method in 1 dimension. I. The error

analysis of the p-version, Numer. Math. 49 (6) (1986) 577–612.
[14] W.J. Liu, L.-L. Wang, Asymptotics of the generalized Gegenbauer functions of fractional degree, J. Approx.

Theory 253 (2020) 105378.
[15] W.J. Liu, L.-L. Wang, H.Y. Li, Optimal error estimates for Chebyshev approximations of functions with

limited regularity in fractional Sobolev-type spaces, Math. Comp. 88 (320) (2019) 2857–2895.
[16] W.J. Liu, L.-L. Wang, B.Y. Wu, Optimal error estimates for Legendre expansions of singular functions with

fractional derivatives of bounded variation, Adv. Comput. Math. 47 (79) (2021).
[17] D.S. Lubinsky, Series representations for best approximating entire functions of exponential type, in: Wavelets

and Splines: Athens 2005, Mod. Methods Math, Nashboro Press, Brentwood, TN, 2005, pp. 356–364.
[18] D.S. Lubinsky, On the Bernstein constants of polynomial approximation, Constr. Approx. 25 (3) (2007)

303–366.
[19] S.M. Nikolskii, On the best mean approximation by polynomials of the functions |x − c|s , Izv. Akad. Nauk

SSSR 11 (1947) 139–180.
[20] F.W.J. Olver, D.W. Lozier, R.F. Boisvert, C.W. Clark, NIST Handbook of Mathematical Functions, Cambridge

University Press, New York, 2010.
[21] R. Pachón, L.N. Trefethen, Barycentric–Remez algorithms for best polynomial approximation in the Chebfun

system, BIT 49 (4) (2009) 721–741.
[22] A. Pinkus, Weierstrass and approximation theory, J. Approx. Theory 107 (1) (2000) 1–66.
[23] R.A. Raitsin, On the best approximation in the mean by polynomials and entire functions of finite degree

offunctions having an algebraic singularity, Izv. Vyssh. Uchebn. Zaved. Mat. 13 (4) (1969) 59–61 (Russian).
[24] M. Revers, On the asymptotics of polynomial interpolation to |x |

α at the Chebyshev nodes, J. Approx. Theory
165 (2013) 70–82.

[25] M. Revers, Towards best approximations for |x |
α , in: M. Abell, E. Iacob, A. Stokolos, S. Taylor, S. Tikhonov,

J. Zhu (Eds.), Topics in Classical and Modern Analysis—In Memory of Yingkang Hu, Springer, Switzerland,
2019, pp. 303–313.

[26] M. Revers, Asymptotics of polynomial interpolation and the Bernstein constants, Results Math. 76 (2) (2021)
25, Paper No. 100.

[27] J. Shen, T. Tang, L.-L. Wang, Spectral Methods: Algorithms, Analysis and Applications, Springer-Verlag, New
York, 2011.

[28] V. Totik, Approximation on compact subsets of r , in: M. Buhmann, D. Mache (Eds.), Advanced Problems in
Constructive Approximation, Springer-Verlag, Berlin Heidelberg, 2002, pp. 263–274.

[29] L.N. Trefethen, Is Gauss quadrature better than Clenshaw-Curtis? SIAM Rev. 50 (1) (2008) 67–87.
[30] R.S. Varga, Scientific Computation on Mathematical Problems and Conjectures, in: CBMS-NSF Regional

Conference Series in Applied Mathematics, vol. 60, Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 1990.

[31] R.S. Varga, A.J. Carpenter, On the Bernstein conjecture in approximation theory, Constr. Approx. 1 (4) (1985)

333–348.

9

http://refhub.elsevier.com/S0021-9045(23)00035-7/sb4
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb4
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb4
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb5
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb5
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb5
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb6
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb6
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb6
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb7
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb8
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb8
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb8
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb8
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb8
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb9
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb9
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb9
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb10
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb10
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb10
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb11
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb11
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb11
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb12
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb12
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb12
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb13
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb13
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb13
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb14
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb14
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb14
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb15
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb15
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb15
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb16
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb16
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb16
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb17
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb17
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb17
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb18
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb18
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb18
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb19
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb19
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb19
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb20
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb20
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb20
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb21
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb21
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb21
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb22
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb23
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb23
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb23
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb24
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb24
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb24
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb25
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb25
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb25
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb25
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb25
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb26
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb26
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb26
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb27
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb27
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb27
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb28
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb28
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb28
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb29
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb30
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb30
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb30
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb30
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb30
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb31
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb31
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb31


W. Liu, L.-L. Wang and B. Wu Journal of Approximation Theory 291 (2023) 105897
[32] H.Y. Wang, A new and sharper bound for Legendre expansion of differentiable functions, Appl. Math. Lett.
85 (2018) 95–102.

[33] S.H. Xiang, Convergence rates on spectral orthogonal projection approximation for functions of algebraic and
logarithmatic regularities, SIAM J. Numer. Anal. 59 (3) (2021) 1374–1398.
10

http://refhub.elsevier.com/S0021-9045(23)00035-7/sb32
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb32
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb32
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb33
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb33
http://refhub.elsevier.com/S0021-9045(23)00035-7/sb33

	Bernstein-type constants for approximation of |x|α by partial Fourier–Legendre and Fourier–Chebyshev sums
	Introduction
	Main results
	Data availability
	Acknowledgments
	References


