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Abstract

This paper is for mixed Fourier–Jacobi approximation and its applications to numerical solutions o
periodic singular problems, semi-periodic problems on unbounded domains and axisymmetric d
and exterior problems. The stability and convergence of proposed spectral schemes are proved. N
results demonstrate the efficiency of this new approach.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we investigate the mixed Fourier–Jacobi spectral method and its applic
This work is motivated by several facts. Firstly we need to solve semi-periodic problems n
ically when we study the boundary layer, the flow past a suddenly heated vertical plate an
related problems, see [9,11,12]. We usually use the Fourier spectral-finite difference meth
Fourier spectral-finite element method, and the mixed Fourier–Legendre and Fourier–Che
spectral methods, see [2,5,8–10,12]. However in many cases, we have to consider semi-
singular problems. In this case, it is natural to use the Jacobi approximation developed in
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in the non-periodic directions. The second motivation is numerical simulation of semi-pe
problems on unbounded domains. We may impose certain artificial boundary conditions
non-periodic directions. However, it causes additional errors. In particular, it is difficult t
ply this trick to nonlinear problems. Some authors developed the mixed Fourier–Laguer
Fourier–Hermite spectral methods. But both of them require quadratures over unbound
mains. In fact, we could reform such problems and then use the mixed Fourier–Jacobi s
method for the resulting ones. Finally, the mixed Fourier–Jacobi spectral method is also
vated by some problems on axisymmetric domains, see [1], and exterior problems.

This paper is organized as follows. In the next section, we recall some basic resu
one-dimensional Jacobi approximation. In Section 3, we establish some results on the
Fourier–Jacobi approximation which play important roles in the analysis of mixed Fourier–J
spectral method. Section 4 is for some applications. We first consider a linear model proble
then deal with the nonlinear Klein–Gordon equation. The stability and convergence of pro
schemes are proved. Some other applications are discussed. We also present some n
results showing the high accuracy of this new approach.

2. Preliminaries

Let Λ = (−1,1) andχ(x) be a certain weight function in the usual sense. For 1� p � ∞,

L
p
χ(Λ) = {v | v is measurable and‖v‖L

p
χ

< ∞}, with the norm

‖v‖L
p
χ

=
{(∫

Λ
|v(x)|pχ(x)dx

)1/p
, 1 � p < ∞,

esssupx∈Λ |v(x)|, p = ∞.

In particular, we denote by(u, v)χ and‖v‖χ the inner product and the norm of spaceL2
χ (Λ).

Furthermore, for non-negative integerm, Hm
χ (Λ) = {v | ‖v‖m,χ < ∞}, equipped with the semi

norm|v|m,χ = ‖∂m
x v‖χ , and the norm‖v‖m,χ = (

∑m
k=0 |v|2k,χ )1/2. For any realr > 0, we define

the spaceHr
χ(Λ) by the space interpolation.Hr

0,χ (Λ) is the closure inHr
χ(Λ) of the set of all

infinitely differentiable functions with compact support inΛ. We omit r for r = 0 and omitχ
for χ ≡ 1, in the notations.

We denote byJ (α,β)
l (x) the Jacobi polynomials of degreel. Letχ(α,β)(x) = (1−x)α(1+x)β ,

α,β > −1. The set of Jacobi polynomials is anL2
χ(α,β) (Λ)-orthogonal system.

For any positive integerM , PM(Λ) stands for the set of all algebraic polynomials of deg
at mostM . Further,0PM(Λ) = {v | v ∈ PM(Λ), v(−1) = 0} andP0

M(Λ) = {v | v ∈ PM(Λ),
v(−1) = v(1) = 0}. We shall use two inverse inequalities inPM(Λ), stated below. They ar
proved in [4]. In the sequel,c denotes a generic positive constant independent of any fun
andM .

Lemma 2.1. For any φ ∈ PM(Λ) and 1� p � q � ∞,

‖φ‖L
q

χ(α,β)
,Λ � cMσ(α,β)(1/p−1/q)‖φ‖L

p

χ(α,β)
,Λ,

where σ(α,β) = 2 max(α,β) + 2 if max(α,β) � −1
2, and σ(α,β) = 1 otherwise.

Lemma 2.2. For any φ ∈ PM(Λ) and r � 0,

‖φ‖r,χ(α,β),Λ � cM2r‖φ‖χ(α,β),Λ.
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If, in addition, α,β > r − 1, then

‖φ‖r,χ(α,β),Λ � cMr‖φ‖χ(α−r,β−r),Λ.

We shall use also several orthogonal projections in the next section. For technical reas
define the non-uniformly weighted Sobolev spaceHr

χ(α,β),A
(Λ). For any integerr � 0,

H r
χ(α,β),A

(Λ) = {
v | v is measurable and‖v‖r,χ(α,β),A,Λ < ∞}

,

equipped with the following semi-norm and norm:

|v|r,χ(α,β),A,Λ = ∥∥∂r
xv

∥∥
χ(α+r,β+r),Λ

, ‖v‖r,χ(α,β),A,Λ =
(

r∑
k=0

|v|2
k,χ(α,β),A,Λ

)1/2

.

For any real numberr > 0, we define the spaceHr
χ(α,β),A

(Λ) by space interpolation. Further, l

Hr
χ(α,β),∗(Λ) = {v | ∂xv ∈ Hr−1

χ(α,β),A
(Λ)} with the semi-norm|v|r,χ(α,β),∗,Λ = |∂xv|r−1,χ(α,β),A,Λ

and the norm‖v‖r,χ(α,β),∗,Λ = ‖∂xv‖r−1,χ(α,β),A,Λ.

Let (u, v)χ(α,β),Λ be the inner product of the spaceL2
χ(α,β) (Λ). The orthogonal projectio

PM,α,β,Λ :L2
χ(α,β) (Λ) →PM(Λ) is defined by

(PM,α,β,Λv − v,φ)χ(α,β),Λ = 0, ∀φ ∈PM(Λ).

We have the following basic result, see [4, p. 387].

Lemma 2.3. For any v ∈ Hr
χ(α,β),A

(Λ) and integer r � 0,

‖PM,α,β,Λv − v‖χ(α,β),Λ � cM−r |v|r,χ(α,β),A,Λ.

Next, we takeα,β, γ, δ > −1 and introduce the spacesH
µ
α,β,γ,δ(Λ), 0� µ � 1. For µ = 0,

H 0
α,β,γ,δ(Λ) = L2

χ(γ,δ) (Λ). Forµ = 1,

H 1
α,β,γ,δ(Λ) = {

v | v is measurable and‖v‖1,α,β,γ,δ,Λ < ∞}
equipped with the following semi-norm and norm:

|v|1,α,β,γ,δ,Λ = ‖∂xv‖χ(α,β),Λ, ‖v‖1,α,β,γ,δ,Λ = (|v|21,α,β,γ,δ,Λ + ‖v‖2
χ(γ,δ),Λ

)1/2
.

For 0< µ < 1, the spaceHµ
α,β,γ,δ(Λ) is defined by space interpolation. In particular,

0H
1
α,β,γ,δ(Λ) = {

v
∣∣ v ∈ H 1

α,β,γ,δ(Λ) andv(−1) = 0
}
.

Let

aα,β,γ,δ(u, v) = (∂xu, ∂xv)χ(α,β),Λ + (u, v)χ(γ,δ),Λ.

The orthogonal projectionP 1
M,α,β,γ,δ,Λ : H 1

α,β,γ,δ(Λ) →PM(Λ) is defined by

aα,β,γ,δ

(
P 1

N,α,β,γ,δ,Λv − v,φ
) = 0, ∀φ ∈ PM(Λ).

The orthogonal projection0P 1
M,α,β,γ,δ,Λ : 0H

1
α,β,γ,δ(Λ) → 0PM(Λ) is defined by

aα,β,γ,δ

(
0P

1
M,α,β,γ,δ,Λv − v,φ

) = 0, ∀φ ∈ 0PM(Λ).
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The orthogonal projectioñP 1,0
M,α,β,Λ :H 1

0,χ(α,β) (Λ) → P0
M(Λ) is defined by(

∂x

(
P̃

1,0
M,α,β,Λv − v

)
, ∂xφ

)
χ(α,β),Λ

= 0, ∀φ ∈ P0
M(Λ).

We shall use the following results, see [7].

Lemma 2.4. If α � γ + 2 and β � δ + 2, then for any v ∈ Hr
χ(α,β),∗(Λ) and integer r � 1,∥∥P 1

M,α,β,γ,δ,Λv − v
∥∥

1,α,β,γ,δ,Λ
� cM1−r |v|r,χ(α,β),∗,Λ.

If, in addition, α � γ + 1, β � δ + 1, then for 0� µ � 1,∥∥P 1
M,α,β,γ,δ,Λv − v

∥∥
µ,α,β,γ,δ,Λ

� cMµ−r |v|r,χ(α,β),∗,Λ.

Lemma 2.5. If α � γ + 1, β � δ + 2, 0< α < 1, β < 1 or α � γ + 2, β � 0, δ � 0, then for any
v ∈ 0H

1
α,β,γ,δ(Λ) ∩ Hr

χ(α,β),∗(Λ) and integer r � 1,∥∥ 0P
1
M,α,β,γ,δ,Λv − v

∥∥
1,α,β,γ,δ,Λ

� cM1−r |v|r,χ(α,β),∗,Λ.

If, in addition, β � δ + 1, then for 0� µ � 1,∥∥ 0P
1
M,α,β,γ,δ,Λv − v

∥∥
µ,α,β,γ,δ,Λ

� cMµ−r |v|r,χ(α,β),∗,Λ.

Lemma 2.6. If −1< α,β < 1, then for any v ∈ H 1
0,χ(α,β) (Λ) ∩ Hr

χ(α,β),∗(Λ) and r � 1,∥∥P̃
1,0
M,α,β,Λv − v

∥∥
1,χ(α,β),Λ

� cM1−r |v|r,χ(α,β),∗,Λ.

If, in addition, −1< α,β � 0 or 0< α,β < 1, then for all 0� µ � 1,∥∥P̃
1,0
M,α,β,Λv − v

∥∥
µ,χ(α,β),Λ

� cMµ−r |v|r,χ(α,β),∗,Λ.

3. Mixed Fourier–Jacobi approximation

In this section, we study the mixed Fourier–Jacobi approximation. Letx = (x1, x2), Λ1 =
{x1 | −1 < x1 < 1}, Λ2 = {x2 | 0 < x2 < 2π} and Ω = Λ1 × Λ2. For r � 0, we define the
weighted spacesHr

χ(Ω) andHr
0,χ (Ω) in the usual way. For simplicity, we denote their sem

norm and norm by|v|r,χ and ‖v‖r,χ , respectively.‖v‖L
p
χ

denotes the norm ofLp
χ(Ω), 1 �

p � ∞. In addition,(u, v)r,χ denotes the inner product ofHr
χ(Ω) for integerr . We omitr or χ

in the notations whenr = 0 orχ ≡ 1, respectively.
Let M and N be any positive integers.VN(Λ2) is the set of all real-valued trigonometr

polynomials of degree at mostN on Λ2. VM,N = PM(Λ1) ⊗ VN(Λ2), 0VM,N = 0PM(Λ1) ⊗
VN(Λ2) andV 0

M,N = P0
M(Λ1) ⊗ VN(Λ2). We first establish two inverse inequalities inVM,N .

Theorem 3.1. For any φ ∈ VM,N and 2� p � ∞,

‖φ‖L
p

χ(γ,δ)
� c

(
Mσ(γ,δ)N

)1/2−1/p‖φ‖χ(γ,δ) .

Proof. Let

φl(x1) = 1

2π

∫
φ(x1, x2)e

−ilx2 dx2. (3.1)
Λ2
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Clearlyφl ∈PM(Λ1). By the orthogonality of trigonometric functions,

‖φ‖2
χ(γ,δ) = 2π

∑
|l|�N

‖φl‖2
χ(γ,δ),Λ1

.

The above with Lemma 2.1 leads to

‖φ‖L∞(Ω) �
∑

|l|�N

‖φl‖∞,Λ1 � cM
1
2σ(γ,δ)

∑
|l|�N

‖φl‖χ(γ,δ),Λ1
� c

(
Mσ(γ,δ)N

)1/2‖φ‖χ(γ,δ) .

Accordingly

‖φ‖p

L
p

χ(γ,δ)

� ‖φ‖p−2
L∞ ‖φ‖2

χ(γ,δ) � c
(
Mσ(γ,δ)N

)p/2−1‖φ‖p

χ(γ,δ) . �

We now establish another inverse inequality. Letαi,βi > −1, i = 1,2, and χ(α1,β1)(x) =
χ(α1,β1)(x1), χ(α2,β2)(x) = χ(α2,β2)(x1). Further, letα = (α1, α2), β = (β1, β2), and

H
r,s

χ(α,β) (Ω) = L2(Λ2;Hr

χ(α1,β1) (Λ1)
) ∩ Hs

(
Λ2;L2

χ(α2,β2) (Λ1)
)

with the norm

‖v‖H
r,s

χ(α,β)
=

(
‖v‖2

L2(Λ2;Hr

χ(α1,β1)
(Λ1))

+ ‖v‖2
Hs(Λ2;L2

χ(α2,β2)
(Λ1))

)1/2
.

Theorem 3.2. For any φ ∈ VM,N and r, s � 0,

‖φ‖H
r,s

χ(α,β)
� c

(
M2r + Ns

)‖φ‖χ(η1,η2) ,

where η1 = min(α1, α2) and η2 = min(β1, β2). If, in addition, α1, β1 > r − 1, then

‖φ‖H
r,s

χ(α,β)
� c

(
Mr + Ns

)‖φ‖χ(θ1,θ2) ,

where θ1 = min(α1 − r,α2) and θ2 = min(β1 − r, β2).

Proof. Let φl(x1) be the same as in (3.1). By Lemma 2.2, for any integers 0� µ � r,∥∥∂µ
x1

φ
∥∥2

χ(α1,β1) = 2π
∑

|l|�N

∥∥∂µ
x1

φl

∥∥2
χ(α1,β1),Λ1

� cM4µ
∑

|l|�N

‖φl‖2
χ(α1,β1),Λ1

� cM4µ‖φ‖2
χ(η1,η2) .

Similarly, for any integers 0� ν � s, ‖∂ν
x2

φ‖2
χ(α2,β2) � cN2ν‖φ‖2

χ(η1,η2) . The previous statemen

with space interpolation lead to the first result. We next prove the second result. Due toα1, β1 >

r − 1, we use Lemma 2.2 to obtain that for integerµ � 0,∥∥∂µ
x1

φ
∥∥2

χ(α1,β1) � cM2µ
∑

|l|�N

‖φl‖2
χ(α1−r,β1−r),Λ1

� cM2µ‖φ‖2
χ(θ1,θ2) .

The rest part of the proof is clear.�
We now turn to some orthogonal projections. To do this, we introduce the space

H
r,s
(γ,δ) (Ω) = L2(Λ2;Hr

(γ,δ) (Λ1)
) ∩ Hs

(
Λ2;L2

(γ,δ) (Λ1)
)
, r, s � 0,
χ ,A χ ,A χ
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obolev

ar,
with the norm

‖v‖H
r,s

χ(γ,δ),A

=
(
‖v‖2

L2(Λ2;Hr

χ(γ,δ),A
(Λ1))

+ ‖v‖2
Hs(Λ2;L2

χ(γ,δ)
(Λ1))

)1/2
.

Denote byHr,s

p,χ(γ,δ),A
(Ω) the subspace ofHr,s

χ(γ,δ),A
(Ω), consisting of functions whose deriv

tives of order up tor − 1 has the period 2π for the variablex2. Throughout this paper, all spac
with the subscriptp have the similar meanings.

The orthogonal projectionPM,N,γ,δ : L2
p,χ(γ,δ) (Ω) → VM,N is defined by

(PM,N,γ,δv − v,φ)χ(γ,δ) = 0, ∀φ ∈ VM,N .

Theorem 3.3. For any v ∈ H
r,s

p,χ(γ,δ),A
(Ω) and integers r, s � 0,

‖PM,N,γ,δv − v‖χ(γ,δ) � c
(
M−r + N−s

)‖v‖H
r,s

χ(γ,δ),A

.

Proof. Let

vl(x1) = 1

2π

∫
Λ2

v(x1, x2)e
−ilx2 dx2, (3.2)

andPM,γ,δ,Λ1 be theL2
χ(γ,δ) (Λ1)-orthogonal projection as defined in Section 2. Clearly,

PM,N,γ,δv(x) =
∑

|l|�N

(
PM,γ,δ,Λ1vl(x1)

)
eilx2.

By Lemma 2.3 and the result on the Fourier approximation,

‖PM,N,γ,δv − v‖2
χ(γ,δ)

= 2π
∑

|l|�N

‖PM,γ,δ,Λ1vl − vl‖2
χ(γ,δ),Λ1

+ 2π
∑

|l|>N

‖vl‖2
χ(γ,δ),Λ1

� cM−2r‖v‖2
L2(Λ2;Hr

χ(γ,δ),A
(Λ1))

+ cN−2s‖v‖2
Hs(Λ2;L2

χ(γ,δ)
(Λ1))

. �
In many cases, the coefficients of differential equations degenerate in different ways. T

need to consider the related orthogonal projections in certain non-uniformly weighted S
spaces. For this purpose, letH 0

α,β,γ,δ(Ω) = L2
χ(γ,δ) (Ω), and define

H 1
α,β,γ,δ(Ω) = {

v | v is measurable onΩ and‖v‖1,α,β,γ,δ < ∞}
,

equipped with the following semi-norm and norm:

|v|1,α,β,γ,δ = (‖∂x1v‖2
χ(α1,β1) + ‖∂x2v‖2

χ(α2,β2)

)1/2
,

‖v‖1,α,β,γ,δ = (|v|21,α,β,γ,δ + ‖v‖2
χ(γ,δ)

)1/2
.

For 0 < µ < 1, the spaceH
µ
α,β,γ,δ(Ω) is defined by space interpolation. In particul

0H
1
α,β,γ,δ(Ω) = {v | v ∈ H 1

α,β,γ,δ(Ω) andv(−1, x2) = 0 for x2 ∈ Λ2}, andH 1
0,α,β,γ,δ(Ω) = {v |

v ∈ H 1
α,β,γ,δ(Ω) andv(−1, x2) = v(1, x2) = 0 for x2 ∈ Λ2}. The spaceH 1

p,α,β,γ,δ(Ω) is defined
as before.
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n, we
Now, let

aα,β,γ,δ(u, v) = (∂x1u, ∂x1v)χ(α1,β1) + (∂x2u, ∂x2v)χ(α2,β2) + (u, v)χ(γ,δ) .

The orthogonal projectionP 1
M,N,α,β,γ,δ :H 1

p,α,β,γ,δ(Ω) → VM,N is defined by

aα,β,γ,δ

(
P 1

M,N,α,β,γ,δv − v,φ
) = 0, ∀φ ∈ VM,N .

The orthogonal projection0P 1
M,N,α,β,γ,δ : 0H

1
p,α,β,γ,δ(Ω) → 0VM,N is defined by

aα,β,γ,δ

(
0P

1
M,N,α,β,γ,δv − v,φ

) = 0, ∀φ ∈ 0VM,N .

The orthogonal projectioñP 1,0
M,N,α,β,γ,δ :H 1

0,α,β,γ,δ(Ω) ∩ H 1
p,α,β,γ,δ(Ω) → V 0

M,N is defined by

(
∂x1

(
P̃

1,0
M,N,α,β,γ,δv − v

)
, ∂x1φ

)
χ(α1,β1) + (

∂x2

(
P̃

1,0
M,N,α,β,γ,δv − v

)
, ∂x2φ

)
χ(α2,β2) = 0,

∀φ ∈ V 0
M,N .

For description of approximation results, we define the non-isotropic space

M
r,s,σ
α,β,γ,δ(Ω) = L2(Λ2;Hr

χ(α1,β1),∗(Λ1)
) ∩ H 1(Λ2;Hr+σ−2

χ(α1,β1),∗(Λ1)
)

∩ Hs−1(Λ2;H 1
α1,β1,γ,δ(Λ1)

) ∩ Hs
(
Λ2;L2

χ(α2,β2) (Λ1)
)
,

wherer, s � 1, σ = 1 or 2. Its norm‖v‖M
r,s,σ
α,β,γ,δ

is defined in the usual way. The meaning

M
r,s,σ
p,α,β,γ,δ(Ω) is clear. One of the main results in this section is stated below.

Theorem 3.4. If

α1 � γ + σ, β1 � δ + σ, γ � α2, δ � β2, σ = 1 or 2, (3.3)

then for any v ∈ M
r,s,σ
p,α,β,γ,δ(Ω) and integers r, s � 1,∥∥P 1

M,N,α,β,γ,δv − v
∥∥

1,α,β,γ,δ
� c

(
M1−r + N1−s

)‖v‖M
r,s,σ
α,β,γ,δ

. (3.4)

If, in addition, σ = 1, then for all 0� µ � 1,∥∥P 1
M,N,α,β,γ,δv − v

∥∥
µ,α,β,γ,δ

� c
(
M1−r + N1−s

)µ((
M−r + N−s

)(
1+ M−1N

))1−µ‖v‖
M

r,s,1
α,β,γ,δ

. (3.5)

Proof. Let vl(x1) be the same as in (3.2), andP 1
M,α1,β1,γ,δ,Λ1

be theH 1
α1,β1,γ,δ(Λ1)-orthogonal

projection as defined in Section 2. Set

v∗(x) =
∑

|l|�N

(
P 1

M,α1,β1,γ,δ,Λ1
vl(x1)

)
eilx2 ∈ VM,N .

By the projection theorem, (3.3), Lemma 2.4 and the result on the Fourier approximatio
obtain that forσ = 2, r � 1 (orσ = 1, r � 2) ands � 1,∥∥P 1

M,N,α,β,γ,δv − v
∥∥2

1,α,β,γ,δ

= inf
φ∈V

‖φ − v‖2
1,α,β,γ,δ � ‖v∗ − v‖2

1,α,β,γ,δ

M,N
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� c
∑

|l|�N

(∥∥P 1
M,α1,β1,γ,δ,Λ1

vl − vl

∥∥2
1,α1,β1,γ,δ,Λ1

+ l2
∥∥P 1

M,α1,β1,γ,δ,Λ1
vl − vl

∥∥2
χ(γ,δ),Λ1

)

+ c
∑
|l|>N

(‖vl‖2
1,α1,β1,γ,δ,Λ1

+ l2‖vl‖2
χ(α2,β2),Λ1

)
� cM2−2r

(‖v‖2
L2(Λ2;Hr

χ(α1,β1),∗(Λ1))
+ ‖v‖2

H1(Λ2;Hr+σ−2

χ(α1,β1),∗(Λ1))

)
+ cN2−2s

(‖v‖2
Hs−1(Λ2;H1

α1,β1,γ,δ(Λ1))
+ ‖v‖2

Hs(Λ2;L2
χ(α2,β2)

(Λ1))

)
� c

(
M1−r + N1−s

)2‖v‖2
M

r,s,σ
α,β,γ,δ

.

If r = 1, σ = 1 ands � 1, then we obtain from the projection theorem that∥∥P 1
M,N,α,β,γ,δv − v

∥∥2
1,α,β,γ,δ

� ‖v‖2
1,α,β,γ,δ � c‖v‖2

M
r,s,σ
α,β,γ,δ

.

We now use an duality argument to prove (3.5) withσ = 1 andµ = 0. Let

al,α,β,γ,δ(u, v) = (∂x1u, ∂x1v)χ(α1,β1),Λ1
+ l2(u, v)χ(α2,β2),Λ1

+ (u, v)χ(γ,δ),Λ1
,

P 1
M,N,α,β,γ,δv(x) =

∑
|l|�N

v∗
l (x1)e

ilx2.

It can be checked thatv∗
l ∈ PM(Λ1) andal,α,β,γ,δ(v

∗
l − vl, φ) = 0, ∀φ ∈ PM(Λ1). Thus we use

the above and (3.3) to verify that for anyφ ∈PM(Λ1),∥∥v∗
l − vl

∥∥2
1,α1,β1,γ,δ,Λ1

+ l2
∥∥v∗

l − vl

∥∥2
χ(α2,β2),Λ1

= al,α,β,γ,δ

(
v∗
l − vl, v

∗
l − vl

)
= al,α,β,γ,δ

(
v∗
l − vl, φ − vl

)
� c

(‖φ − vl‖2
1,α1,β1,γ,δ,Λ1

+ l2‖φ − vl‖2
χ(γ,δ),Λ1

)
.

Takingφ = P 1
M,α1,β1,γ,δ,Λ1

vl and using Lemma 2.4 and (3.3), we deduce that∥∥v∗
l − vl

∥∥2
1,α1,β1,γ,δ,Λ1

+ l2
∥∥v∗

l − vl

∥∥2
χ(α2,β2),Λ1

� cM2−2r
(‖vl‖2

r,χ(α1,β1),∗,Λ1
+ l2‖vl‖2

r+σ−2,χ(α1,β1),∗,Λ1

)
. (3.6)

Next, letg ∈ L2
χ(γ,δ) (Λ1) and consider the following auxiliary problem:

al,α,β,γ,δ(w, z) = (g, z)χ(γ,δ),Λ1
, ∀z ∈ H 1

α1,β1,γ,δ(Λ1). (3.7)

Takingz = w in (3.7), we verify that

‖w‖1,α1,β1,γ,δ,Λ1 + l2‖w‖χ(α2,β2),Λ1
� c‖g‖χ(γ,δ),Λ1

. (3.8)

Now letw(x1) vary inD(Λ1), and so by (3.7), in the sense of distributions,

−∂x1

(
∂x1w(x1)χ

(α1,β1)(x1)
) = (

g(x1) − w(x1)
)
χ(γ,δ)(x1) − l2w(x1)χ

(α2,β2)(x1). (3.9)

As in the proof of Theorem 2.5 of [4], we can show that∂x1w(1)χ(α1,β1)(1) = ∂x1w(−1)×
χ(α1,β1)(−1) = 0. Moreover, we obtain from (3.9) that

−∂2
x1

w(x1) = −(
(α1 + β1)x1 + (α1 − β1)

)(
1− x2

1

)−1
∂x1w(x1)

+ (
g(x1) − w(x1)

)
χ(γ−α1,δ−β1)(x1) − l2w(x1)χ

(α2−α1,β2−β1)(x1). (3.10)
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s to

.4 to
We now estimate‖∂2
x1

w(1 − x2
1)1/2‖χ(α1,β1),Λ1

. Let Λ
(1)
1 = [0,1) andΛ

(2)
1 = (−1,0). It can be

verified that‖∂2
x1

w(x1)(1− x2
1)1/2‖2

χ(α1,β1),Λ1
� D1 + D2 where

D1 = D1
(
Λ

(1)
1

) + D1
(
Λ

(2)
1

)
,

D1
(
Λ

(j)

1

) = 8
(
α2

1 + β2
1

) ∫
Λ

(j)
1

(
∂x1w(x1)

)2
χ(α1−1,β1−1)(x1) dx1, j = 1,2,

D2 = 2
∫
Λ1

(
g(x1) − w(x1)

)2
χ(2γ−α1+1,2δ−β1+1)(x1) dx1

+ 2l4
∫
Λ1

w2(x1)χ
(2α2−α1+1,2β2−β1+1)(x1) dx1.

Due to (3.3) andσ = 1, α1 � min(γ + 1, α2 + 1) andβ1 � min(δ + 1, β2 + 1). So by (3.8),

|D2| � c
(‖g − w‖2

χ(γ,δ),Λ1
+ l4‖w‖2

χ(α2,β2),Λ1

)
� c‖g‖2

χ(γ,δ),Λ1
.

Next, integrating (3.9) and inserting the result intoD1(Λ
(1)
1 ), we obtain that forσ = 1,

D1
(
Λ

(1)
1

)

= c

∫
Λ

(1)
1

χ(−α1−1,−β1−1)(x1)

( 1∫
x1

((
g(y)−w(y)

)
χ(γ,δ)(y)− l2w(y)χ(α2,β2)(y)

)
dy

)2

dx1

� c

1∫
0

(1− x1)
−γ

(
1

1− x1

1∫
x1

((
g(y) − w(y)

)
χ(γ,δ)(y) − l2w(y)χ(α2,β2)(y)

)
dy

)2

dx1.

By the Hardy inequality, for any measurable functionΦ(x1), real numbersa � b andd < 1,

b∫
a

(
1

b − x1

b∫
x1

Φ(y)dy

)2

(b − x1)
d dx1 � 4

1− d

b∫
a

Φ2(x1)(b − x1)
d dx1. (3.11)

Lettinga = −1, b = 1 andd = −γ in (3.11), we use (3.3) and (3.8) to derive that

D1
(
Λ

(1)
1

)
� c

∫
Λ

(1)
1

(
g(x1) − w(x1)

)2
χ(γ,2δ)(x1) dx1 + l4

∫
Λ

(1)
1

w2(x1)χ
(2α2−γ,2β2)(x1) dx1

� c‖g‖2
χ(γ,δ),Λ1

.

A similar estimate is valid onΛ(2)
1 for σ = 1. A combination of the previous statements lead

that forγ � α2, δ � β2 andσ = 1,

|w|2,χ(α1,β1),∗,Λ1
= ∥∥∂2

x1
w

(
1− x2

1

)1/2∥∥
χ(α1,β1),Λ1

� c‖g‖χ(γ,δ),Λ1
. (3.12)

Now, we takez = v∗
l − vl in (3.7), and use (3.3), (3.12) and the second result of Lemma 2

obtain that forσ = 1 and|l| � N,
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∣∣(v∗
l − vl, g

)
χ(γ,δ),Λ1

∣∣
= ∣∣al,α,β,γ,δ

(
v∗
l − vl,w

)∣∣ = ∣∣al,α,β,γ,δ

(
v∗
l − vl,P

1
M,α1,β1,γ,δ,Λ1

w − w
)∣∣

�
(∥∥v∗

l − vl

∥∥2
1,α1,β1,γ,δ,Λ1

+ l2
∥∥v∗

l − vl

∥∥2
χ(α2,β2),Λ1

)1/2

× (∥∥P 1
M,α1,β1,γ,δ,Λ1

w − w
∥∥2

1,α1,β1,γ,δ,Λ1
+ l2

∥∥P 1
M,α1,β1,γ,δ,Λ1

w − w
∥∥2

χ(γ,δ),Λ1

)1/2

� cM−r
(|vl |2r,χ(α1,β1),∗,Λ1

+ l2|vl |2r−1,χ(α1,β1),∗,Λ1

)1/2

× (|w|2
2,χ(α1,β1),∗,Λ1

+ l2M−2|w|2
2,χ(α1,β1),∗,Λ1

)1/2

� cM−r
(
1+ M−1N

)(|vl |2r,χ(α1,β1),∗,Λ1
+ l2|vl |2r−1,χ(α1,β1),∗,Λ1

)1/2‖g‖χ(γ,δ),Λ1
.

Consequently,

‖v∗
l − vl‖χ(γ,δ),Λ1

= sup
g∈L2

χ(γ,δ)
(Λ1)

g 
=0

|(v∗
l − vl, g)χ(γ,δ),Λ1

|
‖g‖χ(γ,δ),Λ1

� cM−r
(
1+ M−1N

)(‖vl‖2
r,χ(α1,β1),∗,Λ1

+ l2‖vl‖2
r−1,χ(α1,β1),∗,Λ1

)1/2
. (3.13)

Therefore,∥∥P 1
M,N,α,β,γ,δv − v

∥∥2
χ(γ,δ)

= 2π

( ∑
|l|�N

∥∥v∗
l − vl

∥∥2
χ(γ,δ),Λ1

+
∑

|l|>N

‖vl‖2
χ(γ,δ),Λ1

)

� cM−2r
(
1+ M−1N

)2 ∑
|l|�N

(‖vl‖2
r,χ(α1,β1),∗,Λ1

+ l2‖vl‖2
r−1,χ(α1,β1),∗,Λ1

)

+ cN−2s
∑
|l|>N

l2s‖vl‖2
χ(γ,δ),Λ1

� c
(
M−r + N−s

)2(1+ M−1N
)2‖v‖2

M
r,s,1
α,β,γ,δ

.

The result (3.5) with 0� µ � 1 comes from the previous results and space interpolation.�
By using Lemmas 2.5 and 2.6, we can prove the following results.

Theorem 3.5. Let γ � α2 and δ � β2. If α1 � γ + 1, β1 � δ + 2, 0 < α1 < 1, β1 < 1, or
α1 � γ +2, β1 � 0, δ � 0, then for any v ∈ 0H

1
α,β,γ,δ(Ω)∩M

r,s,2
p,α,β,γ,δ(Ω) and integers r, s � 1,∥∥ 0P

1
M,N,α,β,γ,δv − v

∥∥
1,α,β,γ,δ

� c
(
M1−r + N1−s

)‖v‖
M

r,s,2
α,β,γ,δ

.

If, in addition, β1 < δ + 1, then for all 0� µ � 1,∥∥ 0P
1
M,N,α,β,γ,δv − v

∥∥
µ,α,β,γ,δ

� c
(
M1−r + N1−s

)µ((
M−r + N−s

)(
1+ M−1N

))1−µ‖v‖
M

r,s,1
α,β,γ,δ

.



18 L.L. Wang, B.Y. Guo / J. Math. Anal. Appl. 315 (2006) 8–28

tions
Theorem 3.6. Let γ � α2 and δ � β2. If −1 < α1, β1 < 1, then for any v ∈ H 1
0,α,β,γ,δ(Ω) ∩

M
r,s,2
p,α,β,γ,δ(Ω) and integers r, s � 1,∥∥P̃

1,0
M,N,α,β,γ,δv − v

∥∥
1,α,β,γ,δ

� c
(
M1−r + N1−s

)‖v‖
M

r,s,2
α,β,γ,δ

.

If, in addition, α1, β1 � 0 or α1, β1 > 0, then for all 0 � µ � 1,∥∥P̃
1,0
M,N,α,βv − v

∥∥
µ,α,β,γ,δ

� c
(
M1−r + N1−s

)µ((
M−r + N−s

)(
1+ M−1N

))1−µ‖v‖
M

r,s,1
α,β,γ,δ

.

We now consider another orthogonal projection, which will be used for numerical solu
of semi-periodic problems on unbounded domains. Letν = (ν0, ν1, ν2), νi > 0, and

âν
α,β,0,0(u, v) = ν1

(
χ(

α1
2 ,

β1
2 )∂x1u, ∂x1

(
χ(

α1
2 ,

β1
2 )v

)) + ν2
(
χ(α2,β2)∂x2u, ∂x2v

) + ν0(u, v).

Lemma 3.1. Let α2, β2 > −1. If α1 = β1 = 2, ν0 > 2ν1, or α1 = 2, β1 = 0, ν0 > 1
2ν1, then for

any u,v ∈ H 1
p,α,β,0,0(Ω),

âν
α,β,0,0(v, v) � c(ν)‖v‖2

1,α,β,0,0, (3.14)

âν
α,β,0,0(u, v) � c‖u‖1,α,β,0,0‖v‖1,α,β,0,0, (3.15)

where c(ν) = min(ν0 −2ν1, ν1, ν2) for ν0 > 2ν1, and c(ν) = min(ν0 − 1
2ν1, ν1, ν2) for ν0 > 1

2ν1.

Proof. Let vl(x1) be the same as in (3.2). Ifα1 = β1 = 2, then integrating by parts yields that

(
χ(

α1
2 ,

β1
2 )∂x1vl, ∂x1

(
χ(

α1
2 ,

β1
2 )vl

))
Λ1

= ‖∂x1vl‖2
χ(α1,β1),Λ1

−
∫
Λ1

x1
(
1− x2

1

)
∂x1

(
v2
l (x1)

)
dx1

= ‖∂x1vl‖2
χ(α1,β1),Λ1

+ ‖vl‖2
Λ1

− 3
∫
Λ1

x2
1v2

l (x1) dx1

� ‖∂x1vl‖2
χ(α1,β1),Λ1

− 2‖vl‖2
Λ1

.

Thus

âν
α,β,0,0(v, v)

= 2π

∞∑
|l|=0

(
ν1

(
χ(

α1
2 ,

β1
2 )∂x1vl, ∂x1

(
χ(

α1
2 ,

β1
2 )vl

))
Λ1

+ ν2l
2‖vl‖2

χ(α2,β2),Λ1
+ ν0‖vl‖2

Λ1

)

� 2π

∞∑
|l|=0

(
ν1‖∂x1vl‖2

χ(α1,β1),Λ1
+ ν2l

2‖vl‖2
χ(α2,β2),Λ1

+ (ν0 − 2ν1)‖vl‖2
Λ1

)
� min(ν0 − 2ν1, ν1, ν2)‖v‖2 . (3.16)
1,α,β,0,0
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The above implies the result (3.14) withν0 > 2ν1. If α1 = 2 andβ1 = 0, then(
χ(

α1
2 ,

β1
2 )∂x1vl, ∂x1

(
χ(

α1
2 ,

β1
2 )vl

))
Λ1

= ‖∂x1vl‖2
χ(α1,β1),Λ1

− 1

2
‖vl‖2

Λ1
+ v2

l (−1).

This fact leads to (3.14) withν0 > 1
2ν1. The proof of (3.15) is clear. �

The orthogonal projection̂P 1
M,N,α,β,0,0 :H 1

p,α,β,0,0(Ω) → VM,N is defined by

âν
α,β,0,0

(
P̂ 1

M,N,α,β,0,0v − v,φ
) = 0, ∀φ ∈ VM,N .

The orthogonal projection0P̂ 1
M,N,α,β,0,0 : 0H

1
p,α,β,0,0(Ω) → 0VM,N is defined by

âν
α,β,0,0

(
0P̂

1
M,N,α,β,0,0v − v,φ

) = 0, ∀φ ∈ 0VM,N .

For description of approximation result, we introduce the space

M̂
r,s
α,β,,0,0(Ω) = L2

(
Λ2;Hr

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1)

)
∩ H 1

(
Λ2;Hr−1

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1)

)
∩ Hs−1(Λ2;H 1

α1,β1,0,0(Λ1)
) ∩ Hs

(
Λ2;L2

χ(α2,β2) (Λ1)
)
.

Its norm‖v‖
M̂

r,s
α,β,0,0

is defined in the usual way.

Theorem 3.7. Let α2, β2 � 0, and the conditions of Lemma 3.1 hold. Then for any v ∈
M̂

r,s
p,α,β,0,0(Ω) and integers r, s � 1,∥∥P̂ 1

M,N,α,β,0,0v − v
∥∥

1,α,β,0,0 � c
(
M1−r + N1−s

)‖v‖
M̂

r,s
α,β,0,0

.

Proof. Let vl(x1) be the same as before, and

v∗(x) =
∑

|l|�N

(
P 1

M,
α1
2 ,

β1
2 ,0,0,Λ1

vl(x1)
)
eilx2.

Clearly,v∗ ∈ VM,N . So by Lemma 3.1 and the definition ofP̂ 1
M,N,α,β,0,0,

c(ν)
∥∥P̂ 1

M,N,α,β,0,0v − v
∥∥2

1,α,β,0,0

� âν
α,β,0,0

(
P̂ 1

M,N,α,β,0,0v − v, P̂ 1
M,N,α,β,0,0v − v

)
= âν

α,β,0,0

(
P̂ 1

M,N,α,β,0,0v − v,φ − v
)
� c

∥∥P̂ 1
M,N,α,β,0,0v − v

∥∥
1,α,β,0,0‖φ − v‖1,α,β,0,0.

Takingφ = v∗ and using Lemma 2.4, we verify that forr � 2 ands � 1,∥∥P̂ 1
M,N,α,β,0,0v − v

∥∥2
1,α,β,0,0

� c

( ∑
|l|�N

∥∥P 1
M,

α1
2 ,

β1
2 ,0,0,Λ1

vl − vl

∥∥2
1,

α1
2 ,

β1
2 ,0,0,Λ1

+ l2
∥∥P 1

M,
α1
2 ,

β1
2 ,0,0,Λ1

vl − vl

∥∥2
Λ1

)

+ c
∑
|l|>N

(‖vl‖2
1,α1,β1,0,0,Λ1

+ l2‖vl‖2
χ(α2,β2),Λ1

)

� cM2−2r
(
‖v‖2

L2(Λ2;Hr

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1))

+ ‖v‖2
H1(Λ2;Hr−1

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1))

)

+ cN2−2s
(
‖v‖2

Hs−1(Λ2;H1
α ,β ,0,0(Λ1))

+ ‖v‖2
Hs(Λ2;L2

(α ,β )
(Λ1))

)
. �
1 1 χ 2 2
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blems,

s

In numerical analysis of the mixed Fourier–Jacobi spectral methods for nonlinear pro
we have to estimate the norm‖P̂ 1

M,N,α,β,0,0v‖L∞ .

Theorem 3.8. If M = O(N), and the conditions of Theorem 3.7 hold, then for any v ∈
L2

p(Λ2;H 1+d

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1) ∩ Hd(Λ1)) and d > 1,

∥∥P̂ 1
M,N,α,β,0,0v

∥∥
L∞ � c‖v‖

L2(Λ2;H1+d

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1)∩Hd(Λ1))

.

Proof. Let

âν
l,α,β,0,0(u, v) = ν1

(
χ(

α1
2 ,

β1
2 )∂x1u, ∂x1

(
χ(

α1
2 ,

β1
2 )v

))
Λ1

+ ν2l
2(u, v)χ(α2,β2),Λ1

+ ν0(u, v)Λ1,

P̂ 1
M,N,α,β,0,0v(x) =

∑
|l|�N

v∗
l (x1)e

ilx2 ∈ PM(Λ1).

By an argument as in the proof of Lemma 3.1, we assert that for certainc(ν) > 0,

âν
l,α,β,0,0(w,w) � c(ν)

(‖w‖2
1,α1,β1,0,0,Λ1

+ l2‖w‖2
χ(α2,β2),Λ1

)
,∣∣âν

l,α,β,0,0(w, z)
∣∣

� c
(‖w‖2

1,α1,β1,0,0,Λ1
+ l2‖w‖2

χ(α2,β2),Λ1

)1/2(‖z‖2
1,α1,β1,0,0,Λ1

+ l2‖z‖2
χ(α2,β2),Λ1)

)1/2
.

Moreover,âν
l,α,β,0,0(vl − v∗

l , φ) = 0 for all φ ∈ PM(Λ1). Hence∥∥vl − v∗
l

∥∥2
1,α1,β1,0,0,Λ1

+ l2
∥∥vl − v∗

l

∥∥2
χ(α2,β2),Λ1

� câν
l,α,β,0,0

(
vl − v∗

l , vl − v∗
l

) = câν
l,α,β,0,0

(
vl − v∗

l , vl − φ
)

� c
(‖φ − vl‖2

1,α1,β1,0,0,Λ1
+ l2‖φ − vl‖2

χ(α2,β2),Λ1

)
.

By takingφ = P 1
M,

α1
2 ,

β1
2 ,0,0,Λ1

vl and using Lemma 2.4, we deduce that for|l| � N,

∥∥vl − v∗
l

∥∥2
1,α1,β1,0,0,Λ1

+ l2
∥∥vl − v∗

l

∥∥2
χ(α2,β2),Λ1

� cM2−2r
(
1+ N2M−2)‖vl‖2

r,χ
(
α1
2 ,

β1
2 )

,∗,Λ1

. (3.17)

We now use (3.17) to derive the desired result. Due tod > 1 and the imbedding theorem,∥∥v∗
l

∥∥
L∞,Λ1

� ‖vl‖L∞,Λ1 + c
∥∥v∗

l − vl

∥∥
d
2 ,Λ1

� ‖vl‖L∞,Λ1 + c
(∥∥v∗

l − PM,0,0,Λ1vl

∥∥
d
2 ,Λ1

+ ‖PM,0,0,Λ1vl − vl‖ d
2 ,Λ1

)
.

Moreover, by Lemmas 2.2, 2.3, (3.17) and the factM = O(N),∥∥v∗
l − PM,0,0,Λ1vl

∥∥
d
2 ,Λ1

� cMd
(∥∥v∗

l − vl

∥∥
Λ1

+ ‖PM,0,0,Λ1vl − vl‖Λ1

)
� c

(
‖vl‖

1+d,χ
(
α1
2 ,

β1
2 )

,∗,Λ1

+ ‖vl‖d,Λ1

)
.

On the other hand (see [2]),‖PM,0,0,Λ1vl −vl‖ d
2 ,Λ1

� c‖vl‖ 3d
4 ,Λ1

. A combination of the previou
estimates implies that∥∥v∗

l

∥∥
L∞,Λ1

� c
(
‖vl‖ (

α1 ,
β1 )

+ ‖vl‖d,Λ1

)
.

1+d,χ 2 2 ,∗,Λ1
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,
art

we can
Finally, the above with the result on the Fourier approximation lead to

‖P̂M,N,α,β,0,0v‖2
L∞ � c

∑
|l|�N

‖v∗
l ‖2

L∞,Λ1
� c‖v‖2

L2(Λ2;H1+d

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1)∩Hd(Λ1))

. �

Remark 3.1. Forα2 = β2 = 0, we can remove the conditionM = O(N) in Theorem 3.6. Indeed
in this case,‖v∗

l −vl‖Λ1 � cM1−r‖vl‖
r,χ

(
α1
2 ,

β1
2 )

,∗,Λ1

. So the conclusion follows as in the late p

of the proof of Theorem 3.8.

By using Lemmas 2.5, 3.1 and the same argument as in the proof of Theorem 3.7,
prove following result.

Theorem 3.9. Let α1 = 2, β1 = 0, α2 � 2, β2 = 0 and ν0 > 1
2ν1. Then for any v ∈0 H 1

α,β,0,0(Ω)∩
M̂

r,s
p,α,β,0,0(Ω) and integers r, s � 1,∥∥ 0P̂

1
M,N,α,β,0,0v − v

∥∥
1,α,β,0,0 � c

(
M1−r + N1−s

)‖v‖
M̂

r,s
α,β,0,0

.

4. Some applications

We first consider the following simple model problem,

−∂x1

(
a1(x)∂x1U(x)

) − ∂x2

(
a2(x)∂x2U(x)

) + a0(x)U(x) = f (x), x ∈ Ω. (4.1)

Assume thatai(x) degenerate as|x1| → 1, and

a0(x) = ã0(x)χ(γ,δ)(x), a1(x) = ã1(x)χ(α1,β1)(x),

a2(x) = ã2(x)χ(α2,β2)(x), (4.2)

with ãi (x) ∈ L∞(Ω), ãi (x) � ã
(i)
min > 0, i = 0,1,2. We look for solution of (4.1) such that

lim|x1|→1
a1(x)U(x)∂x1U(x) = 0, ∀x2 ∈ Λ2. (4.3)

For anyu,v ∈ H 1
α,β,γ,δ(Ω), let

Aα,β,γ,δ(u, v) = (ã1∂x1u, ∂x1v)χ(α1,β1) + (ã2∂x2u, ∂x2v)χ(α2,β2) + (ã0u,v)χ(γ,δ) .

A weak formulation of (4.1) with (4.3) is to findU ∈ H 1
p,α,β,γ,δ(Ω) such that

Aα,β,γ,δ(U, v) = (f, v), ∀v ∈ H 1
p,α,β,γ,δ(Ω). (4.4)

By (4.2) and the Cauchy–Schwartz inequality, we find that for anyu,v ∈ H 1
p,α,β,γ,δ(Ω),∣∣Aα,β,γ,δ(u, v)

∣∣ �
(‖ã1‖L∞ + ‖ã2‖L∞ + ‖c̃0‖L∞

)‖u‖1,α,β,γ,δ‖v‖1,α,β,γ,δ, (4.5)∣∣Aα,β,γ,δ(u,u)
∣∣ � min

(
ã

(0)
min, ã

(1)
min, ã

(2)
min

)‖u‖2
1,α,β,γ,δ. (4.6)

Therefore, if f ∈ L2
χ(−γ,−δ) (Ω), then (4.4) has a unique solution such that‖U‖1,α,β,γ,δ �

c‖f ‖χ(−γ,−δ) .

Now, letuM,N ∈ VM,N be the approximation toU , satisfying

Aα,β,γ,δ(uM,N ,φ) = (f,φ), ∀φ ∈ VM,N . (4.7)

Due to (4.2), (4.7) is also unisolvent and‖uM,N‖1,α,β,γ,δ � c‖f ‖χ(−γ,−δ) .



22 L.L. Wang, B.Y. Guo / J. Math. Anal. Appl. 315 (2006) 8–28

ole in
Theorem 4.1. Let U and uM,N be the solutions of (4.1)and (4.7), respectively. If (3.3)and (4.2)
hold, and U ∈ M

r,s,σ
p,α,β,γ,δ(Ω) with integers r, s � 1 and σ = 1,2, then

‖U − uM,N‖1,α,β,γ,δ � d
(
M1−r + N1−s

)‖U‖M
r,s,σ
α,β,γ,δ

,

where the constant d depends only on the norms ‖ãi‖L∞ , i = 0,1,2.

Proof. Let UM,N = P 1
M,N,α,β,γ,δU. By (4.5)–(4.7) and Theorem 3.4,

c‖uM,N − UM,N‖2
1,α,β,γ,δ � Aα,β,γ,δ(uM,N − UM,N,uM,N − UM,N)

= Aα,β,γ,δ(U − UM,N,uN − UM,N)

� d
(
N1−r

1 + N1−s
2

)‖U‖M
r,s,σ
α,β,γ,δ

‖uM,N − UM,N‖1,α,β,γ,δ.

Thus using Theorem 3.4 again completes the proof.�
We next consider the nonlinear Klein–Gordon equation, which plays an important r

quantum mechanics. LetΩ∗ = {y = (y1, y2) | −∞ < y1 < +∞, 0� y2 < 2π}. The problem is
of the form


∂2
t V (y, t) − ∆V (y, t) + V 3(y, t) = F(y, t), (y, t) ∈ Ω∗ × (0, T ],

∂tV (y,0) = V1(y,0), y ∈ Ω∗,

V (y,0) = V1(y,0), y ∈ Ω∗.

(4.8)

Assume that all functions in (4.8) have the period 2π for the variabley2, andV (y, t) satisfies
the following asymptotic boundary condition:

lim|y1|→∞ e−a|y1|∂y1V (y1, y2, t) = 0, a > 0, ∀(y2, t) ∈ Λ2 × [0, T ]. (4.9)

Let b > 0, which should be chosen suitably based on the value ofa. We make the following
variable transformation:

y1(x1) = b ln
1+ x1

1− x1
, y2(x2) = x2. (4.10)

Furthermore,

U(x1, x2, t) = V
(
y1(x1), y2(x2), t

)
, U1(x1, x2) = V1

(
y1(x1), y2(x2)

)
,

U0(x1, x2) = V0
(
y1(x1), y2(x2)

)
, f (x1, x2, t) = F

(
y1(x1), y2(x2), t

)
.

Then problem (4.8) with (4.9) becomes


∂2
t U(x, t) − 1

4b2 (1− x2
1)∂x1((1− x2

1)∂x1U(x, t)) − ∂2
x2

U(x, t) + U3(x, t) = f (x, t),

(x, t) ∈ Ω × (0, T ],
lim|x1|→1(1− x2

1)ab+1∂x1U(x, t) = 0, (x2, t) ∈ Λ2 × [0, T ],
∂tU(x,0) = U1(x), U(x,0) = U0(x), x ∈ Ω.

(4.11)

We now derive a weak form of (4.11). Multiplying the second term of (4.11) byv ∈
H 1

p,α,β,0,0(Ω) ∩ L4
p(Ω) and integrating the result by parts, we obtain the boundary term

B(U,v) = 1
2

lim
(
1− x2

1

)2
v(x)∂x1U(x) − 1

2
lim

(
1− x2

1

)2
v(x)∂x1U(x).
4b x1→−1 4b x1→1
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Since v ∈ L4(Ω), we havev = o((1 − x2
1)−1/4) as |x1| → 1. By the boundary condition

(4.3), B(U,v) = 0 for ab � 3
4. Next, let α1 = β1 = 2, α2 = β2 = 0, ν0 > 1

2b2 , ν1 = 1
4b2 and

ν2 = 1. Then the weak formulation of (4.11) is to findU ∈ L∞(0, T ;L4
p(Ω) ∩ H 1

p,α,β,0,0(Ω)) ∩
W1,∞(0, T ;L2

p(Ω)) such that


(∂2
t U(t) + U3(t), v) + âν

α,β(U(t), v) = (ν0U(t) + f (t), v),

∀v ∈ L4
p(Ω) ∩ H 1

p,α,β,0,0(Ω), t ∈ (0, T ],
∂tU(0) = U1, U(0) = U0.

(4.12)

Obviously the condition of Lemma 3.1 is fulfilled. So for suitableU1, U0 andf, (4.12) has a
unique solution.

The mixed Fourier–Jacobi spectral scheme for (4.12) is to finduM,N(t) ∈ VM,N such that


(∂2
t uM,N(t) + u3

M,N(t),φ) + âν
α,β,0,0(uM,N(t), φ) = (ν0uM,N(t) + f (t),φ),

∀φ ∈ VM,N , t ∈ (0, T ],
∂tuM,N(0) = uM,N,1 = PM,N,0,0U1,

uM,N(0) = uM,N,0 = PM,N,0,0U0.

(4.13)

We now analyze the stability of scheme (4.13). Assume that the datauM,N,0, uM,N,1 andf

are disturbed bỹuM,N,0, ũM,N,1 and f̃ , respectively, which induce the error ofuM,N , denoted
by ũM,N . Then for allφ ∈ VM,N andt ∈ (0, T ],(

∂2
t ũM,N (t) + ũ3

M,N(t) + G0(t), φ
) + âν

α,β

(
ũM,N (t), φ

) = (
ν0ũM,N (t) + f̃ (t), φ

)
, (4.14)

with

G0(t) = 3ũ2
M,N(t)uM,N(t) + 3ũM,N(t)u2

M,N(t),

∂t ũM,N (0) = ũM,N,1, ũM,N(0) = ũM,N,0.

Let

E(ũM,N , t) = 1

4

∥∥ũM,N(t)
∥∥2

1,α,β,0,0 + 1

2

∥∥ũM,N(t)
∥∥4

L4 + ∥∥∂t ũM,N(t)
∥∥2

.

We takeφ = 2∂t ũM,N(t) in (4.14). Thanks to Lemma 3.1 and the fact that

∣∣2(
G0(t), ∂t ũM,N (t)

)∣∣ � 1

2

∥∥ũM,N (t)
∥∥4

L4 + 1

2

∥∥ũM,N (t)
∥∥2

+ 18
(∥∥uM,N(t)

∥∥2
∞ + ∥∥uM,N(t)

∥∥4
∞

)∥∥∂t ũM,N(t)
∥∥2

,

we obtain

∂tE(ũM,N , t) � d(uM,N)E(ũM,N , t) + ∥∥f̃ (t)
∥∥2

, (4.15)

whered(uM,N) is a positive constant depending only on‖uM,N‖L∞(0,T ;L∞(Ω)). Let

ρ(ũM,N,0, ũM,N,1, f̃ , t)

= 1

4
‖ũM,N,0‖2

1,α,β,0,0 + 1

2
‖ũM,N,0‖4

L4 + ‖ũM,N,1‖2 +
t∫

0

∥∥f̃ (s)
∥∥2

ds.

Integrating (4.15) with respect tot , we obtain the following result.
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ate, we

te
-

Theorem 4.2. Let uM,N be the solution of (4.13), and ũM,N be its error induced by ũM,N,0,
ũM,N,1 and f̃ . If ab � 3

4 , then for all 0� t � T ,

E(ũM,N , t) � ρ(ũN,0, ũN,1, f̃ , t)ed(uM,N )t .

We next deal with the convergence of the scheme (4.13). To obtain better error estim
compare the numerical solutionuM,N with UM,N = P̂ 1

M,N,α,β,0,0U. By (4.12),

(
∂2
t UM,N(t) + U3

M,N(t),φ
) + âν

α,β,0,0

(
UM,N(t),φ

) +
3∑

j=1

(
Gj(t),φ

)
= (

ν0UM,N(t) + f (t),φ
)
, ∀φ ∈ VM,N , t ∈ (0, T ], (4.16)

with

G1(t, φ) = ∂2
t U(t) − ∂2

t UM,N(t), G2(t, φ) = ν0UM,N(t) − ν0U(t),

G3(t, φ) = U3(t) − U3
M,N(t).

Furthermore, letŨM,N = uM,N − UM,N . Then subtracting (4.16) from (4.13) gives that(
∂2
t ŨM,N (t) + Ũ3

M,N(t) + G̃0(t), φ
) + âν

α,β,0,0

(
ŨM,N(t), φ

)
= (

ν0ŨM,N(t), φ
) +

3∑
j=1

(
Gj(t),φ

)
, ∀φ ∈ VM,N , t ∈ (0, T ], (4.17)

with

G̃0(t) = 3Ũ2
M,N(t)UM,N(t) + 3ŨM,N(t)U2

M,N(t),

∂t ŨM,N(0) = PM,N,0,0U1 − P̂ 1
M,N,α,β,0,0U1,

ŨM,N(0) = PM,N,0,0U0 − P̂ 1
M,N,α,β,0,0U0.

Comparing (4.14) with (4.17), we build up an error estimation similar to (4.15). ButuM,N,

ũM,N , ũM,N,0, ũM,N,1 and‖uM,N‖L∞(0,T ;L∞(Ω)) in (4.15) are now replaced byUM,N , ŨM,N ,

ŨM,N(0), ∂t ŨM,N(0) and ‖UM,N‖L∞(0,T ;L∞(Ω)), respectively. Thus it remains to estima
‖Gj(t)‖, ‖∂t ŨM,N(0)‖, ‖ŨM,N(0)‖1,α,β,0,0 and ‖ŨM,N(0)‖L4. Firstly, we have from Theo
rem 3.7 that∥∥G1(t)

∥∥ + ∥∥G2(t)
∥∥ = ∥∥∂2

t UM,N(t) − ∂2
t U(t)

∥∥
� c

(
M1−r + N1−s

)(∥∥∂2
t U(t)

∥∥
M̂

r,s
α,β,0,0

+ ∥∥U(t)
∥∥

M̂
r,s
α,β,0,0

)
.

Next, by Remark 3.1, the imbedding theorem and Theorems 3.7 and 3.8, we get that ford > 1,∥∥G3(t)
∥∥ � c

(∥∥UM,N(t)
∥∥2

∞ + ∥∥U(t)
∥∥2

∞
)∥∥UM,N(t) − U(t)

∥∥
� cM(U)

(
M1−r + N1−s

)∥∥U(t)
∥∥

M̂
r,s
α,β,0,0

,

where

M(U) = max
0�t�T

(∥∥U(t)
∥∥2

L2(Λ2;H1+d

(
α1 ,

β1 )
(Λ1)∩Hd(Λ1))

+ ∥∥U(t)
∥∥2

Hd(Ω)

)
.

χ 2 2 ,∗
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n

tance,
For simplicity, let integersr, s � 1 and Z
r,s
α,β(Ω) = H

r−1,s−1
χ(0,0),A

(Ω) ∩ M̂
r,s
α,β,0,0(Ω). Its norm

‖v‖Z
r,s
α,β

is defined in the usual way. Then by Theorems 3.3 and 3.7,

∥∥∂t ŨM,N(0)
∥∥ � ‖PM,N,0,0,0,0U1 − U1‖ + ∥∥P̂ 1

M,N,α,β,0,0U1 − U1
∥∥

� c
(
M1−r + N1−s

)‖U1‖Z
r,s
α,β

.

Sinceα1 = β1 = 2 andα2 = β2 = 0, we use Theorems 3.2, 3.3 and 3.7 to derive that∥∥ŨM,N(0)
∥∥2

1,α,β,0,0 �
∥∥ŨM,N(0)

∥∥2
H

1,1
χ(α,β)

+ ∥∥ŨM,N(0)
∥∥2 � c(M + N)2

∥∥ŨM,N(0)
∥∥2

� c(M + N)2(M−r + N−s
)2‖U0‖2

Z
r+1,s+1
α,β

.

Moreover, by Theorems 3.1, 3.3 and 3.7,∥∥ŨM,N(0)
∥∥

L4 � c
(
M2N

)1/4∥∥ŨM,N(0)
∥∥ � c

(
M2N

)1/4(
M−r + N−s

)‖U0‖Z
r+1,s+1
α,β

.

A combination of the previous estimates leads to the following result.

Theorem 4.3. Let U and uM,N be the solutions of (4.12)and (4.13), respectively. Assume that
for α1 = β1 = 2, α2 = β2 = 0, d > 1 and integers r, s � 1,

U ∈L∞(
0, T ;Hd

p (Ω)∩L2
p

(
Λ2;H 1+d

χ
(
α1
2 ,

β1
2 )

,∗
(Λ1)∩Hd(Λ1)

))
∩H 2(0, T ; M̂r,s

p,α,β,0,0(Ω)
)
,

U0 ∈ Z
r+1,s+1
p,α,β (Ω), U1 ∈ Z

r,s
p,α,β(Ω).

Then for all 0� t � T ,

E(uM,N − U, t) � b∗((M1−r + N1−s
)2 + (M + N)2(M−r + N−s

)2

+ (
M2N

)(
M−r + N−s

)4)
,

b∗ being a positive constant depending on the norms of U,U0, U1 and f in the mentioned spaces.

Remark 4.1. If M = O(N), then the result in Theorem 4.3 is reduced toE(uM,N − U, t) �
b∗(M1−r + N1−s)2. On the other hand, if we takeuM,N(0) = P̂ 1

M,N,0,0,0,0U0 and∂tuM,N(t) =
P̂ 1

M,N,0,0,0,0U1, then we can weaken the conditions onU0 andU1 in Theorem 4.3, and obtai
the same result.

The mixed Fourier–Jacobi approximation is also applicable to other problems. For ins
we consider the heat transfer inside a unit disc,


∂tV − 1

r
∂r (r∂rV ) − 1

r2 ∂2
θ V = F, (r, θ, t) ∈ (0,1) × [0,2π) × (0, T ],

V (1, θ, t) = 0, (θ, t) ∈ [0,2π) × [0, T ],
V (r, θ,0) = V0(r, θ), (r, θ) ∈ [0,1] × [0,2π),

(4.18)

where all functions have the period 2π for the variableθ. In addition, the solutionV satisfies the
polar condition:∂θV (0, θ, t) = 0. Let r = 1−x1 , θ = x2, x = (x1, x2), η(x) = 1− x1 and
2
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. As an

prob-

th
let

s
s

to
U(x1, x2, t) = V

(
1− x1

2
, x2, t

)
, U0(x1, x2) = V0

(
1− x1

2
, x2

)
,

f (x1, x2, t) = F

(
1− x1

2
, x2, t

)
.

Then problem (4.18) reads


η∂tU − 4∂x1(η∂x1U) − 4
η
∂2
x2

U = ηf, (x, t) ∈ Ω × (0, T ],
U(−1, x2, t) = ∂x2U(1, x2, t) = 0, (x2, t) ∈ Λ2 × [0, T ],
U(x,0) = U0(x), x ∈ Ω.

(4.19)

The mixed Fourier–Jacobi approximation can also be used for some exterior problems
example, we consider the Laplace equation outside a unit disc,{−1

r
∂r (r∂rV ) − 1

r2 ∂2
θ V = F, (r, θ) ∈ (1,+∞) × [0,2π),

V (1, θ) = limr→∞ ra∂rV (r, θ) = 0, a < 2, θ ∈ [0,2π).
(4.20)

Let

r = 2

1− x1
, θ = x2, U(x1, x2) = V

(
2

1− x1
, x2

)
,

f (x1, x2) = 4

(1− x1)3
F

(
2

1− x1
, x2

)
.

Then (4.20) is changed into{−∂x1(η∂x1U) − η∂2
x2

U = f, (x1, x2) ∈ Ω,

U(−1, x2) = limx1→1 η2−a∂x1U(x1, x2) = 0, x2 ∈ Λ2.
(4.21)

Clearly we may use the Fourier–Jacobi spectral method to solve (4.19) and (4.21).
In the end of this paper, we present some numerical results. We first consider

lem (4.1) with a1(x) = a2(x) = 1 − x2
1 and a0(x) = 1, and take the test functionU(x) =

arcsin(x1)sin( 1
10x1 + 2x2). Clearly, |∂x1U | → ∞ as |x1| → 1. We use scheme (4.7) wi

αi = βi = 1, i = 1,2, andγ = δ = 0, to solve (4.1) numerically. For description of the errors,
Λ1,M = {xj

1 | 0� j � M} be the set of Gauss–Legendre nodes,Λ2,N = {xj

2 = πj
N

| 0� j � 2N},
and

Eabs(uM,N) = max
x∈Λ1,M×Λ2,N

∣∣U(x) − uM,N(x)
∣∣,

Erel(uM,N) = max
x∈Λ1,M×Λ2,N

∣∣∣∣U(x) − uM,N(x)

U(x)

∣∣∣∣.
We plot in Fig. 1 the errors with differentM andN, which show the convergence of (4.7).

We next consider problem (4.8) and (4.9) witha = 1
2, and takef in such a way that (4.12) ha

the exact solutionU(x, t) = (1−x)γ (1+x)δ exp( 1
10 sin(x1 +2x2)+ 1

10t). Its regularity depend
on the values ofγ and δ, essentially. We use scheme (4.13) withα1 = β1 = 2, α2 = β2 = 0,
ν0 = 1, ν1 = 1

4 and ν2 = 1, to solve (4.12) numerically. In actual computation, we need
discretize (4.13) in timet. To do this, letτ be the mesh size in time,Rτ = {t = kτ | k =
1,2, . . . , [T ]}, and
τ
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e

Fig. 1. The errors with differentM = N.

Fig. 2. The errors with variousM = N.

v̂(x, t) = 1

2

(
v(x, t + τ) + v(x, t − τ)

)
,

D̂ττ v(x, t) = 1

τ2

(
v(x, t + τ) − 2v(x, t) + v(x, t − τ)

)
.

To increase the stability of computation, we approximate the nonlinear term in (4.12) by

Ĝ
(
v(x, t)

) = 1

4

3∑
j=0

vj (x, t + τ)v3−j (x, t − τ).

The fully discrete scheme is(
D̂ττ uM,N(t) + Ĝ

(
uM,N(t)

)
, φ

) + âν
α,β

(
ûM,N(t), φ

)) = (
ν0ûM,N (t) + f̂ (t), φ

)
,

∀φ ∈ VM,N , t ∈ Rτ , (4.22)

with

uM,N(0) = PM,N,0,0U0, uM,N(τ) = PM,N,0,0U0 + τPM,N,0,0U1.

Now, lety1(x1) andy2(x2) be the same as in (4.10) withb = 1. The numerical solution of th
original problem isvM,N(y1, y2, t) = uM,N( ey1−1

y1 , y2, t). Let

e +1
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Fig. 3. The errors with varioust .

Λ∗
1,M = {

y
j

1 = y1
(
x

j

1

) ∣∣ x
j

1 ∈ Λ1,M, 0� j � M
}
,

Λ∗
2,N = {

y
j

2 = y2
(
x

j

2

) ∣∣ x
j

2 ∈ Λ2,M, 0� j � 2N
}
.

Denote byEabs(vM,N , t) and Erel(vM,N , t) the absolute error and the relative error
V (y, t) − vM,N(y, t) on the grid setΛ∗

1,M × Λ∗
2,N at time t. We plot in Fig. 2 the errors with

γ = δ = 10−2, τ = 10−3 and t = 1, which show the convergence of scheme (4.22). In Fig
we plot the errors withγ = δ = 10−2, τ = 10−3 andM = N = 32 in different timet, which
demonstrate the stability of computation.
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