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Abstract

A modified Laguerre pseudospectral method is proposed for differential equations on the half-line. The numerical
solutions are refined by multidomain Legendre pseudospectral approximation. Numerical results show the spectral
accuracy of this approach. Some approximation results on the modified Laguerre and Legendre interpolations are
established. The convergence of proposed method is proved.
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1. Introduction

Spectral methods have high accuracy. The usual spectral methods are only available for bounded do-
mains. However it is also interesting to consider spectral methods for differential equations on unbounded
domains, such as the KdV equation and the Klein—Gordon equation on the half-line and exterior prob-
lems. Some authors developed the Laguerre spectral method for the half-line, see [3,4,6,9,11]. In actual
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computation, it is more preferable to use the Laguerre pseudospectral method, since it only needs to
evaluate numerical solutions at the Laguerre interpolation nodes, say x;, 0< j <N. Itis also much easier
to deal with nonlinear terms. However, the distances between the adjacent interpolation nodes increase
very fast as the mode N increases, especially for large x ;. Therefore, although numerical solutions fit exact
solutions well at the nodes, but as global approximate solutions, they only can simulate exact solutions
roughly between the large interpolation nodes.

In this paper, we propose a combined Laguerre and multidomain Legendre pseudospectral method for
the half-line. We first use the modified Laguerre pseudospectral method to obtain numerical solutions
on the half-line, which fit exact solutions well at the interpolation nodes. Then we refine them locally
by using multidomain Legendre pseudospectral approximation. This technique can be also regarded as
recovering the accuracy by reconstructing numerical solutions.

The paper is organized as follows. In the next section, we describe the combined Laguerre and mul-
tidomain Legendre pseudospectral method. In Section 3, we discuss its implementation and present some
numerical results demonstrating its efficiency. In Section 4, we establish some results on the modified
Laguerre and Legendre interpolations, which play important role in the analysis of spectral methods. In
Section 5, we prove the convergence of proposed method. The final section is for concluding discussions.

2. Combined spectral method

LetI=(a, b), 0<a < b<o0,and y(x) be acertain weight function. For real » >0, we define the weighted
Sobolev space H ’(1 ) as usual, with the semi-norm |v|,, , ; and the norm ||v|,,,,, ;. In particular, we denote
by (u, v), ; and |v]|, s the inner product and norm of L2(I ). The space Hj )((I ) stands for the closure
of set Z(I) consisting of all infinitely differential functlons with compact support in I. For y(x) = 1, we
drop the subscript y in notations.

For any integer M >0, 23;(I) denotes the set of all algebraic polynomials of degree at most M.
Moreover 2, = {v € Zy|v(a) =0} and ﬂ(l)u = {v € (Z,,lv(b) = 0}. Denote by c a generic positive
constant independent of any function and M.

Now let A= (0, co) and w(x)=e™*. Denote by .#;(x) the Laguerre polynomials of degree [, /=0, 1, . ..
. They satisfy the recurrence relation

L1(x) =0, 21(x) =0, Z141(x), [=0,1,..., (1)

and form the Lg)(A)—orthogonal system, i.e., (L1, Lm) w4 = Olm-
In this paper, we introduce the modified Laguerre interpolation. Firstly let ( L)={v e H' () |v(0)=
0} and take the approximation spaces as

Sm(A) = {p(0)]p(x) = 0P (x), Yy (x) € 2y (A}, Ly =L u(A) N H (1),

Next, let {x j}M_ o and {w j}M be the nodes and weights of the standard Laguerre-Gauss—Radau inter-

polatlon fy M- Indeed, x; are the zeros of x0, Ly 41(x), and w; = 1/(M + 1)3 (x;). Further, let
Oj=wjn" Y(x 7). Then by the property of Laguerre-Gauss—Radau interpolation (see [12]),

M
(@) 4= (. V) m 4 = Z PEY(xoj, Y-y € Soy(A). 2

j=0
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For any v € C(A), the modified Laguerre—Gauss—Radau interpolant 7 2v(x) € Fp(A), satisfying

(F2.mv) () =v(x)),  0<j<M. 3)

We now turn to the Legendre—Gauss—Lobatto interpolation. Let the reference interval [=(—1,1),and
L;(x) be the Legendre polynomials of degree [,/ =0, 1, ... . They satisfy the recurrence relation

2+ DLi(x)=08,Li41(x) =0, Li—1(x), [=12,..., “)

and form the Lz(f)—orthogonal system, i.e., (L;, L) j = (2/ (21 + 1))d1,m-
Let {)2}?’:0 and {®} 3\’:0 be the nodes and weights of the Legendre—Gauss—Lobatto interpolation. Indeed,
X are the zeros of (1 — x2)d, Ly(x), and wj=2/N(N + l)L%v(ﬁj). By Szego [12]

M
(G = W)y 1= D SEVEND;. Y- § € Pay_1 (D). 5)

j=0

For any v € C(f ), the Legendre—Gauss—Lobatto interpolant 7 LNV(X) € ,@N(f ), satisfying
(FLNVE) =v(Ej), O0<j<N. (6)

Now, we describe the combined pseudospectral method. For clearness, we focus on the simple model
problem

—PUMx) + U (x) = f(x), 2>0, xe€d,
lim U(x)=U(0) =0. @)

We may derive a weighted variational formulation of (7), and then solve it by the standard Laguerre
spectral method as in [6]. But in this paper, we prefer a natural (not weighted) variational formulation,
and solve it by using the Laguerre functions as in [11], which is easier to match the multidomain Legendre
pseudospectral approximation for refining numerical results. To do this, let a,(u, v) = (0, u,0,v) 4 +
(u, v) 4. A weak formulation of (7) is to find U (x) € (H (4) such that

as(U,v) = (f,v)4, Yve H'(A). (8)

If f(x) e H_I(A), then (8) has a unique solution U (x) € 0Hl(/l).
Next, Let ap 4(u, v) = (0,u,0,v)p 4 + A(u, v)p 4. The numerical solution u?t,,(x) € oy (A) is
uniquely determined by

am AWy, &) = (f, Opas ¢ € oL (A )

We shall use the multidomain Legendre pseudospectral method to refine u?w(x). Let A = (ax, by) C
(0, 00), 1 <k < K,suchthat AxNA;=G fork # [. The endpoints a; and by are some Laguerre—-Gauss—Radau
nodes usually. But in this case, the lengths of (ay, bx) might be very different, since the distribution of
the interpolation nodes is not uniform, see [12]. In particular, for large M, the length of (ay, by) increases
very fast as k increases. Thus, for refining numerical results on Ay, we should split Ay into J; subintervals

If=(d}_,,d¥) where ay =df <df <---<dj | <db =by. Theirlengths % =df —df_,.
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Ineach / jk , we use the Legendre—Gauss—Lobatto interpolation with the nodes xf - (hl; /2)xi+(d f—l +
d;f)/2 and the weights wf] =2/ h’;)foi , 0<i< N;‘. Foranyu, v € C (Ay), we define the following discrete

inner product and norm on each / j‘ ,

Nk
J
kyjookodn k. jo ks kij 1/2
D B i Ll N [ IV CRD e
JJ i—0 JJ
Further, let Ny = (N k Né‘, ..., N ’J‘k), and define the discrete inner product and norm on A by
1/2
W 0Nt = D )t g 0N A= (0 0N

For any fixed A, we take the approximation spaces as
PN = v e H (W e 2y, (14, 1<j<hi), 7%, (4) = 7N, (4k) N Hi (Ag).

Letvk/ := v |;.Foranyv € C (Ax), the multidomain Legendre—Gauss—Lobatto interpolant .# LN V(x) €
J
"N, (Ag) is defined by

LNy =R (), 0<i <N, (10)
J
If § -l i € 2n;—1 (1)), 1<j<Jg, thenby (5),
J
(D Nt = (D W) ge Vb € 7 an—1 (). (11)

We now derive the algorithm for refining numerical results. Let U k.—y A, f k.= fla, and

Wk (x) = Uk( ) + Uk(bk) X € Ay

Due to (7), Uk(x) € H'(Ay) satisfies

ar (US v) = (5 vy, Yve Hy (M. (12)
Equivalently, it is to seek Uf: (x) =Uk(x) — Wkx) € HO1 (Ag) such that

ar (UK v) = (5 )4, —ax (W5 v), Yo e Hy (Ap). (13)

Next, let u’lilk be the approximation of U* on Ay, and

by —x X — ag
u?w(ak)—i—

0
uy, (by), x € Ag.
br — ay br — ay, m (br) k

wh, (x) =
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Let an, 1, (u, v) = @ u, 0, V)N, 4, + A1, V)N, 4,- Then the multidomain Legendre pseudospectral ap-
proximation of (12) is to find ulf\lk (x) € ¥'N, (Ag) such that

an, 4, Uk, ) = (5 PInae Vb€ 7R (o). (14)

Equivalently, it is to seek ugk’ LX) = “]ﬁlk (x) — w’fw x)er %k (Ag) such that
ang 4, (N, o ®) = BNea, (f 9). Vo € 1R (M), (15)

where B, 4, (f, ) = (fF, GING A — ANg Ay (w’fu, ).

3. Implementation and numerical results

We first consider the implementation of (9). Let .,71 (x)=ow!/? (x)$1 (x) and ¢, (x)= ,71 (x)— $l+1 (x).
Since #;(0) = 1 for all l we have that OSWM(A) = span{d;o, d)l, .. d)M 1}

Now, let u, (x) = S5 29, (x) andu_(uo, a9, ..., M_I)T.Also set A= (ai)ijo.1... M1, B=
bini=o.1...m—1 and r = (ro, r1, ..., rym—1)T, with the elements a;; = (aqu,, 6xq7§i)/1, bi; = (<?>1, &5,-)/1
and r; = (f, ési)M,/l- Due to (1), we have 0, a)l (x)= %(c@, (x)+ :%H (x)). This with the orthogonality of
Laguerre polynomials leads to a;; = a;; = %5,-,1 + %5,-_1,1. It is easy to show that b;; = bj; =26; 1 — 0;—1.1.
Finally, we obtain the matrix form of scheme (9) as (A + /B)u = r. This system is symmetric and

tridiagonal.
We now turn to the implementation of (15). As in [8], we let Q?Vk(lj’?) = Q’N/;(Ij’.‘) N Hol(lj’.‘), and
j J

Zf’j(x) = L;(X) where x = (2/ h’;)x — (dj?_l + df)/hk., X € IJ’.‘. We define the local polynomials such
that for 1 <A< K, 1<j<Jrand 0<I<N; -2,

E;c,j(x):{cf’j(Zf’j(x)—ijrjz(x)), xelb, =1/ nt/@i+3), 06
0’

X € Ak\IJI-(.

~L i N"
Clearly, the set {4);{’] },Jo forms abasis of g)(l)vk (1 ]]?). Next, we define the subinterval matching functions
j

as P 0 (0) =7

“Jk(x) =0, and for 1< j < Jp — 1,

(Lo )+ L1 ()2, x eI,
V0= @ - T w2, xe k), (17)
0, x € ANIFUTE .
Obviously "/ (%) = 1 and supp '/ < [dX_,. d%, 1.



B.-Y. Guo, L.-L. Wang / Journal of Computational and Applied Mathematics 190 (2006) 304—324 309

Now let nlj‘. = u{ilk’ *(dj.‘ ). We expand the numerical solution “lf\lk, L(x) as

Ji—1 Nf—z
k ; nk, jk
uNk*<x>—§ :ka<x)+ § : K @, =3 6 . (18)
[=0

Taking ¢ = ’qVSf’j, 0<i <N§‘ — 2 in (15) and using (16)—(18), we obtain that

i~k j ~k, j ~k,j—1 ~k,j
a0 35 = B ay (F 80 = ik yane BB — dhan a G50 (19)

System (19) is the basic algorithm for refining numerical results in which all unknown variables are
coupled. So itis not convenient for actual computation. To remedy this deﬁciency, we split this system into

four subsystems. Firstly, we try to find the three functions, vl,i{j (x) = Zz 0_ ok ’ .(x), m=1,2,3,
such that

k,j ~k,j ~k,j .
ane (07 6i) = B a (F 4 ), 0<i<NT =2, (20)

k.j ~k.j k. j—1 ~k.j . k
ane 4, (V) ) = —an 4, T ), 0SNG =2, @21

~Yk,j

k,j ~k.j .
ang.a, 057 BTy = —an G5B, 0<i<NE 2. (22)

Obviously Egs. (20)—(22) can be solved separately in each subinterval 7¥. In other words, all the compu-
tations can be carried out in parallel. Moreover by (19)—(22),

i k,j k,j k,j .
v ) = v @)+ sy @)+ ey 0, 1< < (23)

Inserting (23) into (18), we deduce that

Ji—1 Jie
k 1 k,j ~k,j k,j

. () = Z W)+ 05 @)+ ok + ) o (). (24)

j=1
Thus it remains to evaluate the unknown values {;* ; ! For this purpose, we take ¢ = zp I<i<—1

in (15), and obtain that

= K+l | kg, vk ki k.l

~k i~k ~k.
> an oy 7T o Y T = B (FU) — Z any.a, 0} D). (25)

Finally we resolve (25) and obtain the refined solution uN (x) by (24).

We can also derive the simple matrix forms for subsystems (20)—(22).

We now present some numerical results. We take the exact solution U (x) = e~ —&0)/ho with Ao > 0.
As shown in Fig. 1, the interested information of U (x) is mainly contained in the subinterval A4(&y, ho) =

[Eo — 3v/ho/2, &o + 34/ ho/2].
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1.2
— Exact solution
1} o Numer. solution at nodes
- Numer. solution

0.8}
0.6
0.4r
0.2

0
_0.2 1 1 1 1 1

0 20 40 60 80 100 120

X

Fig. 1. U(x) vs. u3, (x).

We take 7 =1, &y = 95 and ho = 20, and use (9) with M = 32 to solve (7) numerically. In Fig. 1,
we plot the exact solution U (x) by solid line, the numerical solution u?VI(x) by dash dotted line, and the
numerical solution at the interpolation nodes by ‘o’. Clearly u?w(x) fits U (x) very well at the nodes. But
the errors are very big for large x which are not nodes. So the pure modified Laguerre pseudospectral
method can not identify the interested structure of exact solution in detail.

We next refine the numerical solution u?w(x). Since the numerical gradients between x5 and x3; are
very big, we take K = 1, Jy = 1, a; = xp5 and by = x33. We use (15) with Nl1 = 32 to solve (13) in
the subinterval [aj, b1], with the approximate boundary values u([)v[(a 1) and ”(I)w(b 1). In Fig. 2, we plot
the exact solution U (x) by solid line, the numerical solution ”?\/1 (x) by dash dotted line, and the refined
numerical solution u%z(x) by dotted line. Clearly, the refined numerical result fits the exact solution very
well, even for large x which are not the interpolation nodes. In fact we cannot distinguish U (x) and ”éz (x)
in Fig. 2.

The proposed method is also suitable for solutions with several peaks. For instance, we consider the
exact solution as U (x) = Zif:() e_(x_ff)z/h.f, hj>0. We take &y = 20, ¢ = 100, & = 140, &3 = 180
and h; =10, j =0, 1, 2, 3, and use (9) with M = 64 to solve (7) numerically. In Fig. 3, we plot the exact
solution U (x) by solid line, the numerical solution ”91/1 (x) by dash dotted line, and the numerical solution
at interpolation nodes by ‘o’. Fig. 3 indicates again that for large x, the numerical solution only fits the
exact solution well at the nodes.

We now refine the numerical solution u24 (x). Since the numerical gradients and residuals are very
big between x44 and xg4, we take K = 1, Jy = 2, a1 = x44, b1 = x4, d(% =ai, dll = (b; —ay)/2 and
dzl =b1. We use (15) with N 11 = NZ‘} =45 to resolve (13) in the subinterval [ay, b1], with the approximate
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1.2 T T T T T T

— Exact solution
--= Numer. solution
- Refined numer. solution

0.8}

0.6

0.4r

021

50 60 70 80 90 100 110 120

Fig. 2. U (x), u3, (x) vs. uly (x).

1 .2 T T T T
— Exact solu.

o Numer. solu. at nodes
1 -~ Numer. solu.

0.8 i

0 50 100 150 200 250

Fig. 3. U (x) vs. ud, (x).
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1.2 T T T T T T T T

— Exact solution
--- Refined numer. solution
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02} i
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80 100 120 140 160 180 200 220 240

X

Fig. 4. U(x) vs. u}s 45(x).

boundary values ug4(a1) and ug4(b1). In Fig. 4, we plot the exact solution U (x) by solid line, and the
refined numerical solution uis 45(x) by dash dotted line. Obviously, the refined numerical solution fits
the exact solution very well.

4. Some approximation results
4.1. Modified Laguerre interpolation

We first consider the orthogonal projection Py : L%O(A) — Py1(A), defined by

(Pyv — v, ¢)(u,/1 =0, V(ﬁ € 7y (A).

To describe approximation result, we introduce the weighted Sobolev space A" (A). Let w,(x) = x"e™".

For integer r >0, the semi-norm and norm of A" (A) are given by [v[ar 4 = [0, V]lw,,4 and [[V|[ar 4 =
(22:0 |v|ik’ A)l/ 2, respectively. For real r > 0, we define the space A" (A) and its norm by space inter-
polation. We can prove the following result in the same manner as in [13].

Theorem 1. Ifv € A’ (A) and integer r > pu>0, then | Pyyv — vl a4 <cM“ /2 v 4r 4.
Theorem 2. Ifv € H!(A),0,v € A"~1(A) and integer r > 1, then

1—r/2
|Pyv — |10 a <M 20,0 g1y
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Proof. We have
[Ppyv — V|10 A< P00 — 0, V|4 + | PMO,v — O, Puvllp,a-
By Theorem 1, [|Py0,v — 0, V|4 chl/Z—’/2|axv|AH’A. Thus it suffices to estimate ||Pp0,v —
0, Puvllo.a. Letd,v(x) = Y 72, 01:Z1(x). By (1),
o0 R e.¢] R R
0, v(x) =Y 0@, Z1(x) = 8, L141(x)) = Y _ (b — V- 1)3, L1 (x).
1=0 =1
On the other hand, 8, v(x) = Y /2, 0,0, Z(x). Therefore 0; = ) — 971, and s0 D] = —Z;O:Hl .
Moreover, (1) implies that 0, Z;(x) = —Z;_:lo & p(x). The above statements lead to that

M 00 M—1 M
Pyd @) ==Y 2x)[ D b, |. 0, Puvr)==> 2| > 9,
=0 p=Il+1 =0 p=I+1
Thus
M 00 . M
Pyd,v(x) — 0, Pyv(x) = — (Z g,(x)) DT by =tm Y L.
1=0 p=M+1 1=0

Accordingly, we use Theorem 1 to obtain that
M
2 A2 2 A2 2 2—r 2
1Py v =0, Puvlld, s =0y Y I1L11% 4 <CMDy <cM | Py—1v = vll}, 4<eM> 10,05, .
1=0

This completes the proof. O
We next consider the orthogonal projection OPAI,[ : 0H01) (A) = (2,4 (A4), defined by
@, (o Pyv —0), 0,0 4 =0, VYheoZu(A).
Lemma 1. Ifv € (H'(1),3,v € A""1(A) and integer r > 1, then
loParv — vll1a <cMY272[0 0] 41y
Proof. Let ¢p(x) = fox Pp—10,v(y) dy. By projection theorem and Theorem 1,
0P — V104 <l¢ — V1o = | Pu—10,0 — 8, vllwa <cM 2200 g1y

According to Lemma 2.2 of [6], ||v]|w, 4 <2|V|1,0,4 forany v € OHQI) (A). A combination of the above two
estimates leads to the desired result. [

We now derive an important result on the modified Laguerre approximation.
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Theorem 3. For any v € OHI(A), let 0131‘1,111()6) = e_x/ZOPAl,I(ex/zv(x)). Then the projector 013]%,[ :
OH1 (A) = S 3y (A) satisfies

@, 0Py — ), 0, 1 + 3 Pyv — v, §) g =0, V¢ € oSy, (A). (26)
Moreover, for integer r > 1,
loPyyv — vl a<eM 2720, (@ ?0)] g1 4. (27)

Proof. Result (26) comes from Lemma 3.2 of [11]. Next, by Lemmas 1 and 2.2 of [6],

loPav = vl1,a <3 lloPay/?0) — e 2vll 4 + lg Py (€ 20) = ¢/?0l1,0,4
<2lo Py (€20) — 2]y o a<eMVF2 [0, (¥ 20)] g1y (28)

Furthermore, by the definition of 0151 ,
loPyv — vlla = llgPy(€?v) — 0]l A <2]o Py (€/?v) — e /*v]1 00 . (29)

A combination of (28) and (29) leads to the desired result. [

In the end of this subsection, we deal with the interpolations .# ¢y and 7 «.M, respectively. We first
study the stability of the interpolation .4 ¢ .

Lemma 2. Foranyv € H}(4) N Al(4),

1/2 1/2 1/2
17 2 mvlloa<cvloa+ 101220012 4+ D2 (v) 41 ).

Proof. We have ||.7 ¢ yvll?, ;=Awm+ By where Ay =30, < v (xj)w; and By =3, .| v (xj)o;.
As shown in the proof of Lemma 2.1 of [14], for any v € Hal)(/l),

—x/2 12, 172
lle™ 2] ooy < 1vllo,a + V201011, 41015 4

Since Zﬁio wj = 1, we deduce that

2 —x/2. 12 2
Au<ivliogny D @i<clle™ 2ol ey <cUvd 4 + 200 w.alv]10.4).
0<)Cj<1

Next, let ,Sfl(l)(x) be the generalized Laguerre polynomial of degree [, i.e., ,ffl(l)(x) =1/1!e*/xd'/
dx! (e_xxl“). Denote by o;,1<j<M the zeros of g’ﬁ})(x), arranged in increasing order. Since
0, Lm+1(x) = —.Ef;,ll) (x)(see [12]), we have x; = ¢, 1< j<M. Moreover by the properties of the
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Laguerre—Gauss and Laguerre—Gauss—Radau quadratures (see [12]),

i — 1 /xang_H(x)
L0, (0, L1 ()= J4 X —x,

(D
- (1)1 / e (),C)“’(x) dx
0, (xZ), (x))|x:x]- A

w(x)dx

)
1 Ly (x
= D m )xw(x)dx:aflpj.
O’j@ng (O’j) A4 X —0j

315

By (2.4)and (2.7) of [10], we know that p; <ca’*e =% (4M —c;) ™/ and 6} 41 —0j =0 /@M —g ;) '/,

—x/2

Moreover, we have from Lemma 2.6 of [14] that ||x!/%e vllioo(0 00) <2||v||i1 - Thus

1 12 —o: _
By= Y v’(xpo;lpj<e Y v e Pe @M — o))
xj>1 xj>1
2 —1/2 —1/2 2 -1
<clvlf , D o7 F@M —ap) Pclvlf Y o e —a))
xj>1 xj>1

M
2 —1 2
<C”U”A1 A/ o dO'SClHMHU”A] A
5 1 s

The proof is completed. O

Theorem 4. Ifv e A"(4),0,v € A""Y(A) and integer r >1, then for 0<u<1,
19 2,0 = Ol <cn MY 2MIF2T2 (0] gr g 410,01 41 0)-

Proof. By Theorems 1 and 2 and Lemma 2,

1.7 2. mv — Pyvlloa= 17 2,m(Pyuv — v)llwa
1/2 1/2
<c(IPyv = vllo,a + 1P — oIl % 1Py — vl/2
+ (In M) 2| Pyyv — vl 41_)

172

QC(M_r/2|U|Ar,A + M1/2—V/2|U|Ar A|axv|l/2

A’—I,A
+ (In M) MV 0 4 ).

Therefore

17 2. M0 = Vwa<IL 2,mV — Puvlloa+ 1Py — vl a

<c(n M)YV2MY22 (ol ar g + [0, vlar-1 4)-
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Next, for any ¢ € 2y (A), |0, ¢llw, 4 <cM | pllw, 4 (see [2]). This with Theorem 2 leads to that

|7 2. MV = V[1,0,4<|7 2,MV — Pyvli,o,4+ |Puv — V|1,0,4
<M1 2, mv — VoA + 1Py — vllwa) + [ Puv — v]1,0,4

<c(n MYV2M322 (ol ar 4 + 10, V] gr—1 4)-

Finally we use space interpolation to complete the proof. [

We now derive an important result on the modified Laguerre interpolation. We introduce the space
B" (A). For integer r >0, its norm is given by

, 1/2
lvllr.a = (Z D2 (x4 1>”26;v||i) :

k=0

For any real r > 0, we define the space B" (A) by space interpolation.
Theorem 5. Foranyv € B", r>1and 0<u<1,

17 2 00 = vl a<cn M) M2 o gy, (30)
Proof. Let u(x) =e*/2v(x). Then 7 ¢ pv(x) = e /2.7 ¢ pu(x). By Theorem 4,

17 2.0 = vlla = 17 2. mu — llwa <cUn M) 2MYZ 2 (ul gr g + 10,0 g1 1)

<c(n M) PMYET R ] gr 4.
‘We can estimate L} .MV — V|1 4 similarly. Finally we use space interpolation to complete the proof. O

In the error estimations, we need an imbedding inequality. In fact, for any v € H'(A), we have that
v(x) — 0,ae.as x — oo. Therefore

172, 1/2
sup [v(0)|<v2[vll *vl/3. @31)

xeA
4.2. Multidomain Legendre interpolation

We first derive some results on the Legendre approximation, which are more precise than those in
the existing literatures. Let 37(])\,(1 )={v € Zy(I)|v(£1) = 0}. We introduce the orthogonal projections

Py, P} and P\;°, defined by
(Pyv—v,¢); =0, YveL*(), ¢ezy),
@, Phv —0,0,0,0); + (Phv—v,¢); =0, Yve H'(I), ¢ezyd),

@, Py v —0,0,0,0); =0, veHID, ¢erWU.
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Lemma 3. Ifv, (1 — xz)r/za;v € Lz(f) and integer r >0, then

1Py — vl <eN T I1(1 = x*) 2] ;. (32)
Moreover, if v € H”(f), (11— x2)<’—1>/26;v € Lz(f) and integer r > 1, then for 0< u<1,

1Bx0 = vl j<eN* (L =Dl . 33)

Proof. The first result comes from [1;5]. Next, dueto [5, Lemma2.3], foranyv € H ! (i ) with v(0)=0, we
have [|v]|; <clv]; ;. Let ¢(x) =ff1 PN_layv(y) dy+ ¢, where & is chosen in such a way that v(0) = ¢(0).
Then by projection theorem and (32),

b1 D 1— 2\(r—1)/2
1Py = vl j<lld = vlly j<cld — vly j<cllPyv_18,v — 3] ;<eN' " [[(1 — xH) D25 ] ;.

This leads to (33) with u= 1. Moreover, we can derive (33) with =0 by the previous result and a duality
argument as usual. Finally, result (33) with O < u < 1 follows from space interpolation. [J

Lemmad4. Ifv e H()l(f), (1— x2)(’—1>/2a;v € Lz(f) and integer r > 1, then for any 0< u<1,
H1,0 - _
12y 0 = vl j<eN* (1= 2" D2e 0] .

Proof. We first prove the desired result with u = 1. Let
0 g D 1 D
vy (x) :/ (PN16yv(y) — 5/ Pn-10,v(2) dz) dy.
—1 I

Clearly vloV € ?]’?V (I ). By the Poincaré inequality, projection theorem and (32),

51,0 51,0 0 0
||PN v — v||1j<c|PN v — v|1’f<c|vN — UN|1,f

<ec (||f’N_16xv —ovl; + '/ (Py_10,v(x) — 0, v(x)) dx
1

)

<cllPy-18,v = dv] ;<eN' " [[(1 — x5, (34)

Next, using (34) and a duality argument as in the proof of Lemma 3.16 of [7], we reach that || ﬁji,’ov -

vl <eN7TI(1 = x2)r=b/ 26; v ;- Finally, the desired result follows from the above statements and space
interpolation. [

LemmaS. Ifv e Hl(f), (1— x2)(’*1)/26;v € LZ(i) and integer r > 1, then
172 xv = vl <eN 771 = xD) DR,

Proof. Let

1—

X 1+x
7 v(=1) +

2

v ) = Py ((x) — vF () + 0 (), vF(x) =

v(1).
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Clearly, v}k\,(x) € ,OJ"N(f) and v}‘{,(il) =v(£1). Moreover, |v*|l P= %|v(—1) —v(D)|<c|v], j. Thus, we
have from Lemma 4 that for 0<u<1<r,
51,0
oy = vl ; =12y @ =) = =09, ;
SN[ = xH DR 0 — v <N (1 = xH) T2 ;. (35)

Since ﬁL,ij‘v = vy, we use Lemma 4.9 of [7] and (35) to obtain that

17 L.vv — vl =17 Lv@y — o)l <c(vy — vl + NI = xH Y20, 0f — vl
<eNTTI (A =2V ] ;.

The above with (35) leads to the desired result. [J

Finally, we present the main results of this subsection. Define the affine mapping

hl; df—l +d§ 7 k
v(x) = 0(X), x:7£+T, tel, xelj. (36)
Letx’j‘.(x):%(x—df_l)(df—x)(h’;)’zg1.By(36), wehavethatl—y?zzx’j‘.(x) andagﬁ()?):%hlj‘.axv(x).
Thus we have that

O A TS e [ R S 37)
For description of the multidomain Legendre approximation, we introduce several piecewise Sobolev
spaces. Let V&I (x) = v(x)lljzf, and define A (Ap) = {v|vFJ (x) € H! (Ij].‘), 1< j < Ji}, equipped with the
following norm and semi-norm
1/2 I 1/2

k,jn2
10l 14 = §:||v By | Wlingay = | 22 100871,
j=0 |

We also define the spaces H’ (Ax)(r >0) and H (Ag)(r >1). For integer r, their semi-norms are given by

172 1/2

Jk Jk

Wlarcan = | 22 16800 ) Tl = | 22 165701
j=1 =1

For any real r >0, we define these spaces by space interpolation. _
Next, we introduce the operators Py : L?(A) — 7N, (Ay) and P1 H'(4) — 7N, (Ak), defined
by

(o)) = (P = Pyt (8), (PR pe(x) = (P1 (@), 1<j<Uh.
Let i = max ey, {hI; - (N }‘)_1 }. We have the following important result.

Theorem 6. For any v € H' (Ay) and integer r >0,

| P = vlla, <AV (- (38)
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Forany v € I-I’(/1k) and integer r > 1,

1P, v = vllay, + ha PR, =l g gy SRRV g, (39)
Proof. By using (32), (36) and (37), we verify that

Jk Jk
D, 2 D, k,j k,j 2 kyp nk,j ~k,j2
I PN = vllf = D 1Py = v e<e Y nGI Py — o813

J

j=1 j=1

J
<e ) S INH T = 22PN |13
j=1
J .
<e ) WD TG PE I <ch vl (40)

Hr (4"
Jj=1

We can use (34) to prove the second result similarly. O
The main result on the multidomain Legendre interpolation .7 N, is stated below.

Theorem 7. Forany v € ﬁr(/lk) and integer r > 1, we have || N v — V]l 4, gch2|v|ﬁ,(/1k).

Proof. By Definitions (6) and (10), we find that (77 n,v)""/ = 77 Novlx =7, k057, In view of this
j >

fact, we can use Lemma 5 and a similar argument as in the derivation of (40) to obtain the desired result.

(]
In numerical analysis, we also need the following results.
Lemma 6. For any ¢ € V"N, (Ax),
111, <NDlIN,. A, V3Nl (41)
Moreover, for any v € H" (Ag) and integer r > 1,
|V, DNty — Vs D) pl SVl g Pl Yo € 77N (k). (42)

Proof. The proof of the first result is simple. Next, by (11), (38), Theorem 7 and (41),

10, $) g, — (Vs DNt | <1V D) gy — (Pre—10, ) 4|+ [(Pre—10, ) 1y — (TLNUs DNt
<1 Pxp=10 = Vg, + IPNe—10 — I L N lINe 40 16114,
<QIPN—1v = vllg, + 17280 = Vi)l 4
<chpolgrapldla. O
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5. Error estimation

In this section, we prove the convergence of the mixed pseudospectral method proposed in Section 2.
We first consider (9).

Theorem 8. Let U (x) and ”91/1(x) be the solutions of (8) and (9), respectively. If U € H L) N BS(A),
f € B°(A) and 6> 1, then

luyy — Ullia =+ sup [y — D)@ <cM P2 |U s g + (n M) 2MP7| £l g y).

xeA
Proof. Let }g,M and 0131‘14 be the same as in (3) and (26). Set U, =, _Itll U. By (8) and (26),
arUpp. ¢) =aa(U. ) + G — DW= U. $) 4. Vo € 5,(A).

Thus, by (2), (8) and (9),
arwly — Ui &) =G = DU —U, s+ Touf —Fda ¢ €SY%). (43)

Taking ¢ = u?w — Uy, in (43) and using Theorems 3 and 5, we verify that

148, — Ui lhia<cUUly = Ulia+ 172 f — flla)
<c(MVZS2\U | gs 4 + (n MYVEMYP=2) £l ge_a).
This with (31) leads to the desired result. [

We next deal with the convergence of (12).

Theorem 9. Ler U (x) and ”llilk (x) be the solutions of (12) and (14), respectively. If U € H ' n

B*(A), U* e ﬁ’(/lk), feB%), fke ﬁ“/(Ak) with integers r > 1, ¢’ >0 and real numbers s, 6> 1,
then we have

lug, = UM llag + lux, — Ui ay <cE M2 21U s 4 + (n M)YV2M Y2702 £l e g

1/2
+hr / |Uk|ﬁr(/1k) +hk |f |ﬁrr’(/1k)),

where c} is positive constant only depending on ). and the length of Ay.
Proof. Let U§ = PY UX, UL, (x) = UE (x) — W& (x), and

b
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Then by (13) and (15),

I k k 2 k k k k
mll’l(/u, l)HuNk,* - UNk,*”I_AIl(Ak)gaNksAk (uNk,* - UNk,*’ uNk,* - UNk,*)

= BNk,Ak (ul&k,* - Ull\clk,*) - aNks/lk(Ull\(Ik,*’ ulf\lk,* - Ull\clk,*)
= (fk ul&k T Ullflk *)Nk Ag T ONg, A (wlj,[, ullilk x Ull\clk )
— ANy, Ak(UNk * uNk * UNk o T aAk (Uk’ UNgx — UNk <)
+ aAk(W ’MNk,* - UNk,* —(f* ’”Nk,* - UNk,*)Ak'

Thus, we have that

min(Z, Dlluy, . = UN Dt o)

|aAk(U>]k€’ ¢) — AN, Ay (UII\CI](,*’ ¢)| + s |aAk(Wk7 ()b) — ANy, Ay (wﬁ/[’ ¢)|

< sup
(beAVONk ”4)”1_}1(/1]() PET N, ||¢||g1(,1k)
90 970
k _(fk
N 17 D = U7 D 44)
<¢>e“ﬁ”’Nk ”(pb”IfIl(Ak)
$7#0

We now estimate the terms at the right-hand side of (44). Firstly, by the definitions of U¥ and Ullflk, o

an (UL, ¢) — ang 4 (U, o §) = as, (UX, ¢) — an 4, (UX,.. ¢) + A1 (9),
where A1(¢) = aNk’Ak(W{ka, o) — aAk(Wk, ¢). Moreover, thanks to (11) and Ukk = Fl\llkUk,
an. 4, (UK, &) = 0, UK, . 8,9 1, + A(UR, . DN, 1,

= (axUk, ax('b)/lk + (Uk9 ¢)Ak + )“(Ull\clk’ qs)Nk’Ak - (Ullflk’ ¢)Ak
=a, (UX, §) + A2(§) + A3(4),

where Ag(d)):/l(U]’fIk, OIN, A — (U, $) 4, and A3(¢>)=(U", ®) 4, —(U{flk, ®) 4, - The previous statements
imply that

lan, (US . §) — ang.a, (UK, 5 D)I<IAL@D)] + [A2(d)] + [A3(9)]- (45)

So it suffices to estimate |A;(¢)[, j =1, 2, 3. By the Sobolev inequality, for any v € H'(a, b),

1 A 12
max ()< (m + 2) (RS e (46)

In view of (11), (39) and (46), a direct calculation gives that

A1 <G UUN, = UH@)| + U8, = UHGODISI 514,

1/2 1/2 1/2
<Ck”UN _Uk” / |U1/\(Ik_Uk|/ * r /

k
f}l(A )Hd)”Hl(Ak)\ IU IH’(A]()”(]b”Hl(Ak)
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By (11) and Theorem 6,
k D k 110D k k
|A2(¢)| </1|(U - PNk—lU ’ ¢)Ak| + /“l(PNk—lU - UNk’ ¢)Nk,Ak|
D, k k D k k k
<l Pay—1 U = U¥llay + 1 Pr—1 UF = UE L) 1140 <CREIU o 1y 16t

Using Theorem 6 again yields that | A3(¢)| <chij| Uk|gr(,1k) | ¢l 4, - Substituting the estimates for [A;(¢)|
into (45), we assert that

—1/2
lan, (UL, @) = ane. s (UK, O1<ci P10 e g 100 11 (47)

Next, by Theorem 8,

lany. 4, Wiy, $) — an (W, )| < (1wl — U@ + 1wy — UHBODIGN 414,
<MY RO gs 4+ An M) M2 flige )16 41

(A"
(48)
Moreover, (42) implies that
5 B = 5 DNt ST 1 1o g 19114, (49)
Inserting (47)—(49) into (44), we obtain that
Nk = UK, Ml ay S22 U g g+ (0 M) M2 f | o g
—1/2 /
0 PN ey + AT i ) (50)
Furthermore,
lufy, — UNlla <IUK, = Ullay + llugy, — UR, 4,
<NUK, — UMl + luk, o — UKl + Twhy — WE L,
<NUK, = UMl + luk, o — UK, ol + e @y — UH @)
+ (UK, — U@ + [y — UH®O1+ (UK, — U B))). (51)

Due to U{flk = ﬁl\llk U*, we can use Theorem 6 and (50) to estimate the first two terms at the right-hand side
of the above inequality, and estimate the last four terms as in the derivations of (48) and the upper-bound
of |A1(¢)|. Accordingly

gy, — UNlla, <cE M2 U |1 gs 4 + (n M) 2M Y272 £ go 4
—1/2 /
+ 1 PN B )
By replacing the norm || - || 4, in (51) by | - | 51 (A,)» We can prove the second result similarly. O

Using the above theorem and (46), we have the same upper-bound for ||u’1§k — U L®(Ay)-
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6. Concluding discussions

In this paper, the modified Laguerre interpolation was first proposed for differential equations on the
half-line. It keeps the natural weight as in continuous version, and so simplifies computation and numerical
analysis. But like the standard Laguerre interpolation, the distance between the large interpolation nodes
increases fast as the mode N increases. So the numerical solutions can not describe the character of exact
solutions well, if the exact solution varies rapidly between the large nodes. To remedy this deficiency,
we used the multidomain Legendre pseudospectral method to refine numerical solution. In other words,
we reconstruct the numerical solutions by the multidomain Legendre pseudospectral approximation to
recover the accuracy on certain subintervals where the exact solutions vary rapidly. These two techniques
matched each other very well. Numerical results demonstrated the efficiency of this method, even for
oscillated solutions. This method can be also regarded as a cascade multigrid pseudospectral method on
the half line, which is also available for many other problems, such as nonlinear problems and exterior
problems.

We improved some results on the standard Laguerre interpolation, and first built up the results on the
modified Laguerre interpolation. These results are applied successfully to analyzing the proposed method.
In fact, they play important role in numerical analysis of pseudospectral methods for various problems
on unbounded domains.

We established some results on the multidomain Legendre pseudospectral approximation, which served
as one of basic tools in the error estimates. In particular, in the expressions of norms appearing in the
error estimates, there exist piecewise Jacobi-type weights which tend to zero as x goes to the endpoints
of subintervals. Thus the conditions on the smoothness of unknown functions and numerical solutions
at the endpoints of subintervals are weekened. The related results seem very appropriate for numerical
analysis of domain decomposition spectral method.
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