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Abstract

We present a new fractional Taylor formula for singular functions whose Caputo
fractional derivatives are of bounded variation. It bridges and “interpolates” the usual
Taylor formulas with two consecutive integer orders. This enables us to obtain an
analogous formula for the Legendre expansion coefficient of this type of singular
functions, and further derive the optimal (weighted) L>-estimates and L>-estimates
of the Legendre polynomial approximations. This set of results can enrich the existing
theory for p and #p methods for singular problems, and answer some open questions
posed in some recent literature.
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1 Introduction

The study of Legendre approximation to singular functions is a subject of fundamen-
tal importance in the theory and applications of Ap finite element methods. We refer
to the seminal series of papers by Gui and Babuska [19-21] and many other develop-
ments in, e.g., [7, 8, 37]. In particular, the very recent work of Babuska and Hakula
[10] provided a review of known/unknown results and posed a few open questions
on the pointwise error estimates of Legendre expansion of a typical singular function
discussed in [19]:

0, —-1<x<9,
u(x) = (x —0) = 91 <1, u>-1. (LD
x—0)H*, 6<x<l,

One significant development along this line is the Ap approximation theory in
the framework of Jacobi-weighted Besov spaces [7-9, 22]. Such Besov spaces
are defined through space interpolation of Jacobi-weighted Sobolev spaces with
integer regularity indices using the K-method. It is important to point out that
the non-uniformly Jacobi-weighted Sobolev spaces has been employed in spectral
approximation theory [18, 24, 25, 37, 38].

1.1 Related works

Different from the Sobolev-Besov framework, Trefethen [40, 41] characterised the
regularity of singular functions by using the space of absolute continuity and bounded
variation (AC-BV), in the study of Chebyshev expansions of such functions. One
motivative example therein is u(x) = |x| in £2 = (—1, 1) which has the regu-
larity: u, u’ € AC(£2) and u” € BV(£2) (where the integration of the norm is in
the Riemann-Stieltjes (RS) sense). As a result, the maximum error of its Cheby-
shev expansion can attain optimal order (but can only be suboptimal in a usual
Sobolev framework). There have been many follow-up works on the improved error
estimates of Chebyshev approximation or more general Jacobi polynomial approx-
imation under this AC-BV framework (see, e.g., [33, 42, 43, 46]). However, the
regularity index and the involved derivatives are of integer order, so it is not suit-
able to best characterise the regularity of many singular functions, e.g., (1.1) and
u(x) = |x|* with non-integer w. In other words, if one naively applies the estimates,
then the loss of order might occur. Nevertheless, the solutions of many singular
problems (in irregular domains or with singular coefficients/operators among others)
typically exhibit this kind of singularities.

To fill this gap, the authors introduced for the first time in [32] certain fractional
Sobolev-type spaces and derived optimal Chebyshev polynomial approximation to
functions with interior and endpoint singularities within this new framework. The
study therein inspired the discovery of generalised Gegenbauer functions of frac-
tional degree, as an analysis tool and a class of special functions with rich properties
[31].
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1.2 Our contributions

We highlight the main contributions of this work as follows.

®

(ii)

(iii)

(iv)

We present a new fractional Taylor formula for AC-BV functions with frac-
tional regularity index (see Theorem 2.1) that “interpolates” and seamlessly
bridges the Taylor formulas of two consecutive integer orders. From this tool,
we can derive an analogous formula for the Legendre expansion coefficient of
the same class of functions, which turns out the cornerstone of all the analysis.
We present a set of optimal Legendre approximation results in L°°- and
L2-norms for functions with interior or endpoint singularities. The use of a
function space involving fractional integrals/derivatives to characterise regu-
larity follows that in [32], but we further refine this framework by introducing
the Caputo derivative. When the fractional regularity index takes an integer
value, it reduces to the AC-BV-type space in Trefethen [40, 41] for Chebyshev
approximation. We point out that the argument for the Legendre approx-
imation herein is different from that for the Chebyshev approximation in
[32].

Babuska and Hakula [10] discussed the point-wise error estimates of the Leg-
endre expansion for the specific function (1.1) (which was the subject of [19])
including known and unknown results. It is also of interest to study the point-
wise error in the Legendre or other Jacobi cases. For example, the estimating
the L°°-error like the Chebyshev expansion can only lead to suboptimal results
for functions with the interior singularity, e.g., u(x) = |x|, as a loss of half
order occurs. It was observed numerically, but how to obtain optimal estimate
appears open (see, e.g., [42]). Here, we give an answer to this, and to some
conjectures in [10] as well.

We aim at deriving sharp and optimal estimates valid for all polynomial orders.
According to [10], in most applications the polynomial orders are relatively
small compared to those in the asymptotic range, while the existing theory
does not address the behavior of the pre-asymptotic error. As a result, our
arguments and results are different from those in [46], where some asymptotic
formulas were employed to derive Jacobi approximation of specific singular
functions for large polynomial orders. As a final remark, this paper will be
largely devoted to the L>- and L>-estimates of the finite Legendre expan-
sions, which is the starting point to derive the approximation results for other
orthogonal projections, interpolations and quadrature for singular functions.
Indeed, these results can enrich the theoretical foundation of p and ip methods
(cf. [11, 16, 18, 26, 37, 38]).

The rest of the paper is organised as follows. In Section 2, we derive the fractional
Taylor formula for the AC-BV functions and present some preliminaries to pave the
way for all forthcoming discussions. In Section 3, we obtain the main results on
Legendre approximation of functions with interior singularities and extend the tools
to study the endpoint singularities in Section 4.
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2 Fractional integral/derivative formulas of GGF-Fs

In this section, we make necessary preparations for the forthcoming discussions.
More precisely, we first introduce several spaces of functions that will be used to
characterise the regularity of the class of functions of interest. We then recall the def-
inition of the Riemann-Liouville (RL) fractional integrals, and present a useful RL
fractional integration parts formula. Finally, we collect some relevant properties of
generalised Gegenbauer functions of fractional degree (GGF-Fs), which were first
introduced and studied in [31, 32].

2.1 Spaces of functions

Let £2 = (a, b) C R be a finite open interval. For real p € [1, oco], let L (§2) (resp.
WP (£2) withm € N, the set of all positive integers) be the usual p-Lebesgue space
(resp. Sobolev space), equipped with the norm || - ||Lr(2) (resp. || - [lwm.r(2)), as in
Adams [1].

Let C(£2) be the classical space of continuous functions, and AC(£2) the space of
absolutely continuous functions on £2. It is known that every absolutely continuous
function is uniformly continuous (but the converse is not true), and hence continuous
(cf. [35, p.483]). It is known that a real function f(x) € AC() if and only if
f(x) € LX), f(x) has a derivative f'(x) almost everywhere on [a, b] such that
f'(x) € LY(£2), and f (x) has the integral representation:

fx) = f(a)—i—/ f(Hdt, VYxela,b], 2.1

(cf.[36, ChaP. 1] and [30, p.285]).
Let BV(£2) be the space of functions of bounded variation on [a, b]. We say that
a real function f(x) € BV(82), if there exists a constant C > 0 such that

k—1
VP; f) =Y If(is1) = )] < C
i=0
for every finite partition P = {xg,x1, -+, xx} (satisfying x; < x;jy1 for all

0 < i < k —1) of [a, b]. Then the total variation of f on [a, b] is defined as
Vsl f1:=sup{V (P; f)}, where the supreme is taken over all the partitions of 2 (cf.
[13, p.207] or [30, Chap. X]). An important characterisation of a BV-function is the
Jordan decomposition (cf. [35, Thm. 11.19]): a function is of bounded variation if
and only if it can be expressed as the difference of two increasing functions on [a, b].
As a result, every function in BV(£2) has at most a countable number of discontinu-
ities, which are either jump or removable discontinuities, so it is differentiable almost
everywhere. Indeed, according to [6, p.223], if f € AC(.(_Z), then

Vg[f]=/ |f/(x)] dx.
2
In fact, we have BV(£2) C AC(£2) = W'!(£2) in the sense that every f(x) €

AC(£2) has an almost everywhere classical derivative f/ € LY(2) (cf. (2.1)) and
f/(x) is the weak derivative of f(x). Conversely, even f € wl1(£2), modulo a
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modification on a set of measure zero, is an absolutely continuous function (cf.[13, p.
206] and [15, p.84; p.96]).

For BV-functions, we can define the Riemann-Stieltjes (RS) integral (cf. [30, Chap.
X]). A function f(x) is said to be RS(g)-integrable, if f_Q fdg < oo for g € BV(£2).
From [30, Prop.1.3], we have that if f is RS(g)-integrable, then

[ 1| <o Volsl, [ ewi=volal, @2

where | flloo isthe L°°-norm of f on[a, b].
In the analysis, we shall also use the splitting rule of a RS integral, which is
different from the usual integral.

Lemma 2.1 (see Carter and Brunt [17, Thm 6.1.1 & Thm 6.1.6]) If the interval £2 is
a union of a finite number of pairwise disjoint intervals 2 = 21 U §2, U --- U £2,,

then
dg = d
/Qfg ]Z_;/ijg

in the sense that if one side exists, then so does the other, and the two are equal.
Moreover, for any function f defined at 6, then

/ fdg = f(O)(gO+) —g0-)).
[0.6]

2.2 Formula of fractional integration by parts

Recall the formula of integration by parts involving the Riemann-Stieltjes integrals
(cf. [28, (1.20)]): if f, g € BV(£2), we have

b - b
/ £ dg) = (g — / g0 df (x), 23)
where we denote
fOlge = lim f) — lim_ () = f(b-) ~ flab).

In particular, if f, g € AC(S_Z), we have

b b
f F)g () dx + f Fg de = (fFmg)l.

In what follows, we shall derive a formula of fractional integration parts from (2.3)
in a weaker sense than the existing counterparts (cf.[12, 36]). For this purpose, we
recap on the definition of the Riemann-Liouville fractional integral (cf.[36, p.33, p.
44)): for any f € L' (R2), the left-sided and right-sided Riemann-Liouville fractional
integrals of real order p > 0 are defined by

L [_f® , 1 fb £)
Fords o D@ =755 CEEEO

(124 f) (0 =
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for x € §2, where I (+) is the usual Gamma function. For u € (k — 1, k] withk € N,

the left-sided and right-side Caputo fractional derivatives of order u are respectively
defined by

(“pier) o = (17 rO) @ (D) 0 = DF (B2 P) . @)

The following formula of fractional integration by parts plays an important role
in the analysis, which can be derived from (2.3) and an argument similar to that for
[32, Lemma 4.1]. We provide in Appendix B the derivation for completeness and
readability.

Lemma 2.2 Let p > 0, f(x) € L'(£2) and g(x) € AC(£2).
() IfIf f(x) € BV(R), then

b _ b
/ FQ) 188 @) dx = {g) If_ f@)|), - / g d{ry_f)}. (2.6

(i) IfI). f(x) € BV(R2), then

b _ b
/ FO I @ dx = {g0) 15, F@)[L, — f g d{1r, f)}. 27

Remark 2.1 If p = 0, then they reduce (2.3). It is known that the fractional inte-
gral can improve the regularity. Indeed, for 0 < p < 1 and u € L'(£2), we have
1P u, I ue LP(2) with p € [1, p~1) (cf. [12, Prop.2.1]).

Compared with those in [12, 36], a weaker condition is imposed on f(x) in (2.6)-
(2.7), which turns out essential in dealing with the singular functions. Moreover, for
such functions, the limit values lim,_, ,+ 12, f(x) in (2.6), and lim, - I f(x) in
(2.7) might be non-zero, in contrast to a usual integral with p = 1. For example, for
p € (0, 1), we have

L G- =17 - =T (p),
which follow from the explicit formulas (cf. [36]): for real n > —1 and p > 0,

I'n+1) I'm+1)
PVl — = T Nt g ey — LT e
I (x—a) Fot+ptl) (x—=a)""; I _(b—x) Fotptl) b x)(2 8).

In fact, we have the following more general formula, which finds useful in exem-
plifying some estimates to be presented later. We sketch the derivation in Appendix
C.

Proposition 2.1 Let f(x) = (x — a)’ g(x) with real y > —1, where g(x) is left

continuous at x = a and Riemann integrable on [a, a + §) for some 5 > 0. Then, for
real p > 0, we have
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0, if p>—y,
llm ) Hx)=3g@ly+1), if p=—y, (2.9)
00, if p<—y.

Let f(x) = (b —x)Ygx), y > —1, and g(x) be right continuous at x = b
and Riemann integrable on (b — &, b]. Then, the same result holds for the limit
lim (Ibpf f)(x) but with g(b) in place of g(a).

x—>b~

2.3 Fractional Taylor formula

Recall this well-known formula: Let k¥ > 1 be an integer and let f(x) be a real
function that is k times differentiable at the point x = 6. Furthermore, let f® (x) be
absolutely continuous on the closed interval between 6 and x. Then we have

LII0) ) x Ukt
f(x)=2fjj,(9)(x—9)/+/ S0 e pkar, (2.10)
! 0

k!
j=0

Note that since f (®) (x) is an AC-function, f (k“‘l)(x) exists as an L!-function.
As another building block for the analysis, we derive a fractional Taylor formula
from Lemma 2.2 and (2.10).

Theorem 2.1 (Fractional Taylor formula) Ler u € (k — 1, k] with k € N, and let
f(x) be a real function that is (k — 1)times differentiable at the point x = 6.

() If f*V e AC(0. x]) and “Djy,_f € BV([6,x)), then we have the lefi-sided
fractional Taylor formula

k—1 i CM
Y0 i Dy f(6+) u
f(x)—;) &0+ e —0)

_ c
+F(u+l)/ (x —)*d{ D L@} (2.11)

() If f*V e AC([x, 01) and D}y _f € BV([x, 01), then we have the right-sided
fractional Taylor formula

k—1 i CM
= fY0) - “Dy_f(6-)
f(x)—jgo Ry el

1 0
- — ) QICpH
F(M‘i‘l)/x (rt —x)"d{"D,_ f ()} (2.12)
Proof By (2.10) (with k — k — 1), we have

=1 2(i)g ‘
f<x>=2fﬂ( Jx— 0y +

J=0

! k=1 £(k)
(k_l)!/g(x Dt () dr (2.13)
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From (2.8), we find readily that for x > ¢,

o k=D e 4 u}
(x—1) = F(/JL+1)Ix7 {dt(x 1ol I8

Thus, we can rewrite (2.13) as

U)o . | o (d
f()—Zf @ - V‘m/@ zi“{au—t)“}f""(z)dr.

(2.14)
Substituting a, b, p, f and g in (2.7) of Lemma 2.2 by 6, x, k — u, f®(¢) and
(x — 1)*, respectively, we obtain that for x > 6,

/X s {i(x - t)“} FO ) de
0

dr
=~ PO -0y - / - O o)

CD” L fOH)(x =) — / (x — d{CD Lf@®}, (2.15)

where in the last step, we used the definition (2.5). Thus, we obtain (2.11) from
(2.14)—(2.15) immediately.
The right-sided formula (2.12) can be obtained in a very similar fashion. L]

Remark 2.2 When p = k, the fractional Taylor formulas (2.11) and (2.12) lead to
(2.10). The fractional formula can be viewed as the “interpolation” of the integer-
order Taylor formulas with the regularity indexes k — 1 and k. Apparently, the integer-
order Taylor formula (2.10) is exact for all f € Py = span{(x —6)/ : 0 < j < k}.
In the fractional case, the exactness of (2.11) is for all f € Pr_1 U {(x — 0)*} (i.e.,
the remainder vanishes). We can verify this readily from (2.5) and the fundamental
formula: CD“ {(x —6)"*} = I'(t + 1). Note that the right-sided formula (2.12) is
exact for all f € Pr—1 U{(6 — x)*}.

We remark that there are several versions of fractional Taylor formulas in lit-
erature. For example, Anastassiou [3, (21)] stated the right-sided fractional Taylor
formula: for real & > 1, let k = [u] be its integer part, and assume that f, f”,
F%*=1D e AC([x, 8]). Then

=1 (g
f(X)=ij,( L x — )f+m/ (t ="~ Dy f@ydr.
J=0 '

It is seen from (2.12) and the proof that with additional BV-regularity, we can
use the fractional integration by parts formula in Lemma 2.2 to obtain another
explicit term involving the fractional derivative. Kolwankar and Gangal [29] pre-
sented some local fractional Taylor expansion with a different fractional derivative in
the remainder.
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3 Legendre expansions of functions with interior singularities

It is known that much of the error analysis for orthogonal polynomial approximation
and associated interpolation and quadrature relies on the decay rate of the expansion
coefficient (cf. [33, 45]). Remarkably, we find that the spirit in deriving the fractional
Taylor formula in Theorem 2.1 can be extended to obtain an analogous formula for
the Legendre expansion coefficient

1

ik = 2"2“/ 1(x) Py (x) dx, G.1)
-1

where P,(x) is the Legendre polynomial of degree n. This formula lays the ground-
work for all the forthcoming analysis. In fact, the argument is also different from that
for the Chebyshev expansion coefficient in [32, 33, 40, 41].

3.1 Fractional formula for the Legendre expansion coefficient

In what follows, we assume that u has a limited regularity with an interior singularity
at6d € (—1,1), e.g., u(x) = |x — 0|* with « > —1. Note that the results can be
extended to multiple interior singularities straightforwardly.

Theorem 3.1 Let w € (k — 1,k] with k € N and let 6 € (—1,1). If
wou', . uD e AC([—1, 1)), D u € BV((6, 1]) and “Dj_u € BV([—1,6)),

then we have the following representation of the Legendre expansion coefficient for
eachn > pu+1,

ik = ? {(zlﬂjlpn) ®) (CDg+u) 6+) + /91 (Il"jlpn> (x)d {Cog+u(x)}
+(1’_‘1++1 Pn) ©) (Cpg_u) ) —/j (11‘111 Pn> (x) d{CDg_u(x)}} . (32)

where the fractional integrals of P,(x) can be evaluated explicitly by

1 — )i+l P(MH,ﬂkl)
(Iluij”> W= e —1>(X)’
I(w+2) prrb=r=Y ()

it p (10t P D )
(—1+ ">(): L=r=1) 1"
F(p+2) prtl=r=b

(3.3)

Here, Pn(’H_l’_M_l)(x) and P,E_M_l””l)(x) are the generalised Jacobi polynomials
defined by the hypergeometric functions as in Szego [39, p.64].
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Proof Given the regularity of u, we obtain from the fractional Taylor formulas in
Theorem 2.1 that for x € (6, 1),

k—1

) H
ulx) = Z “ J](Q) (x — 9)1 M(}c — 9)»

= F(u+1
—i-;/x(x—t)”d{CD“ u(t)] (3.4)
Fu+1) Jy o+ ' '
and for x € (—1, 9),
k=l e Cpht _
u(x) ! ( ) - j +—D0_u(8 )(0—x)“
'p+1)
j=0
R _ WM alCpH
F(/L+1)/ (t — x) d[ D! u(t)] (3.5)

Substituting (3.4) and (3.5) into (3.1) leads to

2ak ! _ u<1>(9)
P _/_lu(x)Pn(x)dx ]2;) /(x— 0)7 P, (x) dx (3.6)

DhuOH) [t b
m[‘; (x — )" Py(x)dx
1 1 x
- _ g l1Cpk
+F(u+1)/9 (fe (x = nrd] D9+u(t)}> Py (x) dx
Dht®) (7 4 oyt by
mf—l( —Xx) n(x) dx

1 0 ;o
TTt D /1 (f ¢ ‘xwd{%gu(”}) P ) dx.

From the orthogonality of the Legendre polynomials, we obtain that forn > u +
1>k,

1
f (x—0) Pa(x)dx =0, 0<j<k—l. 37)
-1

We find readily that for a fixed 6 € (—1, 1),

1 x 1 1
/9 (/é (x—t)“d{CDg+u(t)}> P, (x) dx =/9 (/t (x — 1) Pn(x)dx>d{CDg‘+u(z)},

(3.8)
and
[ [ 6 t
/ (f (z—x)“d{CDg_u(r)}) Pn(x)dx=/ (/ t—x)" Pn(x)dx)d{CDg_u(z)}.
—1 X —1 —1
(3.9)
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In view of the definition of the fractional integral in (2.4) and (3.7)—(3.9), we can
rewrite (3.6) as
24k
2n +1

- (1{‘_+1Pn) ®) (CDé‘w) 6+) +/01 (l{‘fan) (t)d[CDéLJru(l)]

0
nt1 Cryl Y u+1 Cryl
+(171+P,1> (9)( De_u> ©—) L (LHP,,) (z)dl De_u(t)},(3.10)
which yields (3.2). The two fractional integral identities of P,(x) in (3.3) can be
obtained from the formulas of the Jacobi polynomials (cf. Szeg6 [39, p.96]), due to
the Bateman’s fractional integral formula (cf. [4]). This ends the proof. O

We see from the above proof that the identity (3.2) is rooted in the fractional
Taylor formula in Theorem 2.1. Also note that when u = k, the formula (3.1) takes a
much simpler form. Firstly, the AC-BV regularity reduces to the setting considered by
Trefethen [40, 41], Xiang and Bornemann [45] among others (where one motivative
example for the framework therein is to best characterise the regularity of u(x) =
|x]). Secondly, from Szeg6 [39, Chap. 4], we find that for u > —2,n > 0,

I'h+p+2)

plutl—pu= 1y — ,
" ) n!I'(u+2)

3.11)
and forn >k + 1,

Pkl () =

n—k—Dn+k+1D! [x—1\

Thus, we can rewrite the second formula in (3.3) with u = k in terms of the usual
Jacobi polynomial as follows

=D —k = 1) k+1
(*ip) @ = e (1-22)" P& . a3

Following the same lines as above and using the parity of Jacobi polynomials, we
can reformulate the first formula in (3.3) with u = k as

k1 (n—k—1)! N i
(I]j_ Pn) (x) = W (1 -X ) Pnfkf] (x)
= (=D (IEﬂPn) ). (3.14)

In view of this relation, we find from (2.5) with © = k that (3.2) reduces to

? {u(k)(9+) (Ilkfl Pn) ) + L‘l (Iffan> (x)d {u(k)(x)]

it
—u®6-) (111 1,) @) + / 9 (rip) ()d {u“”(x)]} (3.15)
-1

[ f el
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By virtue of the splitting rule in Lemma 2.1, we can summarise the formula of the
Legendre expansion coefficient with u = k as follows.

Corollary 3.1 Ifu,u’,...,u*V e AC([—1, 1]) and u® € BV([—1, 1]) with k €
N, then we have foralln > k + 1,

iy = 2”;” /1 (If‘f‘Pn) (x)d[u<k>(x)}, (3.16)
-1

where (Ilkfl Pn> (x) can be explicitly evaluated by (3.14).

It is seen from Theorem 3.1 that the decay rate of 4L for u(x) with a fixed regu-
larity index u is determined by the fractional integrals of P,(x). Indeed, we have the
following bound.

Lemma 3.1 For u > —1/2andn > p + 1, we have

fﬁi’i{Klrj]P”) . |(f ) @]} = zu+1\/—r([;§(iui)g)2;2) ©.17)

Proof According to Szeg6 [39, p.62], the generalised Jacobi polynomials with real
parameters «, B are defined by the hypergeometric functions as

1 11—
PP (x) = uzﬂ <—n,n tat+B+La+1; Tx) . xe(=L1,
n!

(3.18)
or alternatively,

1+x
n,n+a+,3+1;,3+l;T , xe(—1,1).

(3.19)
Recall the Euler transform identity (cf. [4, p.95]): for a, b, c € R and —c & Np,

ZFi(a,bic;z) =1 -2 F(c—a,c—b;c;2), |z < 1. (3.20)

Takinga = —n,b=n+a+ B+ 1,c=a+1land z = (1 — x)/2in (3.20), we
obtain

1_
2 F <—n,n+cx+ﬁ+1;a+1; x)

2
1 -# 1—
= tx 2Fiind+a+1,—n—8,a+1; a
2 2
1+x -p 1—x
=( 2 ) 2F1<—n—/3,n+ot+l;a+l;T>. (3.21)
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From (3.3), (3.18), (3.21) and 2 F1 (a, b; c; 0) = 1, we get

1 — x)itl P(M-H,—U-—l)
(Ifjlp”) W= S —1>(x)
Fp+2) p7r70 ()

(1 — x)mtt 1—x
= —F||-n,n+ 1, u+2; ——

(u+2) 2
_ ey Filendut+tonduszprst=?
= sttt bt ut Bt 2 = ).

(3.22)

Similarly, we can show that

1 _(1— 2\H+1
(1’_‘11 Pn) () = Frois z,fﬂ(p(;fz) 2Fy (—n tutLntp+2pn+2 ”TX) (3.23)

From Liu et al. [32, Definition 2.1 & (4.30)], we find that for A > 1 and v > 0,

max { (1 — x? 1 Fi|—v v+2k')\+l'lix
|x|§] 21 k) I k)

22
_TO+1/2) I'(@+1D/2)

. 3.24
N CEAEES (3:24)
Thus, takingv — n — pu — land A — pu + 3/2 in (3.24), leads to
+1 14+
max{(l —xz)u 2 F <—n+u+ ILn4+u+2;u+2; —x>H
lx|<1 2
r 2) I'(ln— 2
< (n+2) ((n —w)/2) . (3.25)
JT T+ u+3)/2)
Finally the bound (3.17) follows from (3.22), (3.23) and (3.25). O

3.2 L*-estimates of Legendre orthogonal projections

With the above preparations, we are now ready to analyse the L°-error estimate of
the L2-orthogonal projection:

oo N
u(x) =Y af P(x),  (yw)x) =Yk Pi(x). (3.26)
n=0 n=0

Below, we present the approximation results on the L°°-estimate and the weighted
L*>-estimate. We shall illustrate that the former is suboptimal for functions with
interior singularity, but optimal for the endpoint singularity, while the latter is optimal
in both cases. Such convergence behaviors were numerically observed in [42, 44],
but lack of theoretical justifications.

Theorem 3.2 Letu,u’, ..., u*=V e AC([—1, 1]) with k € N.
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(i) Forp e (k—1,k)yand6 € (=1,1), if °Djy u € BV([0, 1]) and “Djf_u €
BV([—1,0]), then forall N > u > 1/2,
1 (N —-pn+1)/2) yw
@ = 2w — 12" TN +/2) ¢
and forall N > u,

Hu —wlu ” (3.27)

- I I'((N—pn+1D/2)  w
ro@) 2w AN + e+ 1)/2) 7°

3

H(l —x2>% (u — n]\L,u)

(3.28)
where we denoted
UM = Vi_1) [ ] + Vi [CDg‘+u] + (DY u@—)| + DY u(6+)1.
(3.29)

(i1) Ifu(k) € BV(2) with 2 = (=1, 1), then the estimates (3.27)—(3.28) with
w = k hold, but the total variation Vs [u(k)] is in place of Ug(”).

Proof Using the identity in Theorem 3.1 and the bound in Lemma 3.1, we obtain
from (2.2) that

. 2n +1 1 1
il = =5 %U(I{‘f P @[ (1451 P) o} g

@n+ DI ((n—w)/2) (10)

U,”. 3.30

TR m M (n+p+3)/2) ¢ (3-30)
We first prove the error bound (3.27). For simplicity, we denote
I'((n-— 2 Ir'((n— 2

W T—w/ L T—w/2) 331)

"M p+D/2)T T Tt = 1)/2)
Using the identity zI"(z) = I'(z + 1), we find readily that
ntp—1 I(=p/2)  n—p I'(n—p)/2)

T 7:,_,_2 = ) I'((n+up+1)/2) 2 I'(n+un+1)/2)
I'((n—p)/2)
Cin — (h—1/2) S 332
N E S 1Yo R G o
As | P, (x)| < 1, we derive from (3.30) that
%0 w) Cn+DI'((n—w)/2)

— L AL
(u NNM)(X)‘ < n%;1| nl = 2M+2f S Tt p+3)/2)
3 Ui i I'((n—w)/2)
RN r'(n+p+1/2)

=N+1

= —0 Z
YW

n=N+1
U(N«)

W{ N1 T Tuat - (3.33)
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Since u > 1/2, we obtain from (A.3) immediately that
7'+2—R0 12+ (N —=w)/2) <R i+ (N=—p—=1)/2) = N+1 (3.34)
Therefore, we have from the above that
27, U U TN =p+1)/2)
(w=mhur) ] < 2i(p— 127 2 (u— /7 TN +w)/2)

This leads to the error bound (3.27).
We now turn to the proof of (3.28). Recall the Bernstein inequality (cf. [5]):

1
2 % 2 1 T2
lr)ﬂfg{(l—x) |Pn(x)|}§,/;<n+§> . n>0. (3.35)

Thus, we infer from (3.30) and (3.35) that

00 1

< ) max {(1 —x2>4 IPn(x)l} ity |
n=N+1 =t

Ui n 1 I'(n—w)/2)

Dk Z 2tg F'((n+p+3)/2) (330

n=N+1
Considering (A4) withz =z, = m+pu+1)/2andc = 1/4 — (u + 1)/2(=
1/4), we find from its monotonicity that R (zn) = R (00) = 1 (cf. (A.5)). This
immediately implies

1
en(x) := ‘(1 —x2>4 (u — n]\L,u)(x)

IA

Jn/2+1/4 - 1 (3.37)
T((n+u+3)/2) " T(n+w/2+1)’ '
so we can bound the summation in (3.36) by
s i I_re-wp Z =/ e
relt 4 T'((n+p+3)/2+1) o F((n+,u)/2+1)
Similarly, denoting
G Te=-w/R) = (=) (339

T M4+ w2+D T D+ w)/2)]

we find readily that
Su ntp '(m—w/2)  n—p I'((n—pw)/2) _ . du
=T = > Tt wi+Dh 2 Fatmpatn  Hor

(3.40)
Following the same lines as in the derivation of (3.33), we can get
()
Uy ZTN—H )
< — , 3.41
en(x) < T {'T N1 +T o) < e — D P (3.41)

where we used the property derived from (A.3) with u > 1, that is,
Thoa=Ro_ A+ (N =)/ <RO_(I+(N—p—1/2)=T,,
Then, the estimate (3.28) follows from (3.39) and (3.41) straightforwardly.
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For u = k, using the identity in Corollary 3.1 to derive the bound in (3.30), and
then following the same lines, we can obtain the estimates in (ii). O]

Under the regularity assumption in Theorem 3.2, we infer from (A.5) and the
estimates (3.27)—(3.28) the convergence behavior:

lu — whullpe@) = O (N_“H/z),
1
I —x%) 3 — k)| o2y = O (NTH), (3.42)

which exhibit a half-order convergence difference. Moreover, the estimate (3.36)
implies

[ (2 = k) 0| = (1 —x2)7% ON"M), Vxel[-a.alC(—1,1). (343)

For a function with an interior singularity in [—a, a] with |a| < 1, one expects
the optimal order O (N ~*). Note from (3.33) and (3.36) that the bounds essentially
depend on the maximum of | P, (x)| and (1 — x2) 1/ | P,(x)|, which behave very dif-
ferently near the endpoints as shown in Fig. 1. In fact, |P,(x)| = O (n='2) for
X € [—a, a], butitis overestimated by the bound 1 at x = £1. However, from (3.35),
we have (1 — x2)"*|P,(x)| < Cn~1/2 forall x € [—1, 1]. This is actually the cause
of the lost order in the (non-weighted) L°°-estimate in (3.42).

With these analysis tools at hand, we further examine u(x) = |x| (as a motivative
example in Trefethen [40]), for which Wang [42, 44] observed the order O (N _1)
numerically, but the order is O(N~!/?) based on the error estimate of Legendre
approximation in L®-norm. From the pointwise error plots in Fig. 2 (left), we see
the largest error occurs at the singular point x = 0. Indeed, we have the following
estimates (with the proof given in Appendix D), which are sharp as shown in Fig. 2
(right).

08 08t
~
06 < 067
E 04 =04t
< 02 4 oo02f
|
0 = o MIWAAWAAAVAMARMAMMN
-0.2 021
-0.4 -0.4
-1-0.80.6-0.4-0.2 0 0.20.40.60.8 1 -1-0.80.60.4-02 0 0.20.40.60.8 1
x x

1
Fig.1 P,(x) and (1 — x2)4 P,(x) with x € [—1, 1]and n = 100
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0.1 10-1 A
2B
0.08} 10_3
103}
L -4 [
0.06 10
10°¢
0.04} 1061 —e—\(uz— mu)(0)]
7L +7r N-1
0.02} 107 | o |(u — mhu)(£1)]
108t 1 T(N/2-1)
ol | 9 Vo /m T(N/211/2)
‘ ‘ ‘ ‘ ‘ 109t : : : :
-1 0.5 0 0.5 1 10’ 10° 10° 10* 10°
T N

Fig.2 Left: |(u — nﬁu)(x)l with u(x) = |x| and different N. Right: Tightness of the bounds in Theorem
33

Theorem 3.3 Consider u(x) = |x| for x € [—1, 1]. Then for N > 2, we have

)(u—nLu) (o)‘ e 2 u—mbwen| < L LW2-D
' BEAA ! T 2/aT(N/2+1/2)
(3.44)

Finally, we apply the estimates to the example u(x) = [x[* with u € (k — 1, k).
As shown in [32, Thm. 4.3], u,u’, ..., u*~D € AC(2), “Djj,u € BV([0, 1]), and
CDg_u € BV([—1,0]). Then we infer from (3.42) that the expected convergence
order in L3 -norm with & = (1 — xz)l/ 4 is O(N ). Indeed, the numerical results
in Table 1 agree well with the prediction shown in the last row.

3.3 L2-estimates
As pointed out in [38, Chap. 3], the estimate of the L?-orthogonal projection is the

starting point to derive many other approximation results that provide fundamental
tools for error analysis of spectral and hp methods (see, e.g., [11, 16, 23, 26, 37,

Table 1 Convergence order of Legendre expansion for |x|*

N Errors in LP-norm
n=17 Order n=26 Order

23 5.81e-03 - 2.22¢-03 -

24 2.03e-03 1.52 4.38e-04 2.34
2’ 6.72e-04 1.60 8.01e-05 2.45
26 2.15e-04 1.65 1.40e-05 2.52
27 6.74¢-05 1.67 2.37e-06 2.56
28 2.09e-05 1.69 3.97e-07 2.58
Pred. 1.70 2.60
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38]). Most estimates therein are for functions in Sobolev or Besov spaces. Here,
we consider functions with AC-BV regularity, thereby enriching the approximation
theory.

We first highlight the fundamental importance of estimating L>-orthogonal pro-
jection in (3.26). For u € H'(£2), we define

<71Nu> () = u(— 1)+/ wh_ /(1) dt € Py, (3.45)
1

where Py denotes the set of polynomials of degree at most N. Note that for N > 2,
we have from the orthogonality of Legendre polynomials that

1
(n’Nu> (1) = u(— 1)+/ wk () dr :u(—l)—i—/_lu’(t)dt = u(l).

Thus, we have (rr 1{/”) (£1) = u(x1). Moreover, one verifies readily that

1 /
/ (n}vu - u) V(@) dx =0, YvePY:={vePy:vEl)=0}.
—1
Therefore, (3.45) defines the HO1 -orthogonal projection where u(+1) = 0. Note
that
L
I (=) By = ' = i g, (3.46)

so the H!-estimate boils down to the estimate of the L>-orthogonal projection. The
high-order Hj)'-orthogonal projection is treated similarly in a recursive manner. More
precisely, according to [11, p. 262], we can define the H'-orthogonal projection by

(nN u)(x) / (711'\7 %0 )(S)d&, m>1,
0,0

where 7, = =nk - Consequently, we can estimate the projection error by using the
L?-estimate as follows

——c

u—7a N = ‘M B .
H’”(Q) Hm1(2) LX)
On the other hand, the analysis of Gauss-type interpolation and quadrature errors
is also based upon the Legendre expansion (see [38]).
With the tools in Section 3.1, we can also derive the following optimal L2-error
bound under the AC-BV regularity of #, from which we can further establish many
other approximation results indispensable for analysis of spectral and #p methods for

PDEs. Here, we omit such extensions.

Theorem 3.4 Assume the conditions in Theorem 3.2 hold.

(i) Forpek—1,k)yand —1/2 <u <N,

2 I'(N — )
L - U, 3.47
lu —myull22) = \/(ZM +Dr I'(N+pu+1) ° C4D
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(i) For u = k, the estimates (3.47) hold, with the total variation Vg [w®17 is in
place of Ug(“).

Proof Similar to (3.34), we can use (A.3) to show that

I'((n—w)/2) - I'((n—pn—1)/2)
F(n+p+3)/2) " T'(n+w/2+1)

Then from (A.2), we derive

(/2 + 1/HI (01— p)/2) _ r*((n—p)/2)
F2(n+u+3)/2) ~T'n+p+3)/2)0((n+u+1)/2)
I'(n—w)/2)r((n—pn—1)/2)
ST+ w2+ DI +p+ 1))2)
)F(n —u—=1)
F'n+p+1)
22D P (n—p—1) I'(n—pw
T 2u+1 ( T'n+w  Tn+p+l)

— 22([l.+1

).@%)

Then, by the orthogonality of Legendre polynomials, we derive from (3.30) and
(3.48) that for u > —1/2,

(

2
)
L2 — 2 P (Ue ) — Qn+DI'((n—p)/2)
H”_”N” e 2 e L B 2 T2+ 1 +3)/2)
n=N+1 n=N+1

2
) Z(Ueg“)) (N -
T QuADa I(N+p+1)°

(3.49)

For u = k, using the identity in Corollary 3.1 to derive the bound in (3.30), and
then following the same lines, we can obtain the estimates in (ii). O]

4 Legendre expansion of functions with endpoint singularities

The aforementioned AC-BV framework and main results can be extended to the
study of the end-point singularities, which typically occur in underlying solutions of
PDEs in various situations, for instance, irregular domains, singular coefficients and
mismatch of boundary conditions among others. It is known that the Legendre expan-
sion of a function with an endpoint singularity has a much higher convergence rate
than that with an interior singularity of the same type. We illustrate this through an
example which also motivates the seemingly complicated extension. To fix the idea,
we focus on the left endpoint singularity but the results can be extended to the right
endpoint setting straightforwardly.
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4.1 Anillustrative example

We consider u(x) = (1 + x)"*g(x) with u € (k — 1, k), k € N and and a sufficiently
smooth g(x) on §2. Then we can write

w(x) = (1 +x)"g(x) = g) #(1 +0H. @1
Then by (2.8),
(D) 0 = (1550 ®) ()
oy letmk g ey 15 et (42)
m=0 )
_ mi;o et L LR D g (4,

where {a}; = a(a—1)--- (a—k+1) stands for the falling factorial. Here, we assume
the uniform convergence of the series that allows for the differentiation. This implies
(°DE |, u)(x) is sufficiently smooth. In particular, if g = 1, then (“D¥, u) (x) is
equal to a constant.

We deduce from Theorem 3.1 with § — —17 that for u,u/, -, u®D ¢
AC(£2), and “D"| u € BV(£2) with 11 € (k — 1, k], we have

=2 (ot e () v [ (e ) wafeor, o]
4.3)

In fact, we can show that (I{Lfl P,,) (-1 ~ n~2m+D 5o the first term decays

like O (n=2*~1) (which gives the optimal convergence order for (4.1) (see Table 2),
and doubles O (n~*~1/2) for the interior singularity, e.g., of |x|*g(x)).

Lemma 4.1 Forn > u+ 1 > 0, we have

(1R 1) = (D" (4 Dsin((u+ D) T'n = p)

. 44
T I'(n+p+2)

Proof By (3.3), we have

(I;H-IP )( 1 outl Pn(MH’_M_l)(—l) (—1)non+l Pﬂ(—u—l,m—l)(l)
1— n - = =

F(u+2) puth=m=Day = Fu+2) prthonby’
4.5)
where we used the parity P,,(O"/3 )(—x) =(—-D" P,,('3 %) (x) valid for all real parameters

o, B (cf. Szego [39, p.64]). Then we derive (4.4) from (3.11) and (A.1) immediately.
]
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Table2 Decay rate of |5 | with u = (x + 1) sinx

n n=0.1 Order n=12 Order n=26 Order
23 1.26e-02 - 6.86e-04 - 1.42e-04 -
24 5.5%e-03 1.17 6.59¢-05 3.38 1.35e-06 6.72
2’ 2.47e-03 1.18 6.41e-06 3.36 1.86e-08 6.18
26 1.08e-03 1.19 6.20e-07 3.37 2.60e-10 6.16
27 4.73e-04 1.19 5.94e-08 3.38 3.49e-12 6.22
Pred. 1.20 3.40 6.20

We find from Lemma 3.1 that the second term in (4.3) decays at a rate
O(n—*=1/2), if one naively works this out with this formula. However, in view of
(4.2), we can continue to carry out integration by parts upon (4.3) as many as times
we want, until the first boundary term in (4.3) dominates the error. This produces the
optimal order O (n=2*~1) (see Table 2 for numerical illustrations where the last row
is the theoretical prediction).

4.2 Approximation results for functions with endpoint singularities
With the above understanding, we are now ready to present the identity on the Legen-
dre expansion coefficient from (4.3) and integration by parts. Given that the function

has more regularity in this case, we make the following assumption.

Definition 4.1 (Regularity Assumption) For i € (k — 1, k] with k € N, assume
w, -, u*D e AC(2) and vy, (x) := D", u € BV(£2). We further assume that

v o0 e AC(2) and v € BV(£2). Accordingly, we denote
m
ywm .— Vs [vg")] + | sin(um)| Z ‘v,(f)(—l‘f‘)‘ . (4.6)
1=0

For simplicity, we say u is of AC-BV], ,,-regularity.

Note that for the example (4.1), v, is sufficiently smooth so we have m = oo.
Under this assumption, we can update the formula (4.3) as follows.

Theorem 4.1 Assume that u is of AC-BV,, ,,-regularity. Then forn > p+m+1, we
have

m+1 | & 1
AL u+l+1 )
Uy == {;—o (11_ Pn)(—l)vﬂ (—1+4) +f_1

(11 ) o {v;;"kx)}} :

%))

where (IIM_HJrl P,)(—1) has the explicit value given by (4.4).
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Proof Since vy, -+ -, vflmfl) € AC(£2), we can conduct integration by parts upon

4.3):
2 (1“+‘P)(—1)v (—1)+/l (1“+‘P)(x)v/ (x) dx
n+1 U= 77 ” U= "

m—1 1
==Y P D (1) + f (114 P ) v ) de
=0 -1
m 1
- Z(ll"f’“Pn) (—DoP(=14) + / (If‘_*m“Pn) (x) d{ul™ ()},
=0 -1

where the boundary values at x = 1 vanish in view of (3.3), and in the last step, we
used the factor v € BV(£2) and (2.3). O

Comparing the formulas of 125 in Theorem 3.1 (with & — —171, i.e., (4.3)) and
Theorem 4.1, we find they largely differ from the regularity index. We can use Lem-
mas 3.1 and 4.1 to deal with the fractional integrals of the Legendre polynomial.
Accordingly, we can follow the same lines as in the proofs of Theorems 3.2 and 3.4
to derive the following estimates. To avoid the repetition, we skill the proof, though
there is subtlety in some derivations.

Theorem 4.2 Assume that u is of AC-BV,, ,,-regularity as described in Definition
4.1. Then for N > m + , we have the following estimates.
i) Foru >0,

1 IF'(N—p—m+1)/2)
2tm=l(u 4+ m —1/2) /7 T'((N +pn+m)/2)

L
lu — wyullpeo@) < {

M _
2“T(w) (N+DI(N—p+1) } . 4.8)
T (N+1/2)'(N+u+1)
(i) Forpu > —1/2,
. 4 '(N — p—m)
lu —nmyull2e) < {(2M+2m +Dr T'(N+p+m+1) @9

1/2
22k 1) N+ DN =2+ D) |
224 +2) QN+ 12T 2N + 21+ 3) -

Remark 4.1 Using the Stirling’s formula for the Gamma function, we can obtain the
explicit convergence order in N:

lu — ullo@) < c (N%*“*m + N*M) g

IA

1
llu — ”1%/14||L2(g) ceN~! (Nf—u—m n N_2“> g m

where c is a generic positive constant independent of N and u.
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Table 3 Convergence of Legendre expansion of (1 + x)*

N Errors in L>-norm Errors in L2-norm

n=0.1 Order n=12 Order n=0.1 Order n=12 Order

23 6.15e-01 - 2.27e-3 - 8.82e-3 - 2.32e-04 -

24 5.41e-01 0.18 4.87e-04 222 4.11e-03 1.10 2.64e-05 3.14
2’ 4.74e-01 0.19 9.87e-05 2.30 1.85e-03 1.15 2.75e-06 3.26
26 4.14e-01 0.20 1.94e-05 2.35 8.22e-04 1.17 2.74e-07 3.33
27 3.61e-01 0.20 3.74e-06 2.37 3.61e-04 1.19 2.67e-08 3.36
28 3.15e-01 0.20 7.15e-07 2.39 1.58e-04 1.19 2.56e-09 3.38
Pred. 0.20 2.40 1.20 3.40

In contrast to the interior singularity with a half-order loss, the L°°-estimate in
this case is optimal. In fact, for the endpoint singularity, the largest error occurs near
the boundary where | P, (x)| attend its maximum at x = =1 (see Fig. 1 (left)), so
the direct summation in, e.g., (3.33) will not overestimate. As an illustration, we
consider u(x) = (1 4+ x)* with u € (k — 1,k),k € N. From Remark 4.1, we
find |lu — whulLo@) < CN™* and ||u — wiull 20 < CN™2*~!. We tabulate
in Table 3 the errors and convergence order of Legendre approximations to u(x) =
(x + 1)* with various u, which indicate the optimal convergence order as predicted
(see the last row).

4.3 Concluding remarks

We presented a new fractional Taylor formula for singular functions whose integer-
order derivatives up to k — 1 are absolutely continuous and Caputo fractional
derivative of order 1 € (k — 1, k] is of bounded variation. It could be viewed as an
“interpolation” between the usual Taylor formulas of two consecutive integer orders.
We derived from this remarkable tool a similar fractional representation of the Legen-
dre expansion of this type of functions, which became the cornerstone of the optimal
error estimates for the Legendre orthogonal projection. The set of results under the
fractional AC-BV framework greatly enriched the approximation theory for spectral
and Ap methods. It set a good example to show how the fractional calculus could
impact this classic field, and seamlessly bridge between the results valid only for
integer cases. Here, we merely discussed the approximation results, but hopefully it
can pave the way for the analysis of and applications to singular problems in multi-
ple dimensions. We only considered the fractional power singularity, but it is worth
noting that this framework is suboptimal for log-singularities some modification of
the spaces (see [32]). We shall report the works on multiple-dimensional extensions
and optimal bounds for log-singularities in future works.
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Appendix A: Useful properties of Gamma function

Recall the Euler’s reflection formula (cf. [4, Ch.2]):

rd-—arl(a) = a#+1,42, -, (A1)

sin(ra)’
and the Legendre duplication formula (cf. [34, (5.5.5)]):
2z ==n"'"222"1r@rz+1/2). (A.2)
From [2, (1.1) and Thm. 10], we have that for 0 < a < b, the ratio
r a
Fz—::—_b;’ z=
is decreasing with respect to z. On the other hand, the ratio

7 @) = 1 'z+1) (A4)
T Vit T+ 172 ‘
is increasing (resp. decreasing) on [—1/2, 00) (resp. (—c, 00)), if ¢ > 1/2 (resp.
¢ < 1/4), based on [14, Corollary 2].
In the error bounds, the ratio of two Gamma functions appears very often, so the
following inequality is useful.

¢(z) 1= 0, (A.3)

Lemma A.1 Letb € (a+m, a+m+1) for some integer m > 0, and setb = a+m+u
with u € (0, 1). Then for z+a > 0and z + b > 1, we have

1 +,,_z+<§_ )”2 N _Ieta
Ctam \° 2 \a ™ r+b)

1 M
“Tran () "

where the Pochhammer symbol: (¢)y, =c(c+1)---(c+m —1).

Proof In fact, (A.5) can be derived from the bounds in [27, (1.3)]:

-
1 N2\ ra+w N
(x—§+<v+z> ) <m<<X+§> , x>0, ve(,1).

(A.6)
Indeed, using the property I"(z + 1) = zI'(z), we can write

I'(z+a) 1 Fz+a+m) 1 I'z+b—pw
'z+b) (G@+am I'(z+Db) (z+a)m TI'(z+D)
Then by (A.6) withx = z+b—1and v = 1 —u, we obtain (A.5) immediately. [
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Appendix B: Proof of Lemma 2.2

For f € L'(£2) and g € AC(£2), changing the order of integration by the Fubini’s
Theorem, we derive from (2.4) that

b 1 b X l
[ rortgwaer= [ { a %dy} 00 dx

b
F@) ,
:F(p)/{ [ }g(y)dy

_ F () ,
_F(m/ {/ -7 }g(x)dx

= / g (x) Ib_f(x)dx.

a

If I f(x) € BV(£2), we derive from (2.3) that
ff(x) g/ (x)dx = /g(x)lp f(x)dx

_ b
=g 1 f@} . —/ gy d {1l f().

This yields (2.6).
We can derive (2.7) in a similar fashion.

Appendix C: Proof of Proposition 2.1

Recall the first mean value theorem for the integral (cf. [47, p. 354]): Let f, g be

Riemman integrable on [c,d], m = inf f(x),and M = sup f(x).If g is non-
x€lc,d] xele,d]

negative (or non-positive) on [c, d], then

d d
/ f(x)gx)dx = K/ gx)dx, « €[m, M]. (C.7
Recall that (cf. [36]): fore > —1 and u € R,
B F'a+1) atn
+ x—a)* —1"(01 PR (x —a) . (C.8)
For any x € [a, a + &], we derive from (2.4), (C.7) and (C.8) that
1[5 u®) _ k) [T —a)*

1 = - ‘
= T ) e T Tk Gt

T+ D (x)(x —a)*te
INoa+wp+1)

k(X)) (x —a)® = , (C9)
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where k (x) € [m(x), M(x)],m(x) = inf v(y), M(x) = sup v(x). We know that
y€la,x] yvela,x]

lim+m(x) = v(a), lim+M(x) =v(a) = lim+/c(x) = v(a). (C.10)

X—a

From (C.9) and (C.10), we obtain (2.9). This completes the proof.

Appendix D: Proof of Theorem 3.3

We start with the exact formula for the Legendre expansion coefficients of u(x) =
x| :

—DITG+ 1/H G —1/2

VT (+ D! AR

which can be derived from (3.16) with k = 1, i.e.,

2n

. 2n+1 (! 1
il — ”2+ /_l(llz_Pn)(x)diu(l)(x)}z ;{ (2 P)(0)

2n +1 1
= 2F1 —n+2,n+3;3;§ , n=>2,

25

and the value at z = 1/2 (cf. [34, (15.4.28)]):

2F1<a b.a+b+1.1> JrT((a+b+1)/2)

2 2) T TWa+ D2 +1)/2)

Then, we obtain from (D.11) that

(u—n,eu) O = Y %Py

J=rH

1 = (G+1HrG—1/2r@G+1/2
__ ' Z (J+ /).(J /.) (J+ /)’ (D.12)
~ rg+nrg+2)
J=l51
where |'NT+1'| is the smallest integer > NTH, and we used the known value (cf. [39]):
o 1 (G +1/2)
Pyi(0) =oF; [-2),2 Ll =) =) ————.
2/( ) 2 l( .]a ] + ’ 2) ( ) ﬁ]'

From (A.3), we have

rG+1» _ Iy
rG+1) —r{y+1/2)

(D.13)

@ Springer



Adv Comput Math (2021) 47:79 Page 27 0f32 79

Thus, using (D.13) and I"'(z + 1) = zI'(z), we obtain
G+1HrG-1yHrG+1/2)  j+1/4rG-12)1G+1/2)

rG+0r(+2) j+1 TG+ TG+
r(g—-1/2rg
S TG+ 1D)rG+1
1 1 1 1

< =
G=12)~G-=-bj Jj—=1

Then
i G+UHLG=YDIG+1/2) i ( 1 _1)
rg+onrg+2 j—1 j
eyt G+DI'G+2) jorign M J
1 2

=Nl (S N_T
[1-1

From (D.12) and the above, we get the first result in (3.44).
We now prove the second estimate in (3.44). As P,(£1) = (£1)", we derive from
(D.11) that

o0

(u—zrk,u)(:l:l): 3 ak Py
j=r*h
j+1 _
Z (1)1 G+ 1M 1/2). (D.14)
L rG+2)
Denoting
P (=D G+ 1/ —1/2) 1 rg=3/2
N r@+2) U Ty TGy
we have
; 3 G+3/HI(G—-1/2)
X ) _ (_1\Jj*1
S S = O T G+
3 I'(j—1/2)
SaE TG O
23 (F(j—3/2) F(j—1/2)>
47\ I'(G+1) r'(+2)
= (Tj = Tjz+1) + (Ti+1 = Tj2) .
where we noted
rg-1v2 _rg-3/2
rGg+2 — rg+n’
and
3 r¢g-32_ 1t (.rGg-32» . rGg=3/2\_ .
47 TG+ ‘2ﬁ( rg+n YT TGE D )‘T’ Tt
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Thus, from (A.3) and (D.14)—(D.15), we obtain

‘(u — nf,u) (:I:l)‘
= (1817 + Sy ) -+ (1S + Syl +
= (g = T + (Tosgrr = Toaga) |+
+ {(TrN—“Hzi - T(N—“]+2i+l) + (7—["’7“1+2i+1 - T(NT“1+21'+2)} oo

- _ 1 rdHEy - 32 _ 1 IW2-1D
= 2 (1=Tm) Ta/r raMy) T2 mTWN2+ 1Y

j= r”;w

This ends the proof.

Appendix E: Proof of Theorem 4.2

We first consider (4.8). From Lemma 3.1, we obtain that for uw +m > —1/2 and
n>p+m+1,

{‘(Ilu_—i-m—&-l )()H 1 I'in—pn—m)/2)

e =2 E T (A m+3)/2)

lx|<1
and by Lemma 4.1,

2n +1 . ~
== (1A R (=1 = Fsingua)| o
Rn+1DHI'(n —v)

Cpy:=2"T 1 .
v v+ )nF(n+v+2)

Consequently by (4.6)- (4.7),

L 1 Qn+DI((n—pu—m)/2) =~ (uam)
Iunlf{zﬁmﬂﬁ TRy +I§Cw+[} ™. (E.16)

Following the derivations in (3.33)- (3.34), we can get

i @n+ DI —p—m)/2) _ 8 I'(N—pu—m+1)/2)
wioy Tt p+m+3)/2) 7 p+m—=1/2 T'((N+p+m)/2)
(E.17)
and
i o< LW EWN Zpt D) (E.18)
ot 7 T'(N+u+1)
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From direct calculation, we find

if n it Zz’":mn—u—l) Fn+p+2)

1=0 nu =0 I'n—p) I'h+p+1l+2)

l
I1 . . ) (E.19)
L= =Dt i+ 1)

1 X 1 L 2N+
1+;(2(N+1)) <1§(2(N+1)) T ONFIL

where we used the fact: for1 <i </ <mandu+m+1<N+1<n,

[l

-
3 Ms
P

nm—p—-—in+p+i+)=m—pn-DHn+p+l+1)
>n—p—mn+put+m+1)
>m—N)n+N+1)>2(N+1).

It follows from (E.18)—(E.19) immediately that

o] m
~ Cp i 2T(uw) (N+DI(N—p+1)
Cn +1 Cn, A'u ) = .
5 (Boe) - X o (B ) i
which, together with (E.16)—(E.17) and | P, (x)| < 1, implies (4.8).

We now turn to (4.9). By the orthogonality of Legendre polynomials, we find
readily from (E.16) and the Cauchy-Schwarz inequality that

2 o]

2
>
L@ n=N+1 2n+1

AL2
}’L

L
Ju -

o0

-y { Cn+ DT (n—pn—m)/2)
- 22AmtD 2((n + o +m +3)/2)

n=N+1
~ 2
4C2 " C, 2
L+ <U(Mxm)> E.20
2n + 1 (Z Cn’u' — . ( . )

Following the derivations in (3.48)- (3.49) with @+ m in place of u, we can obtain

[e.e]

Z (2n+1)F2((n—,u—m)/2)< 2utmtd (N — o —m)
Mhm+p+m+3)/2) ~“2u+2m+1T(N+u+m+1)

n=N+1

Like (3.48), we can get

(n+1/2I*(n — ) - 24u+3 {1"(211—2;1,—1) I'n —2u) }
I’m+p+2)  ~4u+2|ICn+2u+1) TI'n+2pn+2)
24u+3 {F(Zn—ZM—l) F(zn—2p,+1)}

S 4u+2 | F@n+2pu+1) T'Qn+2u+3)
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Similar to (3.49), we can derive

i 2 s 2Pt i (n+ /D0 — )
n,u 2 2
n=N+1 2n+1 T n=N+1 “(n+ m 2)

2045 P2+ 1) TN — 2 + 1)
72@pu+2) TN +2u+3)
Thus, we can obtain (4.9) from (E.20) and the above.

Funding The research of the first author was supported by the National Natural Science Foundation
of China (Nos. 11801120 and 11771107), the Fundamental Research Funds for the Central Universi-
ties (Grant No. HIT.NSRIF.2020081), the Natural Science Foundation of Heilongjiang Province (Nos.
LH2020A004 and LH2021A011), and the Guangdong Basic and Applied Basic Research Foundation
(N0.2020B1515310006). The research of the second author is partially supported by Singapore MOE
AcREF Tier 2 Grant: MOE2018-T2-1-059 and Tier 1 Grant: RG15/21. The research of the third author was
supported by the National Natural Science Foundation of China (Nos. 11971131, U1637208, 61873071,
51476047).

Declarations

Conflict of interest The authors declare no competing interests.

References

. Adams, R.: Sobolev Spaces. Academic Press, New York (1975)
. Alzer, H.: On some inequalities for the gamma and psi functions. Math. Comput. 66(217), 373-389
(1997)

3. Anastassiou, G.: On right fractional calculus. Chaos Solitons Fractals 42(1), 365-376 (2009).
https://doi.org/10.1016/j.chaos.2008.12.013

4. Andrews, G., Askey, R., Roy, R.: Special functions encyclopedia of mathematics and its applications,
vol. 71. Cambridge University Press, Cambridge (1999)

5. Antonov, V., Holsevnikov, K.: An estimate of the remainder in the expansion of the generating func-
tion for the Legendre polynomials (Generalization and improvement of Bernstein’s inequality). Vestn.
Leningr. Univ. Math. 13, 163-166 (1981)

6. Appell, J., Banas, J., Merentes, N.: Bounded variation and around. Walter de Gruyter, Berlin (2014)

7. Babuska, I., Guo, B.: Optimal estimates for lower and upper bounds of approximation errors in the
p-version of the finite element method in two dimensions. Numer. Math. 85(2), 219-255 (2000)

8. Babuska, 1., Guo, B.: Direct and inverse approximation theorems for the p-version of the finite ele-
ment method in the framework of weighted Besov spaces I: Approximability of functions in the
weighted Besov spaces. STAM J. Numer. Anal. 39(5), 1512-1538 (2001)

9. Babuska, L., Guo, B.: Direct and inverse approximation theorems for the p-version of the finite ele-
ment method in the framework of weighted Besov spaces, Part II: Optimal rate of convergence of the
p-version finite element solutions. Math. Models Methods Appl. Sci. 12(5), 689-719 (2002)

10. Babuska, 1., Hakula, H.: Pointwise error estimate of the Legendre expansion: the known and unknown
features. Comput. Methods Appl. Mech. Engrg. 345, 748-773 (2019). https://doi.org/10.1016/j.cma.
2018.11.017

11. Bernardi, C., Maday, Y.: Spectral methods. In: Ciarlet, P.G., Lions, J.L. (eds.) Handbook of numerical
analysis, pp. 209-486. Elsevier, Amsterdam (1997)

12. Bourdin, L., Idczak, D.: A fractional fundamental lemma and a fractional integration by parts formula-
applications to critical points of Bolza functionals and to linear boundary value problems. Adv. Diff.
Equat. 20(3—4), 213-232 (2015)

13. Brezis, H.: Functional analysis, Sobolev spaces and partial differential equations. Springer, New York

(2011)

o —

@ Springer


https://doi.org/10.1016/j.chaos.2008.12.013
https://doi.org/10.1016/j.cma.2018.11.017
https://doi.org/10.1016/j.cma.2018.11.017

Adv Comput Math (2021) 47:79 Page310f32 79

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.
36.

37.
38.
39.
40.
41.
42.
43.

44,

Bustoz, J., Ismail, M.: On gamma function inequalities. Math. Comput. 47(176), 659-667 (1986)
Buttazzo, G., Giaquinta, M., Hildebrandt, S.: One-dimensional variational problems: an introduction.
Oxford University Press, New York (1998)

Canuto, C., Hussaini, M., Quarteroni, A., Zang, T.: Spectral methods: fundamentals in single domains.
Springer, Berlin (2006)

Carter, M., Brunt, B.: The Lebesgue-Stieltjes integral: a practical introduction. Springer, New York
(2000)

Funaro, D.: Polynomial approxiamtions of differential equations. Springer-Verlag, New York (1992)
Gui, W., Babuska, I.: The &, p and h-p versions of the finite element method in 1 dimension. I. The
error analysis of the p-version. Numer. Math. 49(6), 577-612 (1986). https://doi.org/10.1007/BF0138
9733

Gui, W., Babuska, I.: The i, p and h-p versions of the finite element method in 1 dimension. II. The
error analysis of the 4- and &-p versions. Numer. Math. 49(6), 613-657 (1986). https://doi.org/10.10
07/BF01389734

Gui, W., Babuska, I.: The &, p and h-p versions of the finite element method in 1 dimension. III. The
adaptive h-p version. Numer. Math. 49(6), 659683 (1986). https://doi.org/10.1007/BF01389735
Guo, B., Babuska, I.: Direct and inverse approximation theorems for the p-version of the finite ele-
ment method in the framework of weighted Besov spaces, part III: inverse approximation theorems.
J. Approx. Theory 173, 122-157 (2013). https://doi.org/10.1016/j.jat.2013.05.001

Guo, B.: Spectral methods and their applications. World Scientific, Singapore (1998)

Guo, B., Shen, J., Wang, L.: Optimal spectral-Galerkin methods using generalized Jacobi polynomials.
J. Sci. Comput. 27, 305-322 (2006)

Guo, B., Wang, L.: Jacobi approximations in non-uniformly Jacobi-weighted Sobolev spaces. J.
Approx. Theory 128(1), 1-41 (2004)

Hesthaven, J., Gottlieb, S., Gottlieb, D.: Spectral methods for time-dependent problems. Cambridge
University Press, Cambridge (2007)

Kershaw, D.: Some extensions of W. Gautschi’s inequalities for the Gamma function. Math. Comp.
41(164), 607-611 (1983). https://doi.org/10.2307/2007697

Klebaner, F. Introduction to stochastic calculus with applications, 3rd edn. Imperial College Press,
London (2012)

Kolwankar, K., Gangal, A.: Local fractional Fokker-Planck equation. Phys. Rev. Lett. 80(2), 214-217
(1998). https://doi.org/10.1103/PhysRevLett.80.214

Lang, S. Real and Functional Analysis, 3rd edn. Springer, New York (1993)

Liu, W., Wang, L.: Asymptotics of the generalized Gegenbauer functions of fractional degree. J.
Approx. Theory 253, 105378 (2020). https://doi.org/10.1016/j.jat.2020.105378

Liu, W., Wang, L., Li, H.: Optimal error estimates for Chebyshev approximations of functions
with limited regularity in fractional Sobolev-type spaces. Math. Comp. 88(320), 2857-2895 (2019).
https://doi.org/10.1090/mcom/3456

Majidian, H.: On the decay rate of Chebyshev coefficients. Appl. Numer. Math. 113, 44-53 (2017)
Olver, F,, Lozier, D., Boisvert, R., Clark, C.: NIST Handbook of Mathematical Functions. Cambridge
University Press, New York (2010)

Ponnusamy, S.: Foundations of mathematical analysis. Springer, New York (2012)

Samko, S., Kilbas, A., Marichev, O.: Fractional integrals and derivatives, theory and applications.
Gordan and Breach Science Publisher, New York (1993)

Schwab, C.: p- and hp-FEM. Theory and application to solid and fluid mechanics. Oxford University
Press, New York (1998)

Shen, J., Tang, T., Wang, L.: Spectral methods: algorithms, analysis and applications. Springer-Verlag,
New York (2011)

Szego, G. Orthogonal Polynomials, 4th edn. Amer. Math. Soc., Providence, RI (1975)

Trefethen, L.: Is Gauss quadrature better than Clenshaw-Curtis? SIAM Rev. 50(1), 67-87 (2008)
Trefethen, L.: Approximation theory and approximation practice. SIAM, Philadelphia (2013)

Wang, H.: A new and sharper bound for Legendre expansion of differentiable functions. Appl. Math.
Lett. 85, 95-102 (2018)

Wang, H.: On the convergence rate of Clenshaw-Curtis quadrature for integrals with algebraic
endpoint singularities. J. Comput. Appl. Math. 333, 87-98 (2018)

Wang, H.: How much faster does the best polynomial approximation converge than Legendre
projection? Numer. Math. 147(2), 481-503 (2021). https://doi.org/10.1007/s00211-021-01173-z

@ Springer


https://doi.org/10.1007/BF01389733
https://doi.org/10.1007/BF01389733
https://doi.org/10.1007/BF01389734
https://doi.org/10.1007/BF01389734
https://doi.org/10.1007/BF01389735
https://doi.org/10.1016/j.jat.2013.05.001
https://doi.org/10.2307/2007697
https://doi.org/10.1103/PhysRevLett.80.214
https://doi.org/10.1016/j.jat.2020.105378
https://doi.org/10.1090/mcom/3456
https://doi.org/10.1007/s00211-021-01173-z

79  Page320f32 Adv Comput Math (2021) 47:79

45. Xiang, S., Bornemann, F.: On the convergence rates of Gauss and Clenshaw-Curtis quadrature for
functions of limited regularity. SIAM J. Numer. Anal. 50(5), 2581-2587 (2012)

46. Xiang, S., Liu, G.: Optimal decay rates on the asymptotics of orthogonal polynomial expansions for
functions of limited regularities. Numer. Math. 145, 117-148 (2020)

47. Zorich, V. Mathematical Analysis, 2nd edn., vol. I. Springer-Verlag, Berlin (2016)

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations.

@ Springer



	Approximation by Legendre expansions...
	Abstract
	Introduction
	Related works
	Our contributions

	Fractional integral/derivative formulas of GGF-Fs
	Spaces of functions
	Formula of fractional integration by parts
	Fractional Taylor formula

	Legendre expansions of functions with interior singularities
	Fractional formula for the Legendre expansion coefficient
	L-estimates of Legendre orthogonal projections
	L2-estimates

	Legendre expansion of functions with endpoint singularities
	An illustrative example
	Approximation results for functions with endpoint singularities
	Concluding remarks

	Appendix:  A: Useful properties of Gamma function
	Appendix B: Proof of Lemma 2.2
	Appendix:  B: Proof of Lemma 2.2
	Appendix C: Proof of Proposition 2.1
	Appendix:  C: Proof of Proposition 2.1
	Appendix D: Proof of Theorem 3.3
	Appendix:  D: Proof of Theorem 3.3
	Appendix E: Proof of Theorem 4.2
	Appendix:  E: Proof of Theorem 4.2
	References


